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1 Introduction

In this paper we consider an inverse boundary-value problem for an acoustic
wave equation in the half-space z > 0,

Auyy — div(BVu) =0,  ulico =0, ul,=0 = 6(x)d(t), (1)
with the inverse data of the form
Uz |—0 = R(z,1). (2)

Having in mind applications to geophysics and seismology, we consider the case
when the dependence of A and B on horizontal coordinates, x, is much weaker
than on the depth, z, i.e.

A= A(z,ex) = Ao(z) +exAi(2) +...; B = B(z,ex) = Bo(z) +exBi(2) +.... (3)

For conventional simplicity we assume that x € R!, however, the method de-
veloped in the paper may be generalised for x € R™ n > 1. We also restrict
our considerations to the reconstruction of Ay, By and A, By only, although,
in principle, the method may be extended to find Ao, By, etc. This is aimed
not only at technical simplifications but reflects the reality of geophysical ex-
periments. Indeed, decomposition (3) implies that the wave u(z,z,t; €) and,
therefore, the measured data R(z,t; €) may be decomposed as

u=ug(z,z,t) +eur(z,z,t)+..., R=Ro(z,t)+eRi(x,t)+.... (4)
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In practical applications, measured data are not given in form (4) so it is neces-
sary to find, from R(z,t), members Ry, Ry, etc. Since Ry,(—z,t) = (—1)* Ry (z, 1),
we can find, up to an error of an order O(g2), only the first two members, R,
and R;. Thus, in practical applications, the method could determine A and B
only up to an error of an order O(g?), for z = O(1), cf. [8]. In this connection,
we can restrict our considerations to the first two terms, with respect to ¢, in
A, u, R, etc. We use notations,

f(" 5) ~ g('aa)a

if f — g = O(¢?). Using the above, we rewrite (1) in the equivalent form

1 C
Upt — may (o(1+efz)uy) — maz (1 +eBx)us) ~ 0, (5)
while inverse data takes the form
R(z,t) ~ Ro(x,t) + eRq(z,1t). (6)

Here
y= /OZ %’ c(z) = /Bo(2)/Ao(2), C(z)=c*(z), o(z)=+/Bo(z)Ao(z), (7)

with ¢ being the wave velocity and ¢ — the acoustics stiffness of the layered
medium corresponding to € = 0. Also,

o Al(z) 2) — B1(Z)
o) =T BE =By 8)

By rescaling ¢ we have ¢(0) = 1 and, without loss of generality, o(0) = 1.

Summarising, the inverse problem under consideration is to determine Ay, By
and A;, By or, in other words, ¢ and o and «, 8 from Ry(z,t), Ri(x,t) given for
t € (0,27T). Causality arguments show that these data depend on the behaviour
of the parameters of the medium up to the depth zr,

ar— / )y cly) = (=), (9)

and, indeed, considerations in this paper provide algorithms to determine ¢, o, «
and 3 for z < zp.

The solvability of the dynamic inverse problem (1), (6) is well-known even for
A, B strongly depending on (z,z). By means of the boundary control (BC)
method developed in [1] it was shown that, when B = 1, R(x,t), t € (0,27),
determines A(z,z). Later [2], [3] generalised the BC-method to general, includ-
ing anisotropic, acoustic equations. In particular, it follows from [3], sections
4.2, 4.3 that R(x,t), t € (0,2T) determines A(z,x), B(z,x) for the points (z, x)
with the geodesic distance from the surface z = 0 less than T, where the geodesic



distance is measured in the metric ds? = ¢=2(z,z) (|dz|*> +|dz|?). An important
feature of the BC-method is its algorithmic nature which makes it suitable, in
principle to numerical implementation, e.g [4], [5]. Due to a very general na-
ture of this method, the corresponding reconstruction algorithms turn out to
be technically involved and prone to numerical instability. This instability is
indeed a manifestation of the well-known ill-posedness of the multidimensional
inverse problems. Even assuming a priori boundedness, in proper functional
classes, of the unknown coefficients, i.e. stabilizing the inverse problem, the
convergence rate may be very slow. For example, in the impedance tomography
inverse problems the convergence rate is no better that of the logarithmic type
[6]. For some dynamic inverse problems of the type (1), (6), one can achieve
Holder or Lipschitz convergence [7]. Examples considered in these papers have
the corresponding fields of geodesics to be simple and we believe that, in the
general case, in multidimensions, the rate of convergence could be only of a
logarithmic type.

On the contrary, it is well-known, e.g. [8], [9] that one-dimensional inverse prob-
lems and inverse problems for a layered media often have a Lipschitz-type rate
of convergence. As the inverse problem (5), (6) can be treated as a perturbation
of the one for a layered medium, one can expect, at each step of a recurrent
procedure to find Ay, By, A1, Bi, etc better convergence properties than for a
general multidimensional inverse problem.

In this paper we use the special structure (5) of the acoustic equation to derive
a recurrent system of one-dimensional inverse problems for Ay, By and A, B,
which turns out to be Lipschitz stable. At the first stage, we come across a clas-
sical one-dimensional dynamic inverse problem to determine Agy, By or equiv-
alently ¢, o which goes back to the fundamental papers of Borg [10], Gelfand-
Levitan [11], Marchenko [12] and Krein [13], [14] with further developments in
e.g. [15], [16]. We use here the method of coupled integral equations [8], [9] inti-
mately related, due to causality, to methods developed by Krein. It reduces the
problem to a system of non-linear Volterra equations convenient for numerical
implementation. Advancing the method, we derive a system of Volterra inte-
gral equations, this time linear but singular, for further approximations A, B;.
However, these singular Volterra equations can be transformed into regular ones.
A word of warning: the linear system of Volterra equations for Ay, By or, more
precisely a, 8 is not a linearization of the non-linear system near Ag, By due to
the factor ez in front of Ay, By on z.

As we obtain Volterra equations for the coeflicients of the acoustic wave equa-
tion (5) it is easy to show that the convergence rate, for each step of the solution
recurrent algorithm is Lipschitz. This seems to contradict the ill-posedness of
the multidimensional inverse problem. However, if we look at the kernels of the
integral equations, they depend on the lower-order members in the decompo-
sition (3) of coefficients and their increasing number of derivatives. Moreover,
trying to recover the full coefficients A(z,ex), B(z,ex) will end up with the
classes of analytic, with respect to x, coefficients of the type studied in e.g. [17],
[18].



The principal goal of this paper is to develop analytically a reconstruction al-
gorithm to find A, B which may be used for numerical implementation. In this
connection we provide some first results on the numerical solution of the inverse
problem for a simpler model case B = 1.

As we have noted the model of a weakly horizontally inhomogeneous layered
media is often used in applications to seismology and acoustics, e.g. [19], [20],
[21], [22], [23], [24] where also some numerical results were obtained. This is due
to the fact that, e.g. in seismology, large areas of the upper crust of the Earth
is very well approximated as a stack of layers with parameters in each layer
depending weakly on the horizontal coordinates and interfaces between layers
being almost horizontal. However, this type of structures often describes areas
important for the oil industry, e.g. the oil fields in in West Siberia (see the talk
N17 in [25]). On the other side, the weakly lateral inhomogeneous medium is
a standard model in oceanography well approximating the reality of the wave
propagation in an open sea.

As for the mathematical analysis of the inverse problem for such model including
rigorous derivation of a recurrent system of one-dimensional inverse problems
and their solution, we refer to [8], [9] dealing with a plasma wave equation

uy — Au+ q(z,ex)u = 0.

A similar model was used in [17], [18] dealing with a plasma wave equation and
acoustic equation with B = 1, correspondingly. Papers [17], [18] are devoted
to the existence and uniqueness of solution in the corresponding model rather
than developing a reconstruction algorithm for ¢ or A depending analytically
on z. We note also that the case of two unknown coefficients, A and B is
significantly more complicated. This is due to the fact that, in the case of
one unknown coefficient, its first-order perturbation may be obtained from the
first of the system of coupled integral equation necessary to find A; and By,
namely equation which is easy to derive and study. For two coeflicients we need
the second equation of the pair, equation which is more technically involved.
Moreover, in comparison with one equation, the nature of the coupled system
provides additional difficulties in solving it.

2 Constant main coefficients

In this section we consider the model case of ¢ = 1, 0 = 1 when considerations
leading to the integral equations for «, 8 are quite simple and provide an insight
for the general case. Conditions ¢ = 1, ¢ = 1 imply that equation (5) takes the
form

uy — (1 + ea(z)z) " 0. [(1+ eB(2)x) 8.u] (10)
— (14 ea(z)z) "0, [(1 + e6(2)x) Dpu] ~ 0.



Theorem 2.1 Let Ry(z,t), Ri(z,t) of form (6) be given for t € (0,2T). Let,
in addition, either 0,a(0) or 0,6(0) is known. Then these data determine

a(z), B(z); z € (0,T). Namely, let

1
p(t) = 2r}(26) — 0 (20).

Then

a(z) = B(2) + p(2),

8(t) :g(0)+0t+t/0 Fn(j)dn,

F(1) = 3 ()" (20) — 201 (2)t — 3r} 21

Here 1 (t) is the j—th moment of Ry(x,1),

oo

r(t) = / 2Ry (x,t) dz,

and the constant C' = 3'(0) in (183) is arbitrary.
Proof Introduce new variables
z — z+em(z)x, x— x+en(z),

where

me) = [ @@ )= [mEiE= [ 8- D

which makes (5) into
g — Au~ ¢ (—owsutt + Brugy, + %ﬁzxuz + ;ﬁuz> ,
u) =0 = 6(x)d(t), ultco =0.
Decomposition (4) yields that

ug, — Aug =0, Up| =0 = 5(@5(75)’

1 3
uree — Auy = —azugy + Bruoes + 5F:0u0,z + 5 fu0w,  wilz=0 =0,
which imply, in particular, that

UO(Zv_xat) = U0(27I,t), u’l(za —Qf,t) = _ul(zax7t)'

(11)



Note that transformation (15) makes the inverse data in (4) into
1
Ro(z,t) — Ro(z,t), Ry(z,t) — Ry(z,t) + iﬁ(O)xRO(as,t). (21)
Let uf(2,t) be the moments,

uf(z,t) = / aFui(z, 2, t)de, i=0,1, (22)

— 0o

This makes equations (18), (19) together with inverse data (21) into the recur-
rent systems,

UG — uG,z. — k(k = Dug™ =0, ugloo = 060(t),  ug |0 =7G(1);  (23)

ulf,tt - ullc,zz = Qk(za t) (24)
1
= k(k — 1)1&’1“72 — au’gjtl + Ek(k — 1/2)ﬂu’0€71 + §ﬁzu§;1,
U]f\z:o = 07 u}f,z‘zzo = rk(t)
It is clear from (23), (24) that u§ = 0 for odd k and u¥ = 0 for even k. As
uhy =6(t —2), ud=z0(t—2), ué:gz(t+z)(t—z)+, (25)

equations (24) with k¥ = 1 and k¥ = 3 may be considered as inverse source
problems to identify « and 8. Indeed, by (24)

u’f(z,t) = //Go(z,n,t — T)Qk(T],T) dndr, (26)

where Green’s function, Go(z,7,t), is given by
Gl =) = xr(ey(.7) (21)
:%(9(thfz+n)9(z—17)+0(t77+z—n)9(nfz)79(15777271;)

with x7(.+) being the characteristic function of the domain, in the first quadrant,
bounded by the characteristics T —n=t—z2, 7+ n=t—zand7+n=1t+z
and the axis 7 = 0, and

Go,-(2,m,1)|2=0 = 6(t — n). (28)
In particular,
1 z
wl(ert) = = [ alnndnse—2) (29)
1 R (tJrZ)/Q 1 z
T {4[<a+m<n>m§§:§§§+/ pan-; [ sant-o-2)
(t—2)/2 0



Indeed, by (26)
ui(z,t) = i1(2,t) +ia(2, ) +i3(z, t).

Here

ia(t) = =50 [ [xro(rmatnd(r —n)dndr— (30)

1 (t+2)/2
= —55} / a(mndnb(t — z)
(t—=2)/2

_ 17 1 (t+2)/2
=5 | almnnd(—2) = a0 - ),

where, in the first equation we use (25) and the fact that Go(z,n,¢,7) =
Go(z,n,t — 7). Similarly,

1
= 1//XT(z,t)(T, n)B(n)d(T — n)dndr (31)
1 [E+2)/2
1 dn 0t — z).
4‘/(15_2)/2 5(77) n (t z)
At last,
Y (32)

//XT“ (7,m) By (MO — m)dndr
4 / / X1 (z.1) (T, 1) By ()6 (7 — m)dndr

(t—=2)/2 (t+z)/2 (t42)/2
( / / ~2)/2 (8= nds = /(tz)/2 & (n)ndn> 0t — 2)
t+z)/2 (t—2)/2
- (1/ B(n)dn — 5/0 B(n)dn> ot — 2)

1 (t+z)/2 1/(t+z)/2

1 St B(n)dn | 0(t — 2)
( 4 (t )2 g (t—2)/2
(3
U

0)-(32) provide (29).

|==0, equation (29) immediately provides the first equation,

Clearly,
Asrl =

A1) =l lemo = — £ (0 B)lemeps — 70(/2) + 35(/2) = 250). (33)

Note that the important term [(a + 3)(n)n] ?2?3 in (29) which gives rize to

the term —é(az + 3.)(t/2) in (33), comes from 4 and i3 or, more precisely,
J S xren (T.m)By(mnd (T — n)dndr.



Representation (29) together with (28) and (26), k = 3 provides the second
equation for a, 3,

ri(t) = u} ,(t)|z=0 = (34)
¢

2 t/2 t/2
~ 3atB)t/2)- <2> —35(0)@/2)2—3/0 andn+21/0 By dn.

Indeed, equations (24), k = 3, and (26), together with the condition (28) imply
that

7

i) =u? . (0,6) = Y I(1).

j=1

The functions I; are due to different terms in the right-hand side of (24) with
I — I generated by 4 terms in representation (29). Namely,

== [ [ae-r-n(] "a@)gds) stz —mnir =2 [ o

T2 //6 t T ) + ﬁ(g))f]gj:g?; 9(7’ — n)dndT (35)
t/2
- —; /0 (&) + BN oy 0
3

, 3 [
= —5la(t/2) + B(t/2)](t/2) +§/O [a(n) + B(n)]ndn;

sy =6 [ [at-7-n) ( [ 6(£)d£> dnds

t/2 t/2 t/2
=6 d¢ | dn =6 dn;
/ ( /.. f) n=6 [ sy

(=3[ [at-r-0 ( / "ﬁ(@d&) 0(r — n)dndr

3¢ [t/2 t/2
A B(n)dn + 3 ; B(n)ndn;

() = =5 [ [8(—7 = a2l — )+ -+ s (30

:—3//5t—7'— 257’— Ydndt — 3 //5t—7'— n)nb(t —n)dndr

= ——a(t/Q)(t/Q) / a(n)nd;

8



/2
)= 5 [ [ 8t=r=mpnsr = nndr = 3 [ sy

B =5 [ [ ot = =B, [~ 1*1o(r ~ m6(a)dndr (37)

== [ [ =7 = wpa(* - s)smdnar

30 ( [ [ate == watie ~ stiotmanir ) - 5 [ [ ate =)ot dnds
/2

= 600 +0, ( | s —2m- 2n2>dn> 5 [ [ o= wstnu,.dnar

+6 / / 6(t =7 —mn)Bmnd(r — n)dndr
t/2 t/2

=300 = 8/20/28 5 [ s [ Bty

t/2 t/2
=302 =5 [ stmdn+6 [ s(anan

t/2

3t (1?2 3 )
Bn)dn — 56(t/2)(t/2)" +3 ; Bn)ndn.

= =380)(t/2)° + 5

2 Jo
Using these equations we obtain (34). Observe for the future that the most rel-
evant term, —3/4t%[a(t/2) + 3(t/2)], is obtained from 3 terms, namely, the term

=3/2 [ [ Gozl=o[(al(&) + BE)ENTN/S, ive. I, the term — [ [ Go .|.o0uf .,
i.e. I5, and the term 1/2ffG0,z|z:06nué7na i.e. I, which may be written as
_1/2ffG0,Z7I|Z:05u3,n - 1/2ffGO;Z|Z:05ug,nn'

Simple calculations show that

1
r1(0) = 73(0) = a(0)],  (r1)"(0) = 3[5(0) — a(0)],
Thus it looks as if r}(t), r$(t) do not determine (0), 3(0) uniquely. However,
in view of (21), the actual measurements provide the functions 75 (¢), r¥(t) —
%5(0)7"5“@) rather than r§(t), ri(t). As rd(t) = 1, r3(t) = 3%, the actual
measurements provide —[a(0) + 3(0)] and —32[3a(0) + 4(0)] making possible
to determine «(0), 5(0).

Differentiating equation (34) and dividing the result by ¢, we see that « and /3
satisfy relation (12).

This makes possible to solve (33) for a to obtain representation (13). Indeed,
by (33)

F(0)t — B(e) = — 50/ (6 — 5 —2rh(20) — BO) (39)

2
= F(t) - p(0),



where we use definition (11). Let
B(t) = BO) + B (0}t + B(t), B(t) = OF”).

This makes (38) an equation for 3(t),

()%
t t2

Solving it with lim;_,q @ = 0 immediately implies (13). Observe that the
constant (3'(0) remains undetermined.

Remark 2.2 Change of variables (15), (16) is not necessary but makes calcu-
lations simpler in the general case.

Remark 2.3 For a(z),3(z) € CY! the integrand in (13) is in L. so that,

in particular, the integral in the right-hand side of (13) is well-defined. In
particular, it is easy to verify that F(0) = F'(0) = 0.

Remark 2.4 It is clear from (13) that R}, R} do not determine Lo at z =

0. To understand the nature of this non-uniqueness, let u, u be solutions of
equations (10) with a and & = a + Cezx and 8 and 3 = 4 Cezx. Let

1
v=(1+ iCszm)flu.

Then v satisfies

! : 1

~ug— (1+e(0—a)x)Av—e(B, + Cxv, — (B + Cz)vy,

ON’Utt—

so that

Also
az|z:0 ~ Uz|z:0 ~ uz|z:0

and R} and R} do not distinguish between o, 3 and &, B This is a special
case of the mon-uniqueness in inverse problems due to gauge transformations,
e.g. [8]. It is likely that o/(0), 3'(0) can be found from the next term, R3(t),
however, this lies beyond the scope of this work.

Clearly, similar phenomenon would take place in the general case but we will
not dwell on this issue anymore.

10



3 General case: Preliminary constructions

We return to the general case of equations (1), (3) where Ay, By are not nec-
essary constants or, equivalently of equations (5), (7), (8) where c(y), o(y) are
not necessary equal to 1 with, however, ¢(0) = ¢(0) = 1. As in the case of
the constant main coefficients we introduce new coordinates (15). Keeping the
terms up to order O(e) we obtain the equation

Uy — l8y(ouy) — Cugy ~ (39)
o
e{—aruy + 2Crptzy + 2Cyuy + Crug ),
where
0y (Bo O0yo
Clas) = (OB~ md, C), Cop = (2422~ ma, (%2)). a0
Cy = <3Cﬂ ay(Ca)m> :
2 o

cf. (16). Introduce the Liouville transformation,

u—v=+ou, q= ajf/\ga (41)

This makes (39) into
Vg —Vyy +  qU— Cugy ~ (42)
19)
€ {—aa:vtt + 2C30 Vs + 2Cyvy + Crvy — nyaCyv} .
g

Using decomposition (4) for v, we see that

Vo,tt — Vo,yy T QU0 = C’Uo,m ’Uo|y:0 = 5(50)5@)7 V0,y|y=0 = RO(IJ)Q (43)

V1,tt — Vl,yy — qU1

Oyo
Yy
= Cvize — Vg + 20300 20 + TCyv0 4 + Cavo z — xgcyvo,

1
U1|y:() = 0, U17y|y:0 = R1 (ZE, t) + Eﬁ(O)Z‘RQ(l‘,t) (44)

Similar to the case of constant main coefficients we introduce the moments,

vf(y,t)=/ eru(y, ., t) da, T’S(t)=/ a" Ro(a, t) da, (45)

—00 —00

rh(t) = /Oo zk (Rl(x,t) + ;ﬁ(O)xRO(%t)) dx,

— 00

11



cf. (22). Making use of (43), (44) we obtain a recurrent system for v, v,
correspondingly,

”g,tt - Ug,yy + qvg =k(k — 1)01)(])672» U§|y:0 = 555(15)’ UO,y|y:0 = Tg(t)a (46)

cf. (23), and
’Uf,tt - U]]iyy + qvf = Qk(y5 t) = k(k - 1)CU{€_2 (47)
0
—avgjtl + k(k +1)Cppvi™ + Cyvlg;;l — kCpup~t — %Cyvgﬂ,

Uﬂy=0 =0, U]f,y‘y=0 = T’f(t),

cf. (24). Note that (46), (47) imply that uf = 0 for odd k while u¥ = 0 for even
k.

Following the scheme of section 2 we represent
vo(y,t) = 8(t —y) — / o G(y,n,t = 7)q(m)o(r —n)dndr - 0(t —y),  (48)
b=k =0 [ [ Gnt=r)Ch 7 i 0t - ), k>0
and
i (y,t) = // OG(y,n,t —7)Q(n, 7)dndr - 0(t —y), k >0, (49)
n>

where G(y,n,t) is fundamental solution for the string equation in the first quad-
rant, R2 = {z,t > 0},

Gy — ny + qG = §(y - n)§(t)7 Gly:O =0, C"'|t<0 =0, (50)

of. (25)-(3.2).

We finish this section by deriving some representations and estimates of Green’s
function G(y,n,t) and its derivatives. In the future we assume that

gl < M, (51)

and use notation A*(y,n,t), A*(y,t) for various functions of (y,7,t), (y,t) such
that

|AR(y,m, )| < Me(T, M) (y* +n" +t*) fory+t+n<T. (52)

Proposition 3.1 Green’s function G(y,n,t) of problem (50) may be represented
as

G(y,n,t) = Go(y,n,t) + g(y,n,t). (53)

12



Here Go(y,n,t) is Green’s function corresponding to the ?free? string equation,
q=0,

GO,tt - G07yy = 5(y - n)d(t), Go‘y:() = 0, G0|t<0 =0.

It is given by the characteristic function of the semi-infinite layer L(n,0) C Ri
bounded by the characteristicst —y+n=0,t+y—n=0andt—y—n=20,

Go(yﬂ?»t) = XL(n,O)(yvt) = (54)
10—y )0y —n) + 0+ —n)n — ) — Ot~y )

The remainder g(y,n,t) has the form,

9m.t) = 7 QW) ~ QU ¢~y +msbly—m)  (59)
+11Q0) ~ Q) (¢t +y — )61 )

+71QW) + Q)] =y — )+ +(y.m,1),

where §(y,n,t) € Cllolc(Ri) and

Q) = [ ate) e (56)

Moreover, representation (53) may be differentiated with respect to y and t with
0,90, 1) = 11Qy) ~ QIO —y + M6y — ) (57)
+41Q0) ~ QU +y — )00 — y) ~ Q) + QIO — y — ) + Ty y,n.).
2u9(y,m, 1) = —1[Q) ~ QA —y + MLy — ) (58)
£ 3100) — QIO +y —mot — ) + Q) + QIO —y 1) +Guly n. )

The functions gy, g; € C’O’I(Ri) and

9y, m,t), gy(y,m,t) = A%(y,m,t)(t — |y — nl)+. (59)
At last,
Oug(y,1,1) = 31Q0n) — QA — y +m)o(y — ) (60)
—i[@(n) —QW)o(t+y —mo(n—y) + i[Q(n) +QWo(t—y—n) + Gul(y,nt),

with Gy (y,m,t) = A%y, n,t)0(t — |y — n|) being piecewise continuous with only
possible jump discontinuities across the above characteristics.

13



Note that estimates of g, g,, etc. remains valid when ¢ € L*°(Ry). When
lg(y)] < M for y < 2T these estimates are valid for y +n+t < T.

Proof G(y,n,t) is the solution of the integral equation

Glymt) = %@%w—// Goly.&,t — T)a(E)G(E,n,7) dedr
£>0
=Goly,n,t) — GooqG(y,n,t) =Gy— GgoqgGy— Gyogy. (61)

Representation (61) and the fact that Gy has at most jump discontinuities (54)
show that g(y,n,t) is Lipschitz continuous and satisfies (55). Equations (57)—
(60) follow by differentiating (61) and using representation (54). Indeed, con-
sider e.g. 0:g,

Aeg(y,m,t) = —Go,t 0 qGo — Got © . (62)

Then, due to (55), the second term in the rhs satisfies (59). To analyse the first
term in the rhs, i.e.

L/LNGM@KJﬂMQGdamﬂ, (63)

observe that G +(y,&,t—7) is a sum of 3 §— functions on characteristics, namely
%5(t—7’—y+§) for £ € (0,y); %J(t—T—i—y—f) for £ > y and —%é(t—T—y—é“) for
&> 0. As Go(&,m, ) is the characteristic function of L(n,0), the integral in (63)
consists of 3 one-dimensional integrals, some of them probably empty, along the
parts of the above characteristics inside L(7,0). Depending on whether y+n > ¢
ory+n<t,

— GotoqGo(y,n,t) = (64)
- QR +y+n)/2)—Q(y+n—1)/2)]- 0y +n—1)0(t — |y —nl)
[QRUE+y+n)/2) +Q(t—y—n)/2)]-0(t —y —n)0(t — [y —nl)
[QUE+y—n)/2)+QUt —y+n)/2)]-0(t —y =)t — |y —nl).

Thus, the jumps of —Gp+ o ¢Go across the bicharacteristic t +y —n = 0 are
equal to those in the rhs of (58) proving (59). Similar arguments prove (57).

+ |
N N e

At last, as representation (61) is a convolution with respect to 7,

Gtt(yanat) = GO,tt(yvnat)7//Go,t(yaf7t*T)Q(g)G‘r(&na’r)dde
=%ﬂmmw—-//bwmarwm@ahmmﬂ%w
- //Gwmawwm@w@mﬂ%m. (65)

Taking into account (54), (58) provide equations (60).
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Remark 3.2 Green’s function G(y,n,t) satisfies

|G(y,m, )| < K(vVM(#2 = (y —n)?) 0t — ly —nl), (66)

where K(z) = Jy(iz) where Jy is the 0—th Bessel function and M is given by
(51). Indeed, as Gy > 0 it follows from (61) that

|G| < Go+ MGooGy+ M*GyoGooGo+...
< K(V/M(#2 = (y—n)2)0(t — |y —nl)

with K(\/M(t2 — (y —n)2))0(t—|y—mn|) being the Green’s function for the equa-
tion

Ky — Kyy + MK = Sy —n)é(t), Klico=0,

on the whole real axis y € R.

4 General case: terms v}

As we see later, equations for «, § can be obtained from the analysis of viy, viy
at y = 0, i.e. from ri, r$, cf. (25), (26). As follows from (47), expressions for
these moments involve v§7 k = 0,2,4. Following [8], we also obtain integral
equations for ¢(y) and C(y) from the singularity analysis of v87y, Ug’y at y =0,

Lemma 4.1 The function v3(y,t) is of the form

1[ t+y t—y

vg(y,t) = 6(t —y) — 3 Q(T) - Q(T) 0(t — y) + g (y. 1), (67)
with
oy, t) = A'(y, 1) (t — )+ (68)
Proof. By (46) with k =0,
St) = 3t-v) - [ [ Glont =i ) dndr (69)
=i(t—y) - % [Q(t;y) - Q(t;y)] 0t —y) + /g(y,mt —n)q(n) dn,

where we use representation (53), (54). This proves (67) with 9 given by the
integral in rhs of (69). Properties of 9 follows from the properties of g(y,n,t)
described in Proposition 3.1.
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Remark 4.2 By employing the progressive wave expansion method to
problem (46) with k =0, it is easy to see that

vo(y,t) = 6(t —y) +ro(W)0(t —y) + B (y, )t —y)+,  woly) = —%Q(y% (70)

Here and in the sequel we denote by B* the class of C*—functions
which satisfy the estimate

109BF| < Coly + )10l o] <E. (71)

Proposition 4.3 Denote by

wo(y, ) = vh,(y,) + 004 (. 1) (72)

Then, for 0 < y < t, the vector function (v(y,t), wd(y,t), q(y)) satisfies the
non-linear Volterra equations

vg(y,t) = /Oy wd(n,n+t—y)dn,
wi(y,t) = /O a(mvd(n,t+y—mn)dn+rit+y),
q(y) = -2 /Oy a(n)vg(n, 2y —n) dn — 214 (2y). (73)

Note that though r§(¢) has a singularity at ¢t = 0, for ¢ > 0 this is a continuous
function making sense in the rhs of (73).

Proof. It follows from (46) with & = 0 that (vJ,w]) satisfies a system of the
first-oder equations,

Ugvt + Ug,y = ”U.)g, wg,t - wg,y = 7‘]”87
with
1
Uly=o = 8(t);  whly=o0 = 0'(t) +5(t) = —5a)0(t — y) + A(y, )(t — )+,

where the last equation follows from (67), (68). Integrating along bicharacter-
istics 7+ n=1t+y, 7 —n=1t—y, we obtain the first two equations in (73). As
by (67), (68) w§(y,y+0) = —1¢(y) we obtain from the second equation in (73)
the third one.

It is easy to show, for details see section later that the integral operator in the
rhs of (73) is a contraction for ¢ < o, where ¢y depends only on M in (51), and
may be solved by iterations with Lipschitz dependence of the solution on the
variation of rJ in L°°—norm.

We turn now to vg(y,t) which, together with vg,(y,t), v5,(y,t) will be used
later to find v{, v}. Also, an expression for v ,|,—o will be used to derive an
integral equation for C(y).
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Lemma 4.4 The function v3(y,t) is of the form

t+y

Ug(yvt> = Cl( 2
=Ci(y) 0t —y) + B (y, 1) (t = y)+,
where

)= [ " () dn. (75)

Also,
=~ [ cwarse-n+glo(S) o (5] 00

(t+y)/2
+ / Ay, 0, 8)C () di - 6(t — ); (76)

N R e e G R S |
(t+y)/2
+ / AL (y,1,6)C() dn 6 — ) (77)

Here and later, we denote by B*(y,t) (or (y,n,t)) the functions which satisfy
the same estimates (52) as functions AF but with the constant M satisfying,
instead of (51),

dc
lal, IdyI_M (78)

Note that if C =1, ¢ = 0, so that A" = 0 in (74), then
vh(y: 1) = yb(t —y),

cf. (25). Also the main two terms in rhs of (76)—(77) are obtained by dif-
ferentiating, with respect y and ¢ correspondingly, of the main term in rhs of
(74).

Proof. By (46) with k = 2, together with representations (53), (54) and (67).

(t4+y)/2

_ (t+y)/2
ol y)} -+ [ Ay (-

Y)+

(74)

vily,t) = 2//G(y,n7t — 7)C(n)vg(n, 7) dndr =/ C(n)dn0(t —y) + 03 (y,1),

(t—y)/2

where

B =2 [ cw {g<y,n,t — i)+ [ Gyt =m) (8.7 - 56— ) df} dn.
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It then follows from Proposition 3.1 and Lemma 4.1 that

g(y.n,t /G y,nt—7) (v9(n,7) = 6(T —n)) dr = A (y,n,t) (t — )+, (79)

since the domain of integration with respect to 7 in the rhs of (81), i.e. n <
T, |y —n| < t — 7 shrinks to 0 when ¢ — y 4 0. Note also that the function (81)
equals to 0 for n > Hy so that the integral defining 92 is to n = t+y

Turning to v, we have

U(Z) y(yv t) =2 / / Gy(ya n,t— 7)0(77)08(77, T) dﬁdT =

_/OyC(n)dné(t—y);r; [C(t;y>+0( Qy)] O(t —y) + 03 (y. 1),

where

054 (st /C {gy y,1,t /G y,n,t — 1) (vg(n,7) = 6(r — 1)) dT} dn.

It follows from Proposition 3.1 and Lemma 4.1 that
gy(y:m,t =1 /G (y,m,t = 7) (v9(n,7) = 8(r —n)) dr = Al(y,n,t) 0t - y).
Similar considerations are valid for vg ,.

Remark 4.5 Similar to v) we can show that (46) with k =2 implies
vy, ) = Ro(y)B(t —y) + ri(y)(t = y)+ + By, ) (t — y)%; (80)
Koly) = Crly), ma(y) = —3 Q) + 3 [C(y) ~ CO)].

Corollary 4.6 The function C(t) satisfies a linear Volterra equation

C(t 2(2t) + / K(t,n)C(n) dn, (81)

where the kernel IC has the form
K(t7 77) = _gy(oa 7, 2t — 77) - /Gy(07 m, 2t — T) (1)8(777 T) - 6(7— - 77)) dr.

Observe that G(y,n,t) and v3(y, t) depend only on g and thus can be constructed
having recovered ¢. Summarizing, Proposition 4.3 and Corollary 4.6 provide a
method to recover unknown ¢(t), C(¢), for ¢ € (0,tg) with sufficiently small ¢.
To this end, we should know 79(t), r3(t) for t € (0,2ty). Later we will show
that iterating this procedure it is possible to find ¢(t), C(t), for t € (0,T") from
r3(t), ré(t) known for ¢t € (0,2T) with an arbitrary T > 0. Clearly, having ¢
and C we can find Ag, By.

We end this section with representations of v¢ and its derivatives.
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Lemma 4.7 Letvi(y,t) be the solution to initial-value problem (46) with k = 4.

Then
o= of [t [ ciman- [ i) oo
o\ 0 1 0 1 0 1
+B(y, t)(t — y)3s (82)
iyl =3 UG + (Y - 2030 00— ) + B0t - )i (59
dulnt) = 30K -0+ 3 caiHY - ot FY ] o)
FE(y, 06t~ ) (5)

Note that, for C' = 1, ¢ = 0 equation (82) takes the form (25) for uf while (83),
(84) become the corresponding derivatives of uf. Also as

t+y/2 ) t—y/2 ) Y 9
/O Cl(n)dn—/o Cl(n)dn—/o Ci(n)dn — 0, y—t+0,

vo(y,t) = B (y, t)(t — )+ (85)

Proof. We obtain the main term in (82) from the integral representation,

vo(y,t) = 12//G(y,77,t—7) C(n)vg(n, 7) dndr, (86)

taking into account Proposition 3.1 and Lemma 4.4. They imply that the main
term in (82) is given by

//yt (n) dndr,

where I(y, t) is the rectangular bounded by the characteristics 7—n =0, 7—n =
t—y, 7+n=1t—yand 7 +1n =t +y providing the desired main term. An
estimates for the remainder in (82) follows from the estimates for remainder in
equations in Proposition 3.1 and Lemma 4.4.

Similar arguments using representations and estimates for G, G in Proposition
3.1 and for v§, v3, in Lemma 4.4 yield equations (83), (82). We need also to
take into account that the integral (86) is a convolution with respect to t, so
that

o (,1) = 12 / / Gy, 1yt — ) Cln)ok (1, 7) didr.
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Remark 4.8 Similar to v), v3 we can show that (46) with k = 4 implies

vg(y,t) = (y)(t —y) + %Mz(w(t -yt + By, )t -y, m(y) =3CHy), (87)

p2(y) = 3C(y)Ci(y) + 3 /Oy C(n)[C(n) —C(0)] dn — ng(y)Q(y)-

5 First integral equation
Recall that, by (47),

) =l = [ [ G0t =)0 ndran, (58)
with G, (0,7,t) = v§(n,t). Using representation (47) for Q}, we see that

ri(t) = U+ Us + Us, (89)

where

- [ [ 0.0 -natid .. (r.pdrdy (90)
/ / Gy (0.1t — 7) (2C(0a) (1) — Cay (m) W3(ry mydrdy;— (91)

0= [ [ G0.0t- 1 wa0, (ﬁ) (ron)drdn,  (92)

where the coefficients C(,y, C(a2), C(y) are given by (40).
We start with ¢;. Employing equations (70) for vJ and (80) for v3, we obtain

Uy = U + U + Uz + Una.

Here

Ui (t //6 t — 71 —mn)a(n)ko(n)d'(r —n)drdny =

//M—T— (o ()8 (r — m)drdn

- _ a "(t/2)C1(t)2) — 1oc(t/2) C(t/2);

Uio(t) = *//gy(t —7,0,n)a(n)ko(n)d’ (T — n)drdny =
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t/2
) / gy (t — 0,0, m)a ()0 (1)

0

1 t/2
—g0(t/2m(t/Dro(t/2) = [ gt = n.0.0)ammo(n)dn

1 /2
1020202 + [ B aatdn
0

Uy (t //5 (t—7—n k1(M)3(7 = 1) + B (r,m)0(r —n)) drdn
t/2
= 7304@/2)/{1(15/2) + B (t,n)a(n)dn

_ ia(t/Q)Q(t/Q)Cl(t/Z) - ia(t/2 Ct/2) - / Bl(t,1)a
At last
thatt) =~ [ [t = 7.0.m)aln) (a(md(r =) + B (rom(r — ) drd

- / B2(t, n)a(n)dn

Summarising, we see that
(1) = — 0/ (1/2)Ca (1/2) (93)
Lae 10w + a2 sy + [ B atay
= —0/(1/2)Ca(1/2) - 3a(t/2) {20(1/2) - QU/ACL(1/2) — C(0))

t/2

+/ B (t,n)a(n)d.

We now proceed to Us. Let

y) = /Oy B(n)dn, (94)

[C(y)B(y) +a(y)dy (C/o) (y)Bs(y)] -

so that

N | =

20 (40)(y) = Cy (y) =
Then

Us = Uz + Uas + Uas,
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) = 5 [ [ 60— =IC8+00, (Clo) Baltnotr — wyiran
1 1 t/2
= J0/2)C(/2) + §0(t/2)0, () -2 [ B(n)a

talt) = 5 [ [ 9t = 7.0.00(C5 + 00, (Co) Bal ), haray

1 t/2
D) / gyt —=n,0,n)[CB + 00, (Ca) Bp](n)dn
0
+% //gy(t —7,0,0)[CB + 08, (Co) Bg)(n)[vg(1,n) — 8(7 — n)]drdn
t/2

=/ B (t,n)B(n)dn;

tes(t) = 5 [ [ 806 =7 = )03+ 00, (Co) Balnlebr) - 7 —

1

/2
=5 [ (63 + 09, (Co) ot + B¢~ n.n)(e 20y
0

t/2

= B (t,n)B(n)dn.

Summarising, we see that

t/2 t/2

Uz(t)=iﬁ(t/2)0(t/2)+b(t/2) | B(n)dn + | BY(t,n)B(n)dn,  (95)

where

We term now to the term Us,

//G (t—71,0,7)Cry(n (M0, (ﬁ)(rn)drdn (97)
= U1 (t) + Usa (t) + Uss(t) + Usa(t) + Uss (1),

with

Cyy(n) = % [0nB(n) + Oy (Bs(n) 0y log(o (n))]] - (98)

22



Taking into the account that Gy (¢,0,1) = v)(¢,n) and equations (70), (80), we
obtain for Usy:

Us (¢ :_,//M 7 — 1) [08(n) + By (Ba ()0, log (o (n)] so(m)3(r — 1)

=—i[ (1/2) + (Bﬁg) <t/2>] o(t/2)

o t/2
_ _ig'(t/g)cl(t/Q) - %ﬂ(t/Q);(t/Z)Cl(t/m +/ B°(t,m)B(n)dn;
0

Usa(t

st~ =) 5485 (2)| vt | (22) = 22| aocr -
Vo) Ve
Z;/OW 548, (2)] wvaw) Kﬁ)_ “;] ()
(5e) ] gm0 « [ o

_ iﬁ(t/2) {C(t/2) +0(0) - (U> (t/2)Ch(t/2) + Q(t/2)Ch (t/2)}

t/2
_%5(0)0(0) + /O B°(t,n)3(n)dn
Uss(t

:_7//1/0 0t —7—n) {ﬁ+B@ (j)}/(n)%o(nﬁ@—n)

t/2
= =502t/ Drolt/2) + [ B e mBndn

= L8t/

1 t/2
= J/2QE2C /2 + [ B tmBndn
0

Usa(t

3 e ()] G2 - e
S ()] [ () o ()

t/2
- /0 B (t, n)B(n)dn.
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At last, all the remaining terms are summed up to

Uss (t)

. {ﬂqLBg <‘j>}/<n>61(tvn>+ﬁan (é)
Ao & srion
~ 5040+ [ " 0 mBn).

A closer look at the coefficient in front of 3(0) shows that this terms appears
from § [ [6(t — 7 —n)B'(n)vg,, (7, n) providing the term

50003, (1,0) = 2 FO)r3(0).
Summarising,
Us(t) = ~ S BOIE(D) — 16 1/2C1(1/2) (99)
+got2) | SEECD (T et + Qi)

t/2
+ [ s
Thus it follows from equations (89), (93), (95) and (99) that
ri(t) = (100)
= 110 (/2) + (4/2)] C1(1/2) — 70(t/2) 20(/2) ~ C(0) ~ Q(t/2)Ch (¢/2)]
+£6’(t/2) {20(75/2) + C(0)+ Q(t/2)C1(t/2) — 2 (j) (t/2)}
~50030) + | e matn) + 143 8@ dr

dealing with constant coefficients, C(y) = 1, o(y) = 1,73(t) = (t), equation
(100) takes the form (33).

6 Second integral equation : terms due to v}

We turn now to the equation for r§(¢). Recall that due to (47), (49) with k = 3
4
#30)= [ [ Gilmoo0® =3 Wit (101)
i=1
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where

//G —1,0,n)C(n )’U%(T, n) drdn, (102)
— [ [ it = r0.matu)ed ., (r.m dran, (103)
=6 / / Gy(t —7,0,1) [12C 40y (1) — 3C(2)(n)] v3 (7, ) drdn,  (104)

0= [ [ Gute=romcumvatno, (L) cadrn o)

Integrals (103)-(105) may be studied, similar to the terms I; in (89), using the
propagative wave expansions (80), (87). However, term V; which can also be
written in the form of a propagative wave expansion, requires more attention.
This is due to the fact that the coefficients in this propagative wave expansion,
starting from the third one, will contain derivatives of coefficients «, § so that
extra care should be taken to guarantee that the resulting formulae do not

contain these derivatives. Instead, we directly employ representation (49) for
v} with Q! of form (47). Thus,

Vi(t) = Via(8) + Via(t) + Vis(t), (106)
where
Vi(t) = (107)
=6 [ Gyt = 7 0mCEG( = 5.0, 9a(18 1 (5,6)

Vialt) = (108)
6 / Gyt — 1.0.0)CC(T — 5,1,€) [2C(0m) () — Cla(€)] 1805, €),

Vig(t) = (109)

6 / Gy(t -0, U)C(U)G(T =S8, g)C(U) (g)\/g(g)an <\1;0>) (S §)

We start with Vi1 (¢). Using decompositions (70) for G, |,—0 = v§, (54), (55) for
G, and (80) for v, we see that

Vir(t) = J(t) + Ja(t) + J5(t) + Ja(t) + J5(0). (110)

25



Here

() = (111)
—q/awa—namcmmmT—am@mo@@ww—s
-3

= =3 [ Cn) 80t~ 20)0(n — €) + 8(t ~ 260006 — 1) — 8¢ — 2 — 2] A€o (€
:fiwﬂxﬂwmf§awm/awcmmm+§/wmamxwmfmm
2 2 2 ’

where we have used that the integral (112) is a convolution with respect to s so
that we can trasfer the s—differentiation from 6(s — §) to Go(m — s,1,§). Next

terms, Jo — —Jy are obtained when we keep two most singular terms in the
integrand in (107) but use the next order term in the third one, namely,

Jo(t)
=—6/5@—T—mCWMAT—&m®a@MMOMS—Q

:—@/C@MAT—U—ﬁmOMO%@)

t/2 t/2
= —6/0 a(&)ro(§) (/0 C(n)gr(T—n— &m&)dn) d¢

where we use that g¢(7,7,£) = 0 for 7 < |n—&|. We note that g, (1 —n—§,1,§)
has a jump discontinuity at n = ¢/2 — . We rewrite J2(t) in the following form
convenient for the future,

t/2
5= [ (a6 de (112)
0
where Ja(t, &) = A3(t,€) and, due to (58),
3 t/2
Jo(t,8)le=t/2 = §Cl(t/2)/0 [Q(t/2) — Q(n)] C(n)dn. (113)
Next,
J3(t) (114)

=-3 / GO,y(t - T, 07 T])Go(T —s,n, §)C(77)04(§)51 (§)6(8 - €)
=—s/wu—2mwn—o—ﬂ@—2@ﬂ§—muxma@mm@
+3/9@f%—amomm&mma

t/2 £ t/2—¢
A cwm+Acwm—A C(n)dn | de

t/2
:*L/ a(€)m ()
0
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-/ " g, Oo(e
with
Tolt,€) = A2(1,6), (115)
Tt Olerre = SCL(H/2)[QUDCH(1/2) — C(1/2) + C(O)],

and we use equation (80) for x;. Eventually,
Ii(t) = 6 / o0t~ 7~ )CGor (7 — 5.1, alEro(€)d(s —€)  (116)
=3 [ o 6(¢ ~ 20)0(n ~ &) — 6(¢ — 26)0(€ — 1) (¢ — 26 — 2)] @(Oro(€)

t/2 €
= —3/0 (&) ko(€) VS VO(n)C(n)dn+/0 1/0(77)0(77)(177] d¢
t/2 t/2—¢
+3 [ a(n(© [ | wmceman

t/2 t/2 t/2
= —3/ a(§)ko() (/ Vo(n)C(n)dn> d§ = Ta(t, ) an(§)ds,
0 0

t/2—¢

dg

with

t/2
Tu(t, &) = A(t,8), Talt,E)|e—t)2 = 201@/2)/0 Q(n)C(n)dn.  (117)

We combine all the remaining terms in Vi3 into Js(t). Our aim is to show that

t/2

0

\75(t7£) = AZ(t7£)a j5(ta§)|£:t/2 =0.

To this end observe that the integrals in J; are of two kinds, the first kind
consists of terms with only one of three factors containing the main d—type
singularity when the second kind may contain two d—type singularities with the
third factor being continuous across the corresponding charateristic. A typical
term of the first kind is

—6 / GO,y(t =T Oa W)C(U)[Gr - GO,T]<T =81, f)a(f)[vg,s(s, 6) - 6(5 - 5)]
= =6 [ CNIG, ~ Got =~ 1= 50 Oa(€)lef (5. €) ~ (s — )] dednds.

Now all terms in the integrand are bounded functions. Moreover, their support is
the intersection of the domains s >0, £ >0,7>0, s > {andt—n—s > |n—¢|.
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Clearly, this implies that, making the external integration with respect to &,
its domain is 0 < & < t/2, so that the corresponding terms are of the form

fg/z A%(t,€)a(€)dE. What is more, the kernel A% (¢, &) is defined as a double
integral, with respect to 7, s over theregions > 0,7 >0, s > &, t—np—s > |n—¢|.
In particular, when & = ¢/2 this region shrinks to the interval s =¢/2, 0 <7 <
t/2, so that A%(¢,t/2) = 0.

Similarly, a typical term of the second kind is

6 / Goy(t — 7,0, ))C()Gor (7 — 5,1, )a(€)5(s,€)  (119)

t/2 t/2
= —3/0 a(§) VE Cn)v(t — 2n+§,§)dn] d¢
t/2 3
—3/0 () [v(t—éﬁé)/o C(n)dn

t/2 t/2—¢
+3 / a(6) [ / Cln)o(t — 20 - aadn] e

dg

where

U(s,€) = v 4(5,€) = 8(s — &) — Ko (£)0(s — &)
When § = t/2, the first and the third integrals with respect to n in the right-hand
side of (119) become 0. As ¥(s, &) = 0 for s = &, the second integral in the right-
hand side of (119) is multiplied by 0. Thus it has the form fot/2 A%(t, €)a(€)de
with A2%(¢,t/2) = 0.
Summarizing equations (112)—(118), we obtain with Ji1(¢,&) = A?(¢,€),
/2

V() = ~50(/2CH/2) + [ Tt ole)ds (120)

t/2
T (t, §)le=t/2 = 3C1(t/2) |C(0) = C(t/2) + Q(n(C(n)dn] :

0

Next we turn to Vo, see (108). As, by (40),
2C(0(€) ~ Oy () = 5CO5 + Dyl(©),
3
Ds(6) =0 1o (5 )@ [ stman,

Via(t) = Ji(t) + Ja(2). (121)
Here J; contains the leading singularities of the integrand in (103),

J(t) = (122)
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- 3/5 t—7—0)CM)CE)B + Dsl(€)Golr — 5,m,)d(s — )

/at—f— ()8 + D)(E)8(r — s — 1+ E)B(E —m)d(s — €)
+5 [ 8 =7 = MEMIC(EIB+ Da(OO(r — 5+ 1= o0 - 93(s ~ )
—5 [ 8t =7 = CmIC(EB+ Dal(o(r - 51— )55~ ),
with J, built of less singular terms. thus, we see that
-3 / CC(E)[B + Dsl(E)6(t — 29 — 2€) (123)
/0 OB+ Dal(€) [0(t — 20)0(€ — m) + (¢ — 2n)0(n — €)]

t/2—¢€
=——/ C(&)[8 + Dg)(€) (/ Cn )d77> dg

t/2
+g i &)[B8+ Dg](¢ (/C dn>d§

t/2
W3 C(n)( 0 c<s>w+w<s>ds) dn

3 t/2
= 5/ C)B + Dgl(§) (C1(t/2) = Co(t/2 =€) dE
0

t/2

= Ji(t,§)B(E)de.

0

Here
T1,6) = A1), Tt Olemrya = SC1(H/DC(/2) (124)
and, in deriving (124), we use that
t/2 t/2
5 [ cepae @ - ar-a)a= [ w0,
0 0

where

Ag(ta §)|§:t/2 =0.

Let us show that the terms constituting J are of the form

t/2
- /O A2 E)BE)E, A2 (8, E)]eryp = 0. (125)

To this end we observe that the terms in Jy are of three different types, one
containing §(t — 7 — 1), the second -6(s — £) and the third one having bounded
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integrand. Consider e.g the term with 6(¢t — 7 — ) reducing the quadruple
integral to a triple one with respect to (s,7,£). This triple integral extends over
three possible regions,

D={(sm8 s+t {<s,n<Eh

Qo :{(Sanvg) 5+27)§t+§a§§575§77}7

Q3 = {(857776) : 5+§+277 Sta fg S}
These conditions always imply that 0 < ¢ < ¢/2, so that the corresponding
terms in J2(t) is of the form fOt/Q A%(t,8)[B + Dg(€)d€ and, as we know

t/2 t/2
/O A2(t,€) Dy (€)dE = / AL E)BE)dE, Yt E)|e_ryn = 0.

To analyse A?(t, &)|¢=t/2, consider the double integral with respect to (s,7) over
QN {€=1/2},i=1,23. Clearly, O; N {€ = t/2} = (t/2.t/2), i = 2,3, while
O n{E=t/2} = {s =1t/2,0 < n < t/2}. This implies that these double
integrals are taken over a region of 0—measure.

Similar considerations are valid having the factor (s — &). At last, dealing
with the genuinely quadruple integral, observe that the domain of integration
consists of three regions

D ={(rsm & T+n<tE<s n<E s+E<T )

Qo ={(r5,0,8) T+n<t,§<s, < s+n<T+Eh

Q= {(r,s,n &) :T+n<t s+E+n<T <sh,
implying that £ < ¢/2. Then QN {E=t/2} ={s=t/2, 7+ n =1t ile an
interval, while Qo N {¢ = t/2} = {s = t/2,n = t/2,7 = t/2}, i.e. a point, and
Qn{&=t/2} ={s=1t/2,7 =0,7 = t}, i.e. another point.

The above considerations prove (125) so that equations (121) together with
(123)—(125) imply that

t/2

Via(t) = Tia(t, €)B(€)dE, (126)

0

Tolt,6) = A24,6), Tualt, Oleyso = SC1(H/2)C(1/2)

We note that the impact of the terms with Dg into integral (103) is of the form
t/2
| #wos©d, A8z =0
0
Our next goal is to evaluate the term V3(t) given by (109). As, due to (40),

o’ ¢
Cop(€) = 506l Bal(©). 50 = (2 ) @) [ staan,
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integrating by parts, with respect to &, in (109) and taking into the account
that there is actually a factor (¢) in the integrand of (109), we find that

Vis(t)
__;/Qﬁ—TﬁWXMMB+&MQQ{Gﬁ—&m0¢ﬂ®&<3%>@£ﬂ

2
=3 [ Gyt = m.0mCIS + Bl©G(r — 5.1,V (€0, () (5,€)5(6).

First we show that the integral with 6(¢) is equal to 0. To this end observe that
the strongest singularity in this integral is a —type one and G(7 — s,7,0) =0
due to the Dirichlet boundary condition. thus,

Vialt) = (127)
/ Gyly=oC1B + By] [Ggf 50 <f2) +365 Q(Z;E) +GVad (%)]

To further analyze equation (127), observe that

£v0( 5) ( 75) + q(g)Ug(S,f) - 20(5)”8(&5)
This yields that the expression in [...] in (127) has the form

G\Fa<2> 1G<”3>+G a(”g)— (128)
¢ Vo) 27 e \Veo ‘\Ve
2 2 o' 2 2 2 INEAN 0
Gevg e + Grug s — % (Gevg + Gvo,g) +Gugy |q— B (0) —2CGy.
Using this equation, we obtain
Vis(t) = Ji(t) + Jo(t) + Ja(t) + Ja(t) + J5(t) + Js(t) + J7(t), (129)

The term J; is the main term obtained by substitution Gy ¢, Go,» and —kod(s—
£), kod(s — &) instead of G¢, G, and va&, vg’s, correspondingly,

Ji(t) = (130)
3 / 5(t — 7 — OB + Bal (€)ro(E)5(r — 5 + 1 — E)6(E — n)s(s — &)

+3 [ 8(t = T = OB+ Bal©ro(©)5(r 5~ 1 = 6(s ~ €

— =3 [ CIB+ Bal(€)no(€) 5(t — 260006 — 1) 8¢ — 27— 26)]

= e miemn [ conansd [+ Ba@m@cn/2 -
= Ssucier+ 3 [ e [aecnz -0 (7) aactun)
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t/2 t/2 o’
3 | s [/ﬂ (2) (5)01@)0@/2—5)«15] i

3 t/2
= aurmoi + / T (1, €)BE)dE,
0

where

/

0.9 = A9, Tilt. ey = 50110/ |00) - (7

) w2ci/)] s

As in the case of Vi1, the next three terms correspond to taking exactly one
non-leading term in the integrand in (127). Namely,

(t) = (132)
3 / gyt — 7.0, )C)B + Bal(€)ro()5(r — s+ 11— E)B(E —)d(s — €)

43 / gyt — 7.0.0)C)[B + Bal(€)mo(€)5(r — 5 — 1 — €)5(s — &)

t/2 2¢
3 /0 18+ Bol(€)mo(€) ( /5 C(26 — )gy(t — 70,26 r)dr) e

t/2 t/24¢
+3/ [8+ Bs(§)ro(€) (/ C(T—Qf)gy(t—T,O,T—%)dT) dg
0 2¢

t/2
= o jg(t,f)/@(f)dg,
where
j?(taf) = AQ(taf)a (133)
t
j2(t7 £)|§:t/2 = 73%0(15/2) / C(t - T)gy(t -7+ 07 Oa t— T)dT
t/2

t/2

_ gcl(t/Q) Q(n)C (n)dn

0

and we use that

gy(n+0,0,m) = w3 (1 +0,1) = o (n)-
For the term Js we take [—ge + g-](T — s,1,&)k0(§)d(s — &). Then

J3(t) =
-3 / C)[B + Bal(§)ro(§)[—g¢ + g-)(7 — s,m, §)dndg.
The support of the integrand is t — n — & > |n — &, so that

J3(t) =
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t/2
s [ en >(/ 16+ Bal(©)mol)- g§+97}(t—77—§,n,§)d§>d77

t/2
-3 B+ Bgsl(§ (/ Cn)[—ge + g-](t =0 —&n, &) n)dé“

0
/2 /2
-3 / 18+ Bs)(€)rol©) ( / C)l=ge + g:)(t —n — s,n,@dn) ds
0 0

Observe that the function [—ge +g,](t—n—¢&,n,§) has a jump across n = ¢/2—¢.
Summarizing,

t/2

J3(t) = T3(t,)B(E)dE,  Ts(t,€) = A*(t,€), (134)

0

t/2
T3(t,6)|e=t/2 = —3ro(t/2) /0 C(n)[—ge +g-](t/2 =+ 0,n,t/2)dn

t/2

= 5QUICHYD = 5C0/2) [ QuCn
where we use that, due to (55),

[ge +9-1(t/2 — 0+ 0,m,£/2) = 2[Q() — QU1/2)]

The term Jy is obtained taking main terms for G, and G¢, G, but v ¢ +rod(s—
&) and wvg s — Kod(s — &) instead of vg ¢, vo, s,

— _7/(5 t—T— H+Bﬁ](§)f4(7-78577’§)7
where

Fu(T,8,1,8)

=[6(r—s+&—m)b(n—&) —0(r—s—E+mOE —n)] (v] (5,6 + Ko(€)d(s — ©))
+6(T — 5 =& —n) (V5 ¢(5,8) + K0(£)d(s — €))

F[0(r—s+E=m0(n—&) +6(r —s—E+mO(E —n)] (v5,4(5,) — Ko(§)d(s — &)
—0(r — s —&—n) (] 5(5,6) — Ko(€)d(s — €)) .

Therefore,
J4(ta 6) =
=5 [ B+ B+ 08 (s 0 ~ 20+ £.8( )

§/C B+ Bal(§)[vh ¢ (t — €,6) + 2o (€)d(t — 2€) — w5 4(t = &,€)]0(€ — n)

=3 [ Cons+ Bal©e(e — 20— .0 + 2m0(€)5(0 — ~2129) — 5., (¢ — ~208.6)
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Note that vg ¢ +r0d(s—&) and vy s —kod(s—&) are smooth except for a jump dis-
continuity across s = £ and have support at s > £. Together with considerations
above, this implies that terms containing Bg have the form

t/2
/0 A2(6, 6BV, AX(E,E)]eryp = 0.

Ju(t) = (135)

C()[wge + v s)(t —2n +&, §)dn> dé

/‘N
2
~
%

t/2 £
+§ /0 B(e) ( /0 CMvge(t =& &) —v6,5(t = &) + 2r0(€)(t — 2£>]dn> dg
t/2—¢
( /0 Cn)[vge(t—2n—&,€) —vg (t—2n — &6)]6177) d¢
t/2 t/2—¢
—3/0 B(€) (/O C(n)ko(§)o(t —2n — 2£)d77> d¢

t/2 t/2
A%(t, d¢ = , de,
" /O (1, €)B(€)de /0 Ta(t.€)B(€)de
with
J4(t7£) = Al(t7§), (136)
t/2

Tt Olecira =75 [ CONRLL/2+0.4/2) =, (1/2+ 0,1/2)d

t/2
= 3lk(t/2)=2m(4/2)] [ Clupdn = S /DIC0)+ Q/2)C1(1/2),

Two more terms which may have the form fot/z A% (t,€)B(&)dE with A*(t,€)|e=t/2 #
0 are

50 =3 [ 60= = O T+ B — s — 1+ 900 - 918(5.)

- Z/C(”)%/(f)WJFBﬁ](E) [v3(t =20+ & €)0(n — &) — v} (t — & ©)O(E — )]

3 o
+5 [cmZ©1B+ Bolerdte -2 - €.6)
Taking into the account that v3(s, &) = 0 for s < &, we see that

t/2 o t/2
wo=1 [ Z©se [ [ e ean a (137)
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3 t/2 s
_ZA Z (€t - &) [/)c cm]@

3 [t/2 o t/2—¢
+Z/0 (L(g) l/o C(n)vg(t —2n—&,€)dn

g

t/2

dg + ; A (t,€)B(€)de,

where the last integral, with A3(t, &)le=t/2 = 0, is due to Bg. Equation (137)
immediately imply that

t/2
- / Tyt OBE)AE,  To(t.€) = A1), (138)

To(t, )zt =~ 5Ca(1/2) T (4/2)eR(1/2 4 0,4/2) = = 3C3(t/2) T (1/2).

The last important term is Jg,

/

Jo(t) = —2 / 5t —7— W)C(n)%(ﬁ)[ﬁJrBﬂ](f)G(T s, E)rol€)8(s — €)
=—7/c O + Bol(O)G(t — 7 — £,1,)

The support of the integrand, due to G(t — 7 — £, 1, €) is given by

0<n<EE—n<t—n-u{0<{<nn-E<t—n—¢&}
={0<¢<t/2,0<n < U{0<n<t/2,0<E <7}

Therefore,
3 t/2 o' 13
Jolt) =~ / Z(©m(06) | [ C(n)G(t—T—&n,E)dn] de
t/2 /
= _g/o / C(n t—r—f,n,§)dn] d¢  (139)
t/2
=, Ts(t,§)B(8)dE,
where

3 o t/2
To(t,E)le=t/2 = —5ro(t/2)— (15/2)/0 Cn)G(t/2 =74 0,n,t/2)dn

=—*Cl(t/2) (t/2),  To(t,€) = A(t,€). (140)

The last term important for the future is

—6/5t—r— YC(€)[8 + Ba)(€)Golr — 5,1, €)0(s — €),
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which is the leading term due to —2Cv] in (128). Clearly, this term is analogous
to the term (122) in Vi with By instead of Dg. Using the remark after (126)
and taking into the account that similar behaviour is valid for the Bg—term,
we obtain that

t/2

J7(t) = Ja(t,§)B(E)de. (141)

0

Here
Tr(t,€) = A2(t,€),  Tr(t,6)le=tj2 = 3C1(t/2)C(t/2). (142)

We combine all remaining terms into Jg. Similar to Vi1 (¢), Vi2(t), we can show
that

t/2

Jg(t) = \-77(t7£)5(£)d£v JS(tag) = *A2(t7§)a \78(t7£)|§:t/2 =0. (143)

0

Summarizing equations (130)— (142),

t/2
Vislt) = —5 28012 + [ Tl 980 (144)

le(tvg) = Al(tvg)a
T3t E)e=t/2 =

3C1(1/2) | C0) + C1t/2) + Crer2Q/2) - ey (2 ) 2]
We finish this section with the equation for Vy,
Vi(t) = (145)

t/2
—5CHEDIa/2) + A/ + [ Fra(t.a(0) + Fiplt. 5 e,

where

jLa(tv §)|E:t/2 =3C, (t/Q) (146)

t/2
C(0) — C(t/2) + / Qn)C(n)dn| .

T8t 8)e=t/2 =
SCu(t/2) |20(0) + 30(1/2) + 20, (1/2)Q(1/2) — 201 (1/2) (Z) (t/2)} .

Comparing (145)-(146) with the first 4 terms I;(¢) — I4(t) in (37) which are
responsible for the impact of u} on u? |,—¢ and can be written in form (145),
we see that they coincide.
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7 Second integral equation

In this section we analyze terms Va(t) — V4(¢) in (101) and derive the second
integral equation for a(y), B(y).

We start with Vs (t) given by (103),

— - [ Gt~ r0.matmui ()
= Ji(t) + Jo(t) + J3(t) + Ju(t).
Here the term J; contains the main singularities of G, and )1}37”7

/ 5(t — 7 — myaln)u ()T — ) (147)
= ot/ Dm(t/2) = —2 Cit/2)a(t/2)

The terms Jo(t), J3(t) contain the next order singularity,

J(t) = / vo(mB(t — 7 — nyaln)m (W)5(r — 1) (148)
t/2 3 [t/2
—~ [ wmamman =3 [ Gn@matay
0 0
t/2

= Ja(t, n)a(n)dn,

0

with
Toltm)lmte = SO3H/DQAL/2), (149)
while
Js(t) = - / 5(t — 7 — ma(mua(m(r — ) (150)
/2 /2
. / o)z ()il = / Ti(t,m)a(n)dn,
0 0
with

T3(t,m)|y=t/2 = —p2(t/2) (151)
t/2
= =3Ci/20(/2) =3 [ CC) - COldn+ 5CH/2Q2).

We combine all remaining terms into Jy. It contains terms of three different
types. The first consists of integrals of the form

t/2

/ 5t — 7 — A (rn)(r —m)sa(n) = [ AYLu)(t - 20) a(n)dy,

0
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which is clearly of the form

t/2
/0 A2, ma(nydn, A2(t m)lneeys = 0.

The second has integrals

t/2 t—n
[ atmote—r o= matn = [t ([ 4 rnar) anas)
0 n
which is also of the form
t/2
| amatmn, A n)lyz =0
0
The last is of the form
/2
/Al(t )t =7 —=n)+am)d(r—n) = / Al (t,m)(t = 2n)1a(n)dn,
0
i.e. of the same form as the first one. Thus
/2
n) = [ Ttmatdn. el =0.  (153)
0

and j4(t7 77) = AQ(ta 77)
Summarizing (147)- (153),

3 t/2
V() = 3Rt/ + [ Tl matian (154)
j2,o¢(ta 77) |7]:t/2

t/2
= —=3C1(t/2)C(t/2) - 3/0 C()[C(n) — C(0)ldn +3CF(t/2)Q(t/2).
We turn now to Vs given by (104). Observe that by (40),

12C ey (1) — 3Ca(m) = 2 CONB) + Fs(o), (155)

Batn) = [oc = 375 ) [ e
Thus
Vs(t) = Ji(t) + Ja(t),

and we put the most singular term into Jp,
15 9
Ji(t)= [ o(t—7—mn) ?Cﬁ + Eg| (mvg(7,n)
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15 [1/?

) C(n)vg(t —n,m)B(n)dn

v [ s (/ oo - 319 (pctman) de

t/2

= Ji(t,m)B(n)dn,

0

with
Filtsn) = A(tn), Tt m)lms = 5 Cr(t/2)C(/2),

where we take into the account that, by (80), v3(t/2 + 0,t/2) = C1(t/2). This
makes Jo into

R(0) = [ (Gt =00 = 8t~ =) | 5C5+ Ba) o)

By (70) and (80) this integral has the same form as the second term, (152) in
the study of J4 of V5. Thus

t/2

Jo(t) = i A2 (t,m)B(n)dn,  A*(t,n)|y=t/2 = 0.

These give

t/2
Vy(t) = / TsptmBm)dn,  Tsp(tn) = Aty),  (156)
Ts 5t m)lmrya = 5 Colt/2C(1/2).

The last remaining term in representation (101) is V, of form (105). Using (40),

Copt) = 510+ 857 (). Bty = () ) [ stepae.

Therefore,
i) = 3 [ Gyt = 0 5+ Bl va, (L) ) a5
5 [+ 8w, [Gyte —r0.vamo, (L) ()]
5 [ 18+ B @Gyt - r0.mva00, (L) (st

= Jo(t) + J1(t) + Jo(t) + J3(t) + Ja(t) + J5(t) + Jo(t) + J2 (1),
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where we take into the account that the integral defining V, is taken over the
region 1 > 0, i.e. contains the factor 6(n), with the term Jy in the right-hand
side of (157) corresponding to this ”non-integral” term. Due to 6(n),

1 vy
00 =3 [15+ B2 06,0 - 70.0v5(000, (L) (r0)
As Gy (t,0,n) = vi(t,n) and vJ(t,0) = 6(¢) and also v¢(¢,0) = 0 and Bs(0) = 0,
it follows that
1
hft) = =58(0) [ 8(¢ = (.0
1

= —5B0)vy(t,0).
Observe that in the case of the constant main coefficients v{ (t,n) = 2n(t>—n?)
so that vg , (t,0) = 3%, Jo(t) coincide with the term with 5(0) in (37).

Returning to the integral involving n—integration, we first note that

vy 4 1 /0 4
Oy |Gy, NG = 0y |Gyvg ) — s\ Gyvg
1 /0 1 /o 1/
= GynUg,n + Gyvgmn — 5 (0’) Gyn'()g — 5 <O_> GyUg,n - 5 (0’) G — y’l)g
We recall that, as Gy|y—o = v,
Gyt = 7,0,m) = =8"(t =7 — 1) = wo(n)8(t — 7 —n) + A°(t = 7,)0(t — T — 7).
Using (87),

Vo, (1) = —pa (mO(T — 1) = (p2(n) — @i () (1 =)+ + A7) (7 — )%,
Vo (T1) = pa ()8 (7 — 1) + (n2(n) — 244 () O(r — ) + A°(7,m) (T — 1)+
This makes possible to carry out the singularity analysis of the integrand in

the first integral in the right-hand side of (157) with the term due to the most
singular part being given by

1 / 18+ Ba] (s () (5t — 7 — m)B(r — 1) + 8(t — 7 — (7 — 1))

Ji(t) 5

t/2
— 1o / (8 + B () (n)dn

~5 [ 18+ Bal (st — 2y

_ _% 18+ Bg] (t/2)u1(t/2)

o t/2
= Scre/00/2) - Sexe2) () @2 [ st
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As usual, we obtain the next order terms when taking the most singular part
in one of the factors in the integral in the right-hand side of (157) and the next
order part in the second factor. Namely,

(e =~ [ 18+ B () 2 — ] )¢ = 7 = ) — s

—5 [18+ Bal tmm(mat - = = ot —n)
=~ [ 5+ Ba) ) Iz = + e ()3t = 7 =)o )
/2

= J2(t,n)B(n)dn,

0

where

Tt )y = =5 2 = it + ] (4/2)6(¢ = 7 = )0 = )

/2
=5 |atrees - [ cmicm - colan+ i)

Similar, the next order term originated from Gyvéﬂm is of the form,

(e = =5 [ 18+ Bal ) lua = 205) ()¢ = 7 = )6 — )

1

—5 [18+ Bal tm@n(mo - 7 = ot —n)

t/2
_ _g / 8+ Ba) (1) 12 — 25] (n)dn

t/2

f% /O 18 + Bp] ()1 (n)vo(n)dn
t/2

= J3(t,n)B(n)dn,

0

with

1 /
Ts(tsm)|y=t/2 = 3 (12 — 2p1 + pavo] (t/2)

t/2

3C1(t/2)C(t/2) - Cm)[C(n) = C(0)ldn + C3(t/2)Q(t/2)

3
=3 ;

We combine the remaining terms in —1 [[3+ Bg] [Gynvé‘m + Gyvérm] into Jy(t).
Our immediate goal is to show that

t/2

J4(t) = 0 -A2(t’77)ﬂ(77)d777 AQ(ta n)‘n:t/2 =0. (158)
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To this end we observe that the integrands in the integrals for Jy are of four
types. Firstly, they contain terms of the form A'(t,7,7)67(t — 7 — n)(t — n)3,
secondly ?terms A(t,7,1)6(t — 7 —n)(T —n), then terms with A (¢,7,7)0(t —
T —n)0(T —n), and, at last, terms with A (¢, 7,7)(t — 7 — n)d(7 —n). All these
terms are of the same type as those in 7y for V2, so that the Same considerations
prove (158). Further integrals to be taken into the account are those occurred

due to (%/) Gyn”o and ( ) G Uom i.e. J5 and Jg with

/

D=1 [ -7 wis+ Bl (j) () — )+
:—Zat/[mBs (

) n)(t — 2n)
4 [t ) o

t/2

= Ts(t,m)B(n)dn,  Ts(t,n) = A%(t,n),

0

q\q

with
itz = ~3C202) (2 ) (/2

Similarly, Jy
w0 =7 [ o= =5+ Bala) (2 ) ot )
t/2 o’
-3 / 5+ 85100 (%) (o)

/ Tt m)Bn)dn,  To(t.m) = A(t,m),
with

otz = ~3C20/2) (2 ) (/2

At last we show that all the remaining terms in the integrals with ("—’) Gynvd,
( ) Gyv§ > as well as the integral with ( ) Gyv§ give rize to the integral

t/2
J(t) = i A% (t,m)B(n)dn,  A*(t,0)]y=t/2 = 0.
The proof follows the same lines as that for the term Jy in Vs. Summarizing
Jo, ..., J7, we get

1

Valt) = — 3ok, (1,0)5(0) — SC3(t/2)5(t/2) (159)

42



t/2

+ Tas(t,mBm)dn,  Tups(t,n) = A (t,n),

0

and

t/2
Tap(tm)ymry = =3 / Cm)(Cln — C0))dn (160)

+3 |200/20(/2) - G2 (Z) /2 + /2002

For constant main coefficients, equations (159) for V4(t) coincide, if we take into
the account formula (25) for v§ in this case, with integral (37) with Jy g(t, )|yt /2
given by (160) coinciding with the kernel in (37) evaluated at n = t/2. We are
ready now to write 17 = u? [,—0. Using formula (101) together with equations

(145), (146) for Vi (t), (154), (155) Va(t), (156) for Vs(t), and (159), (160) for
Vi(t), we see that

1

ri(t) = *g’vém(t, 0)5(0) — 3[a(t/2) + B(t/2)] CF(¢/2) (161)

/2
+ / (Tt m)a(n) + Ts(t,m)B(n)) dn,

where Jo(t,n), Js(t,n) = A'(t,n) and

/2
Tnttn)lymiyz = =3 [ Cn) Cn) = OOy (162)
t/2
1301(1/2) [C(0) - 20(1/2) + / c<n>Q<n>dn+cl<t/2>c2<t/2>];

t/2
To(t,0)lymryp = —3 / C(n) [C(n) — C(O)] di (163)

+3C)(/2) {0(0) +6C(t)2) + 2C1(t/2)Q(t/2) — 2C1(t/2) (‘;) (t/2)] .

For constant main coefficients, representations (161)-(163) become the corre-
sponding terms in equation (34) if we compare the values of the integral kernels
at n=t/2.

8 Reconstruction of a and j

In this section we will provide an algorithm to evaluate unknown « and ( from
ri and r3. To this end, observe that equations (100) and (161) for r{ and r3,
respectively, may be treated as integro-differentil equations for unknown « and
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8. Let us show how to reduce these equations to a recurrent system of regular
Volterra integral equations of the second kind for o and .

Observe that, taking into account formulae (56) and (75) of Cy and @ and
definition (52) of the classes A¥ and changing the variable into y = t/2, we
obtain from (100) and (161) that

dT:f dvé 71(y7 O) 2(y)] (164)

")~ i) = —58(0) [’dy — 1}

+2a(y)[y + A%L(y)] — 28(y)ly + A3 (y)] + /Oy (AL, ma(n) + Al(y,n)B(n)) dn.

These equation may be considered as a regular Volterra integral equation of the
second kind for, say, « in terms of [,

(y)Z/OyBg(ym)a(n) dn
+a%(y) + Bly)1 + B (y) /Bﬁyn n)di,

with known functions a°, By, Bj from A° and B' from A°. Solving this equation
we obtain a representation of « in terms of 3,

a(y) = aly) + Bw)[L +CX( / CO(y, m)B(n) dn, (165)

where a, C° and C' are known.

Substitution of this representation for « into (161) provides a Volterra integral
equation for 8. To analyse the resulting equation, we use representations (162)
and (163) for J, and Js. As ¢(0) = 1, we see that

Bly)y® =b°(y) + /Oy (n+C*(y,m)) B(n) dn, (166)

where b? and C? are known functions from A° and A2, correspondingly. Observe
that this equation uniquely determines (3(0),

B(0) = - lim Y203 (y).

However, it does not determine 3'(0), cf. Remark 2.4, providing a necessary
condition for b? and C? for equation (166) to be valid in the third order for
y— 0.

Assuming that 3(0) is known, introduce

By) = Bly) — 6(0) — B'(0)y.
Then equation (166) takes the form

By)y? =M (y) +3 /Oy (n+D*(y,m)) B(n) dn, (167)
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with known b®) and D® from A* and A%, correspondingly. As the integral
kernel in (167) is of the order O(y) near y = 0, this equation is a singular one.
To regularize it, let

Yo ~
W(y) = y“‘/ Blmmdn, e Bly) =4 W(y) +y* W' (y).
0
This makes equation (167) into the integro-differential equation for W

@
b yiy) = W(y) +yW'(y) + FO ()W (y) +/O y

Y FO (y, m)n?
—W(n)dn.

At last, let

Z(y) = yW(y),

so that the above equation turns into

() '
b yiy) = Z'(y) + 6O (v)Z(y) +/0 Q;zim)nz(n) an,

with known coefficients G(©) and G from A(® and A®), correspondingly. In-
tegrating this equation, we see that

_ [T ) 0
2(y) = / i+ / HO(y, 1) Z(n) dn, (168)
where
v g®)
HO(y,n) =6 (n) +77/ gg(f’g)dé-
n

Clearly, H(® (y,n) is bounded for bounded (¢,7), so that equation (168) is a
regular Volterra integral equation of the second kind for Z(y).

9 Numerical Results

Let us consider an example of the wave propagation into the inhomogeneous
half-plane described by the wave equation

anexutt— z iVL u) =
(2o — pl2)V (o5 Vu) =0,

n?(z,ex) = n(2) + exni(z) + O(e?),

where n(z, ex) is the refracting index and p(z) is the density of the medium. In
this case

p(z) =no(2)/o(2)
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In this section we apply not exactly the above method to solving numerically the
inverse problem of reconstruction of ng 1(z) and p(z), but its slight modification
based on usage of the Fourier transform

e~ (2, €, t)dE.

u(z,z,t) = o)
R2

To generate the inverse data, ro(¢,t) and r1(&,t), where

ro(t, &) = /cos (< &z >)Ro(x, t)de = /cos (< & 2 >)R(x, t)dx + O(e?),

R2 R2

it €) = /sin (< &0 )Ry, t)dz = &~ /sin (< &2 )R, t)dz + O(2),
R? R2

we use a finite-difference method to solve the initial boundary value correspond-
ing problems. in Fig. 1 and 2 the reconstructed profiles of the refracting index
(zero-order approximation) and density are presented to compare with the cor-
responding original profiles given by ngp =1 — 0.02z +0.2sinz, 0 = 14 0.05z +
0.12sin 0.6z, and ng = 14+0.02z —0.2sin z and ¢ = 1 —0.052 —0.12sin 0.6z with
discritization step dy = 0.04. It may be seen that we have a good agreement
between both types of data.

The method has shown to be quite stable, fast and accurate. When solving
Volterra-type integral equations, both non-linear and linear, the iteration pro-
cesses need just a few iterations (for all graphs the number of iterations was
chosen 10). Numerous computer experiments have shown that for a better ac-
curacy and fast convergence of the iteration process it is reasonable to use for
the chosen profiles the segment [¢] < 0.5. It is worth noting that the parameter
|€], the maximum depth T and the maximum of n{(z) are interconnected. For
example, for the larger values of T' and the maximum of nj(z), while comput-
ing the profiles we were forced to take smaller values of |{]. Moreover, due to
the non-linearity of the Volterra system of the zero-order problem, when we
increase T and/or ng(z) and ||, a blow up effect can occur, i.e. the iterations
stop to converge. This may be remedied by a variant of the layer-stripping. For
a particular case, when p = const, these questions are analyzed in details in

(19D)-
In applications to geophysics, the unity of the refraction index corresponds to the

average speed of the wave propagation ¢ =2-2.5km/sec. Thus, the dimensionless
depth coordinate z must be multiplied by 2 — 2.5km.
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