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Abstract 

The paper presents an integrated tribo-dynamics analysis of elliptic bore overlay big end 
bearings of internal combustion engines. The analysis focuses on bearing stability, frictional 
power loss and acoustic emission from these bearings, particularly with cylinder deactivation 
(CDA) with larger fluctuations in engine loading. The integrated approach represents a multi-
physics analysis, not hitherto reported in literature, particularly under CDA. The analysis 
shows that CDA makes marginal differences in parasitic frictional losses in engine bearing 
performance and any significant gain would depend on the brake specific fuel consumption. 
It is also shown that sufficient swept volume with retained residual exhaust gas charge within 
the deactivated cylinders can ensure bearing whirl stability. Partially deactivated engine 
configurations exhibit a lower average steady noise emission, but with a higher degree of 
transient content. This suggests that there would be a greater contribution to engine rumble 
with deactivated cylinders.            

Keywords: Elliptic bore big end bearings, bearing dynamics, thermo-mixed 
elastohydrodynamics, acoustic emission 

Nomenclature 

𝐴  Apparent contact area 

𝐴𝑎  Asperity contact area 

𝐴𝑝  Piston cross-sectional area 

𝐴𝑣  Area subject to viscous friction 

,a b   Measures along the semi-major and semi-minor directions of elliptic bore 

𝐶  Centre of mass of the connecting rod  

𝑐𝑚𝑎𝑗  Contact clearance along the semi-major axis 

𝑐𝑚𝑖𝑛  Contact clearance along the semi-minor axis 
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𝑐𝑝  Specific heat capacity 

𝑑  Shell (overlay) thickness 

𝐸  Young’s modulus of elasticity 

𝐸′  Composite Young’s modulus of elasticity of contacting solids  

( 1
𝐸′

= 1−𝜈12

𝐸1
+ 1−𝜈22

𝐸2
) 

𝑒0   Eccentricity  

𝐹2, 𝐹5/2 Statistical functions 

𝐹𝑐𝑜𝑚  Combustion gas force  

𝐹𝑖𝑛  Inertial force  

𝑓  Total friction  

𝑓𝑏  Boundary friction  

𝑓𝑣  Viscous friction  

g  Gravitational acceleration 

ℎ  Film thickness 

ℎ0  Minimum film thickness 

th   Coefficient of heat transfer 

𝑖  Contacting surface identifier (𝑖 = 1 for bearing and 𝑖 = 2 for journal) 

K  Lubricant film stiffness 

𝑘𝑙  Thermal conductivity of lubricant 

𝑘𝑠  Thermal conductivity of solid 
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𝐿  Bearing width 

𝑙  Connecting rod length 

𝑚̇  Mass flow rate 

𝑚1  Effective mass in translational motion 

𝑚𝑐𝑜𝑛  Equivalent translational mass of the connecting rod 

𝑚𝑔  Gudgeon pin mass 

𝑚𝑝  Piston mass 

n  Iteration step 

Nu  Nusselt number 

𝑃𝑐  Combustion gas pressure 

𝑝  Hydrodynamic pressure 

𝑝𝑖𝑛                   Inlet lubricant supply pressure 

𝑝𝑚  Mean pressure 

𝑝𝑟𝑒𝑓  Reference sound pressure 

𝑝𝑟𝑚𝑠  Pressure fluctuations 

𝑄̇  Heat transfer (or generation) rate 

𝑄̇1  Heat transfer rate to the bearing bushing 

𝑄̇2  Heat transfer rate to the journal 

𝑄̇𝑐𝑣  Convection heat transfer rate 

𝑅𝑒  Equivalent thermal barrier for convection due to mass flow 

𝑅𝑓  Thermal barrier due to surface flash temperature rise 

𝑅𝑙  Thermal barrier against heat conduction through lubricant film 

𝑅𝑗  Radius of the journal 
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𝑅𝑣  Thermal barrier in the lubricant/solid surface interface (boundary layer) 

𝑟  Journal radius 

𝑟𝑐  Crank pin radius 

fiS   Characteristic lengths of conducting solids 

𝑇�  Time period 

𝑇  Temperature 

𝑇0 Inlet temperature of the lubricant into the contact (also bulk housing 
temperature) 

𝑇𝑒  Effective (average) temperature of the lubricant 

𝑇𝑓  Friction induced torque 

pT   Applied combustion-induced power torque 

𝑇𝑠  Surface flash temperature 

𝑡  Time 

𝑈  Speed of lubricant entraining motion 

𝑉  Velocity of side-leakage flow along the bearing width 

𝑊  Contact reaction 

conW   Total weight of the connecting rod 

𝑊𝑎  Load carried by asperities 

𝑊ℎ  Hydrodynamic load carrying capacity 

𝑥,𝑦  Lateral radial co-ordinates  

𝑧  Axial direction along the bearing width 

Greek symbols 

α   Pressure viscosity of the lubricant 
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𝛽  Average asperity tip radius 

𝛽0  Viscosity-temperature coefficient 

𝛾  Slope of the lubricant limiting shear stress-pressure dependence 

𝛿  Local elastic deflection 

T∆   Lubricant temperature rise 

siT∆   Surface temperature rise 

𝜀  Eccentricity ratio 

𝜖𝑙  Convergence criterion for load balance 

𝜃  Crank angle and circumferential direction in bearing 

𝜂  Lubricant dynamic viscosity 

𝜂0  Lubricant dynamic viscosity at ambient conditions 

𝜆  Stribeck’s oil film parameter 

𝜆𝑐𝑟  Critical film ratio 

𝜈  Poisson’s ratio 

𝜉  Asperity density per unit area 

𝜌  Lubricant density 

𝜎  Composite RMS surface roughness (𝜎 = �𝜎12 + 𝜎22) 

𝜎1  Bearing surface roughness Ra 

𝜎2  Journal surface roughness Ra 

𝜏  Shear stress 

𝜏𝐿0  Limiting shear stress 

𝜙  Connecting obliguity angle 

𝜑  Journal attitude angle 
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𝜔  Angular speed of crank shaft (engine speed) 

0ω   Natural frequency of lubricant film 

Abbreviations 

BSFC  Brake Specific Fuel Consumption  

CDA               Cylinder Deactivation 

DOF  Degrees of Freedom 

IC  Internal Combustion 

NVH  Noise, Vibration and Harshness 

RMS  Root Mean Square  

SG                   Spheroidal Graphite  

TDC  Top Dead Centre  

 

1- Introduction 

Fuel efficiency, improved emissions and NVH (Noise, Vibration and Harshness) refinement 
are the key drivers in future power train development. Engine bearings play a key role in this 
quest. They are responsible for 20-30% of all parasitic frictional losses, which in turn account 
for 15-20% of all the engine losses [1]. Therefore, engine bearings represent 3-6% of the fuel 
energy expended in an IC (Internal Combustion) engine. This amounts to a significant 
proportion of all the power train energy consumption. Furthermore, engine bearings are 
subjected to progressively increased loading with the development trend of more compact 
high output power-to-weight ratio engines. This means that bearings operate at higher 
fluctuating loads with a greater variation in journal eccentricity.  Thus, a greater chance of 
direct surface interaction exists at high eccentricity ratios which can culminate in wear.  

Variable valve actuation (VVA) is a well-recognised method for reducing fuel consumption. 
Cylinder deactivation (CDA), discrete variable valve lift (DVVL) and continuously variable 
valve lift (CVVL) are different forms of VVA. In particular, CDA is seen as effective at low 
and partial engine loading conditions [2]. These conditions represent idling or low speed 
crawling in congested traffic, which progressively represent a greater proportion of everyday 
driving. CDA can also be applied at higher speeds with lower power requirement such as 
highway cruising. The obvious benefit of CDA is fuel economy as the result of reduced 
pumping losses. There are further benefits due to increased exhaust temperature under partial 
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loading, yielding improved after-treatment efficiency for diesel engines which helps the 
three-way catalyst technology [3,4].  
 
 
As already noted, NVH refinement is also progressively a key design objective and regarded 
as a measure of vehicle quality. Engine order vibrations are the direct result of inertial 
imbalance and induced power torque which is a function of cylinder pressure [5]. When a 
cylinder is deactivated, usually all its intake and exhaust valves remain closed. This means 
that a volume of previously trapped air or the exhaust gas charge is retained within a 
deactivated cylinder. Therefore, cylinder-to-cylinder pressure variation, exacerbated by CDA 
can lead to engine order vibration that would have been otherwise removed with the full 
engine operation through suitable cylinder phasing and firing order [5]. Therefore, the use of 
CDA is somewhat limited by the NVH refinement because of the resulting greater 
fluctuations in the output power torque [2,6]. 
 
Development of light weight power train systems has been an ongoing trend for some time. 
This also improves fuel efficiency by reducing inertial imbalance, but can lead to a host of 
undesired phenomena. One is the increased elastodynamic response of lighter and compliant 
components. A plethora of power train NVH issues have emerged in recent times as the result 
of this trend, because of the broader NVH spectral composition [7-9]. Another potential 
problem is that the reduced inertial loading of engine bearings, particularly with deactivated 
cylinders, can increase the chance of engine bearings’ whirl instability [10]. Therefore 
prediction of performance of engine bearings has become an even more important design 
issue than hitherto.  The effect of fluctuating loads is more pronounced for the big 
endbearings which are directly affected by the combination of combustion and inertial 
loading [11]. To improve bearing stability, stiffness characteristics and load carrying 
capacity, these bearings are made in non-circular geometry (elliptic/lemon-shaped or multi-
lobed), thus encouraging formation of multi-convergent wedges along the bearing periphery 
[11]. This action also reduces undue variations in the operating eccentricity, thus aiding 
bearing stability with increasing fluctuating loads in modern engines with a lower number of 
cylinders. 

There are many interacting parameters in the design analysis of big end bearings. These 
include prediction of film thickness, contact pressure distribution and generated friction. 
There are also consideration of thermal effects as well as bearing stability and NVH issues. 
Various reported analyses have put emphasis on some of these considerations. The first 
important aspect to take into account is the dynamic nature of big end bearing response under 
fluctuating loads. Bates et al [12] presented an experimental investigation and a theoretical 
model for dynamically loaded big end bearings. They neglected the effect of any distortion or 
lubricant cavitation. Conway-Jones et al [13] presented a numerical model for thermal 
analysis of big end bearings. They included the effect of bearing distortion through inclusion 
of bearing shell flexibility using finite element method. Aitken et al [14, 15] investigated 
dynamically loaded big end bearings, assuming elastohydrodynamic contact conditions. 
These conditions usually occur with overlay bearings where several layers of soft (low elastic 
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modulus materials) are rolled upon the parent bearing bushing substrate in order to encourage 
localised deformation in the high pressure wedge region [10,16]. In fact, the pressures may be 
sufficient to deform the layers, but not usually of sufficient magnitude to induce piezo-
viscous action of the lubricant. These conditions are often referred to as iso-viscous elastic or 
soft elastohydrodynamics [10]. A thin hard layer such as bismuth or indium is often coated on 
the overlay to resist wear of contacting surfaces when a thin film results, such as under start-
up conditions or at low speeds [16]. Many analyses ignore the effect of overlay or the hard 
wear-resistant coating in the calculation of friction.  

Other investigations of big end bearing dynamic response include the work of Boedo and 
Booker [17], who investigated film thickness and pressure distribution under dynamic 
oscillating conditions. Calculation of loading was based on a finite element deformation 
model. Bonneau et al [18] also presented a numerical procedure, based on Newton-Raphson 
iterations. They included the structural deformation in an elastohydrodynamic analysis with 
inclusion of lubricant cavitation. A multi-body dynamics approach, including the effect of 
soft overlay or thin shell construction, using the analytical column method approach for 
calculation of deformation was reported by Rahnejat [19] for a single cylinder engine for 
crankshaft circular bushing main support bearings under isothermal conditions. This 
approach was extended by Balakrishnan et al [16] for overlay crankshaft bearings, taking into 
account shear heating of the lubricant film. They included the effect of complex direct and 
moment loading with various cylinder firing in a compact 4-cylinder engine. It was shown 
that one repercussion of soft thermo-elastohydrodynamics with low loads was the adverse 
journal stability. Another repercussion was thin films under heavy loads, resulting in direct 
interaction of the surfaces. 

Therefore, for all engine bearings the inclusion of thermal effects is an important pre-
requisite as well as the consideration of realistic rough boundary interactions. Mishra et al [11] 
reported such a model for big end bearings with varying bore order (out-of-roundness) and 
with different roughness patterns; longitudinal, transverse and isotropic forms using 
appropriate lubricant film expectancy functions. Majumdar [20] also carried out a 
comprehensive study of similar roughness patterns, showing an increase in the load carrying 
capacity of the bearing with a transverse roughness pattern, whilst the converse was found to 
be the case for a longitudinal pattern. He concluded that the control of manufacturing 
processes, particularly finishing operations on both the journal and bushing surfaces can 
enhance lubrication of big end bearings, particularly with respect to enhanced load capacity 
and reduced friction. Other representative literature dealing with themo-elastohydrodynamic 
analysis of big end bearings include those of Kim et al [21], Stefani et al [22], Crosby [23] 
and Boncompain et al [24], who included the effect of heat conducted into the boundary 
solids; the journal and the bearing bushing. The surface temperature of the solids can then be 
used to study the structural integrity of surfaces, in particular any bushing overlay or coating.   

Despite a large volume analyses of big end bearings, a combined study of bearing dynamics, 
lubrication and acoustics has not been reported particularly for modern trends in engine 
technology such as the effect of CDA on bearing performance. This paper presents a thermo-
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mixed-elastohydrodynamic model for elliptic bore big endjournal bearings with application 
of  CDA and its influence upon the key measures of performance; frictional power loss, fuel 
efficiency, dynamic stability and NVH refinement.  

2- Theory 

2.1- Applied loads 

Big end bearings are subjected to transient applied loads as the result of varying in-cycle 
piston kinematics (thus inertial loading) and the combustion pressure. For a typical cylinder 
the inertial imbalance force along the axis of the piston is [5]:  

𝐹𝑖𝑛 ≃ 𝑚1𝑟𝑐𝜔2 �cos𝜔𝑡 + 𝑟𝑐
𝑙

cos 2𝜔𝑡�                                                                     (1) 

where engine order vibrations up to the second engine order are considered for the 4-cylinder 
4-stroke engine [5], and 𝑚1 is the equivalent mass in translation, which is that of the piston, 
the gudgeon pin and a proportion of the mass of the connecting rod in translation, 𝑚𝑐𝑜𝑛. This 
is obtained by assuming the single cylinder geometry as a two degrees of freedom system; 
one in translation and the other in rotation. Hence: 𝑚1 = 𝑚𝑝 + 𝑚𝑔 + 𝑚𝑐𝑜𝑛 , where [25]: 

1con
con

W Cm
g l

 = − 
 

         (2) 

where, conW  is the weight of the connecting rod. 

The applied combustion force on the big end bearing is obtained in terms of the instantaneous 
connecting rod obliguity angle as [5]: 

𝐹𝑐𝑜𝑚 = 𝑃𝑐𝐴𝑝
cos𝜙

          (3) 

where:  

cos𝜙 ≈ 1 − 𝑟𝑐2

2𝑙2
sin2 𝜔𝑡        (4) 

Therefore, the total load applied on the bearing is expressed as: 

𝐹 = 𝐹𝑖𝑛
𝑐𝑜𝑠𝜙

+ 𝐹𝑐𝑜𝑚         (5) 

These are the forces transmitted to the bearing through the piston system. Any centrifugal 
force applied to the journal as the result of crank eccentric rotation is not taken into account 
in the analysis, except in the case of bearing stability chart. Therefore, the analysis assumes a 
balanced crankshaft.  
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This represents the maximum direct transient applied load which is carried by the big end 
bearing at any instant of time. There is also smaller moment loading contribution from 
adjacent cylinders, ignored in the current analysis. A detailed bearing loading analysis is 
provided by Balakrishnan et al [16]. Ideally, the applied load is carried by a lubricant film 
formed in the journal-bushing conjunction (i.e. the elastohydrodynamic reaction). However, a 
coherent film of lubricant is not always assured due to the transient nature of engine 
operations (load-speed combination as well as stop-start conditions). Hence, some of the 
applied load is carried by the direct contact of surfaces, usually a small portion of the rough 
topography of the crank-pin and the bushing surface (i.e. the asperity load). The latter is 
usually overlaid with a sandwich of soft and hard layers which also deform locally as the 
result of conjunctional pressures, conditions which are referred to as elastohydrodynamic. 
Therefore:  

h aW W W F= + =          (6) 

where, the elastohydrodynamic reaction is obtained as:  

𝑊ℎ = ∫∫ 𝑝(𝜃, 𝑧)𝑟𝑑𝜃𝑑𝑧                                                                                              (7) 

The asperity or boundary load is a function of surface roughness. For an assumed Gaussian 
distribution of asperities [26]:  

𝑊𝑎 = 16√2
15

𝜋(𝜉𝛽𝜎)2�
𝜎
𝛽
𝐸′𝐴𝐹5/2(𝜆)       (8) 

where, the statistical function 𝐹5/2(𝜆) is a function of Stribeck oil film parameter 𝜆 = ℎ
σ

, 
where σ  is the composite root mean square roughness of the contiguous surfaces. The 
statistical function can be represented by a polynomial-fit function as [27]: 

𝐹5 2⁄ (𝜆) = �−0.004𝜆5 + 0.057𝜆4 − 0.296𝜆3 + 0.784𝜆2 − 1.078𝜆 + 0.617;    for   𝜆 ≤ 𝜆𝑐𝑟
   0                                                                                                              ;    for   𝜆 > 𝜆𝑐𝑟

    (9) 

where, 𝜆𝑐𝑟 ≃ 3 is the critical film ratio below which mixed regime of lubrication (including 
asperity interactions) occurs. 

According to [26,28], the roughness parameter (𝜉𝛽𝜎) is reasonably constant with a value in 
the range of 0.03 to 0.05 for steel surfaces. The ratio 𝜎 𝛽⁄  is a representation of the average 
asperity slope [10] and is in the range 10−4 to 10−2 according to Teodorescu et al [27]. In the 
current study it is assumed that 𝜎1 = 𝜎2 , 𝜉𝛽𝜎= 0.055 and 𝜎 𝛽⁄ =0.001. Since a thin smooth 
hard layer of bismuth is applied as the outer layer of the shell overlay, the boundary friction is 
assumed to largely depend on the rougher surface of the steel crank pin. 

2.2- Elastohydrodynamic conjunction 
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2.2.1- Generated lubricant pressures 

In order to obtain the hydrodynamic load carrying capacity in equation (7) the generated 
instantaneous pressure distribution in the bearing should be obtained using Reynolds equation:  

𝜕
𝜕𝑥
�ℎ

3

𝜂
𝜕𝑝
𝜕𝑥
� + 𝜕

𝜕𝑧
�ℎ

3

𝜂
𝜕𝑝
𝜕𝑧
� = 6(𝑈 𝜕ℎ

𝜕𝑥
+ 𝑉 𝜕ℎ

𝜕𝑧
+ 2 𝜕ℎ

𝜕𝑡
)     (10) 

where: 1
2

U rω=  is the speed of lubricant entraining motion into the bearing conjunction in 

circumferential direction x (viewed as unwrapped: 𝑥 = 𝑟θ) and V is the velocity of any side-
leakage flow along the bearing’s length, z along the axis of the crank pin. The ultimate term 
on the right-hand side of the equation is lubricant entrapment in a dynamically converging 
gap, referred to as squeeze film motion. This retains the time history of lubricant film 
thickness under transient conditions. This term can be replaced in terms of crank dynamics as: 
dh dh d dh
dt d dt d

θ ω
θ θ

= =    

This substitution is made in Reynolds equation, resulting in a crank-angle based version of 
the equation which is more usual for engine bearing analysis. 

Reynolds equation can be simplified using realistic assumptions. Firstly, the big end bearings 
generally used in modern vehicles are short-width bearings: 2𝑟

𝐿
> 2, where r is the journal 

radius and L is its length along the crank pin (often referred to as the bearing width). In such 
cases: 𝜕𝑝

𝜕𝑧
≫ 𝜕𝑝

𝜕𝑥
, thus 𝜕𝑝

𝜕𝑥
= 0. Secondly, a negligible side leakage flow along the bearing width 

is also assumed, thus: 𝑉 = 0.  

Implementing the above assumptions, Reynolds equation for a short-width engine bearing 
becomes: 

𝜕
𝜕𝑧
�ℎ

3

𝜂
𝜕𝑝
𝜕𝑧
� = 6 �𝜔 𝜕ℎ

𝜕𝜃
+ 2 𝜕ℎ

𝜕𝑡
� = 18𝜔 𝜕ℎ

𝜕𝜃
      (11) 

The conjunctional gap shape (i.e. film thickness, h) and the variation of lubricant dynamic 
viscosity η are required for the solution of equation (11).  

Equation (11) is the standard Reynolds equation for transient conditions. It does not take into 
account the effect of cavitation in the unloaded region of the bearing. Cavitation is an 
important phenomenon affecting erosion of bearing surfaces. This is not the focus of the 
paper. To include the effect of cavitation suitable boundary conditions at the contact exit 
must be employed. Interested readers can refer to Elrod’s cavitation algorithm [29] as a 
modification to Reynolds equation.   

2.2.2- Lubricant rheological state 
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The lubricant viscosity increases with pressure and reduces with temperature. Its rise with 
pressure is a function of the product 𝛼𝑝 where α is its piezo-viscosity coefficient, which is 
𝛼 ≃ 10−8 m2/N for most engine oils. Pressures in the conforming contact of engine bearings 
are usually of the order of a few to tens of MPa. Thus, the product αp<<1, and the conditions 
are considered to be iso-viscous. Hence, in such cases one may confine the analysis to the 
variation of lubricant viscosity with temperature as [5]: 

𝜂 = 𝜂0𝑒−𝛽0Δ𝑇                               (12) 

where, 𝜂0  is the lubricant dynamic viscosity at a given temperature, such as the bulk 
temperature at the bearing housing, 𝑇0 , and 𝛽0  is the viscosity-temperature coefficient. 
∆𝑇 = 𝑇 − 𝑇0, is the rise in lubricant temperature from that in bulk.  

2.2.3- Conjunctional film shape 

Referring to figure 2, for an elliptic-bore journal bearing the film thickness ℎ is obtained as:  

ℎ(θ) = 𝑎𝑏
√𝑎2 sin2 θ+𝑏2 cos2 θ

− 𝑟 − 𝑥 cos θ− 𝑦 sin θ + 𝛿    (13) 

where, 0 ≤ 𝜃 ≤ 2𝜋, 𝑎 = 𝑟 + 𝑐𝑚𝑖𝑛 and 𝑏 = 𝑟 + 𝑐𝑚𝑎𝑗 (Figure 1). 

where 𝑥  and 𝑦 are the lateral excursions of journal centre from the geometric centre of the 
bearing bushing (radial eccentricities) at any instant of time: 

𝑥 = 𝑒0 sin𝜑 and 𝑦 = −𝑒0 cos𝜑       (14) 

where 𝑒0 is the eccentricity and 𝜑 is the journal attitude angle relative to the vertical radial 
direction (Figure 1). 

The term 𝛿 in equation (13) represents the deflection of the soft bearing bushing overlay. The 
conforming nature of journal-bushing contact and the low elastic overlay, such as Babbitt (A 
Tin based alloy) or copper means that local deflection of the bushing surface at any given 
location may be considered to be almost entirely due to an assumed column of local pressure 
directly orthogonal to it. Using the tri-axial state of stress-strain for a compressible shell 
material subjected to internal pressure and noting that for plane strain contact mechanics 
problems the compressive contact stress equates the localised pressure (i.e. the column 
method), Rahnejat [19] showed that:       

𝛿 = (1−2𝜈)(1+𝜈)𝑑
𝐸(1−𝜈) 𝑝         (15) 

where 𝑑  is the shell thickness (in this case the thickness of the soft Babbitt layer of the 
bushing overlay) and 𝐸 and 𝜈 are the Young’s modulus of elasticity and Poisson ratio of the 
layer.   
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Figure 1: Elliptic bearing configuration 

A time-efficient analytical–numerical approach can be used to obtain the pressure distribution 
required for equation (7). Reynolds equation (11) is integrated twice with respect to the co-
ordinate 𝑧, employing the boundary conditions: 𝑝(𝜃, 0) = 𝑝(𝜃, 𝐿) = 0. This leads to: 

 𝑝(𝜃, 𝑧) = 9𝜂𝑧(𝑧−𝐿)
ℎ3

𝜔 𝜕ℎ
𝜕𝜃

        (16) 

where, using equation (13): 

𝜕ℎ
𝜕𝜃

= −𝑎𝑏(𝑎2−𝑏2) sin𝜃 cos𝜃
(𝑎2 sin2 𝜃+𝑏2 cos2 𝜃)3/2 + 𝑥 sin𝜃 − 𝑦 cos 𝜃 + 𝑑δ

𝑑θ
     (17) 

A simultaneous solution of equations (12), (13), (15) and (16) is required, with the unknowns 
p, h, δ,  η  and T∆ . Therefore,  an isothermal solution ( 0T∆ = ) can readily be obtained for 

0η η= . However, temperature plays a significant role as it affects the lubricant viscosity, thus 
the lubricant film thickness and its load carrying capacity.     

2.2.4- Thermal analysis 

An analytical method based on a control volume approach described in Morris et al [30] is 
used in the current study to calculate the average temperature rise for the lubricant passage 
through the contact as well as the rise in the temperatures of the bounding surfaces; the 
journal and the bearing bushing.  

Within the contact, the rate of heat generation through viscous shear of a film of lubricant is: 

𝑄̇ = 𝜔𝑇𝑓          (18) 
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where 𝑇𝑓 is the viscous friction torque:  

𝑇𝑓 = ∫ ∫  𝜏 𝑟𝑑𝜃𝑑𝑧𝐿
0

2𝜋
0           (19) 

Part of the generated heat in the contact is dissipated through the bearing bushing, 𝑄̇1 and the 
journal, 𝑄̇2. The remainder is carried away by the lubricant through convection, 𝑄̇𝑐𝑣. Hence 
(Figure 2, the abscissa represents the bearing periphery): 

𝑄̇ = 𝑄̇1 + 𝑄̇2 + 𝑄̇𝑐𝑣         (20) 

 

Figure 2: Thermal flow through the contact 

 

Any heat conducted through small asperity pair contact interfaces is neglected as the asperity 
contact area typically constitutes less than 1% of the total contact area [26, 27].  

The heat removal rate due to lubricant mass flow in the contact is readily obtained (Figure 3): 

𝑄̇𝑐𝑣 = 𝑇𝑒−𝑇0
𝑅𝑒

= ∆𝑇
𝑅𝑒

         (21) 

where, 𝑅𝑒 = 1 �𝑚̇𝑐𝑝�⁄  is the equivalent thermal barrier for the mass flow convection, 𝑇0 is 
the inlet contact temperature of the lubricant, 𝑇𝑒 is the effective (average) temperature of the 
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lubricant in the contact and 𝑐𝑝  is the specific heat capacity of the lubricant at constant 
pressure. The mass flow rate is obtained as [10,31]: 

𝑚̇ = 2𝜋𝑟𝜔𝐿𝑐𝑒0𝜌 +
2𝜋𝑝𝑖𝑛𝑟𝑐3(1+1.5�𝑒0 𝑐� �

2
)

3𝜂𝐿
                          (22) 

where: 𝑐 = 𝑐𝑚𝑖𝑛+𝑐𝑚𝑎𝑗

2
 

By assuming that the heat generated is at the mid-depth of the lubricant film, then the heat 
flow to the bounding surfaces has to overcome a number of thermal resistive barriers (see 
Figure 3) [30]. These are the resistances due to the lubricant film thickness, 𝑅𝑙 , the 
convective heat transfer through the boundary layer, 𝑅𝑣 and a rise in the solid surface flash 
temperature,  𝑅𝑓. These resistance values are calculated through the following relationships 
[30]: 

𝑅𝑙 = ℎ0
2𝑘𝑙𝐴

, 𝑅𝑣 = 1
ℎ𝑡𝐴

, 𝑅𝑓 = 𝑆𝑓
𝑘𝑠𝐴

      (23) 

where, ℎ𝑡 is the heat transfer coefficient of the thin boundary layer and 𝑘𝑙 and 𝑘𝑠 are thermal 
conductivity of the lubricant and the solid surfaces respectively. In addition, ℎ0 2⁄  is 
considered as the characteristic length, where ℎ0  is the minimum lubricant film thickness 
(Figure 2). 

 

Figure 3: Heat transfer within the contact 

The heat transfer coefficient, ℎ𝑡, is obtained from the following relationship [32]: 
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ℎ𝑡 = Nu 𝑘𝑙
ℎ0

          (24) 

To calculate the Nusselt number, the laminar flow of lubricant through the conjunction is 
considered to be analogous to fluid flow through two infinite parallel surfaces with fully 
developed velocity and temperature profiles. This assumption is justified because the 
variation of temperature through the depth of the thin film is negligible. According to 
Suryanarayana [32] the Nusselt number for such a case is constant and for the current 
analysis has a value of Nu = 8.24.  

The journal and bearing surfaces are always in contact with the heat source (i.e. the lubricant). 
Therefore, when the bearing is viewed as unwrapped, it can be assumed that the journal and 
bearing rectangular contact patch surface areas are supplied with a steady source of heat flow. 
As a result, the characteristic length for the bearing (𝑖 = 1) and for the journal (𝑖 = 2), 𝑆𝑓𝑖, 
would be [33]: 

𝑆𝑓𝑖 = 1
2𝐴
�(2𝜋𝑟)𝐿2 sinh−1 �2𝜋𝑟

𝐿
� + 𝐿(2𝜋𝑟)2sinh−1 � 𝐿

2𝜋𝑟
� + 1

3
[𝐿3 + (2𝜋𝑟)3 − (𝐿2 + (2𝜋𝑟)2)1.5]� (25) 

The effective temperature is obtained as [30]: 

𝑇𝑒 = (𝑄̇𝑅𝑒+𝑇0)∏ 𝑅𝑖2
𝑖=1 +𝑅𝑒 ∑ 𝑅𝑖𝑇𝑠𝑖2

𝑖=1
∏ 𝑅𝑖2
𝑖=1 +𝑅𝑒 ∑ 𝑅𝑖2

𝑖=1
, 𝑖 ∈ {1,2} and 𝑖 ≠ 𝑗    (26) 

Once the effective (average) lubricant temperature in the contact is found one can determine 
the effective viscosity of the lubricant using equation (12). Using a heat partitioning method 
described in [30], the temperature rise in the solid surfaces can be calculated, based on the 
quantity of transferred heat to them as: 

∆𝑇𝑠𝑖 = 𝑅𝑓𝑖
𝑅𝑖

(𝑇𝑒 − 𝑇𝑠𝑖),  𝑖 ∈ {1,2}      (27) 

2.2.5- Friction in mixed regime of lubrication 

As already noted in the Introduction one key aim of any analysis of engine bearings is 
prediction of frictional power loss. In bearings friction is mainly generated due to viscous 
shear of a lubricant film entrained into the contact. Additionally, if when the thickness of 
lubricant film is insufficient to completely separate the contacting surfaces, friction is also 
generated by interaction of rough features on the contiguous surfaces (boundary friction). 
Therefore, in mixed/boundary regime of lubrication, the friction at the tip of asperities must 
be taken into account. A very thin film of lubricant is usually adsorbed to the tip of surface 
asperities because of boundary active molecular species in engine lubricants. These boundary 
adsorbed films are subject to fairly high shear rate because of their very thin nature and the 
short contact transit time (i.e. high effective sliding velocity). Therefore, boundary friction 
comprises non-Newtonian shear of such thin films (first term in equation (28)), as well as 
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adhesive elasto-plastic friction of opposing asperities (second term in equation (28)) [34]. 
Thus, according to the very basic model proposed in [26]:  

𝑓𝑏 = 𝜏𝐿0𝐴𝑎 + 𝛾𝑊𝑎         (28) 

where, 𝛾 is analogous to the adhesive coefficient of friction at asperity level junctions and 

0Lτ  is the lubricant limiting shear stress [35], share of the contact load carried by the 

asperities, aW  is given by equation (8) and the total asperity contact area for an assumed 
Gaussian distribution of them is obtained as [26]:  

𝐴𝑎 = 𝜋2(𝜉𝛽𝜎)2𝐴𝐹2(𝜆)        (29) 

The statistical function 𝐹2(𝜆) is expressed as [27, 28]: 

𝐹2(𝜆) = �−0.002𝜆5 + 0.028𝜆4 − 0.173𝜆3 + 0.526𝜆2 − 0.804𝜆 + 0.500;    for   𝜆 ≤ 𝜆𝑐𝑟
   0                                                                                                              ;     for   𝜆 > 𝜆𝑐𝑟

    (30) 

The contribution to friction from viscous shear of the uninterrupted (full) film of lubricant in 
the bulk of the contact, 𝐴𝑣 = 𝐴 − 𝐴𝑎 with v aA A>>   is obtained as:  

𝑓𝑣 = ∫ �±ℎ 𝑑𝑝
𝑑𝑧

+ 𝜂
ℎ
𝑈� 𝑑𝐴𝑣        (31) 

However, thin lubricant films may be subject to shear which exceeds the limiting shear stress: 

0Lτ τ> , in which case [26]:  

𝑓𝑣 = ∫(𝜏𝐿0 + 𝛾𝑝∗)𝑑𝐴𝑣        (32) 

where 𝑝∗ = 𝑊ℎ
𝐴𝑣

      

Therefore, the total friction becomes:  

𝑓 = 𝑓𝑣 + 𝑓𝑏          (33) 

The frictional power loss for is obtained as:  

𝑃𝑙 = 𝑓𝑈          (34) 

2.3- Acoustic emissions model 

The most important aspect of NVH with regard to engine bearings is the noise radiated from 
them. This contributes to the overall engine noise output and its attenuation is progressively 
regarded as a refinement issue. The main source of noise is from air pressure fluctuations 
about a steady mean pressure value. These occur as the result of fluctuating bearing load due 
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to changes in combustion loading and inertial dynamics. The pressure fluctuations are 
represented by their root mean square value,  𝑝𝑟𝑚𝑠 for any given period of time 𝑇�  [36]: 

𝑝𝑟𝑚𝑠 = �1
𝑇� ∫ [𝑝(𝑡)−𝑝𝑚]2𝑑𝑡𝑡+𝑇�

𝑡         (35) 

where, 𝑝 is the hydrodynamic pressure at any instant of time and 𝑝𝑚 is the mean pressure at 
the steady state response period 𝑇�, which can be obtained as [36]: 

𝑝𝑚 = 1
𝑇� ∫ 𝑝(𝑡)𝑑𝑡𝑡+𝑇�

𝑡          (36) 

The sound pressure level as the results of pressure perturbations can now be found as: 

𝑁 = 20log �𝑝𝑟𝑚𝑠 𝑝𝑟𝑒𝑓� �                                                                                              (37) 

where, 𝑝𝑟𝑒𝑓 is the reference sound pressure in the lubricant, taken as 10−6 Pa [36]. 

2.4- Bearing stability calculations 

A critical issue with respect to engine bearings is their dynamic stability. Instability may be 
caused by a plethora of reasons, including loss of lubricant reaction or severe cases of 
fluctuating bearing load, termed as oil whirl condition [10]. Thin lubricant film thickness can 
also lead to significant direct contact of journal and its bushing, causing dynamic instability, 
known as dry whip [11]. Other effects such as edge loading of the contact as the result of 
misalignment or structural flexibility of the bearing can also lead to instability [17]. The 
lubricant film under the simulated conditions of the current analysis is of sufficient thickness 
to guard against instability caused by dry whip. Furthermore, the current analysis does not 
take into account any journal misalignment. Figure 4 shows a stability chart with the locus 

line 0ω
ω  confining the region where unstable oil whirl can occur due to lack of journal 

bearing load (reduced inertia) or increased journal speed [10]. The underlying analysis in 

creating of the stability chart is based on the speed ratio 0ω
ω , where ω is the journal speed 

and 0ω is the natural frequency of the lubricant film, when the lubricant film is considered as 
a spring and the journal-lubricant film as a single degree of freedom system, thus [10]: 

𝑓0 = 𝜔0
2𝜋

= 1
2𝜋 �

𝑔𝐾
𝑊ℎ

          (38) 

where, the lubricant film stiffness non-linearity is obtained at any instant of time (crank angle) 

as: hWK
h

∂
=

∂
 and hW  is given by equation (7).      

 



Proceedings of the Institution of Mechanical Engineers Part K: Journal of Multi-body Dynamics 
DOI: 10.1177/1464419313519085 - February 2014 (Accepted Version) 

19 
 

 

Figure 4: Bearing Stability Chart (Gohar and Rahnejat [10]) 

The stability chart shows the stable region of operation is usually for eccentricity ratios 
𝜀 = 𝑒0 𝑐� > 0.7 for a broad range of engine speeds. The ordinate to the figure is termed the 

stability factor; 
𝑔
𝑐𝜔2 which is a function of engine speed. In the current analysis the chart is 

used to ensure that the results presented fall within the stable region of the chart.   

3. Method of Solution 

The following step-wise iterative computational procedure is used: 

Step 1: For a given engine speed ω  and a given crank angle θ , the connecting rod angle ϕ  is 
calculated from equation (4) and the applied bearing load from equation (5).  

Step 2: An initial value for eccentricity, 0e  is assumed and the pressure distribution is 
calculated from Reynolds equation.  

Step 3: The lubricant viscosity and film thickness are calculated from equations (12) and (13), 
the latter with an initial assumed value of 0δ = .   

Step 4: The applied pressures alter and cause deflection, δ  (equation (15), which in turn 
changes the lubricant film thickness using equation (13). Consequently, the pressure 
distribution from Reynolds equation is altered.  Also, changes in film thickness alter the value 
of λ , thus the statistical functions 2 ( )F λ and 5

2
( )F λ . Furthermore, viscous and boundary 

friction contributions alter accordingly (equations (28) and (31)), which change the friction 
torque and the generated heat (equations (18) and (19)). The control volume thermal balance, 
described in section 2.2.4 result in an updated lubricant temperature, eT , thus its rise, T∆  
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from the initially assumed bulk temperature. This leads to change of lubricant viscosity, thus, 
lubricant film thickness, pressure distribution and other system variables. These changes alter 
the calculated values of aW  and hW , hence the total reaction force, W in equation (6).     

Step 5: Equation (6) constitutes an instantaneous quasi-static equilibrium (a constraint 
function), which is regarded as a convergence criterion as: 

𝜖𝑙 = |𝐹−𝑊|
𝐹

< 0.01                                                                                                  (39) 

where, lε  is the limit of convergence. 

Step 6: If the above criterion is not satisfied, then the initial assumed eccentricity is altered 
and the entire procedure from step 2 is repeated.  Otherwise, the crank angle, θ  is advanced 
and simulated work continues for the entire engine cycle ( 0 720θ≤ ≤  for a 4 stroke engine).  

During this procedure oil whirl stability and acoustic emission are ascertained after each 
crank angle converged conditions.       

4. Results and Discussion 

The analysis carried out here corresponds to a c-segment 4-cylinder 4-stroke diesel engine 
under low speed (25 km/h) city driving condition at 25% throttle in second gear (ratio: 
1:2.038) with the differential ratio of 1:4.07. For this condition the engine speed is 2200 rpm. 
Tables 1-3 provide all the necessary data used in the analysis. The results are presented for a 
cylinder subjected to deactivation as well as an active cylinder. Figure 5 shows the 
combustion load 𝐹𝑐 and the calculated inertial force 𝐹𝑖𝑛 along the connecting rod. The results 
correspond to the cases: (i)- all active cylinders, (ii)- an active cylinder in partially 
deactivated engine configuration and (iii)- a deactivated cylinder. The results also include the 
inertial unbalance force (purely reciprocating force) for any cylinder. It can be seen that a 
considerable increase in gas force is required in active cylinders (when some cylinder are 
deactivated) in order to maintain the same steady engine speed as that of the full engine 
operation. This means that a higher fuel injection rate is maintained which may not 
necessarily lead to improved fuel efficiency and reduced emissions with cylinder deactivation. 
However, the pumping losses would be reduced at lower injection rate. The current analysis 
does not deal with the pumping losses. The results also show the much reduced inertial force 
following the modern light weight power train philosophy. Combustion occurs at 20  past 
the TDC. The crank angle 0θ =  and every 720 thereafter mark the beginning of the power 
stroke in the figure. Note that combustion occurs later in active cylinders when some are 
deactivated. The maximum chamber pressure occurs immediately after the TDC in 
deactivated cylinders. The pressure in the deactivated cylinder is as the result of the swept 
volume of entrapped air and residual charge.       
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Figure 5: Applied forces on bearing along the connecting rod 

Table 1: Engine data 

Parameter Value 
Crank pin radius [mm] 31.0 

Connecting rod length [mm] 107.0 
Effective translational mass [g] 320.0 

Engine speed [rpm] 712.0 

Table 2: Bearing data 

Parameter Value 
Bearing width [mm] 16.8 
Bearing radius [mm] 21.0 

Minor diametral clearance [µm] 20.0 
Major diametral clearance [µm] 30.0 

Composite surface roughness [µm] 1 

Shell thickness value [mm] 2.6 

Table 3: Lubricant and material data 

Parameter Value 
Lubricant dynamic viscosity [mPa.s] 8.0 

Lubricant density [Kgm-3] 833.8 
Viscosity-temperature coefficient [K-1] 0.026 
Pressure-induced shear coefficient (𝛾) 0.047 

Atmospheric limiting shear stress [MPa] 2.3 
Specific heat capacity of lubricant [Jkg-1K-1] 2360 
Thermal conductivity of lubricant [Wm-1K-1] 0.225 

Poison’s ratio for Babbitt [-] 0.33 
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Young’s modulus for Babbitt [GPa] 60 
Thermal conductivity of bearing bushing 𝑘𝑠1  [Wm-1K-1] 46 

Thermal conductivity of journal ks2 [Wm-1K-1] 25.96 
Bulk oil temperature [°C] 80 

Journal material  SG cast iron 
Bearing overlay Babbitt 

Eyring shear stress [MPa] 5 
Inlet pressure [MPa] 0.5 

Figure 6 (a) shows the minimum film thickness in the big end bearing during the various 
engine cycles. In all the studied cases, the film thickness is reduced during piston reversals at 
the TDC ( 0 ,360 ,720 ,...θ =    ) and attains its minimum value in the power stroke 

( 0 ,720 ,...θ =   ). In fact, a mixed regime of lubrication (1 4λ≤ ≤ ) is noted in all the cases as 
indicated by the demarcation boundaries in the figure. Therefore, the inclusion of boundary 
friction is quite important in the prediction of frictional power loss.  

As the result of a thinner film in active cylinders of a partially deactivated engine cylinders, 
the big end bearings of these cylinders exhibit larger frictional losses (figure 6(b)). The 
deactivated cylinders have reduced frictional power loss than any cylinders in the normal 
engine operation. However, the cyclic power loss is spread over all the engine strokes rather 
than being confined mostly to the power stroke for active cylinders. Altogether, for a multi-
cylinder engine with some deactivated cylinders, the results indicate that frictional power loss 
is not necessarily reduced under the prescribed conditions. One of the underlying reasons for 
this is the higher operating lubricant temperature in the bearings is the active cylinders of a 
partially deactivated engine configuration (figure 6(c)) as well as still significant generated 
temperatures in bearings of deactivated cylinders. Thus, the expected gain on fuel efficiency 
is not necessarily assured by cylinder deactivation based on engine bearings alone, unless 
provisions are made in fuel injection rate or running the engine at a lower rpm. It should be 
noted that with CDA there would be significant temperature rise in piston-cylinder system, 
which in turn would affect the bulk temperature distribution of the engine. These global 
effects through heat transfer are not taken into account in the current analysis, which is 
confined to local generated heat in the bearing conjunction itself.  

For better comparison between CDA and the normal engine operation mode, the bearings’ 
power loss can be presented in terms of the equivalent fuel consumed through parasitic loss 
(energy lost). The energy lost in a bearing can be obtained by integrating the power loss (Fig. 
6(b)) with respect to time. Then, the average value can be obtained by dividing the same over 
the number of engine cycles. To obtain the equivalent fuel, the calculated energy is divided 
by the fuel’s specific energy. The BSFC (brake specific fuel consumption) is typically 500 
g/kWh for a C-segment vehicle engine in its normal operation mode and 350 g/kWh with 
CDA. The equivalent total fuel consumption for these two modes is presented in table 4. The 
lost fuel by all bearings is also provided in the table. Results show that despite a reduction in 
general fuel consumption with CDA (lower parasitic losses in piston conjunctions and valve 
train), the parasitic fuel loss in bearings is actually increased under the CDA mode. This 
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disadvantage is even worse when considering better BSFC under CDA. Therefore, there is a 
greater percentage parasitic fuel consumption in bearings with CDA. 

 

Table 4: Fuel consumption characteristics 

 BSFC 
[g/kWh] 

Fuel 
consumption 

[g/s] 

Bearing 
equivalent 
parasitic 
fuel loss 

[g/s] 
All cylinders active 500 2.08 0.0031 

CDA 350 1.46 0.0038 

As already described in section 2.4 an important consideration in big end bearing design is its 
whirl stability under the breadth of engine operating conditions (load-speed combination at 
all operating temperatures). Therefore, for all such conditions there is a co-ordinate location 

in the stability chart of figure 4 as a function: 𝑓 �𝜀, 𝑔
𝑐𝜔2�. The eccentricity ratio; 𝜀 = 𝑒0 𝑐�  is a 

function of system dynamics (equation (14)), which is in turn a function generated contact 
pressures and hence the bearing load [10]. Therefore, with CDA the fluctuation in applied 
load can cause bearing instability with lower values of ε .      

Figure 6(d) illustrates the variation in the value of stability factor. The minimum value of 
stability factor is 1.086 and is marked by the letter A in the figure. A comparison of this 
minimum stability factor value with those in the stability chart of figure 4 shows that the 
investigated conditions render stable dynamics throughout the engine cycle (residing well 

above the demarcation boundary line 
0

ω
ω for all the various cylinder conditions including 

for lightly loaded CDA with low values of ε .  

Fluctuating loads because of variations in combustion pressure (figure 5) result in 
corresponding variations in generated hydrodynamic pressures within the bearing. At any 
instant of time (any point on the graphs of figure 5), the integrated pressure distribution is the 
lubricant reaction which equates the applied force onto the bearing (see the convergence 
criterion (39)). These pressure perturbations contribute to noise emission. With CDA a larger 
variation in pressure perturbations is expected as the conjunctional film thickness is subjected 
to greater cyclic changes (figure 6(a)). Therefore, from an NVH refinement viewpoint it is 
essential to ascertain the implications of acoustic emission as described in section 2.3.   
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(a) 

 

(b) 

 

(c) 

𝜆 = 3 

𝜆 = 1 
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(d)  

Figure 6: General characteristic responses for various cylinder conditions (a): minimum 
film thickness, (b): power loss, (c): maximum lubricant temperature and (d): stability 

factor  

Figure 7 shows the sound pressure level big end bearings of the engine under normal 
operation. This indicates a steady average sound pressure level of around 92 dB, with 
superimposed perturbations of around 15 dB. The small sound pressure perturbations follow 
the spectral signature of the 4-stroke combustion process. These follow the power torque as a 

function of 2ik
pT e

ω
∝  with k being the harmonic number, 1i = −  the complex number 

exponent and ω  the engine speed [5]. Therefore, at the speed of 2200 rpm, the fundamental 

combustion frequency is 18.5 Hz2
ω ≈ with its higher harmonics at 2,3, 4,...k = . These 

contributions are evident in the sound pressure fluctuations.  The low frequency low 
amplitude sound pressure variation contributes to engine rumble, which is a humming type 
response. Some people are quite sensitive to this transient noise response [37]. With CDA a 
higher variation in pressure perturbations is expected as the conjunctional film thickness is 
subjected to greater cyclic changes (figure 6(a)). The results tabulated in table 5 confirm this. 
They show that under CDA the maximum sound pressure level is higher. However, the 
average sound pressure level is lower than that of an engine under normal operation mode. 
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Figure 7: Sound pressure level for engine normal function 

Table 5: Average and maximum sound pressure level 

 Engine normal function Deactivated cylinder Active cylinder 
Maximum sound 
pressure level [dB] 

110 115 115 

Average sound 
pressure level [dB] 

92 86 86 

 

5. Conclusions 

The paper presents a bi-physics (tribo-dynamics) approach to the design analysis of elliptic 
bore big end bearings of internal combustion engines. The analysis combines inertial piston-
connecting rod-crank dynamics and bearing dynamic stability with mixed 
elastohydrodynamics of bearing conjunction, a controlled volume thermal balance model and 
acoustic emission. This approach combines fuel efficiency and NVH refinement which are 
the key drivers in modern engine development. The influence of cylinder deactivation system 
pursued in modern engine development for low speed light load driving conditions upon 
bearing performance is also ascertained. The holistic and integrative approach to big end 
bearing dynamics has not hitherto reported in literature. The analysis shows that CDA makes 
marginal differences in parasitic frictional losses in engine bearing performance and any 
significant gain would depend on the brake specific fuel consumption. The same may be 
more significant in piston-cylinder conjunctions. It is shown that sufficient swept volume 
with retained residual exhaust gas charge within the deactivated cylinders can ensure bearing 
whirl stability. It is shown that cylinders in partially deactivated engine configuration exhibit 
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a lower average steady noise emission, but with a higher degree of transient content. This 
suggests a greater contribution to engine rumble with deactivated cylinders.            
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