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Abstract

The general scope of this thesis is aimed at investigating certain classes of discrete equa-
tions through the analysis of certain characteristics of the solutions of these equations. We
construct new methods of analysis based on the growth of these characteristics that let
us single out known integrable discrete equations from certain class of equations. These
integrable discrete equations are discrete analogues of the famous Painlevé equations.

We investigate the Diophantine integrability of the following class of discrete equations:

an + bpYn + Y2
1—y2

Ynt1 + Yn—1 = )
where all the coefficients are rational functions of n and rational numbers and the right
hand side of the above equation is irreducible. We constructed a rigorous method to
examine the growth of the logarithmic height of the equation solution y, i.e. h(y,) where
the type of solution that we consider is called admissible (i.e. h(y,) grows faster than the
height of the coefficients). We show that provided the equation has an admissible solution
Y, if ¢, # 0 or £2 Vn, then our analysis implies that Z;:ro h(y,) grows exponentially
with r where r( is sufficiently large integer such that r > rq. If ¢, = 0 Vn, then either
> nero M(yn) is not growing polynomially with 7 or the equation reduces to a discrete
analogue of Py or ¥, solves a difference Riccati equation. If ¢, = —2 or 2 for all n, then
Z;:m h(y,) grows exponentially with r.

Also, we study another class of equations:

d + 13 + 3,22 + Yoy +
(In - an)@ﬂ - bn) ’

(xnfl + xn)<xn + anrl) =

where all the coefficients are rational functions of n and the right hand side is irreducible.
The analysis here is based on considering x,, for all n as a non-constant rational function
of a variable z € C external to the equation. We investigate the growth of deg,(x,) with
n. We show that if the coefficients of the equation satisfy certain assumptions, then either
> ner, deg, (z,) grows exponentially with r (for sufficiently large integer ro, r > 79) or we

have a case where the equation reduces to a discrete analogue of Ppy .



e Key words: discrete rational equations, Diophantine integrability, height, rational
functions, degree of rational functions, ultra-discrete equations, Max-plus Nevan-

linna characteristic function, order.
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Chapter 1

Introduction

1.1 Introduction

The general theme that governs this thesis is the quest of integrability. Integrability is a
very important characteristic of an equation or a map. It has different interpretations in
different contexts, for example a Hamiltonian system (continuous or discrete) is integrable
if there exist sufficiently many independent integrals of motion [5]. In geometry, integrable
systems which describe various classes of surfaces have nice transformation properties such
as Béacklund transformations. Also, existence of Lax representations or soliton solutions
of differential or difference equations are other properties which single out integrable
equations from others. Investigating equations and maps for integrability is a task that
occupied mathematicians’ minds for a long time and still does, generating a rich area of
research. This intensive research yields many proposed detectors to test equations for
their integrability. One reason for this fascination of integrable equations is that when
they appear in applications and physical models, their behaviour is predictable, at least
asymptotically.

There are evidences (see section 1.3) which indicate that integrability is related to the
slow growth of certain characteristics of the equations or maps. The first mathematician
who noticed this relation between integrability and the slow growth of some characteristics
of the equation is Veselov [82]. Our work here is a step in this direction. We focus here

on certain classes of discrete and difference equations. These classes are

an + buYn + cny?
1—y;

Yn+1 + Yn—1 =

Y

and

Th 4 ot 4 Box2 + YT + M
(xn - an)<xn - bn) .

The analysis we use to study them is different, but its scope in general is similar. The

(xn—l + xn)(mn + xn-{—l) =
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general framework of the analysis is that we are considering the growth of different charac-
teristics in these two classes. We show that under certain assumptions on the coefficients,
these characteristics grow exponentially. It implies that with these assumptions, these
classes of equations are non-integrable. Otherwise, we have cases in which these classes
of equations reduce to known integrable equations such as discrete analogues of Painlevé
equations, or some of their solutions solve difference Riccati equations. We apply the same
framework numerically to some ultra-discrete equations (both independent and dependent
variables are discrete) in the last chapter. We illustrate there our numerical results and
what they suggest in relation to the integrability of these equations.

The above framework, whether it is analytical or numerical, is the backbone of this
thesis. The tools we use to execute this framework are taken from different fields which
vary from number theory and complex analysis to Nevanlinna theory for rational functions
over the max-plus semi-field. These tools are the height of rational numbers, the degree
of rational functions over C U {oo} and the max-plus Nevanlinna characteristic of con-
tinuous piecewise linear functions of a real variable. Many mathematicians in their quest
for integrability used a similar approach to our framework. An essential difference is that
we present a classification for the above two classes of equations in terms of the growth
of the characteristic under consideration. A constructive novel method is presented in
which we use a rigorous analysis examining the growth of the height of the solution of the
first class of equations stated above. The basic idea of this method is related to the Dio-
phantine integrability detector by Halburd [32]. Also, we investigate in a systematic way
the degree growth of solutions of the second class of equations stated above, in which we
consider these solutions as non-constant rational functions of z € C U {oc}. In addition,
the numerical results in the last chapter are encouraging for the start of an analytical

analysis concerning an integrability detector of ultra-discrete equations.

The rest of this chapter presents a literature review, which has two main parts. The
first illustrates a basic overview of the history of Painlevé differential equations along with
their discrete and ultra-discrete counterparts. The second part presents four methods
which are proposed as integrability detectors to single out integrable discrete systems
from classes of discrete equations. We end the chapter with a summary of the rest of this

thesis where we present our main results.
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1.2 History of Painlevé equations

The Painlevé equations are six nonlinear ordinary differential equations denoted tradi-
tionally by Py, Pz, ...., Pyr, and are listed in Table 1.1 below!. They were derived in
1895-1910 by French mathematicians Paul Painlevé (1863-1933), Gambier and their col-
leagues whilst studying a problem posed first by Picard. Picard’s original problem is:
Given F(y',y, z), where F' is polynomial in /', rational in y and analytic in z, what are

the second order ordinary differential equations of the form

y'=F(y,y,2) (1.1)

with the property that singularities other than poles of any solution of (1.1) depend on

the equation itself and not on the constants of integrations?

Painlevé [66] and Gambier [23] proved that there are 50 canonical equations of the
form (1.1) that have the so-called Painlevé property. Simply, this property means that
their movable (i.e. initial condition-dependent) singularities are just poles. Among the
50 equations, 6 (see Table 1.1) are called the Painlevé equations. Of the remaining 44,
solutions for 11 could be expressed in terms of the solutions of the 6 Painlevé equations,
while the other 33 are solvable in terms of solutions of linear differential equations of
second or third order or in terms of elliptic functions.

Many mathematicians studied these equations which contributed greatly to the de-
velopment of this field. In particular, the work of Boutroux and Garnier inspired and
motivated many mathematicians and as a result there were tremendous advances in the
field. Relating the integrability of the Painlevé equations to their singularity structure
was always a key factor to many developments in their field of study. Note that the rela-
tion between singularity structure of differential equations and their integrability was first
noticed by Kowalevskaya in her work on the equations of a spinning top in 1889-1890.
Following the pioneering work of Ablowitz and Segur [2], it was shown that the Painlevé
equations can be linearised in terms of integro-differential equations, using the inverse
scattering transform scheme. This confirms their integrability.

Fuchs was the first to relate Painlevé equations to linear systems in 1905. His ori-
gional paper was reprinted in 2006 [14]. Also, in 1922-1923, Malmquist recognised a
relation between Painlevé equations and polynomial and rational Hamiltonian systems.
Later, Okamoto showed the exact forms of these Hamiltonian systems and gave each sys-

tem a geometric interpretation [63, 64]. Fuchs’s work was the basis for an independent

IMost of the historic events in the development of the field of Painlevé differential equations and the
original references and papers stated here are following the treatment in [31].
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point of view of Painlevé differential equations that started to blossom in the 1970s, which
interested many mathematicians. It is the isomonodromy method, which was developed
for the study of the Painlevé equations. Some of the papers that discussed this issue is
a series of three papers by Jimbo, Miwa and their colleagues [44, 42, 43]. They showed
that the Painlevé equations are the monodromy-preserving deformation of linear differ-
ential equations. This simply means that, given a system of linear differential equations,
we could deform it in such a way that the monodromy group stays constant. Painlevé
equations are found to be the conditions for the invariance of the monodromy, expressed
in terms of the coefficients of the given linear system.

General solutions of the Painlevé equations for generic parameters are called the
Painlevé transcendents since these equations cannot be in general integrated in terms of
elementary functions or solutions of linear differential equations. Painlevé transcendents
could be considered as nonlinear special functions. For some special choices of parame-
ters, however, the Painlevé equations have solutions in terms of elementary functions or
of transcendental functions such as Airy, Bessel or hypergeometric functions.

One of the reasons that Painlevé equations fascinated mathematicians is that they
possess so many special features. One of these features is that, given a solution of a
Painlevé equation (Pyr,--- , Pyr) with choice of some parameter, a special method based
on Backlund transformations can be used for deriving a new solution with a different
value of the parameter, either for the same Painlevé equation or for another in Table 1.1
below. Symmetry is a word used frequently to refer to such a mechanism to construct
new solutions by transformation and more on symmetry can be found in Noumi’s book
“Painlevé equations through symmetry” [61].

Another reason that made mathematicians become interested in Painlevé equations
is that they appeared in many applications and fields such as hydrodynamics, plasma
physics, nonlinear optics and solid state physics. Table 1.1 below shows the six Painlevé

equations.
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Table 1.1: Six Painlevé equations

Prir y”:i(y”)2—%y’+%(ay2+ﬁ)+7y3+§,
Pry oy =5 () + 30 Aty 28 — o)y +
12
Py ”:(ﬁ‘i‘y_il)(y/)Q_%y/—i_%<@y+§>+%y+6%7

Y
Per o' =4 (5 gt ) 007 = (e )
AU (a+ B + vt + 01 ).

In Table 1.1, y = y(t) is the dependent variable and ' = d/dt stands for the derivative

with respect to the independent variable ¢. The symbols «, 3,9,y are parameters.

Discrete analogues of the Painlevé equations had been derived using several methods.
Some of these are based on orthogonal polynomials [41] or the singularity confinement
method [70] (described in sub-section 1.3.1). There are also other methods for deriving
integrable non-autonomous discrete equations. These are based on the discrete AKNS
approach, on the use of Backlund and Schlesinger transforms of the continuous Painlevé
equations and on the discrete analogues of the Miura transformations [21].

There are many similarities between discrete and continuous Painlevé equations. In
fact, the discrete equations are richer and for each property of the continuous Painlevé
equations there appears to exist a discrete analog. One of these properties is the coales-
cence cascade, which is true for both continuous and discrete Painlevé equations. Simply,
it means that one could get a lower Painlevé equation from a higher one by taking an
appropriate limit on the dependent and independent variables as well as the parameter
in the higher equation. Hence, in the discrete case (often denoted by d-Ps), we have
d-Py; — d-Py — {d-Ppy,d-Pr;} — d-Prp — d-Pp. This particular property is described
further in [54, 69, 70].

In the continuous case, there exists just one canonical form for each Painlevé equation,
written as y” = f(y',y,t) with f rational in ¢/, algebraic in y and analytic in t. In the
discrete case, however, there is no unique discrete equation known as an analogue for each
of the six Painlevé equations. We could get more than one discrete equation for each of the
six d-Ps as long as we could obtain the continuous Ps equations through a limiting process
and as long as these discrete equations share the same properties with their continuous
counterparts. This is true even when we make the restriction to the three-point rational

mappings, resulting from the de-autonomisation of a (Quispel, Roberts and Thompson)
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QRT form [68]:
o fl(xn> — xn71f2(xn>

I (@) — Tt f3(@n)

Here, {fi}iz1234 are specific quartic polynomials involving 5 parameters. The first dis-

crete equation in Table 1.2 was shown to be a discrete analogue of Py in [12]. Also,
independently and using a different approach, the second discrete equation in Table 1.2
was shown to be a discrete analogue of Py; in [59]. The authors of [60] present in their
paper other discrete equations that are analogues of P; and Pj;. For historical reasons,
the basic forms of the first five d-Ps are:

Table 1.2: First five discrete Painlevé equations

d_PI : xn+1+xn—1+xn:i+a7

In
. __ zTnta
d-Prp T+ xp = T2
. _ ab(zn—p)(zn—0q)
d-Prrr 2 Tppan-1 = 00

22 —a2) (22 —b2
d-Pry 1 (@1 + 30) (@0 + Tp) = E)Ga)),

Tn—a)(xn—1/a)(xn—b)(xn—1/b
d-Py (Tp12n — 1) (0p2, 1 — 1) = Lt )((xn_,/,)()in_q))( / )7

where z = an+ (3, p = po A", ¢ = @o A" and a, b, ¢ are constants. Since the discovery of
d-Ps, many mathematicians considered them as an extension of the Painlevé differential
equations to the discrete world. Recently, Sakai [75] showed that starting from special
rational surfaces, the translation part of the corresponding affine Weyl group gives rise to
d-Ps. Simply, we could consider d-Ps as independent discrete equations not as extensions
of Ps to the discrete world, although they share with them many similarities, as stated
above, and using appropriate limits we could obtain Ps from d-Ps. Discrete analogues of

Painlevé equations appear in many places throughout this thesis.

Integrability is a desirable criterion when we investigate any type of equations. Dis-
crete analogues of Painlevé equations were shown to be integrable where one way of
showing their integrability was through the associated isomonodromy method [26, 60].
In 1992, the authors of [45] constructed a discrete isomonodromy deformation problem
and from it they deduced discrete versions of the first and second Painlevé equations. A
different construction of discrete isomonodromy deformation problems was given in [67].
Also, integrable discrete Painlevé equations are deduced through a similarity reduction
process [59]. Searching for discrete analogues for the Painlevé property became a very
extensive area of research from the last decade. All the integrability detectors described
in the next section are based on examining two main criteria of a discrete equation which

are singularity and growth of some characteristic in the discrete equation. Singularity
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confinement proposed in [27] is related to the disappearance of the singularity of a dis-
crete equation after a few iterations with the perseverance of the initial data. Veselov [82]
and Arnold [4] were the first to notice the connection between growth and integrability.
Veselov, in his paper, stated that - --integrability has an essential correlation with the
weak growth of certain characteristics”. Many integrability detectors such as algebraic en-
tropy, Diophantine integrability [32] and Nevanlinna theory approach [1, 34, 33] are linked
somehow to Veselov’s observation. Viallet and his colleagues interpreted Arnold’s idea of

complexity by proposing a detector of integrability based on algebraic entropy [39, 8].

A blossoming area of research concerning ultra-discrete equations started to gain much
attention recently. Ultra-discrete equations are discrete in both independent and depen-
dent variables. We could obtain this kind of equation systematically, starting from a
discrete equation through a limiting procedure called ultra-discretisation which was in-
troduced first in [79, 55]. In this procedure, we write a solution z of a discrete equation as
x =exp( %) and obtain an ultra-discrete equation in X when we take the limit 6 — 0%,

using the ultra-discretisation identity

. A B
615(% d log (exp (E) + exp (3)> = max(A, B).

In Chapter 5, we present the algebra associated with this identity. This procedure is used
to relate an integrable soliton cellular automata system (known as box-ball system) [78]
to an integrable difference equation related to KdV equation [79]. We could obtain ultra-
discrete analogues of Painlevé equations from d-Ps through the ultra-discretisation pro-
cedure [25]. These equations share at least some of the same beautiful properties as their
continuous and discrete counterparts. One of these is that they have special solutions
such as rational and hypergeometric [65].

The integrability of some ultra-discrete analogues of Painlevé equations is shown
through the associated isomonodromy problem formulated by Joshi and Ormerod in [48].
In [47], the authors derived a Lax pair for an ultra-discrete analogue of Pr;;. A test for
integrability of cellular automata by Joshi and Lafortune was introduced in 2005 [46].
This test is an analogue of the singularity confinement in discrete equations. In [29], the
authors analysed this method further and showed that there is a non-integrable system
which satisfies this test as well as the integrable ones. Research is still very active in this

area.



CHAPTER 1. INTRODUCTION 8

1.3 Integrability detectors

In this section, we present four methods used as detectors of integrability for discrete
equations. The first is the singularity confinement method. This method was first pre-
sented as a detecter of integrability of discrete mappings in [27] but it was also used to
recover many discrete analogues of Painlevé equations [70]. In [39], it was shown that a
non-integrable mapping could pass this test too and the authors of [39] suggested that the
method could be more effective if augmented with another criterion. They introduced a
test based on the degree growth of some initial data under the action of the equation and
this test is called algebraic entropy which is the second detector presented here. The third
and the fourth detectors are Diophantine integrability and Nevanlinna theory approach,

respectively.

1.3.1 Singularity confinement

This method was first introduced in 1991 by Grammaticos, Ramani and Papageorgiou
in [27]. They considered singularity confinement as the discrete analogue of the Painlevé
property for continuous systems. The basic idea of singularity confinement relies on the
observation that for integrable mappings, the singularities that may appear are confined,
i.e., they do not propagate indefinitely when one iterates the mapping.

Now let us illustrate how we could apply this method to a discrete mapping by means
of the next example, as shown in [27]. Let us start with the nonautonomous mapping (this
mapping is the nonautonomous case of the generalised McMillan mapping after rescaling

the variable),
—(22 + B(n)z, + C(n))
Tp(T, + 1)

Tn+1 + X, 1 = (12)

It is clear that the mapping (1.2) has two singular points, that is when x, = 0 and
rn, = —1. First, let us consider the first singularity z,, = 0; at this point, the mapping is
infinite. Therefore, let us assume that all the previous iterations x;s where ¢ < n are finite
values. Now let x,,_1 = k, x,, = €, where k is a finite value and € > 0 such that z,, — 0
when ¢ — 0. Solving (1.2) for x,,,1 and iterating the resulting equation as a power series
in € to get x, 2 and z,,3 (we did some algebraic calculations in Mathematica to perform

these iterations) yields

-C
Tpg1 = g(n) +(C(n) — B(n) — k) + (B(n) — C(n) — 1)e + O(£?), (1.3)
_ . Bh+1)-C0)-1) 2
Tpyo = 1+ C’(n) e+ O(Ef ), (14)
C(n)(B(n+1)—C(n)+C(n+2)—B(n+2))
Tt = Brt)-Cw-) +0("). (1.5)

£
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Now from (1.3), it is obvious that x,; is infinite if ¢ — 0 but in (1.4) z,42 is a finite
value. From (1.5), it is clear that in order for z,.3 to be a finite value when ¢ — 0, we

should have the following equation

C(n)(B(n+1)—C(n)+C(n+2)— B(n+2))

Bt 1) —Cln) 1) =0
This leads to the following condition for singularity confinement,
Cn+1)—C(n—1)+ B(n) — B(n+1) =0. (1.6)
Let us consider now the second singularity, that is, when x,, = —1. Similarly, assume that
all the previous iterates ;s where i < n are finite values. Put x,,_1 = k; and x,, = —1+¢,

where k; is a finite value and € > 0 such that if ¢ — 0, then z,, — —1. Solving (1.2)
for x, 11 and iterating the resulting equation as a power series in € to get x,.2 and =, .3

leads to the following equations,

C
Tpy1 = (ng) +0ln) +(C(n) — k1 — 1) + C(n)e + O(e?), (1.7)
B(n+1)— B(n) + ( ) 9
Tn = €+ Ole R 1.8
2= "Bl — On) - ) (18)
(B(n)—C(n)~1)(B(n11)— B<n>+c<n>—c<n+2>>
Tnys = Bt )= Bl + e +O(). (1.9)

3

As before, in (1.7) x,4; is infinite when ¢ — 0 but from (1.8) it is clear that x, o is

finite. For 43 in (1.9) to be finite when ¢ — 0, we require that

(B(n) —C(n) —1)(B(n+1) — B(n)+ C(n) — C(n+2))

Bn+ 1) = Bn) + C(n) =0
This gives us the second condition for singularity confinement,
B(n)—B(n—1)+C(n—1)—-C(n+1) =0. (1.10)
Adding (1.6) and (1.10), then multiplying the result by —1, we get
B(n+1) —2B(n) + B(n — 1) = 0. (1.11)
This implies that
B(n) = An+p, (1.12)

where A and p are arbitrary constants. Substituting (1.12) into (1.6) yields this relation
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for C'(n)
C(n) = Ag + vt p(—1)m, (1.13)

where v and p are arbitrary constants. Having these expressions for B(n) and C'(n) (with

p = 0) and by setting z, = 2z, + 1, equation (1.2) transforms to

zn(an + B) + v

1.14
1—2z2 (1.14)

Zpg1l T Zn—1 =

This is precisely the discrete analogue of Py (d-Prr) given in Table 1.2. We note that

applying this method of singularity confinement allows us to find some conditions on the

coefficients such that the singularities are confined, i.e., we were able to cancel them out

after a finite number of iterations. This algorithm allows us also to recover a discrete

analogue of Painlevé equation 11 (i.e. d-Py;) in this case. Similarly, we could recover a
an+f

discrete analogue of Painlevé equation I (i.e. 11 + 2y 1+ 2, = b+ T) if we apply

this method to the following system

Tpi1 + Tpo1 = —xp, + B(n) + @ (1.15)
n

A question to be asked here: Are the singularities really confined by considering only

a finite number of iterations? Also, the authors of [40] showed that when (i.e. at which
step of the iteration) we impose a singularity condition is crucial. If we did not impose a
singularity condition when it first appears and impose another condition at a later iterate,
then the system is believed to be not integrable since the degree grow exponentially as
shown in [40]. In our analysis in Chapter 3, when we comment on the similarities and
differences between our method and singularity confinement, we show that this weakness
of the latter does not exist in our method. Although singularity confinement did not
hold as a sufficient condition for integrability, it is still a useful method for recovering
some of the discrete analogues of Painlevé equations, as we illustrated using examples
in this sub-section. In the next sub-section, we present another algorithmic method
for testing discrete systems for integrability. This method depends on calculating the

algebraic entropy of the system.

1.3.2 Algebraic entropy

In this sub-section, we discuss the integrability of two examples of discrete maps. In
these examples, we use a different detector of integrability based on algebraic entropy
of a discrete system, as shown in [39]. It was first introduced by Viallet et al. [39, 8.
Basically, algebraic entropy is a measure of complexity of a map using the degree growth

of its iterates. Usually, integrability is associated with polynomial growth (slow growth)
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while exponential growth (fast growth) is associated with chaotic systems.

The idea of degree growth interested many mathematicians. In 2000, the authors
of [71] studied a class of linearisable mappings which are second-order discrete systems
and investigated their degree growth. In [50], the authors presented a method for con-
structing an integrable Nth-order mapping with degree growth n®¥. Also in this paper,
they investigated the degree growth of integrable third-order mappings. An approach
which is based on group theory and algebra for the study of degree growth is adopted by
the authors of [20, 3]. In [38], the authors explored the idea of degree growth and algebraic
entropy for a particular class of rational maps, which is monomial maps in the projective
space. Their analysis used the algebraic geometry setting. A study of the degree growth
of higher order maps is given in [10, 7].

We follow the same steps to present this method, as shown in [39]. Let us start with

the first example taken from [39],
a
Tn+1 + Tpo1 = Tp, + a:—?l, (116)

where a is an arbitrary nonzero constant. In order to study the degree growth of the

iterates in (1.16), let us define a map 2 as follows:
Q:P, = (rp_1,%n) — Py = (Tn, Tny1). (1.17)

We rewrite (1.17) in terms of homogeneous coordinates (y,, 2, t,) by setting
P, = (Z—” @) . (1.18)

tn tn

Now this means that we are working in the two-dimensional projective space CP?. In
CP?, the points (y, z,t) and (Ay, Az, A\t) are the same. This implies that the map (1.17)

can be written in the following way:

Y y3 + at® — yzz
Q: | 2z | — y3 . (1.19)
ty?

The map 2 singularity arose if we start with (0,u,1) in  and iterate. After a few
iterations we get (0,0,0) which is not in CP2. To clarify the situation we expand around

the singularity and start with the point (e,u,1) in (1.19), then we get the following
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sequence:
€ a—ue?+¢e3 a® — 3a’ue® + ... —usb
u | — g3 — | a®=3a%uet+... .+ | —
1 g2 a’e? + ... 4+ &8
—a8sd 4+ .. — e atued 4+ .. — ube™ a*u+ ... — ubef7
a? —9adue? + ... — e | — | —a®V+ .. —ube | = | —aPe+ ... — ubeb
a®e? + .. 4 u2e a?*e® + . 4 ufe™ a?* + ...+ ubef6

In the last term, we cancelled the factor €%, and if we let ¢ — 0, then the last term is
(a*u,0,a*"). This shows that the sequence survives the singularity with the initial data
u. Without the cancellation, we will not be able to emerge from the singularity, so the
cancellation is necessary to survive the singularity. Also, it reduces the growth of the
degree of the nth iterate (2" of ). Note that we mean by the degree of the iterate the
highest degree of the term u’c’, where the degree of u'e’ is considered as the sum of both
exponents of u’ and &7, respectively, i + j. If we did not have a cancellation, then the
degree of the iterate Q" is d" where d is the degree of 2. For the map (1.19), the sequence
of the degree growth of the iterates is 1,3,9,27,73,195,513,1347,3529,.... Actually, it

has been noted in [39] that there is a generating function for the degrees which is

B 1+ 3a3
I o)1 +a)@—3z+1)
=143z + 927 + 272 + 732" + 1952° + 5132° 4+ 134727 + .. .. (1.20)

Note that the coefficient of z™ is the degree of Q2" denoted by d,. If a is the smallest
modulus of the roots of the denominator of (1.20), then d,,; ~ a~'d, asymptotically.

Here, a = %‘F’ and we define the algebraic entropy of the map (1.19) by

:nhf;o (%log(dn)) = log <3+2\/5> .

This implies that the map (1.19) has a nonvanishing entropy and, hence, is likely to be

non-integrable. In [39], this specific example was used to show that it passed the singu-
larity confinement test although it is showing numerical chaos in the picture of the orbit
of its map. In that paper, the authors used the algebraic entropy as a sensitive criterion

that possibly could be used as a detector of integrability.

Now let us consider the next example which is related to d-P; [21]. This example is
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taken from [39]:

a b
Tn+1 +Tp1 = —& + —, (121)

2
i oz,

where a and b are arbitrary constants. If we rewrite (1.21) in CP?, then similar to the

previous example, we get the following map:

Y at® + bt?y — 2z
Q:l z | — > . (1.22)
ty?

Here again, the map (1.21) has a singularity when we start with (0,u, 1), so if we expand

around the singularity and iterate (1.22), we get the following sequence:

€ a + be — ue? —a%ed —abe* + ... — u?eT
u | — g3 — a’® + 3a%be + ... — u3eb
1 g2 a’e? 4 2abe® + ...+ u?es
aSued® + ... —u"e? aSu+ ... —uTet?
— | —a%? + .. —ube? | = | —abe .. —ubet3
a%e® + .. 4 ube?0 ab + .. 4 ubet?

Here, in the last term, we took the factor £ and cancelled it out. If we let ¢ — 0 in the

last term, therefore we have (a%u, 0, a®). Hence, the sequence emerged from the singularity

with the initial data w. For the map (1.22), the sequence of the degrees of the iterates

is 1,3,9,19,33,51,73,99,129,163,.... It is noted also in [39] that there is a generating
function for this sequence:
1+ 322

= Toap

=1+ 32+ 92 + 192° + 332" + 512° + 732° + 9927 + .. ., (1.23)

where the coefficients of x"s are the degrees of (2"s for n non-negative integer. Note that
the degree growth is slower than the degree growth in (1.19). This means that we have
more cancellations of the factor € in many iterations like the above which reduce the
degree growth. The growth of the degree is polynomial. Actually, the degree of the map
(1.22) grows according to the rule

dp =20 +1, (1.24)
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where d,, is the degree of 2". Let us calculate the algebraic entropy for this map:

n—oo

€= lim (%log(dn)) — 0.

Since the discrete equation is related to d-P; [21], this suggests that vanishing algebraic
entropy is related to integrability.

As we illustrated above, the exponential growth of the degree of the iterates is asso-
ciated with chaotic systems. This also means nonvanishing algebraic entropy as in map
(1.16). On the other hand, the polynomial growth of the degree of the iterates is as-
sociated with integrable systems, which yields vanishing algebraic entropy. In the next
sub-section, we introduce another sensitive detector of integrability which depends on
the height of the iterates. Algebraic entropy and height are strongly related. Both are
measures of complexity. In arithmetic geometry, height measures arithmetical complexity
of points on varieties, while in dynamical systems, entropy measures the orbit complexity

of maps [19].

1.3.3 Diophantine integrability

In this sub-section, we describe one of the recent results in the field of discrete equations
and maps, for which Diophantine integrability is a test of integrability. As we described
in the previous sub-section, integrability was associated with slow growth of the degree
of the iterates under the action of the map. Diophantine integrability is similar in this
sense and is based on the slow growth of the height of the iterates of a discrete map. A

discrete equation

Yn+1 = f(n> ynayn—l)a

where f is a rational function in the previous iterates y,, y,_1, is considered Diophan-
tine integrable if the logarithmic height of the iterates h(y,) = log H(y,) (i.e. H(z) =
max{[pl, [¢|} for z = £ € Q\ {0} where p and ¢ are coprime) grows no faster than polyno-
mial in n. In [32], the author illustrated his method by a number of examples which show
how efficient and quick numerically this method could be. We could check the growth of
the height of a large number of iterates in a short time which give you an indication of
the Diophantine integrability of a discrete equation. Recall that in sub-section 1.3.2, we
stated that in arithmetic geometry height measures arithmetical complexity of points on
varieties. Hence, the height H(z) of an element x of a number field K is a measure of
the complexity of z. Here, the number field we now consider is the rational number field,
so K = Q. For any non-zero x € Q, its height is H(z) = max{|p], ¢}, where 2 = £ and
ged(p, ¢) = 1. By definition, H(0) = 1.
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We illustrate the Diophantine integrability method by the next example. Consider the
following discrete equation:

G,
Yn+1 + Yn—1 = — + bn (125)

Note that if a, = An + p and b, = v, where A, and v are constants, then (1.25) is
believed to be an integrable discrete equation related to d-P;. Solving (1.25) for y,41
and starting with initial data y,y; € Q and choosing a,, b, to be in Q for all n € Z,
we get a sequence of iterates {y,} C Q. If we take the height and then the logarithmic
height for each iterate of this sequence, we get another sequence {h(y,)}. By plotting
log h(y,) versus logn, the resulting graph would be asymptotically a straight line in an
integrable case (a, = 3,b, = 5,y0 = 2/5,y; = 3/7) and asymptotically a nonlinear curve
corresponds to a non-integrable case (a, = 3,b, =5+ n,yo = 2/5,y1 = 3/7), as shown in

Figure 1.1 below.

log(h(yy)
7 .
« .«"'/
6 s - o
5 Lo
4 g
Ed
3 *
1
log(n)

05 1 15

>

25 3

Figure 1.1: Plot of log h(y,,) versus logn for equation (1.25)

The above example shows us how quick this method is in giving an indication about
the Diophantine integrability of a discrete map or an equation in question. We could write
simple calculations in our computer using mathematical packages (e.g. Mathematica or
Maple) to calculate the sequence of the logarithmic heights of our iterates and plot the
graph of log h(y,) versus logn in a short time, no matter how complicated our discrete
equation. Figure 1.1 is plotted using Mathematica. This test proved until now to be a
very powerful tool for testing discrete equations for integrability in a sufficient amount of
time. We expand more (in an analytical and rigorous way) on the idea of Diophantine
integrability in Chapter 3, where we analyse a certain class of discrete equations. Our
analysis depends on studying the growth of the height of a particular type of solutions

of this class of equations. This implies a classification of the class according to the
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height growth of its solution. Another test for integrability which recently attracted
great attention is Nevanlinna theory approach. We explore this test more in the next

sub-section.

1.3.4 Nevanlinna theory approach

The principal idea behind this approach is given first by Ablowitz and collaborators in [1].
They considered discrete equations in the complex domain as difference or delay equations.
This enabled them to search for conditions formulated in the complex analysis language
under which a difference equation is considered to be integrable. Their analysis implied
that integrability of many difference equations is linked to the structure of their solutions
at infinity in the complex plane. Since Nevanlinna theory (described in Appendix A) is the
study of value distribution of meromorphic functions in the complex plane, it provides all

the necessary tools and concepts needed in their investigations. They suggested that the

log T'(fr)

oz ) of a meromorphic solution of a difference equation

order (i.e. o = limsup,_,
plays a crucial role in their integrability. Their results show that in a certain class of
difference equations, known integrable difference equations in this class have finite order

meromorphic solutions. In particular, they considered
y(z+1) +y(z = 1) = R(ziy(2)), (1.26)

where R is rational in both of its arguments. They showed that if (1.26) admits at least one

non-rational finite order meromorphic solution, then deg,(R?) < 2. Note that (1.26) class

— GEHELY) and
many other equations considered to be non-integrable. The existence of a finite number

of equations includes the difference Painlevé IT (i.e. y(z+1)+y(z—1)

of finite order meromorphic solutions of (1.26) is not always enough to single out the
difference Painlevé 11 from (1.26).

In [30, 72|, the authors used the Ablowitz et al. [1] idea and complement it with the
singularity confinement method to produce a new test for integrability. They used this
test to recover known forms of d-Ps and to show that no new ones may exist within a
given parametrisation. A few years later, Halburd and Korhonen [33, 35] explored the
Ablowitz et al.[1] idea further. They showed that the existence of sufficiently many finite
order meromorphic solutions is a good analogue of the Painlevé property for discrete
equations, in which the independent variable is taken to be complex. Finally, we end
this sub-section with a result proved in [34] by Halburd and Korhonen, who presented
this interesting classification theorem. In Chapter 3, we illustrate the analogy between
Theorem 1.3.4.1 in Nevanlinna theory and our analysis in Diophantine approximation. In

the theorem below, an admissible solution y(z) simply means it is growing faster than any
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of the coefficients of R in the equation (1.26) in the sense of Nevanlinna theory. Also, S(y)

denotes the field of small functions with respect to y(z) in terms of Nevanlinna theory.

Theorem 1.3.4.1. If the equation (1.26), where R(z;y(z)) is rational in y and meromor-
phic in z, has an admissible meromorphic solution of finite order, then either y satisfies

a difference Riccati equation

p(z+Dy(z) +q
y(z) +p

Y

y(z+1) =

where p,q € S(y), or equation (1.26) can be transformed by a linear change in y to one

of the following equations:

Ve D+ - 1) = T
y(z+1) —y(2) +ylz = 1) = % + (=1
y(z+ 1) +y(z—1) = %m

yz+ 1) +y(z—1) = Wl;(;m yZTZQ)Q

where Ty, ki, € S(y) are arbitrary finite order periodic functions with period k.

1.4 Main results and structure of thesis
The main result of this thesis concerns the height growth of solutions of the equation

an + bt + Coy?
1—y2

Ynt1l + Yn-1 = y (127)
where a,,, b, and ¢, € Q,Vn. The result which we state as Theorem 1.4.1 below concerns
admissible solutions. A solution of equation (1.27) is called admissible if the height of y,

grows fast compared to the height of the coefficients a,, b, and ¢,. A formal definition of
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admissible solution is given in Definition 3.1.2.

Theorem 1.4.1. Let (y,) C Q\{—1,1} be an admissible solution of (1.27), where a,, by,
and ¢, are rational functions of n with coefficients in Q and the right hand side of (1.27)

is irreducible. Then either
1. a, =an+ 3, b, =7, ¢, =0 for constants o, 3,7, or

2. y, is also an admissible solution of the difference Riccati equation

1/2(a,, + 6b, — 20) + y,
1 — 0y,

Yn+1 = , where 0 = —1 or 1; or (1.28)

loglog . h(yn) -

lim sup
r—00 log r

Of the three possible outcomes described in Theorem 1.4.1, the first says that equation
(1.27) is the discrete analogue of Py; given in Table 1.2. The second says that v, solves
a famous linearisable first-order equation and the third implies that h(y,) does not grow
polynomially. If equation (1.27) has more than two one-parameter families of admissible
solutions, they cannot all solve difference Riccati equations of the form described by the
second conclusion. Hence, the theorem says that if for all admissible solutions h(y,,) grows
polynoimally, equation (1.27) is the discrete analogue of the second Painlevé equation.

The idea of Diophantine integrability is a property of all solutions, not just admissible
ones. Our methods only allow us to work with one solution at a time. An admissibility-
type condition is necessary to avoid counterexamples, some of which can be easily con-
structed in which the height of the solution grows at approximately the same rate as the
heights of the coefficients. This will be discussed in Chapter 3.

The central idea of the proof of Theorem 1.4.1 relies on the fact that there is a sim-
ple relationship between the height of a rational number z and a certain sum over all
non-trivial absolute values of . These absolute values consist of the p-adic absolute val-
ues (which are non-Archimedean, see Chapter 2) and the usual absolute value (which is
Archimedean). In Chapter 3, for each absolute value a sequence (¢,) will be defined in
terms of the absolute value of certain combinations of the coefficients of equation (1.27)
as given in (3.51). This sequence defines a way of measuring “small” quantities. A key

step on our way to proving Theorem 1.4.1 is the following
Theorem 1.4.2. Let (y,)f 5% | Cc Q\ {~1,1} satisfy

ap, + bpyn,

Ynt1 T Yn—1 = =y

Y
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where k is sufficiently large and the right hand side of the equation is irreducible. Assume
that for a fized absolute value |.|, (Vp < o0o) we have |yp_1], < |1 — Hyk\;1/2 for9 =1 or
—1. Furthermore, for sufficiently small 6 > 0, if |1 — Oyil, < e (where € is defined in
(3.51)), then

1. Yps1 = 26(”1”_—22’?) + Ay, where |Agl, < |1 — Oyilp ' for non-Archimedean absolute
— Oy
value and |Ayl, < 13- |1 — Gyk|;1/2 for Archimedean absolute value.

0 b — 2b
2. Ypyo = —0+ < < ;Lk _]T_ aby, Hl) (1 —0Oyy) + By,

where |Bgl, < |1 — Oy 3/2—50

|1 — Oy, 2/2755 for Archimedean absolute value.

for non-Archimedean absolute value and |By|, < % .

(ak+2 — gbk+2 — 0<0ak + bk - 2bk+1>>

3. Ypg3 = 2<1 +6yk+2)

where |Cyl, < |1+ Oyiralp P for non-Archimedean absolute value and 1Ckl|p <

9 ’ 1+ ka+2 ‘;(2/3+25

+ Ck

) for Archimedean absolute value.

We can think of Theorem 1.4.2 as a way of expressing singularity (non-) confinement
in terms of absolute values. It should be stressed, however, that we do not make assump-
tions about the long term behaviour of solutions or whether they are eventually confined.
Theorem 1.4.2 is used to estimate certain quantities measuring how close y, is to the
special values £1 and oo.

The rest of the chapters is structured as follows. Chapter 2 introduces some back-
ground material serving as a wide base for our subsequent work. We discuss some of the
important properties of height.

Our original work starts in Chapter 3 and ends in Chapter 5. As outlined above
Chapter 3 is devoted to the proof of Theorem 1.4.1, where we prove key lemmas and
theorems to achieve this. In section 3.1, we study (1.27) and find that the logarithmic
height of an admissible solution is not growing polynomially if ¢, Z 0 or +2. This result
is attained through Lemma 3.1.1 and Theorem 3.1.1. In section 3.2, we study a sub-class
of (1.27) when ¢, = 0. We find that in this sub-class either the logarithmic height of
an admissible solution is not growing polynomially with n or the equation reduces to a
discrete analogue of Pj; or (y,) solves a difference Riccati equation. This result is reached
through Theorem 1.4.2; Corollary 3.2.1 and the discussion in the section. The last section
in this chapter (section 3.3) analyses the remaining sub-class of (1.27) with ¢, = +2. The
treatment and the analysis in this section are similar to those of section 3.2. The results
of this section are summarised in Theorem 3.3.1 and Corollary 3.3.1.

In Chapter 4, we study a class of difference equations (namely (z,_1+x,) (T, +Tni1) =

P (zn) _ Tt anz} +BnZp tnTntn
(Tn—an)(@n—bn) (Zn—an)(@n—bn)

of the solution z,, in terms of an external variable z to the equation rather than its height.

), where our analysis depends on the degree growth
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Since we consider x,, VYn € Z to be a rational function in z, we discuss in section 4.1
the degree of rational functions where the independent variable z € CU {oo}. We study
the degree growth of non-constant rational function z, (deg,(x,)) in the above class of
equations in section 4.2. We show in Theorem 4.2.1 that if a,, Z g1 + g1 — a,, — b, (where
i € {anyi, byyi}) for all m € Z, then Z;ZTO deg,(z,) > 2"K for non-zero K. This implies
that deg,(x,) grows fast with n. Hence, it suggests that the equation is non-integrable,
where we could see the connection with the algebraic entropy approach. We prove in
Theorem 4.2.2 that if the equation coefficients satisfy certain assumptions then either
> oner deg, (z,) > 2l"/21 K or P,(x,) have some special forms. Analysing the results of
these two theorems leads us to a case where we could reduce the equation to a discrete
analogue of Ppy .

Chapter 5 is concerned with ultra-discrete equations. In section 5.1, we lay the alge-
braic setting for this kind of equation, so we introduce the max-plus semi-field. In section
5.2, we present some preliminary numerical results obtained when we tried to extend the
Ablowitz et al.[1] idea to the ultra-discrete equations. The numerical results suggest that
the solution of integrable ultra-discrete equations is of finite order (in Nevanlinna theory
sense). We believe that the finite order criterion could be used as a necessary condition
for the integrability of ultra-discrete equations. This could serve as a basis for a proposed
integrability detector of ultra-discrete equations. Chapter 6 gives a summary of the whole
thesis and outlines some future work.

Appendices A and B have topics mentioned in various places in this thesis. We do
not consider them as a basis for our work, so we did not include them in the background
material chapter (Chapter 2). These appendices are an overview of Nevanlinna theory

and the differential and difference Riccati equations.



Chapter 2
Some topics from number theory

A general glance at the topics of this chapter shows that they may not be related. Actually,
these topics serve as a wide base with which our analysis in the next chapter is linked.
This chapter is split into two main sections concerned with rational points on elliptic
curves and p-adic absolute values. The first section considers rational points on elliptic
curves, where we highlight some of the main properties of these rational points from
geometric and algebraic points of view. A very important property of these points on
elliptic curves is the group law, in which we recover a discrete equation when we construct
its algebraic formula. This discrete equation is the autonomous version of a well known
discrete Painlevé equation. The logarithmic height of these rational points is bounded by a
quadratic function. This proves in particular that the equation is Diophantine integrable.
Our analysis in Chapter 3 is based on a tool from number theory, namely height. The
height of a rational number x is related to a certain sum that involves all the non-trivial
absolute values over Q of z. In the second section we present a type of absolute value on
Q, called p-adic absolute values. We give an expression for the height function in terms

of these absolute values in Lemma 2.2.1 and give some of the height properties.

2.1 Rational points on elliptic curves

In this section, we explore some of the algebraic and geometric structures of elliptic curves
over Q. We describe the beautiful properties of these curves, by showing the group law for
rational points on them. In addition, we state a very powerful theorem which shows the
algebraic structure of rational points on these curves. This is called Mordell’s theorem.
Then we give a definition of the height function for rational points on elliptic curves. The
treatment and structure in this section follow closely the treatment and structure given
in [77].

21
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2.1.1 Group law and heights of rational points on

elliptic curves

An equation whose coefficients and solutions are integers or rational numbers is called a

Diophantine equation. We consider the two-variable Diophantine equation

f(z,y) =0,

where f is polynomial in x and y. If f is of degree 3, then the above equation is called a

cubic equation. Any cubic equation can be mapped to the Weierstrass normal form

v = f(x) = 42° — gox — g3, (2.1)

where go and g3 are arbitrary constants, or in a more general form
2 _ _ .3 2
y° = f(z) = 2" 4+ az” + bx + ¢, (2.2)

where a,b and c are arbitrary constants. Both equations are called the Weierstrass equa-
tions. The graphs of the Weierstrass equations in the zy-plane are called elliptic curves
if they are non-singular (i.e. every point on the curve has a well-defined tangent line). It
is named elliptic curve because it first arose in studying the problem of how to compute

the arc length of an ellipse.

Here we focus on the case where the coefficients and solution (z, y) of the cubic equation
are rationals. We call a point (x,y) on an elliptic curve a rational point if both its
coordinates x and y are rational numbers. Usually, the graph of the Weierstrass equation
has a different shape from that of the original cubic equation. But there is a bijection
between rational points on both curves up to a few exceptional points. Therefore, if we are
interested in studying rational points on cubic curves in general it suffices to study rational
points on elliptic curves in Weierstrass form. Here we analyse non-singular curves. The
main reason for not considering singular curves is because they are trivial to analyse as
far as rational points go and Mordell’s theorem will not hold for them. Actually, rational
points on singular cubic curves can be put in one-to-one correspondence with rational
points on a line. The group of rational points on them is not finitely generated. More on
this can be found in [77].

Now the coefficients g, and g3 in (2.1) are rationals, so they are real. Since the
polynomial f(x) is of degree 3, it has at least one real root. The polynomial f(x) could
be factored in R as

F(@) = (z — a)(a® + az +7),
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with @ and v € R. Therefore, the elliptic curve looks like Figure 2.1(a) if f(z) has exactly
one real solution. If f(x) has three real roots, then the curve looks like Figure 2.1(b). In
this case, the real points form two components. This is true because all the roots of f(x)
are distinct since the curve is non-singular. For simplicity, we use the case where f(x)

has one real root to illustrate the group structure of rational points on an elliptic curve.

y y

e
el
AN

(a) One real solution of equation (2.1)  (b) Three real solutions of equation (2.1)

Figure 2.1: Real solutions of (2.1)

We start with the equation in (2.1), y? = 42® — gox — g3. Thinking in the projective
space sense, we associate with the elliptic curve E of the equation a point at infinity
called O. This point is located on both ends of the y—axis at infinity, so we cannot see it.
The point is considered as a rational point and we take it as the zero element when we
construct the group of rational points on the elliptic curve. A line is said to pass through
the point at infinity O when this line is vertical, i.e. = = constant. From projective
geometry, we know that the line which connects all infinity points is called the line at
infinity. This line intersects with the elliptic curve with multiplicity three at O. To make

this clearer, let us set z = 2 and y = £ in (2.1). We get

Y27 = 4X° — o X 7% — g3 7°. (2.3)

In projective space terminology, the line Z = 0 is called the line at infinity. Substituting
Z = 0 into equation (2.3) yields X? = 0, so the root X = 0 has multiplicity three. This
means that the elliptic curve intersects with the line at infinity at three points, all of
them being the same point, namely O. Now we are ready to define rational points on our
elliptic curve E. Rational points on the elliptic curve E consist of the ordinary points on

the affine xy—plane, together with the point at infinity O that we cannot see,

E(Q) ={0}U{(z,y) € Q x Q: y* = 42° — gox — g3}

A vertical line intersects with E at three points (counting multiplicities), two of which
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are in the zy—plane and the third is the point O. A non-vertical line intersects with E
at three points (counting multiplicities), all in the zy—plane. In general, we may allow
x and y to be complex numbers. Now we are ready to describe geometrically the group
structure of rational points on E with the addition operation of rational points. Let us
draw a non-vertical line through two distinct rational points P and @) on the curve E.
This line intersects with E in another point, call it P (). Then draw another line through
P % Q) and O which is just a vertical line through P * (). Since the curve E is symmetric
about the r—axis, the vertical line through P x () intersects with E in another point we
call P+ @. It is obvious from Figure 2.2 that P + (@) is just the reflection of P % () about
the rz—axis. We claim that rational points with the addition operation just described
form a group. The process of adding two distinct rational points on the elliptic curve is

shown in Figure 2.2.

e
.

P+

Figure 2.2: Addition of two rational points on a cubic curve

To show that this set of rational points with the addition operation forms a group we
check the group axioms for the set. First, it will be apparent from the explicit formulae in
(2.5-2.6) below that if P and @ are rational points in E(Q), then P + @ is also a rational
point in E(Q), hence E(Q) is a closed set under the addition operation described above.
As stated earlier, we set O to be the zero element for the group, i.e. for any rational
point P on E, then P + O = P by convention. Now the negative of a point @ = (z,y) is
—Q = (z,—y). To verify this, we need to show that @ + (—Q) = O. Draw a line through
@ and —(@); this line is vertical, hence it intersects with the curve in the point O, so
Q*x—Q = 0. To find Q + (—Q), we need to connect O to itself and take the intersection
with the curve. The line which connects O to O is the line at infinity and again it meets
the curve at O, since it intersects with E with multiplicity 3. To prove associativity is a

complicated process geometrically and algebraically, so we will not describe it here. It is
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described in detail in both [77] and [83]. This shows that rational points on an elliptic

curve form a group with the addition operation. Later, we show that it is an abelian group.

The above analysis was from a geometric point of view. Now we give explicit formulae
(algebraically) for the addition of two distinct rational points on the elliptic curve in terms

of their coordinates. Set

P1:<x17y1>7 P2:(SU272/2), P1*P2:($37y3)7 P1+P2:(37473/4)-

Suppose that P, and P, are given. We show how we compute P, * P,. The equation of
the line joining P; and P, is

Y2 — W1
T2 —T1

y=Ar+v, where )= and v =1y — AT = Y2 — A\To. (2.4)
This line intersects with the elliptic curve at three points, of which two are P; and P, and
the third is the point P; * P,. To get the third point, we substitute (2.4) into equation
(2.1) of the elliptic curve. Simplifying the resulting equation and putting everything in
one side yields

0 =42 — \2% — (g + 2\)x — (g5 + 7).

This is a cubic equation in x that has three roots x1, x5 and x3, so

5 (V) 5 (g2+2\w)  (gg+v?)
T 1 xr — 1 = (z —z1)(x — x2)(x — 23).

Equating the coefficients of the term 22 on both sides yields

_ )2

T = —(xl “+ X9 +I’3)

Since 7 and x9 are given, we get the coordinates (z3,ys3) of the point P, x Py by

/\2
T3 = Z — T1 — Xo, Ys = /\1’3 + . (25)

The point P; + P, is the reflection of P; x P, about the x—axis, therefore

(24,94) = (3, —Y3)- (2.6)

The equations in (2.5) and (2.6) indicate that P, + P» = P, + P;. Hence, the group of
rational points on an elliptic curve is abelian. Now we show that we could recover from the
formula of the x-coordinate of P, + P, (2.5) a second order autonomous discrete equation.

We could parameterise this formula (2.5) using the Weierstrass g function which is an
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elliptic function that has this useful property:

(¢/(2))* = 4p(2)” — g20(2) — g5. (2.7)

It is clear that (2.7) and (2.1) are the same if y = ¢/(z) and z = p(z). The p function
has the following addition formula:

1 (¢'(w)— @’(Z))2

pz+w:—(— —p(z) —plw), 2.8
e = (G2 ) — o) ot (2.9
which is the same formula for the z-coordinate of P, + P, given in (2.5). Now let z, ., =
(& +nh+h), r, 1= p(& +nh—h)and x, = p(§ + nh) for some constants & and h.
Then using (2.8) and (2.7), we have

1 (¢'(§o +nh))* + (¢'(h))?

N Ga o £ — a0 s momy) — 206+ ) + (i)

_ Ap(h)ag + (4p(h)* — ga)an — (295 + g29(h))
2(p*(&o + nh) + @*(h) = 20(& + nh)p(h))

Tn+1 + Tp—1 =

Hence,
Ax? + Bz, + C

224+ Dz, + E’

(2.9)

Tn+1 + Tp—1 =

where A = 2p(h), B = 2p(h)* — ¢2/2, C = —(g3 + %(h)), D = —2p(h) and E = @?*(h).
The autonomous version of the discrete analogue of P;; in Chapter 3 has the same form
as (2.9) with different choice of coefficients.

Now we state Mordell’s theorem, which Mordell proved in 1923. We omit the proof of
the theorem, which is beyond the scope of this thesis. It is however given in many elliptic

curves books, in particular [77] and [83].

Mordell’s theorem. Let E be a non-singular plane cubic curve given by an equation
E:y* =2 + a2z’ + bu,

where a and b are integers. Then the group of rational points E(Q) is finitely generated.

Mordell’s theorem was generalised by Weil (1928) in his thesis to cover elliptic curves
over number fields (i.e. finite extensions of Q) and abelian varieties (i.e. higher-dimensional

analogues of elliptic curves) [83].

Now we turn our attention to a very useful tool of number theory, heights of rational

points on elliptic curves. The proof of Mordell’s theorem uses heights of rational points
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and their finiteness property. Height of a rational point measures how complicated the
point is from the number theory viewpoint. Let x = ¢ be a non-zero rational number

written in lowest terms. Recall from section 1.3.3 that we defined the height of = by
H(x) = H(a/b) = max{|al, [b]},

so H(z) is a positive integer. By convention, H(0) = 1. One of the most useful properties

of height is the following.

Finiteness property of height. The set of all rational numbers whose height is less

than some fixed number is a finite set.

The proof is straightforward. Assume that we have for a fixed number c a set {{ :
a,b# 0 € Z and H(}) < c}. From the height definition, we have |a| < cand |b] < c. Since
a,b € 7, there are finitely many possibilities for a and b and therefore for the rational num-

ber % O

Now let us consider heights of rational points on an elliptic curve E. Recall the

Weierstrass equation in (2.2),
y? = f(x) = 2* + azx® + br + ¢,

where it is an equation of a non-singular elliptic curve with integer coefficients a, b, c. If
P = (z,y) is a rational point on the curve E, we define the height of P to be the height

of its z-coordinate,

Also, the logarithmic height or small A is
h(P) = log H(P).

So h(P) is always a non-negative real number. For the point at infinity O, we define its
height to be H(O) =1 and hence h(O) = 0.

We end this sub-section by stating a lemma which gives bounds for logarithmic heights of
rational points on elliptic curves. We omit the proof since it is not essential to the scope

of this thesis and an interested reader could find it in [77], in addition to more results.

Lemma 2.1.1.1. There is a constant t, depending on a,b,c, so that h(2P) > 4h(P) —t
for all P € E(Q).
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Actually, there is a stronger result
m?h(P) — k < h(mP) < m*h(P) + &,

where m € Z, P € E(Q) and x > 0 is a constant depending on E and m. The proof of
this result and more about it and other results related to the height are found in [76].
The above result shows that the logarithmic height of the x-coordinate of mP is less than

or equals a quadratic function in m. This implies the polynomial growth of h(mP).

2.2 Heights of rational numbers and p-adic absolute

values

In Chapter 3 we explore Diophantine integrability of a certain class of discrete equations.
The main tool used is the height of rational numbers. Since the height of a rational
number is related to a sum over all absolute values on Q for this rational number, we
introduce in this section p-adic absolute values on the field of rational numbers. Since the
absolute value is used to measure the distance between elements of the field, p-adic abso-
lute values give a different way to measure distance between rational numbers. Therefore,
this introduces a new geometry and topology on the field of rational numbers, in which

all triangles are isosceles.

First we start by stating the definition of an absolute value. The following definition
of absolute value is valid for any field K, but here we consider the field of rational numbers
Q. For any numbers z,y € Q, an absolute value |.| on Q is a non-negative function such
that

1. |z| > 0 with |z| = 0 if and only if z = 0,
2. |yl = l2| - [y,
3. |z +yl <z +yl.

Axiom 3 is called the triangle inequality. In geometry, the triangle inequality means that
no side of a triangle is greater in length than the sum of lengths of the other two sides. If

we replace axiom 3 by the stronger inequality
|+ y| < max{|z[, [y}, (2.10)

then this absolute value is called non-Archimedean, otherwise Archimedean. The in-

equality in (2.10) is called the isosceles inequality. Geometrically, it implies that for any
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triangle, two of its sides are equal in length.

We fix a prime p, then for any non-zero rational number ¢ we write ¢ in terms of its p
factorisation as

m
— = 92.11
c=p' (2.11)

where v,m € Z, n € N and p{ mn. We define the p-adic absolute value of ¢ by
clp =", (2.12)

By convention, if ¢ = 0, then |0], = 0. This absolute value is non-Archimedean for any
prime p. This type of absolute value was first introduced by Hensel (1904), where he
chose p = 2 [15]. Equivalently, the p-adic absolute value is

1 for prime q # p,
|Q|p =

119 if ¢ =p.

The usual (non-trivial) Archimedean absolute value on Q is sometimes called the absolute
value at infinity (|.|s). Any two absolute values on a field (specifically here Q) are said to
be equivalent if they induce the same topology on the field [22]. A theorem by Ostrowski

classifies the absolute values on Q. The proof of this theorem is given in [24] and the

statement of the theorem is as follows.

Theorem (Ostrowski). Every non-trivial absolute value on Q is equivalent to one of

the absolute values |.|,, where either p is a prime number or p = 0.

Hence, in the field of rational numbers Q, the only Archimedean absolute value is the
ordinary absolute value |.| (denoted by |.|). The non-Archimedean absolute values on Q

are equivalent to the p-adic absolute values. Furthermore, we have the product formula:

IT Izl =1, (2.13)

p<oo

for any z € Q\ {0}. The proof is straightforward and given in [24].

From the previous sub-section, the logarithmic height h(z) for any non-zero rational

number x = % is defined as

h(z) =log H(z) = log(max{|a|s, |b|c }), (2.14)

where a and b # 0 are coprime. There is another equivalent expression for the logarithmic

height h(x) which involves the p-adic absolute values given by the next lemma.
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Lemma 2.2.1. For a non-zero rational number x,

= log*|xl,, (2.15)

p<oo
where log® y = max{logy, 0} for any y € Q*.

Proof Now we show that the two expressions (2.14) and (2.15) are equivalent. For any
k k
r€Q\ {0}, let v =3 = B1% 0 Note that a,b € Z are coprime, b # 0 and k;, ;

l l
4 G2

are non- negative integers. Since a and b are coprime, it implies that t; # ¢; Vi,j € N,
where ]}, t; ,H;.n:l qé-j are the prime factorisation of a and b, respectively. For a

fixed prime ¢;, where i € {1,...,n}, the t;-adic absolute value of x is
2l = 47 (2.16)

It implies log™ |z|;, = 0. Also for a fixed prime ¢;, where j € {1,...,m}, the g;-adic
absolute value of x is
l .
|2, = q; - (2.17)

Hence, log™ |z|,, = log q;j. Consequently, » 7" log* |z, = log | q;j. For all

primes p < o0,

n m a
Z log™ |z|, = ZlogJr |z|e; + ZlogJr ||y, + log™ ’ELO (2.18)
i=1 =1

p<oo

If |$]oo > 1 (Ja|os > [b|oo), then (2.18) is

Z log™ |z], = log <ﬁ li) + log
=1

p<oo

ki
[[.
H?; qﬁi

)

= log Htf = log |ase- (2.19)
=1 oo
If |#]oo <1 (]blos > |a|so), then (2.18) is
> log*|al, = log [ ]
p<oo i=1
= log qull = log |b]o- (2.20)
=1 |
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From (2.19) and (2.20), it is clear that

S log" Ja], = log(max{lale, [blc}) = A(x). O

p<oo

The log™ function has similar properties to the usual logarithmic function log. We
state here some of its properties that we often use in the next chapter. Let =, y € Q,
then

e log"(z-y) <log™ x+log"y,
o logt 2y = ylog" ,

e log" (320 ;) <logn+ " log* ;.

There are more properties of the log™ function given in [51].
Also, we prove a property of logarithmic height that we use frequently in the next

chapter. This property is given in the next lemma [9].

Lemma 2.2.2. If z € Q\ {0} and \ € Z, then h(z*) = Mo - h(x). In particular,
h(1) = h(z).

Proof If A > 0, then the result is clear from (2.14) and (2.15). If A < 0, then we could
write it as A = —1 - (=) where —\ > 0. Hence, it is enough to consider only

A= —1. Let A = —1 and 7 is a non-zero rational number that equals ¥, where
b # 0. Using (2.14) we have

h(x) = log H(z) = log (max{als, [blxc}) = log # (1) — (1) |

T

which proves the lemma. 0]

We end this section by proving another property of logarithmic heights of rational num-
bers. A generalised result is proved in [9] for an affine space of dimension n over Q (which

is an algebraic closure of Q).

Lemma 2.2.3. If {x1,22,...,2,} C Q\ {0} where n € N, then

h(zy +xo+ -+ x,) < h(zy) + h(xe) + -+ - + h(z,) + logn.
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Proof Using Lemma 2.2.1 we have the following chain of inequalities,

h(x1+x2+---+wn):Zlog+|x1+---+xn|p

p<oco

< Z log® (max{|z1lp, -, |Znlp}) + log™ (Z |x1|oo> :

p<oo

< Z max(log® |71, ..., log" |x,],) + Z log™ |2;|s0 + logn,

p<oo =1

< z:(logJr |z1]p, + -+ + log™ |z, ],) + zzlogJr 2|00 + logn,

p<oo i=1
= Y log" [zmilp+ -+ D log" [za], + logn,
p<oo p<oo

= h(z1) + h(za) + -+ - + h(x,) + logn.

In the above chain of inequalities we used the isosceles and triangle inequalities,
properties of log" and the fact that the sum of non-negative elements in a set is

greater than or equals the maximum element of that set. This proves the lemma.
O



Chapter 3
Diophantine integrability

The main purpose of this chapter is to prove Theorem 1.4.1, which is the most impor-
tant result of this thesis. It provides further evidence that there is a strong relationship
between the integrability of a discrete equation and the growth in height of its solutions
— justifying the term Diophantine integrability for equations with solutions having loga-
rithmic heights that grow polynomially. Recall that a solution y,, is said to be admissible
if the logarithmic heights of the coefficients are small compared to the logarithmic height
of y,. Suppose that ¥, is an admissible solution of (1.27) with polynomial height growth
Theorem 1.4.1 says either y, is also a solution of the Riccati (1.28) or (1.27) is the d-Pyy
(given in Table 1.2).

Ideally, we would have liked to have a theorem in which we assume that the heights
of all solutions grow no faster than polynomials and conclude that the equation must be
d-P;. Our methods do not allow us to use properties of different solutions at once so we
only assume the existence of a single solution of this type. It is very simple to construct
non-integrable equations with at least one explicit slow height growth solution. It is
because of this that we need an admissibility-type assumption. Starting from a particular

choice for y,, say y, = n, it is easy to construct an equation such as

—2n® + 2y,

Ynt1 + Yn—1 = — 2

Y

that y, satisfies. Due to the absence of significant cancellation in general, and in the
example just mentioned in particular, the height of the coefficients of the resulting equa-
tion will be comparable to the height of the solution. In other words, the solution is
inadmissible.

The absolute values |- |, on Q, where p < oo, play a central role in our analysis. Recall
that for z € Q,

ha) = 3 log" [a],.

p<oo

33
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Some of our calculations, especially those in Theorem 1.4.2, are essentially a refinement of
calculations from singularity confinement re-expressed in terms of these absolute values.
There is also an analogy between some of the methods used in our proof and methods
used in the proof of similar classification problems in Nevanlinna theory by Halburd and
Korhonen (see Theorem 1.3.4.1). This analogy further supports the philosophy underlying
Vojta’s dictionary.

This entire chapter is dedicated to the proof of Theorem 1.4.1. The main objective of
section 3.1 is to prove Theorem 3.1.1, which shows that if ¢, # 0 or £2, then the height of
an admissible solution is not growing polynomially. The cases ¢, = 0 and £2 are analysed

further in the next two sections.

3.1 Diophantine integrability

The motivation of our work in this chapter arose from the work of Halburd and Korhonen
in [34] (Theorem 1.3.4.1). In 2007, they proved the following: let w(z) be an admissible (in
Nevanlinna theory sense) finite-order meromorphic solution of the second order difference
equation

w(iz+1)+w(z—1)=R(z,w(2)), (3.1)

where R is rational in w(z) with coefficients meromorphic in z. Then either w(z) satisfies
a difference linear or Riccati equation or else equation (3.1) can be transformed to one of
a list of canonical difference equations. This list consists of all known difference Painlevé
equations of the form (3.1), together with their autonomous versions. Their work implies
that the existence of finite-order meromorphic solutions is a good indicator of integrability

for difference equations. Recall that the order (o) of a meromorphic function f, involves

log T'(f,r)

the Nevanlinna characteristic function 7'( f, ) in its definition, i.e. ¢ = limsup,_, o

(see Appendix A for more details on Nevanlinna functions). A relation between the order
of meromorphic solutions of a rational equation and integrability of the equation was
noticed and discussed first by Ablowitz, Halburd and Herbst in [1]. In [1], the authors
showed that in order for an admissible solution w(z) of (3.1) to be of finite order, the
degree of R must be < 2. Halburd and Korhonen explored the case when the degree of
R < 2 further and proved Theorem 1.3.4.1.

There is a relation between Nevanlinna theory and Diophantine approximation. This
relation was observed first by Osgood [9]. In 1986, Vojta from his PhD thesis created a
dictionary (called the Vojta dictionary) giving an analogy between Diophantine approxi-
mation and Nevanlinna theory [9]. The analogy that concerns us in our work is given in
Table 3.1 [74]:



CHAPTER 3. DIOPHANTINE INTEGRABILITY 35

Table 3.1: Examples from Vojta dictionary

infinite sequence (z) in Q «— non-constant meromorphic function f

W) «—— T(r, f)

Since we have a correspondence between Nevanlinna theory and Diophantine approx-
imation, we expect to have a result similar to the Halburd and Korhonen work in Dio-

phantine approximation (using the height function as a tool) for the class of equations

Yntl T Yn—1 = R(n, yn) (32)

Here, R is rational in y, with coefficients that are rational functions in n and rational

numbers; also the degree of R < 2. Halburd and Morgan [36] studied in detail a particular

Qn +ﬂn Yn+Vn y727, )
2
Yn

analysis based on the height growth of the solution h(y,). Here we analyse a different

case of the class of equations (3.2)(namely y,11 + yn_1 = . They used an
case of the same class of equations (3.2). However, there are essential differences and
difficulties which distinguish between the two cases and consequently the analysis used to
treat each of them. In the equation considered by Morgan in his PhD thesis [36], there
is one singularity at y, = 0 of multiplicity 2. In equation (3.3) we are considering, we
have 2 distinct singularities, each of multiplicity 1 at y, = 1 and y,, = —1. Unlike the
equation considered by Morgan, we have a major technical difficulty that arose in our
case, in which for certain forms of the equation coefficients, y,, solves a difference Riccati

equation (see Appendix B).

In this chapter, we explore the idea of Diophantine integrability of the following dis-

crete equation:
@ + buyn + Caln

1—y2

where a,,, b, and ¢, are rational functions in n and rational numbers and the right hand

Ynt1l + Yn—1 = ) (33)

side of (3.3) is irreducible. This chapter gives a rigorous proof of Theorem 1.4.1. We show
in this section that the summed logarithmic height of an admissible solution of equation
(3.3) is greater than an increasing exponential function, provided that ¢, # 0 or £2 Vn.
This implies the exponential growth of the summed logarithmic height of an admissible
solution unless ¢, is identically 0 or 2 for all n. We give in this section formal definitions
of the summed logarithmic height, an admissible solution and a Diophantine integrable
equation. In section 3.2, we show that for an admissible solution y,, of (3.3) when ¢, = 0,

either the summed logarithmic height of the solution h,(y,) grows fast with r — oo or

(Bantbn =Dy g — 1

1
. . . . . . e
the solution ¥, solves a difference Riccati equation (i.e. y,41 = "
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or —1) or equation (3.3) reduces to a discrete analogue of the second Painlevé equation

d-Prr (i-e. Yng1 +Yn1 = %

section 3.2, that when ¢, = 4+2 the summed logarithmic height of an admissible solution

). In section 3.3, we show, using a similar analysis to

h(yn) grows exponentially with r — oo.
Before we proceed to state and prove the lemma and the theorem of this section, we
need to define formally some terms stated above such as summed logarithmic height, ad-

missible solution and Diophantine integrable equation.

Definition 3.1.1. Let (y,) C Q be a solution for some discrete equation. We define the
summed logarithmic height h,(y,) by

he(yn) = Z h(yn) = Z Z log™" |Ynlp:

n=rg n=rg p<oo
for some integer rg.
For the purpose of our work we define an admissible solution as follows:

Definition 3.1.2. Let (y,) C Q be a solution of a rational discrete equation with coeffi-
cients a;(n) that are rational functions in n and a;(n) € Q Vi. Then (y,) is said to be an

admissible solution if for some 1y,
max{r, h,.(a;)} = o(h,(y,)) Vi andr > ro.

Now we define formally when the discrete equation is called Diophantine integrable.

Definition 3.1.3. For a discrete equation, if every solution (yn) satisfies
h(yn) = O(n™),

for some non-negative integer m, then this equation is called Diophantine integrable.

Note that in (3.3) we consider coefficients a,, b, and ¢, that are all rational functions
of n and rational numbers at every n. Any rational function (except the zero function) has
a finite number of zeros and poles. Also, any linear combination of rational functions is a
rational function too. This property of rational functions made us consider equation (3.3)
with coefficients that are rational functions in n rather than any other type of coefficients
with a finite number of zeros and poles. It also helps in avoiding many technical details
that would occur if the coefficients were taken to lie in some other class of functions. There
exists an integer K such that it is greater than all the real zeros and poles of the rational

functions b, ¢,, a, £b, + ¢, and ¢, £+ 2 (if there are any). In case these functions have no
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real poles and no real zeros, then we could choose K to be any integer. For the rest of this
section we assume that ¢, # 0 or 2 Vn and the right hand side of (3.3) is irreducible for
all n, which implies that a,, £b,+c, # 0 Vn. We set a notation used throughout this chap-

ter that whenever we write an expression A+ B, both terms A+ B and A— B are included.

The analogy between our analysis and singularity confinement is recognised first
through Lemma 3.1.1. We introduce a quantity ¢,, that serves as our measure for the size
of the iterate y, in equation (3.3) and to measure its distance from the singularities +1.

For a fixed sufficiently small § > 0 we define ¢, (Vn > K) as follows:

_ . ) 1
i = rpmax {20 a4 b+ aly s ol lonls | 5|+ anst 2 busa + sl
p
1 ) .
‘5 » : ’an—l + bn—l + cn—l‘pv |Cn—1‘p17 |C7L+1’p17
hﬁﬂimjj%qizgﬂ (3.4)

where k, = 1 (Vp < 00), K, = 10 when p = co. We keep the same expression for e,
throughout this section but in the next sections we have different expressions for ¢,. The
equation in (3.4) implies the following inequality for non-Archimedean absolute value:
|cnlp < €,° = € < el !, For the Archimedean absolute value, we have 10]c,[o < €,° =

efz < 1_10|Cn|;ol'
Lemma 3.1.1. Let (y,) C Q\ {—1,1} be a solution to the equation (3.3):

an + bp¥n + Y2
1—y2

Yn+1 + Yn—1 =

)

where ¢, 1s a rational function not identically 0 or +2. Furthermore, assume that the
numerator and the denominator of (3.3) are coprime and the coefficients a,, b, and ¢, are
all rational functions of n and rational numbers for all n. For a fized prime p < oo and
Vk € Z and k > K, let € be as defined in (3.4). If |1 — Oyi|, < e for 8 =1 or —1, then
either

1
[Ykt1]p > W and |1 £ Oyyyialp > €pio,
p

or

[Yk—1]p > W and |1 % Oyy_sl, > €p—a.
p

Proof Since the coefficients a,,b, and ¢, are rational functions of n, then a, + b, + ¢,
and a, — b, + ¢, are rational functions of n. If the rational function a,, + b,, + ¢,

or a, — b, + ¢, is identically zero for all n, then this implies that 1 or —1 is a root
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of the numerator but £1 are roots of the denominator. Since the numerator and
the denominator are coprime then we have a contradiction. Hence, a,, £0b,, + ¢, are

rational functions not identically zero for all n.

Before we proceed to prove the main statement of the lemma, we show first that
€, < 1 when p = oo and p = 2, while ¢, < 1 when p < oo and p # 2. For the
Archimedean absolute value (p = oc), we have from the definition of €,° (3.4) this
inequality 1 < 10 - 2|} < €.°. Consequently, €& < 1 = ¢, < 1Vn € Z. Also from
(3.4) for the 2-adic absolute value, we have 1 < 2 = [2|5! < €,% = ¢, < 1. Similarly,
from (3.4) for the non-Archimedean absolute values (p < oo and p # 2), we have
€n < 1Vn € Z. Also note that # = 1 or —1, which means 6> = 1 and |0, = 1
Vp < 0.

Now we prove the main statement of the lemma starting with the non-Archimedean
absolute values (p-adic absolute values (Vp < o0)) and then we prove it for the

Archimedean absolute value (p = c0).

For a fixed prime (p < 00), let |1 — fyi|, < € for some integer k > K, where 6 = 1
or —1. The definition of ¢;° is given in (3.4) where x, = 1. Now the equation (3.3)

can be rewritten as follows:

ar + bryr + cry;
1—y?
ar + Obg + e, — 0 - (b + Ocx) (1 — Oyy) — Ocryp(1 — Oyy)
(1 = Oyi) (1 + Oys)

Yk+1 + Yk—1 =

If we multiply the above equation by (1 + 6y;) and simplify, then we get

a + 0by, + ¢
(Y41 + Y1) (L + Oyy) = kl—gyk — 0bx — ci(1 + Oys). (3.5)
— Uy
Note that
1 — Oyl g
11— ka\;(l_‘s) - | ely < . (from |1 — Oyxl, < €x)

T bl < 1y’
]ak + ebk + Ck‘p
11— Oylp
| (Y1 + Yr—1) (1 + Oyg) + 0by + ¢ (1 + Oy,

(from equation (3.5))

, (from equation (3.4))

IN

< max{|yr1 + ykflyp 1+ ka|p, |bk|p> |Ck‘p 1+ eyk‘p}'
(3.6)
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In the last step of the above inequalities we used the isosceles inequality. To find
the maximum in the set in the above inequality (3.6), we find relations between

elements of the set and |1 — Oyk|5(1_6). First, from ¢_° definition in (3.4) we have
e

where we have used the facts ¢, < 1 (from (3.4)) and sufficiently small (0 < 4).
Therefore, the inequality in (3.6) reduces to

11— Oyil, 0 < max{|ypr + yralp - 11+ Oyklp, lerly - 11+ Ouily}
= [1 + Okl max{|ye1 + yr-1lp: lcxlp}- (3.7)

Also,
14+ Byl = 12 — (1= O]y < max{ 2], |1 — gy} < max{lLe} =1,  (38)

since ¢, < 1, and since the absolute value is non-Archimedean, so that |2, < 1.
Using the inequality (3.8) in (3.7), it follows that

11— Oyl < mac{lyean + vl lexly - (3.9)

From (3.4) we have the following relation |c|, < ¢;° < 6/;(1_5) < |1- ka|;(1_5).

Hence, the above inequality (3.9) is

1= Oyl " < yrsr + yo-1lp < max{|yesalp, [ye1lp}- (3.10)

Therefore, either the maximum is |yx41|, where we would have the proof completed

for |yk+1]p, > W or the maximum is |y_1|, where in this case we would com-
TS

plete the proof of |yx_1|, > W. Without loss of generality, we choose the
—OYklp

maximum to be |yx41|, and for the rest of the proof we use |yg41], > |1 — ka|§(1_5).

Heuristically speaking, the assumption |1 — fy;|, < €; means that we start with a
rational number y; close (in the p-adic sense) to 1 or —1 if # = 1 or —1. Hence,
|1 — Oy, is a small quantity (< €;) and from the above proof we showed that the
next iterate of equation (3.3) is a big quantity |yx+1|, > m. Now we want
to show that vy 2 is not close to either —1 or 1 (|1 & Oygial, > €ry2). When we use
the terms close, big and small, we mean with respect to the absolute value under
consideration when p is fixed and with respect to €. To identify the similarity with

singularity confinement we iterate equation (3.3) with yx = 6 — 0(1 — Oy;) and yx_1
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any rational number. Treating each iterate as a power series of (1 — fyy), we get

yk+1 - 2(1 . ka) )
Q(Gk + Gbk - 29bk+1 + Ck)<1 - Hyk)

= —f9—rc + +
Yk+2 k+1 (Clk ¥ 0by + Ck)

where cx41 is not identically 0, £2 by assumption. Hence, the resulting iterates are
similar to singularity confinement structure where (1 — fyy) plays the role of ¢ in
singularity confinement method, as illustrated in Chapter 1. We show that after

iterating (3.3) twice, yg, 2 is naturally away from the singularities 1 and —1 when
cn # 0 or £2.

In order to show that |1 £ fykia|, > €r+2 in our analysis, we need first to show
that |yg42 + 0 + cry1lp is a small quantity bounded from above by a power of €.
Since cg41 is not identically 0, +2, then if |ygio + 0 + cry1], is a small quantity (<
a power of ¢;), this implies that yx, o is not close to £1. We show this as follows:

from equation (3.3) we have

A1 F Dks1Yk+1 + Cop1Yia
Ykt+2 T Yk = 1 2 =,
Y+
A1 + bpr1Yrs1 — Crgr (1 — ylerl) + Crt1

1—- yl%ﬂ

Adding 6 + ¢11 — yx to both sides of this equation, we get the following:

k1 + bkt 1Yrt1 + Crta
2
1=y

Ykt2 + Cpp1 + 0 = +60(1 — Oyy). (3.11)

We rewrite the fraction in the right hand side of equation (3.11) using partial frac-
tions which yields

51 + 0+ cen) | 5largy — b + cepa)
1 = Yp4a L+ Yrta

Yrt2tCpp1+0 = +60(1—0y). (3.12)
Note that we have from the assumption |1 — Oyi|, < € and from the relation

Yt lp > w, the following chain of inequalities:

1 1
< < =|1—(1- < 1,1 — .
5 < g < Wt = 11— 0=l < max(1, 11 = geial)

Now if 1 is the maximum, then we have 61—1_(; < 1. Since €, < 1, which means e,;l >1
k

and consequently <= > 1, we have a contradiction. Therefore, the maximum is
€
k
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|1 — yg41]p and

5 < el < 1=kl (31
Consequently,
11— 31/k+1|p <a” (3.14)
Similarly, we get
Tl ;k+1|p <6 (3.15)

By using the isosceles inequality in equation (3.12) and using (3.4), we get

‘%’p"akﬂ + by + Ck‘+l‘p

b

Ykt + Cry1 + 0], < max
|1 - yk’-i—llp

1
Slp-lQ —b +c
|2‘p ’ k+1 k+1 k+1|p’ |1 ka|p}

’1 + yk—i—l‘p
< max{eg ? e ? e} = e 2. (3.16)
The maximum is ¢, >, since ¢, < 1 and 0 < § < 1. From (3.4) we have the

following;:

) < lenilp = [(Yrra + crs1 +0) — 0(1 + Oyiio)|,
< max{|yk+2 + 1 + Olp, |1+ Oyrialy}- (3.17)

If the maximum in the above inequality is |yxi+2 + cx+1 + 0|, then

52 < ekt1lp = |Yrs2 + chp1 + 0], < 511;26-

The above inequality gives a contradiction, since 6,16_26 < 62 (from ¢, < 1 and
sufficiently small 9). Hence, |1 + 0ygi2|p > |Ykt+2 + ki1 + 6], and the maximum in
(3.17) is |1 + Oyj42|, which yields

ekl < 11+ Oysal, (3.18)

From the definition of 6;Z£2 in (3.4) and using the above inequality, we get

€ri2 < o < lerily < 11+ Oypialp.

Hence, we proved that |1 + Oyg o], > €xro.

Now we prove that |1 — 0yxi2|, > €12, starting with the following inequality where
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we have used (3.4)

€ < lexsr + 20, = |(Yrya + crpr +0) + 0(1 — Oypro)l,
< max{|yry2 + 1 + Op; [T — Oypialp ) (3.19)

Similarly to the above argument, if we have |ygi2 + cxy1 + 0]p > |1 — Oygy2|p, then

|Yk+2 + Cri1 + 0|, is the maximum in (3.19). Therefore, (3.19) is

er < lexsr + 20, < max{|ypis + cryr + Oy, |1 — Oyiraly}
1-26

= |Yrt2 + cor1 + 0], <¢
The above inequality gives a contradiction as before, therefore |1 — 0y 2|, > |yri2+
i1+ 0|, and the maximum in (3.19) is |1 — Oyxo|,. Hence, the inequality in (3.19)

18
e+ 20], < [1— Oy, (3.20)

The €,°, definition in (3.4) and the above inequality (3.20) yield
€pt2 < €i+2 < er1 +20], < |1 — Oypalp,

Therefore, |1 — Oyji2|, > €x42, which proves the lemma for the non-Archimedean

absolute values (Vp < 00). By symmetry, had we considered the case |yx_1|, >

|1 — ka|;(l_6), then we would have obtained |1 £ 0yj_s|, > €_o.

Now we prove the lemma for the Archimedean absolute value (p = 00). Recall that
in the definition of €, in (3.4) ko = 10. Assume that |1 — Oyi|ee < €. As in the
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non-Archimedean absolute value case, we start from (3.5). Note that

10]1 — Oy
10|11 — By, | 179 = —— _“Trleo
10€ :
< ——=— (from assumption |1 — Oyi|e < €),
‘(lk + ku + Ck’oo
from (3.4)),
T (from (3.4))

< (st + Y1) (1 + Oyge) + 0bg + (1 + Oyp) oo
(from equation (3.5)),

< Yk1 + Yk-1loo * [T+ O0Yloo + |bkloo + [ekloo - [1 4 Y|
(triangle inequality).
(3.21)

As before, we need to find a relation between |1 + Oyi|o and |1 — Gyk.|;o(1_5). We
start by |1 4+ Oyk|eo = |2 — (1 — Oyg) |0, then using the triangle inequality, we have

|1+0yk|00§|1—0yk|oo+|2|oo<6k+2<1+2:3.

Also we have from (3.4) the following relations:

1 1 - - (-
biloe < o6’ < 167 <6 T <L - Ol 0. (3.22)
Similarly,
|ckloo < |1 — Oyi| 7%, (3.23)

In the above inequalities, since €, < 1 and ¢ is sufficiently small, then the following
relation is true ¢, < €. < 62(1_5). Using (3.22), (3.23) and |1 + Oyk|oo < 3 in the
(3.21) inequality, we get

101 — 0yk|;°(1_5) < 3|Ykt1 + Yk—1loo + [bk]oo + 3| k|0,
< BlYkr + Yrrloo + |1 — Oyl 4 31— Oy,
< 3|Wkst + Yrot]oo + 41 — Oy |10,
(3.24)

Therefore,

211 — Ok "7 <yt + Yriloo < |Ykttloo + [Uk1]oo-
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Hence, either |yxi1]oo > |1 — ka|;o(1_5) or |Yk—1]oo > |1 — Hyk|;o(1_5), which proves
the first assertion of the lemma. Here, without any loss of generality, we let

Y1 loo > |1 — Oyelo ™.

Now we prove that |1 4 0y io|eo > €xro for the Archimedean case and we start with
our assumption |1 —Oyg|oo < €. Similar to the non-Archimedean case, we need first
to show that the term |yxio + cxr1 + 0] is bounded from above by a power of €.
As before, to get the term yg o+ cxy1 + 0, we rewrite equation (3.3) in the following

form using partial fractions:

%(ak—‘,—l + Diy1 + Crg1)
I —ypp
%(akJrl — b1 + Cry1)
L+ yrt1

Ypt2 + Chp1 + 0 =

+

+O(1— Oy,). (3.25)

To get a bound on the term |yx 2 + g1 + 0] We need to find bounds on the terms
11— yri1| and |1+ ypy1]|o). Using the assumption and the first part of the lemma

that we just proved, we get the following relation:

106, "7 < 10[1 — 0y |20 < 10|yailoo = 10[1 — (1 = g1 oo,
< 10|11 = Yg+1]oo + 10|10,
(using the triangle inequality)
< 10|11 = Yiriloo + 26,70

using (3.4), 10 =2-10- 2|7} < 260 < 9= (1-0)y
o0 k k

So,
1 5 (1-6)
— < —€ : 3.26
’1 - yk+1’oo 4 4§ ( )
Similarly, we get the following inequality:
1 5 (-
Sl (3.27)

<
|1+yk+1|oo 4

Applying the Archimedean absolute value on equation (3.25) and using the triangle
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inequality, we have

|5 ]oo-|@hs1 4 Drs1 + Chtiloo

[Ykt2 + Crr1 + 0loo <
11— Yrt1loo

|%|oo~|ak+1 — b1 + Crt1loo

+ + 1 - 9 009
|1 + yk+1|oo | yk’
1, 1,
< ge,lc 2 ge,i N e, (%)
< 3€) 4+ 3€) + 3¢ = 9€) (%4). (3.28)

In the above chain of inequalities, we used (3.26), (3.27), (3.4) and the assumption

in step (x3). In step (x4) we used the fact that e, < ;% < € since ¢, < 1 and

sufficiently small §.
Note that we have from (3.4) the following inequalities:

1062 < ekt1loo = |(Yks2 + k1 +0) — O(1 + Oyi2)|oos
< Ykt + 1 + Oloo + |1+ Oyrialoo,
< 96 + |1 + Oypraoo

In the above inequalities, we used (3.28) and the triangle inequality. So € < |1 +
OYk 12|00 which implies
er < € < |14 0y i2]oo- (3.29)

Now we use contradiction to prove |1+ 60ygialeo > €xy2. Assume that |14 0ysi2]e0 <

€12, then from (3.29) and the assumption in the beginning of the proof (Archimedean

case), we have

|1 — ka|oo < € < |1 -+ ka+2|oo < €k42- (330)

Therefore, we have

10€g40 < 1Oei+2, (since €19 < 1 and ¢ is sufficiently small)
< [eps1]oos (from €2, definition in (3.4))
= |(Uks2 + crp1 +0) = 0(1 + 0Yrs2)|oo,
< [Yra2 + Crar + Olos + |1+ Oypsofoo,
< 962 + €pyo, (from (3.28) and (3.30))
< 9€2+2 + ei+2 = 1Oei+2.
(from (3.30) and €42 < 1, 0 < 9).
(3.31)
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Note that in the above inequalities we have 10e)_, < 10€j,,, which is a contradiction,
hence |1 4 Oygi2|oo > €xto-
Now we show that |1 — Oyri2|ee > €ri2, starting from the same assumption |1 —

OYr|s < €. From (3.4), we have the following chain of inequalities:

10€), < |ek1 + 2000 = [(Yrr2 + o1 + 0) + 0(1 = 0yji2) |,
< |Yrt2 + g1 + 0l + [1 = Oyryaloo, (triangle inequality)
< 9€2 4+ |1 — Oypio]oe (from (3.28)).

Subtracting 9¢2 from both sides of the above inequality yields
er < € < |1 — 0ypialoo- (3.32)

To prove [1—0yj1 2|00 > €rya, we use contradiction. Assume that |1—0yxi2|e0 < €xr2,
then we have

‘1 — Hyk]OO <€ < ‘1 — 6yk+2|oo < €f42. (333)

From the inequalities in (3.33) and the definition of €, 7, in (3.4), we have

10€g42 < 10€) o,
< ergr + 20| = [(Yrr2 + chyr +0) + 0(1 — Oyri2)| oo,
< Yrt2 + a1 + 0loo + |1 — OYrialoo,
< 962 + €12,

p) 5 5
< 9€p49 + o = 1065 5.

In the above inequalities we have a contradiction, since it shows that 10€),, <
10€i+2. Hence, |1 — Oygioloo > €rio. By symmetry, had we considered the case
[Uk—1]00 = |1 — Oys ;fl“”, then we would have obtained |1+ 0yx_2|so > €x_2. There-

fore, the proof is completed for this lemma. O

We explored in the above lemma and its proof how far or close the iterates of equation
(3.3) are to the singularities £1 of the equation, given that ¢, # 0, £2. Note that the
terms used to describe the distance here (far, close) are with respect to the fixed absolute
value under consideration and with respect to ¢,,. Now we focus on the main result of this
section which is a consequence of Theorem 3.1.1 below. The main result of this section
is to show that if ¢, is not identically 0 or 42, then equation (3.3) is not a candidate for
Diophantine integrability given that it has an admissible solution. We state and prove

Theorem 3.1.1 next where we use Lemma 3.1.1 in the proof.
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Theorem 3.1.1. Let (y,) C Q\{—1,1} be an admissible solution of the equation (3.3):

an + bnYn + cny?
1—y2

Yn+1l T Yn—1 =

Y

where ay, b, and c, are rational functions of n with ¢, # 0 or £2 Vn and the right hand
side of (3.3) is irreducible ¥n. There exists an integer ro such that ¥r > ro and for any
1< F<2andD >0, then h,(y,) > F"D for sufficiently large r unless ¢, is identically
0 or £2 Vn.

Proof We defined ¢, for all n > K to be as in (3.4) and # = 1 or —1, where we choose
an integer ro > K.

Since we are concerned with the behaviour of the solution ¥, near the Singularities
Tl T

for a fixed absolute value. Once we get this upper bound, we could sum

+1, we start by finding an upper bound for the expression »_,_ To(log
log™ ;)
over all the p-adic and Archimedean absolute values Vp < oo for both sides of the
inequality. Then in the left hand side of the inequality h,(y,) appears and we attain
our result given in the statement of the theorem when r — oo.

First we define four sets of points (for a fixed absolute value |.|,) b

Ai(r) ={nlro <n <rand|l —yu|, < €.},
Ay(r) = {n|ro <n <rand |l —y,|, > €.},
As(r) = {n|ro <n <rand|l+y,|, < e},
Ay(r) = {njro <n <rand |1+ yu|, > €.} (3.34)

We estimate the above expression on the four sets of points defined in (3.34). There-

fore,

T

1 1
logm ———— +log™ —)
Z ( 11— yilp 11+ yklp

k=ro
:,;mlog |1—yk|p+,;1°g |1+ k\p
B = 2,
1
+Z Sl k\ﬁk; o T

(3.35)
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For the two sets Ay(r) and Ay(r), since log™ |1i - = 0 for any |1+ yn|, > 1, the

only terms left to be considered in these sets are when €, < |1 £ y,|, < 1. Hence,

Z log™ |1_ Z 1og+|1—yk|

keAs(r) Yk |p k€A (r)
< Y gt = Y log ()
kGAz (r) keAs(r)
_ 5 Y logt (np max{|2)", |ax £ b + el Belps [kl
keAa(r)
1 1
B Jars1 £ bryr + crplp, 5 Jak—1 £ bp—1 + cr—1lp,
p p
ekl s lersly s v £201 e £ 2|;;1})7
1 _ _
<= > logt(mymax{[2],", ..., |er—1 £2[,'})
k=ro
1 +
< S(T —ro+1)log™ K,

IR _ -
+ 5 Z max{log™ 2|1, log™ |a), £ by + ci |,

k=ro

Slogt ey £ 2|1;1},

IN

1 1 )
5(7"—7“04—1)10g+/<p+5(7’—7"0+1)10g+|2]p1

2 N 1< N .
+ 5(r=ro+1)log ’1/2’p—|—52(log lag % by + cxl;

k=ro

+ - +logt |epy £ 2\;1>,

1 1
< g(r — 71+ 1)log" k) + S(T — 719+ 1)log™ |2[;1
2 1 r+1
+ 5(7” — T + 1) log+ |1/2|p + Skz 1 <10g+ |ak + bk + Ck|;1
=rog—

+ o+ logt epy = 2\;1>.
(3.36)

Here we have used (3.4) and the fact that the maximum of a set of non-negative

elements is less than or equal to the sum of all the elements in that set. Similarly,
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we have the following inequality:

1 1 1
Z log™ TR < S(r —ro+ 1) log" K, + S(T — 79+ 1) log* |2|;1
ke A (r) T+ il
9 1 r+1
+ 5(7’ —ro+1)log® |1/2], + 5 kZ 1(log+ lag £ by + Ck|;1
=ro—

+ -+ logt ey 20,1,
(3.37)

It is crucial in the proof of this theorem to prove that A;(r) N Az(r) = . We
show this for the absolute value |.|, where p < co. Given |1 — y,|, < €, and since

2=(1-1vy,) + (14 y,), then for the Archimedean absolute value (p = oc) we have

Subtracting €, from both sides of the inequality above we have 2 — €, < |1 + ¥n|co-
Since we have €, < 1 from (3.4) then we have 2¢, < 2 which yields

2¢, — €, < 2— €, < |1+ Yn|oo-

Hence, €, < |1 4+ yn|oo. Therefore, for any n € A;(r) we have n ¢ As(r) in the
Archimedean case, so we avoid double counting of points n in the inequality (3.35).
Now for the non-Archimedean case where (p < 0o) we show that we do not have
double counting of points, basically for the following reason. If |1 —y,|, < €, where

p < 00, then using (3.4) we have
Ei < 2], < max{|1 — ynlp, [1 + Ynlp}-
If we have |1 — y,|, > |1 4 yu|p, then this implies that the above inequality is

e, < max{|1 — Ynlps 11+ Ynlp} = |1 — ynlp < €n.
(3.38)
This is a contradiction since €, < €. Therefore, |1 + y,|, > |1 — y,|, and the
maximum is |1 +y,|,. Hence, €, < €5 < |1+ y,|,- This implies that we avoid double
counting in the inequality (3.35). Consequently, Vp < oo we do not have points in
both sets A;(r) and Az(r) at the same time, i.e. A;(r)N As(r) = 0. Define o, = —1
or 1, depending on the location of n in the set A;(r) such that if |1 — y,|, < €,
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then |Ynio,lp > W, (proved in Lemma 3.1.1). Also define 0, = —1 or 1,
depending on the location of m in the set As(r), so that if |1 + y,,|, < €, then
Yt lp = W also from Lemma 3.1.1. Note that for each n € A;(r) we
have n + 0, # m + 7, Ym € A;(r) since the distance between any small terms
|1 — Oyn|p < €, (for 8 = —1 or 1) is more than 2 steps (Lemma 3.1.1). This implies
{n+oun € Ai(r)} N{m+7,,/m € Az(r)} = 0. Therefore, we will not have double

counting of points in the expression defined in (3.35). Now we have

T PR (i

kJEAl (r) keAq(

_ + —(1-4) +
=7 _5 > logt 1 -y, < : _5 > 10g" [Yktoulp-
k€A1 (r) keAi(r)

y|p

(3.39)

We used in the inequality above the result from Lemma 3.1.1. Similarly, we have

lo log™ (|1 + | =% ﬁ,
> o= 2 o)

k:EAs (r) keAs(r)

1
_ + —(1-6 -
= 1_5 E log™ 1+ yel, *7 < 1—s E 10g™ [Yr-+5y |p-
ke A (r) keAs(r)

(3.40)

Therefore, adding the inequalities in (3.39) and (3.40), we get the relation below:

Z log™® |1_

+ log™
Z & |1+yk|p

keAl) Yely ke As(
S ( Z 10g |yk+0k|p Z log |yk+0'k )
keAq(r) keAs(r)
r—+1
S (5 Z 10g |yk|pa (3'41)
k=ro—1

since we do not have double counting of points. Now we have from (3.35) and the

previous calculations in (3.36),(3.37) and (3.41) the following inequality. For a fixed
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absolute value |.|, (p < 00), we have

r

> (1og+

k=ro

T o ) S 50
2 4 .
+5(T—T0+1)10g+‘2’p —l—g(r—ro—i-l)log 11/2|,
9 r+1
+5 Z <log+|ak:l:bk+ck|p+---+210g+|ck:|:2|;1>

k=rg—1
r—+1

+
+ s D log" [yl (3.42)
k=ro—1
To get the height, we sum over all the primes (p < oo) in (3.42) which yields

" 1 ! 1 2
h h < —(r — 1) log 10
3 (1—%)*2 (Hyk)_w ro+ 1) log

k=ro k=rg

2 4
+ 5(7"—7"0+1)10g2+5(7’—7’0—|—1)10g2

2 r+1 1 r+1
g Z (2h(ak + b, + Ck) + -+ 2h(ck + 2)) + m h(yk),
k=ro—1 k=ro—1
6 2
= 5(7" —ro+1)log2 + 5(7’—7"0 +1)log 10
9 r+1 1 r+1
+ S (2h(ak + bk + Ck) + -+ 2h(ck + 2)) + m h(yk)
k=ro—1 k=ro—1

(3.43)

Note that we have from the height properties (given in Chapter 2) the following

inequalities:

1
- k

and

h(ye) = h(Oyr) = h(1 — (1 = Oy;,)) < k(1) + h(1 — Oy;,) + log 2,

=h(l1-20 +1()2—h —|—1() 2.
( ylc) g ( 1 ka ) g
The above inequalities imply
h ! — h(yr)| <log2 (3.44)
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where § = 1 or —1. Using (3.44) result and using the notation for the summed

logarithmic height ) h(wx) = hy(y) in (3.43), we get

Z(h( —log2) —I—Z —log2) < 9(7’—7“0+1)10g2
)
k=rg k=ro
2 2
+ 5(7’ — 1o+ 1)log 10 + g(zhr—l-l(ak +br+ )+ o+ 2h (e £ 2))

2
+ 5 <2h(ar0_1 + b1+ Crg—1) + -+ 2h(cr—1 = 2))

1 1
+ —h(yrg—1) + T(;hrﬂ(yk)'

1-96 1
So
2h(yr) — 2(r — g+ 1)log 2 < g(r —1r9+1)log2 + %(T — 19+ 1)log 10
+ §<2hr+1(ak +br+ck)+ -+ 2k (o £ 2))
+ §<2h(am_1 by 1 4 Crg1) + -+ 2h(ry1 £ 2))
1) + e ) (3.45)

Simplifying the inequality in (3.45), we have

he(yx) < (1 + g) (r—ro+1)log2+ %(T—TQ + 1) log 10

1
+ = <2hr+1(ak + bk + Ck) + -+ 2hr+1(ck + 2))

o
1
+ S <2h((lr0_1 + bro—l + Cro—l) + 4 2h(cro_1 + 2))
1 1
+ 2(1 — 5>h(y7’0—1> + mhr—i-l(yk)- (3.46)

For an admissible solution y; of the equation (3.3), where max{h,(ax), h,(b),
he(ck),r} = o(h.(yx)), the inequality in (3.46) becomes

hri(y) 2 2(1 = 8)he-(yr) + o(hrt1(yr))-
Using the shift » — r — 1 in the above inequality, we have
he(yx) > 2(1 = 6)he—1(yx) + o(he (y)- (3.47)

Any function R, = o(h,(yx)) satisfies the following inequality for any fixed v > 0,
there exists ry such that |R,|e < v - |h(yx)|oo holds for all r > ry. Using this fact
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in (3.47) and applying this recurrence relation repeatedly, we get

o) > (M)D (3.43)

1+v

2(1-9)
1+v
the summed logarithmic height of an admissible solution for the equation (3.3) is

Here D > 0, and for sufficiently small §,v, 1 < F = < 2. Consequently,

bounded from below by an increasing exponential function. This implies that it is
increasing exponentially unless ¢ is identically 0 or £2, which proves the theorem.
O

The above theorem implies that equation

an + buYn + cny?
1—y2

Yn+1 + Yn—1 =

Y

is not a candidate for Diophantine integrability if it has at least one admissible solution
unless ¢, is identically 0 or £2. Hence, we have 3 cases to examine to investigate the
Diophantine integrability of the above equation. In the next sections, we consider these 3
cases where ¢, = 0 or ¢, = +2 for all n. We find sub-cases that reduce our equation to a
discrete analogue of Painlevé I equation or where y,, solves a difference Riccati equation

or h,(y,) grows fast with r.

3.2 Diophantine integrability analysis of

an+bnyn

equation Yni1 + Yp—1 = 1—y2

Now we consider the case in which ¢, vanishes identically i.e.

an, + bpyn

3.49
o (3.49)

Ynt1l T Yn—1 =
where the right hand side of (3.49) is irreducible for all n. The strategy in this section is
to show that there is a number 7 < 2 such that for each absolute value |.|, (Vp < 00) on
Q and for all r > rg,

r 1 1 r+1
log" ———— +1log™ —) <7 log™ |Ynlp- (3.50)
nz;o( 1= Ynlp 11+ Ynlp nz;o g

We can then sum this inequality over all absolute values to show that the summed loga-

rithmic height grows exponentially. Before we proceed to apply our strategy we set the
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assumptions and definitions that are used throughout this section. Note that the func-
tions a,, b, are not equal to zero Vn, otherwise the right hand side of (3.49) is reducible,
contradicting our assumption. We define an integer K such that it is greater than all
the zeros and poles of a,, b, and their linear combinations a,, + b,, *a, + b, — 2b,.1,
+a, + b, — 2b,—1 and a, £ b, + (*a,_2 + by_o — 2b,_1) (if there are any). If these ratio-
nal functions have no zeros and no poles, then K could be any integer. We introduce a
quantity €, that is used to measure the distance (in terms of a fixed absolute value |.|,
where p < c0) between the iterate y, and the singularities £1 and also to measure the
size of the iterate y,. We introduce a definition for ¢, where we take the maximum of a
set of elements when they are all finite values for all n. If any of these elements is oo for
all n, then we remove it from the set and take the maximum of all the remaining finite
elements. For a fixed absolute value, we define €.° for all n > K where ¢ is a sufficiently

small real number (0 < 0) as follows:

" = rymaxc{ 120" 11/2]y - lan = buly, [1/21" - an £ bl Jansalps lous
tntlps Bt lps [1/2]p + lamsz 2 bl [1/2]p - lan—2 % ol
| £ an + by = 2bni1]p, | £ an + by — 2651y, an £ b, ]!
| £ an + by — 2bpa |, | £ an + by — 261 | [an % by,
1/205  [an T bo T (an s + by_o — 2bn,l)\;1}.
(3.51)

For the non-Archimedean absolute value, x, = 1, and for the Archimedean absolute value,
kp = 10. It is evident from the definition that €, <1 when p < co and p # 2, while ¢, < 1
when p = oo or p = 2. Now we are ready to execute our strategy. For a fixed absolute

value |.|, and r > ro where ry > K, define the sets

AfF={n:ry<n<rand |l Fy,, <e} and
Bf ={n:ro<n<rande, <|lFy.l, <1}.

The points of Al will be called 1 points (since y,, is close to 1 with respect to the absolute
value) and the points of A will be called —1 points. Recall from the proof of Theorem
3.1.1 (where in this part of the proof we did not use the assumption ¢, # 0, so it is still
valid here) that if |1 —0y,|, < €, for # = 1 or —1 then |14 0y,|, > €,. Hence A NA~ = 0.
Clearly

T

1
> (e iy

n=ro n |p

1
+ log* §jlo +§ logt ——— + @,
° H+%&) g\l—%u 2 T,

'r‘
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where

Z log™

neB;T

1
+ logt" ————.
= 2 e

Using the same argument as in the previous section, we see that the admissibility of y,
implies that 3 _ @, is bounded from above by o(hy41(ys))-

In order to bound

Z log™

neA;y

‘1_yn|p + Ynlp

1
_l’_
Y gt
neA,
by a multiple of ZTH log™ |ynl,, we construct a number of disjoint subintervals containing
only 1 points, -1 points and points where vy, is sufficiently large to make a significant
contribution to the right hand side of the inequality (3.50). These subintervals are called

oscillating sequences.

Definition 3.2.1. Suppose that |1 — Oyi|, < €, for some k € Z and § =1 or 6 =

—1. Then the oscillating sequence S containing k is the longest interval in Z (possibly

unbounded) satisfying the following conditions.
1 Ifk+2l €8 then |1 — (=1)"0yrralp < exrar;

2. If{k+20— 1,k + 2} €8, then |yerai-1lp > |1 — (—=1)'Oyrsalp "™ and

3. If {k+20k+2l+1} €S, then |yproily > |1 — (—1) Oyppalp 7

Recall from the proof of Lemma 3.1.1 that if |1 — 0y,|, < €, then either |y,41], >
I1— Gyn\;(l_d) or |Yn—1lp > |1 — Hyn|;;(1_6) (where for this part of the proof we did not use
the assumption ¢, # 0, so it is still valid here). This implies that every £1 point lies in
an oscillating sequence containing at least two elements. For a fixed oscillating sequence

S and r > ry, we will now obtain a suitable upper bound for
1 1
— Z log* Tl (3.52)

log™
ne;:/ﬁ 1= tnly €SNA; * Ynlp

Case 1: Let m+1 be the total number of 1 points and -1 points in SN [ry, 7] and assume
that m > 2. Let I be the shortest subinterval of S N [rg,r| containing these +1 points.
Let k be the first term in I, so that |1 — Oy,|, < € for some choice of § = —1 or 1.
Then I = {k,k+1,...,k+2m} and contains exactly m points on which y, is big in the
following sense:

Wierilp = 11— 0yl 070 yiramaily = 11— (—1)™0ykiaml,
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and

(o lp > max{[1—(=1)'Oyrarl, =0 1= (1) Oypyao], V), =1, m=2.

Hence

Z log™ ‘1_yn’p Z log™ |1+yn

neSNA;T €SNA;,

1
= log™
2_: & 11— (=1 Oypralp

m m—1
Ziog 1 —|—Zm_l10g+ 1

v

=1 m |1 a _1)19yk+2l|p 1=0 m |1 - (_1)19yk'+21|p
m—1 m—1
log™ + log™
; m — (=) 0ynra12lp ; m 11— (—1)"0ypsal,
m—1
1 [+1 m —1
1 +
S ( - ) 08" |Yrta1+1lp
1=0
m—1
m+ 1 m+ 1
1—o)m lz:; 08" [Yr+ar+1lp 1 —0)m eszm[: ] 08" |Ynlp
n T0,T

3
<2 log*
< 39 > log" [ynly,

neSN[ro,r]

where the last inequality follows from m > 2.

Case 2: There are exactly two +1 points in S N [rg,r]. Define k such that these points
are k and k + 2. That is, for some choice of § = £1, we have |1 — Oy;|, < € and
|1+ 0yiia|p < €r+2. We now use the following corollary of Theorem 1.4.2. We will prove
Theorem 1.4.2 and this corollary at the end of this section.

Corollary 3.2.1. For a fized absolute value |.|, (Vp < o0) let k —1 > K be such that
11— 0ykl, < ex, |Yk—1lp < |1—0yxlp V2 ond |1+ 0ygia|p < €xt2 where @ =1 or —1. Assume
that |ax — Obx — 0(Ba_o + be_s — 2b5—1)|p Z 0, then |ypyslp > |1+ Oypsaly

Hence if |aj — 0by — H(Gak 9 + br—2 — 2bk_1)|, # 0, then either |yx_1], > |1 — Oyi|p 1/2

or |Yktslp > |1+ 9yk+2|; . This says that, even if neither £ — 1 nor k+ 3 is in .S, at least
one of yx_1 or yri3 has to be moderately large. Without loss of generality, we assume
that |y al, > [1 = Oyely .
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We have

+ Zlog ‘1+ T

nesSnA; |1 B yn|p €SNA; nip
1
log +logm ———,
11— Oyglp 11+ Oyiralp
1 1 1
=nlogt ————— + (1 —-n)logt ————— +logt ————,
|1_9yk|p |1_‘9 k|p |1+‘9?Jk+2|p

1—n 1
< 2nlog™ |yk:—1|p+1 5108; |Ykt1]p + 5108; Ykt |ps

Ui
1og™ [Yr1p- (3.53)

2 —

This calculation shows that for n > 0, we can reduce the coefficient of log™ |yx11], by
introducing a contribution from y;_;. If K — 1 € S, this is not problematic and we would

have an upper bound for (3.53) of the form

max <3_TZ’ 277) ZlogJr [Ynp-
nes
However, if Kk —1 ¢ S then we need to be careful because we will later sum our estimates
for (3.52) over all oscillating sequences. When we do this we might need to “share” the
term k—1 with another oscillating sequence, in which case it will appear twice in the upper
bound and we will need to sum the contributions. Note that the term k£ — 1 here cannot
be part of a subinterval I of the type considered in case 1 above as such subintervals of
oscillating sequences have only +1 points as endpoints. There could, however, be two
adjacent oscillating sequences S; and Sy both of the type considered in the present case
(case 2) that need to share the contribution from yj_;. If so, then summing over the

contributions for both oscillating sequences would give the upper bound

— 2-1
1—9¢ log™ |yk—slp + 4nlog™ |ye—1l, + —s log™ [yk+1lp

which, in turn, is bounded from above by
2 k+1
max (1—_5,477) ng?)logJr |Ynp-

Note that & — 1 could also be part of an oscillating sequence of the type we are about to

consider in case 3.

Case 3: There is exactly one k1 € S N [rg,7] such that |1 — Oy, |, < €, for § = —
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or 1. Since S has at least two points, we know that either |yz, 1], > |1 — Oy, |;(1_5) or
5)

[Uki+1lp > |1 — Oy, lp (=9 " Without loss of generality, we assume the latter. Note that

since k; € SN [rg,r], then ky +1 € SN [rg,r+ 1].

Now
log* — 1 logt — 1+ —Jogt— L < log*
Z og |1_ | + Z 0og |1+ | = log |1—9 | = 1_5 0og |yk1+1|p‘
neSNAT Ynlp neESNA; Ynlp Yhalp

It is conceivable that ky + 1 is adjacent to, or part of, a sequence of the type considered
in case 2 in such a way that it plays the role of £k — 1 in the analysis above of that case.
In other words, summing over the contributions of these two oscillating sequences in the
left side of (3.50) leads to a term of the form

1
<ﬁ + 277) log™ [yk, 411,

on the right hand side.
We have now considered all possible oscillating sequences under the assumption that
both |ak — bk — (ak_g + bk—Z — Qbk_1)|p 7& 0 and |a;g + bk + (—ak_g + bk_g - Qbk_1)|p 7é 0

for all £ > K. Combining our results, we have

T 1 1 r+1
b@————+b€————)§7 10g™ [Yn]p + P,
nz;o< 11— ynlp |1+ Ynlp nz;o g

where 5 5 .
—n
= on.dn, —— +2n ).

In particular, choosing n = 3/8 and § sufficiently small, we have

_3 + ! <2
i1 T
Since ) ., @, is bounded from above by a small expression (i.e. o(h,11(ys))), we see

that h,(y) grows exponentially with r. Hence,

he(yn) < 5hesa(yn) + 0(hei1(yn)), (3.54)

-
2
If at least one of the above assumptions do not hold, then we could have oscillating

sequences which are called special oscillating sequences. We have two forms of these

sequences depending on which quantity vanishes.

Definition 3.2.2. The special oscillating sequence S, starting with k is S, = {k,k+1, k+
2}. It is an oscillating sequence of length 3 starting with k in Z such that |1 — Oy, < €,



CHAPTER 3. DIOPHANTINE INTEGRABILITY 29

|Yp+1lp > max {|1 — ka|;(1_5), |1+ 0yk+2|;(1_5)} and |1 + 0ypia|p, < €pyo. Also, we have

lktlp < |1 = Oyl and |ypisly < |1+ Oypsaly 2.

We need to understand from where the definition of special oscillating sequences
emerged. It means that we need to examine closely the size of the first three iterates
{Yk+1, Ukr2, Yk} of equation (3.49). The term size is used here with respect to the quan-
tity €, (3.51) we are using and to the absolute value under consideration. Recall Theorem

1.4.2 where this examination is illustrated and in the discussion which follows the theorem.

Theorem 1.4.2. Let (y,)"23 | c Q\ {1, 1} satisfy

an + bpyn

Ynt1l T Yno1 = — 2

where k is sufficiently large and the right hand side of (3.49) is irreducible. Assume that
for a fized absolute value |.|, (Vp < 00) we have |yg_1], < |1 — Hyk|;1/2 for 0 =1 or —1.

Furthermore, for sufficiently small &, if |1 — Oyg|, < €, with €.° defined by (3.51), then

1. Ypy1 = 26(”1“4_—22"5) + Ay, where |Agl, < |1 — Gyk];1/2 for non-Archimedean absolute
— Oyg
value and [Ayl, < 1 - |1 — 0yk|;1/2 for Archimedean absolute value.

0 b — 2b
2. Ypyo = —0+ < < ;zi_k—kl—ﬁbk k“) (1 —0yy) + By,

where |Bg|, < |1 — Oy 312750 for non-Archimedean absolute value and | Bi|p, <

1,

2

|1 — Oy ?,/2_56 for Archimedean absolute value.

(ak+2 — Qbk+2 — H(Gak + bk — 2bk+1))
2(1 + Oyp2)

where |Cyl, < |1+ 0yk+2|;(2/3+25) for non-Archimedean absolute value and |Cl, <

2’1 + ka+2|;(2/3+25

+ Cy

3. Ypyz =

) for Archimedean absolute value.

Intuitively speaking, Theorem 1.4.2 shows that for a fixed absolute value |.|, (Vp < 00),
if we start with an iterate close to 0, |1 — Oyi|, < €; where |yp_1], < |1 — Hyk|;1/2.
Then the first iterate is big |yg41|, and the second is small (close to —6). The terms
close, small and big are used with respect to the absolute value under consideration
and the definition of ¢,° we are using. The size of the third iterate |y;,3|, depends on if
|an,—0b,—0(0a,_2+4b,_2—2b,_1)|, is equivalent to zero or not. In Corollary 3.2.1 above, we
showed that if |a,, —6b, —0(0a,—o+b,—2—2b,_1)|, #Z 0, then |yxi3|, > \1+9yk+2\;1/2, hence
|Yk+3lp s moderately big. The converse of this argument is if |yxisl, < |1+ Oysi2lp 2
then |a,, — 0b, — 0(0a,_s + b2 — 2b,—1)|, = 0. This leads us to a special oscillating

sequence definition, defined formally earlier.
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Recall that the inequality in (3.54) implies the exponential growth of the summed
logarithmic height of an admissible solution g, that has only oscillating sequences that
are not special. A necessary condition to avoid this exponential growth is by having an
admissible solution g, that has infinitely many special oscillating sequences. Theorem
1.4.2 and Corollary 3.2.1 imply that to get a special oscillating sequence we need the
following relation between the coefficients of equation (3.49) to hold for all k > K, |a; —
Oby, — 0(Oak—_o + by_o — 2by_1)|, = 0, for § = —1 or 1. Consequently, we have two forms
of special oscillating sequences, depending on the value of 6. If we have infinitely many
special oscillating sequences of both forms, then this reduces equation (3.49) to a discrete

analogue of the second Painlevé equation d-Pyy,

ak + B)yr + A
Yet1 + Yp—1 = ( )y; )

where o, 3 and A are constants. Equation d-Pj; is a known integrable equation as given
in the references in section 1.2.

If yx has infinitely many special oscillating sequences of one of the forms rather than
the other, then there is a possibility that the admissible solution y; of equation (3.49)
solves a difference Riccati equation. The rest of this section is devoted to the discussion
of this case.

For a fixed value of 8, we assume that we have infinitely many special oscillating sequences
of the form: |1 — OQy,|, < €n, |Ynt1lp > max{|l — 0yl 11+ Oypiolp ) and |1+
OYni2lp < €ny2 Vp < 0o and n > K. Simply it means we have infinitely many special
oscillating sequences for all n > K such that an admissible solution of (3.49) is close
to 8, co and —# respectively, where the term close is with respect to the absolute value
l.|, Vp < oo under consideration. Also, we assume that there is no special oscillating
sequences such that the solution is close to —6, co and 6 respectively. For the rest of this
chapter when we refer to special oscillating sequences we mean those sequences of the

form: 6, co, —f. We define a rational function f, in n by

where § = —1 or 1. If we solve (3.55) for y,,1 or make a shift n — n— 1, then solve (3.55)

for y,,_1, we get
fn + Yn Yn — fn—l

Using the above expressions for y, 1 and y, 1 in (3.49) and simplifying, we get

- (fn - fn71> + (2+‘9fn+efnfl>yn o an+bnyn
Yn+1l T Yn—-1 = 1= = =2
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Hence
(bn —-2- an - efn—l)yn = fn - fn—l — Qp. (356)

Itb,—2-6f,—0f,_1 =0, Vn, then this implies f, — f,_1 — a, = 0, Vn. Solving these

two equations together to get f,, we have

1

Jo 20

(Oa,, + b, — 2).

Since the expression of f,, is in terms of the coefficients of equation (3.49), the summed log-
arithmic height h,.(f,) is a slow growing function with respect to h,.(y,) for an admissible

solution y, of (3.49). This leads us to a difference Riccati equation of the form

i = , 3.57
Yn+1 1— 0y, ( )
where y,, solves both (3.49) and the above difference Riccati equation.
Now if b, —2 —0f, —0f,_1 # 0, Vn, then from (3.56) we have

Un fn_fnfl_an (358)

T by —2—0f —0fu

Note that we take n to be greater than all the zeros of the rational function b, —2 —60f, —
0 f,—1. Taking the height of both sides of (3.58) and using some of the height properties

yields
_ fn_fnfl_a"
h(yn>_h(bn—2—9fn—9fn—1)7
1
gh(fn—fn—l—an)‘l'h(b —2—0f —9f1)’

= h(fn - fnfl - an) + h(bn —2— efn - efnfl)a
< 2h(fn) + 20(fn-1) + h(an) + h(bn) + log 24.

Taking Z:L:ro for both sides of the inequality above and using the fact that h(f,) is a

non-decreasing function of n, we have
he(yn) < 4hei1(fn) + he(an) + he(by) 4+ (r — 19 + 1) log 24. (3.59)

The inequality in (3.59) shows that h,(y,) is bounded from above by h,;1(f,) for an
admissible solution y,. Recall that for an admissible solution y, of (3.49), h,(a,) and
hy-(by,) are growing slower than h,.(y,). If h..1(f,) grows much slower than A, 5(y,), then
we show it leads to a fast growth of h,.(y,) with r. Before we proceed to investigate the

relation between h, 2(y,) and h,1(f,), we need to prove Lemma 3.2.1 that we use later
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in our argument. We use this lemma to show the fast growth of h,(y,) with r later.
Clearly if a non-decreasing sequence of positive numbers (w,,) satisfies w, s > aw, Vn,
where s > 0 and o > 1, then w, grows exponentially. Lemma 3.2.1 says that if (w,)
satisfies the inequality on a sufficiently large set (which has infinite discrete logarithmic

measure), then w, still grows very fast.

Lemma 3.2.1. Let (wy)n>n, (R0 > 0) be a non-decreasing sequence of positive numbers.

For a fixed real number o > 1 and a fized positive integer s we define
F={n>ng: wpys > aw,}. (3.60)

If F' has infinite discrete logarithmic measure, i.e.

1
T

neF

then
log log w,

lim sup > 1. (3.61)

r—00 log r

Proof Define a sequence (r,) using induction as follows. Let ry = min(F') and for all

n > 0, define r, = min(F N [r,_1 + s,00)). Hence, 7,41 > 1, + s and
F CUXylrn, ra + 8]

This yields w,, , > w,,+s > aw,, for all n > 0. Iterating this relation recursively
yields
Wy, > a"wy,. (3.62)

We use the notation |z] to denote the integer part of x in the following chain of

inequalities. Assume that there is a constant € > 0 and an integer m > 1 such that
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rn > n'Te for all n > m. Then there is a constant E such that

1+EJ+8
Z < FE+ Z Z (bounded from above by the Riemann integral)
jEF n=m k= Ln1+5J

=) gy
< FE+ Z / —, (since 1 is a decreasing function in (0, 00))

< E+ Z ((s+ 2)n~ 1+ 4 O(n_2(1+€))) < 00.

n=m

But this is a contradiction to our assumption that /' has infinite discrete logarithmic

measure. Therefore, there exists a subsequence (r,,,) such that r,, < n,**

k > 0. From (3.62) we have

for all

Wy, > Q"Fw,,.

"k

Hence,

lim sup —log log w lim sup —log log wr,,
00 logr k—o0 logry,
n
> Tim sup log log o™ w,,

7
k—00 logn, ™

log (ny. log a + log wy, )
= lim sup
k00 (1+¢)logny
1
14¢

>

Since € > 0 is arbitrary small number, this proves the lemma. O

Now we investigate the relation between h,.1(f,) and h,, o(y,) where we use the
definition of f, in (3.55). Adding and subtracting € to the right hand side of (3.55) and
simplifying yields

fo+0=0(1-0y,)(1+0y,1). (3.63)

For every prime p < oo, we define a set C}, C Z such that it consists of all the big terms in

special oscillating sequences i.e. the terms ocos in the form: 6, co, —f. For a fixed prime
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p and for some rq > 0 where r > ry we have

- 1 - 1 - 1
logt ——  — logt —— + logt ——
Z o8 | fo + 0], Z o8 | fo + 0], Z o8 | fn 40,

n=rq

n=mro n=mro
n€Cp n+1€eC)
a 1
+ logt ———. (3.64)
2 | o+ 0
n=ro

ngCpandn+1¢C),

In the above inequality we simply split the interval [rg,r| into points that are in special

oscillating sequences (where n, n + 1 € C},) and points in any other oscillating sequence

1-6

that is not special. Note that for n € C,, we have |1 + 9yn+1];( ) < |Yn|p- Therefore,

for n € C), we have

1 1 1
logt ———— = log™ <log™ |1 — Oyt - lynlp~?,
‘fn""g’p ‘1 _eyn’p"l"i‘eynﬂ‘p P g
=1 + 1—-60 -1 % =1 + 1-6 -1 %
= log" | Ynlp ™ Unlp'™" =log™ | Ynlp  |Ynlp - [Unlp ™,
< log™ |y, + log™ |—2%—| .
< 751087 [Ynlp +log 0y,

Since |yn|, is big, it is away from 0 and —6. If p < oo, then |y,|, = |0 — (1 — 0y,.)|, <

max{1, |1 — 0y,|,} = |1 — Oy,|,, since |y,|, > 1. Hence, the term log™ %, | vanishes.
n p
For p = oo we have the following relation €,%, < 6;&_5) < |1+ 6’yn+1|;o(1_5) < HYnloo <

1
= —9
‘oo €n+1_1

1 4+ |1 — Oy,|e which yields e;jil —1 < |1 — 0y,|e- Consequently, \1—9;
Starting with |y,|ee < 1+ |1 — 0y,|e then dividing both sides by |1 — 0y,|~ implies

Iggy'joo < |1,92n|oo +1< e;ill—l + 1. Therefore, ‘lfgy"‘oo < i—l—l = % since 5 < e;jﬁl.
This implies
Z i log™® ! < 0 he(yn) + V(r —ro + 1), (3.65)
|fn + 0|P —1-0
p<oo n=ro
n e Cp
where V' = log %. Similarly,
SO0 e < ) VD) (3.66)
|fn + 0|P —1-9
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Summing over all p < oo in (3.64) and using (3.63), (3.65) and (3.66) yields

< 20
fnt+0 1—-9¢

h(f) — (r— 7o+ 1)log2 < h, < Brsa(yn) + 2V — 70 + 1)

r

1 - 1
21 2 10g+y1—9yn|p+ 2. 10g+|1+

p<oo S S OYn+1lp
n+1¢€Cp néCp
Therefore,
20
hr(fn) S T{Shr+l (yn) + (T — 7o + 1)(10g 2 + QV) + Br—i—la (367)
where

T

1 ! 1
B, = logt ——— logt —— . 3.68
2 2 gt X e g (3.68)

n=ro n=rg
n+1¢€Cp n—1¢Cy

Recall in our previous analysis of oscillating sequences that are not special we have the

following result implied by (3.54),

r+1

B, <ty > log" |yaly + Ro. (3.69)

P00 y — g

ngCp

Recall that 7 < 2 and R, is an expression that involves the summed logarithmic heights
of the coefficients a,, and b,,. Applying the shift » — 741 in (3.67) and (3.69), then using
the result in (3.59) yields

35 r+3 N
he(yn) < 75 hrra(yn) + 47 > log" [ymlp + Rrve, (3.70)
p<oo n=ro

ngCp

where R, 5 = o(h,12(y,)). If we could compare the expression D p<oo Zr:i " log™ ynl,

n¢&Cp
to hy41(y,) such that it is smaller than a suitable constant ¢ times h,,1(y,) in a big set of

positive integers, then we show that h,.(y,) grows very fast with . We construct another

inequality that has B, and consequently, the expression Zp s ZTH

n=rmT

J’_ .
. log [Ynlp. If in
n¢&Cp
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this constructed inequality, ZP<OO ZTH

n=rg
ngCp
hr+1(y,) in a big set of positive integers, then we show that this also leads to a very fast

log™ |yal|, is bounded from below by c times

growth of h,(y,) with r. We use Lemma 3.2.1 to show the above result. Now we consider

the following inequality

1
log™ +log+—}
ZZ{ |1_yn|p 1T+ Yulp

p<oo n=rg

: 1 : 1
< logm ——— + logF —— % + B,.
p;o Z |1 - gynlp Z ‘1 +eyn|l>
> n=rg n=TrTo
n+1eC) n—1e€C)p

Recall that if n +1 € C, (or n —1 € Cp), then |y,i1|, > |1 — Oynlp " (or |Yn—1]p >
1+ Oy,|, "), Using this fact and (3.69) we have

)
ZZ{log | + log TSN

p<oo n=ro
r+l r+1
= 1—(5Z D log ulp 7D > log” yalyp + Br
p<oo n=ro p<oo n=ro
n€Cp ngCp
r+1 r+1
Sy DD IR TUTIEE) D SR A
p<loo n=ro p<oo n=ro
TZECp nng
r+l r+1
v D IR DD DR IR
p<oo oy P<o0 1y =y
ngCp néC,
2 r+1
"1 —5h’“+1<y"> - (— —T) Z Z log™ [ynlp + R (3.71)
PO =gy
ngCp

This implies that

9 r+1
) < oghaln) < (g =) X3 gl B 67

PLO0 = gy

n¢gCp

where R, = o(h(y,)). Considering the two inequalities in (3.70) and (3.72), we have two
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cases to consider depending on whether the expression > _ ZTH log™ |ynl, is very

n=rg
ngCp
small compared to h,;1(y,) on a large set or not. We use Lemma 3.2.1 to prove that in

both cases h,.(y,) grows very fast with r.

e Case 1: Assume that there is a sufficiently small constant ¢ > 0 such that

r+1

Z Z 10g™ [ynlp < chrg1 (Yn),

P00 y — g

n & Cy

on a set of infinite discrete logarithmic measure. Considering (3.70) with the above

assumption implies

8¢ ~
hy(yn) < (m + 470) hys3(yn) + Ryyo,

on a set of infinite discrete logarithmic measure. Hence, Lemma 3.2.1 implies that

h-(yn) grows very fast with r.

e Case 2: Assume that

r+1

oD log" fyaly > chra(yn),

p<o0 n=ro

ngCp

on a set of infinite discrete logarithmic measure. Using this inequality in (3.72)

yields

2hr(yn) < [135 - (135 —r) c] hei1(yn) + Ry

2 _ (L _
15 \1=%
above inequality implies that h,(y,) grows very fast with r.

Since [ T)C} < 2 for sufficiently small 4, then using Lemma 3.2.1 the

Finally, we achieved the main goal of this section. We showed that for

an, + bpyn

Ynt1l T Yn—1 = 1 — y,%

Y

we have 3 scenarios. Either h,(y,) grows exponentially with r if the admissible solution
y» has infinitely many oscillating sequences that are not special rather than special oscil-

lating sequences. Or if y, has infinitely many special oscillating sequences of both forms
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then the above equation reduces to a discrete analogue of P;;. Or if y,, has infinitely many
special oscillating sequences of one form rather than the other, then ¥, solves a difference
Riccati equation given in (3.57) or h,(y,) grows very fast with r. Therefore, either h(y,)
is not growing polynomially with r, or the above equation reduces to a discrete analogue
of Pry, or v, solves a difference Riccati equation. Hence, this proves Theorem 1.4.1 in the

case ¢, = 0. We end this section by giving the proofs of Theorem 1.4.2 and Corollary 3.2.1.

Proof of Theorem 1.4.2 Let k — 1 > K and for a fixed absolute value |.|, (¥p < 00),
assume that |1 — fyg|, < ¢, where § = —1 or 1, and where ¢ is as defined above in
(3.51). Also, let |yg_1], < |1 — Hyk|;1/2.

Now we start proving the theorem first for the non-Archimedean absolute values
(p < 00) and then for the Archimedean absolute value (p = 00). We start with the

first part of the theorem. First we rewrite equation (3.49) as follows, using partial

fraction: 1/2(ap+6be)  1/2(ap — 0by)
Yerr + Y1 = 1 — Oy, 1+0y, (3.73)
From the first part of the theorem, we have Ay = yry1 — %;;/fbk) and using
(3.73) we have A = %Q_yfbk) — yr—1. Hence, for non-Archimedean absolute
value |.|, (p < 00), we have
| A, < max { |1/2|ﬁ iaﬁygfb”“ ’y’“’p} : (3.74)

Here we need to find an estimate for the terms in the set above to prove the estimate

for |Ay|, in the theorem. For p < oo, we have
Ei < [2], < max{|1 — Oyklp, |1 + Oylp}-
If |1 — Oygl, > |1 + Oykl,, then we get the following relation:
ei < max{|l — Oyklp, |1 + Ovyilp} = |1 — Oykl, < €.
This is a contradiction since e < €). Therefore, |1 + Oyx|, > |1 — Oyx|, and
ep < max{|1 — Oyyl,, |1+ Oyil,} = [1 + Oy,

This implies <l <|1- 0ys|,°. Using this relation and (3.51) in (3.74)

1
|1+ka|p
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yields

IN

1/2|, - lax — 0b,
’Aklp maX{' / |P | k |P,’yk1’p}

11+ Oyl
< max {|1 — Hyk|;25, |1 — Hyk|;1/2} =11- ka|;1/2.
The above result is valid for sufficiently small §. This proves the first part of the

theorem for the non-Archimedean absolute value (p < 00).

To prove the second part, we start by writing the expression for By as follows:

20141

B = 0)— (0 — ——
K (yk+2+ ) ( ak+6’bk

) (1= o).
Using equation (3.49) to get an expression for y,,o + 6 and simplifying the above
equation using the first part yields

g1 + O 1Yk+1 bit1

B, = .
; (1= Urr) (I + Yrr1)  Yrrr — Ax

Combining the two terms together in the above equation and simplifying, we get

B, = k41 i bit1
(1= vrr) (T +yrr1) (= yrrr) (14 Yrrr) (Wrrr — Ax)
b1 AkYrt1

— , (3.75)
(L = yrr1) (L + Yot) (Yo — Ax)

In order to get an estimate for |By|,, we need an estimate of the three terms on
the right hand side of equation (3.75). We start first with the non-Archimedean

absolute value (p < co) where we have the following chain of inequalities:

— é )
11— gyk|;(1—6) _ 1 — Oyl < €k < 11/2]p - |ax + eblf’p7
1= Oyl |1 —Oyslp |1 — Oyxlp
= |yer1 — Arlp < max{|yei1lp, |Aklp},

< max{|Yrs1lp, [1 — ka|;1/2}-

Here we have used the assumption |1 — fyx|, < € and part one of the theorem.

1/2

Since |1 — Oylp > < |1 — Oyl " for sufficiently small §, then the maximum of

the above set is |yx11],. Hence,

1= 0yl O < fyesalp = 11 = (1= ) |p S max{L, 1 —gueal}. (3.76)
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If 1> |1—ygy1]p, then we have e,:(l_é) <|1 —ka|;(1_5) < 1 which is a contradiction,
since €, < 1. Therefore, |1 — yi41], > 1 and the maximum in (3.76) is |1 — ypt1p-

This implies

< |1 — Oysl, . (3.77)
’1 - yk+l’p p
Similarly,
T S fwly™ 3.78
11+ Yeylp | k|p ( )
Also we have
11— By, 09 = 11— 0yl e - 11/2], - |ay, + by,
P 11— Oyxl, |1 —0Oukl, — 11— Oy,
- ’yk-i-l - Ak|p
This implies
1
T A S Lt 3.79
i — A, = 1L ol (3.79)

Moreover, we have from the first part of the theorem

11/2]p - |ay + Oy, }
max A
{ o,

< max{|1 — Oyl T |1 — Oyl 12} = 1 — Oyl T,

IN

|yk:+1|p

(3.80)

for sufficiently small 6. If we apply the non-Archimedean absolute value (p < o0)
to the equation (3.75), we get

’Bk’ < max |ak+1|p ’bk+1’p
P 11— Ukralp 1L+ Uksilp 11 = Yrsilp - 14 Yrgalp - Y1 — Aklp’

‘ka‘p ’ |Ak‘|p ) ‘yk+1|p
11— Yeralp - |1+ Yrsalp - (Ve — Axlp

< max {|1 = Oyelp %, 11— e}, 1 — O3>~}
= [1 = Oyl

Here we used the results in (3.77), (3.78), (3.79) and (3.80). Also, we used the result
from the first part of the theorem and €. ° definition in (3.51). Hence, we proved

the second part of the theorem for the non-Archimedean absolute value (p < c0).

We now prove the third part of the theorem for the non-Archimedean absolute value
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(p < 00). We start by writing

(a/k-+2 — 9bk+2 — G(Gak + bk — 2bk+1))
2(1 + Oyr+2) '

Cr = Yrys —

We use equation (3.49) to get an expression for y;3 and we use partial fraction to

express this expression. Simplifying the resulting equation yields

_ 1/2(ak+2 + ekarz) _ ap + ku — A+ 9(9% + bk — 2bk+1)
1 — Oygyo 2(1 — Oyx) 2(1 + Oyr+2)

Ch

- ar + Qbk Q(QCLk + bk — Qbk—f—l)
Combining the two terms 201 =6y and 2T+ Oy ra)

tion in the second part of the theorem to simplify the resulting expression results

, then using the equa-

the following equation:

_ U2 +00i)  Bilawt ) (3.81)

C
F 1 — Oypro 20(1 + Oypy2) (1 — Oyp)

In order to find an upper bound for |Cy|,, we need to find upper bounds for each
term in the right hand side of the equation in (3.81). We start with the first term

1/2(an2 + ebk“). We need to find an upper bound for —A —— From the
1-— 9yk+2 |1 - ka+2|p
second part of the theorem, we have
|Oay, + by — 2641,
1+6 < 1-46 B
|1+ Oypyal, < maX{ an + Obl, |1 = Oykly, | Brlp
< max{|1 — 9yk|;’26, 11— Gyk|2/2*5‘5}
< max{e,lg_%,eip—% = 2 (3.82)

In the above chain of inequalities for sufficiently small §, we used (3.51) and the
assumption |1 — Oy|, < €. Note that if |fay + by — 2bg1|, = 0, then |1+ Oygia], =
|Bilp, < |1 — Gyk\2/2_55 < 62/2_56 < i %, Also, we have for p < oo the following
relation:

€ < 12], < max{|1 + Oyksalp, |1 — Oypialp}-

If we have ‘1 + ka-i-?‘p Z ’1 — 0yk+2|p, then 62 S max{]l + 9yk+2]p, ‘1 — 9yk+2|p} =
1+ Oypio|, < €72, This is a contradiction, since ;=2 < ¢ for sufficiently small
+21p k k k

J. Therefore, |1 — Oygial, > |1 + Oygy2|,. Hence, we have the following relation:

52 < 2], < max{[1l + Oyrialp, |1 — Oyrralp} = |1 — Oypyal.
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The above inequality yields

1

<< |1 = Oy 3.83
|1 _ ka+2|p = %k | yk|p ( )
The second term in (3.81) has the following upper bound if |fay, + by, — 2b41|, Z 0:

Bk(ak + Gbk)
29(1 + ka_:,_g)(l — Gyk) p

< 1= Oyl >7% |1+ Oypgal,t < |1 — 0yl 1275, (3.84)

where we have used (3.51) and the relation |1 — yi |, < |14 Oygsa|,. We get this

relation from the second part of the theorem if |fay, + by — 2bi11], # 0, as follows:

|1 o ka‘zlj-% — |1 _ ka|p . |1 _ kaﬁ)‘; < |1 - eyklpEi(S?
|Oax + b, — 2bg1lp
lay, + 0by|,
= [(1 4 Oykt2) — Bklp,
< max {|1 + Oyxyalp, | Brlp}

< max {1+ Oygyaly, [1 — Oyal 2275}

|1 - ka|p,

3/2—56
p

Since for sufficiently small  and |1 — fyi|, < e < 1, we have |1 — Oyy| <

|1 — Oy, |2t2°. Therefore, |14 0y 2, is the maximum, which implies |14 Qygio|,* <

‘ 1— ka |;(1+26)

Archimedean absolute value (p < oo0) for both sides of equation (3.81). Using the

. Now we could find an upper bound for |Cy|, by applying the non-

isosceles inequality, we have

1/2|, - 0b B 0b
|Ck|p < max | / |p |ak+2 * k+2|p7 k(ak * k) 7|Ak|p )
11— Oyralp 20(1 + Oyrt2) (1 — Oyi) |,
< max{|1 — kag%, 11— ka|;1/2_85, |1 — Hyk|;1/2} ,
= [1 — Oy, />, (3.85)

In the above inequality, we used (3.83), (3.84) and the first part of the theorem. We
need to find an upper bound with respect to |1 4 Oyja|,. From (3.82) we have

1+ Oypyaly < |1 — Oyil, .

Taking the reciprocal of the above inequality and raising both sides to the power
(1/2486)
Tz o We get

—(1/2+85)

11— Byl 2T <1+ Oypesalp O (3.86)
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To simplify the power in (3.86), we use Taylor series expansion as follows:

(1/2 + 85)

B 1/2 + 96 + 0O(6%) < 1/2 + 106,

for sufficiently small §. The inequality above yields _% > —1/2 — 100.

Therefore, we have

—(1/2+86)

Crlp < 11— Oyel, V275 < 1+ Oypial, 7
<1+ 9yk+2|;1/2_105,
S |1 + gyk+2|;2/3_26’

for sufficiently small §. Now if |fay + bx, — 2bg41], = 0, then the upper bound on the

second term in (3.81) is as follows

_ |1+¢9yk+2|p- |ak+9l)k\p
P 12[p - |1+ Oyrralp - [1 — Oyilp
< |1 = Oy, 1. (3.87)

) ’Ak|p} )
p
3/2—58

Since |1 + Oygiolp = |Bilp < |1 — Ouyilp , it yields that |1 — Hyk\;(p“s) <

—(140)
1+ Oysals”™ < |1+ Oypsaly >, Hence, [Cil, < |1+ Oypral,”* ™ which

proves the last part of the theorem for the non-Archimedean absolute value (p < 00).

‘ Bk(ak + Qbk)
20(1 + Oyp2) (1 — Oyy,)

Consequently, we find an upper bound for |Cy|, as follows

Cl, < max 11/2]p - |aks2 + Obrialp By(ay, + 0by)
o 1= OYralp 20(1 + Oyr42)(1 — Oyy)

< max{[1 — Oye[; %, |1 — Oys |, 0, |1 — Oyi| 7},
= |1 — ka|£(1+5).

?

Now let us prove the theorem for the Archimedean absolute value. As in the non-

Archimedean absolute value case, we could rewrite A, as A, = 2%’{_7_—32’“) — Yp_1.
k

Applying the Archimedean absolute value for both sides of the equation and using

the triangle inequality, we get

|1/2|p ’ |ak - 9bk|p
|1+‘93Jk‘p

|Ak‘p < + |yk71|p- (3'88)
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Also, we have the following chain of inequalities:

2= |2|p <|1- gyk|p+ 11 +ka|p7
< ek+]1+0yk|p,
< 1+\1+«9yk|p

Subtracting 1 from both sides of the inequality yields 1 < |1 + 6yy|,. This implies

1

—— < 1. 3.89
T+ 00, (3.89)

Hence, the inequality in (3.88) is

|1/2|p ’ |ak - ebk|p

A <
Akl < = g,

+ |yk71|p7

s o —1)2
< 106k 141 = Oy, 7,

1 _ _
1_0’1 - 0yk|p(S + ‘1 - 6yk|p1/27

IN

IN

1 _ _
T = Ol 1= 0,
11
= — |1 — Oyl 1/?
10 ’ yk |p Y
for sufficiently small §, which proves the first part of the theorem for Archimedean

absolute value.

Now for the second part of the theorem, we have from (3.75) the following result:

B, = k41 i bit1
(1= k) +yrr1) (= yrrr) (14 Yrr1) (Wrrr — Ar)
b1 AkYrt1

(1 = yrr1) (1 4 Yrgr) (1 — Ax)

We need to find upper bounds for the Archimedean absolute value of each term of
the above equation in order to find an upper bound for |By|,. We have the following

chain of inequalities where we have used the result from the first part of the theorem
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and the triangle inequality:

10|11 — Oy |5 10€) < 11/2], - Jax + OB,
|1_9?/k|p |1_eyk|p N |1_eyk|p
= Yk+1 — Aklp < |Yrt1lp + | Aklps

11 -~
S |yk+1|p + 1_O|]' - ka|p 1/27

10|11 — Oy|, 10 =

Y

11 1
< |yk+1|p+1_0’1_0yk|p(1 5)7
< |Yptalp + 911 — ka’;(l_&-

This implies
11— 0yl 0 < Jypsalp. (3.90)

Therefore we have the following relations:

10[1 — Oyj| ;0

IA

10[gr1]p = 10[1 = (1 = ypes1) |,
< 10[1], + 10|11 — Yrs1lp,

< 26, 4+ 10[1 — Ygr1p,

< 211 = Oyil,° + 1011 = yiyalp,

< 201 — by, [;070 + 101 =y,
Subtracting 2|1 — Qyy|, (=) f1om both sides of the inequality and multiplying by &
implies
8 (1
EH - ka|p(1 D <1 = yppalp-

Taking the reciprocal of both sides yields

1 5
< S|l — Oyt 3.91
Tl n klp (3.91)
Similarly,
! < 5|1 Oy |20 (3.92)
—— < -1 =0y . .
1+ Ypgalp 4 tle
Also, we get the relation below:
10|11 — By |°
101 — Oy | ;70 = —— 2
T T gy,
10€ - 11/2], - |ax + b,
11— Oyklp, — 11— Oygl,

= |Ypr1 — Aklp-



CHAPTER 3. DIOPHANTINE INTEGRABILITY 76

Hence,
1

1
S— | T 3.93

Moreover, we have this chain of inequalities:

11/2]p - |ay + Oy,

Y < + [Aklp,
’ k-H’P ’1 — ka‘p ’ k"P
1 —(1+9) 11 -
S EEk +E‘1—9yk|p1/2,
1 11
|1 = 9 —(149) 11 = 6 —(149)
6 _
= g|1 — Oyl . (3.94)

Now we are ready to find an upper bound for |By|,. Applying the Archimedean

absolute value for both sides in (3.75) and using the triangle inequality, we get

|Bk| < |ak+1|p |bk+1|p
P =gl T4+ wrsaly 11— gl - 11+ Ysalp - [Wesr — Aklp
4 ’karl’p ’ |Ak|p ) ’yk+1’p

11— yk+1|p 1+ yk+1|p Y41 — Ak’p’
33
1600

1 _ 1 _ 1 _
< Z|1—9yk\f’,/2 56+§’1—9yk’2/2 55+§\1—9yk\2/2 56,

5 1
< —]1—-6 2—36 —11-=6 3—40 1—6 3/2—58

1 _
= ;- Oyx) 3. (3.95)

In the above inequalities, we have used (3.91), (3.92), (3.93) and (3.51). Also, since
|1 —0yx|, < e < 1 and for sufficiently small §, we had the above result which proves

the second part of the theorem for Archimedean absolute value.

To prove the third part of the theorem for Archimedean absolute value, recall from

(3.81) the following expression for C

_ 1/2(ak+2 + ebk+2) _ Bk(ak + Gbk) _ Ak

C
: 1 — Oypio 20(1 + Oypy2) (1 — Oyi)

We need to find an upper bound for each term in the right hand side of the above

equation to get an upper bound for |Cy|,. From the second part of the theorem, we
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have if |fay + by, — 2bx41|, # 0 the following result

Bay, + by — 2bj11]p
|ak + Qbk|p

11+ Oypial, < 11— Oyrlp + | Brly,

1
102
1 1-26 1 1-26

_ 1 _
< |1_0yk|113 25+§|1_9yk|§/2 55’

= [1— Oy, > < 7. (3.96)

If |Oag+br, — 2bgsr |, = 0, then [1+0yiol, = |Bily < [1—0ypls 7 < /275 < el

Also, we have the following relation:

2=12|, < |14 Oypialp + |1 — Oypraly,

1-26

< Ek + |1 — ka+2|p7

<1+ |1 = Oypralp.

Subtracting 1 from both sides yields 1 < |1 — 8y, 2|,. Hence,

1

_— < 1. 3.97
’1 - 9yk+2‘p ( )

We have another relation derived from the second part of the theorem given that

|96Lk + by — 2bk+1’p = 0:

10%[1 — Oy, |7 = 10°|1 = Oyl - [1 — Oy,
< |1 — Oyp|,10%€2,
|¢9ak + by, — 2bk+1|p
lay + 0by),
= |(1 4 Oyry2) — Brlp,

< |1+ Oyyalp + | Brlp,

IN

|1 - 9yk|p=

1 _
< |1+0yk+2|p+§‘1—6yk|2/2 56,
< |14 Oyral, + 99|11 — Oyl T2,

In the above relation, we used (3.51) for sufficiently small 6. The above inequalities

imply |1 — 0yx| 7 < 1+ Oygialp. Therefore,

1+ Oypial,t < |1 — Oyl 2. (3.98)



CHAPTER 3. DIOPHANTINE INTEGRABILITY 78

Using (3.98), (3.95) and (3.51), we get the following inequality:

Bk(ak + ebk) 1 19— -
20(1 + Oyx+2) (1 — Oys,) , 20 Urly 1+ Ozl

1
|1 — Oy, | /289, 3.99
< 2OI Yil, (3.99)

Applying the Archimedean absolute value on (3.81) and using the triangle inequality,

we have
|Ck| < ‘1/2‘P : |(ak+2 + ebk+2)|p Bk(ak + ebk> + |Ak|
" 11 = 0ypraly 20(1 + Oyr12) (1 — Oyi) |, i
1 1 11
|1 — 6 -0 |1 — 9 —1/2-86 21 — 0 —-1/2

1 1/9— 1 _1/9— 3 _1/2—
< Z|1_9yk|131/2 85+Z|1_0y’“|131/2 85+§|1_9yk|p1/2 8
= 2[1 — Oy, />, (3.100)

We have used in (3.100) the results derived in (3.97), (3.99), the first part of the
theorem for Archimedean absolute value and (3.51).

We need an upper bound in terms of |1 4 6y 2|, which means that we need to find
a relation between |1 + yj.o|, and |1 — fyy|,. This relation is derived from the

second part of the theorem, as shown in (3.96). Hence,
1+ Oypralp <1 — Oyl

We used the above relation to get the inequality:

—(1/2+88)

‘1 o eyk‘;(l/QJrSé) < |1 + ka+2‘p 126

To simplify the power, we use Taylor series expansion (as in the non-Archimedean

case), therefore

|Cilp < 2|1 — Byl />,
—(1/2+86)

<211+ Oyppalp 7,
< 201+ Oypepaly 2T < 201 A+ Oyl 2,
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for sufficiently small 6. If |fay + by — 2bg11], = 0, then the upper bound on |Ckl, is

1/2],, - 0b B 0b
’Ck’p < | / |p |(ak+2 + k+2)|p k(ak + k) + |Ak|p7
11— Oykralp 20(1 + Oyp+2)(1 — Oyk) |,
1 1 11
< —|1 = Oyl 2% 4+ =1 — Oy s D + =11 — Oy, |5 1/2
1 _ 1 B 3 _
< 111 — Oyi, ) + Z'l — Oyi|, ) + 5’1 — Oy, 11,

= 2|1 — ka|;(1+§).

3/2—56 3/2—56
p p

Since |1 + Qypyalp = [Bilp < 11 — Oyyl < |1 — Oy
11—yl " < |1+9yk+2|;(2/3+26). Hence, |Cy|, < 211+ 0y 2], @** . This proves
the theorem for Archimedean absolute value and the proof is completed for Theorem
1.4.2. ]

, it implies that

Proof of Corollary 3.2.1 In this proof, we use (3.51) for €,°. The proof consists of 2
parts depending on which absolute value |.|, is under consideration when (p < o)
or p = o0.
Since k — 1 > K, therefore k is greater than all the zeros and poles of a, by and
some of their linear combination, in particular ay — by — 0(fay_o + by_o — 2b;_1) for

6 =1 or —1. Recall from Theorem 1.4.2 the following expression for y3:

. (ak+2 — 0bk+2 — Q(Q(Ik + bk - 2bk+1))
Yr+3 =
2(1 + 9y1€+2)

+ Gy (3.101)

First, for the non-Archimedean absolute value |.|, (p < o0), we have from ¢.°,

definition in (3.51) the following relation:

|1+ Oyryalp _ € yo
4 Oyl 11+ Oypaly’

’CL;.H_Q — 9bk+2 — G(Gak + bk — 2bk+1)‘p
= 2], -1+ Ogsaly

11+ 9?/k+2|;(1_5)

)

= [Yr+s — Crlp < max{|ypislp, [Crlp}- (3.102)
Since in Theorem 1.4.2; |Ck|, < |1 + 0yk+2\;2/372‘5, then for sufficiently small 0,
|Crlp < |1+ Oyisaln > < |1+ Oypsalp '™ Therefore, the inequality in (3.102)

reduces to |ygysl, > |1 + Oyrsolp " > |1+ Oypialp />, This proves the corollary

for the non-Archimedean absolute |.|, (where p < 00).

The last part of the proof is for the Archimedean absolute value where k., = 10 in
(3.51). Note that we have the following relation where we had used (3.101) and the
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triangle inequality:

1011 + Oypral) - 10€) .,
|1+ Oyrsalp 11+ Oypyalp’
(g — Obrs — B(Bag + by — 2bes1)l,
2], - 11+ Oyrsalp
= |Yr+3 — Cilp < |Ur+slp + [Crlps
< |Yrsslp + 2|1+ 9yk+2|;2/37267

< [ynrslp + 911 + Oyryal, 0 (3.103)

10]1 + (93/k+2|;(176) =

<

Y

In the chain of inequalities in (3.103), we used Theorem 1.4.2 and the fact that
11+ 9yk+2|52/3_26 < 1+ 6yk+2|;(1_5) for sufficiently small §. The inequality in
(3.103) implies |yx13], > |1—|—9yk+2|;(175) > |1—|—9yk+2|;1/2 which proves the corollary
for the Archimedean absolute value and with this last part the proof of the corol-

lary is completed. 0

3.3 Diophantine integrability analysis of

. bnyn+26y2
equation y,1 + y, 1 = =T ﬁ?;z ¥
n
In this section, we study the remaining case of equation (3.3) with ¢, = 2¢, where £ = —1

or 1. This equation is

an + bpyn + 282
1—y? '

Without loss of generality, we consider the equation

Yn+1 + Yn—1 =

an + bpyn + 292
1—y2

Ynil + Yn_1 = , (3.104)
where the right hand side is irreducible Vn. We could derive the other equation with
¢, = —2 if we start with (3.104) and substitute y, = —Y,,. Intuitively speaking, for a
fixed absolute value (Vp < oo) and a quantity €, defined later, we remark that in the
sequence of the solution (y,) of (3.104) the solution is alternating between being close to
the singularity —1 and being a big term. Or in the sequence (y,) the solution is alternat-
ing in the following pattern: vy, is close to 1, y,,11 is a big term, y,, 12 is close to —3, y,43

is a big term, y, 4 is close to 1 again and the pattern repeats itself.

We use the same strategy as in the previous section and we get a slightly different

result. For (3.104), we find that the summed logarithmic height of an admissible solution
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h(y,) that has oscillating sequences that are not special grows exponentially with r (as
r — o0). Later, we define formally oscillating sequences and special oscillating sequences,
although they are in concept similar to their definitions in the previous section. If there is
an admissible solution y,, of (3.104) that has infinitely many special oscillating sequences,
then the coefficients in (3.104) satisfy a certain relation a,,_s+a,+4—"b,_2—b,+2b, 1 = 0.
The difference with the previous section result is that (y,) does not solve a difference
Riccati equation as well and (3.104) is not reduced to any discrete analogue of P;.
Since the analysis and calculation used in this section are similar to the previous
section we omit them here. We state and define oscillating sequence S, special oscillating
sequence S, and €, 9 since their expressions are slightly different from the previous section,
although they have the same concept and meaning in our analysis in both sections. We
assume that the right hand side of (3.104) is irreducible for all n. Also, a, £ b, + 2 are
not the zero function, otherwise the right hand side of (3.104) is reducible, which is a
contradiction to our assumption. We define an integer K such that it is greater than all
the zeros and poles of the coefficients b,,, a,, + 2 and their linear combinations a,, + 2 £ b,
an+2—0b, +2b,1, a,+2—b,+2b,.1 and a, o +a, +4 —b,_o — b, + 2b,_1. Now we
give a definition for €9 for all n > K and for sufficiently small 6. For a fixed absolute
value |.|,, ¥p < oo, we define ¢,° as follows:
0 = rymasx {20, 11/2]y - lan + 24 baly, [1/2], " lan +2 = b,
|br—1lp; [bntilps lan—1 + 2p, [ans1 + 2[p, lan — bn + 2|;1a |an — b + 2|,
| + 2 = by + 2bp1]p, [an 4 2 — by 4 2bpp1p, [an +2 — by + 26,4
|an 42 = b 4 2bn41 ], 5 [1/2] - [an—2 + 2 + byalp,
1/2[p - [ans2 + 2 4 busalp, [1/2]p - [an—2 + an +4 = by — by + 2bn—1|p}
(3.105)

As in the previous section in (3.105) the maximum is taken over all the finite values in
the above set and if any element in the set is infinite then we remove it from the set and
take the maximum of the remaining terms. For the non-Archimedean, s, = 1, and for
the Archimedean absolute value, &, = 10.

Now we are ready to give formal definitions of an oscillating sequence and a special
oscillating sequence. In our definitions we let £k > K for a fixed absolute value |.|,
(Vp < o0) and § = —1 or 1.

Definition 3.3.1. Suppose that |1 — Oy|, < e, for some k € Z and some § = 1

or 0 = —1. Then the oscillating sequence S containing k is the longest interval in 7

(possibly unbounded) satisfying the following conditions.
1. If]{? + 2l €S then |1 — 6yk+2[‘p < €k421;
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2. If{k+20 — 1,k + 2} € S, then |yerar—1lp > |1 — Oypsarlp '™ ; and

3. If {k+2L k+2l+1} €S, then |ypsoilp > |1 — Oyparlp .
Definition 3.3.2. A special oscillating sequence S, = {k,k + 1,k + 2} is an oscillating
sequence of length 3 starting with k in Z such that |1 + yk|, < €, |Yg+1]p, > max {|1 +
yk|;(1_6), |1 +yk+2|;(1_6)} and |14 ygio|p < €g42. Also, we have |yx_1], < |1 —l—yk|;1/2 and

[Yktslp < |1+ yk+2|;1/2~

To understand the origin of S, definition, we need to analyse the iterations of the
solution ¥, of (3.104) when y,, is close to —1. This analysis is given through the statement
of Theorem 3.3.1 which is analogue to Theorem 1.4.2 in the last section. For a fixed

absolute value |.|,, Vp < oo, we have the statement of Theorem 3.3.1.

Theorem 3.3.1. Let (y,) 22 | c Q\ {~1,1} satisfy (3.104)

an + by + 2y2
1—y2

Ynt1l + Yn—1 =

)

where k is sufficiently large and the right hand side of (3.104) is irreducible. Assume
that |yx—1], < |1+ yk|;1/2. Furthermore, for sufficiently small 6 and for €, as defined in
(3.105), if |1 4 yilp < €, then

1. Ypy1 = % + Ay, where |Ag|, < |1+ yk|;1/2 for non-Archimedean absolute
k

value and |Ayl, < 3|1+ yk|51/2 for Archimedean absolute value.

ar — by, +2+2b
2. yk+2:_1+( . akk_bk+2k+l)<1+yk)+3k7

where | B, < |1+ yk|g/2_5

3/2—5
klp

® for non-Archimedean absolute value and |Blp < 511+

b for Archimedean absolute value.

(gyo — bpyo + ax — by + 4+ 2bp41)
2(1 + yp42)
where |Cil, < |1+ yk+2|;(2/3+26) for non-Archimedean absolute value and |Cyl, <

D11+ yrralp (2/5+e

3. Ypys = + Ch,

) for Archimedean absolute value.

Theorem 3.3.1 simply means that for a fixed absolute value |.|, (Vp < 00), if we start
with a small term (close to —1) |1+ y|, < e where [yx_1], < |1+yelp />, then the first it-
erate is big |yg11]p > |1—|—yk.];(175). The second iterate |yj+2|, is small (close to —1) and the
size of the third iterate depends on the relation |ay_o+ar+4—0bk_o—byp+2b;_1|, if it is iden-
tically zero or not. If |ag_o+ar+4—0by_o—br+2b,_1|, # 0, then |yr 3], > |1—|—yk+2|;1/2 as
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shown in Corollary 3.3.1 below. Note that, if |yx13], < |[1+Ykt2lp 2 which implies the spe-

cial oscillating sequence definition given before, then |ay_o+ay+4—bg_o—bi+2b;_1|, = 0.

Corollary 3.3.1. For a fized absolute value |.|, (Vp < oo) let k —1 > K such that
11+ yelp < €k, lyp-1]p, < |1 —|—yk];1/2 and |1+ yiio|p < €xro. Assume that |ag_o + a +4 —
bk_g — bk + Qbk_1|p ;7é 0, then |yk+3|p > |1 —l— yk+2|;1/2,

Recall that the summed logarithmic height of an admissible solution h,(y,) grows
exponentially with r — oo if y,, has oscillating sequences that are not special. Now if y,
has infinitely many special oscillating sequences, then Theorem 3.3.1 and Corollary 3.3.1
imply that the following relation holds between the coefficients of equation (3.104) for all
n>K: a, o+a,+4—"0b,_9—0b,+2b,_1 = 0. The analogue of the outlined procedure
in section 3.2 is when we have infinitely many special oscillating sequences of only one of

the forms and we define a rational function of n, f, similar to (3.55)
fo =20+ 2ppa (1 +25). (3.106)

Here, x, solves a difference Riccati equation in (3.106). Note that when x, takes the

value —1 at certain n, then the next iterates are oo and —1, respectively. We want to
1-z2

B,,) that is in the same class as (3.104), then it means that x,, solves a difference Riccati

show if we could get z,_1 + 2,41 = (for some rational functions in n, A4, and
equation which is given in (3.106) as well as solving (3.104). Using the shift n — n —1 in
(3.106) and solving for z,,_1, we get

_ fn—l — Tn
T = (3.107)

From (3.106) and (3.107) we have

. Jn + fao1 — 22, . (fn + fnfl) - (2 + fo + fnfl)xn + 21:%
xn-i—l_‘_xn—l_ 1+z - 1 — 22 .

This shows that x,, solves a difference Riccati equation (3.106) but x,.1 + x,_1 do not
give us an equation of the class of (3.104) as shown above since the right hand side is
reducible. Unlike equation (3.49) in the previous section, there is no solution y,, of (3.104)
which solves a difference Riccati equation as well. This proves Theorem 1.4.1 for ¢, = 2.
A similar result is obtained if we exchange y,, by —Y,, in (3.104) for ¢, = —2 and apply

our strategy using the new equation.



Chapter 4

Degree growth of difference

equations

Since the remark of Veselov [82] and the idea of Viallet et al. [39, 8] where they noticed
a correlation between integrability and slow growth of some characteristics of a mapping,
many studies which are related to the degree growth were presented. Some of these studies
led to the introduction of integrability detectors such as algebraic entropy (discussed in
Chapter 1). The Viallet et al. idea is based on analysing the degree growth of the iterates
of some initial data under the action of the mapping. We could notice the connection with
our work in this chapter (described below) where both algebraic entropy and our analysis
here consider the degree growth of solutions of difference equations in the complex plane
setting. In our analysis, however, we consider the iterate x, for every n as a rational
function of an external variable to the mapping z € C U {oco}. We consider the degree
growth of the iterate x, in terms of this variable z, i.e. deg,(z,).

In this chapter, we study the following class of difference equations:

P, () T+ ) 4 Baxl + Ypn +
(Tn — an)(Tn — bn) B (70 — an)(2y — by) ’

(mn—l + xn)(xn + xn—l—l) =

where o, Bn, Vn, Mn, an and b, are rational functions of n independent of z. It is worth
noting that z is not a function of n. We investigate in this chapter the degree growth of
z, (deg,(x,)) for a sequence of iterations (x,)nez of the above difference equation. This
chapter consists of 2 sections. The first defines a rational map and discusses the degree of
rational functions where the independent variable of this map is z € CU {oc}. The main
results of section 4.2 are presented in Theorem 4.2.1 and Theorem 4.2.2 and their proofs,
where we study the above class of difference equations. We show in Theorem 4.2.1 that
if o, £ w_1+w; —a, — b, (where w; € {a,1i,b,1:}) for all n € Z, then Z;:ro deg,(z,) >

K (ﬁ)’” for all » > ro, where pu is an arbitrary constant and p, ro and K are all positive

84
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constants. This implies that deg,(x,) grows fast with n (as n — 00). This suggests that
the above class of difference equations with the above assumptions on its coefficients is not
integrable. In Theorem 4.2.2 we show that for the above class of difference equations either
> ner, deg.(v,) grows exponentially with r or P,(z,) has some special forms. Analysing

the results of the two theorems implies that for certain assumptions on the coefficients

and the roots of the denominator the above class of difference equations reduces to a
_ (3?23 —¢*)

discrete analogue of Pjy, namely (2,11 + 2,) (2, + 1) = Crem v e

4.1 Degree of rational functions

A rational map is a function of the form

S(z)  ag+arz+ -+ a2’
Q(2)  bo+biz+--r+ b2t

R(z) = (4.1)
where S(z) and Q(z) are coprime polynomials in z. Also, z and R(z) € C,, = CU {0},
where we call C,, the extended complex plane. If S is the zero polynomial, then the
rational function R(z) is the zero function. If @ is the zero polynomial, then R is a
constant function oco. If Q(z) = 0 for some z € C and S is not the zero polynomial, then
R(z) is defined to be co. Note that R has a pole at this particular z. Also, we define
R(00) as the limit of R(z) as z — oo [6].

Suppose that both S and () are not zero polynomials and as, b, # 0. Then, we define
the degree of the rational function R(z) by

deg, (R) = max{deg.(5), deg.(Q)},

where in this case deg,(S) = s and deg,(Q) = ¢. For example, if R(z) = m is a constant
map, then deg,(R) = 0 for any value m € C. It is important to note that for a rational
function R of a positive degree d (i.e. R is a non-constant rational function), R is a d-fold

map of C, onto itself. This means for any w € C,,, the equation
R(z) =w (4.2)

has exactly d solutions in z counting multiplicities. The number of solutions of (4.2)
equals the number of preimages of w under R in C,, counting multiplicities. Adopting

this terminology of preimages, we show that equation (4.2) has precisely d solutions as
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follows:

number of preimages of w under R in C,, =
(number of preimages in C ) 4 (multiplicity of w (if any) at z = c0).

(4.3)

Denote the number of preimages of w under R in C, (counting multiplicities) by P(R, w).

Using (4.3) to calculate the number of preimages when w = 0, we get the following:
P(R,0) = s + max(q — s,0) = max(q, s) = d.

Also, when w = oo we get the same result as follows:
P(R,00) = ¢ + max(s — ¢,0) = max(s, q) = d.

Now we choose w € C \ {0} and we determine how many solutions of (4.2) are in C.

Since w # oo and from (4.1), we could rewrite (4.2) as
ap+ a1z + -+ as2° = w(by+ brz+ - - + by27). (4.4)

Here we have three cases to consider. The first is when s # ¢, the second when s = ¢ and
as # wb, and the third case is when s = ¢ and a; = wb,. In the first two cases, we show
that oo is not a preimage of w. This implies, since in (4.4) the polynomial is of degree
d = max(s, q), that equation (4.2) has d solutions in C C C,.

For the first case, let us consider first ¢ > s, which yields ZIEEO R(z) =0#w. If s > g,

then lim R(z) = oo # w. The second case is when s = ¢ and a; # wb,, which leads to

as . . . .
lim R(z) = b # w. The conclusion here is that oo is not one of the preimages of w and
Z—00 q

according to (4.3) and (4.4), P(R,w) = max(s,q) = d in C C C..
The third case is when s = ¢ and a5 = wb,, which implies (after taking the limit and

using polynomial long division)

lim R(z) = lim = lim { —+

4.
2500 200 b0+"'+bszs bs bo_|_..._|_bszs ( 5)

ag+ -+ a2’ i as co+ -+ 2"
:w7
zZ— 00

where r < s and ¢, # 0. This shows that oo is one of the preimages of w. In this case, to
show the multiplicity of w at z = oo under R(z), let us consider
co+ -+

R(e) =w+ j (4.6)
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where w, ¢, bs # 0 and r < s. In the finite plane C, the equation R(z) = w is valid if and
only if ¢y + -+ + ¢.2" = 0 which means that P(R,w) = r in C. Hence, it implies that
equation (4.2) has r solutions in C. Now in the extended complex plane C., as z — o0,

we have

2" ) . (1 s=r
limR(z):limuH—cO+ Tz = lim (w+ (= +...].
2—00 2—00 bo+ -+ bszs 2—00 by \ 2

This allows us to say that the equation R(z) —w = 0 has a zero of multiplicity (s — r)

at z = 0o. Using (4.3) to calculate the number of preimages of w, we find that it equals
r+ (s —r)=s=max(s,q) =d, since (s = ¢). In conclusion, we were able to show that
the equation R(z) = w has d preimages in C,. It means that R(z) —w = 0 has d roots
in C,, which equals deg,(R) in C,.

Now we outline the settings used in the next section to measure deg,(x,) in a certain

class of difference equations. This class of difference equations is

P, (xy) T+ a4 B2l + Ypn +
(Tn — an)(Tn — bn) B (20 — an) (2 — by) ’

(Tn-1+ Zn)(Tn + Tny1) = (4.7)

where a,, b, are not identically zero and «,, B,,Vn, Mn, @, and b, are rational functions
of n € Z. Also, the right hand side of (4.7) is irreducible at every n € Z and a,, # b,, for
all n. Note that we consider the iterate z,(z) as a non-constant rational function of the
variable z € C,. We define a degree growth function D, (x,) below for some integer o
such that r > rg.

Definition 4.1.1. The degree growth function D,.(x,) of a sequence of non-constant ra-

tional functions (z,(z)) C Cy is
D,(z,) = Z deg, (), (4.8)
n=ro
for some integer rg.

Since deg,(z,) = P(z,,v), where P(z,,v) is the number of preimages of v under x,

in C,, counting multiplicities, we get the following relation:

Dy(w,) = Y P(zy,v). (4.9)

n=rog
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Now the following inequality holds for any value v; € C, (i € {1,2,3}) and 7 = 2:

T r r+1
> Plag, )+ Y Planm) <7 Y Plra,vs), (4.10)
n=rop n=ro n=rg—1

Suppose that (4.10) is true for some constant 7 < 2. Generally, vy, 15, 3 are any values
in C.,, we choose them to be special values for the difference equation (4.7). Specifically,

we choose vy = a,, V2 = b, and v3 = co. Using the notation of (4.9) in (4.10) leads to

[\

Dyyi(wn) + deg, (wr—1) > =Dy (). (4.11)

pu
Since for every n (Vn > rg — 1) z,, is a non-constant rational function of z, deg,(z,) > 1,
Vn > ro — 1 where in particular, deg,(x,,—1) > 1. This implies D,(z,) > r —r¢ + 1,
Yr > ry.

For a given 0 < p < 1, 3R > ry such that

deg.(py—1) < uDpi1(z,) VYr > R. (4.12)

Using (4.12) in (4.11) yields

[\
[N}

DrJrl(xn) 2 ;Dr(xn) - degz(l’rofl) 2

Dyr(2n) > (ﬁ) Dy (z,).

D, (xy,) = pDyy1(24,),

T

By introducing the shift  — r — 1 and using the recurrence relation repeatedly implies
that

where r —m > R. Hence,
D,( )>K< 2 )T Vr > R and bit O<puxl (4.13)
(L) > ), r and an arbitrar ) )
T(1+ p) Y .

Since x,s are non-constant rational functions, the deg,(z,)s are positive integers, which
implies that K > 0. The inequality in (4.13) implies exponential growth for the function
D, (x,) with r, provided that 7(1 4+ ) < 2. The inequality in (4.10) is global (i.e. if it is
true, then it holds for all z), since the multiplicity of a zero (or a pole) that x,(zp) —u =0
(or z,(20) = w if u is 00) has at some zy € Cy for any u € Cy is less than or equals
deg,(x,) = P(x,,u). Therefore, to show that the global inequality (4.10) holds, we start
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locally by showing that when z,(z)) = u for u = a,, or b, with multiplicity k, then there
is a pole ,,—1(z0) or x,11(20) with multiplicity k. If this pole is not associated with any
value a,, or b,, where m € {n — 2,n + 2}, then we can associate its multiplicity to the
value z,(zp) and this leads to 7 = 1 in (4.10) provided it happens for all z = z. If this
pole is shared with other values a,, or b,,, then we can associate half of its multiplicity to
the value z,(z) which leads to 7 = 2 given that it happens to all z = 2.

The strategy that we adopt in the next section is aimed at showing that (4.10) holds
with 7 < 2. Note that co in this inequality is linked to any source of singularity that
equation (4.7) has. We consider two types of singularities. The first happens if x,,(29) = a,
or b, at some zy, then x, 4 is oo where # = —1 or 1. The second happens if x,(z9) = g
at some 2y where ¢ is a root of the numerator of (4.7). Then z,+1(20) + zn(20) = 0 or
Zn(20) +Tn_1(20) = 0 which implies z,,12(29) = 00 or z,,_2(2¢) = oo, provided P, 1(—g) #
0 or P,_1(—g) # 0, respectively. Using this strategy we prove the main two results in the

next section stated in Theorem 4.2.1 and Theorem 4.2.2 respectively.

4.2 Growth of rational iterates in a certain class of

difference equations

In this section we study equation (4.7) where our main results are proven in Theorem
4.2.1 and Theorem 4.2.2. Recall that in the previous section we considered the x,s as
rational functions of z € C, and that all the coefficients of (4.7) are rational functions
of n and constant with respect to z. Here we discuss the D,(z,) growth with r. The
strategy we adopt here is aimed at showing that the inequality (4.10) holds with 7 = 1.
First we define for any rational function f(z) and any zo € C, the function ord,, f such
that ord,,f = 0 if f is analytic at z = zy, otherwise, ord,,f equals the multiplicity of
the pole of f at z = 2. Since ), o ord,, f = deg,f, the inequality (4.10) is written as

follows:
r+1
Z Z ordz0 + Z Z o1rdz0 <7- Z Z ord,, zp,. (4.14)
n=rg 20€Cuo n=rg 20€Cx - n=ro—1 20€Cqo

To show that (4.14) holds with 7 = 1 we start locally at some 2, with the following

inequality:

r+1
Z 01rdz0 . + Z 01"dzO — <7 Z 1 ord,, Ty, (4.15)
n=rq n=rq n=rog—

where 7 = 2 for some integer r¢ such that r > ry. If we show that (4.15) holds with 7 =1
for all zg € C., and for all sufficiently large rg, then this implies (4.14) holds where 7 = 1.
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In the proof of Theorem 4.2.1 it is enough to consider the first type of singularity only to
ensure that (4.14) holds with 7 = 1, while in the proof of Theorem 4.2.2 we consider both
types of singularity to show that (4.14) holds with 7 = 1. Now we are ready to state and
prove Theorem 4.2.1.

Theorem 4.2.1. Let (z,) C Cy be a sequence of non-constant rational functions of z

solving
T+ Qi + B2 + Yuln + M

(T, — an)(xy, — by)

(xn—l + xn)(xn + mn-{—l) =

I

where a,, b, are not identically zero, o, Bn, Yn, Mn, @n and b, are rational functions of n
and constant with respect to z. Furthermore, assume that for all sufficiently large n the
right hand side of the equation is irreducible and a, # b, for everyn . Let X (zy) = {n €
Z : x,(20) = ap, or x,(20) = by }. Then

r 1 T 1 r+1
z:o Ordzoxn(z)——an + z:o ordZOm <7 Z ord,,x,(z), (4.16)
n=r n=r n=ro—1

{n—1,n+1}NX(20) #0

where T = 2. If there are infinitely many points (n, zg) € Z x Cy such that

1. 2p-1(20) = an-1, Tp(20) = 00 and x,11(20) = apny1, then

Op = Apy1 — A — bn + Ap—1;

2. xp_1(20) = a1, Tn(20) = 00 and x,41(20) = bpy1, then

Qp = bn—i—l — Qp — bn + Ap—15

3. Tp_1(20) = bu_1, Tp(20) = 00 and x,11(20) = apny1, then

Op = Apy1 — A — bn + bn—l;

4. Tp_1(20) = bp_1, Tn(20) = 00 and x,41(20) = byy1, then

Op = bn—i—l — ap — bn + bn—l'

If for all sufficiently large n, there are no sequences of the type described in 1 — 4 above,

then the inequality (4.16) holds with 7 = 1 and D,.(z,(z)) > (ﬁ)T - K, where K > 0
and 0 < p < 1.

Proof We choose n sufficiently large such that it is greater than all the real poles and
zeros of ay, By Yns Mn, @ and by, if they have any, otherwise, n is any integer. First,
we show that if we have any of the sequences stated above in 1 — 4, then we get
the corresponding expression for a,. Suppose that z,(zy) = oo, then as z — z

equation (4.7) can be written as

Tpi1(Tno1 + xn) = (o + @y + by — 25 1)x, + O(1).
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Note that if x,,_1(29) = an_1, then z,41(20) = @ +a,+b,—a,_1, while if x,,_1(zy) =
bn—1, then x,41(20) = o, + ay, + by, — b,—1. Equating the appropriate expression for
Tna1(20) to either a,,q or b, as required in the sequences 1 — 4 gives the forms for
a,, given in the theorem above. Since a,, b, and «,, are rational functions of n and
the forms of a,, in 1 — 4 hold for an infinite number of choices of n, these forms are

true for all n.

Let X(z0) = {n € Z : x,(20) = an or x,(29) = b,}. Suppose without loss of
generality that z,(z) — a, has a zero of multiplicity k at z = z;. Note that in the
following argument any value a; could be replaced by b;. Since the right hand side
of (4.7) is irreducible, (41 + x,)(Tn—1 + ) has a pole of multiplicity k at z = 2.
It follows that

ord,, p4+1 + ord,,x,—1 > k.

In order to obtain an inequality of the form (4.16), we wish to associate at least
some of the multiplicity of the pole(s) at x,,_; or x,+1 with the fact that x,, takes the
value a, with multiplicity k at z = 2. If 2, 2(20) = ay_2 Or x,12(20) = @12, then
we could “share” the poles between the points x,,_2, z,, and x, 2 by only associating
half the sum of the multiplicities of the pole(s) at x,_1 or x,,1 with a, at x,. This
can be done consistently at all points where x; is either a; or b; where ¢ € Z. This
proves (4.16) with 7 = 2.

If none of the choices for (z,,_1, T, Tny1) listed in 1—4 above occurs for all sufficiently
large n, then we are free to associate the pole(s) at x,,_1 or x,1 with a, or b, at
x, without any need to “share”. This gives an inequality of the form (4.16) with

7 = 1 by considering only the first type of singularity:

r+1
E ordz0 + E ordZO <T E ord,,z,(z).
— ay, — b,
n=ro n=ro n=rg—1

{n—1,n+1}NX(20) #0

Since this holds for all zj, provided r¢ is sufficiently large,this proves (4.14) with
7 = 1. From the previous section (4.10)-(4.13) we have

De(n(2)) 2 (%) K.

where 0 < 4 < 1 and K > 0 since all the x,s are non-constant rational functions of

z, which proves the theorem. 0]

The above theorem says that if «, is not one of the forms stated in 1 — 4, then D, (z,(2))

grows exponentially with 7. This implies that deg, (x,) is not growing polynomially which
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suggests that (4.7) is non-integrable provided that «,, is not one of the forms given in 1—4.
In the next theorem, we study (4.7) further where we write it as

(Tpa1 + ) (Tpy + ) = Puln) = [Lizy(#n = 7in) (4.17)

(T — an)(xp —bp)  (p — ap)(xn — by)’

where we assume that {ry ,,, 72.n, 730, T4, } is the set of distinct roots of P,,. We wrote (4.7)
in the above way so that it will be clear which root we mean when we are discussing the
second type of singularity. In the next theorem we consider a smaller class of equations in

(4.7) subject to the assumptions in the theorem. Now we state and prove Theorem 4.2.2.

Theorem 4.2.2. Let (z,) C Cy be a sequence of non-constant rational functions of z
satisfying (4.17) where v, Yi = 1,...,4, a, and b,, are rational functions of n independent
of z. Assume that for sufficiently large n, the right hand side of (4.17) is irreducible for
every n and a, # b,, ¥Yn. Furthermore, assume that P,(y) has distinct roots for all n,
{rimsTomsT3n, Tant. Let anty # —rip and byey # —riy, for all i € {1,...,4} and for
all n. Also, let 15, & {an+3 — Qo — Anyo — bpi2, buys — Qg — Ango — bpyo, Gnos —
Opg—Qp9—by 2,by 3—p_o—a,_9—by o} foralln and Vi € {1,...,4}. Then either

, \ 72

D, (x,(2)) > (m) K for some K > 0 and an arbitrary 0 < pu < 1 or P,(x,) has

one of the following forms:
1. Py(zy) = xpp + B2+,
2. Po(zn) = (20 = fo) (@0 = gn) (@ + fr-1)(@n + gn-1),
8. Po(xn) = (20 — fa)(@n + fr1) (@0 + frer)(@n — frta),
4. Pa(wn) = n(2n — fo) (@0 + for1) (@0 + foo1),

for some constants (3, n or some arbitrary rational functions of n, f, and g,.

Proof Since 11, 72,, 73, and 74, are rational functions of n it follows that a,,, 3,,
v, and n, are rational functions of n. We choose n greater than all the real poles
and zeros of oy, B, Yn, M, an and b, if there are any, otherwise, n could be any
integer. Since using a Mobius transformation any value z € C,, could be mapped

to 0, without loss of generality in the following argument we choose zy = 0. Let
Tn(2) =Tin + e+ (4.18)

for any one of the roots of P,, r;, where i € {1,2,3,4} and { # 0. Now we show

that we get at least one pole at x,,.5 or z,,_5 or at both such that their multiplicity
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sum is at least &k subject to some conditions. Substituting (4.18) into (4.17) yields

(2041(2) + 20(2)) (@01 (2) + 20(2)) = 625 + .., (4.19)

for non-zero ¢. At least one of the factors z,1(2) + x,(2) or z,_1(2) + x,(2)
vanishes at z = 0. Without loss of generality, let x,.1(2) + z,(2) vanishes with
multiplicity mq, where 0 < my < k if z,,_1(2) + x,(2) is a finite value and m; > k
if x,-1(2) + z,(2) is infinite. This implies that

Pn+1(—7”i,n)

.flfn-‘r?(z) = (Tim i an+1)(7’i’n + anrl)Zml + ... )

where 7;,, # —a,4+1 and r;,, # —b,41 for all 7 and n by assumption. Suppose that
for some i =1,...,4,
Pn—i—l(_ri,n) 7é 07

for some n. Then for all sufficiently large n, P,11(—r;,) # 0. A similar argument
follows if z,,_1(2)+x,(z) vanishes with multiplicity ms using the previous reasoning,
where 0 < mg < k if 2,,11(2) + x,(2) is a finite value and my > k if z,,11(2) + 2,(2)

is infinite. Hence,

Pn71<_ri,n)
Ti,n + anfl)(ri,n + bn,1)2m2

Tno(z) = (

where r;, # —a,—1 and 7;, # —b,_1 for all ¢ and n by assumption. Note that if
both factors in the left hand side of the equation in (4.19) vanish, then m; +mq = k.
Suppose that for some i =1,...,4, P,_1(—r;,) # 0 for some n. Then for sufficiently
large n, P,_1(—7;,) # 0. This implies

ordog(Zn42) + ordo(z,—2) > k.

It is worth noting that in the above argument if z,_1(2) or x,.1(z) has a pole at
z = 0, then if this pole is from the first type singularity it contributes in the sum
(4.14), otherwise it will not contribute to the sum (4.14). Now we need to show that
the pole(s) at x,,_2 or z,42 are not shared with a; or b; where j € {n — 3,n + 3}
from the first type of singularity, so that we are not double counting the poles when
we sum to get the inequality (4.14). Recall that we are considering both types of
singularities to show that (4.14) holds with 7 = 1 here. Without loss of generality

if the pole is at x,, 12, then the next iterate x,,3 is

Tpts = (g2 + Ango + bpgo +15,) + O(2).
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Since by assumption 7, # Gp43 — Qpyo — Ango —bpgo and 1y, # bpys — Qpgo — Apgo —
bn12, the iterate x,.3 is not equal to a,.3 or b,,3 at z = 25 = 0. Therefore, the pole
at T,42 is not counted twice in (4.14). Similarly, we get the same result about the

pole at x,,_».

Considering the second type of singularity we have the following relation

= o () o ()| 2

20€Co n=r0 n=ro

=2 Z ZT: ord,, (ﬁ)

20€Cs n=ro

r+2
<2 Z Z ord,, Ty, (4.20)
20€Cc0 n=rg—2

{n—1,n+1}NX(2) =0

where the set X (zp) is defined in Theorem 4.2.1. Recall in Theorem 4.2.1 we showed
considering the first type of singularity only that we get (4.16) with 7 = 2, conse-
quently

T r+1
Z Z [ordz0 <In i an)—l—ordzO (x ibn>] <2 Z Z ord,, .

20€Co n=r0 n 20€C

n=rg—1
{n—1,n+1}NX(20) #0

(4.21)
Adding (4.21) and (4.20) yields

r+2
AD,(x,) <2 Z Z ord,,z, = 2D, 19(xy) + 20rd,, (Try—2) + 20rd,y (24y—1)-

20€Co n=r9—2

Using the shift r — r — 2 then iterating this recurrence relation repeatedly and

following the same reasoning as in the previous section (4.10)-(4.13) yields

Dy(wa(2)) = (L) ke

1+p

where 0 < p < 1 is an arbitrary constant and K > 0, since all z,(z) are non-

constant rational functions.

Now the rest of the proof is dealing with cases and sub-cases such that for each
i = 1,...,4 either Pyy1(—rin) = 0 or P,_y(—7;,) = 0 for all n. This prevents
having poles at either x,_s or z,,2. Note that here the assumption 7;, #Z —an11

and r;, # —b,y for all i € {1,...,4} and all n is necessary, otherwise we have a
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contradiction to our irreducibility condition.

Case 1: Either for alli =1,...,4, P,y1(—7r,) =0 forall nor foralli =1,...,4,
P, 1(—rin) =0, Vn.
Without loss of generality, let P,1(—r;,) =0 Vn and for all i = 1,...,4. Let
Qn+1(y) = Poya(—y), ¥n. Since P, (r;,) =0, Vi € {1,...,4} and Qpni1(7in) =
Poi1(—1ipn) =0, we have two quartic polynomials )1 and P, that have the
same set of distinct roots and their leading coefficients equal 1. Therefore, these
two polynomials are equal. Equating the corresponding coefficient for each
power of the independent variable we get the following relations: a,, = —a, 1,
Bn = Bnity, Yn = —Vns1 and m, = 1,41. Since the coefficients are rational
functions of n, we get o, = 0, 8, = [ (constant), v, = 0, and n, = 7

(constant) for all n. Hence,
P(wn) = o, + B, + 1,

which is the polynomial given in case 1 in the statement of the theorem. The
same conclusion is obtained if we start with P,_1(—7r;,) = 0, Vn and for all
1=1,...,4.

Case 2: Either P, 1(—71,)

for all n or P,_1(—71.)

Pn—l—l(_TQ,n)
Pn—l (_T2,n)

Poii(—rsn) =0and Py (—r4n) Z0
Pn_l(—rg’n) =0 and Pn_l(—r47n) 7_é 0

for all n.

Without loss of generality, let P,i1(—71) = Popi(—720) = Popi(—13,) =0

and P,41(—74,) # 0 for all n. This implies that P,_1(—rs,) =0

Since P, has 4 distinct roots {71 41, "2,n41, T3n+1, Fant1 } Dy assumption, our

case implies { =71, =725, =730} C {71041, T2n415 T3n415 Tant1 b+ Suppose that

Tim+1 = —Tjn, Vn for some i, j € {1,2,3}, then
0=P1(rjmn-1) = Po1(—7in).

So if {_rl,vm —T2n, _TS,n} = {Tl,n+17 2,041, r3,n+1}7 then Pnfl(_rl,n) = 0 for all
l =1,...,4 which is case 1. Hence, 74,41 = —r;, for some ¢ = 1,2,3. By
re-indexing if necessary {—r,, —ron, —T3n}, We choose 74,11 = —71,, SO We

have {—Tz,n, —7“3,n} C {7"1,n+1,7“2,n+177‘3,n+1}.

Sub-case 2.1: Let {—r2,, —73,} = {2041, T3n+1}. If we let ro 1 = —rg, and
T3n+1 = —T3n, then it implies that o, = r3, = 0 since r;, for ¢ =1,...,4 are
rational functions of n. We have a contradiction since the roots are distinct.

S0 ropi1 = —T3y, and 13,41 = —7Ta,. This yields 79,11 = —(—T20-1) = ron—1
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which means that r,,, is a constant, 7. Similarly, r3, = —rs. Recall that we
let r4 41 = —71.n, which means that P, (z,) = (xn—710) (@0 —72) (2 +72) (s +
T1n-1). Let r1, = f, for an arbitrary rational function of n and ry = «, it
implies

Po(zn) = (Tn — fo)(@n — @) (2n + @) (Tn + fr1)-

This polynomial is a special case of the form given in case 2 in the statement

of the theorem with g, = a.

Sub-case 2.2: Let {—72,, =73} = {rin+1,7jn+1} where j = 2 or 3. We could
re-index 2 by 3 or vice versa if necessary. Without loss of generality, let
{—TQ,m —7”3,n} = {Tl,n+lyr2,n+1}-

o If riy1 = —rop and ro 1 = —r3,, recall that we have ry 11 = =71y,
then setting 7, = f, for an arbitrary rational function in n we get ry,, =
—fot1, T3 = fote and 14, = —f,—1. Since the roots of P, are distinct

then f, is non-constant rational function of n. This implies

Pn(xn) = (mn - fn)(l’n + fn—&-l)(xn - fn+2)($n + fn—l)a

which is the form given in case 3 in the statement of the theorem.

o Ifry 41 = —rspandry g = —ro,, thisyields rg,, = 0. Let 1y, = f,,, then
we have 73, = —f,+1 and 74, = —f,—1. Note that f, is a non-constant

rational function of n. Hence,

Pn(xn) = (xn - fn)wn<xn + fn+l)($n + fn71>7

which is the form given in case 4 in the statement of the theorem.

Case 3: Either Pn-i—l(_rl,n) = Pn+1(_r2,n) =0and Pn-i-l(_r?),n) 7_é Oa Pn+l(_r4,n) ?_é
0or Po1(—r1,) = Po1(—r2n) =0 and Py_1(—rs,) 0, Pooi(—7r4,) Z0.

Without loss of generality, let P,y1(—71,) = Poyi1(—r2,) = 0and Py (—13,) #
0, Poi1(—7r4n) # 0. This implies P,_1(—r3,) = Po1(—r4n) = 0. We have

{—7“1,m —7“2,n} - {T1,n+1,7“2,n+1,7“3,n+1,7“4,n+1}- Suppose that Tin+1 = —Tjn for
some 4,5 € {1,2}, this means that P,(r;,) = P,(—rint1) # 0 which is a

contradiction since 7, is a root of P,. So

{_rl,na _T2,n} = {7”3,n+1, T4nt1}) (4.22)
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Similarly,
{—7’3771, _T4,n} = {rl,n—la T27n—1}7 (423)

if we start with {—r3,, —ran} C {r1m-1,72.0-1,73n-1,74n-1}. Re-indexing if

necessary in (4.22) we have

3nt+1 = —Tin and Tant+1 = —T2n. (424)

Sub-case 3.1 From (4.23) we set ry,,—1 = —r3, and 79,1 = —7T4,, and from (4.24)

we have 73,41 = =71, and r4p41 = —72,. Let r1, = f, and ry,, = g, it implies
that r3,, = —f,—1 and r4,, = —¢g,—1. Hence,

Po(xy) = (2 — fo)(@n — gn)(@n + foe1)(@n + gn-1),

which is the form given in case 2 in the statement of the theorem.

Sub-case 3.2 From (4.23) if we set ry,,—1 = —T'4n, Tan—1 = —7T3, and let vy, = fo,
then ry, = —r3,41 = 11, = f, where we used (4.24), r3, = —f,—1 and ry, =
— fn_1. This is a contradiction since P, has no repeated roots. The proof of the

theorem is completed. 0

From Theorem 4.2.1 if we have infinitely many of the sequences (a,, 00, b,,12), then com-
bining the expression of «, from this theorem with the first form of P,(z,) given in

Theorem 4.2.2, we have 0 = «, = (bpy1 — ap) — (b — ap_1). It yields
bn+1 =a, + C1, (425)

where ¢; is a constant. Similarly, if we have infinitely many of the sequences (b,,, 00, a,+2),

then we have 0 = o, = ap41 — ay, — by, + b,,—1. 1t yields
Apt1 = bn + Co, (426)

where ¢y is a constant. From (4.25) and (4.26) we have a,, = (¢; + ¢a)n + ¢3 and b, =

(c1 + c2)n + ¢4 where c3, ¢4 are constants. Let ¢; + ¢co = ¢, ¢ = w and ¢4 = v, then
. zd +Ba2 4 (22 —p?)(z2—q*)

(4.7) is of the form (zp41 + n)(Tpo1 + xn) = e = s

(@n—(¢n+w))(zn—(Pn+v)) (@n—(¢n+€))*—u?"
Hence, (p41 + Tn)(Tn_1 + x,) = —ZatBIi__ pedyees to a discrete analogue of Pry if
) n+1 n n—1 n (@n—an)(Tn—bn) g 1V

this equation has infinitely many sequences of the forms (a,, 00, b,42) and (b, 00, ayi2)

and all the assumptions in Theorem 4.2.1 and Theorem 4.2.2 are satisfied.
If (4.7) has infinitely many of the sequence (a,,, 00, b,12) and none of the other sequence

(b, 00, apy2), then we expect that the solution x, of (4.7) solves a difference Riccati
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equation of the form:

o bn+1$n+fn
Tnt+1 = ﬁa
n — Un

where f, is an arbitrary rational function of n. A similar argument follows if we exchange
all a,, by b, in the above argument. To prove this we need some extra tools and analysis
concerning the nature of the singularities. We expect that it is somehow analogous to
our treatment of the Riccati case in the previous chapter. We leave this part for future

publications since it needs further investigations and study.



Chapter 5
Ultra-discrete equations

In this chapter, we consider ultra-discrete equations. We present some results that have
some indications and suggestions towards a new integrability detector for ultra-discrete
equations. These results are based on numerical simulations using Mathematica software.
First, we need to understand the algebraic settings that these equations are linked to.
Hence, in section 5.1, we lay the base of the max-plus semi-field. In section 5.2, we

illustrate our numerical findings.

5.1 Max-plus semi-field

The real number system with the ordinary operations of addition and multiplication
(R, +, x) has a well known classical algebra. Any system of numbers with operations
that has sufficiently many of the axiomatic properties of (R, +, x) could be used as a
starting point for analogue theories of the classical algebra over the new system. Some
of these systems appeared in the middle of the last century, e.g. the max-plus algebra
(appeared first in Kleene’s paper on nerve sets and automata [49]), the min-plus algebra
and the minimax algebra [16]. There are lots of fields (e.g. computer science, computer
languages, finite automata, optimisation problems on graph, stochastic systems....etc.)
that used successfully the settings of these algebras to recast their problems in a sim-
pler manner. In [17], there are illustrations for a number of applications in different fields

where the experts in them recast their problems using these new algebras and solved them.

In this section, we give a formal definition of the max-plus semi-field over R,,,, = RU

{—o0} with the addition and multiplication operations. The addition and multiplication

99
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operations are defined as follows:

a® b = max(a,b),

a®b=a+b, (5.1)
where a and b € R. By definition
a®d—00 =a Va € R4,
a®—00 = —00 Va € R, 0. (5.2)

From (5.2), it is clear that the additive identity is —oco. The multiplicative identity is 0
and the multiplicative inverse is —a for any a € R, except for —oo. There is no additive
inverse for any element a € R. There are some suggested solutions for this problem of
lack of inverses discussed in [62] and in the references of [56]. In this semi-field, all the

usual commutative, associative and distributive axioms hold [56]:

a®b=>bDa,
ad(bdc)=(adb) e,
a®b=>0®a,
a® (b®c)=(a®b) ®c,
a®bdc)=(ab)®(a®c), (5.3)

where a,b and ¢ € R,,,,. There is also one property that holds for the operation & called

the idempotent law:

a®a=a, (5.4)

where a € R,,,,. This property opens the door for a very rich algebra and analysis called
the idempotent algebra and idempotent analysis. Idempotent analysis was established by
Maslov and his collaborators in the 1980s, more details of which can be found in [52] and
[53]. Sometimes, the max-plus semi-field is called idempotent semi-field because of this
property (5.4). Another term used for max-plus semi-field is tropical semi-field. According
to [52], this term was first introduced in computer science to represent the discrete version
of max-plus algebra R,,,, or min-plus algebra R,,;, (i.e. a ® b = min(a,b), a®b=a+ b,
Va,b € RU {oco}) and their sub-algebras.

We denote the r—fold (product of an element a with itself r times) by a power:
W =a®a®---®a (rtimes). (5.5)

To distinguish the regular exponent produced from the ordinary multiplication operation
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and the exponent that is a result of the operation ® we used brackets around the exponent
in (5.5). From (5.1), it is clear that a'") = ra, Va € R,pq, when r is a positive integer. Let

us define the zero and negative exponents by

a® =0,
™" = —ra  (r>0). (5.6)

Another property could be added here [18]:
(a@b)” =a @b (r>0), (5.7)
for which the proof is straightforward, from (5.1) and (5.5) we have
(a ® b)) = rmax(a,b) = max(ra,rb) = a™ @b (r >0).

Now we are ready to introduce a new notation and concept for a quotient in our max-plus
algebra. We denote the quotient by © to distinguish it from the usual quotient in the
classic algebra. Now if we have two expressions in the max-plus algebra U and V', then
we define the quotient by [17]

UoV=UVY=U-V. (5.8)
To make this definition clearer, let us take an example
(4o (Toz"")) o (B®r)®r) =max(4,7 — ) — max(3 + =, z), (5.9)

where we have used the definitions in (5.8) and (5.6). In addition, we could define the

operator min in the max-plus semi-field as follows:

min(a,b) = a + b —max(a,b) = (a®b) @ (a ®b). (5.10)

The max-plus semi-field can be introduced from a different perspective similar to
quantum theory. The parameter h below plays a role similar to Planck’s constant in
quantum theory. Consider the semi-ring (R, , +, x), where R, is the set of all non-negative
real numbers and + and x are the classic addition and multiplication operations. Define
amap ¢, : Ry — RU{—o0} by

Oy, (z) = hlog(z) (h > 0). (5.11)
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Now let the classic addition and multiplication be mapped from R, to RU{—oc} by ®p,.

b/h

Hence, for a = ®,(x) = hlog(x) and b = ®;,(y) = hlog(y), where x = %", y = e/ we

have

@ (x +y) = hlog(x +y) = hlog(exp (a/h) + exp (b/h)) = a By b,
®p,(vy) = hlog(wy) = hlog(x) + hlog(y) = u(z) + Pu(y) =a+b=a®b.

Also, note that from (5.11) the additive identity 0 mapped to —oo and the multiplicative
identity 1 mapped to 0 . Note that

a®b= hli,%l+ a®pb= hlirgi(hlog(exp (a/h) + exp (b/h))) = max(a,b). (5.12)
Therefore, RU {—o00} forms a max-plus semi-field with respect to the operations a &b =
max(a,b) and a ® b = a + b with identity —oo for the operation @ and 0 as the identity
for the operation ®. All the axioms and the properties discussed above are valid here. By
analogy with quantum theory, R, could be viewed as a quantum object and R,,,, as a
result of its dequantisation [53]. The process in identity (5.12) is known as dequantisation

or ultra-discretisation.

Recently, strong links between integrable cellular automata and tropical geometry were
found. In the next section, we discuss the ultra-discrete equations and highlight some of
the known integrability detectors. We also present some numerical results that might
give some suggestion or indication towards a new integrability detector for ultra-discrete

equations.

5.2 Ultra-discrete equations

The last section ended by introducing the ultra-discretisation identity

lim elog(e?c + ¢P/¢) = max(A, B), (5.13)

e—0t

where A, B € R and € > 0. Applying this identity to discrete equations introduces a new
type called ultra-discrete equations. Naturally, these equations are expressed in terms
of max-plus semi-field expressions. An integrable ultra-discrete equation was given by
Takahashi and Satsuma in 1990 [78]. Their equation is related to soliton cellular automata
which is known as box and ball system. Integrable ultra-discrete equations usually arise

from the ultra-discretisation of known integrable discrete equations, according to the
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authors of [29].

Recently, mathematicians are interested in exploring the integrability of ultra-discrete
equations and introducing detectors for it. Joshi and Lafortune proposed a detector
of integrability based on singularity confinement in [46]. This method was investigated
in depth in [29] and the authors found a non-integrable system that passed this test.
Basically, our work here is an attempt to extend the Ablowitz et al. [1] idea to the
ultra-discrete equations’ settings. The work in this chapter was motivated by preliminary
results in [37]. The preliminary results in [37] suggest that the existence of finite order
max-plus meromorphic solutions could be used as a good detector of the integrability of
ultra-discrete equations. The numerical results that we have support this suggestion. The
tools we used here are ultra-discrete versions of the Nevanlinna theory functions. These
functions are derived in [37].

In [37], Halburd and Southall developed the tropical Nevanlinna theory where the role
of meromorphic functions is played by piecewise linear functions. These functions are
of real variable with one-sided derivatives which are integers at every point. A tropical
version of the Nevanlinna functions (m,n, N and T functions defined in Appendix B) had
been derived. In addition, the authors of [37] gave an interpretation of these functions
under the new setting, i.e. the max-plus semi-field. We present here tools from tropical
Nevanlinna theory given in [37]. Then we present our numerical results.

First, let us start by giving a definition of a max-plus rational function
R(r)={ap® (@ ®2)® - ®(a,22P)}0{b® b ®@2)® - & (by @)}, (5.14)

where t @y = . —y, 2™ = nz and p and ¢ are non-negative integers. Geometrically, any
max-plus rational function is a continuous piecewise linear function with a finite number

of distinct linear segments, each with integer slope, as shown in Figure 5.1.

f(x)
150+

100+

50+

500 Wo 156&\/000 &év 3000\

Figure 5.1: Continuous piecewise linear function f(x)

—50}
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Definition 5.2.1. A continuous piecewise linear function f : R — R is said to be max-

plus meromorphic on R if both one-sided derivatives are integers at each point v € R.

Definition 5.2.2. For any x € R the term wy(z) = lim_o+{f'(x +€) — f'(z — €)}
represents the change of slope at the point x in the graph of the f function.

Now if w¢(z) > 0, then z is called a root of f with multiplicity ws(x). If we(z) < 0,
then z is called a pole of f with multiplicity —w(x). In general, if f is a max-plus mero-
morphic function on R and f'(z) = m Vx < xg, for a constant m € Z and xy € R, then f
is called a max-plus meromorphic function on RU{—o0}. The point —cc is called a root of

multiplicity m if m > 0, a pole of multiplicity —m if m < 0 and an ordinary point if m > 0.

Let 7 = max(z,0) for any z € RU {—o0}. For any function f : R — R, define [

function by f*(x) = max(f(x),0). Now we define the max-plus proximity function

FH) + (=)

5 (5.15)

m(f,r) =

The max-plus proximity function m(f,r) is an average of f* function at the end points of
the interval (—r,r) which is similar to the definition of the classic Nevanlinna mean prox-
imity function (discussed in Appendix B). The max-plus counting function, n(f,r) counts
the number of poles of f in the interval (—r,7) counting multiplicities. The integrated

max-plus counting function is defined by

K

N(fr) =5 [ alhod =53~ b, (5.16)

v=1

\V)

where b,s represent the poles of the function f in the interval (—r,r) and K is the
total number of the poles counting multiplicities. The max-plus characteristic function is
defined by

T(f,r)=m(f,r)+ N(f,1). (5.17)

Definition 5.2.3. A maz-plus meromorphic function is of finite order if there exist

positive numbers o and o such that T(f,r) <17, for all r > ry.

We could extend the definition of the max-plus Nevanlinna characteristic to any arbi-
trary continuous piecewise linear function (not just with integer slopes) by allowing the
counting function n(f,r) to count poles of non-integer multiplicities (i.e. the difference of

slopes). The class of equations

y(r +1) ®@ylr — 1) = Rz, y(z)), (5.18)
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where R is max-plus rational in z,y and = € R, was discussed in [37] and was shown to
admit infinitely many max-plus meromorphic solutions. It was also shown that a large
class of equations (5.18) admits infinite order solutions. Joshi and Lafortune considered

in their paper [46] an equation of this class,
Yn+1 + 3Yn + Yn—1 = max(yn + K, 0)7 (519)

where K is a constant and n, y are integers. This equation was used as an example for not
possessing their ultra-discrete analogue of singularity confinement. In [37], Halburd and
Southall explored the extended version of equation (5.19) where the independent variable

is a real number. They proved the following lemma:

Lemma 5.2.1. Let K be a positive constant and let y be a max-plus meromorphic solution

of
y(x + 1)+ 3y(x) + y(x — 1) = max(y(x) + K, 0), (5.20)

such that y(0) > 0 and y(1) < —K. Then y has infinite order.

The proof of this lemma is straightforward using induction and is given in [37], hence

we omit it. Another equation has been explored by Joshi and Lafortune in their paper [46]:

Yn1 + Yn + Yni1 = max(y, + é,,0), (5.21)

where n, y € Z. They showed that for this equation to pass the singularity confinement,
then ¢, should satisfy the following condition:

Gnts5 — Onts — Pnra + On = 0.

Hence,

2 2
On = a+ Pn+y(—1)" 4+ § cos (%) + wsin (%) :

where «, 3,7, and w are all arbitrary constants. In [37], the authors considered the

extended version of equation (5.21)
y(@ +1) + yl(x) + y(o — 1) = max(y(z) + 6(x),0). (5.2
They found that the confinement condition is
¢(x) = mo(x) + m3(2) + Nz + C,

where 7y, w3 are arbitrary periodic max-plus meromorphic functions of periods 2 and 3,

respectively, N € Z and C' € R. The authors commented on equation (5.22) and made
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some observations about the order of its solution depending on the type of the ¢ function.
Here, we explore equation (5.22) further numerically using Mathematica software and we
give the result of our findings. We found that if ¢ is only a periodic function of periods 2
or 3 (or their sum), then the order of the solution y(x) tends to be finite. If we choose ¢
to be a periodic function of period higher than 3, like 4, 5 or 7, then the counting function
n(y,r) shows a sign of a fast growth but eventually it grows slower, which indicates the
finite order of the solution. If we choose ¢ to have the form z + ¢(x), where ¢ is a
periodic function of any period, then y(z) tends to be of finite order. Nevertheless, if x is
sufficiently large, then we notice that the max(y(z)+ ¢(z),0) term is switched off and the
solution of equation (5.22) becomes identical to the solution of a simpler ultra-discrete
equation

yle+1) +ylr —1) = o(x),

given that ¢(z) =  + ¢ (z). In all the numerical simulations done here, we divided every
unit of real number in the real axis into 30,000 distinct points and we have done that for
intervals of different lengths r to get a total of over 1,000,000 distinct points. We gave
initial conditions of various piecewise linear functions to the ultra-discrete equations in
hand to get their solutions which are continuous piecewise linear functions. If we calculate
the max-plus Nevanlinna characteristic function for the solutions of these functions, then
we get the following results.

For equation (5.22) with ¢ is purely a periodic function of period 3 (73), we get a slow

growth of the T" function which therefore suggests that the solution y(z) is of finite order.

log(T'(n))
log(n)

n
02 04 : 10°

Figure 5.2: Plot of W of equation (5.22) with ¢ = 3

We get a similar result if ¢ is purely a periodic function of period 5 (7).
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log(T'(n))
log(n)

02 04 06 08 1 12 10

Figure 5.3: Plot of W of equation (5.22) with ¢ = ;3

If we choose ¢ = w5 + x or any other periodic term of different period, then we get
the T' function of the solution of equation (5.22) is of a slow growth, which suggests that

y(x) is of finite order.

log(T(n))
log(n)

n

T 1 32 10

04

02

Figure 5.4: Plot of W of equation (5.22) with ¢ = 75 + x

We applied this method for other ultra-discrete equations, in particular an ultra-

discrete analogue of the first Painlevé equation discussed in [29].
Ynt1 +Yn-1 = A= 2yn + max(yn, 0).

This equation is integrable and when we applied our method we found that the 7" function

of the solution is growing slowly, which implies that the solution is of finite order.
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We applied this method to an ultra-discrete equation that is derived from non-integrable

discrete equation as shown in [80]. This equation is

Ynt1l = Yn—1 + |yn| (523)

The numerical results are shown in Figure 5.5.

N[n]

25%x10%
20x10%
1.5%10%
1.0x10%

50x10%°
n

0.05 0.1 0.15 10°

Figure 5.5: Plot of N(y,r) of equation (5.23).

Since the function N(y,r) is growing exponentially, T'(y,r) is growing exponentially,
hence the solution of (5.23) is of infinite order. We applied our method for (5.20). Recall
that in Lemma 5.2.1, the solution of this equation is shown to have infinite order. We get
a similar result to Figure 5.5.

In this chapter, we presented numerical results for a proposed integrability detector of
ultra-discrete equations. The work here is motivated by encouraging preliminary results
given in [37] and our numerical simulations support these results and their indications.
Our method simply is to investigate the growth of the max-plus Nevanlinna characteristic
function T' of a solution of different ultra-discrete equations. Consequently, our numerical
results suggest that if the equation is believed to be integrable, then its solution is of a

finite order in the max-plus Nevanlinna theory sense.



Chapter 6
Summary and future work

The framework that we adopt in this thesis is based on investigating the growth of certain
characteristics of certain discrete equations which enables us to draw some conclusions
about their integrability. In Chapter 3, the characteristic that we analyse is the loga-
rithmic height of the equation solution A(y, ), while in Chapter 4 we analyse the degree
deg,(z,) of the equation solution in terms of an external variable z. The first discrete

equation we studied in Chapter 3 is

an + by + cny?
L—yp

Yn+1 + Yn—1 =

We investigated the growth of the logarithmic height of an admissible solution y,. The
main goal of this chapter is to prove Theorem 1.4.1. We showed, using a rigorous analysis
in Theorem 3.1.1. (provided that all the assumptions in the theorem are satisfied), that
h-(yn) is growing exponentially with r. If ¢, = 0 ¥n and all the assumptions in Theorem
1.4.2 and Corollary 3.2.1 are satisfied, then either h,(y,) grows very fast with r. Or
the coefficients of the equation satisfy the following relation: a,, — 6b,, — 6(fa,_s + b, 2 —

2b,_1) = 0, Vn where § = —1 or 1, which reduces the above equation to a discrete analogue
of Prrt Yni1+Yn—1 = %

_ anT0n— n
equation of the form y,, 41 = 2 © :I;yf)w as well. If ¢, = 20 Vn (where § = —1 or 1)

and the assumptions of Theorem 3.3.1 and Corollary 3.3.1 are satisfied, then h,(y,) grows

. Or the admissible solution v, solves a difference Riccati

exponentially with r. The result of this chapter provides further evidence that the height
growth of the solution of a discrete equation is a good indicator for the integrability of
the equation.

In Chapter 4, we studied the following difference equation,

P () i+ a4 Bax Yl +

(Tn — ap)(z, —by) (Tn, — an) (T — by)

(xn—l + xn)(-rn + xn—l—l) =

109
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We used the same framework with the characteristic deg,(x,), where we explored the
growth of D, (x,) of a non-constant rational function solution z,(2) in the above equation.
We showed in Theorem 4.2.1, given that all the assumptions are satisfied that if «,, #
p_1+ 1 — ay, — b, (where p; € {anyq,byyi}) for all n € Z, then D, (z,) > K2" for some
K > 0. This implies that deg,(x,) is growing fast, which suggests that this equation is
not integrable with these assumptions on «,. If all the assumptions in Theorem 4.2.2 are
satisfied, then either D,.(x,) grows exponentially with r or P, (z,) is one of the four special
forms stated in the theorem . If the equation (x,_1 + x,) (T, + Tpi1) = % has
infinitely many of the sequences (a,,, 00, b, +2) and (b,, 00, a,+2), then the equation reduces
to a discrete analogue of Pry .

In Chapter 5, we continued using our framework but this time we investigated the
growth of the max-plus Nevanlinna characteristic function 7' of solutions of different
ultra-discrete equations numerically. The numerical results suggest that if the equation
is integrable, then its solution is of a finite order in the max-plus Nevanlinna theory
sense. These results are encouraging for a necessary condition for the integrability of
ultra-discrete equations. A future work in this area will be aiming at further study of
this criterion of ultra-discrete equations numerically and analytically. We hope that we
could construct an integrability detector for ultra-discrete equations, where this area of
research is very active recently. Another direction for our future work is to extend the
idea of Diophantine integrability to include discrete equations with coefficients in number

fields, not just the field of rational numbers.



Appendix A

Overview of Nevanlinna theory

Nevanlinna theory is a branch of complex analysis, the basics of which arose in the late
1920s from Nevanlinna [58]. A lot of development has been added since then to make it
what we know now as Nevanlinna theory. The backbone of the theory is its two main
theorems. Generally, Nevanlinna theory in one variable describes the value distribution
theory of a non-constant meromorphic function f : C — P!. The main aim here is to give

an introductory overview of the principles of this theory.!

To present Nevanlinna theory in a simpler way, we have chosen to discuss its link with
the Fundamental theorem of algebra. Understanding the basis of this theory relies on
understanding the connection between it and the Fundamental theorem of algebra. The
latter states that a non-constant polynomial of degree d in one complex variable takes
on every complex value exactly d times, provided that the values are counted with their
proper multiplicities. Picard generalised this theorem by proving that a transcendental
entire function (i.e. a sort of polynomial of infinite degree [13]) must take on all but at
most one complex value infinitely many times. The main question is what type of infinite
degree he meant. There are many infinities and after Picard’s work mathematicians tried
to distinguish between different infinite degrees. The development of this topic relies
on viewing the degree of complex polynomial P(z) as the rate at which the maximum
modulus of P(z) — oo as |z| — co. Then Hadamard proved that there was a connection
between the growth order of an entire function and the distribution of the function’s zeros.
Later, Borel proved the connection between the growth rate of the maximum modulus
of an entire function and the asymptotic frequency with which it must attain all but
at most one complex value. Finally, R. Nevanlinna discovered the right way to express

and measure the growth of meromorphic functions and developed the base of Nevanlinna

! Almost all the historic events and facts mentioned in the development of Nevanlinna theory are
closely following the treatment in [13], where the interested reader could find all the original references
cited there.
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theory (First and Second main theorems).

A.1 Nevanlinna Functions

Nevanlinna theory could simply be viewed as a generalisation for the Fundamental theo-
rem of algebra to meromorphic and holomorphic functions in C. To achieve this, we need
to develop the tools used by this theory, i.e. Nevanlinna functions. The four fundamental
functions are the counting function n(f, a,r), the integrated counting function N(f,a, ),
the mean proximity function m(f,a,r) and the Nevanlinna characteristic function (or
Nevanlinna height) T'(f,a,r), where f is a meromorphic function and a € C is in a disc
of radius r.

The function n(f,a,r) counts the number of times f takes on the value a (counting
multiplicities) in the closed disc of radius r, D(r). Also, n(f, 0o, r) counts the number of
poles of f in the disc D(r) counted with their multiplicities. Note that

n(f,a,r) :n(ﬁ,oo,r).

We define the integrated counting function by

dt

N(f,a,7) =n(f,a,0)logr + /Or[n(f,a,t) — n(f,a,())]?. (A1)

Hence, it counts as a logarithmic average the number of times f takes on the value a in
the closed disc of radius r, D(r). The mean proximity function m(f,a,r) measures how

often f is close on average to a but not equal to it on the circle of radius r. We define
m(f,a,r) by

m(f,a,r) = /0 10g+ f(rezi) —a %7 a # 00
m(foo0r) = [ 1og” | fre") | 5. (A2

where for any positive number z, log™ z = max(0,logz). The Nevanlinna characteristic
function is defined as the sum of the integrated counting function and the mean proximity
function

T(f,a,r)=m(f,a,r)+ N(f,a,r). (A.3)

The function T'(f, a, r) plays in Nevanlinna theory the same role that the degree of polyno-
mials plays in the Fundamental theorem of algebra. Another way to think of this function

is as a measure of the area on the Riemann sphere covered by the image of the disc of
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radius r under the mapping f. Now we state the First and the Second Main theorems,

the proofs of which are given in most Nevanlinna theory books such as [13], [51].

First Main Theorem. If f is a non-constant meromorphic function on C and a is a

point in CU {oo}, then
T(f,?“) —m(f,a,r) —N(f,a,r) = 0(1)7

asTr — oQ.

This theorem shows that the function 7' is independent of the choice of the value a,
except for a bounded term independent of r. This theorem gives an upper bound on the
number of times that the function f takes on the value a by T'(f,r). Note that this is
similar to the fact that a non-constant polynomial of degree d takes on every value a
at most d times. Moreover, d does not depend on which value a the function f takes.

Similarly, T" is independent of the choice of the value a.

Second Main Theorem. If f is a non-constant meromorphic function on C and a, . .., a,

are distinct points in C U {oco}, then

(q - 2)T(f,?”) - ZN(fv CLj,T) + Nram(fﬂﬂ) S O(T(f,?“)),

=1

for a sequence of r — oo.

The term Nyam(f,r) is positive (at least for » > 1) and measures how often the
function f is ramified. This theorem provides a lower bound on the sum of any finite
collection of integrated counting functions N(f,a;,r) for certain arbitrary large radii r.
If we combine the results from both theorems then this will serve as a generalisation of
the Fundamental theorem of algebra. Also, T gives for most values as upper and lower
bounds on the number of times the function f takes on the value a, where the Second
Main Theorem provides a precise limit on how much the lower bound can fail for all as
taken together. This is an analogue to Picard’s generalisation of the Fundamental theo-

rem of algebra.

For any meromorphic function f in the whole plane (i.e. 0 < r < 00), we define its
order ¢ by [57]

logT
o = limsup ()g—(f,r), (A4)
00 logr
and if 0 < o < oo, then it is of type v, where
T
v = lim sup @ (A.5)

r—00 r
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Theorem A.1.1. A meromorphic function f is rational if and only if T(f,r) = O(logr).

The proof is given in most Nevanlinna theory books, in particular in [51]. Theorem
A.1.1 implies that the order of a rational function is 0 using (A.4).

Consider f(z) = €7, since the exponential function is an entire function, then it has
no poles, hence e* never takes the value co. Therefore, n(e?, 0o, r) = 0 and consequently,
N(e?, 00,7) = 0, while

1 ™ ' 1 w/2
m(e*, 00,1) = Py /_7r log™ | exp(re®)|df = gy /_Wﬂ'r’cos 0dh = % (A.6)
Thus, T'(e*,r) = =. As a consequence, the order of e* is 1. We call the rational function
and the exponential function functions of finite order. If a function f has an order o = oo,

then we say f has an infinite order.



Appendix B

Differential and difference Riccati

equations

An ordinary differential equation of the following form:
w'(t) = a(t)w?(t) + b(t)w(t) + c(t), (B.1)

where a(t) # 0, is known as the Riccati equation. It took its name from Jacopo Francesco,

Count Riccati (1676-1754), who considered a class of equations of the form
w'(t) +t "w?(t) — nt™ " =0,

where m and n are constants. The history of this equation can be found in [73] and its
references. In [73], historically, James Bernoulli (1654-1705) expressed the solution of the
equation

w'(t) =t + w(t), (B.2)

as a quotient of 2 infinite series. It is a procedure for relating the solution of equation
(B.2) into another equation with a new variable u # 0 such that the relation between the
two variables is w = —% [11]. In general, in the eighteenth century, the Riccati equation
had a lot of attention and much of mathematicians’ works were concerned with finding
a solution of the Riccati equation in a finite form or expressing it in terms of specified
types of functional transforms. Many mathematicians contributed at that time to the
study of the Riccati equation like James, John and Daniel Bernoulli, Leonhard Euler,
Jean-le-Rond d’Alembert and Adrian Marie Legendre, according to [73].

The Riccati equation got a lot of attention through its history for two main reasons.
The first is that it appeared in many disciplines of mathematics such as calculus of vari-

ations, optimisation theory, dynamic programming and mathematical physics. The other
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reason is its special properties distinguishing it from all other differential equations in the
following class of equations:
w' = F(z,w), (B.3)

where F' is non-linear in w(z) and z € C,. The main two properties that concern us here
are [81]

1. It is linearisable in terms of a new variable v # 0 by introducing the change of

variable w = —#% in (B.1), (i.e., u"(t) — <b(t) + Zéf;) U (t) + a(t)e(t)u(t) = 0).

2. It has the Painlevé property, i.e., the only movable singularities of its solution are

poles.

The Riccati equation is the only linearisable equation in the (B.3) class of equations. In
difference equations, there is a difference Riccati equation with properties analogous to

the differential Riccati equation. A class of difference equations
Tpt1 = R(n, ), (B.4)

where R(n,z,) is a rational function in z,, and all its coefficients are expressed freely in

n, includes the difference Riccati equation. The difference Riccati equation is

A,x, + B,

Cnrn + Dy’ (B.5)

Tpy1 =
where A, B,,,C,, and D,, are arbitrary functions in n and C,, # 0 Vn € Z. The difference
Riccati equation properties are

1. It is linearisable in terms of a new variable u,, # 0 by introducing the change of
Unp—Un—1 n—1

variable x, = g, “*—“*=1, where g, = ’énil, (i.e., (gn+1Dn — Bp)Unt1 — Gnt1(gnCn +
Dn)un + (gnJrlgnCn)unfl = 0)

2. It passes the known discrete integrability detector tests, proposed as a discrete
analogue to the Painlevé property in differential equations, such as singularity con-
finement [28], algebraic entropy [71], Diophantine integrability [34] and Nevanlinna
theory approach [84].

Here we include the linear function z,,, = ?)Z Ty + g—z (ie. C, =0and D, # 0
in (B.5)) in our classification of the difference Riccati type equation. Note that the
linear equation has the same properties stated above, except that now we do not
need to associate it with any linear system of higher order since it is already linear.
The difference Riccati equation is believed to be the only integrable equation in the

class of difference equations (B.4) as shown in [84] .
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