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Abstract

We consider problems based on linear water wave theory concerning the interaction
of oblique waves with horizontal cylinders in a fluid consisting of a layer of finite depth
bounded above by a free surface and below by an infinite layer of fluid of greater density.
For such a situation time-harmonic waves can propagate with two different wavenum-
bers K and k. The particular problems of wave scattering by a horizontal circular
cylinder in either the upper or lower layer are solved using multipole expansions.

1 Introduction

The propagation of waves in a two-layer fluid with both a free surface and an interface (in the
absence of any obstacles) was first investigated by Stokes (1847) and a description of some of
the types of wave motion which can occur is given in Lamb (1932) Art. 231. However, until
recently, very little work has been done on wave/structure interactions in two-layer fluids.

With the free surface approximated by a rigid lid Sturova (1994) studied the radiation
of waves by an oscillating cylinder which is moving uniformly in a direction perpendicular
to its axis. Sturova (1999) later considered the radiation and scattering problem for a
cylinder in both a two- and a three-layer fluid bounded above and below by rigid horizontal
walls. For the three-layer case the middle layer was linearly stratified representing a smooth
pycnocline. Using the method of multipoles Sturova was able to calculate the hydrodynamic
characteristics of the cylinder. Gavrilov, Ermanyuk, and Sturova (1999) also investigated
the effects of a smooth pycnocline on wave scattering, again for a horizontal circular cylinder
where the fluid is bounded above and below by rigid walls. Their paper included a comparison
between theoretical and experimental results, with reasonable qualitative agreement but
notable quantitative disagreement.

A simpler approach is to assume that the pycnocline is very thin and to model the
interface between the two fluids as a sharp discontinuity between layers of constant density.
We will make this simplifying assumption here, but in contrast to the papers cited above, we
will assume that the upper surface of the upper fluid is free, and apply the linear free-surface
boundary condition there. In the absence of obstacles, the appropriate dispersion relation
for such a two-layer fluid has two solutions for a given frequency (Lamb 1932, Art. 231).
One of these solutions corresponds to waves where the majority of the disturbance is close
to the free surface and the other to waves on the interface between the two fluid layers.

When a wave is scattered by an obstacle there is the possibility that the wave energy will
be transferred between the two modes. Linton and Mclver (1995, hereafter referred to as
LM) developed a general theory for two-dimensional wave scattering by horizontal cylinders
in an infinitely deep two-layer fluid, and calculated the amount of energy that was converted
from one wavenumber to the other for the case of circular cylinders in either the upper
or lower fluid layer. They also systematically derived the reciprocity relations that exist



between the various hydrodynamic characteristics of the cylinders. It is well-known that a
circular cylinder submerged in an infinitely-deep uniform fluid reflects no wave energy, and
it was shown in LM that this is also true for a cylinder in the lower layer of a two-layer fluid
(though when the cylinder is in the upper layer this is no longer the case).

Work on three-dimensional scattering can be found in Yeung and Nguyen (1999) and
Cadby and Linton (2000). In the former work an integral equation technique was employed
to solve radiation and diffraction problems for a rectangular barge in finite depth, whereas
in the latter paper multipole expansions were used to solve problems involving submerged
spheres in infinite depth. The symmetry relations for the added-mass and damping matrices
and an analogue to the Haskind relations were given in Yeung and Nguyen (1999); a more
complete derivation of reciprocity relations in three-dimensional scattering in two-layer fluids
can be found in Cadby and Linton (2000).

Other notable work on wave/structure interaction in two-layer fluids includes Zilman and
Miloh (1995, 1996) in which the effects of a shallow layer of fluid mud on the hydrodynamics
of floating bodies was analyzed. In Barthélemy, Kabbaj, and Germain (2000) the scattering
of surface waves by a step bottom in a two-layer fluid was considered. This problem is of
particular interest to understand how tides are scattered at the continental shelf break. A
WKBJ technique, which approximates the solution by simple travelling waves locally, was
employed to find the reflection and transmission coefficients of the surface waves past the
step and the proportion of the surface motion transferred to the interface.

In this paper we extend the work of LM to the case of oblique wave incidence and use
multipole expansions to solve scattering problems involving horizontal circular cylinders. For
the case of an incident wave on the interface we find some surprising results. There is a critical
angle (defined by the density ratio between the two fluids), and for an incident wave angle
above this no energy is transferred to the free surface in the scattering process. For angles
less than the critical angle, then energy transfer only occurs at high enough frequencies.
Within the regime where no energy transfer takes place we find the phenomenon of zero
transmission (and therefore total reflection) at particular frequencies. The general problem
of oblique wave incidence in two-layer fluids is formulated in §2 and then the case of a
cylinder in the lower layer is treated in §3 and a cylinder in the upper layer is treated in §4.

2 Formulation

Cartesian coordinates are chosen such that the (x,y)-plane coincides with the undisturbed
interface between the two fluids. The z-axis points vertically upwards with z = 0 as the
interface and z = d > 0 as the free surface. Under the usual assumptions of linear water
wave theory we can define a velocity potential in the form

D(r,y, 2, 1) = Re{g(x, z)ee 1} (2.1)
and since ® is harmonic, ¢ must satisfy the modified Helmholtz equation
(Vi = 1*)o=0. (2.2)

The upper fluid, 0 < z < d, will be referred to as region I, whilst the lower fluid, z < 0, will
be referred to as region I1. The potential in the upper fluid (of density p’) will be denoted
by ¢! and that in the lower fluid (of density p! > p!) by ¢!, If we define p = p! /p!! (< 1)



then the linearized boundary conditions on the interface and free surface are

(bi:(ﬁil on z =0,
p(¢l — K¢') = o' — K¢ on z =0,
¢l = K¢' on z = d,

where K = w?/g, g being the acceleration due to gravity. The boundary conditions (2.3) and
(2.4) represent the continuity of normal velocity and pressure at the interface respectively.

Within this framework progressive waves take the form (up to an arbitrary multiplicative
constant)

P! = eHirvur=t ((u + K)e'=d 4 (4 — K)e_“(z_d)) , (2.6)
d)ll _ e:l:ix\/uQ—ﬂeuz ((u + K)e—ud _ (u o K)eud) 7 (27>

where u satisfies the dispersion relation
(u—K) (K(o+e) —u(l —e ") =0 (2.8)
in which 0 = (14 p)/(1 — p). It follows that either u = K or u = k where
K(o +e %) = k(1 — e72k), (2.9)

This equation has exactly one positive root k, which is always greater than K.
For the case u = K, progressive waves are thus of the form

¢I — quI — e:tiﬁxeKz’ (210)

where § = v/ K? — [? and we clearly must have K > [. For the case v = k on the other hand,
we have _ '

¢I — eilbgvg(z)7 (bII — eilbxekz’ (211>
where b = vk? — [2 and

Ko 1" TRe-D° (2.12)

9(z) =

In this case we require k& > [ for the waves to exist. A general scattered potential thus has
the far-field behaviour described by

(bl ~ AieiiﬂxeKz +Bieiibzg<z) _i_Cie:FiﬁxeKz +Die$ibxg(z), (213>

¢II ~ A:I:e:ti,B:EeKz +B:te:tibxekz _i_C:I:e?i,BxeKz +D:te$ib:vekz7 (214>
as r — +o0o, for which a convenient shorthand is
¢~{A",B~,C~, D ;A* B* C*" Dt} (2.15)

An incident plane wave ¢y, of wavenumber K making an angle jpe (0 < ajye < %77) with
the positive z-axis has the form (in both layers)

Qbinc — eiK:ccosainCeKz' (216)



In this case

[ = K sin aiye, B = K coS Qe b= \/k’2 — K2sin? ay. (2.17)

We know that b is real since k > K and so scattered waves of wavenumber k will exist for
all values of K and all angles ay,.. The angle oy, of the scattered waves of wavenumber k is
given by

K sin aipe

tan ay = ! (2.18)

b \/k2 — K?sin® aype
Since b > 3 we know that tan oy < tan o, and hence |ax| < Qipe.
An incident plane wave of wavenumber £ making an angle «;,. with the positive x-axis
is given by
(bilnc — elk:p cos aincg(z)7 ¢1]nIc — elkmcos aincekz‘ (219>

In this case

[ = ksin oipe, b= \/K2 — k2 sin? qipe, b =k cos tipe. (2.20)

For a given angle aj,. there maybe a value of K for which K = ksin ay,. and thus 8 = 0.
We will call this the cut-off frequency and denote it by K.. For K > K. we have real 3 and
so waves of wavenumber K will propagate in the fluid. When K < K., however, § will be
imaginary, corresponding to an evanescent mode, and hence we have no propagating waves
of wavenumber K. From the dispersion relation (2.9) we have

1 i inc
K.d= %sin Qipe 1IN <+sma> .

2.21
1 — o sin ajye ( )

Figure 1 shows the cut-off frequency K.d, plotted against incident wave angle, for a density
ratio of p = 0.5 (¢ = 3). There is a critical angle a., given by sin~'(1/), such that
as Qipe — . we have K.d — oo and for aj,c > a. there are no propagating waves of
wavenumber K for any frequency. When they do exist, the angle ax of the scattered waves
of wavenumber K is given by

k sin e

\/K2 — k2 sin® e

: (2.22)

tan oy =

and |ag| > Qipe.

Relations between the various hydrodynamic quantities that arise in scattering problems
can be obtained by using Green’s theorem. The approach is almost identical to that described
in LM and the formulas derived in that paper (eqns 2.19-2.56) for the case of normal incidence
carry over to the oblique incidence case, except that now J = Ji/Jx where

1 d 1 d
Jk =16 | = + 2p/ 2z Jp=1b| -+ 2p/ [9(2))?dz | . (2.23)
K 0 k 0
The scattering of an incident wave of wavenumber K can be characterized by
¢K ~ {RK,TK,l,O;TK,tK,0,0}, (224>

where Ry and rg are the reflection coefficients, and T and tx are the transmission coeffi-
cients of wavenumbers K and k, respectively, and we have

|Ri|? + |Tx|* + J(|rg|* + [tx]?) = 1. (2.25)
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Figure 1: Cut-off frequency K.d due to an incident wave of wavenumber k; p = 0.5.

For an incident wave of wavenumber k the velocity potential is characterized by

¢k ~ {Rk7rk7071;Tk7tk7070}7 (226>
and
|Ri|? + [T|? + J(|re|* + |ta]?) = J. (2.27)
It is convenient to define energies as follows
EII? = |RK|27 Eg; = |TK|27 E;( = J|TK|27 Ei( = J|tK|2a (2'28)
Bl = |R*/J. B =|TP/J, By =nl’, B =t (2.29)

The energy relations (2.25) and (2.27) then become
Ef+E +E +E, =1,  j=korK. (2.30)

This equation was used as a numerical check on all results obtained for the reflection and
transmission coefficients.

Equation (2.30) relates different far-field quantities that arise in the same scattering
problem. Many of the other relations derived in LM relate quantities from different problems
(for example, EX + EI. = E} + E}). These relations only apply to oblique scattering when
the value of [ is the same for both problems. For example, say we wish to relate a scattering

problem with potential ¢x and angle of incidence o, to a problem with potential ¢ and
angle of .. If we assign a value to of_ then the angle af _ is given by
K
of . =sin™! <? sin o/rf) (2.31)
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and since k > K there will always be an angle o .. However, unlike the normal incidence

mc*
relations, we can only relate the results between the two problems at one particular frequency.
(Or alternatively, the angle of incidence for the related problem depends on the frequency.)
If we assign o _ a value then

mc
o =sin™! L sin af (2.32)
mc li mc ° :

When K < K. or when af . > a, we will not be able to use such relations.

3 Cylinder in the lower fluid

A horizontal, circular cylinder of radius a has its axis at z = f < 0 and its generator runs
parallel to the y-axis. Polar coordinates (r,#) are defined in the (z, z)-plane where

x=rsinf and z=f—rcosd. (3.1)

Symmetric and antisymmetric multipoles, ¢¢ (n > 0) and ¢% (n > 1), respectively, are
defined by

Pl = (—1)”7600 cosh nu cos (lz sinh w)[Af(u)e” + B (u)e™"?] du, (3.2)
oM = K, (Ir) cosnf + (—1)”7€OO cosh nu cos (lz sinh u)e"*Cyp (u) du, (3.3)
Ppre = (—1)"*1%0OO sinh nu sin (lz sinh w)[Af (u)e” + By (u)e™"*] du, (3.4)
G41% = K(ir)sinmd + (1)1 sinhnusin (1 sink w)e*Cy (u) do (3.5)
where v = [ cosh u,
Ar(u) = K(1+0)(v+ K)eY=29 /(v — K)h(v), (3.6)
Bp(u) = K(1 4 0)e" /h(v),
Cr(u) = (v+ K) [(v+ Ko)e ™ — v+ K| e /(v = K)h(v), (3.8)
and
h(v) = (v+ K)e ™% —v + Ko. (3.9)

The functions ¢; and ¢¢ are singular solutions to the modified Helmholtz equation which
satisfy all of the boundary conditions (including an outgoing radiation condition), except
that on the body boundary. We note that the functions (3.6)—(3.8) are the same as (3.7)—
(3.9) in LM with u replaced by v (= [ coshu).

From the dispersion relation wee see that h(k) = 0, and hence the multipoles have poles
at u = v, and u = 75, where

lcoshy; = K and [coshyy = k. (3.10)

For [ > K there is only one pole at u = 5. The far-field form of the multipoles, in the lower
fluid, is given by

M~ (—1)"mi (Czl coshny, eFP7ef= 1 072 cosh ny, eiibxekz> , (3.11)
P ~ F(—1)"1 (Cgl sinh ny, 9%l + 072 sinh ny, eiibxekz) : (3.12)



as x — +o00. Here C]' and C}* are the residues of C(u) at u = v, and u = 7, given by

2K (1 + o)el(F=2d)

T
¢ = B(2e~2Kd — 1 4 ¢)

(3.13)

and
(k + K)ek/ [(k + Ko)e 2M — | + K}
bk —K)[(1—2d(k+ K))e 2kd — 1]

The multipoles can be expanded in polar coordinates. If we put X = —Ir and T =
exp(i[f 4 iu]) in the well-known generating function (see, for example, Ursell 2001)

P = (3.14)

exp [3X (T+T7Y)] = fj Sem (T +T7™) Ly(X), (3.15)

where €9 = 1, €, = 2, m > 1, and then take the real and imaginary parts, the resulting
expressions can be substituted into (3.3) and (3.5), using (3.1), to give

orl* = K, (Ir) cosnd + > AS L, (Ir) cosmd, (3.16)

m=0
or'* = K, (Ir)sinng + > A% I,(lr)sinmb, (3.17)

m=1

where
A= em(—l)m+"7£m coshmu coshnu e’ Cp (u) du, (3.18)
0
Al = 2(—1)m+”7Loo sinh mu sinh nu e’ Cp (u) du. (3.19)
0

Incident wavenumber K

Let us consider the case of an incident plane wave of wavenumber K making an angle oy,
with the positive z-axis, so that [ = K sin aj,.. The incident wave potential, (2.16), when
expanded about r = 0 has the form (in both layers)

Pine = €77e"* = "1 3 ¢, (=1)" L, (Ir) (cosh mry cos m@ — isinh mey sin mf), (3.20)

m=0

where coshy = K/l = 1/ sin aj,.. We write the velocity potential as

¢K = gbinc + Z (am¢gn + ﬁmgbiq) ) (321)
m=0
where «,,, and (,, are unknown coefficients and « is included for notational convenience. To
solve for v, and f3,, we substitute the polar expansions of the multipoles and of the incident
wave into (3.21) and apply the body boundary condition d¢x/Or = 0 on r = a. We then
use the orthogonality of the trigonometric functions to obtain infinite systems of equations
for the unknowns «,,, and (3,, which are

O+ Zn > an AL, =21 (=1)"Z, e sinhny,  n=1,2,..., (3.22)
m=1

Bn + Zn, Z B A = en(—1)"" Z, 0% coshny, n=0,1,..., (3.23)
m=0



where Z,, = I/ (la)/K] (la). These systems can be solved by truncation and in the com-
putations presented below 5 x 5 systems were used. When the cylinder has submergence
f/a = —2 this yields five decimal place accuracy whereas for f/a = —1.1 we have three
decimal place accuracy.

The far-field form for ¢, in the lower fluid layer, can be written as

eiﬁxeKz_l_RKe—iﬁxeKz +rg e—ibx kz T — —00,
”N{ (3.24)

K .
TKelﬁxeKz + t elbxekz T — +00.

Using (3.21), (3.11) and (3.12) we can extract the reflection and transmission coefficients:

o0

Tk =14 7C7' > (=1)"(—auy, sinhmy; + i, coshmy), (3.25)
m=0

Ry =7nC}! i (—1)™ (v sinh m~y; + 16, coshm~y), (3.26)
m=0

tx = nCP? i (—1)™ (= sinh my, + 163,, coshm~s), (3.27)
m=0

rg = nC}J? i (—1)™(auy, sinh myy + 16, coshm~s). (3.28)
m=0

Incident wavenumber £

We now consider the case of an incident plane wave of wavenumber k making an angle o,
with the positive x-axis, so that [ = k sin ay,¢, and

[T — glbrehz — okf Z €m(— m (Ir)(cosh m~y cosmf — isinh m~y sin m#), (3.29)

mc

where coshy = k/l = 1/sinaj,.. The velocity potential ¢y for this scattering problem can
again be expanded in multipoles using (3.21) and the equations for «,, and f3,, are given by
(3.22) and (3.23) as before, except that exp(K f) must be replaced by exp(kf).

The far-field form for ¢, in the lower fluid layer, can be written as

. 1bac kz+R e —ipx KZ-'-T e 1bxekz T — —00,
~ (3.30)

k TkelﬁzeKz + tkelb:cek:z x — +o00.
Using the far-field forms of the multipoles (3.11) and (3.12) with the expansion of ¢, we find

that the expressions for Ry and rj are the same as those for Rx and rg given, respectively,
by (3.26) and (3.28). For the transmission coefficients we have

[e.e]

T, = nC! Z (—1)"(—ay, sinhmy, + 18, coshmyy), (3.31)
m=0
ty =1+ 7CP > (—1)™(—ay, sinhmys + i3, coshmys). (3.32)
m=0

For values of K less than the cut-off frequency K. there are no waves of wavenumber K
propagating to infinity and so T, = Ry = 0.



Results

In figures 2-5 the reflection and transmission energies are shown for the case of a wave of
wavenumber K (a free-surface mode) incident on a cylinder in the lower fluid layer. In all
these plots the immersion depth f/a is —2, the depth of the upper fluid layer d/a is 2 and the
density ratio p is 0.5. For a two-layer fluid consisting of fresh water and salt water the value
of p would be around 0.97. The same qualitative features are observed for such a density
ratio, but the effects of the interface are much smaller. The different curves correspond
to different angles of incidence ay,., which are 1.35, 1.4, 1.53 and 1.56 covering the range
between about 75° and 89°. These values were chosen to illustrate the scattering behaviour
when the angle of the incident wave approaches that of grazing (7/2). From figures 2 and 3
we see that as the angle of incidence increases, B decreases while E£ increases. This effect
is also observed in the oblique scattering problem in a single-layer fluid. The transmission
and reflection energies of the waves of wavenumber £, shown in figures 4 and 5, are small in
comparison to those of the incident wavenumber K but show that there is some conversion of
energy from one wavenumber to the other. As ay,. — /2, for fixed K, we see that E., Ej
and EL tend to zero whereas FZ tends to unity. (For the single-layer problem Levine (1965)
showed analytically, based on a low-order truncation of an infinite system, that Tx — 0
while Rx — —1 in this limit.) Computations show that as o, — 0 the results tend to those
for normal incidence given in LM. In particular, as aj,. — 0 both EE and E% tend to zero.

The case of an incident wave of wavenumber k (an interfacial mode) is more interesting
due to the presence of the cut-off frequency, below which no energy is converted from one
wavenumber to the other. Figures 6-9 show the transmission and reflection energies for this
case, when the immersion depth of the cylinder is f/a = —1.1 and we have the values d/a = 2
and p = 0.5, as before. Each plot shows the results obtained for four different angles a;,. of
the incident wave close to the critical angle, 0.3, 0.32, 0.33, and 0.34 (17.19°-19.48°). When
Qine = 0.34, which is greater than the critical angle o, = 0.3398 for the given parameter
values, we have no waves of wavenumber K propagating in the fluid. For the remaining
angles of incidence we have the following cut-off frequencies: K.a ~ 0.180, 0.248 and 0.313.
Only for frequencies greater than the cut-off will there be conversion of energy from one
mode to the other. The transmission and reflection energies for the incident wavenumber
are shown in figures 8 and 9. For a particular frequency just less than the cut-off there is
zero transmission and full reflection of the incident wave. As ;. increases the frequency at
which this zero of transmission occurs increases and the spike from which it comes broadens.
When aj,. = 0.34 there are in fact two zeros of transmission, the second occurring at a
higher frequency than those shown on the plot.

Further examples in which there are two zeros of transmission are shown in figures 10
and 11. Both these plots show the reflected energy of an incident wave of wavenumber k
where the values p = 0.5 and ;. = 0.34 have been used (since aj,. > . in this case there
is no energy converted to wavenumber K and hence a zero of transmission corresponds to
total reflection at the incident wavenumber). In figure 10 the submergence of the cylinder
is fixed at —1.95 and each curve corresponds to a different depth of the upper fluid layer,
d/a =2.7,2.5,2.2 and 2. When d/a = 2.5 we see there is just one frequency of full reflection.
As the depth of the upper fluid layer decreases this splits and gives two frequencies at which
total reflection exists. A similar effect is observed when fixing the depth of the upper fluid
and varying the submergence of the cylinder as in figure 11. The occurrence of zeros of
transmission is somewhat surprising as normally incident waves on a cylinder in the lower
fluid are completely transmitted at all frequencies (see LM); moreover, they do not occur in
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Figure 2: Transmission energies due to a wave of wavenumber K incident
the lower layer; p = 0.5, d/a = 2.0 and f/a = —2.0.
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Figure 5: Reflection energies due to a wave of wavenumber K incident on a cylinder in the

lower layer; p = 0.5, d/a = 2.0 and f/a = —2.0.
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Figure 6: Transmission energies due to a wave of wavenumber £ incident on a cylinder in
the lower layer; p = 0.5, d/a = 2.0 and f/a = —1.1.
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Figure 7: Reflection energies due to a wave of wavenumber k incident on a cylinder in the
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Figure 8: Transmission energies due to a wave of wavenumber k incident on a cylinder in
the lower layer; p = 0.5, d/a = 2.0 and f/a = —1.1.
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Figure 9: Reflection energies due to a wave of wavenumber k incident on a cylinder in the
lower layer; p = 0.5, d/a = 2.0 and f/a=—1.1.
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Figure 10: Reflection energies due to a wave of wavenumber k incident on a cylinder in the
lower layer; p = 0.5, f/a = —1.95 and aj,c = 0.34 .

the single layer oblique-incidence problem.

For the scattering of an incident wave k as ai,e — 7/2 we find that Ej — 1 while all the
other energies tend to zero. As a;j,. — 0 we again find the results tend to those of the normal
incidence case. If we let p — 0 in this problem then it can be shown that the multipoles
defined by (3.3) and (3.5) go over to the equivalent single-layer multipoles for infinite depth
(given in Linton and Mclver 2001, for example). Thus by letting p — 0 in the above analysis
we recover the results for the scattering of oblique waves by a horizontal cylinder in deep
water.

4 Cylinder in the upper fluid

We now consider the case of a cylinder positioned in the upper fluid layer, f/a > 1. Polar
coordinates are again defined via (3.1) and suitable multipoles take the form

¢ = K, (Ir) cosnf + 7£ cosh nu cos (lz sinh u) [Aé%(u)e”z + B,(]Og(u)e’”] du, (4.1)
0

PpHs = 7Loo cosh nu cos (I sinh u)e”ZC’((]Og (u) du, (4.2)
0
Pt = K, (Ir) sinnf + %OO sinh nu sin (lz sinh u) [Ag,)l(u)evz + B(Ulz (w)e™ %] du, (4.3)
0
PpHe — 7[00 sinh nu sin ({z sinh u)e”ZC’,(Jl,zJ(u) du, (4.4)
0
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Figure 11: Reflection energies due to a wave of wavenumber k incident on a cylinder in the
lower layer; p = 0.5, d/a = 2.0 and . = 0.34 .

where

A () = (v + K)e (1) (v — Ko)e' — (v — K)e™*/]/(v — K)h(v),  (4.5)
B (u) = [(~1)™ (0 + K)e'U™2) — (v — K)e ] /h(v), (4.6)
O (u) = K(1 — 0) B (u)/(v — K). (4.7)

We note that the functions (4.5)—(4.7) are the same as (4.7)—(4.9) in LM with u replaced by
v (= lcoshu). When [ < K, the multipoles have poles at © = v, and u = ~,, defined by
(3.10) as before, whereas for [ > K there is only one pole at u = 7,.

The far-field form of these multipoles, in the lower fluid layer, is given by

(b,{lls ~ 7T1 (C[(}Q'Yl COSh /n/’)/l eiiﬁxeKZ + C[(JOT)L'Y? COSh nf}/z eiibmek‘z> , (48)
o1 ~ 7 (CH" sinhnyy 577 4 O sinh iy, e¥7ek?) | (4.9)

as r — +00, where

(_1)n+q+12K(1 _ O.)eK(f72d)

G = B(2e72Kd — 1+ 0) (4.10)
and
(@2 _ K(1—o0) {(_1)n+q+1(/€ + K)er =24 _ (k — K)e —k:f}
Ciin* = b(k — K)[(1—2d(k + K))e=2kd — 1] : (4.11)
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The polar expansions of the multipoles are

¢ = K, (Ir) cosnf + Z B: . I,(lr) cosmb, (4.12)

m=0
Pl = K, (Ir) sinnf + Z By L (lr) sinmb, (4.13)

m=1

where
B: = em%oo cosh mu cosh nu ((—1)’"A§%(u)e”f + B((]Og(u)e’vg du, (4.14)
0
B = 2%00 sinh mu sinh nu ((—1)m+1A87)1(u)e”f + B(Ulg(u)e’”f) du. (4.15)
0

Incident wavenumber K

The potential ¢ can again be expanded using (3.21), in which the incident wave is given
by (3.20) as before, but we now use the multipole expansions developed for the upper fluid
layer, (4.1)—(4.4). After applying the body boundary condition, d¢x/Or = 0 on r = a, we
obtain exactly the same systems of equations for «,, and [, as before, (3.22) and (3.23),
except with A% ~and A = replaced by B¢  and B; ., respectively. These equations were
solved by truncating to 4 x 4 systems to produce the results presented below. The accuracy
achieved with this truncation parameter was three decimal places.

The transmission and reflection coefficients can extracted from the far-field form of the

potential ¢r. Using (3.21), (4.8) and (4.9) with (3.24) we obtain

Tk =14+ i (am Ugl sinh mvy; + 1ﬁm 7 cosh m’yl) (4.16)

=7 i ( osz’(lm sinh m~y; + 1ﬁmC’U ' cosh mwl) (4.17)
m=0

=7 i (amC’ (% ginh meys + 1ﬁmC’( "2 cosh myg) : (4.18)
m=0

=7 f: ( (1)72 sinh m~y, + 1ﬁm 72 cosh m’yg> (4.19)
m=0

Incident wavenumber £

For this problem ¢y, is given, in the upper fluid, by exp(ibx)g(z), where g(z) is defined in
(2.12). The polar expansion is

Pl = Ko—1) E (—:m m( { ( ()™ (Ko — k) + e ™ (K — k)) cos m# cosh m~y
O' J—
+1i ((—1)m+1ekf(K0 — k) +e M (K - k)) sin m# sinh mfy}, (4.20)

where coshy = k/l = 1/sin aj.. The velocity potential ¢y is expanded as in (3.21), where
@5, and @2 are the symmetric and antisymmetric multipoles developed for the upper fluid.
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Figure 12: Transmission energies due to a wave of wavenumber K incident on a cylinder in
the upper layer; p = 0.5, d/a = 2.5 and f/a = 1.25.

After application of the body boundary condition we obtain the equations

o 27, .
Qn + Zn mZ::l am By, = m ((—1)”6”([(0 — k) —e M(K - k)) sinh n-y, (4.21)
- s €ndy ntl kf —kf

The expressions for R and ry are the same as those for Rx and rg given, respectively, by
(4.17) and (4.19). For the transmission coefficients we have

Te=7 Z (amC((Jl,)n% sinh my, + iﬁmC’,(]OT),;“ cosh m’yl> , (4.23)
m=0
=14 i( oW gy 3 (00
k= T amCyyy? sinhmys +16,,Cyy,)* coshmays ) . (4.24)
m=0

Results

Figures 12-15 show the reflection and transmission energies for an incident wave of wavenum-
ber K (a free-surface mode) on a cylinder submerged in the upper fluid layer. The submer-
gence of the cylinder f/a is fixed at 1.25, the depth d/a of the upper fluid layer is 2.5 and the
density ratio p is 0.5. The different curves correspond to four different angles of incidence,
Qine = 1.35, 1.4, 1.53 and 1.56. These angles are same as those used in figures 2-5. The
results are similar to those for the scattering of an incident wave of wavenumber K by a
cylinder in the lower fluid layer and display the same trends.

Figures 16-19 show reflection and transmission energies of an incident wave of wavenum-
ber k (an interfacial mode) on a cylinder submerged in the upper fluid layer. The parameter
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Figure 13: Reflection energies due to a wave of wavenumber K incident on a cylinder in the
upper layer; p = 0.5, d/a = 2.5 and f/a = 1.25.
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Figure 14: Transmission energies due to a wave of wavenumber K incident on a cylinder in
the upper layer; p = 0.5, d/a = 2.5 and f/a = 1.25.
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Figure 15: Reflection energies due to a wave of wavenumber K incident on a cylinder in the
upper layer; p = 0.5, d/a = 2.5 and f/a =1.25 .

settings are the same as in the previous set of figures and the different curves correspond to
Qine = 0.3, 0.32, 0.33 and 0.34. The critical angle a, is 0.3398 and the cut-off frequencies
for the first three angles are K.a ~ 0.144, 0.198 and 0.250, respectively. Again there are
similarities with case of the cylinder in the lower fluid shown in figures 6-9. Energy conver-
sion between wavenumbers only occurs for frequencies greater than the cut-off frequency as
shown in figures 16 and 17. Figures 18 and 19 show the transmitted and reflected energies
at the incident wavenumber. There is a zero of transmission occurring before the cut-off
frequency. However, unlike in the case shown in figures 8 and 9, we have a point of total
transmission preceding this. As the angle of incidence is increased the frequencies of these
pairs of zero and total transmission increase and also separate.

More than one zero of transmission may occur for a given geometry. This is illustrated
in figure 20 which shows the transmission energies F}, for an incident wave of wavenumber k
with angle a;,. = 0.35, which is greater than the critical angle. The ratio of the depth of the
upper fluid layer to the submergence of the cylinder is fixed at d/f = 2 so that the cylinder is
always halfway between the interface and the free surface. The different curves correspond to
the values d/a = 2.24, 2.238, 2.234 and 2.23. For all the curves there is a frequency of total
transmission at Ka = 0.213 followed immediately by a zero of transmission at Ka ~ 0.227.
When d/a = 2.24 we have a local minimum at Ka ~ 1.825 and as the depth of the upper
fluid layer is decreased, bringing the free surface and interface closer to the surface of the
cylinder, we obtain another zero of transmission. As the depth is decreased further this splits
and we obtain a total of three zeros of transmission.

If we let p — 0 in this problem then the multipoles defined by (4.1) and (4.3) go over to
the single-layer multipoles for finite depth (given in Linton and Mclver 2001, for example).
Thus by letting p — 0 we can recover the results for the scattering of oblique waves by a
horizontal circular cylinder in finite water depth.
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Figure 16: Transmission energies due to a wave of wavenumber £ incident on a cylinder in
the upper layer; p = 0.5, d/a = 2.5 and f/a =1.25 .
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Figure 17: Reflection energies due to a wave of wavenumber k incident on a cylinder in the
upper layer; p = 0.5, d/a = 2.5 and f/a =1.25.
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Figure 18: Transmission energies due to a wave of wavenumber k incident on a cylinder in
the upper layer; p = 0.5, d/a = 2.5 and f/a =1.25 .

Ej

Figure 19: Reflection energies due to a wave of wavenumber k incident on a cylinder in the
upper layer; p = 0.5, d/a = 2.5 and f/a =1.25 .
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Figure 20: Transmission energies due to a wave of wavenumber £ incident on a cylinder in
the upper layer; p = 0.5, d/f = 2 and aj,c = 0.35 .

5 Conclusion

In this paper we have studied the problem of oblique wave scattering by horizontal cylinders
in two-layer fluids using linear water wave theory. The upper layer is of finite thickness and
is bounded above by a free surface and below by an infinite layer of fluid of greater density.
In this situation waves can propagate at two different wavenumbers for the same frequency,
one of which corresponds to a free-surface disturbance and the other to an interfacial wave
motion. When the incident wave is on the free surface we always find energy transfer to the
interface, but for incident interfacial waves there are parameter ranges for which no energy
transfer to the free surface is possible.

We have analyzed the scattering problem of oblique waves by a horizontal circular cylinder
submerged in either the upper or lower layer of a two-layer fluid using multipole expansions.
When the cylinder is positioned in the lower fluid layer and waves are normally incident
upon it, it was shown in LM that all the energy is transmitted. We have shown that this is
not true for oblique waves. We have found that for oblique waves incident along the interface
when a cylinder is in either fluid layer there are isolated frequencies at which all the incident
energy is reflected.
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