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ABSTRACT

In this paper the theory of generation of ground surface
acoustic waves by trains is developed using the Green's
Sunction formalism. Mechanical properties of the rail track
and parameters of train and soil (including contact
nonlinearity of track-soil system) are taken into account.
1t is shown that generated ground vibration spectra depend
strongly on the geometrical parameters of frack and train,
on the mechanical properties of soil, and on the axle loads
of the carriages. Simple practical methods are suggested
to modify the spectra of railway-generated surface elastic
waves and to reduce their level at choosen frequency
bands.

INTRODUCTION

Railway-induced ground vibrations may cause noticeable
movements of nearby buildings that result in damage or
disamenity, both directly and by generating structure-
borne noise *.

For above-ground tracks, surface acoustic waves
(mainly Rayleigh) carry most of the vibration energy.
Spectra of railway-induced ground vibrations, including
train-speed dependent components, have been studied
experimenta]y 2’3, and qualitative analysis has been
attempted - However, no rigorous theoretical
investigations of railway-generated ground vibrations have
been carried out so far. In this paper we consider
generation of ground surface acoustic waves caused by
quasi-static pressure of wheel axles onto the track-soil
system. In the case of welded rails and perfect wheels, this
mechanism is the major contributor to trainspeed-
dependent components of the low-frequency vibration
spectra (up to 50 Hz), including the so called passage
frequency fp = v/d, where v is train speed and d is
distance between sleepers.

An important aspect of the above is calculation of the
track deflection curve, since it determines the frequency
spectrum of Rayleigh surface waves generated by each

1051-0117/93/0000-0769 $4.00 © 1993 IEEE

sleeper. In turn, these spectra strongly affect the total
vibration spectrum generated by a passing train.

DETERMINATION OF THE TRACK DEFLECTION

Since the track deflection distance is greater than the
distance between sleepers, one can ignore the influence of
rail periodic support by sleepers in the quasi-static problem
of track deflection under the impact of a relatively slowly
moving load. Instead we treat a track (i.e. two parallel rails
with periodically fastened sleepers) as an Euler -Bernoulli
elastic beam of uniform weight p lying on an elastic or
viscoelastic foundation occupying the semispace z > 0.

If E and I are Young's modulus and the cross-sectional
momentum of the beam, « is the proportionality coefficient
of the elastic foundation, x is the distance along the beam
and Fp, is a vertical point force applied at x=0, then the
traditional solution for w has the form>-9

w = (Fp/8EIB3)exp(-BIx){cos(Bx)+sin(BIxDI+prer, (1)
where f = (a/4EI)1/4. The constant o in eqn (1)
depends particularly on the stiffness of the ground and of
the rubber pads inserted between rail and sleepers.
Calculation of o for typical British Rail tracks 7 gives the
values =618 MN/m2 and p=128 m-l

A more recent approach to an analogous problem in
mechanics® acknowledges that track-soil contacts can
respond only to compressive stresses. Thus the contact
nonlinearity of a real boundary between track and ground
is taken into account.

Analysis of this model shows © that for values of the
axle load Fpy < F., = (2p/B)exp(n) the simple classical
solution (1) which describes a continuous contact between
track and foundation remains valid. However, for Fy, >
F.r the solution becomes more complicated and involves
peripheral bulges of the track with loss of contact between
track and soil. In this case the problem is solved
numerically for coordinates xg and xj of the deformed
track where it intersects ground level (z = 0), and for the
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five coefficients describing the shape of the deflection
curve as a function of applied load.

For our purposes it is sufficient to use a rather rough
analytical approximation of the deflection function for Fy,
> Fp , where only one parameter x( as a function of Fp,
is taken into account;

[ plo+(Fpy/8EIB3)cos(mx/2xq), x| <xq
w=3 )
lo, XI>xg .
Numerical data for x as a function of Fy, calculated in
the paper 6 over the range 1.6/ < Xp <n/p canbe
approximated by the equation

xg = (1/B){n - [0.4 log(BF/2¢"p)10-3}.

RADIATION OF AN INDIVIDUAL SLEEPER

3

To calculate low-frequency elastic waves generated by
individual sleepers let us consider each sleeper as a point
source of vertical force applied to the surface z=0 atx =0
and y = 0, with time dependence determined by the passage
of the deflection curve through the slecper:

P(1) = Frp[2w(v)/wmay)(d/xp) , @)
where Wpay is the maximum value of w(vt). Terms on
the right of Fp;, take into account the distribution of axle
load between sleepers within the deflection curve. We
shall now make use of results from the well-known
axisymmetric Lamb problem for the excitation of an elastic
semispace by a vertical point force applied to the surface.
The solution of this problem describes the corresponding
components of the dynamic Green's tensor G, (or, for
simplicity, the components of the Green's function) for the
elastic semispace. This function satisfies the dynamic
equations of elasticity for a semispace, assumed isotropic
and homogeneous, and the appropriate boundary
conditions3:%.

In what follows only Rayleigh surface waves (the
Rayleigh part of the Green's function) are considered. For
these waves the spectral density of the vertical vibrational
velocity at z=0 may be written in the form 8

v2(p,0) = P(©)G,(p,0) =V(@)(/Np)exp(ikp-i3n/d) , (5)
where
V(@)=(7/2)/2P@)(-io)qkg) 2k Z/WF (kp).  (6)

the distance
x,y) and

Here p = [(xx)2 + (y-y')2]1/2 is
between the source (with current coordinates
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the point of observation (with coordinates x,y), o = 2nf
is a circular frequency, kg = w/cg is the wavenumber of
a Rayleigh surface wave where cg is the Rayleigh wave
propagation velocity, kj = wo/cj and ki = o/c; are the
wavenumbers of longitudinal and shear bulk elastic waves,
where ¢ = [(A + 2;&)/p0]1/2 and ¢ = (p/po)l/2 are
longitudinal and shear propagation velocities, A and p
are Lame constants, pg is the ground mass density, and
q= (kR2 - k12)1/ 2. The factor F'(kpz) is a derivative of
the Raivleigh determinant  F(k) = (2k? - k2)? - ak2k? -
kH2k2 -2)1/2 takenat k=kg, and

P(o) = (1/2n)j P(t) expiotdt )
is a Fourier transform of P(t).

In the case under consideration, P(®») should be
determined separately for F, < F., and for Fp, > Fe, .
Substituting (1) and (2) into (7), one can easily obtain the
analytical expressions for P(w):

P(®) = (Fd/mxg){ (2B + o)/[(BV)? + (Bv+w)?] +

@BV - Y[(BV)* + (Bv - 021}, @)
for Fi, <F;;
P(0) = (Fpd/mxg)(2mv/xg)cos(oxg/v)/ [o2-
(vi2xg)?] for Fyy > Fr )

where X is determined by eqn (3).

One can generalise these results to describe the action
of two axle loads separated by the distance a (the case of a
bogie):

Py, (©) = 2P(w)cos(0a/2v) . (10)

CONSIDERATION OF ALL SLEEPERS AND AXLES

To calculate the vibration field radiated by a complete
moving train requires the superposition of fields generated
by each sleeper activated by all axles of all carriages, with
the time and space differences between sources (sleepers)
being taken into account.

Using the Green's function formalism this may be
written in the form

vy = | [ Poy.o)Gponxdy, (1)
where P(x'y',®) describes the total distribution of forces
along the track. This distribution is found by taking a
Fourier transform of the time and space dependent track
load function P(t, x'\y").



For the case of a train with equal carriages this load
function may be written in the form

© N-l
P(t, x'y'=0)= > D [P(t- (x+nL)w) +
m=—0w n=0

P(t - (x' + M +nL)W)]3(x-md)3(y").  (12)
where N is the number of carriages, M is the distance
between bogies in each carriage, L is the total carriage
length, 3(z) is the Dirac's delta-function.

Substituting eqn (12) into eqn (7) and then into eqn
(11), and making simple transformations, one obtains the
following expression for the frequency spectra of vertical
vibrations at z=0 generated by a moving train:

o N-1

v,(0, Y0, 0)=-iV@) D Y. [exp(-yopm/cRYy/ Pl

m=—o n=0

[1+exp(iMa/v)]exp(i(o/v)(md+nL)+i(o/cR)pp)  (13)
In writing eqn (13) we account for attenuation in soil by
replacing 1/cg in the exponentials by the complex value
l/cg + iy/cR , where y <<l is a constant describing the
"strength” of dissipation of Rayleigh waves in soil (eqn
(13) implies a linear frequency dependence of soil
attenuation, in agreement with experimental data 10).

The summation over m in eqn (13) considers an
infinite number of sleepers. However, the contribution of
remote sleepers is small because of soil attenuation and
cylindrical spreading, and a few hundred sleepers are
adequate for practical calculations.

It follows from eqn (13) that the spectrum of train-
induced vibrations is quasi-discrete, with the maxima at
frequencies determined by the condition (o/v)(md + nL)=
2nl, where 1 =1,2.3,... Obviously, n=0 corresponds to the
passage frequencies fps determined by the sleeper period
d. Other more frequent maxima are determined either by
the carriage length L (m=0) or by a combination of both
parameters (for n=0, m=0).

There are also many zeros present in the train vibration
spectra.  These zeros may be used in practice for
suppressing vibrations at chosen frequencies. The most
important zeros are those which do not depend on a
number of sleepers or carriages and are determined only by
the geometrical parameters of a carriage. One of these
zeros is determined by the distance a between the wheel
axles in a bogie (see eqn (10) for the spectrum Py).
Setting Py, to zero, one can obtain f, = (v/a)(n + 1/2) for
zero-frequencies. If, for instance, we want to use this
condition to suppress one of the train passage frequencies
f,s, we should choose f, tobe equal to fis. It follows

om this that the value of a should be determined by

a=(d/s)(n+ 1/2) . (14)
It is sensible to choose a value of a close to existing
values. For British Rail heavy-freight carriages a =2.2 m
usually. Therefore, to suppress the main passage frequency
(s=1) one can chose a=2.45 m corresponding to n=3 in
eqn (14).

Other important zero frequencies reflect the distance
M between bogies in a carriage. Condition (14) is also
valid for this case if a in eqn (14) is replaced by M. The
value of M providing suppression of the main passage
frequency which is closest to the British Rail standard
(M=4.88 m) is 4.55 m, corresponding to n=6.

NUMERICAL CALCULATIONS AND DISCUSSION

Numerical calculations of train-induced ground vibrations
described by equations (13), (6)-(10) and (3) have been
carried out for different values of applied load F,, train
speed v, soil attenuation coefficient y , and for different
geometrical parameters of both track and train: d, a, L, M.
The elastic parameters of the soil considered were cp=
250 m/s, ¢~ 272 mJs, ;= 471 m/s (corresponding to a
Poisson's ratio of 6=0.25). The mass density of soil pg
was set at 2000 kg/m3.

Figure 1 shows the theoretical frequency spectra for a
S-carriage train moving with speed v = 50 km/h.
Calculations have been carried out for an axle load of 100
kN (below the critical value F = 108.3 kN determined
for a typical track weight with concrete sleepers, p=3
kN/m) and for a load of 200 kN (above the critical value).
Geometrical parameters of the train were chosen typical of
British Rail heavy-freight trains 2: L=8.3 m, M=4.88 m
and a = 2.2 m. The soil attenuation parameter y was
chosen to be 0.00478. According to the figure, generation
is more efficient at 200 kN axle load, especially for higher
frequencies. Note that the shapes and intensities (in dB) of
the calculated s%ectra are in good agreement with
experimental data 3,

The vibration spectra calculated for different train
speeds, v = 50 km/h and v = 40 km/h, are shown in Fig.2
for an axle load of 100 kN. The parameters of track, train
and soil are the same as before. As expected, changing the
train speed displaces the spectral maxima.

Fig. 3 shows how choice of the distance a between
axles in a bogie can suppress ground vibration intensity at
the main passage frequency f,=v/d. The corresponding
distance a=2.45 m was calculated using eqn (14) ford =
0.7 m. The axle load was 100 kN, the train speed v=50
km/h, and the distance yp =30 m, other parameters being
same as in previous figures. According to the figure, the
vibration level at the lowest passage frequency is
suppressed by about 20 dB, i.e. a factor of 10 relative to
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that for a = 2.2 m. Of course, the same effect could be
achieved by changing the sleeper period d.

CONCLUSIONS

Generation of surface acoustic waves by moving trains has
been considered theoretically. Analytical expressions for
the ground vibration spectra have been obtained as
functions of track, train and soil parameters.

Numerical calculations have shown that ground
vibration spectra depend strongly on the axle loads of the
carriages: if the axle load exceeds a critical value beyond
which peripheral bulges appear in the track, the vibration
level increases significantly, especially at higher
frequencies. The shapes and intensities of the spectra are in
good agreement with experimental data.

By proper selection of the distance between wheel axles
in a bogie, and between bogies in a carriage (or between
sleepers in a track) it is possible effectively to suppress
vibration levels at the train passage frequencies.
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Fig.1. Ground vibration spectra for
different axle loads, Fp,
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Fig.3. Suppression of ground vibrations by
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