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In this letter, evidence of temporal plasma nonlinearity in which atmospheric dielectric-barrier
discharges undergo period multiplication and chaos using a one-dimensional fluid model is reported.
Under the conditions conducive for chaotic states, several frequency windows are identified in
which period multiplication and secondary bifurcations are observed. Such time-domain
nonlinearity is important for controlling instabilities in atmospheric glow discharges. © 2007
American Institute of Physics. �DOI: 10.1063/1.2475831�

Atmospheric pressure glow discharges �APGDs� have
recently commanded much attention, largely because they
offer a unique and chamberless route to many scientific
disciplines.1–4 Interest in APGDs is also motivated by their
scope for new low-temperature plasma physics in a highly
collisional regime5,6 and by their potential as an exciting
platform to study nonlinear science.7 APGDs have already
been shown to possess a rich range of spatial nonlinearity,
for example, self-organized pattern.7–9 In the time domain,
however, a vast majority of these studies have so far been
limited to APGD dynamics that follows exactly the periodic
oscillation of the excitation voltage. As a spatially extended
dissipated system, APGD could in principle possess complex
temporal nonlinearity such as period doubling, intermittency,
and chaos.10 Yet, there is at present a distinct lack of reported
studies and so understanding of complex temporal behaviors
and temporal nonlinearity in APGD, even though period
multiplication and chaos have been observed in low-pressure
discharge plasmas.11–14 A basic understanding of time-
domain APGD nonlinearity is highly desirable, not only to
complement the current understanding of spatial APGD non-
linearity but also to develop a basis from which to explore
strategies for controlling APGD instabilities. In this letter, we
report observations of complex dynamic behaviors in atmo-
spheric dielectric-barrier discharges �DBDs� including peri-
odic multiplication and chaos.

Our study is based on a computational approach. To fo-
cus on temporal nonlinearity without the added complexity
of simultaneous spatial nonlinearity, we assume that the at-
mospheric DBD under study maintains uniform in the direc-
tion perpendicular to that of the externally applied voltage.
The atmospheric DBD is generated by a sinusoidal excitation
voltage and in a pure helium gap between two parallel-plate
electrodes, each of which is covered with a thin dielectric
layer. Furthermore, we assume that the gas temperature re-
mains at 300 K and that plasma dynamics can be approxi-
mated by a fluid model.5,15,16 In the one-dimensional limit,

densities of charged particles in the gas gap are described by
the continuity equation16
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where ni, ji, and Si represent the density, flux, and source
terms for electron and ion, respectively. ji is deduced from
the momentum equation

ji = �iEni − Di
�ni

�x
, �2�

where E is the electric field. �i and Di are, respectively, the
mobility and diffusion coefficient. Their values are taken
from literature.17,18 In the source term, only the direct ioniza-
tion by electron impact and electron-ion recombination in the
gas gap are considered.

In our calculation, the electric field is obtained from the
current conservation equation

�0��x�
�E�x,t�

�t
+ ic�x,t� = iT�t� , �3�

where �0 is the vacuum permittivity. ��x� is either the rela-
tive permittivity of the dielectric layers, �B, or the relative
permittivity of the gas gap, and so is a function of x. ic is the
conduction current density, and iT is the discharge current
density. The expression of iT is obtained by integrating Eq.
�3� between the metallic electrodes. More detailed descrip-
tions of the model can be seen in our previous article.16 The
above set of equations is numerically solved in accordance
with the semi-implicit Scharfetter-Gummel scheme.19

For all numerical examples presented here, the discharge
gap is fixed at 1.0 cm and the gas pressure at 760 torr. The
two dielectric layers have an identical thickness of 0.1 cm
and an identical relative permittivity of 7.5. The secondary
electron emission coefficient is set to 0.01 and the amplitude
of the applied voltage to 2.8 kV. It is known that homoge-
neous atmospheric DBDs are characterized by one or mul-
tiple current pulses every half cycle of the applied voltage
and the shape of the current pulses remains exactly the same
from one cycle to another.7,20,21 This most common discharge
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mode can be obtained over a very wide range of the excita-
tion frequency from our numerical simulation. Figure 1
shows the temporal evolution of the discharge current in a
4.0 kHz atmospheric DBD, together with the voltages. Fig-
ure 1 has regions where the current increases rapidly as the
gas voltage reduces, implying the existence of negative
differential resistance �NDR�. A detailed study of NDR in
atmospheric DBD is reported elsewhere.21 As reported pre-
viously, the existence of NDR indicates that the system may
become chaotic under certain conditions.11,12 We explore this
by increasing the driving frequency.

Figure 2 demonstrates a clear evolution from the com-
mon temporal pattern of Fig. 1, through period multiplica-
tion, and finally to chaos. As the frequency is increased to
6.55 kHz, Fig. 2�a� shows that the discharge bifurcates into a
period-2 state, denoted by 2P, in which the temporal profile
of the current pulses repeats every two cycles of the applied
voltage. This period doubling is clearly indicated in the two
different loops in the phase space diagram in Fig. 2�a�. As
the excitation frequency is increased to 6.81 kHz, Fig. 2�b�
shows a period-4 state, denoted by 4P, and its trajectory in
the phase space shows four different loops. A further increase
of the excitation frequency to above 6.85 kHz results in a
transition of the atmospheric DBD system into a chaotic
state. At 7.10 kHz, a clear chaotic state is observed as shown
in Fig. 2�c� in which the discharge behaviors are no longer
periodic and the current amplitude fluctuates stochastically. It
is worth mentioning that the phase plot in Fig. 2 contains

data of 70 cycles of the applied voltage to display clearly the
periodic or chaotic characters of the discharge.

After entering into the chaotic domain, we observe nar-
row frequency windows of period multiplication that are em-
bedded in the broad chaos domain, as shown in Fig. 3. As the
frequency is increased to 7.27 kHz, the discharge undergoes
a sudden change and assumes the appearance of a period-7
state, or 7P, see Fig. 3�a�. This 7P state can be maintained
over a small frequency range and then is replaced by the
chaotic state gradually. As the frequency is further increased,
windows of 5P and 3P appear in the same way. The 5P win-
dow occupies a small frequency range centered around
7.588 kHz, whereas the 3P window is found to occupy a
rather large frequency range. At 10.5 kHz, a period-6 state is
observed as shown in Fig. 3�d�. This is regarded as a second-
ary bifurcation from the period-3 state through period dou-
bling. With the frequency increased above 10.5 kHz, the at-
mospheric DBD evolves into the chaotic state again.

Numerical data suggest that period multiplication is as-
sociated with many other changes in the characteristics of the
atmospheric DBD. This can be illustrated by the period-3
case of Fig. 3 �8.20 kHz� as an example. Figure 4�a� shows
the temporal evolution of the discharge current density
within one complete current cycle or equivalently three com-
plete voltage cycles. There are six different current events,
marked as D1, D2, …, D6. The corresponding voltages and
the accumulated surface charges are plotted in Fig. 4�b�. For
the first discharge event of D1, the gas voltage is at its largest
positive peak. Hence the gas breakdown is very strong and
the resulting current pulse is very large at 2.7 mA/cm2. At
the peak current of D1, the spatial structure of the atmo-
spheric DBD is shown in Fig. 5�a�. This spatial structure is
characteristic of a glow discharge. After the gas breakdown
associated with D1 is triggered, charges accumulated on the

FIG. 1. Typical current density and voltage traces in an atmospheric DBD.
The current density is in solid, whereas the applied voltage and the gas
voltage are in dashed and dotted, respectively.

FIG. 2. Temporal evolutions of the discharge current density in �a� 2P, �b�
4P, and �c� chaotic states together with their corresponding trajectories in the
phase space.

FIG. 3. Several frequency windows in a broad frequency range of prevailing
chaotic DBD state.
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dielectric layers are seen in Fig. 4�b� to maintain at a level of
6�10−9 C/cm2 over the voltage-rising phase of the next half
cycle of the applied voltage. In turn, the memory voltage is
kept at a relatively large value of 1.75 kV, thus overly sup-
pressing the growth in the gap voltage. As a result, the sub-
sequent discharge event, D2, is comparatively weak. As
shown in Fig. 5�b�, the plasma structure of D2 deviates from
the typical glow discharge. Although a sheathlike region is
formed near the instantaneous cathode, this region is very
broad with the zero field point extended to the middle of the
gas gap. The region with quasineutrality appears to overlap
with the region of zero electric field, and as such there is no
positive column region. Therefore, this discharge occurs

when the gas voltage has not yet grown to a sufficiently large
level and is, to a certain extent, a prematured discharge.

After D2, the memory voltage begins to drop and in turn
this increases the gas voltage for the next gas breakdown
associated with D3 to occur. Although the gas voltage is not
as high as that of D1, and the discharge current density re-
mains small, the features of glow discharge have been shown
clearly, see Fig. 5�c�. In the successive half cycle, the
memory voltage decreases obviously and the gas voltage
rises greatly. The discharge event of D4 is a fully developed
one with a very similar current peak to that of D1.

It is worth mentioning that a strong discharge event of a
large current is always followed by a weak and premature
discharge with the same spatial structure as that of D2
whether in a period multiplication state or a chaotic state.
While no data are at present available to support any con-
crete conclusion, we believe that one reason for premature
discharges, in particular, and period multiplication is a mis-
match of different time scales that are important in electron
creation and loss. This mismatch could then result in a varia-
tion in the peak gas voltage from one half voltage cycle to
the next and so induces different discharge current pulses in
different voltage cycles. In turn, this could manifest period
multiplication or even chaos in the temporal profile of
the discharge currents. This should be studied in future
investigations.
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FIG. 4. �a� Temporal evolution of the current density �solid curve� in a
period-3 state over three voltage cycles together with the applied voltage
�dash curve�, and �b� corresponding gas voltage �dash curve�, memory volt-
age �dot curve�, and surface charge density �solid curve�.

FIG. 5. Spatial structure corresponding to the discharge current pulses of
D1, D2, and D3 shown in Fig. 4.
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