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Fully quantum-mechanical model of a SQUID ring coupled to an electromagnetic field

M. J. Everitt, P. Stiffell, T. D. Clark A. Vourdas! J. F. Ralph|, H. Prance, and R. J. Prance
Quantum Circuits Research Group, School of Engineering, University of Sussex, Brighton, Sussex BN1 9QT, United Kingdom
(Received 10 August 2000; published 23 March 2001

A quantum system comprising of a monochromatic electromagnetic field coupled to a superconducting
guantum interference devi¢g€QUID) ring with sinusoidal nonlinearity is studied. A magnetostatic fluxis
also threading the SQUID ring, and is used to control the coupling between the two systems. It is shown that
for special values o, the system is strongly coupled. The time evolution of the system is studied. It is shown
that exchange of energy takes place between the two modes and that the system becomes entangled. A second
quasiclassical model that treats the electromagnetic field classically is also studied. A comparison between the
fully quantum-mechanical model with the electromagnetic field initially in a coherent state and the quasiclas-
sical model is made.
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[. INTRODUCTION strong sinusoidal nonlinearity and it is the strength of this
nonlinearity, together with its periodic nature, that leads to
With the superconducting quantum interference devicdhe interesting phenomena studied in this paper. This should
(SQUID) ring (here taken to be a thick superconducting ringbe compared and contrasted with the large body of work on
enclosing a single Josephson weak link deviegarded as nonlinear quantum systems in the context of quantum
having potential for future quantum technologle,it is  optics® **where the nonlinearity is usually a weak polyno-
clearly of interest to consider its interaction with an externalmial nonlinearity.
guantum-mechanical electromagnefin) field. This inter-
est has certainly been promoted by the recent experimental |I. SQUID RING COUPLED TO NONCLASSICAL
work on the creation of quantum-mechanical superposition EM FIELD

states of Josephson systetn$with particular emphasis on o )
the existence of such states in SQUID riffd8As with these The HamiltonianH for our coupled system can be writ-

latter experiments, in order to investigate these states win @s @ sum of the energies for the field and the ring, to-
consider a monochromatic em field with frequenay (typi- gether with an additional term for the interaction energy, i.e.,
cally in the 0.1-1-THz region coupled to a SQUID ring H—H.+H.—H )
oscillator with frequencyws. In addition, a magnetostatic t— e T s Tlint

flux @, is also applied to the ring, as depicted in Fig. 1.ywhereH, andH;, are, respectively, the Hamiltonians for the
Since the primary purpose of the work reported here is tgjeld and the ring andH, is the interaction energy.
study the full quantum mechanics of this coupled system, we e can write the Hamiltonian for the SQUID rirfgreak

make the assumption that the operating temperaflyds  |ink capacitanceCy and ring inductance\) in the usual
such thath we>kgT, fiws>kgT so that both the ring and form 7

field modes behave quantum mechanically.
As we shall show, in this fully quantum-mechanical de- Qg (P—Dy)?
scription the quantum states of the em field mode plus HS:ZC T—ﬁvc05<
SQUID ring couple together strongly only under certain cir- s S
cumstances, specifically around particular values of the magwhere®,, the magnetic flux threading the ring, a@d, the
netostatic bias fluxb, . In this case, using the bias flux as a total charge across the weak link, are the conjugate variables
means to control the coupling, we have been able to revealfar the system(with the imposed commutation relation
whole range of interesting quantum phenomena. [@5,Qs]=i%), Dy is the static(or quasistatitexternal flux
In previous work'™** we dealt with the semiclassical applied to the ringfi »/2 is the matrix element for pair tun-
problem of a monochromatic microwave field coupled to a
SQUID ring containing a small capacitance weak link. In
this paper we extend our theoretical description and treat
both the ring and the field fully within a quantum-mechanical C,
framework. We demonstrate that the numerical results de-

<I>s)
ZWQTO y (2)

rived from this quantum model, in which the em field is A,
initially in a coherent state, compare very well with those

obtained using a semiclassical, Floquet theory of a SQUID

ring coupled to the field. In this there are obvious analogies L)

to quantum optical interactions in few level atoms which
apply to both pair condensate and single electron FIG. 1. A SQUID ring coupled inductively to a mode of an
systems*~181n addition, we note that SQUID rings have a electromagnetic field.
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neling through the weak linkcritical currentl .=2ev), and af ' ]
®,=h/2e. We note that with a characteristic frequensy \/
=(1/yCsAg) for the SQUID ring, there is a renormalized 3t ]
frequencyQ = wg+ 44 2m2vd, °C tw, ! related to theb?
term in a Taylor expansion of the cosine in E2). Through-
out the paper we us€=1x10 ®F, A;=3x10 1OH, 5 1F :
and ﬁv=0.07<I>S/AS as typical circuit parameters for a ol |
SQUID ring in the quantum regime.
The em field can be modelled in terms of a cavity mode 15 o3 0T 0e 03 ]
using an equivalent circuit comprising a capacitafzein ’ ’ By ) ’ ’
parallel with an inductancd ., with a (paralle) resistance 2/ =0
on resonance to define its quality factor. If we assume this g, 2. Energy eigenvalues versys=®,/®, for an isolated
resistance to be infinite we obtain a Hamiltonian for the fieldsQuiD ring.
in terms of the equivalent circuit flux and charge operators,
2 2 =(1N2)(xs+ips), al=(12)(xs—ips) for the ring and
H = Qe y—° @  a=(12)(xe+ipe), al=(1/\2)(xe—ipe) for the field. In
2Ce 2. terms of these operators the Hamiltonkap="T"H,T' for the
where @, and Q, are, respectively, the magnetic flux and coupled systenisee Eq(1)] can be rewritten in the form
electric charge associated with the cavity. The field fre-

Energy in fuws

quency iswe=1/\/CcA,. For the purposes of simplicity we H = fiwg| agla,+ 1 thwg alat 1)
useC.= C, throughout this paper and specify the frequency 2 s 2
we in each example. We denote &g the eigenstates d¢f .
In our numerical work we use a truncated basis with —hvcos<2—7r /LX Yo
=0,... N, whereN is taken to be much greater than the ®, V Cows ° Px
average number of photons in the system. >
The em cavity mode and the SQUID ring are coupled L h (al+ay(al+ay) (6)
together inductively with a coupling energy given by Ay VACCowsw, 5 0 7¢ 78

As an illustrative example we show in Fig. 3 the com-

)7
Hin=— (P~ D) D 4
Int AS( s~ P Pe, @ puted,¢,-dependent eigenvalues bf for (a) we= ws (With

where u is a coupling parameter linking the em field to the
SQUID ring.

We note that by introducing a unitary translation operator
T=exp(-id,Qs/h) we can write the Hamiltonian for the
ring as

Q: @? D+ D,
/:rv‘]‘ e o> S
HI=TTHT 2C3+2AS fivcos 27 oo |- (5)

We also note that, invoking this unitary transformation, the

interaction energy becomed = (u/Ag) PP, while the

em field Hamiltonian remains unaffected. We denotécgs

the (flux-dependenteigenstates df, . Again in our numeri-

cal work we use a truncated basis wit+0, . . . 2, where

>, is taken to be much greater than the average energy level

in which the SQUID operates. The first few eigenvalues (

=0,...,4) ofH{ as functions ofD,/dy(=¢,) are shown

in Fig. 2. As can be seen, although all the eigenvaluegre

periodic in®, , each displays a distinctive functional form in

d, . It will become apparent in the following discussion that 15 02 0a 06 03 ]

these functional forms take on great importance in determin- P /q)

ing the behavior of the coupled system at particular points in x/ =0

external bias flux. , FIG. 3. (a) Energy eigenvalues versus, of the SQUID ring
In describing the coupled system, we now introduce th§yamiltonianH; (thick lines and the ring-field total HamiltoniaH,

dimensionless operators  Xg=\Cewe /i P, Pe (thin lines with w.=w. The coupling constant.=1/100. The

=J1IChweQe, Xs=Csws/hdg, and ps=1/CwQs, inset shows an examplarrow) of the lifting of the degeneracy of
together with the lowering and raising operatoes  the ring-field levels whemn#0. (b) as in(a) but With we= 15ws.
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truncationsN=3=5) and (b) w.= 150 (With truncations levels computed forr=0,1 and, againu=1/100 but now
N=50 andX =5). In these figures the scaling is too small to w,= w¢/10. In order for the energy of our initial state to be
reveal the lifting of the degeneracy at the crossing points byqual to that used in the previous example, here this state is
the nonzero coupling termu(+0). Again to illustrate, we chosen to béa=i10y2).®|0)s. As is to be expected, start-
show in the inset of Fig. @), but at much higher resolution, ing with 0=0,1 eigenstates, the separationsipbetween the
one such computed crossing point. Here the splitting of theegions of strong couplingenergy exchangeare signifi-
crossing energies is quite apparent, these being intimatelyantly reduced compared to those seen in Fig. 4. As a further
connected to the functional form of the original SQUID ring example, we show in Fig. 6 the computed results for our
eigenenergies. That such crossing points have been reportedupled system taking, as in Fig. é.= w¢ but now with
in experimental studies of Josephson weak link circuits, parstronger coupling £=1/10). To make our results strictly
ticularly SQUID rings, with concomitant superpositions of comparable with those of Fig. 4, we use the initial state
macroscopic statgSchralinger caty is further evidence for :i\/§>e®|gzo>s_ Due to the stronger coupling we can see
the underlying quantum-mechanical nature of thesenore regions in external bias flux where energy is exchanged
systems:®~It is therefore timely to develop a full quantum petween the two components of the system. In all three sets
treatment of SQUID ring-em field systems, which is the pur-of results (Figs. 4—6 there are peak$both upwards and
pose of the paper. downward$ generated in the time-averaged energies about
In the above we have studied the eigenprobléfié,)  specific values ofp,. These peak regions, where energy is
=E|&,) using a truncated basis. We now use these resultsxchanged between the field and the ring, correspond to

to compute the evolution operator as quantum transitions in the ring and in all cases demonstrate
iz strong coupling between the two oscillators in the system.
I =n To illustrate the quantum-mechanical effects associated
U(t)= exp — . 7 . . .
® ; [0 F{ h )<§”| @ with this coupling we take as an example the caseuof

=1/10, w.= wg (as in Fig. 6 and sete,=0.426 (arrow in

Fig. 6 at which flux bias the couplingand the energy ex-

X _ change between the ring and field is strong. We assume that

=U(t)p(0)UT(t) at a later timet and the reduced density att=0 the em field is in the number stafe) (ala 1)

matricespe=Trs(p), ps=Tre(p). As a measure of the accu- _ 1|1)¢) and the ring is in the energy eigensta;te(2 0 (WZ‘

racy of the truncation approximation we have also CaICUIate%tressethatr are eigenstates ¢, and not ofn.=a’a,). In

the traces of all the density matrices that we use. In the limif_. . s s TsTs)

of infinite order density matrices the trace is equal to 1, 9. 7, with these yalues abs, p, and oy, we show the
computed expectation values of the photon numgey)

hile for truncated density matrices it should be very close . . . .
wh! > Y 1ces | . very =Tr(peatae) in the field, andng)=Tr(psalas) in the ring,

to 1. In all our results the trace was greater than 0.99. An- . )
other test we performed was to increase the cutoff point fron?S functions of time. These results demonstrate that a strong

which we were able to ascertain that our truncation had ne exchange in_ energy take_s plage quasiperiodically in time be-
ligible effect ween the ring and the field, i.e., when the photon number

We define the time-averaged energy expectation value xpectation value in the SQUID ring increases, that in the em
H'. andH, as (=s,e) ield decreases, and vice versa. We note that in order to com-
s ¢ ' pare these predictions with experiment we would need to

Assuming that the system &t 0 is described by the density
matrix p(0), we have calculated the density matrp(t)

1 (T measure the actual power level of the em field. We also note
((H;))=lim T f Tr p;(t)H;]dt, (8)  that with the ring-field coupling constant known this would
T—ee 0 allow us to estimate the em power impinging on the SQUID

where, computationally, we integrate from O up to 20 @Q0/ fng.

which we have found to be sufficient to ensure the conver- Aﬁ tthe sy§tem deVSONS;SDm. tlmeb Its two c?mp?ndents—
gence of the integralB) for all the results presented in this oscillator mode and SQ fing—noecome entangied guan-

paper. In Fig. 4 we display the computed, time-averaged ent_um mechanically. In order to quantify this entanglement we

ergy expectation valuggormalized in units ofiws) of H' use entropic quantities. For a two mo@ild-ring) system

; - S s . e—s this entanglement can be quantified according to the
[Fig. 4@] andH’' [Fig. 4b)]. These have been calculated expressiofP—28
over the range &¢,<1 for various values ofo
(=0,1,2,3), withu=1/100 andw.= ws. In computing these | =S(pe) +S(ps)—S(p), 9)
results we have set the=0 state a$a=i/2).®|0)s, Where _ _
|a), is a coherent state of the em fieldy{a)o=a|a)). As  WhereS(p) is the von Neumann entropy given by
is apparent in Figs.(4) and 4b), for specific values of ex- _
ternal bias fluxp, [namely those corresponding to the cross- S(p)==TrlpIn(p)] (10
ing points shown in Fig. @] there is a strong interaction and the entanglement entropy is positive or Zestubadditiv-
between the em field and the SQUID ring. As is also apparity property of the entropy In Fig. 8 we show the time-
ent, this leads to an energy exchange between the compdependent computed entropi&§p.), S(ps), and the en-
nents of the system. To demonstrate how the time-averagadnglement entropy for the same system as in Fig. 7. From
energy levels for the ring and field depend on the ratioof these results it is quite apparent that although=a0 both
to we, we show in Fig. 88) and §b), respectively, these the field and the ring are in a pure state, they both evolve into
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FIG. 4. (Colon The time-averaged energy levels versysfor (a) the ring (Hs)) and (b) the field (H,)). The coupling constant
=1/100 andw,=ws. At t=0 the electromagnetic field is assumed to be in the coherent |$taté\/§) and the ring in the energy
eigenstatesoc=0 (blug), =1 (brown), c=2 (green, ando=3 (red).

<

mixed states. Of course, since the time evolution is unitanjnologies, for example, quantum computing and quantum

the joint field-ring system is always in a pure st p) communications, such states of entanglement are of great
=0]. The results presented in Fig. 8 demonstrate that thémportance. We note in particular, that in some of these

system does become highly entangled over time although, aEhemes the ability of the system to control the entanglement
can be seen, at certain times it can disentangle again. The(as in our cases highly desirable. In principle, experimental

is no doubt that for the development of truly quantum tech-verification of the entanglement between the two modes

144530-4
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@ FIG. 7. The expectation valugs) and(ng) as functions of
3 time for ¢, =0.426, 1= 1/10, andw.= ws. At t=0 the electromag-
- netic field is assumed to be in the number stajeand the ring is in
g the energy eigenstate=0.
o 2 :
= Qs {(Ds_ [Dy+ ¢eSIN( wet)]}z s
g He= + —hvcog 27—/,
3 2Cq 2A4 (ON
(11

0'2 0'4 0'6 05 ) and solved the corresponding time-dependent Rfhger

’ '(I) /cI). ) equation. ng@e is taken to bg the magnenc—flux amplitude
z/*0 of the classical em field. It is of interest to compare the

. uasiclassical results derived via E@.1) with the full

_FIG. 5. The tlme-aver_aged energy levels ve_rwsfor (@ the guantum results found above where tg‘e initial state of t%e em

ring ((Hy)) and (b) the field (He)). The coupling constank g is a coherent state. Due to the quasiclassical nature of

=1/100 and 16c=ws. At t=0 the electromagnetic field is as- yhe coherent state we expect some agreement between the

sumed o be in the coherent state=i10y2) and the ring in the 1y quantum results and the quasiclassical results. To fur-

energy eigenstatest=0 (solid), o=1 (dashed nish an example to compare with these quantum results, we

have computed the time-averaged ring energy expectation

could be achieved through Bell-type inequalities. Howeveryalues for the Floquet statégsigenvalues of the evolution

in the context of the present work their exact form will re- operator after one period of microwave evolufi@as a func-
quire further investigation. tion of ¢, using the same value of microwave field ampli-

tude (pe=0.41udy) as in Fig. 4a). Our results are pre-
sented in Fig. 9. Within the computational accuracy
available, and given that we are dealing with two different
regimes of the coupled system, it is clear that the principal
transition region features match in both models, even though
the amplitudes may not be the same.

s
\]
o

Ill. SQUID RING COUPLED TO CLASSICAL EM FIELD

In previous work we treated the em field classicHiignd
used the Hamiltonian

IV. DISCUSSION

2.5 . . . .
. We have studied the coupling of a SQUID ring to a single
. 2r IRVAVA Cavity 1 mode em field at frequencies in the sub-THz—THz range
3 15f _
W= 1.4
g 1Ir i 1.2
> o
& 051 . % 1
= 0 =
5| i : 0.8
-0.5 0.426 ? 0.6
_1 ! 1 ! ! +
0 02 0.4 0.6 08 1 5 04y
d (I)() 0.2 V) !
o/ 15 (p0) and'S (p)—

FIG. 6. The time-averaged energy levels vergydor the ring : . * :
((Hg)) and the field (H¢)). The coupling constank=1/10 and 0 100 200 300 400
we=ws. At t=0 the electromagnetic field is assumed to be in the Dimensionless Time (wst)
coherent stat¢a=i\/§> and the ring in the lowest eigenstate FIG. 8. The entropies as a function of time for the same system
=0. as in Fig. 7.
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5 . . . . Numerical work to include these terms is currently in
Ao progress.
u Of general interest to experimentalists working (time-

T dependentsuperposition states in SQUID ring devices is the
problem of determining the actual em power number of
photons in each state of the em fielkebupled to the ring.
Together with the frequency of the em field, and the original
eigenenergies of the ring, this is required in order to compute
the ring crossing point splittings. In principle, this problem

: : : : can be overcome through the kind of analysis we have un-
0 0.2 0.4 0.6 0.8 1 dertaken in this paper, whether it be for classical em ftélds
(ID;C/(I)O or photon states interacting with a quantum-mechanical
SQUID ring. As we have shown, it is possible to determine
FIG. 9. Time-dependent Scldinger equation calculation of the  these power levels accurately through following the reactive
time averaged ring energy levels agaidsf with ©=1/100, we  frequency shift of a SQUID ring-classicéiadio frequency
=ws, andp=0.41u®,. Here the electromagnetic field is treated resonator system, driven by an external em field, when the
classmally. The results. of this figure should be compared and Conﬁng remains adiabatically in its quantum-mechanical ground
trasted with those of Fig.(4). state. However, where em frequencies and/or amplitudes are
high enough(as in this paper so that(time-dependentsu-
where, in generalkgT<#Awg,7iwe SO that the system be- perpositions of low-lying energy eigenstates of the ring are
haves quantum mechanically. In this we have been stronglgenerated, the problem becomes very much more difficult
influenced by recent discussions in the literature on routes tiheoretically. Nevertheless, there appear to be several routes
quantum Computing using Josephson de\}if:‘bsnd on even to reSOIIVing i:hes.e difﬁCUltieS, .aS |ndlcated by Spme of C.)Ur
more recent publication of experimental data on superposiécent investigations of nonadiabatic processes in em-driven
tion states in SQUID ring$2° In the paper we have shown SQUID rings.”= We note that at sufficiently high em
that our resultgfor example, Fig. &)] compare well with frequenues/z_:\mplltudes multiphoton absorption and emission
. : . . processes will occur between the components of the coupled
previous semiclassicdéFloquet methoglcomputations made

. . system. This may complicate the interpretation of experi-
by us(Fig. 9 and Ref. 1land have expanded this work to mental data and will be a topic of further theoretical inves-

calculate explicitly the photon number and entanglemen{igaﬂon by us. For the future, we also note that it may be

states in the coupled ring-field system. We note the relatiopossiple to extend these experimental and theoretical tech-
between the results presented in this paper and previoygques to probe the details of energy exchange and entangle-
work on em environments in thermal equilibrium with Jo- ment of the system presented in this paper.

sephson(e.g., SQUID circuits**~** In our work we have There now exists a clearly defined need to create THz
assumed that the external em field is in a particular quanturfschnology® for a range of applications including modern
state and our results depend on this state. As an example Wgmmunications. To date this technology, based on quantum
have considered the em fieldtat 0 to be in a coherent state. processes on the small Scaie' functions Ciassica”y at the de-
However, the calculations can easily be repeated for anothgjice level. A primary purpose of this paper has been to dem-
initial state of the field. Each initial state W|”, of Course, gnstrate that at THz frequenciesy and reasonable operating
yield different results. temperatures {4 K), this technology could be made fully
threads the SQUID ring. In this paper we have demonstrateflng and em oscillator frequencies both can be treated as
that for certain values of this flux strong coupling develops,macroscopic quantum objects, irrespective of any deeper de-
at which points) large amounts of energy are exchangedscription of the superconducting condensate in SQUID
between the ring and the field. Future experimental probingingsfloAl This would point to a great richness of potential
of these energy exchanges, which is considered again in thgypjications. For example, in the context of the results pre-
discussion section, would clearly be of great interest. Wesented here, our investigations may prove useful for the de-
have also demonstrated that entanglement between the ri%lopment of frequency converters up to THz frequencies
and field modes arises as a natural consequence of the fighq heyond. More generally these results, and the theoretical
quantum mechanics of the system. As we have pointed Owescriptions underlying them, may find use in the emerging

(Sec. II, abovg experimental verification of such entangle- fie|ds of quantum technology and quantum computatidn.
ments will require further work on the Bell inequalities re-

lated to these entanglements.

In our calculations we have neglected dissipation and
have calculated the time evolution of the system using the
equationd;p= —(i/h)[H,p]. A more realistic calculation to We would like to thank NESTA for its generous funding
take into account dissipation due to the externalof this work. We would also like to express our gratitude to
environmert® can be made with the equatiod,p= Professor C. H. van de Wal and Professor A. Sobolev for
—(i/h)[H,p]+f(p) where thef(p) are dissipative terms. interesting and informative discussions.
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