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Abstract: Vibration behaviour of an internal combustion engine depends on rigid body inertial
dynamics, structural modal characteristics of its elastic members, tribological behaviour of load-
bearing contacts, and piston-cylinder interactions. Therefore, it is essential to use a multi-physics
approach that addresses all these physical properties in a single integrative model as presented
in this paper. This approach can be regarded as holistic and a good aid for detailed design. Part-
icular attention is paid to the critical elements in the system, such as load-bearing conjunctions
(crankshaft main bearings) and piston-cylinder wall interactions. Another important feature is
the integrated analysis across the physics of motion from microscale fluid film formation to
submillimetre structural deformations and onto large displacements of inertial members. In
order to succeed in predictions within sensible industrial time scales, analytical methods have
been used as far as possible rather than numerical approaches. Model predictions show good
agreement with fired engine test data.

Keywords: tribo-elasto-multi-body dynamics, internal combustion engines, engine noise,
vibration, and harshness, engine roughness, engine tribology

1 INTRODUCTION

Modern engine development is dominated by cer-
tain requirements. The most prominent of these is
improved efficiency, which is mainly sought through
reduction of losses. Within the context of solid
mechanics, this requirement translates to better con-
trol of mechanical and frictional losses. The former is
chiefly due to inertial imbalances in the motion of sys-
tem components. Reduction in mechanical losses is,
therefore, sought through decreasing mass and inertia
of parts and a tighter control of out-of-balances. This
trend has led to a greater use of lighter, but durable
materials, which as a consequence has also led to
a greater tendency in structural deformation under
operating loads. Thus, a determining factor in choice
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of appropriate materials has been their structural
integrity under such loads, without regard to their
modal response, which as a consequence has led to
a plethora of noise and vibration concerns [1, 2]. It is
clear that in an attempt to reduce mechanical losses
due to imbalance of inertial members, sight has been
lost, to a certain extent, of other potential sources
of mechanical losses due to structural deforma-
tion. Ordinarily, the magnitude of effective imbalance
caused by structural distortion would have been small
compared to gains made by reducing inertial imbal-
ance. However, another trend in engine development
parallel to improved efficiency has been a gradual
increase in output power, particularly with increasing
use of diesel engines. Thus, a combination of these
requirements has led to the development of more effi-
cient and powerful, but structurally noisier engines,
requiring a fair amount of noise isolation technology. A
plethora of other impact-induced transmitted effects
down line of engine in the drivetrain and driveline sys-
tems have also emerged [3]. The lack of a coherent
and integrative analysis has been largely responsible
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for these emerging problems in an era, where much
is made of concepts such as concurrent/simultaneous
engineering and use of quality engineering tools.

Owing to the complexity of engine dynamics prob-
lems, simplified analytical models [4–6] and rigid
multi-body models [7, 8] have been extensively
used for noise, vibration, and harshness studies.
Most finite element analyses have been restricted
to subsystems such as the crankshaft-engine block
interactions [9, 10] or piston skirt–cylinder liner inter-
actions [11–13]. Such models often use simplified
representation of other subsystems in order to avoid
extensive computations. For example, bearings have
often been modelled as linear spring–damper sys-
tems [14, 15], or distributed non-linear springs [16]
or by use of the mobility method [17]. More realis-
tic approaches include short bearing approximation
with half-Sommerfeld boundary conditions as sug-
gested by Kirk and Gunter 1975 [18]. Some other
models consider gyroscopic motion of flywheel due to
varying bearing reactions and component flexibility
[19]. Tribological considerations for piston–cylinder
interactions have largely been ignored in most engine
models. This aspect of investigation has always been
carried out in specific studies with very long com-
putation times, assuming hydrodynamic or elasto-
hydrodynamic conditions [20, 21]. It is, however, an
important feature of engine dynamics and repre-
sentative models of this should be incorporated in
any multi-physics analysis. Even such analysis is not
exactly representative of actual conditions in piston–
cylinder interactions, where the regime of lubrication
alters throughout the cycle and at top dead centre
(TDC) and bottom dead centre (BDC) a mixed regime
of lubrication is prevalent, where asperity interactions
take place.

As already noted, the reactions in load-bearing con-
junctions should be included in integrated engine
models, which take into account frictional losses in
the system, these being the other main sources of
inefficiency. This has often been tackled in isola-
tion through tribological studies of various conjunc-
tions or combined with inertial dynamics alone, such
as piston-to-cylinder contact [21], various contacts
within the valve train system [22], and engine bear-
ings. For such analyses, correctly predicted dynamic
loads are critical to the behaviour of the lubricated
conjunctions [23]. An ideal analysis should incorpo-
rate the load-bearing zones, which in turn affect the
dynamic performance of the system as a whole. The
trend for higher output power-to-weight ratio engines
imposes severe conditions upon tribological conjunc-
tions, with everdecreasing film thickness and higher
shear rates, both of which can lead to an increasing
rather than decreasing frictional losses.

The paper provides a multi-physics multi-
scale modelling approach, including tribology, small

amplitude structural vibration, and large displacement
inertial dynamics. The model is validated against
measured data from fired engine tests.

2 ENGINE TESTING AND MEASUREMENTS

A single cylinder four-stroke variable compression E6
Ricardo engine having bore of 3 in, and a stroke of
4.375 in, is shown in Fig. 1. This produces a maximum
power of 13 Bhp at 3000 r/min and a maximum torque
of about 40 Nm at 1800 r/min. The test was carried out
at an engine speed of 1800 rpm.The test bed comprises
a torque meter attached at the flywheel end, a two-
channel shaft encoder with 3600 pulses per revolution,
and a trigger pulse to record the position of the TDC. A
Kistler plug-type pressure sensor was inserted into the
combustion chamber to obtain a trace of the combus-
tion curve. A two beam laser doppler vibrometer was
also used to measure the flywheel angular velocity.

In this manner, the angular velocity of the flywheel
is recorded, which provides the torsional vibration,
superimposed upon the nominal angular velocity of
188 rad/s. The spectral content of the signal is shown
in Fig. 2. Similarly, the angular velocity of the flywheel
end can be obtained from the numerical model, which
contains both torsional and bending vibrations and
their harmonics [24, 25].

Power torque fluctuation induces vibration in inter-
nal combustion engines in accord with the signature of
the combustion process, which in a four-stroke cycle
with its fundamental contribution at a half-engine
order with all its higher harmonics [1]. In multi-
cylinder engines this is usually countered by cylinder
phasing, leaving only certain significant contributions
according to the number of cylinders and the firing
order, when a sufficiently rigid crankshaft system is
employed [3]. When structural compliance is com-
promised to a certain extent in order to reduce the

Fig. 1 Experimental set-up
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Fig. 2 Monitored spectrum of torsional vibration of the
flywheel

effect of inertial imbalance, as previously discussed,
the otherwise insignificant engine order contribu-
tions become significant again [3]. This is particularly
true of the half-engine order responses, which are
referred to as engine roughness [2, 3, 26]. In the
case of a four-cylinder four-stroke engine, the spec-
tral content will be at even engine order multiples,
with the fundamental at second engine order [1, 3, 26].
Additional responses due to structural compliance of
the crankshaft system may be regarded as undesired
roughness, rather similar to parasitic output superim-
posed upon a clear radio frequency transmission.

The applied forces include the combustion force.
The measured combustion pressure is applied onto
the crown surface area of the piston. Thus, the calcu-
lated applied gas force is included in the model as a
function of the crank-angle (Fig. 3). Any small varia-
tion in the gas force from cycle-to-cycle is ignored in
the analysis.

With a single cylinder configuration, the opportunity
to eliminate engine roughness does not exist, even

Fig. 3 A cycle of combustion gas force

in the case of nominally rigid constructions, and one
would expect vibratory contributions at all the afore-
mentioned frequencies. Figure 2 corroborates this, by
showing the spectral contributions at all the signature
content of the four-stroke combustion process. Note
that the half-engine order response is at 15 Hz. The
measured combustion force (also used as an input to
the multi-physics model) is shown in Fig. 3.

3 ENGINE MODEL

3.1 Multi-physics model

As mentioned earlier, the model comprises large
inertial dynamics, small elastic deformations, and
tribological aspects in microscale.

3.1.1 Inertial dynamics

For large displacement dynamics, constrained
Lagrangian formulation is employed. Thus, the core
of the engine model is based on a multi-body formu-
lation, similar to that proposed in references [7] and
[27]. It consists of the main components of the system
(listed in Table 1).

In a multi-body model, the parts in the system
are connected to each other by holonomic and non-
holonomic constraints (various joints). These are
listed in Table 2 for the single cylinder engine model.
The total number of degrees of freedom (DOF) of
the multi-body model is obtained using the Gurebler–
Kutzbach expression as

Number of DOF = flexible body modes(flywheel

+ crank + conrod) + 6

× (number of rigid parts − 1)

−
∑

(Contraints)

= (56 + 66 + 32) + 6(16 − 1)−108

= 154 + 90 − 108

= 136

Thus, the model comprises 136 DOF, including 90 rigid
body motions and 154 of structural modal behaviour
(Fig. 4). These are represented by a differential-
algebraic set of equations as

d
dt

(
∂L
∂q̇j

)
− ∂L

∂qj
+ ∂D

∂qj
− Fqj +

n∑
k=1

λk
∂Ck

∂qj
= 0 (1)

where {ξj}j=1→6 = {x, y, z, ψ , θ , ϕ}T for the rigid body
DOF, and {ξj}j=6→6+m = {x, y, z, ψ , θ , ϕ, q}T for the flex-
ible bodies (q represents the modal coordinates and
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Table 1 Main components of the system

Moment of inertia (kg mm2)

No. Part description Mass (kg) Ixx Iyy Izz

1 Crankshaft (flexible) 15.0 246 534 236 228 30 071
2 Connecting rod (flexible) 2.0 45 305 849 45 745
3 Flywheel (flexible) 85.2 1 329 590 1 329 590 2 454 628
4 Piston 0.5 1950 1950 462
5 Dummy camshaft 1 – – – –
6 Dummy camshaft 2 – – – –
7 Ground – – – –
8 Crank dummy 1 – – – –
9 Crank dummy 2 – – – –

10 Crank dummy 3 – – – –
11 Crank dummy 4 – – – –
12 Crank dummy 5 – – – –
13 Crank dummy 6 – – – –
14 Crank dummy 7 – – – –
15 Crank dummy 8 – – – –
16 Crank dummy 9 – – – –
17 Connecting rod dummy 1 – – – –
18 Connecting rod dummy 2 – – – –
19 Flywheel dummy – – – –

m their total number), L = T − V is the Lagrangian,
which is the difference between kinetic and potential
energies, and D = (1/2)q̇TZq̇.

For holonomic constraints

Cn(qj) = 0 (2)

For non-holonomic constraints

q̇j
∂Cn

∂qj
= 0 (3)

Note that Fqj = −∂V /∂qj , providing the generalized
forces in the Eulerian 3-1-3 body frame of reference.
Those forces are listed in Table 3. The coordinate
frames discussed above are included in the system
model by introducing appropriate mode shapes of
the flexible members through super-element finite
element modal analysis. These appropriate mode
shapes within the frequency range of interest are
selected using component mode synthesis [28].
Detailed explanation of the process is provided in
references [29] and [30].

Table 2 Holonomic and non-holonomic constraints (joints)

Number of
No. Part I Part J Constraint type constraints

1 Crank dummy 1 Connecting rod dummy 2 Cylindrical 4
2 Piston Ground Planer 3
3 Connecting rod Connecting rod dummy 1 Fixed 6
4 Connecting rod Connecting rod dummy 2 Fixed 6
5 Crankshaft Crankshaft dummy 1 Fixed 6
6 Crankshaft Crankshaft dummy 2 Fixed 6
7 Crankshaft Crankshaft dummy 3 Fixed 6
8 Crankshaft Crankshaft dummy 4 Fixed 6
9 Crankshaft Crankshaft dummy 5 Fixed 6

10 Crankshaft Crankshaft dummy 6 Fixed 6
11 Flywheel dummy Crankshaft dummy 6 Fixed 6
12 Flywheel Flywheel dummy Fixed 6
13 Flywheel dummy Crankshaft dummy 7 Hook 4
14 Crankshaft dummy 8 Crankshaft dummy 9 Hook 4
15 Crankshaft dummy 2 Ground Planer 3
16 Crankshaft dummy 4 Ground Planer 3
17 Dummy camshaft 2 Ground Revolute 5
18 Dummy camshaft 1 Ground Revolute 5
19 Crankshaft dummy 9 Ground Revolute 5
20 Connecting rod dummy 1 Piston Revolute 5
21 Crankshaft dummy 7 Crankshaft dummy 8 Translational 5
22 Crankshaft Dummy camshaft 1 Coupler 1
23 Crankshaft Dummy camshaft 2 Coupler 1

Total 108
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Fig. 4 The elasto-multi-body dynamic model

3.1.2 Structural dynamics

The forces acting on crankshaft and connecting rod are
sufficiently high to make them deform under dynamic
excitation. However, as the excitation is dynamic
the modal excitations will create comparatively large
deformations relative to the inertial frame of reference.
The main excitation frequency occurs due to combus-
tion gas force at the half-engine order, which is 15 Hz
under the test conditions in the experimental engine.
Also some significant excitations can be seen up to
several hundreds Hertz.

Modal analysis for basic components was carried
out and was found that the first natural frequency
of the piston and pin for this engine was in the
range 10 000 Hz, whereas for the crankshaft, connect-
ing rod, and flywheel the range of few hundreds
Hertz was obtained. Thus, these components have

Table 3 Internal and external forces applied

No. Type Position Magnitude

1 Journal bearing
reaction

Left main journal
bearing

Refer to
equation (11)

2 Journal bearing
reaction

Right main
journal bearing

Refer to
equation (11)

3 Combustion gas
force

Perpendicular
to piston top
surface

Figure 3
represents
one complete
cycle

4 Load torque Crankshaft end 30 Nm
5 Friction torque Journal bearings Refer to

equation (13)
6 Friction at piston Piston top corners

(1 and 2) as
shown in Fig. 9

Refer to
equation (16)

7 Normal forces at
piston edge

Piston top and
bottom corners
(1 to 4) as
shown in Fig. 9

Refer to
equation (15)

been introduced into the model as flexible bod-
ies, as their structural modes are more likely to be
excited.

The most important assumption behind this proce-
dure is the consideration of small, linear body defor-
mations relative to a local frame of reference, while this
local frame of reference undergoes large, non-linear
motions with respect to a fixed global frame of refer-
ence. The discretization of a component into a finite
element model represents the infinite number of DOF
with a finite, but very large number of DOF. The linear
deformations of the nodes of this finite element mode,
u, can be approximated as a linear combination of a
smaller number of shape vectors (or mode shapes), φ,
thus

u =
M∑

i=1

φiqi (4)

where M is the number of mode shapes. The scale
factors of amplitudes, q, are the modal coordinates.

The main concept of modal superposition is that the
behaviour of a component with a very large number of
nodal DOF in a predetermined frequency area can be
captured with a much smaller number of modal DOF.
Thus, the finite element modes can be rewritten in the
matrix form as

u = �q (5)

where q is the vector of modal coordinates and the
modes φi are included in the columns of the modal
matrix, �. This matrix is the transformation from the
small set of modal coordinates, q, to the larger set of
physical coordinates, u.

The determination of the modal matrix M can
be achieved due to the Craig–Brampton reduction
method, which is one of the most general methods
for component mode synthesis techniques [29].

According to the aforementioned, the relationship
between the physical DOF and the Craig–Brampton
modes and their modal coordinates is expressed as

u =
(

uB

uI

)
=

(
I 0

�IC �IN

) (
qC

qN

)
(6)

where I , 0 are unity and zero matrices, respectively.
The generalized stiffness and mass matrices are

obtained through the following transformations

M̂ = �TM� =
(

M̂CC 0
0 M̂NN

)

K̂ = �TK� =
(

K̂CC 0
0 K̂NN

)
(7)

where, M̂NN and K̂NN are diagonal matrices and K̂ is a
block diagonal matrix.
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Next, a mode shape ortho-normalization is applied,
which dissolves the following problems.

1. The six rigid body modes are addressed, which can
now be disabled.

2. All modes have now an associated natural fre-
quency, which helps to classify them physically
and simulate non-linear systems with unknown
frequency content.

3. By solving the eigenvalue problem K̂q = γ M̂q, the
obtained eigenvectors are arranged in a trans-
formation matrix N, that transforms the Craig–
Brampton modal basis to an equivalent, orthogonal
basis with modal coordinates q∗, where

Nq∗ = q (8)

Thus, the effect on the superposition formula is

u =
m∑

i=1

φiqi =
m∑

i=1

φiNq∗ =
m∑

i=1

φ∗
i q∗ (9)

where φ∗
i are the orthogonal Craig–Brampton

modes.

Four-noded solid tetrahedral elements have been used
with auto-mesh facility to mesh the components. Each
of the connecting points of the components were
replaced by a central master node, which is rigidly
attached to many other nodes in the close proximity
of the component. This type of connection creates a
localized stiffness in the model. Since the master node
DOF are independent, this node can be promoted to
an attachment point and used to connect the flexible
body to the neighbouring rigid bodies of the multi-
body model. A sufficient number of structural modes
have been kept in the super-element creation to obtain
the accurate results in the frequency area of interest.

3.1.3 Tribological conjunctions

The behaviour of tribological conjunctions like
crankshaft main bearings and piston cylinder interac-
tion during the engine operation are also considered in
this multi-physics model. Many other tribological con-
tacts are also present in an engine such as cam-tappet,
timing gears, etc. Thus, the engine model described
here can be regarded as the crankshaft-connecting
rod-piston subsystem. In this subsystem, the main
crankshaft support bearings and cylinder wall directly
manipulate the behaviour of the engine crankshaft
assembly during the operation. The wrist-pin (small-
end) and the big-end bearings are also important in
the context of engine vibration, which are represented
simply here by revolute joints in this initial study.

3.1.3.1 Journal bearings. There are two journal
bearings between the engine block and the crankshaft.

Lubricant is fed into the contact conjunction to pre-
vent metal-to-metal contact.

With known geometry, kinematics, and lubricant
rheology, solutions to Reynolds equation can be
sought. For 2R/
 � 2, engine bearings can be approx-
imated to short-width bearings. An analytic solution
can be obtained, where the pressure distribution is
given as [31]

p = 3Uη0ε

Rjc

(

2

4
− ϒ2

)
sin α

(1 + ε cos α)3
(10)

To determine the pressure distribution the following
parameters are required.

1. The speed of entraining motion of the lubricant in
the contact, u. This is given as U = 1/2ωRj.

2. The eccentricity ratio, ε = e/c, where e is the ‘line
of sight’ excursion of the centre of the journal
away from the fixed position of the bearing bush-
ing (Fig. 5, and note that the film thickness, h =
c(1 + ε cos τ)). Note that c is the designed nominal
radial clearance, typically 1/250 � c/Rj � 1/2000.

Therefore, the unknowns required for the tribologi-
cal analysis e and ω are obtained from the dynamic
analysis, where e = Ri − Rj.

A number of assumptions have been made, in addi-
tion to the short bearing assumption (2Rj/
 > 2). First,
the bearing bushing is considered to have a suffi-
cient thickness, and made of a material of high elastic
modulus in order to discount its deformation due to
generated lubricant pressures. In the case of the E6
engine, under investigation here, such an assumption
can be made. However, most modern engines employ
thin shells, made of material of low elastic modulus
(such as tin-based alloys) in order to encourage local-
ized deformation, and retention of a lubricant film by
elasto-hydrodynamic regime of lubrication [2].

Second, under hydrodynamic conditions and with
lubricant film assumed to be formed over a circum-
ferential extent of π radians, the area of contact, π
, is
large and thus the generated pressures are insufficient
to appreciably alter the bulk lubricant viscosity from

Pressure
distribution

Line of 
centres

xW

zW
W

ee

Fig. 5 Pressure distribution and bearing reactions
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its value under atmospheric condition, η0 (iso-viscous
assumption).

Finally, the solution provided here is isothermal, not
taking into account the fall in the lubricant viscosity.

With the pressure distribution determined, using
equation (10), lubricant reactions (restoring forces)
are usually given as load components Wx and Wz

along and perpendicular to the line of centres (Fig. 5),
respectively. Using the half-Sommerfeld’s boundary
conditions (pressure is generated in the region 0 � τ �
π), then⎧⎪⎪⎨

⎪⎪⎩
Wx = Uη0


3

4c2

πε

(1 − ε2)3/2

Wz = Uη0

3

c2

ε2

(1 − ε2)2

(11)

The resultant reaction is obtained as (Fig. 5)
W = √

W 2
x + W 2

z

The friction force in a lubricated conjunction is
given by relative sliding motion of the two contact-
ing surfaces. Here Uj refers to the surface velocity of
the journal, where as Ub denotes the surface velocity
of the bush bearing [31]

F =
∫ 


0

(
h
2

∂p
∂x

+ η0(Ub − Uj)

h

)
dx (12)

Note that Ub = 0, and that the first term in the integral
disappears with short bearing assumption as ∂P/∂x =
0. Thus, noting that x = Rjτ , h = c(1 + ε cos τ), ψ̇ = ω

F = −
∫π

0

Ujη0
Rj

c(1 + ε cos α)
dα = −πη0ψ̇R2

j 


c
1√

1 − ε2

(13)

The negative sign indicates opposition to the direction
of motion. Thus, friction torque for any of the support
bearings is given as Tf = FRj.

3.1.3.2 Piston interaction with cylinder wall. Piston
skirt–cylinder wall interaction is sought by solving the
Reynolds equation for an iso-viscous lubrication sys-
tem with known kinematics and lubricant rheology.
Also the long bearing assumption is used as circum-
ferential length of the contact is much larger than that
of its width. Reynolds equation is solved using the long
bearing approximation (2R/
 < 0.5), with no side leak-
age as the circumference 
 of the skirt is very much
greater than that of its thickness. The film thickness
in between the piston skirt and the wall is assumed
as a parabola along the direction of the flow as shown
in Fig. 6. Note that the skirt profile is assumed to be

Fig. 6 Piston ring–cylinder wall contact conjunction

parabolic and is given as follows [32]

h = h0

(
1 + x2

2Rh0

)
(14)

In reality, the piston skirt profile in the axial direction
is a barrel shape for the engine under consideration,
with a very large radius. This has been approximated
to a parabola.

The dimensionless pressure distribution can be
obtained as follows [33]

P∗ = 1
8

x̄ − 1
32

sin 4x̄ − tan2 x̄a

×
(

3
8

x̄ + 1
4

sin 2x̄ + 1
32

sin 4x̄
)

+ 4W ∗
s√

2 h∗
0

[
− 3

32
− 1

8
cos 2x̄ − 1

32
cos 4x̄

+ tan x̄a

(
3
8

x̄ + 1
4

sin 2x̄ + 1
32

sin 4x̄
)]

+ π

16

(
1 − 3 tan2 x̄a + 12W ∗

s√
2 h∗

0

tan x̄a

)
(15)

Dimensionless parameters in this equation are given
in the appendix.

When deriving this equation it is assumed that the
inlet and outlet are fully flooded as explained in ref-
erence [34]. The calculated pressure variation right
through the contact conjunction for some dimension-
less approaching velocities are given in Fig. 7.

When the approaching velocity is zero (W ∗
s = 0), the

pressure distribution is that of the half Sommerfeld
condition. However, negative pressures are discarded
when calculating the load, as fluid cannot support
loads with negative pressures and also it gives zero

JMBD78 © IMechE 2007 Proc. IMechE Vol. 221 Part K: J. Multi-body Dynamics
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Fig. 7 Pressure variation in ring–wall contact conjunc-
tion

cumulative load carrying capacity, which is not correct
as shown in reference [31]. Then, the resultant load is
calculated taking into consideration only the positive
pressures and it is applied on the piston as a reaction
force acting on the piston skirt.

Surface traction force (or the friction force) acting on
the piston along the piston skirt opposing the piston
translational motion is calculated, considering the vis-
cous drag acting on the contact conjunction. Viscous
drag force is given by Gohar [31] as

τ = ± h
2

dP
dx︸ ︷︷ ︸
a

+ η0
�U

h︸ ︷︷ ︸
b

(16)

In hydrodynamic lubrication, the contribution from
the pressure gradient on the viscous drag is very
small as shown Gohar [31], so the component due to
pressure gradient is neglected.

The initial clearance h0 can be obtained as follows
(for the contact point 1 in Fig. 9)

h0 = xL − a sin ϑ − rtt cos ϑ (17)

For simplicity, it is considered that only four corners of
the piston touch the cylinder wall when the piston is
in operation (due to its secondary motions, lateral and
tilting) and these four positions are shown numbered
in Figs 8 and 9 (points 1 to 4). This approach follows
that of Haddad and Howard [35], who used the four
corner model with spring-damper elements, which are
clearly not representative of tribological conditions.

Fig. 8 Forces acting on piston skirt

Force component due to pressure variation is
orthogonal to the piston surface at these four corners
of the piston as shown in Fig. 8.

It should be noted that at the extremities of the
cycle (at TDC and BDC) due to cessation of lubri-
cant entraining motion (reversal in sliding velocity),
any lubricant film is retained by squeeze film action
or trapped in between asperities of the contigu-
ous surfaces. It is generally accepted that a mixed
regime of lubrication occurs in such locations, where
asperity interactions occur. The friction force in such
instances is a combination of viscous action, described

Fig. 9 Piston tilting
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above, and that due to asperities (known as boundary
contribution). Solutions for boundary friction have
been provided by Greenwood and Tripp [36], based
on non-Newtonian behaviour of very thin films at
asperity tips. For the engine investigated here, the
nominal clearance is quite large (100 μm), and side
force (max. 300 N) and piston tilt (�0.1◦) are relatively
low. Thus, hydrodynamic regime of lubrication as the
first approximation is reasonable for piston skirt to
cylinder liner contact. Future extension of this model
should take into account boundary interactions at
TDC and BDC, particularly with much thinner films
encountered between the piston ring and the cylinder
liner.

4 RESULTS AND DISCUSSION

Figure 10 shows the spectrum of torsional vibration of
the flywheel predicted using the multi-physics numer-
ical model outlined above. The frequency composition
agrees with the experimentally obtained spectrum
(Fig. 2). The amplitudes also compare well, except
for the contribution at the fundamental combustion
frequency at the half-engine order. It is not possi-
ble to have a rigorous agreement on amplitude, due
to a number of reasons. First, with the real engine,
other factors such as dry friction and viscous action in
the big-end bearing also contribute to friction torque,
which are not included in the model. Second, FFT
is essentially an averaging process, and one cannot
rely on the obtained amplitudes in either case. Nev-
ertheless, good agreement is obtained, validating the
proposed analysis method.

Figure 11 shows the variation of the predicted vis-
cous friction force and the lubricant film thickness on
the thrust side. Note that a film thickness of around

Fig. 10 Analytically predicted spectrum of torsional
vibration of the flywheel

Fig. 11 Viscous force and the clearance (film thickness)
variation at thrust side

15 μm is predicted at the TDC, all due to rigid sec-
ondary motion towards the thrust side (with the nomi-
nal clearance being 100 μm). In more modern engines,
the clearance is tighter and film thickness retained is
usually much lower, resulting in mixed regime of lubri-
cation. Piston stops instantaneously at the TDC and
the BDC during reversal. At these positions no viscous
friction force can be expected, as there is momen-
tarily no relative motion of contiguous surfaces. Due
to the cessation of entraining motion (i.e. u = 0), any
lubricant film is retained in these locations by entrap-
ment due to squeeze film effect (i.e. the viscous action
of the lubricant flowing out of the contact is slower
than the approach of piston towards the cylinder wall).
Thus, the film thickness attains its minima in these
locations, as shown in the figure (±360◦ and 0◦ crank
angles, belonging to the TDC, and ±180◦ crank angle,
belonging to the BDC). Note that the nominal designed
clearance for this engine is 100 μm.

Close to the TDC, the film thickness is small
compared to that at the BDC. This is because hydrody-
namic conditions are dominant, and the greater side
force at the TDC, acting on the piston tends to keep the
piston closer to the wall. The side force is in fact quite
low (with a maximum value of around 300 N during
the power stroke, as expected). This is not the case for
most modern engines that exhibit much larger con-
tact forces. If the side force was sufficient to cause
local deformation of contiguous solids, the regime of
lubrication would tend to elastohydrodynamics, and
a larger film thickness would probably be expected at
TDC than BDC. However, for the E6 engine, this is not
the case, but in modern engines with, for example, alu-
minium pistons, elastohydrodynamic conditions are
more likely to occur.

At the mid span of piston motion, the sliding veloc-
ity is higher. This tends to pull more lubricant into
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the contact by entraining action. Thus, a larger film
thickness is observed in each of the cycles at mid
span, except at the power stroke. During the power
stroke, the piston is pushed towards the thrust side
by the tangential force component (Fs in Fig. 14) in the
connecting rod. This results in a smaller film thickness.

As the film thickness is very small during the power
stroke, the viscous friction force is much higher. Dur-
ing other strokes the film thickness is comparatively
larger and the friction force is correspondingly lower.
The maximum combustion gas force is applied soon
after the TDC. At this point, the side force (thrust force)
attains its maximum value. Furthermore, near to the
TDC the sliding velocity is low, leading to a smaller film
thickness soon after the TDC as shown in the figure.

Almost the opposite case arises for film thickness in
the antithrust side as shown in Fig. 12. At the end of
the exhaust stroke, the film thickness is at its maximum
and the friction force reaches its minimum value. The
rapid oscillatory variations in force shown in this figure
and those in Fig. 13 have no physical significance.
These occur in the vicinity of reversal positions and
are due to mathematical inaccuracy due to integra-
tion time step size, which should ideally be reduced.
However, such a reduction leads to significant rise in
computation times.

It is interesting to examine force variation in the
piston during its motion. In Fig. 14 the forces due
to combustion gas force, Fp and the inertia force,
Fi, acting on the piston during its downward motion
during the suction stroke are shown. These two forces
have to be balanced by the force, FR, acting on the
connecting rod. Even though vertical component, Fd

on the connecting rod is balanced by Fp and Fi, the
horizontal component, Fs has to be balanced by the
thrust reaction from the cylinder wall. Viscous friction
force acting at the piston–wall interface is given as FF .

Fig. 12 Viscous force and clearance (film thickness)
variation in antithrust side

Fig. 13 Predicted forces acting on the piston

The horizontal force variation in the piston is shown
in Fig. 13. The inertial component on the piston is very
high, thus there is a corresponding high vertical force
component at the onset of the suction stroke and at the
end of the exhaust stroke. This leads to a higher side
force during suction stroke on the antithrust side as
shown in Fig. 12 and a higher side force during exhaust
on the thrust side as shown in Fig. 11. During the com-
bustion stroke, the vertical force Fp + Fi is negative and
the piston is pushed against the connecting rod. This
load reversal leads to a force on the thrust side during
the power stroke.

Piston axial (primary motion) acceleration and
velocity are shown in Fig. 15. Some fluctuations of

Fig. 14 Forces acting on the piston during successive
strokes
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Fig. 15 Piston acceleration and velocity variations

the piston acceleration can be seen at the dead cen-
tres. The maximum acceleration can be seen at the
TDC. At the TDC, external forces (force due to com-
bustion) acting on piston are high (Table 3). This can
be seen in Fig. 3. At ±360◦ and 0◦ crank positions the
gas force is high compared to ±180◦ crank position,
which represents the TDC.

Figure 16 shows the piston tilting motion during
a combustion cycle. During the power stroke the
piston is oriented towards the thrust side. During
the suction cycle it adheres to the antithrust side.
The resulting friction force variation can be seen in
Fig. 17. During the compression stroke, the total fric-
tion force is low compared to other strokes. Higher
values can be seen in the other parts of the cycle with
slight variations. Both vertical force and friction force
reach maximum values during the power stroke as
expected, when the dominant regime of lubrication
is hydrodynamic.

Fig. 16 Piston tilting motion during its cycle

Fig. 17 Friction force on the piston

As described in section 1, minimization of losses
is a key design objective in modern engine develop-
ment. The frictional losses in an engine are mostly
attributed to piston-cylinder wall interactions, and
cam-tappet contact (this is not modelled here). How-
ever, engine bearings also account for 10 to 15 per cent
of frictional losses, while generation of friction torque
is also vital in the control of torsional vibration of
the crankshaft system. Figure 18 shows the coefficient
of friction variation in an engine bearing during a
cycle. In real engines low values, in the range 0.005–
0.08 would indicate full fluid film lubrication. This
is obviously the case here, as is predicted by the
model. However, a ten-fold variation in the coefficient
of friction belies the complexity of engine running
conditions and serves the purpose for its demonstra-
tion. To illustrate the reasons behind these variations,

Fig. 18 Variation of coefficient of friction in an engine
bearing during the four-stroke cycle
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Fig. 19 Variation of bearing eccentricity ratio during the
four-stroke cycle

Fig. 19 shows the transient nature of the eccentric-
ity ratio, with Fig. 20 illustrating the resultant bearing
reaction. As ε increases due to combustion force, the
bearing generates a higher reaction due to greater
hydrodynamic pressures, which in turn tend to sepa-
rate the surfaces. The friction force, on the other hand,
decreases with an increase in the value of ε. Therefore,
coefficient of friction is predicted to have its lowest
value at the maximum combustion force (crank-angle
position of 11◦) and its highest values, indicated by
the three peaks in Fig. 18 (first and the last corre-
sponding to successive cycles in reaching the BDC,
and the middle peak corresponding to approaching

Fig. 20 Bearing load variation with the crank angle

the position of the TDC). Note that the applied gas
force dramatically drops in these cases (Fig. 3). Finally,
a word of caution is that the model does not include
thermal effects and shear thinning of the lubricant,
which can result in the diminution of film thickness
and non-Newtonian friction in the piston-cylinder
wall interactions at TDC and BDC. Further work is
required to include these practical features within the
multi-physics model, but its multi-disciplinary nature
already shows better promise as a design tool than the
traditional multi-body dynamic analysis techniques.

5 CONCLUSIONS AND FUTURE WORK

The paper presents a multi-physics approach to
engine analysis, incorporating inertial and flexible
multi-body dynamics, as well as contact mechanics
and tribological considerations. Clearly, it is important
to include certain level of detail to represent prevailing
conditions. This would often lead to very complex and
computational intensive models, with the repercus-
sion of impracticality for design analysis time scales
in industry. The paper shows that some simplified
assumptions can be made to render timely analysis,
while retaining sufficient useful detail. Validation of
the model against measurements shows the validity of
the overall approach. However, this approach has the
drawback of omission of certain salient details, such
as the proper representation of tribological contact
conditions at, for example, reversal points in piston to
cylinder contact, where a mixed regime of lubrication
is prevalent. The approach, however, opens the way for
inclusion of such detail in future developments.
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APPENDIX 1

Notation

a distance of piston top to pin (m)
b distance of piston bottom to pin (m)
c clearance (m)
Ck constraint function
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D damping energy dissipation function
e bearing eccentricity (m)
F force (N)
Fq generalized applied forces (N)
FFT fast Fourier transformation
h film thickness (m)
h0 minimum hydrodynamic film thick-

ness (m)
K kinetic energy (J)

 bearing length (m)
L Lagrangian (J)
p pressure inside the lubricated con-

junction (Pa)
P combustion force (N)
qj generalized coordinates
qC generalized constrained coordinates
qN generalized normal coordinates
r crank radius (m)
rta piston radius on the antithrust

side (m)
rtt piston radius on the thrust side (m)
R effective radius of the contact (m)
Rj radius of the journal (m)
Ri radius of the bearing bushing (m)
t time (s)
T kinetic energy (J)
Tf friction torque (Nm)
u nodal deformation vector
uB boundary nodal deformation vector
ui interior nodal deformation vector
U relative velocity or speed of entraining

motion (m/s)
Ub surface velocity of the bearing bush-

ing (m/s)
Uj surface velocity of the journal (m/s)
V potential energy (J)

Ws ∂h/∂t , squeeze velocity (m/s)
x, y, z cartesian coordinates

α circumferential position (rad)
γ eigen value
�U sliding velocity (m/s)
ε eccentricity ratio
η0 atmospheric dynamic viscosity (Pa.s)
ϑ piston tilt angle (degree)
λk Lagrange multiplier
μ coefficient of Friction
ϒ distance along the length of the bear-

ing (m)
φ mode shape
φIC interior constraint modes
φIN interior normal modes
ψ , θ , ϕ euler angles (rad)
ω crank angular velocity (rad/s)

APPENDIX 2

Non-dimensional quantities used in equation (15)

tan x̄ = x√
2Rh0

tan x̄a = xa√
2Rh0

, position of maximum

hydrodynamic pressure

P∗ = h3/2
0 P

6Uη0(2R)1/2

W ∗
s = Ws

U

h∗
0 = h0

R
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