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HARMONIC MOMENTS AND AN INVERSE PROBLEMS
FOR THE HEAT EQUATION

By MisHio KAWASHITA, YArosLAv KURYLEV AND HIDEO SOGA

§1. Introduction

The paper is devoted to the solution of the inverse boundary problem for
the heat equation. Let €2 be a connected bounded domain in R™ (n > 2)
with C' (1 > 2 ) boundary I'. Consider the mixed problem for the heat

equation
(p(z)0y — MN)u! (t,2) =0 in (0,400) x Q,
(1.1) ul (t,2') = f(t,2) on (0,+00) x T,
ul (0,z) = on €.

The density p(z) is a C'79, 0 < ¢ < 1, function on § satisfying
(1.2) 0 < p1 < px) < pa(< +00).

The inverse data used in the paper is a set of normal derivatives 8—“p| 0.2)xT
K i K ov ( ) )
where u? is the solution of (1.1) with

(1.3) ft,2") = x(t) p(z').

Here x(t) is a (arbitrary) fixed C*° function satisfying 0 < x(¢) < 1 in R,
x(t) =1fort > 1 and x(t) = 0 for t < 1/2. The function p(z’) in (1.1) is
the boundary value of a harmonic polynomial p(z) (i.e. Ap =0).

p .
We assume that 88%|(072)Xp or, more precisely,

t oup
(1.4) / / O (6 2) (o) da'ds, 0 <t<2,
rJo 81/

are given for all sources f of form (1.3) with p € HP™, where

HP™ = { harmonic polynomial of degree < m } (m=0,1,2,--),
1
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and all g € HP™.

In the paper we describe algorithms for an approximate reconstruction
of p given approximate integrals (1.4) with p,q € HP™, m = 0,1,2,....
The algorithms lead to explicit formulae for an approximate solution of the
inverse problem under consideration together with an error estimate in the
corresponding reconstruction procedure. These error estimates depend upon
the parameter m and a "measurement” error, i.e. an error in the inverse data
(1.4) and are of the logarithmic character. The algorithms are described in
§3 where we do not use a pseudoanalytic continuation of the inverse data
and in §4 where we utilize results on pseudoanalytic continuation (see e.g.
[Car, L]). The corresponding formulae together with the error estimate are
given in Theorems 3.4 and 4.4.

The method used in the paper is the parabolic analog of the Moments’
Method introduced in [K-S] for the solution of the inverse boundary spectral
problem for the acoustic operator A, = —p~'A. Its main idea is to utilise
the generating properties of the products of harmonic polynomials. These
polynomials belong to the null-space of the acoustic operator. The considered
generating properties are, in fact, an algebraic version of the well-known fact
(see e.g. [Cal]) that the linear combinations of the products of harmonic
functions are dense in L?(1).

This fact was extensively used for solving inverse boundary problems (see
[S-U] for the pioneering work in this direction). In the parabolic case the
study of the inverse problems for the system (1.1) and even for some more
general parabolic equations was carried out by a number of authors. The
main results dealt with the question of uniqueness and stability in the iden-
tification of the unknown coefficient(s) via various sets of the inverse data on
the boundary. A very good introduction to this area together with a number
of advanced results is given in [Is; Ch. 9]. However, we would like to stress
that our main goal is not to obtain stability estimates pe se but to develop
some reconstruction procedures and to obtain stability estimates for these
procedures. In its turn such procedures may prove useful for the numerical
solution of inverse boundary problems. Indeed, the acoustic variant of the
Moments’ Method was successfully used in [K-P] for the numerical solution
of some model inverse problems.

§2. The direct problem

Consider the mixed problem (1.1) and denote by u? (¢, x) its solution with
the source f of form (1.3). When p, ¢ € HP>*(= Uy_,HP™) we define

P, (t;p, q) by

(2.1) B (t50.0) = [ plo)e?(t,a)afa) da.
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We define also the harmonic moments M,(p, ¢) corresponding to p:

2.2 My(pa) = | plalpla)aa) .

In this section we discuss some properties of ®,(¢; p, ¢) and relations between
®,(t;p,q), My(p,q) and the response operator

ou
R, :p(a') = ‘(0 +00)x T+

Theorem 2.1. ®,(t;p,q) is a bilinear mapping from HP* x HP* —
C°(R,) with the following properties:

(i) | @,(3p:0) "C’O(R_+) <Clp HL2(Q) lq HLZ(Q) )
(i) 12s(52:0) = 25050, 0) lcomy

<Cllp=>rllcog P2 lallr2(a)
(iii) | o (50, 9) — Mp(p,q) |

< Cem @t p [PERSRIK VRIS

where C,C" are positive constants determined from p1, p2 and X is the first
ergenvalue of the Dirichlet problem for —/\ on Q.

Note. We denote by C,C’ different constants which depend upon Q, pq
and ps. In the case of their dependence upon some other parameters we note
this dependence explicitly.

Proof. Consider the mixed problem

drw(t,z) — p~tAw(t,x) =0 in (0,400) x Q,
w(t,z’) =0 on (0,+00) x T,
w(0,z) = f(x) on €,

and denote by {\;};=1,2,..., A1 < A2 < --- the eigenvalues of the self-adjoint
differential operator —p~ 1A with the domain H 2(Q) ﬂ H0 (Q) in the Hilbert
space L2(Q) with the inner product (f,g), = [ p(z g(x)dx. We can
express the solution w(t,-) = E(t)f in the form

(2.3) ) f = Ze f)SOJ p Pj>
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where the functions {¢; } j=1,2,... are the L[Q)—orthonormal eigenfunctions corre-
sponding to the eigenvalues \;. Note that the first eigenvalue A; is estimated
by Ao, i.e. Aopy !t < A < Aopp t

Then we have

t
(2.4 w(t.) ~ x(Op(e) = [ Bt = )X (5)p(e) ds.
0
But L2(Q) = L*(Q) as a set and p 1fI? < HfHZ < pa || FII?, where we
denote by || f || the usual L?-norm of f. Hence (2.3) yields that
H fo (t—3s)(—=x'(s)p(x)) ds H < (;02/;01)1/26/\1(1%) Sgg X' (s) [ p]l-

Thus, we obtain

| ®,(t;p,q pr q(z) dz|
S!(l— prpqdfv|+|pr(u—xp)Gde|
< (Mp2 + (pz/m)”QeAl X lo@ry)e ™ lollilall,
which proves (i) and (iii).
Denote by 4”(t,z) the solution of the equation (1.1) with p(z) instead of
p(x), and by E(t) the operator of form (2.3) corresponding to p. We see that

uP(tx) — @t ) = / E(t — s){(p— p)p~ ' 0sa(s,-)} ds.

Therefore (1.2) implies that
(2.5)

t
lup(t,2) — ar(t,2) | < pr* (p2/p1)"? 10 = B llcogm) /O [ 0st(s,-) || ds.
From (2.4) it follows that 0,aP(s,-) = — [, OE(s — )X ()pl dt = x'(s)p —
3 E(s — t)X"(t)pdt, which yields that

1050 (s, ) [| < [X'(s) [l

1
(/02 [ O A oy 191
In the above, \; is the first eigenvalue of the self-adjoint realization of —p~ 1A
on LZ(Q). Combining this with (2.5), we obtain
| ©u(tip,0) — @p(tsp,a) | < | Jo (P — p)ult,)gdx |
+| Joplult, ) —alt, )}gdz] <Cllp—pllcogliplliiall ]
This completes the proof of Theorem 2.1.

The following theorem shows the relationship between the form ®,(¢;p, q)
and the response operator R,:
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Lemma 2.2. For any p, ¢ € HP* we have

o(t;D,q) // o[xplr](s, 2') ds g(z') da’

—/0 X(s )czs/F (@ ')8‘18(:/) da'.

Proof. By integration by parts we have

/Q/O {(0s — p~ 1P (s, 2) }q(2) p(2) ds dx
- e Gote)da = [ 0.0
@ Q

~ / /t WP (s, 2)q(z) ds da
//8W @m+//u%x 94 (01) s

As uP is a solution of (1.1) and ¢ € HP* the above inequality implies that

0=2,(tp,q) // R,[xplr](s,z")q(2") ds dx’

// s)dsp(x ?(m’) dx’.

This proves Lemma 2.2.

In the inverse problems, generally, we expect recovering p by the measure-
ments expressed in terms of the responce operator. Lemma 2.2 implies that
our original setting of the inverse problem may be reduced to the inversion
of the mapping : p +— @,.

We start with verifying the uniqueness of the inverse problem.

Theorem 2.3. If for any p, ¢ € HP>, ®,(t;p,q) is equal to ®5(t;p,q) on
an interval (1 <)a <t <b, then p comszdes with p.

Remark. Lemma 2.2 means that &, = ®; if R, = Rj, and therefore the
unique determination of p by R, is derived from Theorem 2.3.

Proof of Theorem 2.3 is based on the following lemma.
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Lemma 2.4. Any polynomial can be expressed as a linear conbination of
products of the harmonic polynomials.

For the proof of Lemma 2.4, see [K-S; Proposition 3].

Proof of Theorem 2.3. The solution uP(¢,z) in (1.1) becomes analytic in ¢
for t > 1 (cf. (2.3)). Therefore, if ®,(t;p,q) = ®5(t;p,q) on (a,b), ®,(t;p, q)
is equal to ®;(¢;p, ¢) on (1,4+00). Hence, by (iii) of Theorem 2.1, we have

My(p,q) = lim ®,(t;p, q) = lim 5(t;p,q) = Mp(p. q);  p,g € HP™.

By Lemma 2.4 this implies that

/Qp(x)xo‘ d:cz/ﬁﬁ(x)xo‘ dz

for any multi-index a. As the domain €2 is bounded this implies that p = p.
The proof is complete.

§3. Reconstruction of p(x)

In this section, we reconstruct p(x) approximately, by employing the har-
monic moments M,(p,q) with p,q € HP™ where m is a sufficiently large
positive integer.

The reconstruction is based on the fact that the Gaussian distribution

o0
1
_ 2
(V) " exp(—p |z |7) = Zk— S HEIR
k=0
tends to the Dirac §-function as p — 400 (note that [5. " exp(—p?|y[?) dy

= (y/m)" for any p > 0). Namely, we use

Lemma 3.1. Let

m/2

where > 1 and m ia a positive even integer. Then for any p(x) € C'7(Q)
(0 <1< m/2, integer, 0 < o < 1) we have

I o(x) = [o 6 (x — y)ply )dyHcl(“—lm)
<C{llpllcien™ °/2 (C/M)mm_m/ﬂl}v
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where C,C" are independent of p, p and m. Here we denote by || p || 4o the
C™-norm of p in Q and by || p Hcl(e) - the C'-norm of p in Q.. In its turn,
Qe ={z € Q|dist (z,T') > €}.

Proof. For f € C'(Q2) we denote by D f the C!-continuation of f onto R™
with supp [Df] C {z| dist (z,Q) < 1} and | Df [[cigny < 2([ fllci- As
Jgn 02 (z) dx =1, then for any || <1

0z p(x) — 07 /Q o (@ —y)ew)dy = | 5 ()(9Fp(x) — 2 Dp(x — ) dy
+ /Rn\ﬂ 976, (xz —y)Dp(y) dy + /9(8?520@ —y) — 8% (x — y))p(y) dy
= Il + IQ + Ig.

Since 05°(x) — 67 (x) = (v/7) """ Ry (?||?), where

Xm/2+1
B (X) = T

then for |a| < m/2 + 1 we obtain

1
/ (1 - 0)m/2+1e—0X d@,
0

4led |t
(m/2+1—|al)!

|05 (0,2 () — 0, () | < (V) "ol (g | o [)2mt il

This implies that

gled !
(m/2+1— |«

m/2V1el () @mtD)
S(\/%)*”4'O"Ia|!u”( T/i? (M(i/z)! /Qp(y)dy

| I3 | < (V) "o

)7l [ ()

n o, 2m (2enrd) ™2
< (VA el (el BT [ g
To m Q

where 7y = diam({2) and we use Stirling formula to estimate (% )! for suffi-
ciently large m.
Since |z —y| > p~/? holds if x € Q,-1/> and y € R™ \ 2, we obtain

[ L | < Clplleo / a1 g — gy ))lele#le =l gy
R™\Q

_ 02
<Ol pllo e W/ (1+ [y ])elelol” gy
Rn
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At last
|fl|sl/’ 52 () || pll e |17 dy
ly|<p—1/2
+2/' 5 () 1| Dp lor g
ly|>p—1/2

sc<°ﬂnmmﬁ+e~/’ew'@nmm»

Rn

Combining the above estimates we obtain Lemma 3.1.
The Proof is complete.

We fix a complete system {pj*};=1.. nom) in HP™ so that {pj*} C
{p"*1}. Lemma 2.4 means that any z® ( |a| < m ) is expressed in the

form
N(m)

=Y Coplt(a)pt (@)

3,j=1

The function §;;'(z — y) in Lemma 3.1 is then decomposed into a sum of
polynomials z®y”:

SrE—y)= > Chapp 1o lzyl,
joct BI<m

Therefore the integral fQ (x—y)p(y) dy is then represented in terms of the
harmonic moments M, (p q)

N(m)

/Q(SL”(w—y = Y Coappot Pz N COM,(p},p})

|la+8|<m t,j=1

This representation together with Lemma 3.1 imply the possibility of an
approximate reconstruction of p in terms of the harmonic moments. For this
end we introduce the polynomial Q}}'(z; M) where M is a bilinear form on
HP> x HP®:

N(m)

(3.1) Qr@iM)= Y Cuagu oz 3" CoM@r, ).

la+8|<m t,j=1
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Theorem 3.2. (i) The mapping : M — Qp'(z; M) is continuous in the
following sense:

(3.2) | Q@ (s M) — Qi (5 M) ||
. . N(m)
< e | 0 W, max S €5 1w 125
=" g5=1
where

| M(p,q) — M(p,q)]|
Ielllall

| M — M|, = sup{ ; pgeHP™}

(ii) Let p(x) € C**7(Q) (0 <1< m/2, integer 0 < o < 1). Then we have

| p(z) — Q) (w, M) ||
(3:3) <C{llpllci+s p= 4+ (C ) m ™2

Here, the constants C,C" are independent of p, p and m.

Proof. The estimate (3.3) of Theorem 3.2 follows from Lemma 3.1 imme-
diately. The estimate (3.2) is also easily checked:

lQm@: M) = Q@ M) | € Y |Coa| g ol
la+B|<m
- N(m)
M=, > 1ch| e e,

1,j=1

where r1 = max|z|, z € . Since each C,, o g is the coefficient of the
expansion of §;;'(z — y), we obtain

S | Coas [Tt < ()T pnem it
lot-B|<m

which implies the estimate (3.2).

From Theorem 3.2 and Theorem 2.1, we have
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Corollary 3.3. Let ®,(t;p, q) be the function of form (2.1). Then

I p(2) = Qi (3 @p(t; ) /2y
< Cl{“ p ||Cl+o‘ M_U/Q + (Cﬂ)mm_m/Q"‘l

N(m)
' u? e~ Ot 8 m
m E C:
e W\Sm;i,j:alx ,N(m) . ii=1 | g | le ” Hp H}

for the constants C,C" are independent of p, p and m.

Corollary 3.3 implies that we can reconstruct p approximately via ®,(t; -, -).}}
Indeed, for any € > 0 and compact set D in €2, there exist y, m and t such

that || p(x) — Q' (@ p(t;+,-)) [l e py <€

Further analysis of the estimate in Corollary 3.3 involves an estimate of

Zﬁ\fj(fl) | C;-Bj || o5 || || P ||. Together with an optimal choice of the parameter

1 this gives the final estimate which involves only m and t.

Theorem 3.4. Let ®,(t;p,q) be the functional introduced in Theorem 2.3
and Q™ (x; ®,) - the polynomials defined by formula (3.1) with M = ®, and
W= mt/2. Then, there exist constants C' > 0, ¢y > 0 and co > 0 such that
H p(l‘) - Qm(x§ (I)p(t§ ) )) HCZ(m—1/4)
< (Il pllonsn + Vymo/t 4 eerm—carory.

Proof. We employ the directional moments of order ¢:
X(z) =< z,e >, e€S" 1,

where S”~! is the unit sphere in R™ and < -, - > stands for the scalar product
in R™. The goal of the proof is to find a representation

P(q)

= Xt (@)
y=1

and to estimate Ziiql) 2], la| = ¢ < m.
Consider polynomials of the form X' (x) X% (x) where < e;,ex >= 0.
Then (for details see [K-S])

Z Cd cos?(¢) tan” (¢) X! (2) X2 (z),

q1+492=4q
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where ey = e1 cos(@) + ez sin(¢) and Cf, are the binomial coefficients.
Equations (3.4) with ¢ = ¢1, -+, ¢g+1 where tan(¢;) # tan(¢p;), i #
j form a system of linear equations for the unknown X' (z)X@(z). The
corresponding matrix is essentially the Vandermonde matrix for tan(¢;), i =
1,---,q+ 1. In the following we take tan(¢;) =1+ (i — 1)/q. Then

g+1
Ag, i
(3.5) X (@)X ( ZC’q cos?(¢ Z Xe, (@),

where e; = ey, and A, A, ; denote the determinant and (¢, ¢) minor of the
Vandermonde matrix, correspondingly.
Denote by A, (z) the determinant of the Vandermonde matrix with z

instead of tan(¢y, );
g+1

_ E LJ—1
Z) - AQl:J’Z :
j=1

As, on the other hand,

A(h (Z) = Hi<j§i7j75(h (tan(¢i) - tan(¢j))Hi<Q1 (Z - tan(¢i))ﬂi>(h (tan(¢i) - Z)v

we obtain that

Ay 1 Ay (2) dz
(36) A 2mi /1“ A 2
where I is e.g. a circle of the radius 1. But
Ay (2) (z — tan(¢i)) | (tan(¢;) — 2)

A 0 an(,) — tan(é) 7" (tan(6,) — tan(én )’
However, as tan(¢;) =1+ (i — 1)/q

a2
izq, |(tan(gi) — tan(ey, )| > (qq) >
Substitution of this estimate into (3.6) leads to the estimate

Ag, i
. —d1 ) < q.
(3.7) St <o

Returning to the estimate for X! (z) X?2(x), q1+¢2 = g we use the estimate
cos(¢;) > 5~1/2. Hence equations (3.5), (3.7) yield that

(3-8) X&(x) X2 (@)= > g iX&(@); legl <O
i=1,,q+1
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Let us consider % = z" ---2%". By induction, it is easy to show that

formula (3.8) yields the representation

P(q)

=3 XL, ol =g

where

P(q) <(1+q)", | <01

Furthermore

X9 =2"YZe+Z.)=2" qZDqZLth "

e
q1=0

where Z, =< x,e > +i < x,€’ > for an arbitrary e’ such that < e, e’ >= 0.
Then

P(q) P(q)
ZCan = an2 e Z Dl znZ, "
q1=0
N(q)
=) ¢ pi(@)py(2),
J,k=1

Here p; are harmonic polynomials of the form: p;(z) = Z% (x) with ¢; < ¢

and pi(z) = Z2~ % (x). Moreover, as qu _o DI =21
N(q) P(q)
Z\%I—ZIC“\? qz |Dg, | < ¢"C? < Ol

q1=0

As | pj |l llpell < V(Q)(1+r1)?, where V(Q) is the volume of €2, the above es-
timate together with Theorem 3.2 and Corollary 3.3 give rise to the following
estimate:

| p(a) = Qi (s @y (t; ) i purrzy < CLUl P o ™77
+(C’u)mm_m/2+l 4+ O —C’)\otcm}

Thus, inserting i = m'/? into the above inequality, we obtain the estimate
in Theorem 3.4.

Analysing the proof of Theorem 3.4 we obtain also the following stability
estimate which will be used in §4:
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Lemma 3.5. Let M™, M™ be bilinear forms from HP™ to C°(0,2). Let
Q) (z; M) and Q' (x; M) be given by formula (3.1). Then
| @5 s M) = Qg s M) [l o < G || M = M, e

64. Analytic estimates and stability

In the analysis of §3 we have not used the fact that ®,(¢; -, -) is an analytic
function when R(¢) > 1 which makes possible to improve the estimates of
Corollary 3.3 and Theorem 3.4 and to obtain some further stability results
for the considered inverse problem.

We start with stability estimates.

Lemma 4.1. Let p,p satisfy conditions (1.2) and
19t p,q) = (5, 0) [lcoo,0) < €llpll gl poge HP™
then
1/2) g ¢[1/2
(4.1) M, (p, q) — M, (p,q)| < Ce“ 1T [p]| |q]].

Proof. Let z = =2 be a conformal map of the halfplane R(¢) > 1 onto
the unit disk |z| < 1. Consider the function

f(2) =®p(tipa) — Qp(tipyq), 2= 2(1).
which is analytic in the unit disk. Moreover,
£ (2] < 2p:]lpl] Mlall, [z < 1;

[f ()| < ellpll flall, —1<2<0.

By Milloux Theorem (see e.g [G; Ch.VIII, §4, Th. 6]) these estimates imply
that when z =1 —(, S(2) =0,

|£(2)] < 2pa|lpl| []glle*™.
Taking ( = 2/t we see that
|, (t: 9, q) — Dy (t:p, q)| < 2pollp]| [lalle ™.

This estimate together with Theorem 2.1 (iii) where ¢ = C( lf’od)l/ 2 prove
the statement.
The Proof is complete.

Lemma 4.1 together with Theorem 3.2 (iii) and Lemma 3.4 lead to the
following stability result:
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Theorem 4.2. Let p, p satisfy conditions (1.2) and

1@y (t;p,q) — Pp(t:p,@)l[co(0,2) < €llpll [lall;  p,q € HP™.

Then

I p(x) = p(2) |1 =172y
< C{llpllgire w7 + e (Cpymm ™/
+ eCu2<Cu)m6{—CA1/2|lg€|1/2}}

Proof. Obviously

lp=pll <Ilp— @z, M) ||+
(4.2) + 16— Q@ (z, Mp) || + || @ (2, M) — QF (2, M) || -

The first two terms in rhs of (4.2) may be estimated by means of (3.3). To
estimate the third term we use the relation (4.1) together with Lemma 3.5

with M, M; instead of M, M.

The above estimate may be simplified if we take p = e~*m!'/? where a is

a sufficiently large positive number which depends upon €2, p1, p2. Then
[ p(x) = p(2) |1 (ma/ay

< C{llpllgive m™ 7t + 7™ + exp (Crm — C2A?|1g€|'/?)}.

Our next goal is to improve the reconstruction procedure described in §3
for the case when ®,(¢;-,-) is known with some error. Let W.(¢;p,q), p,q €
HP™, t€]0,2] is such that

[ 2p(5p:0) = Ve(i2,0) lcoo,2) S €l -

Let
IR L GV R

{1 = (t—1)2}Y2 44

be a conformal map of the halfplane R(¢) > 1 with a slit along the interval
(1,2) onto the unit disk |w| < 1. Then the slit is transformed onto the left
semicircle, |w| = 1, R(w) < 0 and the line R(¢) = 1 onto the right semicircle
lw| =1,R(w) > 0. The function f(w;p,q) = P,(t;p,q), w = w(t) is analytic
in the disk.

w(t)
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Let fe(w;p,q) = Ve(tip,q), t € (1,2), w = w(t). Then f is defined on
the left semicircle and

(4.3) [f(w) = fe(w)| < el[plllal-

Consider the domain O (see Fig.1) obtained as the intersection of the disk
and the sector of the angle w/2 with its vortex in the point (1,0) which is
symmetric with respect to the real axis.

O,

00

For the quasianalytic continuation of f.(w) we use the construction sug-
gested in [L | which is based upon the Carleman lemma [Car]. Let

with some t > 2. We define f(z) by the following formula:

zwdgb id

(4.4) ft(2) 1) } — w=e

€

/2 felw) exp {or(

- 27m
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Theorem 4.3. Let f!(z) be given by (4.4) where f. satisfies (4.3). Then

|M,(p,q) — fL(1 —2/t)]
(4.5) <Clpllqll{te® +e )

Proof. Consider f*(z) — f(z). Using the Cauchy formula for f*(z) =
2,2
f(z)exp (%) we see that

e’ ‘ dz

f(1=2/t) =

271 80

where the contour 0O consists of the left semicircle (z) < 0 and the broken
line ABC (see Fig. 1). Hence

[fE(L—2/t) = f(1—2/)]

ele 2 . O¢ 2 dz
<G |V = e e R - 1) g
e%¢ o.t? dz
5 [ @] e (TR - 1) | =

(46) Il +127

where z = €?, ¢ € (3, 2F) in the first integral I;. However, R(z — 1)? < 2
and [1—-2/t—z| > 1 when z = €', ¢ € (T, 37). Hence inequality (4.3) yields

2072
the following estimate for I:

2_ 1
(4.7) L <Celpll|lqle” ™1 < cCte= ||p|l|lqll,

where the last estimate follows from the definition of o..
To estimate I, we use the fact that R{(z — 1)?} =0 and [1-2/t—z| > @
on ABC. Taking into account estimate (i) of Theorem 2.1 we see that

(4.8) L <Ctlp||lqlle’ < Cte® | p|l|q]l-

Clearly |w(t) — (1 — %)] < t% so that 1 — % = w(t), where |t —t] < C.

Taking into account Theorem 2.1(iii) we see that

(4.9) [ f(1=2/t) = M, | = |®,(;p,q) = My(p.q) | < Ce |||
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Equation (4.5) follows from (4.6)- (4.9).
The proof is complete.

Remark. The considerations leading to (4.8) is a special case of the results
obtained by M.Lavrent’ev (see [L; Ch.I, Pr.III)).

Let M5(p,q) = fH(1—2/t), where t = |log e|1/3)\0_1/3. Then estimate (4.9)
implies that
1/3

| Mp(p,q) — M;(pa q)| < Cllog e|1/3e—>‘§/3|10g6|

Summarising the previous considerations we come to the following

Theorem 4.4. Let ¥, : HP™ x HP™ — C%(0,2) be a bilinear form which
is e-close to ®,. Then

() = Q5 ME) gt (o2

< Ol pllgise p= /% + emo¥ w" (o)™ /(5)!

] Tog e /3 E D [ 2] 5321 4 2] o el

1.

1/2

In particular when p = m** we have

” p() - le/z('; M;) ||Cl(m—1/4)

S C(]. + H P ||Cl+0)(m_0'/4 —|—eXp (C’m - Cl>\g/3| 10g6|1/3)).
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