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Abstract

In the present thesis we construct a new class of holonomy algebras in pseudo-Riemannian
geometry. Starting from a smooth connected manifold M, we consider its (1, 1)-tensor
fields acting on the tangent spaces. We then prove that there exists a class of pseudo-
Riemannian metrics g on M such that the (1, 1)-tensor fields are g-self adjoint and their
centralisers in the Lie algebra so(g) are holonomy algebras for the Levi-Civita connection
of g. Our construction is elaborated with the aid of Manakov operators and holds for any

signature of the metric g.



Preface

A typical situation in modern mathematics is the following. A given problem can
sometimes be better understood and eventually resolved using techniques and tools origi-
nating from an area of mathematics that at first glance is quite remote from the area the
problem originated in. Thus, it will not be a surprise if this thesis goes precisely in such
a direction. Broadly speaking, we can pictorially represent the content of this work with

the following simple diagram

Holonomy

Integrable Proj §ct1vely
Systems » Equivalent
g Metrics

The three blocks represent the areas of mathematics to be touched on, while the arrows
indicate the “passages” and/or “relations” between them. What we find exciting about
this diagram is that while Holonomy and Projectively Equivalent Metrics are inherently
present in the realm of Differential Geometry, the theory of Integrable Systems stands as a
separate area in mathematics. Incredibly, it is the latter which proves to be of paramount
importance for our investigations. It must be emphasised, however, that by no means

do we attempt to exhaust any of these three rather vast areas. In this thesis, we shall



only discuss a few remarkable relationships between them and show how they yield the
solution to a particular problem.

Without further ado, let us briefly comment on the structure of the text. This thesis
is, first and foremost, aimed at a broad mathematical audience. On the one hand, it is
indeed our utter belief that our approach would catch the eye of an expert and hopefully
would be of good use for further research. On the other hand, our desire to write an
intelligible account of mathematics does not come secondary. The author has done his
very best to find the balance, which would make this text both enjoyable and useful for
readers of various backgrounds. The result of this effort is the following.

In Chapter 1 we give a description of the holonomy problem and state the main
results to be proven. This chapter is concise and straight to the point. It will be the
reader’s discretion thereafter how to proceed further. Some readers might wish to skip
certain sections, or even chapters, and head straight to the proofs of the genuine results,
others would probably need to learn more about the objects involved. Bearing this in
mind, as well as our intent to present as self-contained a text as possible, we gently
start with the minimal prerequisites. These are briefly discussed in Chapter 2. It is the
opinion of the author that this chapter completes the exposition and we also hope that
it could be the straw that even a final year undergraduate could clutch at. In Chapter
3 we advance further the discussion on the actual background. Most of it concerns the
three aforementioned mathematical areas, which allows us to break this chapter into a few
virtually independent sections. Thus, the reader could only read the section(s) of interest.
Nevertheless, we recommend some attention is paid to the opening and closing sections
of this chapter. While in the former we define the leading character in our story, in the
latter we discuss two important relationships between some of these three mathematical
areas, which de facto motivates our approach. The content of the remaining chapters

mostly constitute the original part of this dissertation. However, in two sections we



inevitably include some known material. It is deliberately excluded from the background
chapter as being exclusively relevant to those two specific parts in the text. We mean in
particular the reduction to nilpotent g-symmetric operators and the covariantly constant
linear operators discussed in Sections 4.3 and 5.1, respectively. In the remaining sections
of both Chapters 4 and 5 we elaborate the proofs of the main results of our work. We
conclude the text by appending a few concrete examples which illustrate the main theorem
of Chapter 4. They are represented in such a way that a beautiful pattern is immediately
recognisable.

Last, but by no means least, the fluency of the text remains a primary concern of ours.
For this reason we have decided to write a brief summary to each chapter. We do hope

that this will enhance the reader’s navigation throughout the thesis.
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“Truth is ever to be bound in the simplicity, and
not in the multiplicity and confusion of things”

Sir Isaac Newton



CHAPTER 1

INTRODUCTION

The goal of this chapter is twofold. Firstly, the holonomy problem is discussed to the
extent that an introductory chapter allows. In an attempt to familiarise the reader with
the true character of this problem, the author embarks on describing some of its key
features. However, by no means could this effort result in anything other than a sketchy
survey on this matter. Secondly, and more importantly, the main theorems of the present
thesis are stated. Thus, it is at this juncture for the reader to decide whether or not to

skip the following Preliminaries and Background chapters.

1.1 The holonomy problem

The notion of holonomy has been pervading the realm of differential geometry for almost
ninety years now and has had far reaching implications in both mathematics and physics.
Beyond a shadow of a doubt, it is already a classical concept in differential geometry.
Therefore, it is our first duty to bring into prominence the foremost results on holonomy
as well as some of the recent achievements in the field. It should be noticed that, albeit our
demand for a self-contained text, in the present section it will only be possible to outline
the general framework and briefly trace the history of holonomy. Essentially, we shall

only take a panoramic peek at the latter and shall not dwell on any precise definitions.



Some ideas will be discussed in detail later in Section 3.2 where we provide the necessary
working knowledge on holonomy for the purposes of our work. It also deserves to be
noticed, that we shall only refer to the key papers on holonomy and therefore cannot
claim any bibliographical completeness. The reader may take care to consult the books
[Ber2], [Bes], [Joy4] and [Sal] for detailed treatments and comprehensive bibliography.

To begin with, let us say a few words about the etymology of holonomy. It is of Greek
origin and stems from the words éAo¢ (pronounced ‘olos’ and meaning whole) and vépo
(pronounced ‘nomos’ and meaning law). Curiously, the term holonomic first appeared
in 1894 in a posthumously published work of the German physicist Heinrich Hertz [Her].
His work was on classical mechanics and he spoke about holonomic constraints of a given
mechanical system.

It was not until much later when the term holonomy was used by Elie Cartan in the
context of differential geometry. In his works [Carl,Car2,Car3,Car4] dating back to the
1920s he pioneered the study of holonomy. Cartan considered a Riemannian manifold M
with Levi-Civita connection V such that Hol(V) C O(n). He was particularly interested
in symmetric spaces which are characterised by the invariance of the curvature tensor R.
Algebraically, this simply means that the action of the holonomy group on R is trivial.
He then proved in [Car4| that for a given symmetric space the holonomy and isotropy
group coincide up to connected components which enabled him to classify the irreducible
symmetric spaces in the Riemannian case.

It was in the 1950s, however, when other people got interested in holonomy and most
of the seminal results were obtained. In the early 1950s the first major contributions
appeared in the works of Borel and Lichnerowicz [BL] and Ambrose and Singer [AS].
The upshot of the latter paper was the famous Ambrose-Singer Holonomy Theorem. This
striking result asserts that the Lie algebra of the holonomy group is generated by the

curvature of the connection. We shall come back to this theorem in Section 3.2. In 1952,



de Rham [deRha] proved his famous splitting theorem for Riemannian manifolds, which
was later generalised by H. Wu for arbitrary pseudo-Riemannian manifolds [Wu]. In
order to state and understand this result we need the following brief discussion. Consider
the product manifold M; x My of M; and Ms. Then at each point (p;,p2) we have the
isomorphism T, ,,)M = T, M; @ T)p,M,. Let g; and g, be Riemannian metrics on M;
and Ms, respectively. Due to the aforementioned isomorphism it is natural to define the
product metric by means of the metric on T), M; @ T),Ms. Indeed, we define the product

metric g; X go on M; x My by

g1 X 92(§&1 B, & B n2) = g1(&1, &) + g2(m1, 1m2)

for all §1,& € Ty, M; and 11,712 € T,,My. We thus equip the product manifold M; x M,
with a metric, naturally call it a Riemannian product and write (M; X Mg, g1 X ga). Now,
a Riemannian manifold (M, g) is said to be reducible if it is isometric to a Riemannian
product (M; x My, g1 X go). Further, (M, g) is called locally reducible if every point has a
reducible open neighbourhood. Finally, we shall call (M, g) irreducible if it is not locally
reducible. Then, the holonomy group of the product metric g; x g5 is given by the following

proposition.

Proposition 1.1.1 Let (My, g1) and (Ms, g2) be Riemannian manifolds. Then the product

metric g1 X go has holonomy group Hol(g; X g2) = Hol(g1) x Hol(gs).

This proposition is not difficult to proof and naturally motivates the following definition.
We call the holonomy group Hol,(M) decomposable if there is a Hol,(M) - invariant

decomposition of the tangent space

TpM:m@'@‘/;.



with » > 2 and V; # 0 for all j. If there is no such a decomposition we call Hol,(M)
indecomposable. Since the holonomy groups are conjugate we immediately observe that
(in-)decomposability of the holonomy group is independent of the choice of the point

p € M. We can now state the de Rham-Wu splitting theorem.

Theorem 1.1.2 (de Rham-Wu Splitting Theorem) Let (M, g) be a (pseudo)- Rie-
mannian manifold, and suppose that the holonomy group of its Levi-Civita connection is
decomposable. Then locally, (M, g) is isometric to a product metric (R*¥1, g;)x---x (R¥", g,.)
with k; = dimVj;, and Hol)(M) = Hy x --- x H, with H; C O(V},g;). Moreover, if M
is simply connected and ¥V 1is geodesically complete, then there is a splitting (M, g) =
(My,91) x -+ x (M,, g,), where the holonomy of (M;, g;) is H,.

The holonomy group of a Riemannian manifold (M, g) is always contained in the orthog-
onal group O(n) and is therefore compact. Since in this case the indecomposibility is
equivalent to irreducibility of the group, the de Rham theorem along with prior works of
Cartan necessitated the classification of all irreducible non-symmetric subgroups of O(n)
which are holonomy groups for the manifold (M, g). It was Marcel Berger’s pioneering
work [Berl] which not only gave the first classification theorem, but also and more im-
portantly kindled an active quest on this matter. He proved the following theorem, now

known as the Berger’s list.

Theorem 1.1.3 (Berger) Let (M, g) be an irreducible simply-connected Riemannian
manifold of dimension n which is not locally a symmetric space. Then exactly one of
the following cases holds.

(i) Hol(g)=SO(n),

(i) n = 2m with m > 2, and Hol(g) = U(m) C SO(2m),

(111) n = 2m with m > 2, and Hol(g) = SU(m) C SO(2m),

(iv) n = 4m with m > 2, and Hol(g) = Sp(m) C SO(4m),



(v) n = 4m with m > 2, and Hol(g) = Sp(m)Sp(1) C SO(4m),
(vi) n =7 and Hol(g) = Gy C SO(7), or
(vii) n = 8 and Hol(g) = Spin(7) C SO(8).

Note that this theorem only classified the possible holonomy groups for an irreducible
simply-connected Riemannian manifold. It was shown later by others that the groups in
the Berger list do occur as holonomy groups. However, this result was a key accomplish-
ment because, above all else, its proof brought about a necessary criterion for a Lie group
to be a holonomy group for a given Riemannian manifold. This criterion is a consequence
of the Ambrose-Singer holonomy theorem and is presently known as the Berger criterion.

It can be formulated as the following proposition.

Proposition 1.1.4 (Berger) Let H C GL(V) be a Lie subgroup which occurs as the
holonomy group of a torsion free affine connection on some manifold M. Then H must
be a Berger group'. If the connection is not locally symmetric, then H must be a non-

symmetric Berger group.

In 1956, Hano and Ozeki [HO] showed that any (closed) Lie subgroup H C Aut(V') can
be realised as the holonomy group of an affine connection (with torsion in general) on
some manifold M and therefore no classification was possible. However, it was the torsion
freeness condition that imposed the non-trivial flavour of the problem and sparkled the

so called Holonomy problem.

The Holonomy problem: Consider a finite dimensional vector space V. Then, what
are the irreducible (closed) Lie subgroups H C Aut(V') that can occur as the holonomy

group of a torsion free affine connection?

In this thesis we shall work with Berger algebras which are properly defined in Chapter 3 (see
Definition 3.2.7).



Traditionally, this problem is split into two sub-problems. Using Berger’s criterion, one
first attempts to establish which subgroups H C Aut(V') are Berger groups. Albeit some-
what laborious, this algebraic part of the problem is usually not difficult. Next, it needs
to be checked which Berger group can occur as a holonomy group. It is this part of the
holonomy problem which is nontrivial. In this thesis we shall follow this approach and
we shall deal with a class of Berger algebras in Chapter 4, whereas in Chapter 5 we shall
prove that they do occur as holonomy algebras.

Some of the major achievements in the field in the past twenty five years are the
following. The holonomy groups G? and Spin(7) are called exceptional holonomies as
they only occur in dimensions 7 and 8, respectively. Robert Bryant proved locally the
existence of metrics with exceptional holonomies [Bryl]. An example of complete metrics
with exceptional holonomy [BS] followed shortly afterwards. The compact examples of
exceptional holonomy were given by Dominic Joyce [Joyl, Joy2, Joy3]. The irreducible
holonomy algebras of torsion free connections which are not necessarily compatible with
a metric were classified by S. Merkulov and L. Schwachhoéfer [MS, Sch|. In [Berl], Berger
also classified all connected irreducible Berger groups which are subgroups of SO(p, q).
In other words, he gave a list with the candidates for the holonomy group of a pseudo-
Riemannian manifold with metric of signature (p, q). The omission and errata in his list
were corrected by Bryant [Bry2]. However, this only solved the first part of the holonomy
problem as it remained to be shown that all the candidates do occur as holonomy groups.
To the author’s best knowledge, only the classification of holonomy algebras of Lorenztian
manifolds has been settled. For major achievements in the Lorentzian case the reader is
referred to the following papers [BI1, Bou, Gal2, Gal3, GL, Tkel]. A recent work by
Thomas Leistner [Lei] is widely considered as the culmination of the classification of
Lorentzian holonomy groups. While there are a number of results in the non-Lorentzian

case, the classification of holonomy algebras of pseudo-Riemannian metrics of arbitrary



signature (p, q) is not yet achieved. A striking recent result is the classification of Ké&hlerian
holonomies of complex signature (1,n) (or of real signature (2,2n)) by Anton Galaev
[Gal4]. Further results on signature (2,n) may be found in [Gall, Ike2] and on the
signature (n,n) in [BI2]. The reader may also wish to consult the survey on the recent
advances in the theory of holonomy by Bryant [Bry3]. We finish this section by stating a
theorem which encompasses the current knowledge of the known classification results for

holonomy algebras in the pseudo-Riemannian case.

Theorem 1.1.5 (Berger et al., Leistner) Let g C so(V, h)be an irreducible Berger al-
gebra where (V,h) is a pseudo-FEuclidean vector space. If g # so(V,h) then g is the
holonomy representation of an irreducible pseudo-Riemannian symmetric space or given

by the following list

u(r,s),su(r,s) C so(2r,2s),

sp(1) @ sp(r,s),sp(r,s) C so(4r,4s),
so(r,C) C so(r,r),

sp(r,R) @ sl(2,R) C so(2r,2r),
sp(r,C) @ sl(2,C) C so(4r,4r),

g2 C 50(7),

a5 C s0(7,C) C s0(7,7),

g3 C s0(4,3),

spin(7) C s0(8),

spin(7,C) C s0(8,C) C 50(8,38),

spin(4,3) C so(4,4).



1.2 The main results of the thesis

In this brief section we only proclaim the main results of our work. The original ideas in
this thesis stem from a joint work with Alexey Bolsinov which has been submitted to the
Journal of Differential Geometry as the preprint [BT]|. The present document constitutes
an extended version of the latter preprint and culminates in the proof of the following

theorem.

Theorem A Let M be a smooth manifold, p € M be a point and ¢° be a symmetric
non-degenerate bilinear form on TyM and Lo : T,M — T,M be a g°-symmetric oper-
ator. Then, in a local neighbourhood U of p, there exist a pseudo-Riemannian metric g
and a (1,1)-tensor field L such that

1)9 |TpM: 907

2)L |t,m= Lo,

3)L is g-symmetric,

4) The centraliser g;, of L in the Lie algebra so(g) is a holonomy algebra for the Levi-

Civita connection of the metric g.

Thus, the outcome of our work is an example of a new class of holonomy algebras in
pseudo-Riemannian geometry. As the proof of this result is constructive, we end up with
explicit pseudo-Riemannian metrics which do realise the Lie algebra g;, as their holonomy
algebra. We must strictly emphasise at this point that Theorem A is of a local character.
Nonetheless, from the perspective of the metric signature it is a result of very general
nature as it holds true in any signature of the metric g. The proof of this theorem is given

in Chapter 5. Before settling Theorem A, however, we prove the following result.



Theorem B Let (V,g) be a pseudo-FEuclidean vector space and L : V. — V be a g-

symmetric operator with centraliser gr in so0(g). Then gr is a Berger algebra.

In contrast to the former result, Theorem B is of purely algebraic nature. It must be
noticed that it is not merely an example of a new class of Berger algebras. As a matter of
fact, its proof is of interest in the first place as it promotes techniques from the theory of
integrable systems on semisimple Lie algebras. It should also be noted that some of these
techniques are readily employed in the proof of Theorem A. Thus, it is this approach we

consider the novelty in our work. The proof of Theorem B is elaborated in Chapter 4.



CHAPTER 2

PRELIMINARIES

The purpose of this chapter is to mention the prerequisites for this thesis and to briefly
recapitulate the classical notions such as affine connection, parallel transport, curvature,
torsion and pseudo-Riemannian metric. We make no apology for writing it, since all these
are fundamental concepts for this thesis and worth mentioning. More importantly, it is
the author’s belief that the following few pages make the text easily accessible for readers

of different mathematical backgrounds.

2.1 The prerequisites

Despite our demand for writing as self-contained a text as possible, the prerequisites are
inevitable. Thus, in the lines to follow we shall mention, but not properly define, the
minimum prerequisites for this thesis. Apart from the notions to follow, everything else

will be properly defined in due course.

e Manifold. In this thesis, the letter M (with the exception of Section 3.3) will denote
a smooth manifold of dimension n. A local neighbourhood of M will traditionally
be denoted U. The local coordinates in U will be denoted u’ for 1 < i < n. T,M is
the tangent space of M at the point p. The tangent bundle is TM = UpemT,M. We

exclusively reserve &, n and ( for the tangent vector fields on M. We shall sometimes

10



think of them as sections of TM and shall write &, n,¢ € I'(TM). Finally, the dual
space of T,M is the cotangent space of M at p, denoted TyM. Then the cotangent
bundle of M is denoted T*M = U,emT,;M and its sections are the differential 1-forms

on M.

Tensor fields. Let V' be an n-dimensional vector space with dual V*. Then the

tensors of (r, s)-type are the (r, s)-linear functions

}/*x---thxyx---ij—HR.

-~ -
r terms s terms

Equivalently, they may be thought of as the elements of the tensor product

Vi=VR VeV -V
r terms s terms

If {e;}, and {e*}?_, are the dual bases for V and V* respectively, then an (r, s)-

type tensor A is uniquely expressed as
A=Alire, @ e @ @

Bi-vectors. In this thesis we shall be constantly using the notion of a bi-vector.
Recall that this is the anti-symmetric tensor of rank 2 denoted X = X%u; A u;,
where the A is the usual wedge product. We shall write A%V for the vector space
of bi-vectors. Let eq, ...., e, be the standard basis of V. Then the standard basis of
A?V is the set of bi-vectors {e; Ae; | 1 <i < j<n}and dimA?V = (}). We shall

sometimes also make an use of 2-forms denoted X = Xijui Al

Lie algebras. We shall use the standard notation for Lie groups and Lie algebras.

Thus, so(n) denotes the Lie algebra of skew-symmetric matrices and [-, -] its Lie

11



bracket. For a given element X € so(n) we define the adjoint action of X on so(n)
as the map adx : so(n) — so(n) with adx(Y) = [X,Y] for all Y € so(n). Now, by
means of the adjoint action we define the Killing form for the Lie algebra so(n) by
B(X,Y) = Tr (adyady). Recall that the latter is a symmetric bilinear form defining
an inner product on the Lie algebra. Amongst its other properties, the Killing form

is adjoint-invariant in the sense that
B<[X, Y, Z) __B <Y, X, Z]).
We shall make a particular use of this property in the Background chapter.

2.2 Affine connections, parallel transport and curva-

ture

In this section we briefly recall the notions of affine connection, parallel transport and
curvature and state their most important properties. By virtue of the first two we shall
define, in Section 3.2, the notion of a holonomy algebra which is a central concept for this
thesis. The notion of curvature, will pervade this thesis due to its intimate relationship
with holonomy. In this, as well as in the subsequent section, we shall neither dwell on
the details nor the proofs. For a more detailed treatment the reader may refer to the text
books [CCLJ, [DNF] or [Cha].

Affine connections. To be able to develop differential calculus of all orders on a man-
ifold M, one needs to know how to compare its tangent spaces at different points. This
comparison is possible in the following sense. We define an affine connection on the

tangent bundle of M as the map

V : I(TM) — I'(T*M @ TM),

12



such that for all £, my,m2 € I'(TM) and a € C*°(M) it satisfies

V(m +mn2) = V(m) + V(n),

V(af) = da ® £ + aVE.

It is immediately seen that V maps a zero tangent vector to a zero section and that
V(=¢) = —V¢. Thus, V is a linear operator from I'(TM) to I'(T*M ® TM). Further, we
wish to be able to differentiate the elements of I'(TM). For this purpose, we generalise
the classical notion of a directional derivative in the following way. For a fixed vector field
¢ € I'(TM) and an arbitrary vector field n € I'(TM), by means of the standard pairing
between TM and T*M, we define

Ven = (€, Vn). (2.2.1)

Clearly, Ven € I'(TM). We call it the covariant derivative of the tangent vector n along
the tangent vector field £&. Now, it is not difficult to derive the following properties of the
covariant derivative. For all {,n € I'(TM), ¢, (1, € I'(TM) and f, h € C*°(M) we have

V(serm)C = fVeC 4+ hVy(,
Ve + C) = Vel + Velo,

Ve(fC) = (€)C+ fVeC.

An affine connection is locally characterised through its values on the basis % on T,M,

that is

13



Note that we have adopted the Einstein summation convention, which will be much ex-
ploited throughout the text. The smooth functions FZ’; are called the components of the
connection V.

Parallel transport. Parallel transport is a very important concept in differential ge-
ometry. Above all else, it provides an isomorphism between the tangent spaces of M in
the following manner. A tangent vector field n € I'(TM) is called parallel if Vn = 0L
Consider further a parametrised curve v : [0, 1] — M with 7(0) = p and (1) = ¢ on M.
Let & be a tangent vector field along . Then the tangent vector 7 is called parallel along

v if Ven = 0. In a local coordinate neighbourhood U of M we have that v : u’ = u'(t),

n = )\a% and & = dd_faii for 1 < 7, < m. Then, the fact that n is parallel along the

curve -y is tantamount to

dA* du’
<57V77>: <_+F,Baz . /\B>i_07

dt dt

which implies
dA® du’
I o]
a T

M=0, 1<a<yq.

Now, this is a system of ordinary differential equations and therefore possesses a unique
solution for any given initial data. Therefore, any vector v € T,M given at the point p on
the curve v determines uniquely a vector field parallel along . It is called the parallel
transport of v along . In Section 3.2 we shall turn our attention back to parallel transport
in order to define the notion of holonomy.

Curvature. The notion of curvature is intimately related to the one of connection. For

any &,n € I'(TM) we define R(¢,n) : I'(TM) — I'(TM) such that

R(&,1) =VeVy =V, Ve = Ve (2.2.2)

!'Notice that while the zero section is trivially parallel, a parallel non-zero section may not exist in
general.
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It is readily seen that the properties of the covariant derivative imply that R({,n) is linear,

that is

R(Em) (G +hG) = FREE MG +RR(E G

for any tangent vector fields &, 1, (1, (s and any two smooth functions f and h. It is called
the curvature operator of the connection V. The following properties are also easily

derived. For any &,n,¢ € I'(TM) and f € C*(M)

R(&n) = =R, ),

R(f&n) = f-R(&n).

We shall say a bit more about curvature in the next section.

2.3 A hint of pseudo-Riemannian geometry

We have already mentioned that the general context of this thesis is pseudo-Riemannian.
This necessitates a brief discussion on the basics of pseudo-Riemannian geometry. Let g be
a smooth, everywhere non-degenerate symmetric (0, 2)-type tensor on a smooth manifold
M. Then M is called a pseudo-Riemannian manifold with metric tensor g and is denoted
(M, g). Recall that if we require g be positive definite, then M is called a Riemannian
manifold with metric tensor g. At this juncture it must be noted that not all theorems
in Riemannian geometry have analogues in the pseudo-Riemannian context. However,
the formulae to be discussed below are valid in both cases. Details and proofs may be
found in [CCL] and/or [Cha]. Henceforth (M, g) is to be assumed a pseudo-Riemannian
manifold.

To comprehend the true character of the metric tensor, recall that as a (0,2)-type
tensor on M it can be locally written in the form g = g;;du’ ® du? for some g;; € C=(U).

Then it is readily seen that at every point p on M, the metric tensor can in fact be thought
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of as the bilinear function g : T,M x T,M — R defined by ¢g(&,n) = g;;(p)&n’ for any two
vectors £, € T,M. We know from the general theory of bilinear forms that a necessary
and sufficient condition for g to be non-degenerate at the point p is that det (gij (p)) # 0.
Thus, the non-degeneracy of the metric tensor naturally yields the existence of its inverse
g~ ', which is a symmetric (2,0)-type tensor. In coordinates, we simply write ¢ and
immediately ¢g"*gx; = 5;- holds true. Thus, the metric tensor and its inverse enable us to
lower and raise tensorial indices. More concretely, for an arbitrary tensor Azllfr these
two operations are respectively given by
gAY = AR and gRAT = AT

From these it is not difficult to observe that at each point p on M the metric tensor induces
the canonical isomorphism T}*M = T7 +Ls=IM. In particular, we have T,M = T,M and
therefore by means of g we can identify vectors with covectors. This fact will prove to be
useful for our subsequent considerations.

At this juncture it is worth reminding the reader the notion of a signature. Let p,
g and r be the number of positive, negative and zero eigenvalues of the metric tensor
respectively. Clearly, p + ¢ + r = dimM. For ¢ = r = 0 the metric is called positive
definite, or Reimannian. If » > 0 the metric is called degenerate and therefore is not of
interest in this thesis. If both p and ¢ are not zero then the metric signature is called
indefinite or pseudo-Riemannian. The signature is traditionally denoted (p,q), while
some authors prefer the more explicit (+,4,--+, 4, —, -+, —). An interesting particular
example of pseudo-Riemannian metrics are the Lorentzian metrics which have signature
(1,q), or equivalently (p, 1).

It has already been mentioned in the introductory chapter, that torsion-freeness makes

the holonomy problem non-trivial. We therefore need to recollect the notion of a torsion.
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It is a straightforward verification that the connection components I fk do not transform
as a tensor. Nevertheless, the difference Tfk =1 gz — ij does transform as a (1,2)-type
tensor and we can write T' = TZJ,C% ® du! ® duf. We obviously have that Tij = —T,gi.

Now, this (1,2)-type tensor is called the torsion of the connection V. Another way of

thinking of T', and at times a better one, is as the map
T:I'(TM) x I'(TM) — I'(TM)

defined by
T(&n) = Ven = Vy& = &),

for any £,n € I'(TM). An affine connection is said to be torsion free whenever its torsion
tensor is zero. Often torsion-free connections are called symmetric connections due to the
obvious identity I} ,ﬁz =1 fk provided that the torsion tensor is zero.

We are now in a position to recall that the fundamental theorem of (pseudo)-Riemannian
geometry asserts that on any (pseudo)-Riemannian manifold (M, g) there exists a unique
torsion free connection V which is metric compatible. The metric compatibility con-
dition geometrically means that parallel transports with respect to the aforementioned
connection preserve the metric. This “preferred” connection on the (pseudo)-Riemannian
manifold is named after Levi-Civita. Henceforth, V will always be assumed to be a
Levi-Civita connection. The components Fl’; of the Levi-Civita connection are called the
Christoffel symbols and are nicely given by means of the metric as

1 dgy  0gji 0gij
Ik =—gM : L 22 2.3.1
S 2g (6u3 + ou’ ou! (2.3.1)

We shall make good use of this formula later in Chapter 5. Similarly, the curvature R of
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the Levi-Civita connection V is locally written as

o o\o ., 0
R(a—u ow ) fur ~ g (2:32)

where the components Réjk are given by

Rl- _8F¢Zk aF}k

kT oui ol

Traditionally, the curvature tensor R of the Levi-Civita connection on a pseudo-Riemannian
manifold (M, g), is called the Riemann curvature tensor of (M, g). Sometimes it is conve-
nient to work with the purely covariant version of the Riemann curvature tensor, which
is

o
Rabcd = Jaa Rbcd~

We then have the following foremost properties of Rgpeq.

The skew symmetry : Ry = —Rpaed = — Rabde,
The interchange symmetry : R, = Redap,

The first Bianchi identity . Rabcd + Racdb + Radbc =0.

We are closing this chapter with the following brief recollection. The geodesics of
an affine connection are defined as the smooth curves whose tangent vectors are parallel
along them. Recall that a smooth curve parametrised by the functions z*(t) is a geodesic

if and only if the following system of second order differential equations is satisfied

d2u(t) o dut(t) du”(t)

=0.
dt? o dt dt
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CHAPTER 3

THE BACKGROUND

The ultimate goal of this chapter is to provide a solid ground, without which this thesis
could hardly claim to be self-contained. Fortunately, the first four sections are virtually
independent and those already known to the reader can be readily skipped. In the first
section we emphasise the practical advantages of pseudo-Euclidean linear algebra for our
approach. In particular, we discuss the technicalities to be thoroughly exploited in due
course. The principle object of interest, the Lie algebra g, is also introduced. Thus,
the reader is strongly recommended to at least glance through this section. We then
focus our attention on holonomy and discuss, amongst other things, the Berger algebras
and the Berger criterion. These latter two are of seminal importance for this thesis. We
next set our sights at the theory of integrable systems on semi-simple Lie algebras. More
concretely, we swiftly arrive at the notion of a Manakov operator, which proves to be of
foremost importance for our investigations. Incredibly, it is this notion which crucially
determines the course of our quest. Finally, after a brief introduction to projectively
equivalent metrics given in Section 3.4, we conclude the chapter with a blend of holon-
omy, integrability and projectively equivalent metrics. This last section constitutes the

principal motivation for this work.
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3.1 Pseudo-Euclidean linear algebra

To begin with, let us consider a pseudo-Riemannian manifold (M, ¢g) and a linear operator
L:T,M — T,M. Recall that we define its g-adjoint L* via g(L&,n) = ¢(&, L*n).
Further, we say that L is a g-symmetric (also g-self adjoint) operator whenever the
identity ¢g(L&,n) = g(&, Ln) holds true for all £,n € T,M. For the sake of brevity, we
shall often just write L* = L. For computational convenience, however, L'g = gL
will sometimes be preferable. In such a case L and g would stand for the matrices of
the linear operator and the metric tensor respectively. Similarly, we define the g-skew
symmetry property, which in this case reads g(X¢,n) = —g(§, Xn), or X* = =X, or in
matrix notation X 'g = —¢gX.

At this point, two remarks deserve to be stressed. Firstly, the aforementioned defini-
tions remain valid in the more general context, i.e., for any vector space V endowed with
a nondegenerate bilinear form g : V' x V —= V and a given linear operator L : V — V1,
This, de facto justifies the algebraic flavour of this section. Secondly, we use the same
notation for linear operators and their matrices as well as for bilinear forms and their

matrices. However, this ambiguity is harmless due to the following result.

Proposition 3.1.1 Let L :V — V be a g-symmetric operator. Then there exists a basis

V' such that L and g simultaneously reduce to the following block diagonal matriz forms

L1 5N

L 9
L= : and  g= ’ (3.1.2)

Ly, Ik

!Throughout this thesis we shall use both V' and T, M and shall bounce between the two assuming the
relevant context. It should be evident for the reader that the latter will be used in a geometric context,
whereas the former in the more general algebraic one.

20



where

L; = and g ==+

are square matrices of size n; X n;°.

Clearly reminiscent of the Jordan normal form theorem, this result will play an important
role in our work. The reader may care to refer to [LR] and [Tho] for proofs as well as
more general treatment on this matter. Henceforth, the special basis from Proposition
3.1.1 will be referred to as the “canonical basis”, and for computational simplicity we
shall assume that the g;s have 4+1 on their anti-diagonals.

Speaking about a pseudo-Riemannian metric, we fairly naturally think of and some-
what stay attached to its signature (p,q). However, it will prove very useful to our
approach if we “forget” about the signature. By “forget” we mean the following. Firstly,
since the metric can be thought of as a quadratic form, for our purposes it will suffice to
consider the metric as a matrix. Secondly, we recall the following well-known fact from

Linear algebra.

Proposition 3.1.3 Let B(z, ) = b;jx;x; be a symmetric quadratic form on n-dimensional

vector space V. Then there exists a basis in V' such that B takes the form

Uit R Y Yo~ Y

where p + q < n. The equality holds true if and only if det(b;;) # 0.

2Without loss of generality we shall always assume 1 < n; < ng < --- < ny. The particular case 1 x 1
matrices L; = 0 and g; = £1 will be perfectly acceptable.
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To exemplify the usefulness of this fact, let us consider the following example. Suppose

we are given a metric tensor with matrix

o o O
o
—
o

(41

o o o O

Write, for the sake of brevity, g; = antidiag{1,1,1,1,1}. This matrix clearly corresponds

to the quadratic form Q = 2x1z5 + 27974 + 3. We now use the coordinate change

1 1 1 1
Ty = E(yﬁ—%); T5 = E(?A—ys)); T3 =Y3; Ta= E(?/2+y4) and xy = ﬁ(yz—w)
to see that with respect to the new basis we read off Q' = y? — y2 + 12 +y3 —y37. Evidently,
we are dealing with metric of a signature (3,2). We now invite the reader to verify that
for n = 4, the metric tensor go = antidiag{1, 1,1, 1} is of signature (2,2). Now, it is not

difficult to perceive the truth of the following fact.

Proposition 3.1.4 Let (V,g) be an n-dimensional pseudo-Euclidean vector space with

metric tensor g = antidiag{1,1,...,1}. Then the signature of g is given by

n o o
<§, 5) if n s even,

<"—1 ”_1> if n is odd.

(3.1.5)

One can easily generalise the present situation as follows. Consider two pseudo-Fuclidean
vector spaces (V7, g1) and (V5, g2). Suppose that ¢ is of signature (p1, ¢1) and that g is of

signature (pa, g2). Then we can construct the bigger pseudo-Euclidean space V =V, @&V,
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with metric tensor

g1 O
g = )
0 g0

which will be of signature (p; +p2, ¢1 +¢2). Thus, by “forgetting” the metric signature we
simply mean that we shall only consider particular matrix representations for the metric
tensor g.

We define the special orthogonal algebra associated to the nondegenerate bilinear form

g as the set

so(g)={X egl(V) | X*=-X}.

In other words, this is the set of all g-skew symmetric endomorphisms of V. This algebra,
and especially its elements, will be much exploited within this thesis. For this reason, we
shall need some working knowledge of this object. By straightforward computations we

summarise it in the following proposition.

Proposition 3.1.6 The matriz representation of s0(g) with respect to the canonical basis

(Proposition 3.1.1) is given by the block matriz

Xll X12 e Xlk

XQI X22 e X2k
X =

Xpp o o X

with entries satisfying Xj; = —g; X, g;.

Evidently, the relation X; = —ngJ g; readily implies that the diagonal blocks of X

are skew-symmetric matrices with respect to their anti-diagonal. As for the off-diagonal
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entries, we easily perceive the following relation

Z11 e xln]’ _:Cninj e _xln]'

Xg=1 : "~ = Xji= : : : (3.1.7)

MO xninj —Tp,1 e —211

The moment is now ripe for the following remark. If we bear in mind the signature of the

metric we would rather have spoken about the Lie algebra
so(p,q) = {X € gl(n,R) | X"E,, + E,,X = 0},

where E, , = diag(1,...,1,-1,....-1). However, this does not represent any different situation
—— ——

p q
as it is not difficult to comprehend the isomorphism so(p, ¢) = so(g). Yet again our choice

to “forget” the metric’s signature is being justified. Henceforth we shall only think of and
work with so(g).

We are now ready to define the principal object of investigation of this thesis. Let L be
a linear operator acting on a pseudo-Euclidean vector space (V,g). Then the centraliser

of L in the Lie algebra so(g) is defined as the set
gr ={X €so(g) | XL—-LX =0}.

It is not difficult to observe that g is a Lie subalgebra of so(g). This fact along with

Proposition 3.1.6 bring about the following proposition.

Proposition 3.1.8 The matrix representation of g with respect to the canonical basis
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(Proposition 3.1.1) is given by

0 A12 Alkz 0 0 a1 Q9 (0779
Ay 0 : 0 -~ 0 0 «
. with Aij = ! s
Akfl,k: (&%)
A o Aggp— O O -~ 0 0 -+ 0 m

foralli < j and a; € R.

Clearly, A;; = — ngZ-Tj g; is satisfied and A;; is a upper-triangular square matrix whenever
n;, = n;. Further, we fix ¢ and j, so that ¢ < j, and write m;; for the subspace of g,
consisting of matrices with only non-zero block entries A;; and Aj; for fixed ¢ < j . Then

assuming n; < n;, Proposition 3.1.8 has the following corollary.

Corollary 3.1.9 The subspace my; is a commutative subalgebra of g1, (i < j) and is of
dimension n;. Furthermore, as a vector space, gy, is the direct sum Zmij. In particular,

1<J
k

dimg, = Z(k: —i)n;.

i=1
This, elementary at first glance, corollary will later play an important role in our consid-
erations.

At this juncture the following remark needs to be stressed. A linear operator L is
called regular if and only if each of its eigenvalues corresponds to a unique Jordan block.
Otherwise, L will be called singular. Notice that Proposition 3.1.8 makes sense only for
singular g-symmetric operators. If L is a regular g-symmetric operator, then its centraliser

in so(g) is trivial, i.e., g, = {0}. Let us demonstrate this fact in one simple example.
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Assume that we are given

A 110 0 0 10 0

0O N0 O 1 0/0 0
L= and g = | ———
0 Ojp 1 010 1

0 1 0 0|1 O

Let X € s0(g). Then, in order to compute gz, we need to solve the matrix equation

XL =LX.
Using Proposition 3.1.6 we write
a 0 |c d
0 —ale f
X =
—f —=d|b 0
—e —c |0 —=b

and immediately observe that to find g; we only need to solve, in terms of a, b, ¢, d, e and

f, the following system of linear equations.

(/\a:a)\ (O:O (—fu—e:—f)\ —el = —eA
—a=a —Aa = —M\a —dpy—c=—f—d\ —uc=—e— X
Ac+e=cu e = el by = bu 0=0
\/\d+f:c+d,u KAe#—fu \_b:b \—bu:—b,u

Evidently, a = b = 0, regardless the values of A\ and p. Furthermore, it is readily seen

that A # p immediately implies that ¢ = d = e = f = 0. Thus, from now on we shall
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only consider singular operators.
Bearing Propositions 3.1.6 and 3.1.8 in mind, we set up the following convenient
notation. From now on, by the (2;2) - case we shall understand that L, g, so(g) and g,

have the following matrix representations.

0O 1/0 O 0 1/]0 0
0 0|0 O 1 0/0 O
L = _— g —= _—
0 0|0 1 0 0|0 1
0 0|0 O 0 0|1 O
T 0 |22 3 0 0 la b
0 —x1|24 x5 0 0 10 a
s0(g) = gL =
—T5 —T3 | Tg 0 —a —-b|0 0

(22) whenever dealing with this case. Similarly,

For brevity, we shall occasionally write L
we shall speak about the (k;n)-case, (k;n;l)-case and so on. Thus, we shall respectively
use the shorthand L*™) L& ete. Similarly, for the corresponding centralisers we shall
write g™ g™l ege.

It is a well-known fact that, for a given vector space V, we naturally identify A2V

with so(n). We extend it to the following proposition.

Proposition 3.1.10 For any pseudo-Euclidean vector space (V,g) we have the identifi-

cation A*V = s0(g).

Proof. One can easily check that for all u;,v; € Vi =1,2

[ug Aug, v1 Ava] = g(ug, v1)ug A vy + g(ug, va)ug A vy — g(ug, vo)ug Avy — g(ug, v1)ug Ave,

defines a Lie bracket on A?V. Let us consider the map ¢ : A2V — s0(g) defined by
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uANv— u® g(v) —v® g(u) for any u,v € V. To prove that it is well-defined it is
sufficient to show that <gp(u A U)) = —p(u A v). This relation is by definition rewritten
as g((p(u Av)a, b) = g(a, —p(u A v)b) for all u,v,a,b € V. Thus, writing for brevity

X = ¢(u Av), we compute

g(Xa.b) = g(Qw%mﬁ—v®gWDaﬁ>=g<@r9@¢w—v'ﬂ%aﬁﬁ>

= g(u-9(v.0).) = g(v-9(u.0).b) = g(v, @)g(u, ) — gl a)g(v,b).

Similarly, g(Xb,a) = g(v,b)g(u,a) — g(u,b)g(v,a) and therefore our map is well-defined.
Finally, we compute go([ul Ag, U1 /\w]) = [gp(ul Aug), p(vq /\112)] and since ¢ is bijective

by definition, we conclude that A?V 2 s0(g). O

Note that this identification will play a profound role in the sequel. Namely by its virtue,

we shall be able to view Manakov operators as formal curvature operators.

3.2 A glimpse of holonomy

This section is aimed at acquainting the reader with the concept of holonomy. Alas, by
no means could this notion be unveiled in all of its glory within the scope of a doctoral
dissertation. Thus, we unavoidably endeavour a rather brief discussion on the minimum
background required for our inquiry. More specifically, we define the notion of a holon-
omy group and sketch some of its foremost properties. We thenceforth conclude this
section with a definition of Berger algebras, which are of paramount importance for our
investigation. The exposition herein is mostly influenced by the monographs [Bes] and
[Joy4] to which the reader is referred for a more thorough treatment on this matter. The
well-known text books [KN] and [Sal] are highly recommended as well.

Although, the principal inquiry of this thesis is primarily interested in a smooth con-
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nected pseudo-Riemannian manifold (M, g) equipped with a Levi-Civita connection V, we
shall adopt, in this section, the more general language of vector bundles. This, we believe,
will not lead to any confusion as the discussion we are about to embark on can be easily
given in terms of the tangent bundle. Thus, by the end of this section we shall consider
a vector bundle E — M over a smooth connected manifold M with connection V¥. Let
v : [0,1] — M be a smooth curve in M. We know from the theory of vector bundles
that the pull-back v*(E) of E to the interval [0, 1] is a vector bundle over [0, 1] with fibre
E,@ over the points ¢ € [0, 1], where E, is the fibre of E over x € M. To add rigour,
note that the connection on the bundle v*(E) over [0, 1] is the pull back of the connection
VE. Nevertheless, we shall not use different notation for the pull-back connection as it
should be clear from the context which connection is being used. We shall write s for the
sections of the vector bundle v*(E) — [0, 1]. The values of s lie on the fibres and are
denoted s(t) € E, ) for each t € [0,1]. The section s is called parallel if for all t € [0, 1]
we have VEs(t) = 0, where 4(t) = $£7(t) € T, »)M. Now, assuming that v(0) = 2 and
(1) = y, we have that for each e € E, there exists a unique smooth section s of v*(E)
satisfying VEs(t) = 0 for all ¢ € [0, 1] and with s(0) = €. In this language the parallel
transport map along the curve 7 is defined as P, : E, — E, with P, (e) = s(1). We are
now in a position to establish that the parallel transport map along any piecewise smooth
curve is invertible and that a composition of parallel transports along a concatenation of
two piecewise smooth curves is a parallel transport as well. For this purpose we assume
that for z,y,z € M, a and 8 are two piecewise smooth curves in M such that «(0) = z,
a(l) =y = £(0) and (1) = 2. Then, we define the inverse of the piecewise smooth curve

« as

a t(t) =a(l —1),

31t is indeed obvious as Vgs(t) = 0 is a system of first order ordinary differential equations for s(t)
and the uniqueness of the solution to its initial value problem is a well-known fact.
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and the composition of o and 3 as

a(2t) if 0<t <y,
pa(t) =
B2t—1) if $<t<1

Clearly, ™! and Ba are piecewise smooth curves in M with a=(0) = y, a!(1) = z,
Ba(0) = x and Sa(l) = z. We can now prove that the parallel transport map is invertible.
To do so, we suppose that e, € E, and P,(e,;) = e, € E,. There exists a unique parallel
section s of a'(E) with s(0) = e, and s(1) = e,. It is not difficult to observe that
s'(t) = s(1 —t) is a parallel section of (a«™)*(E) and since s'(0) = ¢, and §'(1) = e,
it immediately follows that P,-1(e,) = e,. Clearly, the latter justifies the fact that P,
and P,-1 are inverse maps. By analogy, we establish the law of composition of parallel

transports, namely P,3 = P, o Pg. We further write

L,(M) = {y:[0,1] = M | 7(0) =~(1) = p}

for the set of all smooth loops v on M based at a point p. It is then apparent that
a taf € L,(M) provided «, 8 € L,(M). From above we know that P,-» = P;! and
P,3 = P, o P3. Furthermore, the existence of the identity parallel transport as well
as the fact that the associativity of “o” is naturally inherited from the one in GL(E,)
is obvious. Thus, these observations bring about the following definition. The set of all
parallel transports along all smooth loops based at a point p, is called the holonomy group

of the connection V¥ at p. Formally, we write

Hol, (V") = {P, | 7 € £,(M)} C GL(E,).

It naturally raises the question of how does the holonomy change at different points on our
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manifold? To answer this question we consider a piecewise smooth path v : [0,1] — M
with v(0) = p and (1) = ¢. Let P, : E, — E, be the parallel transport map along ~.

!is a loop based at the point g.

Then, if « is a loop based at the point p, then clearly yay™
In our notation this simply means that P,,,-1 = P, o0 P, o P 1. Hence, if P, € Hol,(V¥)
then P, o P, o P ' € Hol,(V¥). We thus perceive that the holonomy groups at different

points are isomorphic by conjugation, that is
P, 0 Hol, (V") o P;' = Hol, (V7). (3.2.1)

Furthermore, suppose that the fibres of E are n-dimensional vector spaces over R. It is
then clear that the identification E, = R" induces the isomorphism GL(E) = GL(n,R).
Thus, the holonomy group Hol,(V¥) may be thought of as a subgroup H of GL(n,R). If,
in addition, we choose another identification of the fibre E, with R", we instead end up
with the group aHa ! for some a € GL(n,R). We have therefore proven the following

important property of the holonomy group.

Proposition 3.2.2 Let M be a connected manifold, E a vector bundle over M with fibre
R", and V® a connection on E. For each p € M, the holonomy group Hol,(V¥) may be

regarded as a subgroup GL(n,R) defined up to conjugation in GL(n,R).

This property of the holonomy group tells us that, up to conjugation of groups, Hol,(V¥)
is independent of the choice of base point p. Thus, in this sense, the holonomy group
may be regarded as a global invariant of the connection. By virtue of this proposition,
we may also disregard the subscript = and simply denote the holonomy group of V¥ by
Hol(VE) c GL(n,R), presuming that two subgroups of GL(n, R) are equivalent provided
they are conjugate in GL(n, R). Next, assuming that M is simply connected, we have the

following result.
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Proposition 3.2.3 Let M be a simply-connected manifold, E a vector bundle over M
with fibre R™, and V¥ a connection on E. Then Hol(VY) is a connected Lie subgroup of

GL(n,R).

We shall not dwell on the proof of this statement, which the reader can find in [Joy4].
Nevertheless, the power of this fact will be used immediately. Indeed, the first question
in mind now should be what happens when M is not simply connected? In this case it
is convenient to consider the restricted holonomy group. To define it, we fix x € M and
recall that v € £,(M) is called null-homotopic if it can be contracted to the constant loop
at x, which is the point x itself. We shall denote the set of all null-homotopic loops in M
based at the point z as £%(M). We then define the restricted holonomy group Hol®(V¥)

of the connection V¥ to be
Hol) (V") = {P, |y € LY(M)} C GL(E,).

It immediately follows from this definition that Hol?(V¥) C Hol,(V®). Also, as earlier,
we may regard Hol? (V®) as a subgroup of GL(n, R) which is independent of the base point
x, and may omit the subscript = and write Hol’(V®). The most important properties of

the restricted holonomy group are given in the following proposition.

Proposition 3.2.4 Let M be a connected manifold, E a vector bundle over M with fibre

R"™, and V¥ a connection on E. Then Hol’(V®) is a connected Lie subgroup of GL(n,R).
It is the connected component of the identity of Hol(V®). Moreover, Hol’(V®) is a normal

subgroup of Hol(V¥®) and there is a natural, surjective group homomorphism
¢ : m (M) — Hol(V¥) /Hol’(V¥),

where (M) is the fundamental group of M.
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Proof. The fact that Hol’(V*) is a connected Lie subgroup of GL(n, R) is immediately
guaranteed by Proposition 3.2.3. Now, fix x € M and let a € £,(M), 8 € L2(M). Tt is
then not difficult to observe that aBa~" € £2(M). This ensures that P,g,-1 = P, P3Pyt
lies in Hol’(V¥) for P, € Hol(VE) and P; € Hol’(V¥). Thus, the restricted holonomy
group Hol’(V¥) is a normal subgroup of Hol(V*). Next we consider v € £,(M) and write
[v] for its corresponding element of the fundamental group m;(M). We then define the

map

¢ : m (M) — Hol(V*) /Hol’(VF)

[y] = P, - Hol°(V"). (3.2.5)

It is clear that (3.2.5) is by definition surjective. Since P! - Hol’(V¥®) - P,, = Hol’(V¥),

for any two [n], [12] € m (M) we compute

d([nlhe)) = é(m])e([r]) = P, - Hol’(VF) - P, - Hol’(VF)
= P, P, P -Hol"(V")- P, - Hol’(V")

= P, P, -Hol' (V") = P, - Hol’(V"),

and therefore (3.2.5) is a group homomorphism. At this point we recall the fact that
the fundamental group m (M) is countable. Then, the surjective homomorphism (3.2.5)
implies that the quotient group Hol(V¥) /Hol’(VF) is countable too. Hence the restricted
holonomy group Hol?(VF) is the connected component of Hol(V¥) containing the iden-

tity. ([l

Notice that as an immediate corollary we have that if M is a simply-connected manifold
then Hol(VF) = Hol”(VF). However, the most important part of this proposition for

the purposes of this section is the fact that Hol’(V") is the connected component of the
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identity of Hol(V¥). This enables us to pass from Lie groups to Lie algebras. We define
the holonomy algebra hol (V) of the connection VF to be the Lie algebra of Hol”(VF).
It is a Lie subalgebra of the endomorphisms End(E,) of the fibre E,. Nevertheless, in
analogy to holonomy groups, it will be convenient to assume E, = R" and therefore
the holonomy algebra hol(VE) of the restricted holonomy group will be regarded as a
Lie subalgebra of gé(n,R) defined up to the adjoint action of GL(n,R). It deserves
to be noticed at this juncture that the Lie algebras of Hol?(V¥) and Hol(V®) coincide
since the former is the identity component of the latter. For computational reasons,
in this thesis holonomy algebras will be preferred. It now raises the question: How do
we compute holonomy? The answer is given by the famous Ambrose-Singer holonomy
theorem [AS]. We need the following brief discussion before stating the theorem. The
definition of curvature for a connection of a vector bundle is not any different than the
one we already mentioned for the case of a tangent bundle (see Chapter 2). Namely, for
a connection V¥ on a vector bundle E — M there exists a unique 2-form R(VF) such
that it defines the multilinear map R(E) : I'(TM) x I'(TM) x I'(E) — I'(E) given by
R(VE)(&,n)o = VeVyo — V,Veo — Vi 0. Notice that the values of R(VF) are in the
endomorphism bundle End(E) = E ® E*, that is R(VY) € End(E) ® A*’TM*. Now, for a
given point © € M we consider a piecewise smooth curve v : [0,1] — M with 7(0) = z
and v(1) = y and the parallel transport map P, : E, — E,. For &,n € T,M we set
R,(&,m) = Py oR(VF) <P7§ , Pm) o P, which is clearly an endomorphism of the fibre E,.

With this notation in mind we can now state the Ambrose-Singer holonomy theorem.

Theorem 3.2.6 (Ambrose - Singer Holonomy Theorem) Let M be a manifold, E
a vector bundle over M, and V® a connection on E. Fiz x € M, so that hol (V) is a Lie
subalgebra of End(E,). Then hol,(VE) is the vector subspace of End(E,) spanned by the

elements of R.(&,n) for all piecewise smooth curves .

This theorem tells us that the curvature R(V¥) determines the holonomy algebra hol (V)
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and hence the restricted holonomy group Hol”(V¥). For instance, if V¥ is flat, then
R(V®) = 0. This implies hol,(V*) = {0}, which is Hol’(VF) = {1}.

At this juncture we arrive at the definition of a Berger algebra. Let us first remind
the reader that a map R : A’V — gl(V) is called a formal curvature tensor if it satisfies

the Bianchi identity, which is
R(u Av)w+ R(v Aw)u+ R(w Au)v =0 for all u,v,w € V.

This definition simply means that R, viewed as a tensor of type (1,3), satisfies all the
algebraic properties of a curvature tensor of a torsion free connection. According to
the Ambrose-Singer theorem the Lie algebra of the holonomy group is generated by the

operators of the form R(u A v). This motivates the following definition.

Definition 3.2.7 Let h C gl(V') be a Lie subalgebra. Consider the set of all formal

curvature tensors R : A2V — gl(V') such that Tm R C b:
R(H) ={R: AV = b | RuAv)w+ RlvAw)u+ RlwAu)v=0, u,v,w € V}.

We say that by is a Berger algebra if it is generated as a vector space by the images of the

formal curvature tensors R € R(h), which is h = span{R(u Av) | R € R(h), u,v € V}.

The Berger’s criterion stated in Chapter 1 in this case can be reformulated as follows. Let
V be a Levi-Civita connection on M. Then the Lie algebra hol (V) of its holonomy group

Hol (V) is a Berger algebra.

3.3 A scent of integrability: Manakov operators

In this section we shall only take a peek at the vast field of integrable systems. Our

goal is to acquaint the reader with Manakov operators which play a profound role in this
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dissertation. We shall give one particular example of a Manakov operator that will be
much exploited in the next two chapters.

First and foremost, it deserves to be noticed that not only are Manakov operators
interesting in their own right, but they also play an important role in the theory of
integrable systems. For this reason we briefly mention a few words about their origin. It
all goes back to classical mechanics and the problem of describing the motion of a three-
dimensional rigid body around a fixed point. The dynamics of such a body is governed
by a system of six first order ordinary differential equations, which are collectively known
as the Fuler-Poisson equations. Their integration turned out to be rather nontrivial and
this resulted in the birth of the theory of Hamiltonian dynamical systems and Liouville
integrability?. We have neither the time nor the room for a thorough discussion and to
cut a long story short, let us consider the special case of motion of a three-dimensional
rigid body fixed at its centre of mass. Now, the dynamics is described by the system of
differential equations

. A=A A3 . A= A3
T = z = Iz 2= T2

(3.3.1)

known as the Euler equations. It is a remarkable fact that the system (3.3.1) has an
intimate relationship with the three dimensional Lie algebra so(3) of the rotation group
SO(3). Indeed, we observe that by identifying the vectors (z,y,2) € R? with the skew-

symmetric matrices

0 z v
X = —T 0 z )
-y —z 0

we comprehend the isomorphism R? 2 s0(3). Clearly, by virtue of this observation one

4Not to be confused with the notion of Frobenius integrability which deals with overdetermined dif-
ferential systems.
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may neatly rewrite the Euler equations (3.3.1) in a matrix form. More importantly,
this situation naturally generalises to the n-dimensional case and initiates the study of
Hamiltonian systems on suitable Lie algebras. Indeed, following the famous two-page
paper of Sergey Manakov [Man], we consider a linear operator A : so(n) — so(n).
Then, it can be shown that writing AQ2 = M for Q) € so(n), the Euler equations are given
by the following matrix equation

M = [M, €. (3.3.2)

Manakov confined himself to the case of free rotation of a multidimensional body. In that

case we have that

M = JQ + QJ,

where J is symmetric positive-definite matrix and is called the inertia tensor. Thus, the

equation (3.3.2) can be rewritten in the form
JO+ QT = [J, Q7. (3.3.3)

Under these assumptions, Manakov proved that for any finite dimension n the equation

(3.3.3) has
n] n(n —1)
2

single-valued integrals of motion and that its general solution is expressible in terms of
f-functions on Riemann surfaces. This was a remarkable result published in a remarkably
short paper. For our purposes, however, the consequences of this paper are more impor-
tant. The work of Manakov swiftly resulted in the introduction of one important class
of operators - the Manakov operators. We say that a linear map R : so(n) — so(n) is

a Manakov operator, if R is self-adjoint with respect to the Killing form and satisfies the
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algebraic identity
[R(X), L] = [X, M], (3.3.4)

for all X € so(n) and some fixed nonzero symmetric matrices L and M.5 Shortly after
his paper, Manakov’s ideas were further developed by A. Mischenko and A. Fomenko
[IMF] who proved the following important result. Before stating it, we wish to remind the

reader that B(-,-) denotes the Killing form of the Lie algebra so(n).

Theorem 3.3.5 (Manakov, Mischenko & Fomenko) Let R : so(n) — so(n) be a
Manakov operator and let H = iB(R(X), X) be a Hamiltonian on so(n). Then the Buler

equations on so(n) have the form

dx
= [R(X).X], (3.3.6)

admit the following Lax representation with a spectral parameter A

%(X FAL) = [R(X) + AM, X + AL

and therefore possess first integrals of the form Tr (X + AL)*. These integrals commute
and, if L is reqular, form a complete family in involution so that the Fuler equations

(3.3.6) are completely integrable.

The following remark needs to be noticed at this point. The form of the Euler equations
(3.3.6) is not accidental. A general picture in the theory of Hamiltonian dynamics on
semi-simple Lie algebras is the following. A real valued function H : ¢ — R on a
semisimple Lie algebra g is called a Hamiltonian. Since the Killing form B(-,-) on g
induces an isomorphism g = g*, we have that dH(X) € g for all X € g. Then, it can be

shown that the Euler equations have the form

5Notice that M and M bear absolutely different meanings.

38



X = [dH(X), X]. (3.3.7)

More importantly, Theorem 3.3.5 was generalised for arbitrary semisimple Lie algebras by
Mischenko and Fomenko [MF]. We now know from their work that if so(n) is replaced by
50(p, ¢) then the construction above essentially remains the same. Thus, for the purposes
of the present work, we shall think of Manakov operators as the maps R : so(g) — so(g),
which are self-adjoint with respect to the Killing form on s0(g) and obeying the algebraic
identity (3.3.4). We shall not go any further or deeper into the theory of integrable
systems. The reader may consult the books [FT| and [Fom] for more details.

Looking yet again at the algebraic identity (3.3.4), we now wish to derive an explicit
formula for R(X'). We first observe that the adjoint invariance of the Killing form on so(g)
and the identity (3.3.4) imply [M, L] = 0. This is immediately seen from the following

simple computation. For all X € so(n) we have

B([M,L],X) _ —B(L,[M,X]):B(L,[X,M])

Thus, M can be represented as a polynomial of L. Writing M = p(L) we are motivated

to define the map R : s0(g) — s0(g) given by the formula®

R(X)

p(L+1tX). (3.3.8)

t=0

Tt

We shall now show that this map satisfies the identity (3.3.4). To see this, it is sufficient

6Notice that this formula represents only one particular solution of the algebraic identity (3.3.4).
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to consider the obvious formula

[p(L +tX), L+ tX] = 0.

Differentiating it with respect to ¢ we quickly get

[E p(L+tX),L] +[p(L), X] = 0,

t=0

which is [R(X), L] + [M, X] = 0, as required. We are thus in possession of an algebraic
formula defining a Manakov operator. It is this formula (3.3.8) which introduces to
holonomy theory a new method of constructing pseudo-Riemannian metrics of arbitrary
signature with a given holonomy algebra gy.

At this juncture, as we leave this section, we shall re-enter the field of differential
geometry but from a rather unusual perspective. We wish to remind the reader that the
formal curvature tensor for the Lie algebra s0(g) is the map R : A’V — so(g) satisfying
the Bianchi identity. Now, due to the identification of A*V with s0(g), we can think of the
formal curvature tensor as the map R : s0(g) — s0(g). Further, the symmetry property
Rij i = Ry ij immediately implies that R is self-adjoint with respect to the Killing form on
50(g). This means that there is a good chance that Manakov operators relate to curvature
in a nice way. We thus naturally raise the question: Do sectional operators satisfy the
Bianchi identity? In Section 4.2 we shall see that the Manakov operator defined by (3.3.8)

does satisfy the Bianchi identity.

3.4 Projectively equivalent metrics

In this section we shift our attention to the theory of projectively equivalent metrics.
Although these will not explicitly be used in the subsequent chapters, they deserve a brief

mention. The reason for this is that the principle motivation for this work stems from
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Theorem 3.5.8 (see next section), which blends together projectively equivalent metrics
with Manakov operators.

To begin our discussion we let (M, ¢g) be a (pseudo)-Riemannian manifold of dimension
n > 2. Let us also choose another metric g on M and look at the geodesics of both metrics
g and ¢ as unparametrised curves. If the geodesics of these two metrics coincide, then
the metric g is said to be projectively equivalent to g. Furthermore, we shall call g and
g affinely equivalent whenever their geodesics coincide as parametrised curves. To secure
a greater clearness of view, we offer one basic example due to Beltrami [Bel]. It possibly
stands as the very first example known in this area. Let us consider the half-sphere S?

and the Euclidean plane E?, respectively defined by

S?={(m,y,2) eR*|2® + > +2° =1, 2 <0} and E* = {(2,9,2) € R® | 2 = —1}.

Traditionally, S? is centred at the origin O = (0,0, 0) of some Cartesian coordinate system
in R3. We define, in the usual manner, a stereographic projection f : S? — E? with
respect to the origin O. Geometrically speaking, every point x € S? is taken to a point
f(x) € E? by means of a straight line passing through O,x and f(x). It now must be
intuitive, if not obvious, that f is a diffeomorphism sending the great circles in S? to the
straight lines in E?. In other words, the round metric on S? is projectively equivalent
to the Euclidean metric in E2. It is well-known that this example can be generalised for
all dimensions as well as for hyperbolic spaces. Hence, it naturally raises the following

general question.

Problem 1 (Beltrami) Describe all possible projectively equivalent metrics.

Notice that in the example above S? is a manifold of constant curvature. As a matter of
fact, it has been known for a long time that all spaces of constant curvature are locally

projectively equivalent. The Beltrami problem for Riemannian metrics of non-constant
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curvature was answered in 1896 by a famous theorem of Levi-Civita [Lev]. In order to
state his remarkable result, we need the following definition. Two metrics ¢ and ¢ on
M are called strictly non-proportional at the point z € M if the (1,1)-tensor g~'g has n

different eigenvalues at x. We then have the following theorem.

Theorem 3.4.1 (Levi-Civita) Suppose that there are two metrics g and g on M which
are strictly non-proportional at the point p. Then there exists a sufficiently small local
coordinate system U € M such that the two metrics are projectively equivalent on U if

and only if they are given by

152 = 3" | T (Rt - B |aguy 342

and

where F; is a positive function only of the variable u® for all i.

For visual simplicity, let us consider the following two dimensional example. Write u', u?

for the local coordinates and let F;(u') and Fy(u?) be positive functions. Then the metrics

ds? = (Fl(ul) — Fg(u2)> (d(u1)2 + d(u2)2> (3.4.4)

(ot 1 ) (de) de?y
- (FZ(UZ) Fl(ul)> (F1(u1) + F2(u2)> (3.4.5)

are projectively equivalent. It is a straightforward verification that for n = 2 the metrics

and

ds

@

(3.4.2) and (3.4.3) respectively reduce to (3.4.4) and (3.4.5). After re-expressing them in
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their respective matrix forms

1 2 Fi(ul)—Fp(u?)
g Fi(u') — Fy(u®) 0 and §— @R 0

wl)— u?
0 Fy(u') — Fy(u?) 0 A

we effortlessly compute
979 = Fi(u') F(u?) )

which guarantees that our metrics are strictly non-proportional. It is here that we must
give a deserved credit to Dini, who actually first proved the two dimensional version of
Theorem 3.4.1 in his work [Din| dating back to 1869. An analogue of Dini’s theorem for
pseudo-Riemannian metrics can be found in [BMP]. We learn from this paper that the

pseudo-Riemannian metrics of the form

ds? = (Fl(ul) — FQ(u2)> (d(u1)2 - d(u2)2> (3.4.6)

and

ds

@ N

(ot L) (d) d@y
_<F2(“2) Fl(u1)> <F1(u1) Fz(u2)> (3.4.7)

are projectively equivalent”. Unfortunately, apart from this particular case, Theorem
3.4.1 does not have a higher dimensional analogue on pseudo-Riemannian manifolds.
Looking more generally on this matter, one is naturally bound for seeking suitable
transformations on arbitrary (pseudo)-Riemannian manifold (M, ¢g) sending a metric to
its equivalent. This necessitates the following general framework. A diffeomorphism

F : M — M is called a projective (an affine) transformation on (M, g) if the pull-

"Compare with the Riemannian metrics (3.4.4) and (3.4.5).
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back metric F*g is projectively (affinely) equivalent to g. It is not difficult to convince
ourselves that the set of all projective transformations is a group. Then immediately
arises the question “how does this group differ to the isometry group of (M, ¢)?” It can be
shown that the group of projective transformations of the standard sphere S™ is bigger
than its isometry group. Whence we arrive at the second most important problem in this

area.

Problem 2 Which (pseudo)-Riemannian manifolds (M, g) admit a group of projective

transformations bigger than their isometry group?

At this moment we shall leave the world of projectively equivalent metrics. For further
details on Problems 1 and 2 the reader is referred to the survey papers [Ami, Mat] as well

as the recent preprint [BM2].

3.5 The Motivation of this thesis

The motivation of a mathematical work of any kind is usually delivered at its beginning.
However, we deliberately violate this custom and proclaim the motivation of this thesis
at a rather later stage. By the end of this section, we hope, the reader would agree with
the author’s opinion that this is indeed the right place for such a discussion.

Recall that in the Preface, we visualised our work with the following diagram

Holonomy

Integrable Proj EfCtIVely
Systems » Equivalent
g Metrics
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In the previous three sections, each of the blocks of this diagram was discussed to an
extent, sufficient for our inquiry. In this section, our goal is to throw some light on the

relationships
Holonomy <— Projectively equivalent metrics
and
Integrable Systems +— Projectively equivalent metrics®.

To begin with, assume that g and g are two pseudo-Riemannian metrics on a pseudo-
Riemannian manifold M. We write V and V for their corresponding Levi-Civita connec-
tions. Recall that the geodesics for g and g are respectively given as the solutions to the

the following second order ordinary differential equations

d2u(t) y dut(t) du”(t)

dt? e dt dt 0,

(3.5.1)
d?ar(t) -, dut(t)dar(t)
de? e dqt dt

If we now insist that our metrics are affinely equivalent, then equations (3.5.1) immediately

affirm I, = I "~ This, in turn, justifies
Vi =0. (3.5.2)

Furthermore, due to the standard one-to-one correspondence between symmetric bilinear
forms and g-symmetric operators, the metric § can be substituted with a suitable (1,1)-
tensor field on M in the following sense. For any pair of tangent vectors £ and n, we

define

g(&;m) = g(L&,m). (3.5.3)

8The relationship Holonomy +— Integrable systems will be unveiled in Chapters 4 and 5.
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Now, bearing this identity in mind, it is readily seen that (3.5.2) implies VL = 0. Thus, by
virtue of (3.5.2) and (3.5.3), we apprehend that the classification of the affinely equivalent
pairs g and g is tantamount to the classification of the pairs g and L, provided VL = 0 and
L is g-symmetric. This latter problem was partially solved by Kruckovi¢ and Solodovnikov
[KS]. In their approach, however, no use of holonomy was made. It turns out that the
existence of a covariantly constant (1, 1)-tensor field on M is the key, enabling us to look
at the classification of the pairs g and L from the perspective of holonomy. Indeed, one

can easily perceive the truth of the following proposition.

Proposition 3.5.4 Consider the group GY = {X € SO%g) | XLX~' = L}, where
SO°(g) is the connected component of the identity of the group SO(g). Then, the connec-

tion V admits a covariantly constant (1,1)-tensor field if and only if Hol(V) C GY.

Proof. Let v be an arbitrary smooth curve on M. There exists an appropriate parallel
transport P, along 7 such that the condition V. L = 0 is equivalent to P, LP L' = L. This
clearly implies P,L = LP,. Now, as some of these parallel transports will be along closed

loops, we readily conclude that Hol(V) C GY. O

At this juncture, the following remarks worth mentioning. Firstly, by L we understand
the value of the (1,1)-tensor field at any fixed point zo € M. Secondly, the choice of
ro € M does not play any important role, as L is covariantly constant. Thus, Proposition

3.5.4 naturally raises the question.

Are there any pairs g and L on a pseudo-Riemannian manifold, with VL = 0 such that

Hol(V)=GY?

In this thesis we shall give an affirmative answer to this question. Our approach will be

primarily inspired by a remarkable relationship between the areas of integrable systems
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and projectively equivalent metrics. This rather unexpected relationship was recently
noticed by A. Bolsinov, V. Kiosak and V. Matveev [BKM]. Incredibly, the main theorem
of the latter paper is given two alternative proofs. Although this is a result generically
concerned with projective equivalence of pseudo-Riemannian metrics, one of the proofs
offered in [BKM] uses ideas from the theory of integrable systems on semisimple Lie al-
gebras. Thus, in order to achieve a greater clarity, it is necessary to briefly outline the

aforementioned paper. Its main result is the following theorem.

Theorem 3.5.5 (Bolsinov, Kiosak & Matveev) Let g, g and g be three projectively
equivalent metrics on a connected manifold M™ of dimension n > 3. Suppose there exists
a point at which g, g and g are linearly independent. Then, the metrics g, g and g have

constant curvature.

It is worth noting that a local version of this theorem in the case of Riemannian metrics
was known to Fubini [Fubl, Fub2|. His proof, however, was based on the Levi-Civita
theorem (see Theorem 3.4.1) and hence is not applicable in the pseudo-Riemannian case.
We must also note that in the two dimensional case as well as the case of metrics which
are not strictly non-proportional, counterexamples of Theorem 3.5.5 are known (see for
instance [BMM, Koe, Sha, Soll, Sol2, Sol3]). We also note that, despite the global nature
of Theorem 3.5.5, it is sufficient to give a local proof. This is secured by the following
two facts. Firstly, if the metrics ¢, ¢ and g are linearly dependent at every point of some
neighbourhood of M, then they are linearly dependent at every point of the manifold.
Secondly, if two projectively equivalent metrics are strictly non-proportional at least at
one point, then they are strictly non-proportional at almost every point. For proofs the
reader may consult [BKM].

A key point for both of the proofs of Theorem 3.5.5 is the following tensor reformulation

of the projective equivalence property of two metrics. Given the metrics g and g we
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consider the (0, 2)-tensor
1

det(g) |+ N
L = Qa0 g
J det(g) g Oég gjﬂ
and the function
1
A= =Las9*".
9 BY

Then, under these assumptions, we have the following criterion for projective equivalence

of two metrics.

Theorem 3.5.6 The metrics g and g are projectively equivalent if and only if

o\ o\
ViLij = 550k + 559k, (3.5.7)

where the covariant derivative is taken with respect to the metric g.

This reformulation was suggested by Sinjukov [Sin], but the reader may also wish to refer
to [BM1, EM]. Now, the proof of Theorem 3.5.5 mostly constitutes an analysis of the
integrability (compatibility) conditions of (3.5.7). These, being of indirect interest for
our work, are omitted. However, bearing in mind the fact that the Riemann curvature
operator can be thought of as the map R : so(g) — so0(g), a tedious computation

establishes that the compatibility conditions of (3.5.7) can be rewritten in the form

Thus, we arrive at the following result.
Theorem 3.5.8 (Bolsinov, Kiosak & Matveev) If g and g are projectively equiva-

lent, then the curvature tensor of g considered as a linear map

R :s0(g) — so(g)
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1s a Manakov operator, i.e., it satisfies the identity

[R(X),L] =[X,M] forall X € so(g)

with L defined by g~'g = det L-L and M being the Hessian of 2tr L, i.e. M} = 2V'Vtr L.

The moral of this theorem is twofold. Firstly, it throws some light onto how the areas
of Integrable systems and Projectively equivalent metrics are interrelated. Secondly, if g
and g are affinely equivalent, then L is automatically covariantly constant and therefore

M = 0. Thus, the curvature tensor R satisfies a simpler equation, namely

[R(X), L] = 0.

Notice that formula (3.3.8) still defines a non-trivial operator, if p(¢) is a non-trivial
polynomial satisfying p(L) = M = 0, for example, the minimal polynomial for L. Thus,
we may well think of R(X) as an element of the Lie algebra g, which will be shown to
be the case in the next chapter. To put it another way, Theorem 3.5.8 motivates us to
look for a Manakov operator which can also be thought of as a formal curvature operator.
We shall construct such an example in the next chapter and by exploiting the power of

Manakov operators we shall conclude that g;, is a Berger algebra.
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CHAPTER 4
BERGER ALGEBRAS RELATED TO

g-SYMMETRIC OPERATORS

It is our primary concern in this chapter to prove that for a given g-symmetric operator L,
the Lie algebra g, is a Berger algebra. We begin our exposition with a detailed analysis
of the (2;2)-case and discuss how Manakov operators miraculously emerge on the horizon
of our quest. We next show that, without loss of generality, we may confine ourselves to

nilpotent g-symmetric operators. Finally, we give a proof of Theorem B.

4.1 The beginning: analysis of the (2;2)-case

Without any doubt, the abstractness and rigour of mathematics is always motivated by
simple examples illustrating its main ideas. We thus initiate this chapter by considering
a basic example first. Computational and straightforward in nature, it will both aid the
reader’s understanding of the problem and enable us to naturally conjecture the foremost
result of this chapter.

For the purposes of the present section it suffices to consider an n-dimensional pseudo-
Euclidean vector space V' with standard basis {e;}? ;. We know from our discussion in

the background Chapter 3 that to show that g, is Berger algebra it is sufficient to find
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a suitable formal curvature operator with image coinciding with gr. Thus, we would

naturally like to be able to resolve the following problem.

Problem 3 Find all maps R : A*°V — g;, such that

(V) R(e;Nejer + R(e; Aeg)ei + Rlep Aej)e; =0,
(4.1.1)

(%) ImR = g.

Certainly, the solution of this problem splits into solving the system of equations (O)
and ensuring that the solutions indeed satisfy (&). It deserves to be noticed that solving
this problem in its full generality is rather difficult and no general solution is known to
the author. The sheer difficulty, particularly lies in finding all formal curvature operators
satisfying the property (é). For good or ill, we shall not be able to derive a solution of
(4.1.1) with the aid of some standard or algorithmic procedures. Instead, we shall define
a map and check that it is a solution of (4.1.1). Fortunately, to the extent which this
thesis requires, it will suffice to construct just one suitable solution. Approaching this
problem, we observe that R(e; A e;) = —R(e; A e;) holds true for any two basis vectors.
Thus, without loss of generality we may assume ¢ < j < k. Consequently, the system of
equations (V) in (4.1.1) reduces to a smaller one. Evidently, this is a system of equations
consisting of (g) equations.

Now, in order to achieve greater clarity, we shall discuss in full detail the simplest
possible non-trivial example, namely the (2;2)-case. Recall that L(*?) is a linear operator

acting on a four dimensional space. Then by means of elementary combinatorics, the
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system of equations (©) reduces to the following four equations

R(e1 A eg)es + R(ea Aes)er + R(ez Aep)eg =0,
R(e1 A eg)es+ R(ea Aeg)er + R(eg Nep)eg =0,

(4.1.2)
R(e1 Neg)es+ R(es Aeg)er + R(es Nep)es =0,

R(es N eg)es+ R(es A eg)es + R(eg N eg)es = 0.

Bearing in mind the standard identification of the space of skew-symmetric matrices with
A2V, along with the trivial fact that the e; A e;’s form a basis for the latter, we can

justifiably rewrite the expression

x1e1 N\ es + xoey N e3 + rszeq N eyg + x40 A €3 + Tseo N ey + Tg€3 N ey

as the matrix

0 T 9 T3
—x;1 O T4 Xs

—r9 —x4 0 x4

—T3 —Ty —Tg 0

6

Now, with the aid of the coefficients z; we prescribe further the quantities a(x) = Z a;T;
i=1

6
and b(x) = Zbixi, where x;,a;,b; € R. By means of these last expressions we finally

i=1
define the map R : A2V —» gt%® so that each element of A2V is sent to

(4.1.3)

—a(z) =b(z)| O

0 —a(z)| O
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Notice that dim g

which will be important for the conclusion of this example.

(2;2)
L

= 2 and a(x) and b(z) are mutually independent quantities - a fact

We observe that, substituting (4.1.3) in the first equation of (4.1.2) we read off

0 0 a1 b 0 0 |as by 0 0 |—a2 —bo

0 0 |0 a 0 0 |0 ag 0 0| 0 —a
—a1 —-bi| 0 O —ay —=bs | 0 O as by 0 0

0 —a |0 O 0 —as| 0 O 0 a2| O 0

Treating the rest of the equations in

only to determine a; = 0, as = 0 and a4 = b,.
(4.1.2) in the same manner, we readily conclude that the only non-zero coefficients are
a5 = bg = by # 0. Furthermore, we observe that the coefficient b5 does not affect our
calculations. It is essentially an arbitrary coefficient. Write for brevity a = a5 = b3 = by
and bs; = . Thus, we have shown that there exists a non-trivial linear map, such that

it solves the system of equations (4.1.2). More succinctly, the map R : A’V — 95;2;2)

defined by
0 T Ty T3 0 0 axrs a(xs + x4) + Bas
—x; 0 Ty Xy 0 0 0 axs
-
—T2 —T4 0 Te — Qs —05(333 + 1'4) — 5%5 0 0
—xr3 —x5 —Tg O 0 —Quxs 0 0

(2;,2)

is a formal curvature operator for the Lie algebra g; The careful reader may have

already noticed that in fact axs and a(x3 + z5) + Bxs are indeed mutually independent

and therefore drawn the conclusion that g(Lz;Q)

= ImR. In other words, we have proven
that ggg) is Berger algebra.
Following the same idea we compute further a various of higher dimensional cases

only to establish that the corresponding centralisers are indeed Berger algebras. We have
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decided to append some of our results, should the reader require more worked examples.
It is by virtue of these computations that we are naturally in a position to propose the

following conjecture.

Conjecture 1 For any g-symmetric operator L acting on some pseudo-FEuclidean space

(V,g) we have that g, is a Berger algebra.

" s a Berger algebra

Incredibly, we shall end up with a generic proof of the fact that g(Lk;
for any nilpotent g-symmetric operator L*™ which will be naturally implemented into
the general proof. Beforehand, however, we shall need to take a look at the main tool
which will enable us to give an affirmative answer to our conjecture. We have arrived

at the point where we shall discuss the intimate relationship between Manakov operators

and formal curvature operators.

4.2 The magic formula

This section aims at acquainting the reader with one simple but fundamentally important
formula. Henceforth, it will be assumed that g is a pseudo-Riemannian metric on V' and
L:V — V is a g-symmetric operator with minimal polynomial p,(L). Moreover, the

identification
s0(g) = A*V  given by uNv=v®g(u) —u®g(v) forany u,v €V, (4.2.1)

will finally be exploited as was promised in the background chapter. It is this identification
which will help us to perceive the earlier mentioned relationship between Manakov oper-
ators and formal curvature operators. Let us define the linear map R : so(g) — so(g)

by means of the formula

R(X) = 5| _ prin(L +X), (4.2.2)



where ppi, is the minimal polynomial for the operator L. It has been shown in Section
3.3 that this map is a Manakov operator. We now show that it can be viewed as a formal
curvature operator as well. For this purpose, let us investigate its basic properties. Firstly,
we observe that the image of R is indeed contained in so(g), which is R(X) € so(g) for
any X € so0(g). To see this, it suffices to show that R(X)* = —R(X). By assumption, we
have that L* = L and X* = —X, which imply that

<pmin<L + tX)) = pmin(L>|< + tX*) = pmin(L - tX)

wd»

Now, using this last line along with the fact that the operations “L” and “*” commute,
we compute
rx)y = (4 (L +tX) _d ’ (L —tX)
- dt t:Opmm - dt tzopmln
= d (L+tX)=—-R(X)
- dt t:Opmln - .

We have thus shown that the map (4.2.2) is well-defined. Note that this argument ap-
plies to any polynomial, not necessarily minimal. However, the minimality condition will
shortly be exploited. Secondly, we perceive the truth of the fact that R(X) commutes
with L. In other words, we have that R(X) € g, for all X € so(g). To prove this, we

consider yet again the following identity
We now only differentiate this last expression and evaluate it at £ = 0 to obtain

d
H Punin(L + tX), L| + [pmin(L), X] = 0.
dt li=0
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Since pmin(L) = 0 we conclude that [R(X),L] = 0. It is this conclusion along with
A%V = 50(g), which motivates us viewing (4.2.2) as the map R : A’V — g;. Having
this in mind, it is a natural question to ask whether or not R satisfies the Bianchi identity.
Before proving that it indeed does, we shall derive one useful formula. Assume that L is
a nilpotent operator! of order k. Clearly, its minimal polynomial is puin(L) = L* = 0.

Bearing this in mind we write ppi, (L +tX) = (L + tX)* and see that

k—1

Puin(L +1X) = LF 41 " LFPIXLP + O(#?).
p=0
As LF = 0 we rewrite (4.2.2) as
k—1
R(X)=) LF"'XIP=L"'X+ LIM°XL 4+ LXLM? + XTI (4.233)
p=0

This formula will be very helpful in achieving our final goal. Generally speaking, by virtue
of this formula we may think of the operator (4.2.3) as R(X) = Z Cy X Dy, where Cy,
and Dy are powers of L and certainly g-symmetric operators themgelves. To prove that
(4.2.2) is a formal curvature operator it suffices to verify that the Bianchi identity holds
true for operators mapping X to C'X D for some g-symmetric operators C' and D. To put

it in another way, we only need to show that for any vectors u,v and w we have

C(uANv)Dw+ C(v Aw)Du+ C(w A u)Dv = 0. (4.2.4)

"'We shall see in Section 4.3 that for the purposes of the present inquiry it is sufficient to consider only
nilpotent operators.
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Note that v ® g(u)w = g(u,w)v holds true for any three vectors u,v and w. Then using

the identification (4.2.1) we compute

CuANv)Dw = C(v ®g(u) —u® g(v)) Dw = C(U ®g(u)Dw — u® g(v)Dw) =

= C(g(u, Duw) - v — g(v, Dw) - u) = g(u, Dw) - Cv — g(v, Dw) - Cu
Similarly, we obtain the following two relations.

C(v ANw)Du = g(w, Du) - Cv — g(v, Du) - Cw

C(w Au)Dv = g(u, Dv) - Cw — g(w, Dv) - Cu.

As both C' and D are g-symmetric operators we conclude that (4.2.4) is indeed satisfied

by any triple u,v and w. In summary, we have proven the following.

Proposition 4.2.5 Let L : V — V be a nilpotent g-symmetric operator. Then (4.2.2)

defines a formal curvature operator R : A’V ~ so0(g) — g1, for the Lie algebra gy .

This proposition tells us that R satisfies the Bianchi identity and its image is contained in
gr. But this means that the centraliser of our g-symmetric operator L is already a good
candidate for being a Berger algebra. Yet again we have arrived at Conjecture 1. Luckily,
by the end of this chapter we shall confirm that this conjecture is true. The key point of
our proof will be exactly the use of formula (4.2.2). It is kind of magic that a formula
from integrable systems could do so much work in the realm of holonomy, is it not? For
this reason, we shall henceforth refer to (4.2.2) as well as its reincarnation (4.2.3) simply

as the magic formula.
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4.3 Reduction to nilpotent g-symmetric operators

Before embarking onto proving the main result of this chapter, which has been stated as
Theorem B in the introductory chapter, the following point needs to be brought into
prominence. Without loss of generality, it suffices to prove this result only for nilpotent
g-symmetric operators?. The reduction of an arbitrary operator to a nilpotent one is
natural and is an immediate consequence of two well-known facts to be mentioned below.

Firstly, assume that ¢ is a non-degenerate bilinear form on a vector space V. Consider
an arbitrary g-symmetric operator L : V. — V. Then it is a matter of standard linear

algebra that V' decomposes into its L-invariant eigensubspaces, that is
V=VvieVd - &V,

Each V; is either a generalised eigensubspace corresponding to a real eigenvalue \;, or
one corresponding to a pair of complex conjugate eigenvalues A; and Xj. Moreover, this

decomposition is g-orthogonal, that is for any ¢ # j we have
9(Vi, V) = 0.

To see this, take the eigensubspace V; of the eigenvalue A\; and consider the operator
(L—M\;-Id)* for some k € N. Clearly, (L—);-1d)*V; = 0. Now, this operator is g-symmetric
and the eigensubspace V; is invariant under its action, that is (L — \; - Id)*V; = V; for

1 # 7. We then readily compute

0= g((L = A1)V, V;) = (Vi (L= X - 10)"V;) = g(Vi, V).

2We remind the reader that in this thesis only singular operators are of interest.
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If V; is a generalised eigensubspace corresponding to a pair of complex conjugate eigen-

values )\; and )\;, the same argument remains valid if applied to the operator

((L— A1) (L= X Id))k.

Secondly and more importantly, this decomposition naturally yields a similar decom-
position for gr. To see this, we first observe that any generalised eigensubpace V; is

invariant under the action of an operator X commuting with L. This immediately justi-

fies
G =G x--- xGY, (4.3.1)

where the Lie subgroups GY are naturally associated with their corresponding generalised
eigensubspace V;. Moreover, Y is the connected component of the centraliser of L; = L|y,
in O(g|y;). Thus, GY is reducible and by virtue of the de Rham - Wu splitting theorem
it is a holonomy group if and only if each GY is. For our purposes, however, we shall
only need a weaker version. Namely, if each GY is a holonomy group then so is G9.
Geometrically speaking, our aim will be to realise each GY as a holonomy group for
some pseudo-Riemannian manifold (M, g|y,). Then the holonomy group for the pseudo-
Riemannian direct product M = M; x - - x M will be exactly GY = GY x --- x G%. In
addition, let us suppose that g7 and g; are the Lie algebras for GY and GY respectively.

Consequently, the decomposition (4.3.1) induces

gL =01 D - DYs.

Now, it can be shown that if g; is a Berger algebra then all the g;s are. Notice that,
bearing Proposition 3.1.1 in mind we actually have g; = gz,.

The moral of the present discussion is now evident. It suffices to prove Theorem B
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for only two special cases:

(#) L has a single real eigenvalue,

(¢) L has a pair of complex conjugate eigenvalues.

Luckily, the proof of case (<) is not substantially different to the proof of case (#). For
this reason we shall devote ourselves to elaborating a complete proof of Theorem B for
the case (#). Thereafter, we shall be in a position to easily adapt it to the complex case
().

It is obvious that g-symmetric operators with a single real eigenvalue are immediately
nilpotent, provided A = 0. Furthermore, without loss of generality, for A\ # 0 we may
consider the operator (L — A - Id) instead, which is clearly nilpotent. This latter fact will
be modified at the end of the chapter in order to adapt the techniques used in (#) to ().
Thus, we shall henceforth consider g-symmetric operators with a single real eigenvalue,

unless otherwise stated.

4.4 The (k;n) - case

In this section we completely exhaust the (k;n)-case. As a result, not only shall we have
exemplified the principal theorem of this chapter, but also and more importantly, we shall

have laid a firm ground for its general proof.

(k;n)

Lemma 4.4.1 Let L be a nilpotent g-symmetric operator of the type L\"™ | i.e., it consists

of two Jordan blocks. Then its centraliser ggﬁn) 1s a Berger algebra.

For the sake of brevity we shall henceforth write L instead of L™ and g, instead of g(Lkm)
throughout this section. Evidently, to prove this lemma it suffices to check that the image
of the formal curvature operator defined by means of the magic formula coincides with

g At this juncture, it will also be worth reminding the reader that by virtue of Section
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3.1 the (k;n)-case is determined as follows. With respect to the canonical basis, we shall
Ly

write for convenience L = with L¥ = 0 and L% = 0 for 2 < k < n. Clearly,
0 Lo

the minimal polynomial for L in this case is pyn(t) = t". Furthermore, the metric g and

the elements of so(g) and g, are given by block matrices of the form

g 0 X X 0 A
g= , X= and ,

0 g Xo1 X A0
where g1, X117 € My« and go, Xoo € M, «,,. More importantly, we also need to bear in
mind that X;; = —ngi;gi and A = —g2AT g1 hold true. Notice that 4,j = 1,2 label the
blocks in the matrix X and are not indices in the usual sense.
We first observe that with the aid of formula (4.2.3) we can write
Rii(X11) Ria(Xi2)

R(X) = , (4.4.2)
R21 (X21) R22 (XQZ)

where the following relations are satisfied

Ry(X1) =LV ' Xy + L2 X Ly + -+ X L, (4.4.3)
Rip(X12) = LV ' X9+ L2 X19Lo + - - - + X 1o L3, (4.4.4)
R21 (X21) — Lgingl + L;72X21L1 + ttt —|— leL?il, (445)
Roo(Xop) = Ly ' Xog + LY ?XogLg + - - + Xoo Lyt (4.4.6)

Now, these relations essentially tell us that the map R : so(g) — g1, preserves the block-
matrix structure, which means that every block R;;(X;;) depends only on its corresponding

preimage block X;;. Thereby, the proof of Lemma 4.4.1 reduces to showing that the
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following conditions hold true.

Rn(Xn) =0, R22(X22) =0 and R21(X21) = —ngRlz(Xlz)gl,

(4.4.7)

the parameters oy, ..., a, defining g; are mutually independent.

We have shown in Section 4.2 that R is the formal curvature operator for the Lie algebra

gr. This indeed implies that ImR C gz, whence Ry1(X11) = Roa(Xs2) = 0 immediately

holds true. We establish the rest of (4.4.7) by straightforward computation. Working out

(4.4.4) we easily obtain the matrix

Ri2(X12) =

with entries satisfying the relations

a1 = Tk1,

a1 G2 Q3

aq

Qa2 = Tg—1,1 T Tk2,

a3 = Tg—2,1 + Tp—1,2 + Tg3,

Qp =11 +X22 + 33 + - + Tk
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a2

aq

: (4.4.8)



Evidently, the a;s are mutually independent. Similarly, from equation (4.4.5) we derive

- -y -z - —o
0 —1] —OQp —Q3
0 —1] —G2 —Q3
0 -1 —0Q2

Ro1(Xo1) = (4.4.9)

0 —oq
0 0
0 0

We now observe that (4.4.8) and (4.4.9) relate precisely as Roi(X21) = —gq Ri2(X12)91,
which settles (4.4.7). This completes the proof of Lemma 4.4.1 and completely exhausts

the (k;n)-case.

4.5 The proof of the general case

Let us begin this section with a brief discussion of the special case when L consists of
k blocks all of the same size. Remarkably, Lemma 4.4.1 can be naturally generalised.
Strictly speaking, we can still define R exactly as in the previous section and no further
modification will be needed. This is due to the fact that we do not observe any “inter-
action” between the different blocks as a result of the action of R on the elements of
s0(g).

Let us illustrate this situation with the following example. Assume that L consists of

k blocks each of which is of the form

Lo = . (4.5.1)
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Since L? = 0, by the magic formula we have R(X) = LX +X L. We know from Proposition

3.1.6 that in this case the elements of so(g) have the following block matrix form

B1 Xl X2 . ce Xk:—l
X1 B
Xy -+ By .-
X = ‘ . . ‘ ‘ (4.5.2)
Br_1 X k1)
2
Xk—l Xk(k—l) Bk
2
with
ﬁj 0 a; bz ~ dl bz
Bj = s Xz = and Xz = — s (453)
0 _BJ C; dz C;  a;

foralll1 <j<kandalll <7< k(k;). Now, X and L are k x k block matrices. Thus

we have that the (ij)"entry of R(X) is given by

Now, a straightforward computation shows that we have the following three possibilities
for the images of Xj;.

e For i = j we compute R(X);; = 0.

k(k—1)
2

e For i < j we have that R(X);; = LoX, + X, Lo for some 1 < p < , which yields

cp ap+d,
R(X);; =

0 Cp
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e For ¢ > j we similarly have R(X);; = Lof(p + XPLO for the same p as above and hence

Apparently, the conclusion that g, is a Berger algebra is now immediate. Unfortunately,
the most general situation is not quite as simple. It turns out that the case of many
blocks of different sizes is different to the one just described. The principle difference lies
in the fact that in this situation we have “interaction” between the different blocks upon
the action of R. This difference is illustrated in two examples in Appendix A.4.

Let us now concentrate on the modification of the definition of R which is necessary
for avoiding the aforesaid “interaction”. Suppose that L and g are of the form (3.1.2)
and that not all the blocks are of the same size. Note, that some blocks may still have
the same size though. Let (V,g) and (V’,¢') be two pseudo-Euclidean vector spaces such
that V' is a subspace of V and ¢’ = g|y/ is non-degenerate. Assume that h C so(g’)
is a Berger subalgebra. Then if we consider the standard embedding so(g’) — so(g)
induced by the inclusion V' — V| b will also be a Berger subalgebra of so(g). Moreover,
if the map R’ : s0(g') — so(g’) is a formal curvature tensor, then its trivial extension
R :s50(g) — so0(g) defined by

X Y R(X) 0

R = (4.5.4)
zZ W 0 0

is a formal curvature tensor too. More importantly, notice that this trivial extension of
the curvature tensor still obeys Lemma 4.4.1. Thus, it is this observation that is the
quintessence of what we are about to explain. Our goal must already be clear - we wish

to build up a bigger curvature tensor out of (4.5.4) so that we could use Lemma 4.4.1
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in a blockwise manner. This will result in circumventing the “interaction” of the blocks

mentioned earlier. In practice, we introduce the operator Rjs : s50(g) — so(g) defined

by
XX - X 0 Ri5(Xi12) -+ 0
~ Xo1 Xog -+ Xy Ro1(Xo1) 0 e 0
R | 0T Y | . s
Xp1 Xk - Xk 0 0 - 0

where the only non zero blocks in the right hand side Rj5(X712) and R (X2;) are defined
in the very same fashion as in (4.4.4) and (4.4.5). Then Ry, is a formal curvature tensor
by construction. In addition, by dint of Corollary 3.1.9, its image coincides with the
abelian subalgebra m;s C gr. Then Lemma 4.4.1 asserts that my, is a Berger algebra.
Similarly, we introduce the operators ﬁij : 50(g) — so(g) for arbitrary labels i < j. We

then naturally define the operator

R=Y R (4.5.6)

i<j

To add rigour, we define an operator R : s0(g) — g1 via (4.5.6) such that

XX - X 0 Ri5(X12) -+ Rip(Xik)

Xo1 Xog -+ Xop Ry1(Xa1) 0 o Rop(Xok)
e I | (457

Xp1 Xp2 o Xk Ri1(Xk1) Rio(Xg2) - 0

and with the requirement that R acts on each block X;; independently (compare with the
proof of Lemma 4.4.1). Strictly speaking, each of its components R;; : X;; — R;;(X;;) is
defined by

Rij(Xyj) = LI Xy + LI ° Xy Ly + - + Xy L7 7 (4.5.8)
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where n,;; = max{n;,n;}, and n;, n; are sizes of the nilpotent Jordan blocks L; and L;.

Thus, we have finally arrived at the following proposition.

Proposition 4.5.9 The operator R defined by (4.5.7) and (4.5.8) is a formal curvature

tensor. Moreover, Im R = gy and, therefore, g is a Berger algebra.

Proof. Firstly, by virtue of our construction we have that each ﬁij acts only on the blocks
X;; and Xj; and does not interfere with other blocks at all. Secondly, since each fAZZ-j is a
formal curvature tensor so is R by linearity. Lastly, we have already explained that the

image of szij is the subalgebra m;;. Then, by Corollary 3.1.9 we immediately have

mR=>Y ImR;=>Y my=g,

i<j i<j
as required. 0

Evidently, the truth of this proposition manifests into the case (#) of Theorem B. In

other words, the following theorem has been proven so far.

Theorem 4.5.10 Let g be a pseudo-Riemannian metric (not necessarily Lorentzian) and
L be a singular g-symmetric operator with a single real eigenvalue. Then its centraliser

gz in so(g) is a Berger algebra.

Having established this result it now only remains to show that the complex case (<») does
not constitute any difficulty. Suppose that L : V' — V is a real g-symmetric operator
with a pair of complex conjugate eigenvalues A and ). Since Proposition 3.1.1 is valid for
both real and complex vector spaces, we are naturally motivated to consider the complex
canonical matrix representations for the operator L and the metric g. Thus, we first need
to complexify L and g. We do this in the following manner. It is well-known from linear

algebra that on any real vector space V' there exists a canonical complex structure J,
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which by definition is an automorphism of V so that J> = —Id|y. Now, the idea is to
define a complex structure on V such that its i and —i eigenspaces in V' respectively
coincide with the generalised eigenspaces V) and V5 of L in V. This can be easily done by
virtue of Proposition 3.1.1 which is still valid for the case of complex conjugate eigenvalues.
Indeed, suppose that L has two complex conjugate eigenvalues with A = a +1b and b > 0.
Then with respect to the canonical basis from Proposition 3.1.1 we have that L and J are

given by the matrices

a =b 1 0 0 -1 0 0

b a 0 1 1 0 0 0
L= and J =

0 0 a b 0O 0 0 -1

0 0 —=b O 0 0 1 0

This immediately allows us to think of L as a complex operator. Furthermore, as the
complex structure J commutes with the operator L, it is g-symmetric. It is this property
of J that enables us to complexify the metric g. We do this by introducing the bilinear
form

¢V xV —C

defined by

g% (u,v) = g(Ju,v) + ig(u,v). (4.5.11)

We next observe that L viewed as a complex operator is ¢®-symmetric. Indeed, for any

vectors u,v € V' we certainly have

¢°(Lu,v) = g(JLu, v)+ig(Lu,v) = g(LJu, v)-+ig(u, Lv) = g(Ju, Lv)+ig(u, Lv) = ¢°(u, Lv).

To put it another way, we consider a complex coordinate system in V' with respect to which
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the complex operator L and the complex metric ¢g© have matrix representations® given by
Proposition 3.1.1. Moreover, in this complex coordinate system Propositions 3.1.6 and
3.1.8 remain valid for the complex Lie algebras s0(g®) and g%. Notice also the obvious
inclusions g& C s0(g%) C s0(g). Thus, to show that g¢ is a Berger algebra we first need
to establish the (k;n)-case. In fact, Lemma 4.4.1 easily generalises to the complex case.
Being a purely algebraic statement, this lemma does not cease to be valid for a complex
operator L and a complex bilinear form ¢®. It only necessitates defining R : s0(¢%) — g1,
by means of the magic formula for a minimal polynomial p,,:,(t) = (¢t — \)". However,
in order to complete the proof in the general case, we need to take care of two things.
Firstly, we have to prove the theorem on the larger Lie algebra so(g). This is not a
big issue since we can always define R : so(g) — g; and consider its restriction to the
subalgebra s0(g%). If the image of the restriction coincides with gz, so will R. Secondly,
and more importantly, the operator R must be real. For this reason we need to consider
the real minimal polynomial p,.;,(t) = (¢t — \)"(t — \)" instead. Then, thinking of L and

X € 50(g%) as complex operators and using (L — X - Id)" = 0, we compute the following.

d —
R(X) = Etzo((L_A-fd+tX)”(L—A-1d+st)”)

_ 4 (L =2 1d)+ex)" (L=X- 1) +
dt l+=0

+ (L—)\-Id)"-i <(L—X-Id)+tX>n

dt lt=0

_ 4 ((L—A-Id)+tX>n-(L—X-Id)”~

dt lt=0

3Notice that the block-matrix structure for both L and ¢g© remains as in the real case. The only
difference lies in the complex entries.
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We thus reach the following conclusion. The operator in the first bracket is clearly the
same as the one in Lemma 4.4.1 and therefore its image coincides with g;. Furthermore,
multiplying by the non-degenerate matrix (L — X - Id)" does not change the dimension of
the image of R and thus ImR = g;.

Note that the proof of Proposition 4.5.9 was merely a block-wise generalisation of the
(k;n)-case. Therefore, the truth of its complex counterpart is immediately guaranteed by
the complex version of Lemma 4.4.1 that we have already mentioned above. This clarifies
the complex case () and we close this chapter as it deserves. Namely, we proved the

following theorem.

Theorem B Let g be a pseudo-Riemannian metric (not necessarily Lorentzian) and L be

a singular g-symmetric operator with centraliser g, in s0(g). Then g, is a Berger algebra.
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CHAPTER 5
PSEUDO-RIEMANNIAN METRICS

REALISING g7, AS A HOLONOMY ALGEBRA

In the present chapter we shall add some geometrical flavour into our work. This en-
deavour of ours will ultimately affirm that g, is indeed a holonomy algebra. We begin
with the recollection of some properties of covariantly constant (1,1)-tensor fields. In
the second section we give a concise description of the main problem of this chapter and
discuss the strategy for its resolution. We thenceforward elaborate the construction of

the pseudo-Riemannian metrics realising g; as a holonomy algebra.

5.1 Covariantly constant (1,1)-tensor fields

The covariantly constant (1, 1)-tensor fields will be of paramount importance and of con-
stant use in this chapter. For these reasons, we briefly introduce a few of their properties
relevant to our purposes. At this juncture it is worth reminding the reader that the co-
variant derivative V¢ is linear. Furthermore, it satisfies the Leibniz rule as well. This

means that for any two tensor fields 77 and T, we have the identity

Ve(TWTs) = (VD) Ta 4+ Th (VeTh),
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for any tangent vector £. It must be noticed that 77 and T3 can be tensor fields of any
type including vectors (covectors) in particular. To make some good use of this property,

recall that for a given (1, 1)-tensor field L one can define the map

N, T(TM) x T'(TM) —s I'(TM)

A& ) = [LE, Ln] — L[L&,n] — L[g, L] + L*[¢, 7] (5.1.1)

for any &, m € I'(TM). This map is de facto a (1, 2)-tensor and is known in the literature
as the Nijenhuis tensor. In order to prove that .47 is indeed a tensor we first observe that

the bilinearity of the commutator |-, -] immediately implies

A&+ &2,m) = A1, n) + AL(E2,m)

for any £, € I'(TM). Our goal, however, is to show that for any two smooth functions

f1 and fo we have that

N (fr&n + f2bo,n) = (&, n) + fol1(E2.m).

Clearly, it is sufficient to establish the truth of

N(fEm) = fAL(En)

for any smooth function f. It is a straightforward computation to see that for any smooth

function f and any &,n € I'(TM) we have the following identity

Lf&ml = fI&,n] — (nf)E.
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It is by means of this latter that we easily compute

[L(fE), Lm] = fI&,m] — Ln(f)LE,

LIL(f&),n] = fLILE n] —n(f) L%,
L{f&, L] = fL[{, Ln] — Ly(f) L,
L2[f&, L) = fL?[¢, L] — n(f)L¢.

It is now obvious that A7 (f&,n) = fAL(E,n), hence A7, is a tensor. We shall next see that
in our case .47, actually vanishes. Since V is torsion-free we have that [, 7] = Ven — V€

and thus naturally rewrite (5.1.1) as

Ni&n) = Vielln) = Vig(L8) — L(Vien = Vy(L8)) = L(TelLn) = V1€) +

+ L2(Ven— Vig).
Now, using the Leibniz rule for V¢ we easily obtain

A(&m) = LVien— (VLsL)n — LV € — (VLnL)S — LV en + L*V,€ +
+ L(an>§ — [*Ven — L(V§L>n 4 LV E + LPVen — LV, €

S (VL5L>77 - (anL>§ + L(VHL>£ - L<V5L>77-

It is obvious that VL = 0 implies V¢L = 0 for any £. But then VL = 0 as well, hence
A(€,m) = 0.

It is well-known that every operator naturally splits into the sum of its symmetric
and skew-symmetric parts. Write L = L® + L® where L® and L® are the symmetric and

skew-symmetric parts respectively. Now naturally arises the question whether or not
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both L* and L* are covariantly constant provided that L is? By assumption we have that
VeL = 0. Then, it is not difficult to see that (V L)* = V¢(L*). On the one hand, we

have that

0= (Vel)" = (VeLl®) 4+ (VL) = V(L) + V(L) = VeL® — Ve L,

and therefore V¢L® = V¢L®. On the other hand, 0 = V¢ L = V¢(L* + L*) implies that
VeLl? = —VeL* and thus V¢L® = VL = 0.

We next focus our attention on the eigenvalues of L. Are they constant provided
VL =07 The answer is that they are. To see this, let us choose a curve 7 : [0,1] — M
with ends v(0) = p and (1) = ¢. Consider T,M and suppose its basis is e;(0), ..., e,(0).
Now, let us parallelly transport it along the curve v to the point q. Then, as parallel
transport is an isomorphism of tangent spaces, we only end up with a basis for T, M,
say e1(1),...,en(1). Further, as V,L = 0 is tantamount to P,L(p)P;" = L(q), where
P, is precisely the parallel transport just mentioned, we conclude that the matrix of L
remains the same with respect to both the bases e;(0), ..., e,(0) and e;(1), ..., e, (1). Thus,
the eigenvalues of any covariantly constant (1, 1)-tensor field are necessarily constant. In

summary, we have proven the following theorem.

Theorem 5.1.2 Let M be a manifold with Levi-Civita connection V and suppose that
L:TM — TM is a covariantly constant (1,1)-tensor field, i.e. VL = 0. Then

(i) the eigenvalues of L are constant,

(i) both the symmetric and skew-symmetric parts of L are covariantly constant,

(iii) the Nijenhuis tensor for L vanishes.

It must be noticed that part () of this last theorem will be of particular importance for
our approach.

We conclude this section with the following discussion. For the purposes of this in-
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vestigation we need to understand how the curvature operator R(&,n) acts upon a given
(1,1)-tensor field. In order to distinguish this case to the usual one when the curvature

acts on tangent vector fields, we shall write
Rey(L) = VeVy(L) = VyVe(L) — V[&m}(L)a

for some arbitrary (1,1)-tensor field L. Certainly, for the sake of consistency, we shall

write

Re(C) = R(&n)(C),

for any tangent vector field (. Now, a back of the envelope computation yields
Rey(T\T2) = (Rﬁm<T1))T2 + 1 (Ré,n(T2))a (5.1.3)

for any two (1, 1)-tensor fields 77 and T5. Since (5.1.3) is nothing but a reincarnation of
the Lebniz rule for the covariant derivative, it holds true for any types of tensor fields.

We make immediate use of this property by proving the following handy proposition.

Proposition 5.1.4 The action of the curvature operator upon a (1,1)-tensor field L is

determined by Re (L) = [R(&,n), L.

Proof. Let ¢ be arbitrary tangent vector field. Then, by notation and virtue of (5.1.3) we

easily have

Rea(L)C = Re(LC) = LRey () = (R(€mL = LR(E,m) )¢ = [R(E,m), LIC,

as required. ([l
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5.2 Description of the problem

In order to achieve the final goal of this dissertation, we need to explicitly construct
pseudo-Riemannian metrics which realise g7 as its holonomy algebra. To put it another

way, we shall settle by the end of this chapter the following geometric problem.

Problem 4 Let us consider the linear operator L : T,, M — T, M for a given manifold
M. We then wish to find (locally!) a pseudo-Riemannian metric g on M and a (1,1)-

tensor field L(u) such that
1. VL(u) =0 with the initial condition L(ug) = L,

The following three remarks must be brought into prominence. Firstly, the condition
VL(u) = 0 guarantees that hol (V) C g, (see Proposition 3.5.4). Secondly, we have the
inclusion Im R(ug) C hol (V) where uy € M is a fixed point and R is now the Riemann
curvature tensor of g'. Lastly, by virtue of the Ambrose-Singer holonomy theorem, to
show that the second condition holds true it suffices to show that R(ug) coincides with
the formal curvature tensor defined previously by means of the magic formula, i.e.,

d
— min (L 4 tX).
dt t:Op (L +1X)

Notice that this last remark naturally requires L to be g-symmetric and we shall assume
it as such throughout the entire chapter. Now, having stated the problem let us briefly
describe our strategy towards its solution. We shall rely upon two important geometric

facts.

1Opposed to the previous chapter, by the end of the present chapter R will stand for the Riemann
curvature tensor .
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Proposition 5.2.1 For every metric g there exists a local coordinate system such that

995

523(0) = 0 for all i, j,c. In particular, in this coordinate system we have I7:(0) = 0 and

the components of the curvature tensor at ug = 0 are defined as some combinations of the

second derivatives of g.

This is a standard result and the reader may wish to refer to [CCL] for a proof. Its
usefulness lies in the fact that it enables us to simplify our computations at the point
ug = 0. This will essentially result in ignoring the linear terms of the metric g. Due
to A.P. Shirokov [Shi], the second geometric result suggests a remarkable property of

covariantly constant (1, 1)-tensor fields.

Theorem 5.2.2 (Shirokov) If L satisfies VL = 0 for a symmetric connection V, then

1 n

there exists a local coordinate system u", ..., u" in which L is constant.

" is the coordinate

This theorem is essentially our starting point. Suppose that u!,....,u
system from the Shirokov theorem. We shall soon see that in such a coordinate system,

the equation VL = 0 can be conveniently rewritten in the following form:

(gp— gﬂ)Lf:(gﬁ— g’“)Lg. (5.2.3)

ouf  Oup ouk  ouP

This equation is obviously linear and therefore if we represent g as a power series in u,
then (5.2.3) must hold true for each term of this expansion. This motivates us to set
L(u) = const and then to look for metrics g(u) in the “constant + quadratic” form,

which in other words is

gi () = gy + > Bijpquiu. (5.2.4)
p,q
Clearly, B satisfies the obvious symmetry relations Bjjpq = Bjipg and Bijpg = Bijgp-

It is this choice of “quadratic” metrics (5.2.4) that enables us to attack Problem 4 by

algebraic means. In other words we are able to translate the original geometric problem
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into a purely algebraic one. This will be done in the following three steps. Firstly, we

shall show the condition that L is g-symmetric reads
Bijpali = Bil,pqLé‘- (5.2.5)

This simple property will be of constant use in most of our computations. Secondly, we
shall derive one very useful formula for the curvature tensor in terms of B. More precisely,

we shall prove that the curvature tensor of g at the origin uy = 0 takes the following form
éﬁ,k = gms (Bﬁs,ak + Bak,gs — Bakyas — Bas,ﬁk>. (5.2.6)
In particular, R (at the origin) depends linearly on B, which is
Ry By+208, = MRp, + Ao Rp,.

Thirdly, and more importantly, we shall show that the condition VL = 0 amounts to the

following equation for B

<Bip,,3q - Bi@m) Li = (Bb’i,kq - Bik,ﬁq) Lﬁ- (5-2-7>

Thus, by virtue of these three facts, the realisation problem reduces to finding a B satis-
fying (5.2.5), (5.2.7) and such that (5.2.6) coincides with the formal curvature tensor as
defined in Theorem 4.5.10. From the formal viewpoint, this is a system of linear equations

on B which needs to be solved.

5.3 Prerequisites and lemmata

In this section, we discuss the technical results needed for our construction. More precisely,

this section explicitly justifies the algebraic reformulation of Problem 4. We shall first
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quickly establish (5.2.5).

Lemma 5.3.1 Let L be a constant g-symmetric operator. Then gasLy = garlS. In

particular, BaspqLi = BakpgLs -

Proof. By definition for any two vectors & and 7, we have

g(L&,n) = g(&, Ln).

Writing both sides of this equation in coordinates we have the following consecutive
implications
s (L) n® = gap€®(Ln)”
I
9ap L€’ = gapLE0°
U
JapLR0JE N® = gapLiops n?
U
Jos Lt = grpL?.
Since o and S are summation indices, the first relation holds true. Moreover, it immedi-

ately implies the second, as g2 L¢ = ¢°, L% holds true as well. O

To continue, let us recall that the Christoffel symbols for a metric g are given by

1 09p;  0¢ip  0gij
o= | %9 99 99
i1 = 99 (81# + ow  Oup

and that the components of the curvature tensor for g are computed via

Rl = ijk _ apilk;

i all el

Then using the former we easily settle the following lemma.
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Lemma 5.3.2 The Christoffel’s symbols for the metric g;;(u) = g?j + Bij pguPul are given
by
Fék = QOZS <Bsk,5t + Bﬁs,kt - Bﬂk,st) ut,

Proof. The following straightforward computation affirms the claim.

10i3<agsk 99ss 09;%)

o= _
Bk 29 ouf — Ouk ou?®
L s d(u"ut) d(u"ut) d(u"ut)
- 59 (Bsk,rtw + BBS,T?&W - B,Bk,rt ous >

1 gis
= 59" (Butrn (Gt +1085) + B (G’ +70}) = B (37" +u'57) )

= Qms (Bsk,ﬂt + Bgs it — Bﬁk,st) u' O

Now, by means of this lemma, we easily prove further

Lemma 5.3.3 Let g;j(u) = g?j + Bij pguPul. Then the components of its curvature tensor

at the origin are given by
Rflﬁ,k = gOlS <Bﬁs,ak + Bak,ﬁs - Bﬁk,as — Bas,ﬁk)- (534)

Proof. By virtue of Proposition 5.2.1 we have that I'g (0) = 0 for all a, (3,7, and so

7 apék _ 8F¢ik

afk = gua — aup-- Lhen using Lemma 5.3.2 we immediately obtain

f),@,k = gols ((Bsk,ﬂt + Bﬁs,kt - BBk,st) 52 - (Bsk,at + Bas,kt - Bak,st)(sg)

= g(]ZS (Bﬁs,ak + Bak,ﬁs - Bﬂk,as - Bas,ﬂk) . O
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This Lemma clearly justifies the formula (5.2.6). However, it remains to show that at the

origin R depends linearly on B. We establish this fact with the following proposition.

Proposition 5.3.5 Let g and g be two metrics of the above “quadratic” form with equal
constant terms. Then, at the origin, the curvature tensor for g + g is proportional to the

sum of the curvature tensors for g and g respectively.

Proof. Write foﬁ,k and R’aﬁk for the curvature tensors of g and g respectively. Write the

two metrics in coordinates as

_ 40 P,,4
9ij = Gij + Bijpgu’u

and

§ij = g?j + l';’ijpgupuq.
We then have that the components of the metric g + g are given by
(9+9);= 2g;; + (Bij,pq + Bijmg) uPul.

Thus we compute the curvature tensor for the metric g 4+ g, denoted by Efwk

.

;ﬁ,k = 29018 (Bﬁs,ak + Bak,ﬁs - Bﬁk,as - Bozs,ﬁk)

= 29018 <Bﬁs,ak + Bak,ﬁs - Bﬂk,as - Bas,ﬂk) + QQOZS (Bﬁs,ak + Bak,ﬁs - [;)Bk,as - Bas,ﬁk)

We finally need to settle (5.2.7). Let L be an operator such that in some coordinate system

it is independent of the local coordinates, i.e., ;TLQ = 0 for all u®*. We are interested in
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solving the following system of equations

VL =0. (5.3.6)

By solving these equations we mean that L is known and the metric is unknown. Recall

that in components (5.3.6) is written as

i

oLt .
VkL;::55%+—IﬁL§—-fﬁL§::O (5.3.7)

Then, as L is constant, we can rewrite our original equation (5.3.6) in the following simpler

form

rirt = 4L (5.3.8)

Now, working simultaneously on both sides of (5.3.8), we have that

is (Ogrs o Og9a _ Qg \ 71 _ lp ( Ok 9g; 99,k )
9 (aul T uk T aus)Lj =97 (awp ot — aw ) Li

. is [ Ogks 09st _ Ogik I . lp [ 99kp 99ip _ 99k i
Jai * 9 <8ul + ouk 3U5) Lj = Yai " 9 ouJ + ouk oup Ll
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Since go; Lt = gi; LY, we have further

s (Ogks | O09s _ Oguk l D
504 (8ul + Ouk 8u5> Lj 51

ouP

Ogkp | O9ip _ Ogjk i
(8uj + Ouk L

<~

O9ka | 9901 _ Oguk I _ (9Ogri | 995  Ogjk i
(8ul + ouk 8u0‘> Lj o (8uj + ouk out LOé

<~

Ogka | 09ar _ Ogus \ sl7i _ (O | 995 _ Ogjk i
( ou! + ouk ou® 5ZL] o\ ow + ouk out LOé
O9ka | 09ai _ Ogik i _ (Ogki 995 _ Ogjk i
<8ui + Ouk ou~ Lj o\ ow + ouk Ou’ LO&

Ogka _ 09k i ) 70\ — 99k 99k i 0 (. Ti
(Gui - W) L + g7 (9ail)) = (am —u ) Lo+ 5 (9ila)

Clearly, %(gm[zé») = %(gﬁLé), and so we obtain the following linear differential equa-

tion for the metric g;;

OGka i i Ogi _ agjk i
( ou’ 8u0‘> L= (8uj ou’ Lo

Putting o« = p,i = 8,k =i and j = k we have that (5.3.6) reduces to a system of first

order linear differential equations for g;;, i.e.,

89@ _ agiﬂ 8 agiﬁ _ g 8
(&LB owr )= \owr ~ aws ) (5:3.9)
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Since the metric is of the form g;;(u) = g; 4+ ByjpguPu?, we have the following

9gi dgi P 9 .
(aug — 8u§) Lf = (Bip,stW(U u') — Biﬂ,st%(u ut)> Lg

= (Bz‘p’st(égut + u®0h) — Big st (Gou + US(;;)) Ly

= 2(62‘1)7515 - Biﬁ,pt) utLi

Similarly, we have

(agiﬁ _ 0gik

B _ -
ou* 8u5) Ly, = 2<Bi6,l~ct - Bm,m)u L.

Now, as L does not depend on u', we easily conclude that (5.3.9) is equivalent to
(Bz‘p,ﬁt - Bz‘&pt) Li = (Bz‘ﬁ,kzt - Bz‘k,ﬁt) Lff- (5.3.10)

Conversely, suppose that there exist bilinear forms B;; ,,, such that (5.3.10) holds. Then,
by virtue of Lemma 5.3.1 and the symmetry of B’s we have that Bpg,itLg = ngﬁitL[/f. Thus,

starting from (5.3.10) we have the following

(Bpﬁ,it + Bip i — Bzﬂ,pt> Ly = (Bﬂkait +Bigwu —B ”"1””) Ly
9" (Bpﬁ,it + Bip,st — Bz‘ﬂ,pt> Lyut = g (Bﬁk‘ait + Bige — Bik’ﬁt) 5§3L%Ut
[’ZjﬁLf = gpj (Bjk,it + Bij,kt - Bik:jt) Léut

rLLy =ThLi.
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Clearly, the last line is exactly (5.3.8). We have therefore just proven the following

proposition.

Proposition 5.3.11 Let g be a metric of the type ¢;j(u) = g?j+15’ij,pqu7’uq with Levi-Clivita
connection V. Suppose that L is a g-symmetric operator which is constant with respect to

our local coordinate system. Then, VL = 0 if and only if the following identity holds true

(Bip,ﬁt - Bi@m) L}f - (Bzﬂ,kt - Bik,ﬁt) Lﬁ.

5.4 One special case of pseudo-Riemannian metrics

realising g; as a holonomy algebra

We now aim our attention at one very special case. Following the discussion in Section 5.2
we know that in order to complete our inquiry we have to find a suitable B;; 3 satisfying
the algebraic conditions (5.2.5), (5.2.6) and (5.2.7). It is not difficult to conjecture at this
point that B;j.s should be constructed by means of L and ¢°. But how and where to
start? Considering possibly the simplest example, in the first half of this section we shall
make an “intelligent guess” of what B;; s would be. It will not be very difficult thereafter
to predict the general form for B;; ..

For the purposes of the present section we shall confine ourselves to considering a
linear operator of the type L(*?). According to the algebraic discussion given in Chapter

4 we have that its formal curvature tensor is given by the formula
R(X)=LX+ XL, (5.4.1)

where X = AN =E®g(n) —n® g(§). Under these suppositions we prove the following

lemma.
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Lemma 5.4.2 The components for the formal curvature tensor (5.4.1) are given by
Ris = Ligsk — Ligar + 04955 L7 — 05905 L. (5.4.3)
Proof. For any three vectors &, 7 and ¢ we have the following

REANC = L(Egm) —n®g©)¢+ (£ 90 —n® g(©))L¢
= (L&) -9(n.¢) — (Ln) - 9(&¢) + & - g(n, L) —n - g(&, LC).

Which, written in coordinates, is

(R(§ A n)C) = LL&%an’C" — Lin® gan€®C" + €95’ (LO)" — 1 gan&(LE)"
= L9l n’C" — Ligarln’C* + 649 Li& 0" " — 04 9as L& 0 C*
— (igsk = Lhgak + 0293:Li — G305 L3 ) €07t

= szﬁ,szanﬁck' 0

Now, our intelligent guess is based upon the just proven lemma as well as formula (5.3.4).
By construction B;j g is such that the Riemann curvature tensor for the quadratic metric

gij(u) = g; —l—Z Bij.asu®u” coincides with the formal curvature tensor R(X) = LX + X L.

a76
To put it another way, B;; s must satisfy the following system of equations

Bﬁs,ak + Bak,ﬁs - Bﬁk,as - Bas,ﬁk = Lasgﬁk - Lﬂsgak + L,Bkgas - Lakg,ﬁs- (544>

The right hand side of (5.4.4) is obtained from the right hand side of (5.4.9) using the

identity L;; = gisLj. Now, it is a matter of straightforward verification to see that

Bﬁs,ak‘ - _Lﬁsgak and Bﬁs,ak - _Lockg,@s
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are two particular solutions of (5.4.4). Furthermore, since (5.4.4) is a system of linear
equations then so is a linear combination of its solutions. This observation motivates
us to look for B’s which are linear combinations of L,xgss. Thus, our intelligent guess

brought us to the following proposition.

Proposition 5.4.5 Let ¢° be some constant metric and L be a g°-symmetric operator

1 n

which s constant in the local coordinate system u,...,u™ and is nilpotent of order 2.

Consider the metric

1 [e%
9i5(w) = 955 = 5 > (Lz‘jggg + Laﬂg?j>u u’, (5.4.6)
a’ﬁ

where L;; = g?kLg?. Then L is g-symmetric and VL = 0, where V is the Levi-Civita
connection for g. Furthermore, we have that Riemann curvature tensor for the metric
(5.4.6)is given by

R(X)=LX+ XL.

Proof. Firstly, we observe that L;; L = g5, L¥L} = Ly L% = Ly L}. Using further the fact

that L is ¢°-symmetric we easily compute

i 1 i 1 i i
Bijasly = b (Lz‘jggg + LaﬂQ?j) L, = D) (Lz’jggth + LaﬁQ?th)
— 1 Liod® Lt + L O Lt :_l Lg% s+ Loggy | LY
2 ’Lt.ga,B j + aﬂgzl j 2 ’Ltgaﬁ + a,@gzl j

- Bit,aﬁ L; .

Now, by Lemma 5.3.1 we conclude that L is indeed g-symmetric. Secondly, we already
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know from Proposition 5.3.11 that to prove that VL = 0 is to show that

(Bip,sq — Biﬁ,pq)Lg = (Bgikg — Bik,,@q)Lg- (5.4.7)

Since L? = 0 is rewritten in coordinates as L};Lf = 0, we first compute
Bipsg — Bispg ) Lt = (Lipg3 + Lsagt ) Ly — ( LiggSy + Lpggls ) LY
ip,Bq i8.0q | Mk ipYsq BqYip | Lk i8Ypq pa9ip ) g
= Lipgquf + gqsLZg?po — ginggqug —
0 7B 0 0 B
- qugzﬂLk = (Lipgﬁq - qu%ﬁ) Ly

= (Lipgg)q - quggﬁ)éilzg = (nggq - qugfgﬁf'
Similarly, we obtain

<Bﬂi7kq — Bikﬁq) Lf) = (quggi - Lik92q> Lﬁ

Now, as the indices ¢ and ¢ both run from 1 to n, nothing changes if we swap them and

therefore VL = 0. Finally, using formula (5.3.4), we compute the Riemann curvature
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tensor for the metric (5.4.6). Namely,

1
B,Bs,ak: + Bak,ﬁs - Bﬁk,as - Bas,ﬁk = _5 <Lﬁsggk + Lak925> -
- 1 Loxg® Lssq 1 Lsrg® Losqd 1 Losqd Lsig?
5 ak9gs T LgsGar ) + B Bk9as + Laslar | + 5 as9pr T Ligk9as

= Lasgpr — Losgon + Lorgos — Lakgps-

This shows that the Riemann curvature tensor is indeed given by R(X) = LX + X L and

the proof is complete. O

At this juncture, the following important remark should be made. On the one hand, we

have just brought into prominence the metrics of the form

1 «
gij(u) = gi; — §Bij,o<ﬁu u’ (5.4.8)

On the other hand, the reader may recall the following well-known formula for the metric

tensor in Riemann normal coordinates

1 «
G () = G = 3 Rpawgu™u’ + -+ (5.4.9)

where R,,.5 is the Riemann tensor. Let us briefly outline the difference between the
formulas (5.4.8) and (5.4.9). It is customary in Riemannian geometry to consider the
Taylor expansion of the metric tensor. Indeed, since the metric components are smooth

functions we can expand each component in a Taylor series about a given point p as

guV(p +x) = I + Gu,a®” + Eguu,aﬁx o’ + gguwaﬁwx 2’ + - ) (5.4.10)
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where g, is evaluated at the point p and as usual the symbol g,,,, os,... denotes the partial
derivatives of g,, with respect to x¢, 2, x7... at the point p. It is clear that the second
order derivatives of the metric possess the following symmetries g,..08 = Gvp,a8 = Juv.Ba-
Now, at the origin of coordinates such that the first order derivatives of the metric vanish

one can compute for the components of the Riemann tensor

1
RNVO‘/B = 5 (g,Uﬁ,OéV — Gua,wp — Gub,ua + galj,uﬁ>7 (5411)

which in our notation? is equivalent to formula 5.3.4. It is sometimes convenient to work
with Riemann normal coordinates which by definition are such that ¢,,, = 0 and with

the following additional symmetries of the second order derivatives of the metric

Gab,cd = YGed,ab and Gab,cd + Gac,db + Gad,bc = 0. (5412>

It is due to this symmetries that the expression for the components of the Riemann tensor

simplifies to

1
R,uyaﬂ = 5 <g,u6,az/ - g,ua,yﬁ> . (5413)

Notice that (5.4.13) indeed implies (5.4.9) but this is only valid in the case of Riemann
normal coordinates. In contrast, in this thesis we consider coordinates such that only
the first order derivatives of the metric vanish and do not assume the special additional
symmetry for the second order derivatives of the metric. For this reason our formula
(5.4.8) has different second order terms than the second order terms in the well-known
formula (5.4.9).

With Proposition 5.4.5 we have solved Problem 4 for one very special case. At the end

of this section the following remark must be made. A nilpotent operator of degree k > 2

?In our notation Byy,ap = 39,08
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may be of many different types. For instance, the operators of types (m; k), (I;m; k) and
(I;m; k; k; k) are all nilpotent of degree k, provided that & = max(k,l, m). However, this
will not be any obstacle, since we shall first settle Problem 4 for the important (k;n)-case,

which is de facto the main issue (see Section 4.5).

5.5 The general construction

We are now just a step away from the climax of this thesis. In its final section, we shall
discuss the general construction of the class of pseudo-Riemannian metrics realising the
Lie algebra g7 as a holonomy algebra. Since the main result herein is of a rather general
nature, it is preferable to work with invariant notation. Thus, in order to avoid the clumsy
coordinate computations, we shall be working within the following framework.

Starting from the metric g;; = g?j + B;;(u,u), we wish to rewrite the bilinear form
Bij(u,u) = BijpeuPud in invariant terms. Bearing in mind the discussion in the previous
section we are motivated to write, up to a factor, B = ZCQ ® D,, where C and D are
bilinear forms associated with some ¢’-symmetric operatoolis C and D. For greater clarity,
let us first consider the bilinear form B = C ® D. This expression for B clearly allows us
to write Byjpg = Cij - Dpg with Cij = (¢°)iaCY, Dpg = (9°)paDy. Henceforth, the “curly”
capitals will denote forms whereas the usual ones their corresponding operators. In this

new language we shall first prove the following proposition.

Proposition 5.5.1 Assuming B = —1C @ D, the algebraic identities (5.2.5), (5.2.6) and

(5.2.7) are respectively rewritten as

CL=LC, (5.2.5)
R(X)=—CXD + (CXD)", (5.2.6')
[CXD, L)+ [CXD,L]* =0. (5.2.7")
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Remark. It must be noted that while (5.2.6") necessitates X € s0(g°), formula (5.2.7")

holds true for the more general case X € gl(V).

Proof. Clearly, our goal is to rewrite the algebraic identities (5.2.5), (5.2.6) and (5.2.7) in
an invariant form. Recall that the first one was By pg L = Bak pgLs. We compute for the

left hand side of this last expression
Buusalfp = 00 C20% DL = g0 CoLEgl D% = O Lurgha D = ghuCeLLg0, DS
Similarly, the right hand side reduces to
BarkpaLs = 9 CalsgpaDy

Thus, Buspg Ly = Bakpe LS is tantamount to C?L! = C! L%, which is precisely CL = LC'.

a~—s)?

We perceive the truth of (5.2.6) by virtue of the following computation.
aﬁ anﬁ = (go)is <Bﬁs,ak + Bak,ﬁs - B,Bk,as - Bozs,b’k)Xaﬁ

1 .
= 50" (cﬁsDaanﬁ 4 Cor D X — Cap Do XP — caspgkxaﬁ>

= (") ((DXC)is + (CXD)ss — (DXC)— (CX D))

= —(¢")*((CXD)s+(DXC)) = = ((CX D) + (DXC)).

Notice that we have used the obvious fact that both the forms (CXD)gs and (DXC')s
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are ¢' skew-symmetric. We thus obtain, in invariant terms, the following identity
R(X)=-CXD - DXC.

Now, (5.2.6") is immediately justified by virtue of (CXD)* = —DXC.
Our starting point in proving the last algebraic identity is the fact that the invariant
formula A+ A* = 0 is rewritten in matrix terms as gA + A" g = 0. Then, by virtue of the

latter, we write (5.2.7") in coordinates as
oo (CLxIDIL] = LCIXEDL) + 68, (CEXEDS LY — LiGIXEDL) =0,

Now, using the ¢g°-symmetry of L, which is ¢% L% = ¢?

L L as well as the obvious identity

J

9% LLCY = LiCy, = LiCjy,, we reduce the last expression to

(cskpjﬁ - cjkpsﬁ) L= (cjkpaﬂ - cakpj5> L.
Clearly, this last expression is equivalent to
(Bsk,jﬁ - Bjk,s,8> L}, = (Bjk,aﬁ - Bak,jﬁ)L§>

which is precisely (5.2.7) and therefore the proof is complete. 0

More generally, if B = Z Co ® D, then the corresponding conditions on B are obtained
from (5.2.5), (5.2.6") and (5.2.7") simply by summing over . This motivates us to consider
the following general framework. Let B = Z C,® D, where C, and D, are ¢°-symmetric

operators. Consider B as the linear map
B:gl(V) — gl(V)
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B(X)=> CoXD,.

In other words, B(X) is obtained from B by replacing ® by X. Then the algebraic

identities (5.2.5'), (5.2.6") and (5.2.7") can be conveniently rewritten as

(C., L] =0, (5.2.5")
R(X) = —B(X) + B(X)", (5.2.6")
[B(X),L] + [B(X),L]* =0. (5.2.7")

It is not difficult to observe that if B(X) = CXD + DXC we are actually in the case of
Proposition 5.4.5. Moreover, we have in this case that B(X) = —B(X)* and therefore
formula (5.2.6”) shows how to reconstruct B from R. Since R(X) = —2B(X) we can easily
guess what is the general form of B. Indeed, replacing X by ® yields B = —%R(@). Note
that this last expression simply means that, up to a factor and some permutation of
indices, R and B coincide as tensors of type (2,2). This simple observation motivates us
to consider
1

d
B:——.—‘ (L1 ®), 5.9
5 3t lyPmin( L+ 1) (5:5.2)

where ppnin(A) is the minimal polynomial of L. This formula looks a bit strange, but, in
fact, it defines a tensor B of type (2,2) whose meaning is very simple. If the minimal

polynomial of L is p,,n(t) = Z a,,t", then
m=0

am Y L™ '@ L (5.5.3)
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This formula is obtained from the right hand side of (4.2.2), i.e.,

n n m—1
o (Sgon(r0)7) = S S
- = m=0 =0

by substituting @ instead of X. With this formula in mind, we are in a position to state

and prove the foremost result of this chapter.

Theorem 5.5.4 Assume that L is a ¢°-symmetric operator which is constant in coordi-

nates u. Define the quadratic metric g(u) = ¢° + B(u, u) with Bijp, = g?aggﬁB;ff, where

B is constructed from L by virtue of (5.5.2) (or, equivalently, by (5.5.3)). Then
1) L is g-symmetric,
2) VL =0, where V is the Levi-Civita connection for g,

3) The Riemann curvature tensor for g at the origin is defined by (4.2.2), i.e.,

d
R(X) = aL:Opmm(L e

Proof. Since B is of the form Z Cy ® D,, where C,, and D, are some powers of L, we
shall use the power of formulas (5.2.5”), (5.2.6”) and (5.2.7"). Firstly, statement 1) is
equivalent to (5.2.5”) and is therefore obvious. Secondly, by virtue of (5.2.7"), to prove

2) is to show that

1 d
[B(X),L] =0, where B(X)=—=+—| pun(L+t-X).
2 dth=o

But this has been already done for —2B(X) in Section 4.2. Finally, to compute the

Riemann curvature tensor R at the origin we make use of (5.2.6”). We have

R(X) = ~B(X) + BX)" = <2B(X) = L] puunlL +1X),
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as stated. Notice that the discussion in Section 4.2 infers that B(X) belongs to so(g°),

which is B(X) = —B(X)*. The proof is complete. O

Theorem 5.5.4 along with Theorem B solves Problem 4 for the most important (k;n)-case.
As for the general case, one proceeds in the exactly same fashion as we did in Section
4.5. Namely, one firstly splits L into Jordan blocks and defines for each pair of Jordan
blocks L; and L; a formal curvature tensor ﬁij (see Section 4.5). Secondly, by virtue of
(5.5.2) this formal curvature tensor can be realised by the appropriate quadratic metric

g(u) = ¢° + Eij (u,u) satisfying VL) = 0. Finally, setting

g(x) = ¢° + B(u,u) with B = Zéij’
1,J
we immediately observe that, by linearity, VL = 0 holds true. Moreover, the Riemann
curvature tensor for this metric coincides with Rigrma = Z ﬁij from Theorem 4.5.10.
i<j
Thus, we arrive at the climax of this thesis. For a given smooth connected manifold M

we consider the linear operator L : T,M — T, M. We then have the following theorem.

Theorem A Let M be a smooth manifold, p € M be a point and ¢° be a symmetric
non-degenerate bilinear form on T,M and Lo : T,M — T,M be a g°-symmetric oper-
ator. Then, in a local neighbourhood U of p, there exist a pseudo-Riemannian metric g
and a (1,1)-tensor field L such that

1)9 |TpM: 90>

2)L |t,m= Lo,

3)L is g-symmetric,

4) The centraliser g1, of L in the Lie algebra so(g) is a holonomy algebra for the Levi-Civita

connection of the metric g.
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APPENDIX A
A FEW WORKED EXAMPLES OF BERGER
ALGEBRAS RELATED TO ¢-SYMMETRIC

OPERATORS

In this addendum we briefly consider the Lie algebras g™ and g{"***) for a few dif-

ferent values of ki, ko and k3. We know from our discussion in Chapter 4 that these are
all examples of Berger algebras related to the g-symmetric operators of the types L(*1:2)
and L*1#2:83) respectively. From the computational viewpoint, however, this conclusion
is not always straightforward. While in the former case we can easily draw the conclusion
that g(Lk“kQ) is indeed a Berger algebra, in the latter we perceive the necessity of a general

formal proof. Following the idea of Section 4.1 we shall present in sections A.1 to A.3

several particular solutions of the following problem.

Find a map R : A2V — g**) such that R(e; A e;)er + R(ej A eg)e; + Rlex Aei)ej =0

and ImR = g(Lk“kQ).

1;k2)

We already know that the solution of this problem asserts that ggf is a Berger al-
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gebra. For the sake of brevity we shall only give the upshot of our computations in a
tabular form. Recall that the above problem was stated as Problem 3 in Section 4.1
and we discussed in detail one special solution for the (2;2)-case. In brief, we used the

standard identification of the space of skew-symmetric matrices with A2V and considered

the map R : A*V — g(Lm) defined by

0 I ) T3 0 0 (I(ZE) b(l’)
—x1 0 R 0 0 0 a(x)
— ,
—T9 —x4 0 g —a(z) —b(z)| O 0
—x3 —x5 —xg 0 0 —a(z)| 0 0

6 6

where a(z) = Zaixi, b(x) = Zbﬂi, and x;,a;,b; € R. Through straightforward
i=1 i=1

computation we showed that the map

0 1 Xy T3 0 0 ars o(rs + x4) + Bzs
—z1 0 Ty T 0 0 0 axs
— ,
—x9 —x4 0 x4 —axs —afrs+x4) —Prs| 0 0
—T3 —Ty5 —Tg 0 0 — Qs 0 0

where oo = a5 = by = by and 5 = bs were the only non-zero coefficients in a(z) and b(x),
solves the problem above. We also remind the reader that § was an arbitrary coefficient
which did not appear in our computations. We shall now demonstrate that the outcome
of this computation can be neatly represented in a tabular form. The entry of the first
row of our table will clearly indicate the case we are interested in. In this particular case
we shall simply write (2; 2)-case. The coefficients a; form the second row, followed by the
row of their corresponding values. Similarly, for the coefficients b; and their values. We

thus have the following table.
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(2;2) - case

a) | Gz | g | g4 | Q5 | Qg

Now, bearing in mind our definition of R as well as the matrix representation of g(Lm)

we easily reach the same conclusion as before - g(Lm) is a Berger algebra. It turns out

Y

that similar conclusions could be swiftly drawn from the corresponding tables of the
(k1; ko)-case for arbitrary values of k; and ky. The map R will be defined in the same

manner as above but the dimension and the matrix structure of g L2 2) Will be different.
(n—1)

For this reason we adopt the following simple convention. Write a(z Z a;x; for the

diagonal elements of the upper right block of the matrix of g L2'2 where n is the dimension

2(n-1) 2 (n—1)
of the underlying vector space V. We write further b(z Z bix;, c(x) = Z Ci%i,
i=1
5(n-1)
d(x) = Z d;x; and so on for the consecutive respective upper diagonals. Suppose for

i=1
(4:4)

instance that we are working in the (4;4)-case. Then the elements of g L4 ™ are written as

a(z) b(z) c(z) d@)

0 | 0 a@ ba) c@)
0 0 0 0 0 0 alz) bx)
0 0 0 0 0 0 alz)
—a(r) —blz) —e(z) —d(z)| 0 0 0 0
0 —alz) —bx) —clx)| 0O 0 0 0
0 0 —alz) —b)| 0 0 0 0
0 0 0 —al@)| 0 0 0 0



Now, with this in mind, the reader must be able to read the tables in sections A.1l

(2:k)  _(k;2)

to A.3 and to see that they indeed imply that g,”, g,’~ and g (kniha)

are examples of
Berger algebras related to the g-symmetric operators of the types L(38) L(*:2) and [(*1:k2)
respectively. A certain pattern for every different case is clearly recognisable. This pattern
allows us to quickly find more solutions of the aforementioned problem without doing all
the calculations - we only need to follow the patterns. Moreover, the patterns appearing
in sections A.1 and A.2 clearly display the isomorphism g(LQ;k) = g(Lk;Q). We remind the
reader that we have already used this fact in Chapter 4. Alas, the general situation is
far more complex. To demonstrate this we consider in section A.4 two examples for the

(k1; ko; k3)-case. We now define R as above but such that the elements of its image are of

the form
0 0 0 a(x) blz) |0 0 c(z) d(x)
0 0 0 0 a(z) |0 0 0 c(x)
—a(z) —b(x) | 0 0 0 e(r) f(z) g(x)
0 —a(z)| O 0 0 e(x) f(x)
0 0 0 0 0 [0 0 0 el
—c(x) —d(z) | —e(z) —f(xr) —g(z)|0O 0 0 0
0 —c(x) 0 —e(r) —f(x){0 0 0 0
0 0 0 0  —e) |0 0 0 0
0 0 0 0 0 0 0 0 0

The quantities a(z) to g(z) are defined just as before. Then the tables given in section

A.4 represent formal curvature operators for the corresponding Lie algebras g(k1 kaiks)

However, there is neither a pattern amongst them nor an easy way to see that the images

of these formal curvature operators coincide with g(k1 thaiks)
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A.1 First four examples of the (2;k)-case

(2;2) - case
ay | az | ag | ag | a5 | ag
010 |0 [0 |a |0
by | ba | b3 | by | b5 | bg
0|0 |a|la |8 |0
(2;3) - case
ap | G2 | a3 | G4 | G5 | Qg | Q7 | A8 | Qg | G10
01010 (010 |0 |a |0 |0 |0
bi | by | b3 | ba | b5 | bs | b7 | bs | by | bio
01010 |a|0 |a|B [0 |0 ]O0
(2;4) - case
ay | Gz | a3 | a4 | G5 | Gg | Q7 | A8 | Qg | 10 | G11 | Q12 | A13 | Q14 | Q15
010 (0 (0 |0 ]O |0 |0 | |0 0 0 0 0 0
br | by | b3 | by | b5 | bg | b7 | bs | by | big | b1 | b1z | b1z | bua | 15
01010 |0 |a]|O |O | |B |0 0 0 0 0 0
(2;5) - case
ap | Gz | G3 | @4 | G5 | Gg | G7 | Ag | Qg | Q10| A11| Q12| A13| G14| Q15| Q16| Q17| A18| A19| A20| A21
01010 ({0 ({0 |0 (O O O O |a O[O (O[O OO |[O (O[O O
by | by [ b3 | by | b5 | bg | b7 | bs | bg | bio| b11| b1z | b1z | bia| bis| big| bi7 | bis| big | bao | bas
0 (0 [0 |0 |0 |a |00 |0 |a|[pB |00 [0 0 ]O ][O0 O [0 |0 |O
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A.2 First four examples of the (k;2)-case

(2;2) - case
ay | az | ag | ag | a5 | ag
010 |0 [0 |a |0
by | ba | b3 | by | b5 | bg
0 |0 |a|a [ |0
(3;2) - case
ap | G2 | a3 | G4 | G5 | Qg | Q7 | A8 | Qg | G10
0 /0 ]0 (00 |0 |0 |O |a |0
bi | by | b3 | ba | b5 | bs | b7 | bs | by | bio
010 |0 [0 |0 |0 |a|a |8 |0
(4;2) - case
ay | Gz | a3 | a4 | G5 | Gg | Q7 | A8 | Qg | 10 | G11 | Q12 | A13 | Q14 | Q15
010 0 (0 (O ]O]JO |0 0|0 0 0 0 a |0
br | by | b3 | by | b5 | bg | b7 | bs | by | big | b1 | b1z | b1z | bua | 15
0O (010 (0|0 |O O |O O |O 0 a |a | |0
(5;2) - case
ap | Gz | G3 | @4 | G5 | Gg | G7 | Ag | Qg | Q10| A11| Q12| A13| G14| Q15| Q16| Q17| A18| A19| A20| A21
o010 {0 {0 |0 O O O O O[O (O[O (OO O[O [0 |a |0
by | by [ b3 | by | b5 | bg | b7 | bs | bg | bio| b11| b1z | b1z | bia| bis| big| bi7 | bis| big | bao | bas
0O (0 [0 O |O O O[O ][O O ][O ]JO O[O O |O |0 | |« |8 |0
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A.3 First three examples of the (k;k)-case

(2;2) - case
ay | az | ag | ag | a5 | ag
010 |0 [0 |a |0
by | ba | b3 | by | b5 | bg
0 |0 |a|a [ |0
(3;3) - case
ap |Gz | a3 | G4 | A5 | Q6 | Q7 | Ag | Qg | Q10 | @11 | G12 | Q13 | Q14 | Q15
0O (010 (0|0 (O O |O O |O 0 a |0 0 0
by | by | b3 | by | b5 | bg | by | bs | bg | big | b11 | b1z | D13 | b1a | bis
010 |0 (0 |0 ]O]O |0 | |0 a | |0 0 0
CL | C2 | C3 | C | C5 | Cs |C7 | C8 | Cg | Clo|C11|Ci2|C13 | Ci4a | C15
01010 [0 |a |0 |0 |a|fB |a |5 |7y 0 0 0
(4;4) - case
1)|G2103|04|05|06|A7|A08|A9|A10|A11[A12]A13|A14|A15|A16|A17|A18|A19 | Q20 |A21 |A22 |A23|A24 | Q25| Q26 | A27 | A28
oojojo0j00O0O|OO|O OO0 {00 {0 0|0 0|0 0|0 | |0 0O |0 |0 |0 |0
b1 |b2 | b3 |ba |bs |be |b7 |bs | by |b1o |11 [D12 |b13 |b14 |D15 |b16 |b17 [D1s |b1g |bao (D21 |b2a |Da3 |b2y |bas [Dag |bar |bag
00j00{0f0{0(0[00 [0 |0 (00 0 [0 |0 | |0 |0 |& (B |0 0 |0 |0 [0 |O
C1|C2|C3|C4|C5|Cp |C7|C8|Cg|C10 |C11|C12 |C13 |C14 |C15 |C16 |C17 |C18 |C19 |C20 |C21 |C22 |C23 |C24 |C25 |C26 | C27 | C28
00j00{0f0[0[0]00 [0 |0 [ |0 |0 [0 | |8 [0 | |8 |y |0 |0 |0 |0 [0 |O
dy|dz|d3|dy|ds|dg|d7 |dg|dg|dro|d11|d12|d13|d1a|d1s|di6|di7|dis |d19|dao |dar |daa|da3 |day |das | dag |27 | das
0101]001{0 0 |a(0]0|0 [0 | (8]0 |0 | |B |y |a |B |y [0 |0 |0 |0 |0 [0 |O
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A.4 Two examples of the (ki;ks; k3)-case.

(2;3;2) - case

1 | Q2 | a3 | a4 | A5 | G | Q7 | Qg | Q9 | Q10| Q11| Q12| A13| A14| A15| A16| A17| Q18| Q19| Q20| Q21

o (040 {0 (0|0 {00 O 0 ]O O {0 [0 ]O (O |0 [0 [0 |a |0

0O [0 [0 O[O O O[O |p O [B]0 0 [0 ][0 |0 |0 |a |y ¢ |0

C1 | C2 | C3 | C4 | C5 | Cs | C7 | C8 | Cg | Cio| C11] C12] C13| C14| C15| C16| C17| C18 | C19| C20 | C21

€1 | €2 | €3 | €4 | €5 | €6 | €7 | €8 | €9 | €10| €11| €12| €13| €14| €15| €16| €17 | €18| €19 | €20 €21

fl f2 f3 f4 f5 f6 f7 f8 f9 flO fll f12 f13 f14 f15 f16 fl? f18 f19 f20 f21
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