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ABSTRACT

In this paper we propose the use of variable length adaptive filtering
within the context of incremental learning for distributed networks.
Algorithms for such incremental learning strategies must have low
computational complexity and require minimal communication be-
tween nodes as compared to centralized networks. To match the dy-
namics of the data across the network we optimize the length of the
adaptive filters used within each node by exploiting the statistics of
the local signals to each node. In particular, we use a fractional tap-
length solution to determine the length of the adaptive filter within
each node, the coefficients of which are adapted with an incremental-
learning learning algorithm. Simulation studies are presented to con-
firm the convergence properties of the scheme and these are verified
by theoretical analysis of excess mean square error and mean square
deviation.

Index Terms— variable tap-length, distributed processing, adap-
tive filters, incremental algorithm

1. INTRODUCTION

Distributed solutions, only exploiting local data exchanges and com-
munications between immediate neighboring nodes, have been pro-
posed [1, 2, 3] as a consequence of their reduced processing and
communications requirements as compared to central solutions. The
applications of such distributed adaptive networks range from sensor
networks to environmental monitoring and factory instrumentation
[4, 5]. However, in many applications of such distributed solutions
the tap-length of the adaptive filters is assumed fixed, which is not
appropriate for certain situations where the optimal tap-length is un-
known or variable.

As a key parameter, tap-length plays an important role in the
design of adaptive filters. It is well known that the selection of tap-
length significantly influences the performance of adaptive filters:
deficient tap-length is likely to result in increase of the mean-square-
error (MSE); whereas the computational cost and the excess mean-
square-error (EMSE) may become too high if the tap-length is too
large. Since the concept of variable tap-length in adaptive filters was
initially proposed in [6], various related results [7, 8, 9, 10] have
been reported for the single adaptive filter case. As compared with
other methods, Gong and Cowan [10] introduce a low-complexity
and robust fractional tap-length (FT) algorithm based on instanta-
neous errors, which obtains improved convergence properties. The
steady-state performance analysis of the FT algorithm are provided
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in [10, 11, 12], which also provide a guideline for parameter selec-
tion in the FT algorithm.

Motivated by both the ideas of distributed estimation and vari-
able tap-length, this paper proposes an adaptive learning algorithm
which solves the parameter estimation problem in a distributed net-
work where the tap-length of the optimal filter is not known. The
steady-state performance of the new algorithm for Gaussian data is
studied using weighted spatial-temporal energy conservation argu-
ments. In particular, we derive theoretical expressions for the mean-
square deviation (MSD), the EMSE and the MSE for each node
within the network. Simulation studies are presented to confirm the
convergence properties of the scheme and to verify the theoretical
results.

The remainder of this paper is organized as follows. The pro-
posed algorithm and its motivation are introduced in Section 2. The
analysis of the fractional tap-length function is described in Section
3. Simulation results that confirm the analysis of the presented algo-
rithm are given in section 4. Section 5 offers conclusions.

The following notations are used in this paper: boldface small
and capital letters are used for random complex vectors or scalars
and matrices; normal font is employed for deterministic quantities;
()" and (-)* denote transposition and complex-conjugate transposi-
tion respectively; |-|* and || -||? denote the absolute squared operation
and squared Euclidean norm operation.

2. ESTIMATION PROBLEM AND FORMULATION

Consider an N-node network, where we collect data and seek an
unknown vector w’, whose tap weights and tap-length are desirable
to be estimated. We can decouple the adaptation rules for the tap
weights and tap-length, which means that the selection of one does
not depend on the other. Assuming the tap-length is L, which is
estimated by the tap-length search solution that will be discussed
later, each node k obtains the time observations {dy (%), uk,:} of
zero-mean complex spatial data {dx, ux} at time instant ¢. Each
dj, is a scalar value and each uy is a 1 X L row regression vector.
In order to seek w, we formulated the linear minimum mean-square
estimation problem:

min Jz(w) and Jr(w) = E|d — Uw|® (1)
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where two global matrices of the desired response and regression
data are given by

Clé COl{dl, dg, ey d]\f}7

U2 col{uy, us, ..., un},

(N x 1) )
(N x L). 3)

Let w; be an estimate for w® at time instant ¢ and ) (7) be a local
estimate for w’ at node k at time instant <. We introduce the in-
cremental steepest-descent solution [2], which estimates the optimal
solution w? by iterating o () through an incremental network in the
following manner:

Y (1) = Pr—1(3) + prug,i (de (i) —ukiwi-1) k=1,...N (4)

where we start from the initial condition g (z) = w;_1 at node 1.
With the assumption of the tap-length L, we define the seg-
mented cost function as

Ju(w) 2 E|d — Unwwn | Q)

where 1 < M < L, wys and U, consist of the initial M elements
of w and the initial M column vectors of U, respectively, as

w2 col{w(l), ..., w(M)}, (1 x M) (6)
Uy 2col{ui(1: M), ...,ux(1: M)}, (Nx M). (7)

We pose the minimum difference of mean-square errors estimation
problem to seek the optimal tap-length L°

min {L|JL_A(w) ~Jp(w) < s} @)

where ¢, predetermined by system requirements, is a small positive
value and A is an integer value to avoid the suboptimum tap-lengths.
The segmented mean-square estimation error and the mean-square
estimation error at time instant ¢ are respectively given by,

Jriy—a(wiz1) = e y—a(wiz1) ©)

Jrgy(wi1) = el iy (wi-1). (10

We start from the standard pseudo fractional tap-length implement
as in [10]

Ly(i+1) = (L (i) —a)+B-[e] (iy—a (wim1)—eLy (wiz1)] (11)

where « and 3 are small positive values, « is the leakage factor used
to prevent Ly (i) from increasing to an undesirably large value and
(3 is the step-size for Ls(¢) adaptation. Then the integer tap-length
L(4) is adjusted according to

L(1) otherwise (12)

where | -] rounds the embraced value to the nearest integer and the
step-size parameter v is a small integer.

Distributed networks motivate us to decompose the segment cost
function and cost function as

N
Jr—na(w) :ZJk,L—A(w) (13)
k=1
N
Je(w) =" Ji,r(w) (14)
k=1
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where
Jip—n(w) = E|dx — ug(1: M)w(l: M)[?, (15)
and
Ji,p(w) = Eldy, — ugw|”. (16)

Such results allow us to rewrite (11) as

N

Li(i+1) = (Ly(i) —a) + 8- wlwic) (A7)

k=1

with v (wi—1) = ei7L<i)_A (wi—1) — eiyL(i) (w;—1). With proper
choice of « and 3, we will have L(i) — L° as i — oo for any ini-
tial condition, where L° is an optimal tap-length and always larger
than the true tap-length of w®. Let £;, #(7) denote the local estimate
of the fractional tap-length at node k at time ¢. v and (3 can be de-
composed to o = 25:1 ag and 5 = 25:1 [ respectively, where
«y indicates the local leakage factor and 3 denotes the local step-
size for ¢, s (i) adaptation at node k. In the defined cycle, node k
received the estimated fractional tap-length £;,_1, (7) from the node
k — 1. At each time instant 7, we start with the initial condition
Lo,¢(i) = Ly(i) at node 1 (L#(3) is the current global estimation
for L°). At the end of the cycle, the local estimation ¢, ¢(7) is em-
ployed as the global estimation Ly (i + 1) for the next time 7 + 1
and the integer tap-length L(¢ + 1) is also evaluated by (12). Such
implementation of a centralized solution for tap-length adaptation is
described as follows:

For each time instant ¢ > 0 repeat:
o5 (1) = Ly (7)

Fork=1,... N
Ly (1) = Le—1,5(2) — o + Br - ye(wi-1)
end

Ly(i+1) = s ()

- _J LLsG+ 1)) if|LG) = Le(i+ 1) 2 v
Li+1)= { L(i) otherwise
where yi(wi—1) = €} py—a(wiz1) — €} 1) (wio1)

where we always hold £, ¢(i) > Lmin, which is the minimum tap-
length. This method also requires all nodes to access the global in-
formation w;_1 and only adapts the integer tap-length at the end of
a cycle. A fully distributed solution can be achieved by evaluating
the segmented mean-square error and mean-square error from its lo-
cal estimate 1/1,(;21. This approach leads to distributed adaptation for
both tap weights and tap-length. For the estimation of tap weights, a
distributed version of algorithm of (4) is presented in [2] as

Vi(i) = Ye—1(3) + prtug,i(de (i) — u,iPe-1(3)) k=1,...N
(18)

Let Ly(i) denote the local estimate of L at node k at time 7. A

distributed solution for tap-length adaptation is summarized below:

For each time instant ¢ > O repeat:
Co,y (i) = Ly (i)
Fork=I1,...N

g () = 1, (3) — an + B - () )

Lk 1(1) _ le(Z)J Zf‘Lk(Z) - ék,f(i)‘ 2 Vi

+ Li(i)  otherwise

end
Ls(i+1) :'ZN’f(i) . .
where vk (1} ) = ei,Lk(i)fA(wl(cl—)l) — €L W)
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where
en (W) = die(i) — wni(1: M@)o (1 M(3)) (19)
€Ly (i) (V5 1) = di (i) — uk 90”, (20)

with M (i) = Ly (i) — A. As discussed in [2], Fig. 1 illustrates that
in optimization theory the distributed solution can outperform the
centralized solution. The simulated curves are obtained by averaging
500 independent Monte Carlo runs with p, = 0.05. The network
utilized in the experiment has 12 nodes and seeks an unknown filter
with variable tap-length M = 10 for ¢ > 140 otherwise M = 19.
The input signal is Gaussian data with R, , = I and the background
noise is zero mean real white Gaussian with o2 & = 0.001. For both
algorithms, we choose the parameters v, = v = 1, ap = 0.03,
B =1, A = 4and Lmin = Lf(0) = 6, where the selection of
parameters follows the rules in [10]-[12]. Note that, in theory, we do
not need to set the upper bound for the value of fractional tap-length.
However, since the length estimation uses instantaneous errors rather
than averaged errors, the fractional tap-length may be, at certain time
instants, at an undesired large value, which leads instantaneously to
high computational and memory cost. Therefore, in practice, the
upper bound is required to avoid such situation.

a) Learning curve of EMSE

— Distributed solution
Central solution

EMSE(dB) — Node #1
0
o

I I I I
50 100 150 200 250
Iteration number -- 11=0.05
b) Learning curve of fractional tap-length

— Distributed solution
Central solution

I I I I
50 100 150 200 250
Iteration number -- 11=0.05

Ftractional tap—length — Node #1
>

Fig. 1. Evolution curves for the distributed solution and the
centralized solution at node 1: a) EMSE performance b) Frac-
tional tap-length performance.

3. PERFORMANCE ANALYSIS

In this section, we evaluate the steady-state performance of the dis-
tributed algorithm using weighted spatial-temporal energy conserva-
tion arguments [2]. Due to space constraints, only the main proce-
dures are given. The following assumptions are utilized

A1) In order to simplify the analysis, the estimated tap-length is
assumed to be fixed at the steady-state stage.
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A2) The unknown system vector w® and {d (), ux,; } construct:
di (i) = we,iw” + vi(2) 21

where v (7) is a temporally and spatially white noise se-
quence with variance o ;, and independent of d, () for k # [
or¢ # j and uy,; for all / and j;

A3) wuy,; is spatially and temporally independent, namely uy ; is
independent of u; ; and uy ; for k # lori # j

The following local error signals defined as in [2] are introduced
to perform the evaluation:

PO L — P ) Ay (Y (22)
ear(i) 2 upip) |, ep (i) L upip” (23)

Introduce further the weighted error signals:

e 2w, ek L un i), (24)

where Y is a Hermitian positive-definite weighting matrix that we
are free to choose at each node k. Note that the output error e (i) =
€q,k(1)+Vvi(i). As aresult, the steady-state quantities for each node
are formed as

e 2 E|lpi=|° (MSD) (25)
¢ 2 B9\ %, (EMSE) 26)
& 2 Gk oy (MSE). (27)

where we use the weighted norm notation ||z||3 = z* Xz for a vec-
tor  and Hermitian positive-definite X > 0.

As presented in [2], the spatial-temporal energy conservation re-
lation between two successive nodes is given by

B3, = Bl +pios,Elluxls, (28)

where Y3}, is given by

Sy = S — e B(upue Xk + Spujug) + pp B([lugl3, wiug) |

29)
We assume the regressors are from a circular Gaussian distribution
and introduce the eigendecomposition Ry, = QrArQ%, where Q.
is unitary and Ay, is a diagonal matrix with the eigenvalues of R, .
The transformed quantities are defined as

b 2 Qrabr, -1 2 Qiabr—1, Ur 2 wrQx

Since Q) is unitary, we can have E||v_1[%, = Etr—1 H%k and
E|lui||} = E|x|/%. Let Tr{A} denote the trace of a matrix A.
Using the results for Gaussian data [13], we obtain the transformed
expressions from (28) and (29)

Bl ¢kll3, = Ellwr-llg, + pios Tr(ASy) (30)

where . is given by

S = Sk — e Xk + g2 Y (€1))
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where X = Akik =+ ik/\k and Y, = AkTT(ikAk) + TAkikAk
with 7 = 1 for complex data and 7 = 2 for real data.

Therefore, we proceed as in [13, 14] by introducing the M2 x 1
vectors:

5k = vec{Er} , 0 = vec{EL} and \x = vec{Ax} (32)

where we use the vec{-} notation in two ways: § = vec{3>} denotes
an M? x 1 column vector whose entries are formed by stacking the
successive columns of an M x M matrix on top of each other, and
¥ = vec{d} indicates a matrix whose entries are recovered from
0. We exploit the following useful property for the vec{-} notation
when working with Kronecker products: for any matrices { P, &, Q}
of compatible dimensions, it holds that

vec{ PLQ} = (QT @ P)vec{Z}. (33)

The choice of X5 can make both X5 and f);c become diagonal in
(31). Applying the vec{-} operation to both sides of (31), a lin-
ear relation between the corresponding vectors {4, 5 } is obtained,
namely,

81 = Frdn (34)

where F}, is an M? x M? matrix and given by
Fo=1—2pu(I ® Ai) + i (T(Ax @ Ak) + MeAE). (35)
Therefore, expression (30) becomes
Bl ectsey = EIRR  [Zectmpsny + Hioeu(Me o) (36)

where we reuse the time index ¢ for clarity. For simplicity of nota-
tion, we drop the vec{-} notation from the subscripts in (36):

B3, = Bl |3 s, + o2 (MEek) [ 3T

Let py, = 'lﬁl(cm), then
Elpill5, = Ellps-1lFs, + pionr (A7) (38)
By iterating (38) over one cycle, N coupled equations are obtained:

Elp1l3, = Ellpn|#y5, + 9161
E|p2|5, = Ellp1llt,s, + 9262

Elpr-1l3,_, = Ellpr—2lpy 5., + Gr-10k—1 (39
Ellprlls, = Elpr—1ll7 s, + 9x0k (40)

E|lpxli3y = Ellpn-1llfysy + gnON

with g, = uﬁof, # M. Choose the free parameters ), and 6,1 such
that 0,1 = Fj0x and combine (39) and (40), then we iterate this
procedure across the cycle to obtain

EHPk*l”?,ﬁl = E”pkflHIQ?,C..4FNF1“‘F1¢7151¢71
+9xFrt1 - FnFi- - Fro10k—1
+ k41 Frq2 - FNF1-- Fr_10p—1
oA gr—oFr10k—1 + gr—10k—1.  (41)
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Let

Hk—l,l:Fk+1_1 --FyFp-- Fk—l, l= 1, 2, ey N (42)
ap—1=grllg—12 4+ -+ grollp_1 nv + gr—1 43)

then

Bllpr-1lltr-m, )5, = ak-10k-1 |. (44)

Since we are free to select the weight vector d;—1 in (44), choosing
Op—1 = — Hk_l,l)_lq ordp_1 = (I — Hk_Ll)_l/\k results in
the expressions for the steady-state MSD, EMSE and MSE at node
k:
M= Ellpr-ly =ar1(I —=Tx_11)"'q  (MSD) (45
G =Elpr-1lX, = ax-1(I —Tx_1,1)" ' A (EMSE) (46)
&k =Cr+ouk (MSE) 47

where ¢ = vec{I} and A\, = vec{Ax}.

(a) Input power (c) Noise power
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Fig. 2. Node profile: a) Input power b) Noise power ¢) Cor-
relation index d) SNR.

4. SIMULATIONS

In this section, we compare the theoretical performance with the
computer simulations in a system identification scenario. All simu-
lations results are averaged over 100 independent Monte Carlo runs.
The steady-state curves are obtained by averaging the last 2000 in-
stantaneous samples of 20, 000 iterations. We considered a network
with 20 nodes seeking an unknown filter with M = 10 taps. A cor-
related Gaussian signal is used to generate the inputs at each node k
which satisfies the recursion

uk(z) = akuk(i — 1) + by, - Ck(l) (48)

Expression (48) produces a first-order autoregressive (AR) process
with a pole at ag; ci is a white, zero-mean, Gaussian random se-

quence with unity variance, ay € (0,1] and by = /02 , - (1 — a}).
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In this way, the covariance matrix R, ; of the regressor uy; is a
10 x 10 Toeplitz matrix with entries rx(m) = UﬁykaLml, m =
0,...M — 1 with ai’k € [0,1). The background noise has vari-
ance o2 & € [0,0.1) across the network. The statistical profiles are
illustrated in Fig. 2. Fig. 3 and Fig. 4 show that the theoretical re-
sults for MSE match well with the simulated results, where v, = 1,
ar = 0.05, B = 1, A = 3, and Lmin = Lf(0) = 4. Similar
results for EMSE and MSD have been obtained but are not included
due to space limitations.

-9 T T T T

—=4A— Simulated resutls
—6— Theoretical results | |

Fig. 3. MSE versus node k - p1;, = 0.02.

5. CONCLUSION

In this paper, a new algorithm has been proposed for structure adap-
tation of adaptive filters in an incremental distributed network. Un-
der the assumptions Al, A2 and A3, weighted spatial-temporal en-
ergy conservation argument are used to analyze steady-state mean
square performance in the Gaussian case. Numerical simulations
show that there is a good match between simulated results and the-
oretical results. Future work includes more sophisticated distributed
estimation in a cooperative fashion.
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