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Abstract

Using example generation to explore undergraduates’ conceptions of real

sequences: A phenomenographic study

by Antony W. Edwards

This thesis uses an example generation task to explore undergraduate students’ under-
standing of basic sequence properties in Real Analysis. First, a review of the literature
looks at three areas of research: the transition to studying mathematics at the tertiary
level, examples and the process of example generation, and the learning of Real Analysis.
It notes a lack of research on how students interact with simpler definitions in Analysis,

and suggests that an example generation task is an ideal research tool for this purpose.

Then, two pilot studies are reported. The first gave 101 students an example generation
task during a lecture. In this task, students were asked to generate examples of sequences
that satisfied certain combinations of properties. In the second pilot study a similar task
was given to six students in an interview setting with a ‘think-aloud’ protocol. These
pilot studies found that many students gave sequences that did not satisfy the requested

properties, whilst other students gave examples that were not sequences.

The thesis then reports on a main study in which the example generation task was
completed by 15 students during an interview, and 147 students during classes. The
interview data is analysed phenomenographically, with results presented along four di-
mensions of variation, where each dimension describes different ways of experiencing an
aspect of sequence example generation: Using Definitions, Representation of Sequences,
Sequence Construction Strategies, and Justifications. The larger-scale class data is then
analysed by Rasch Analysis to objectively rank the questions in order of their difficulty,

and to show that the interview-based responses reflect those in the wider cohort.

By asking students to generate their own examples of sequences, this thesis has furthered
what is known about student understanding in two areas. The first area is how students
understand content related to sequences in Analysis. The thesis considers students’
understanding of how sequences can be represented, how sequence property definitions
can be combined and how definitions affect sequences in different ways. The second area
is how students interact with example generation tasks, the approaches that are effective
when students are trying to generate examples, and the ways students justify or check

their answers.
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Chapter 1

Introduction

This thesis is situated within the literature focusing on undergraduate mathematics
education. Much of this literature explores the transition from secondary to tertiary
study in mathematics, which is considered by many as particularly difficult for students
(Holton, 2001; Smith, 2004; Tall, 1991a). Such difficulties have been at least partially
attributed to the changes in teaching and learning style at university (Baker et al., 1973;
Clark and Lovric, 2008, 2009; Copes, 1982), changes in the content of mathematics
(Alcock and Simpson, 2002; Artigue, 1991; Gueudet, 2008), and changes some authors
believe are needed in students’ understanding and thinking (Crawford et al., 1994; Tall,
1991b; Tall and Vinner, 1981).

Of the research exploring mathematics learning at this level, much has has focused on
material from Real Analysis (Artigue, 1991; Meehan, 2007; Tall, 1991b; Weber, 2008).
This is both because the material is typically studied early on in a mathematics degree
and so of interest to those studying the transition to university, but also because it is
rich in complex formal definitions (Alcock and Simpson, 2002), and yet students often
make judgements based on reasoning from their concept images (Tall and Vinner, 1981)

and spontaneous conceptions based on the everyday meaning of words (Cornu, 1991).

This thesis contributes to the literature exploring students’ understanding in Real Anal-
ysis, but it focuses on an area which has had relatively little study in the literature

compared with the limiting behaviour and continuity of functions. The mathematical
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objects under consideration are real-valued sequences, that is, functions
fN=R, f(n)=a,

where (a,,) represents the image of the sequence. This thesis examines how students early
on in their degrees understand and work with sequences and the definitions associated
with basic sequence properties, such as strictly increasing. Such definitions are typically
taught before those relating to the limiting behaviour and continuity of functions (e.g.

Burn, 1992), and are comparatively simpler in terms of their quantifiers.

The main study reported in the thesis uses an interview-based task where students are
asked to generate examples of sequences satisfying combinations of definitions, such as a
strictly increasing sequence which does not tend to infinity. Using a phenomenographic
methodology (Marton and Booth, 1997) in the analysis of the main study, the thesis not
only explores students’ understanding of sequences and the definitions associated with
sequence properties, but also the same students’ approaches and reasoning related to

the example generation process.

The thesis presents its findings in terms of a set of dimensions of variation, with each
dimension focusing on a different aspect of the example generation process: the different
ways in which students use definitions when generating examples (Section 6.2); the
ways students choose to represent their answers (Section 6.3); the strategies of example
construction employed by students (Section 6.4); and the ways in which students justify

the correctness of their answers (Section 6.5).

This introduction continues by stating the thesis’ research questions, and then outlining
the structure of the thesis on a chapter-by-chapter basis, with a final comment on the

dependencies between the chapters.

1.1 Research questions

The main purpose of the thesis is to address two research questions:

1. How successful are students at accurately generating examples of sequences satis-

fying certain combinations of properties?
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2. What is the qualitative variation in students’ experiences of sequence generation?

The first question is concerned not only with the number of students who provide correct
answers in example generation tasks, but also the type of answers they might give, and
the ways these answers might vary. It also is concerned with the ways students go about
process of example generation, and how successful those different ways may be. When
answering this research question in the thesis’s conclusion, reference will also be made to
what the studies have suggested about students’ concept images and concept definitions,
and the types of misconceptions and spontaneous conceptions that are associated with

the reasoning students have demonstrated.

The second question, phrased within the framework of phenomenography (Marton and
Booth, 1997), is concerned with exploring the dimensions of variation which collectively
describe students’ experience of sequence generation, and the categories of description

that comprise each dimension.

1.2 Structure of the thesis

This thesis has nine chapters, the first of which is this introduction chapter. The other
chapters fall into four sections: reviewing the literature (Chapters 2 and 3), reports of
empirical studies (Chapters 4, 5, and 6), two validation exercises (Chapters 7 and 8),

and a thesis discussion and conclusion (Chapter 9).

Literature reviews

Chapter 2 situates the thesis within the mathematics education literature. It begins
by exploring issues related to the progression to studying mathematics at the tertiary
level, looking at the social, epistemological and cognitive issues, and introducing the
theoretical constructs of concept image, concept definition and spontaneous conceptions.
Next, it explores research on examples and example generation, defining the notion of
an example space, and outlining research which has studied students’ example spaces
and the process of example generation. After discussing why the module Real Analysis
has been well-studied by mathematics education researchers, it highlights that there has

been considerably less research on simpler concepts in Analysis such as real sequences.
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The chapter concludes that an example generation task is a good tool to use to study how

students reason and interact with sequences and the definitions of sequence properties.

Chapter 3 outlines the phenomenographic methodology used in the main study of the
thesis. Phenomenography is a research specialism which explores students’ experience
of a phenomenon, focusing on students’ reports of their thinking and interpreting such
reports at face-value as possible ways of experiencing the phenomenon. Assumptions of
phenomenography are stated and discussed, and the specialism is briefly compared with
other interpretive forms of research. Then, various education studies that have taken a
phenomenographic approach are described in terms of their methods and presentation
of their outcomes, including some studies that explore students’ understanding in math-
ematics and science. Finally, the work of authors that have criticised phenomenographic
methods and analyses are commented upon. The chapter concludes that phenomeno-
graphy is a good research methodology to guide a study of students’ experiences in the
example generation process, both in terms of methods used, and in the way it presents

results in terms of dimensions of possible variation experienced by students.

Empirical research

Two pilot studies are described and briefly analysed in Chapter 4. These pilot studies
were conducted and analysed before the inclusion of a phenomenographic methodology;
their findings are included in the thesis to give the reader a flavour of the range and
type of responses students can give to sequence example generation tasks, and how
how such responses helped shape the research questions. The first pilot study was an
example generation task given to 101 undergraduate students, asking them to provide
examples of sequences subject to certain combinations of constraints. It found that
many students did not provide a sequence that satisfied the conditions of the questions,
sometimes instead giving a mathematical object which was not a sequence. The second
pilot study gave an example generation task to six students as part of a semi-structured
interview. Results were constrained by the limited sample size confounded with some
students feeling unable to attempt the questions, but the answers given by students
did replicate the types of answer found in the first pilot study. Most significantly, the
second pilot study suggests that some students are more likely to give answers that are

not sequences, some questions are more likely to provoke answers that are not sequences,
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and when students generate objects which are not sequences, at least some believe the

object given does represent a sequence.

The next two chapters outline the main study and present the main study’s outcomes.
Chapter 5 plans the main study. It takes the research specialism of phenomenography
described in Chapter 3 and links it with the findings from the pilot studies in Chapter
4 and the research on example generation from the review of research in Chapter 2 to
design an example generation task, and provide a framework in which to analyse the
data from such a task. The aim of the main study is to answer the second research
question and provide more information on the first research question by conducting ex-
ample generation interviews and analyse them with techniques from phenomenography
(so that dimensions of variation describing the qualitative variation in students’ experi-
ences emerge from the data). Chapter 6 first presents a brief discussion on the variation
within the definitions and example generation questions from a researchers’ perspective,
followed by the outcomes of the data analysis: an ‘outcome space’ consisting of four
dimensions of variation: Using Definitions, Representation of Sequences, Sequence Con-
struction Strategies, and Justifications. Each of these dimensions of variation consists
of a number of categories of description arranged hierarchically in terms of their relative
sophistication, with each category of description separately and collectively addressing
the second research question. The chapter concludes by focusing on the categories of
description that are associated with the types of incorrect answers seen in the pilot

studies.

Validation

The next two chapters of the thesis present two activities designed to explore the validity

of the main study’s outcomes.

Chapter 7 explores the communicative and pragmatic validity of the dimensions of vari-
ation described in Chapter 6; in other words the chapter considers how applicable the
dimensions of variation are to new data, and if the dimensions of variation are seen
as useful by other researchers. These questions are addressed by reporting on an inter-
coder validity exercise in which two colleagues took the dimensions of variation and used
them to independently code extracts of new interviews. The chapter is largely based

on a discussion between the two researchers and the author based on how consistent
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and applicable the dimensions of variation were to new data. The chapter concludes
that both researchers felt that the structure and content of the dimensions of variation
was appropriate for analysing new data, internally consistent, and that the methods

provided insight into the data.

Chapter 8 then explores the external validity of the main study by comparing the fifteen
students who were interviewed as part of the main study with a wider population of
147 from their year group who were given the task in class seminars. The statistical
technique of Rasch Analysis is argued to be ideal for this purpose, and after showing
that the dataset satisfied the Rasch Model’s assumptions a computer package was used
to estimate the data’s Rasch Model parameters. The questions are ranked objectively in
order of difficulty, and it is noted that in general the more difficult questions combined
different types of definitions. Then, the students who took the task during interviews
were compared to the wider population. The chapter concludes that the students inter-
viewed in the main study typically answered fewer questions correctly when compared
to the entire cohort (including the interviewed students), but that the characteristics of
the answers given were similar to those students in the wider population who answered

the same number of questions correctly.

Conclusions

Finally, Chapter 9 returns to the two research questions and answers them using the
findings from previous chapters. The chapter first considers the second research question
by revisiting the main study’s dimensions of variation. Then attention is turned to
the first research question. It is answered quantitatively based on data from the four
studies in the thesis, and then in terms of students’ example spaces, concept images,
spontaneous conceptions and the way students have approached the process of example
generation. Where appropriate the dimensions of variation from the main study are
used here also to provide further backing for the conclusions. After this the thesis’s
methodology is considered, and it is noted that whilst some authors have used the
terminology of phenomenography when talking about example generation as a pedagogic
tool (for instance Watson and Mason, 2005, p.5, describe students’ example spaces in
terms of dimensions of possible variation), this thesis has been the first to use the

methods of phenomenography to analyse data from example generation tasks used as
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a research tool. Finally the chapter considers the thesis’s pedagogical implications and
new research that could further extend the thesis’s outcomes within educational research

both in Real Analysis and in other areas of mathematics.

1.2.1 Chapter dependencies

It is intended that the thesis is read following the numerical order of its chapters, but the
reader may choose to read some chapters before their numerical ordering, as illustrated

in Figure 1.1, and outlined below.

The general literature review on relevant areas of mathematics education presented in
Chapter 2 should be read first, as it introduces the concepts, constructs and terminology

used elsewhere in the thesis.

Chapters 3 and 4 may be read in numerical order if the reader wishes to separate the
literature reviews from the empirical studies, although because Chapter 4 reports on
pilot-study research that was not conducted from a phenomenographic perspective, it
may be read before Chapter 3 presents this methodology. Moreover, reversing the order
of these two chapters may give the reader a more solid foundation on which to follow

how phenomenography can help address the research questions of the thesis.

The main study’s planning and results (in Chapters 5 and 6, respectively) should be
read before chapters Chapters 7 and 8 as both these latter chapters present validation
exercises based on the main study’s data and results. However, the order in which to

read these validation exercises is arbitrary.

Finally the discussion and conclusion presented in Chapter 9 draws on content from all

the chapters in the thesis.
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Chapter 2

Review of Research

This review of research is split into three sections. The first, Section 2.1, gives a brief
and general overview of research that deals with the problems students face when they
begin the transition to tertiary level mathematics. It identifies general social issues,
epistemological issues related to students’ beliefs about learning, and cognitive issues
related to the transition to advanced mathematical thinking. In subsection 2.1.3 two
specific constructs are introduced: Tall and Vinner’s (1981) concept image/concept def-
inition, and Cornu’s (1991) notion of spontaneous conceptions. Both of these are used

frequently in the rest of the thesis.

The second section, Section 2.2, focuses on research on examples. It considers the
fundamental role examples play in mathematics, and looks at how mathematicians and
students use examples. It concludes that, for an expert, examples play an important
role both when developing new theory and when studying existent theories, but that
students often use examples inappropriately. The section also discusses research on
example generation, describing how researchers have argued that example generation
is not only a useful pedagogic strategy for extending students’ examples, but also for
exploring students conceptions of a mathematical concept or idea. In subsection 2.2.2
the construct of example spaces is introduced (a phrase used by various authors, but
particular reference is made to Watson and Mason, 2005). Again, this idea is used

frequently in the thesis.

Then, Section 2.3, focuses on research which explores how students learn and understand

the undergraduate module Real Analysis. It revisits the themes of formal abstraction

9
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and definitions which were introduced in the first section of the chapter, but in the
context of students’ difficulties learning Analysis. It is identified that there has been
relatively little research that explores students’ conceptions of some of the simpler ideas
in Analysis, and Section 2.4 concludes that it is this gap in the literature that this thesis

will address.

2.1 The progression to tertiary level mathematics

This section describes the work of researchers who have identified and explored students’
difficulties in the transition from secondary to tertiary level study in mathematics. It
places the thesis within the wider context of studies exploring students’ difficulties when
starting at university, but is deliberately only a brief overview; subsequent sections cover

in more detail research more directly applicable to the themes in the thesis.

2.1.1 Social and epistemological issues

The transition to tertiary level study in mathematics is widely documented as difficult for
students (e.g. Clark and Lovric, 2008, 2009; Tall, 1991b). Various authors have framed
these difficulties in terms of students’ approaches to learning more generally. Studies
have shown that secondary-level students typically believe mathematics to consist solely
of problems that can be solved by applying facts, rules, formulse and procedures taught
by a teacher or presented in a textbook (Garofalo, 1989), and that mathematics problems
should take a short time to solve, otherwise there is something wrong with the problem
(Frank, 1988). A university student’s approach to learning is expected to be more self-
directed, their intellectual growth is considered to be non-linear and recursive and it is

appropriate to balance different approaches and alternatives (Copes, 1982; Perry, 1988).

Authors have designed constructs which reflect these different approaches to learning. In
research outside of mathematics education, Svensson (1977) gave first year undergrad-
uate students of education a passage of text to study, then asked them to summarise
the passage and describe what they did when they were studying it. Some students
reported that they assembled facts from the passage, without considering links between
these facts (an atomistic approach), while other students searched for the whole meaning

of the text, considering the author’s intention (a holistic approach). In a similar study,
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Marton and S&ljo (1976) asked students to recount how they approached a reading task,
finding that there was a distinction within students’ descriptions; some reported they
did not try to understand the text, only memorising it (a surface approach), whilst oth-
ers tried to understand the message of the text (a deep approach). As noted by Marton
and Saljo (2005), it was often the case that the students who self-reported a surface
approach, trying hard to remember the text’s content, frequently failed to do so, whilst
those that concentrated on the text’s meaning tended to remember the content very
well. Other authors have added a third, ‘strategic’ approach to learning (e.g. Ramsden,
1984), but this is not so much a learning style as the targeted application of a knowingly
surface approach which chooses which algorithmic approach is most appropriate to solve

a particular problem.

Within the context of learning mathematics, rather than approaches to learning in gen-
eral, Skemp (1976) defined two types of understanding (instrumental and relational).
These could be considered as types of understanding that result from the different
approaches to learning. Instrumental understanding is described by Skemp as “rules
without reason”, which has a parallel to the atomistic or surface approach to learning.
Relational understanding is “both knowing what to do and why”, which is the type of

learning likely to result from a holistic or deep approach to learning.

Making a more explicit link between mathematics learning and Marton and S&ljo’s
(1976) construct, Crawford et al. (1994) explored university mathematics students con-
ceptions’ of learning and approaches to learning. Students were asked to complete spe-
cially designed Approaches to Learning and Conceptions of Mathematics questionnaires,
and their answers were phenomenographically' analysed. When analysing students’ ap-
proaches to learning, Crawford et al. used Marton’s deep-surface distinction, and found
that 82% of students answered in ways which were classified as surface approaches to
learning mathematics. In terms of students’ conceptions of mathematics, 77% gave re-
sponses that were classified as fragmented (i.e. focused on the parts rather than wholes).
The relationship between students identified as having a surface approach to learn-
ing and those identified with fragmented conceptions of mathematics was significant,

x2(1, N = 236) = 126, p < .001.

1See Chapter 3 for a discussion on phenomenographic methods, and more detailed account of Craw-
ford et al.’s (1994) research.
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In a later study, Crawford et al. (1998) gave the same questionnaires to the students later
on in their courses. They found that there were the expected correlations between prior
and current approaches to learning; for instance prior surface to post surface approach
(r =0.62, p < 0.01). They also found that students identified with a surface approach to
learning were more likely to find their workload inappropriate and teaching quality poor
compared to those with a deep approach, which echoes the results of Bessant (1995)
who found that students with a deep approach to mathematics were less likely to be
anxious about their courses. Students identified by Crawford et al. as having a deep
learning style also “achieved at a higher level” in their final exams, although interestingly
there was little difference in the groups’ views as to the appropriateness of the course’s

assessment method.

Perhaps as a result of (or anticipating) such studies, there has been a drive to help stu-
dents have a deeper approach to learning mathematics, and to understand mathematics
in a relational fashion. The publication of Curriculum and Evaluation Standards for
School Mathematics by the National Council of Teachers of Mathematics (1989) which
triggered the US ‘math wars’ as described by Schoenfeld (2004), could be regarded as
an attempt to introduce younger students to a relational understanding of mathematics.
At the university-level, more recent attempts have included bridging courses (Alcock
and Simpson, 2001; Wood, 2001), innovative uses of technology such as electronic voting
systems (Draper, 2009), plotting/zooming software (Chae and Tall, 2001; Tall, 2003)

and research on the benefits of peer instruction (Crouch and Mazur, 2001).

While theories such as the ‘deep-surface’ styles of understanding focus on students’ at-
titudes to learning, and others such as the ‘relational-instrumental’ focus on types of
understanding, other researchers have concentrated more on how the content of mathe-
matics changes at university. The next subsection looks at research which considers why
some of the more complex mathematical content met in tertiary education is so different
to what students have met before, giving one suggestion as to why a procedural ‘surface’

approach may result in difficulties in the secondary-tertiary transition.
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2.1.2 The changing content of mathematics

Authors exploring the changing content of mathematics at university often hypothesise
that changes are necessary in the way students think about mathematics itself (c.f. Craw-
ford et al.’s (1994) fragmented /coherent conceptions of mathematics). As Tall describes

in an introductory chapter to a book focused on undergraduate mathematics education:

The move from elementary to advanced mathematical thinking involves a
significant transition: that from describing to defining, from convincing to
proving in a logical manner based on those definitions. This transition re-
quires a cognitive reconstruction which is seen during the university students’
initial struggle with formal abstractions as they tackle the first year of uni-

versity. (Tall, 1991b, p.20)

Such authors often label this new way of thinking Advanced Mathematical Thinking
(AMT). As described by Tall in the above quote, AMT includes skills needed to be
successful in tertiary mathematics such as dealing successfully with formal definitions,
as well as constructing and understanding formal mathematical proof. In a literature
review on the secondary-tertiary transition, Gueudet (2008) reported that many scholars
view the transition to formal abstraction and proof to be fundamental conceptual barriers

when studying mathematics at university.

Other authors have argued that advanced thinking in mathematics can occur at any
age (for instance Harel and Sowder, 2005), which is more in keeping with Skemp’s
(1976) distinction between relational and instrumental understanding in mathematics,
and Crawford et al.’s (1994) fragmented/coherent conceptions of mathematics. In this
thesis AMT is considered more in the context used by Tall; it is the types of thinking

that are associated with undergraduate study and beyond.

Some authors have argued that because of this change in the content of mathematics
at the tertiary level, there should be an effort to change the way students interact with
mathematics, especially in modules with a high proportion of formal content, such as
mathematical Analysis (Artigue, 1991). In particular, understanding the role that defi-

nitions play within tertiary mathematics is particularly difficult for students. For now,
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a thorough discussion of students’ interactions with definitions is postponed until math-
ematics education research on (real) Analysis is discussed in more detail in Section 2.3.
This is because it is helpful to first introduce constructs such as concept image, concept
definition, and example spaces before a discussion on definitions in more detail. For now
it is noted that many students struggle with their Analysis modules, in part because the
formal definitions student meet in Analysis are particularly complex relative to those in

other modules (Alcock and Simpson, 2002).

2.1.3 Concept image, concept definition, and spontaneous conceptions

Tall and Vinner (1981) described a construct which distinguishes between reasoning
based on students’ prior experiences with mathematics and reasoning which is based
on definitions within mathematics. The first type of reasoning uses a student’s concept

1mage.

[Concept image| describes the total cognitive structure that is associated with
the concept, which includes all the mental pictures and associated properties
and processes. It is built up over the years through experience of all kinds,
changing as the individual meets new stimuli and matures. (Tall and Vinner,

1981, p.152)

A concept image is therefore a mental collection of mathematical and non-mathematical
objects and associations, which may be vast. A concept image may not be consistent
within itself, it may change over time and, depending on the situation, the student may
be aware of different parts of a concept image when faced with different situations (Tall
and Vinner, 1981; Vinner, 1991). In this thesis we will see situations where a students’s
evoked concept image (the portion of a concept image which is accessed at a particular
time) changes during the course of a short period of time (i.e. during a twenty-minute

task).

The second type of reasoning is said to be based on a student’s concept definition:

[Concept definition] is a form of words used to specify that concept. It may

be learnt by an individual in a rote fashion or more meaningfully learnt and
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related to a greater or lesser degree to the concept as a whole. It may also

be a personal reconstruction of a definition. (Tall and Vinner, 1981, p.152)

A student’s personal concept definition may be different from the formal mathematical
definition, but one would expect that for a more experienced mathematician the two are
more similar. In this thesis, ‘concept definition’ without clarification refers to an indi-
vidual’s personal concept definition; when reference is made to the formal mathematical
definition the phrasing ‘formal definition’ is used (this follows the style used in papers

such as Bingolbali and Monaghan, 2008; Tall, 1988).

Ideally, a student’s reasoning in mathematics would be based on both their concept
image and a concept definition which is similar (or identical) to a formal concept defini-
tion. However some students may reason based on their concept image solely (Vinner,
1983). This can be a problem because much of tertiary mathematics involves successfully
dealing with formal definitions. Moreover, within a concept image there can often be
mathematical and non-mathematical notions and representations which are elaborated

from spontaneous conceptions (Cornu, 1991).

A spontaneous conception often exists before a mathematical concept is learnt and can
be part of a students’ evoked concept image. For instance, Schwarzenberger and Tall
(1978) note that students will have met the phrases ‘tends to’ and ‘limit’ before dealing
with formal definitions in tertiary mathematics, and some of the everyday meanings of
the words may interfere with their mathematical counterparts (similarly noted by Mon-
aghan, 1991). To continue with the example of a limit, possible spontaneous conceptions
may arise from familiarity with a road speed limit which should not be exceeded. How-
ever, the limit of a function can be exceeded infinitely many times, such as:

1
lim —sin(z) =0
T—00 I

Issues of spontaneous conceptions are of course not restricted to the English language.
Recently Spyrou and Zagorianakos (2009, 2010) argued that because the Greek word for
function (synartisi) is often used in everyday language when a relationship is symmetrical

or proportional (in the same way that distance a car can travel and the amount of

petrol are related), undergraduates often treated the order of variables in an equation
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as irrelevant; when asked to give examples of functions all but one student wrote a one-
to-one function, and many had difficulties when asked to give an explanation of how a

function could be many-to-one.

The impact of everyday terms in a logical statement was also discussed by Mason and
Pimm (1984), in particular the use of the word ‘any’ and its relationship with the

universal quantifier ‘v’. They remarked that

Mathematicians tend to use ‘any’ to mean ‘every’, and occasionally their
meaning conflicts with ordinary usage. For example [an assignment] reads
‘For any matrix A in W, show that A? = A.” Six out of 13 submitted answers
chose a particular matrix for A and derived the result. When asked about
this one student commented ‘Well, it said show it for any, so I just picked

one.” (Mason and Pimm, 1984, p.281)

Concept image, concept definitions and spontaneous conceptions are constructs which
attempt to describe and explain why students struggle with the content of mathematics
(Alcock and Simpson, 2009a). For instance, various authors have argued that students
do not correctly recognise certain types of tangent because their concept images do not
contain such examples. Tall (1986) noted that few students could identify tangents
drawn that touched the function more than once, and more recently Biza et al. (2008)
noted that few trainee teachers had seen tangents which ‘cut’ the function in two (e.g.
at the inflection point of a cubic). It is unlikely that the students in Tall’s or Biza et
al.’s study were reasoning with the formal concept definition of a tangent, rather than

their concept images which (one can assume) lacked appropriate examples.

As noted by Bingolbali and Monaghan (2008, p.21), concept image and concept defi-
nition have been more frequently used in studies looking at tertiary level mathematics
learning, and this is possibly because—as discussed in the last subsection—the content
of tertiary mathematics is more dependent on understanding formal definitions and the
role definitions play within mathematics (a more detailed discussion of definitions within

mathematics is presented in Section 2.3.2).
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2.2 The use of examples in mathematics

This section shifts the focus from looking at research on the general difficulties students
face when studying tertiary mathematics, to exploring research on how experts and stu-
dents use and reason with examples. First, subsection 2.2.1 outlines what ‘an example’
means within the context of this thesis. Then, subsection 2.2.2 introduces the terminol-
ogy of specific, generic, general and particular examples, together with the construct of

an example space.

After these preliminary discussions, the attention of the chapter turns to the literature
on how experts and students of mathematics use examples. Subsection 2.2.3 explores
research which focuses on how mathematicians use, reason with, and understand exam-
ples, and then subsection 2.2.4 contrasts the previous subsection by focusing on students’
interactions with examples. As well as reasoning with their concept images and not their
concept definitions as identified in the last section, some students also base much of their
thinking on empirical arguments involving generalisation from specific examples. The
section then turns to look at which examples students have access to; in subsection 2.2.5
research is introduced that explores the structure of example spaces, and subsection
2.2.6 the process of example generation. In conclusion, this section identifies that we
know little about how students go about the process of example generation, and it is

this gap in the literature which this thesis addresses.

2.2.1 The scope of examples considered in this section

In the thesis, when the word example is used, it refers to a mathematical object that
satisfies certain criteria. Often the criteria will be that of satisfying a formal mathe-
matical definition. This means that ‘worked out examples’, or ‘model solutions’ are not
considered as ‘examples’ within this context. Of course, examples of those types have

been studied by other authors (for instance Chi et al., 1989; Sweller and Cooper, 1985).

2.2.2 Terminology

This subsection first introduces terminology which describes for what purpose an ex-

ample is used, whether it be to represent a wider class of objects, or just as a one-off
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instance of a phenomenon. Then, the construct of an example space is introduced.

Specific, Generic, General, and Particular examples

A recurring theme that will be identified in this section is that when individuals interact
with examples, some may regard the examples as representatives for a wider class of
objects, whilst others will see the examples as specific instances only. Mason and Pimm

(1984) illustrated this with the following exposition from Analysis:

The function

r — |z

is often the only example of a continuous but non-differentiable function
presented [to students]. What is happening is that the lecturer, in presenting

the example, is seeing it as generic. It indicates a whole class of functions

r — klz|+C

at the very least. The students however are concentrating on the particular
example. They see, not a class of functions, but a single function. (Mason

and Pimm, 1984, p.285)

It is necessary therefore to formulate a terminology which accounts for how an individual
intends to use an example. In the same paper, Mason and Pimm (1984) presented the
terminology of ‘specific’, ‘generic’, ‘general’ and ‘particular’ examples, distinctions which
shall also be used in this thesis. In this explanation of their terminology I follow their

use of ‘the number 6 as an even number’ as illustrating each example type:

Specific A one-off situation that may or may not be general
THE even number 6
The existence of such an object is the important point rather than necessarily the
representation of a wider collection of objects. In this sense counterexamples to

theorems are specific.

Generic Using an example to represent a class of examples with a similar property

AN even number such as 6
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Here, the example is used to represent other objects, but there is no intention to

represent a complete class of objects.

General Using an example to represent an operation on a wider class
ANY even number like 6

Here the extent of the class to that the example refers to is known, or implied.

Particular Using a general example in a specific situation or argument
2N 1is even, 2N + 2N = 4N so 4N is also even
In this example, each 2N implicitly refers to the same number, so although N
in isolation is a general example, when used in this context 2N is a particular

example.

(italics taken directly from Mason and Pimm, 1984, p.281, 283)

The distinction between Specific and Particular examples is subtle. As an additional

illustration, consider the stages of a proof by mathematical induction:

The aim is to prove the statement P(n) Vn € N, so in this line n is general

First we prove P(ng) for a specific base case, ng

e Assume the truth P(k), for a particular value of k

Prove P(k) = P(k+1), so although the choice of k in the last step was arbitrary,

now it is fixed in calculations, (because it is particular) unlike the general n

When an example is presented, different audiences may perceive the example to be of
different types, as illustrated by the quoted passage from Mason and Pimm (1984) on the
previous page. In the terminology just introduced, the lecturer is treating the example
as generic, while the students are interpreting it as specific, whereas perhaps an audience
of academics would also treat the example as generic. This means that exploring how
students use and interact with examples can be difficult for a researcher; it will not
always be clear how such students are interacting with examples. Such intersubjectivity
concerns are more thoroughly discussed in the methods chapter of the main study,

Section 5.5.
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Example spaces

Various authors have described a construct which attempts to encompass the examples
to which an individual has access, either generally or at a specific time. Michener (1978,
p.364) used the term examples space to describe the set of examples an individual may
use when considering a specific mathematical concept and result in mathematics. More
recently, authors such as Watson and Mason (2005) have defined an individual’s ezample
space in a way that is more analogous to Tall and Vinner’s (1981) construct of a concept

image:

Think of an example space as a toolshed containing a variety of tools —
examples that can be used to illustrate or describe or as raw material. Some
tools are familiar and come to hand whenever the shed is opened, whereas
others are more specialised and come to hand only when specifically sought.

(Watson and Mason, 2005, p.61)

In Section 2.1.3, an individual’s concept image was described as the total cognitive
structure that is associated with a particular concept. Similarly an example space can
be described as the set of examples (and classes of examples) that an individual has access
to (with the previously stated proviso that ‘worked examples’ etc are not included in
the context of this thesis). An example space can therefore be considered a subset of a
concept image. This may amount to a vast collection of examples which may be in a
variety of representations (graphs, formulae, lists, and more vague objects), but at any
specific moment only a limited number may be accessed. Goldenberg and Mason (2008,
p.187) called this accessible set the accessible example space, and Watson and Mason
(2005, p.76) call a similar construct a situated (local) personal (individual) example space.
However, to keep the analogy with an individual’s (evoked) concept image I shall follow

Zazkis and Leikin’s (2007) use of (evoked) example space in this thesis.

Within an (evoked) example space, Watson and Mason (2005, p.51) and Bills et al.

(2006) argue that there will always be a degree of structure.

Example spaces are not just lists, but have internal idiosyncratic structure
in terms of how the members and classes in the space are interrelated. (Bills

et al., 2006, p.133)
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This structure is determined implicitly by the individual, rather than imposed by an
external agent. In particular, the structure may include the suitability of an example
for different purposes, for instance whether typically it is used in a ‘specific’, ‘generic’,
‘general’, or ‘particular’ sense. Empirical studies, based on asking students to generate
examples of concepts, or identify whether objects are examples of certain concepts,
suggest that the structure of an individual’s example spaces reflects that individual’s
experience and memory, and that the structure of the evoked example space may change
based on the circumstances of the prompt (wording, who is asking), or even that it

changes in the same circumstances (see Section 2.2.5).

2.2.3 Experts’ use of examples in mathematics

This subsection explores research which looks at how mathematicians use and under-
stand examples. It can be considered that mathematicians look for general relationships
within mathematics, describing them in definitions and theorems. Despite this empha-
sis on the general, many mathematicians consider it important to work with specific
and particular examples of a concept, as was remarked by Bills et al. (2006) in a paper

looking at research into examples within mathematics education:

Many would agree that the use of examples is an integral part of the discipline
of mathematics and not just an aid for teaching and learning. (Bills et al.,

2006, p.126)

Michener (1978) also argued that examples are fundamental in properly understanding
mathematics when she attempted to build a conceptual framework of 