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There exist two versions of the Kadomtsev-Petviashvili (KP) equation, related to the Cartesian and
cylindrical geometries of the waves. In this paper, we derive and study a new version, related to the
elliptic cylindrical geometry. The derivation is given in the context of surface waves, but the
derived equation is a universal integrable model applicable to generic weakly nonlinear weakly
dispersive waves. We also show that there exist nontrivial transformations between all three
versions of the KP equation associated with the physical problem formulation, and use them to
obtain new classes of approximate solutions for water waves. © 2013 American Institute of

Physics. [http://dx.doi.org/10.1063/1.4792268]

The “elliptic cylindrical Kadomtsev-Petviashvili (ecKP)
equation,”

H, + 6HH; + Hy +———H vy
‘ T () 120X —a?) ),
352

Tt =0

where a is a parameter and ¢> = =1, is derived for sur-
face gravity waves with nearly elliptic front, generalis-
ing the cylindrical KP equation for nearly concentric
waves and describing the intermediate asymptotics. We
find transformations between the derived ecKP equa-
tion and two existing versions of the KP equation for
water wave problems, for nearly plane and nearly con-
centric waves, as well as the Lax pair for the ecKP
equation. The transformations are used to construct im-
portant classes of exact solutions of the derived ecKP
equation and corresponding new asymptotic solutions
for the Euler equations from the known solutions of the
KP equation. The ecKP equation is a universal integra-

ble model applicable to generic weakly nonlinear
weakly dispersive waves with nearly elliptic wave
fronts.

. INTRODUCTION

There exist two classical versions of the KP equation’
associated with the surface wave problems for an incompres-
sible fluid, described by the full set of Euler equations with
free surface and rigid horizontal bottom boundary conditions
(see, Refs. 2-5 and references therein)
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p(u; 4 unye + vuy +witz) = —py,

p (v + uvy + voy, +wv.) = —py,

p(w; + uwy + vwy +ww.) = —p. — pg,

uy + vy, +w, =0,

pl.— (xyt) = Pa (1)

O e+ (14 )y = Dhchyhy
(1+h2 + 12"

W|z:h(x.y.1) = h + uh, + vh}”

?

W|z:0 =0.

Here, (u, v, w) are the three components of the velocity vec-
tor in Cartesian coordinates (x, y, z), ¢ is the time, p the pres-
sure (p, is the constant atmospheric pressure at the surface,
and I is the coefficient of the surface tension), p is constant
density, g is the gravitational acceleration, z=0 is the bot-
tom, and z=Ah(x, y, ) is the free surface. The original KP
equation,’

(Ue + 6UU: + Ueee) : + 36*Uyy = 0, )

and the cylindrical KP (cKP) equation,’

W\ 3
<WT+6WWX+WW+2—T> +%WW:0, 3)
X

are derived for the leading order term of the asymptotic
expansion of the free surface elevation in the appropriate
sets of fast and slow variables, and describe the weakly non-
linear evolution of long nearly plane and nearly concentric
waves, respectively. For surface gravity waves with no or
weak surface tension, one has ¢> = 1 (KP-II), while the case
62 = —1 (KP-I) can be obtained when surface tension effects
are large (see, for example, Ref. 6 and references therein).
Useful transformations mapping solutions of the cKP and
KP equations were independently found in Refs. 3, 5, and 7.
They have been used to construct some special solutions of
the cKP equation in Refs. 8 and 9. Indeed, the map

© 2013 American Institute of Physics
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W(t,1,V) = U(t,&,Y) =W|1 5+—Y2 Y
Y = —
717 ) ) ) 120_21_’ ’t

transforms any solution of the cKP Eq. (3) into a solution of
the KP Eq. (2). Conversely, the map

) . V2

U(t,8,Y) = W(t, V) = U(LX —W,IV>
transforms any solution of the KP Eq. (2) into a solution of
the cKP Eq. (3). In Ref. 10, it was pointed out that the trans-
formations map rather general classes of evolution equations,
containing the KP and cKP equations (as well as mapping
their one-dimensional counterparts generalising the KdV and
cKdV equations into some classes of solutions of the two-
dimensional equations).

Another interesting transformation linking the cKP and
KP equations was found in Ref. 11 (see also Ref. 8). How-
ever, this transformation maps bounded solutions of the KP
equation into unbounded solutions of the cKP equation. We
do not consider transformations of this type in our paper.

In this paper, we derive a generalisation of the cKP Eq. (3)
for surface gravity waves, which can be written in the form

H.+6HH; +Hrr +——— H va
‘ U —ad) 120X —a?) 7,
362

+mHl/u - O; (4)

where ¢ = *1, describing waves with nearly elliptic front.
This ecKP equation is derived from the full set of Euler
equations for an incompressible fluid and free surface and
rigid bottom boundary conditions (1), written in the elliptic
cylindrical coordinate system. The linear long-wave equa-
tion, written in these coordinates, does not allow for exact
solutions describing waves with elliptic front. However,
there exists an asymptotic reduction to the necessary equa-
tion, and we show that this allows one to derive a generalisa-
tion of the cKP equation.

We chose to derive the ecKP equation from the Euler
equations rather than using the velocity potential formula-
tion, since this opens the way to the study of internal and sur-
face waves on a current for a fluid with arbitrary
stratification, as well as accounting for the effects of a vari-
able background and Earth’s rotation (see, Refs. 13 and 14
and references therein, for studies in the Cartesian geome-
try), which constitute rotational flows.

We find transformations between KP, cKP, and ecKP
equations, generalising the transformations between KP and
cKP equations in Refs. 3, 5, and 7, and use them to construct
some important special classes of solutions of the derived
version of the Kadomtsev-Petviashvili equation for both
cases (i.e., for ecKP-I and ecKP-II). Indeed, the map

e
V12 —a?v

U(t,&,Y) —» H(t,{,v) :== U<I,C—TGZ,

transforms any solution of the KP equation into a solution of
the ecKP equation. Conversely, the map
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H(t,(,v) —

1 1Y? Y
U(Taé7Y) .:H<T7é+120_2‘52_a27 12_a2>

transforms any solution of the ecKP equation into a solution
of the KP equation.

The ecKP Eq. (4) derived in our paper is an integrable
model, which can be obtained as a compatibility condition of
the following linear problem (Lax pair)

o, = Vr —at + (v 2 —a?H(t,{,v)

(14 a*v?

- +
12V12 — a2 1446%V1% — a2
2.2
v, = —41//ggg - <6H(T» g, V) a2)) lpg

av
_<3H¢<r7c,v>+3“H(T’€’V)— o )w.

)l//, &)

C1282(2 —a?)
2?—a  120(2—a?)*?

(6)

Indeed, the compatibility conditions have the form

ﬁC:Huv

T
2.2

av 362 ~

_ H; H,=0.
1262(12 — a?) " * + 2 —a?

When a =0, we recover the Lax pair of the cKP equation'?

(see also Ref. 9).

A solution ¥/, xp(7, {, V) of the linear system (5) and (6)
is expressed via the solution Yp(7,¢,Y) of the linear sys-
tems of the KP equation (U¢ = Uy)

O-l//Y = lpff + U(Tv év Y)lpa
Y, = —4%55 - 6U(z, ¢, Y)Wg“
—(BU:(1,&,Y) 4+ 30U (1, &, Y)Y

as follows:
T2 )
l//e('KP(L(aV):l//KP 75C7W7 T —awv

“ ox {_ (v V(2 + a?) }
P 120V — a2 43263V —&2)’

Let us also note that the functions H and U are related by

ﬁ(I,C,I/) =V12 —a? ﬁ(r,é,Y) —T—VU(I,E,Y).

602

The Jacobian of the transformation
E=(—-u?/(126%), Y =V1—d,

used to construct some special solutions of the ecKP in the
following sections, is equal to V12 — a2, It is positive and
bounded for all T > a. (This condition is automatically satis-
fied for our derivation.)

The ecKP equation is an integrable equation containing
an arbitrary parameter @, and it reduces to the cKP equation
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both when this parameter tends to zero, and when 7 > a.
The latter is the mathematical manifestation of the intuitively
clear physical phenomenon: wave fronts will become nearly
concentric far away from the wave sources or boundaries,
while they will “remember” their geometrical shape during
the intermediate evolution.

The KP and cKP equations belong to the family of universal
integrable models of modern nonlinear physics (see, for example,
Refs. 4 and 15). As well as for surface waves, these equations
have been derived in many physical settings (see, for example,
Ref. 6), including internal waves in a stratified fluid'>"” and,
most recently, matter waves in Bose-Einstein condensates (BEC)
(see, Refs. 18 and 19 and references therein) and cosmic dust-
ion-acoustic waves.2’ Thus, the new version of the equation
derived in this paper could find many useful applications to the
description of the wave motion in problems where sources, boun-
daries, and obstacles have elliptic or nearly elliptic geometry.

Our paper is organised as follows. In Sec. II (with
Appendix A), we describe the derivation of the ecKP equation
in the context of the classical surface gravity waves problem for
an incompressible fluid. From mathematical perspective, the
derivation for water wave problems is more challenging than
similar derivations for problems where nonlinear and dispersive
terms are present in the equations, rather than originating from
the free surface boundary conditions. The equation can be read-
ily derived in other physical contexts. In Sec. III, we find trans-
formations between arbitrary solutions of the derived version of
the KP equation and the original KP equation. Section IV (with
Appendix B) is devoted to the lumps, line solitons, and quasi-
periodic solutions of the ecKP-I and ecKP-II equations. In
Sec. V, we discuss the approximate solutions for surface waves
described by the derived equation. We conclude in Sec. VI by
outlining possible applications and generalisations of our results.

Il. DERIVATION OF THE ELLIPTIC CYLINDRICAL
KP EQUATION

We consider the classical water wave problem for an
incompressible fluid, described by the full set of Euler equa-
tions with free surface and rigid horizontal bottom boundary
conditions (1). Since we aim to consider waves with the
nearly elliptic front, we write this set of equations in the
elliptic cylindrical coordinate system

x =dcoshacos f3,
y = d sinh o sin f3,

z=7z,

Pleciientup = 1= We o’ {% T €

N 1, sinh 200 + 174 sin 28

2G?

E(un, +vng) +F(vn, —ung)
e ven(apn) =M+ E—— c . . (12

w
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where the dimensional parameter d has the meaning of half
of the distance between the foci of the coordinate lines, and
change the two horizontal components of the velocity vector
appropriately

u—ucosff—vsinf, v— usinf+ vcosp.

Here, we keep the same notations (i, v, w) for the projections
of the velocity vector on the new coordinate lines.

Let z = hg be the unperturbed fluid depth, 4 be the char-
acteristic wavelength, p, the atmospheric pressure, and /% the
characteristic free surface elevation. We nondimensionalise
the variables

A
X — X, — Ay, z— hyz, t— —t,
y Y T
hov/gh
u— +/ghou, v— /ghpv, w— 0 /Ig Ow,

h— ho +hen, p — pa+ pglho — z) + pghop,
which leads to the appearance of two usual nondimensional
parameters in the problem: the long wavelength parameter
0= '%, and the small amplitude parameter ¢ = :—U, as well as
a new nondimensional parameter y = %, which is not neces-
sarily small. Scaling the dependent variables

U— €U, U— €V, W— €W, p— €p,

we bring the full set of Euler equations in the elliptic cylin-
drical coordinates to the form

E(uu, — %) + F(vu, —
I (uuy + vug — v°) + F(vu, — uug + uv)
2ye*G
Ep, — F
= _ M’ (7)
2ye*G
E(uv, 4 vvg 4 uv) + F(vv, — uvg — u?)
v+ € [wvZ + 29e°G
E F
= _ %7 8)
ye*G
5 w, + e ww, +E(uwa + Uwﬁ) - Fows = LtWﬁ) = —p:,
2ye*G
©))
E(u, F(v, —
- (uy +vpg+u)+F(v uﬁ+v):0 (10)

2ye*G ’

52 lnfmm + g — 20, Mg
G

3/2
52n2+’12
2 2 e B
]}/ /G<1+ey2 G , (11)

w

0 =0. (13)
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Here, W, = is the Weber number, and we denoted

h2
E=e* —cos2f, F =sin2p,
G = sinh? o 4 sin® .

This set of equations reduces to the Euler equations writ-

ten in cylindrical coordinates in the limit
1 o
o — 00, Svet o

y — 0 with being finite.  (14)

The equation for linear waves (in the long-wave approxi-
mation) is easily obtained from Egs. (7)—(13) withe = 6 = 0 as

Moo, + ’7[3[}
= . 15
i 72(sinh?a + sin’ ) (1)
Note that Eq. (15) indeed reduces to the equation
1 1
Nee =\ Nrr +;’7r+r_277ﬁﬁ =0 (16)

for the long linear waves in the polar cylindrical coordinates
in the limit (14). The derivation of the cylindrical KP (cKP)
equation (also known as the nearly concentric KP equa-
tion>>) is based on the existence of solutions of Eq. (16),
which do not depend on f, i.e., there exists an exact reduc-
tion of the Eq. (16) to the equation

1
My — <’1rr + 7’7/) =0.

Unlike Eq. (16), Eq. (15) does not have an exact reduction to

the equation with no dependence on f, which would seem

necessary in order to derive a version of the KP equation for

waves with nearly elliptic front. Nevertheless, such an equa-

tion exists as an asymptotic reduction, and it turns out that this

allows for a generalisation of the cKP equation to be derived.
Next, we introduce the variables

&2
Cz;(ycoshoc—t),
¢

R—5 ycosha, v =—=sinf,

3 5 5

€ € €
Mng, U:§V, w EW,

3 3

€ €

H, P

n 52 p 5

which generalise a change of variables for the cylindrical
coordinates.” We use a large distance variable R in prefer-
ence to large time, but one can also work throughout using
an analogous large time variable, T = g—it. Here, 2y coshu is
the nondimensional sum of the distances from a point on an
ellipse to its foci. Thus, { is an asymptotic characteristic
coordinate for waves with nearly elliptic front, and it
becomes the characteristic coordinate for the concentric
waves in the limit (14). Note that in this derivation, the
variable v is proportional to sin f# and not just /5, unlike the
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derivation for the concentric waves.>” This increases the
range of the formal asymptotic validity of the model.

In these variables, the problem formulation (7)—(13)
assume the form containing a single small parameter A = (; ,
and a non-dimensional parameter A = y < S which is not nec-
essarily small. The equations are given in Appendix A.

We now seek an asymptotic solution of this system of
equations and boundary conditions in the form

H = Hy+ AH, + O(A?),

with similar expansions for U, V, W, and P. At leading order
(0O(1)), we obtain

Uo; = Py,
I R— VR - AZ
VOC = POV + VPOC?
RZ _AZ RZ _A2
Po. =0, Up+Wo. =0,
Po|._; = Ho, Wol._; = —Hoz, Wol._o =0,

which yields, imposing the condition that the perturbation in
U is caused only by the passing wave,

Py=Hy, Uy=Hy, Wy=—Hyz, (17)
1 ~VRT-AZ
Vo = Ho, + vHo:.  (18)
 VRI-AZ \/RZ —A?

At the next order (O(A)), we obtain the following equa-
tions and boundary conditions:

Uit — Py = Por + UgUqyr + WoUop:

_ ,/RZ ,Az
—W(VPOV +RV2PO£), (19)
v 1 R —VR? — A2 P
TR A2 B RZ _ A2 v
R— VR - A2
= UogVor + WoVo: + ———=—==—1Por
2 _A2
R VRRNR ),
BT EE CER
R — VR — A2)" + R?
| SR op, (20)
2(R? _A2)3/2
Py = Wy, (21)
\/R2 A2
U14+W1-:—U0R+ R (RV*Uy; +vUo,)
1
—Riﬁ ((R —V R2 —Az)l/V();' +V01, + UO),
(22)
Pi|._ + HoPo.|.., = Hi — W, Ho, (23)
Wil|,—; + HoWo:|._, = —Hy; + UopHoy, (24)
1],—0 = 0. (25)
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Then, Egs. (17), (21), and (23) yield
21
P, = —Hogg T+W€ + Hy,

hence from Egs. (19), (22), and (25), we find, using Eq. (17), that

23 1
Wi = Hoe E—F WE—E z

R—VR*—A?
— H]g“ + 2HOR +H()H()§ - W(ZVHOV
1 —
+2R1/2H();’> +\/ﬁ ((R — R2 — Az)VV()(:
+Vou + Ho)z. (26)

Finally, substituting W, into the remaining boundary
condition (24), differentiating with respect to { and using Eq.
(18), we obtain ecKP equation

1 R
2Hor + 3HoHo; + <§ — We)Hoggg +WHO
2

14
AT~ g -
R —A? °5L+R2 —A?

Hy,, = 0. 27)

Note that Eq. (20), written for the completeness of the set of
equations, allows one to find V; and is not used in the deriva-
tion of the ecKP equation.

The scaling transformation

EC—>¢, H() —>SH,

oR — 1, " — v,

where o is a free parameter and

1/3

o® = sign (&)

brings the derived Eq. (27) to the form

T
(H-C + 6HHg +HC:§ + ml‘]

a*?

————H; —HI/V - 07
128%62(12 — a?) S>C + 2 — g2

shown in the Introduction. Here, a = aA. If we let o = 1,
then a=A and ¢* = sign (3 — W.). For typical water waves,
o* =1 (W, < 1). However, 6> = —1 if the effects of surface
tension are strong (W, > %). It is natural to call the corre-
sponding equations ecKP-II and ecKP-I, respectively, simi-
larly to the terminology used in the Cartesian geometry.

Chaos 23, 013126 (2013)

lll. TRANSFORMATIONS BETWEEN KP, CKP, AND
ECKP EQUATIONS

Considerations used to find the mapping from the solu-
tions of the KdV equation to the class of solutions of the
cKP equation®® can be extended to obtain transformations
between arbitrary solutions of all three versions of the KP
equation, related to the Cartesian, cylindrical, and elliptic cy-
lindrical coordinates, respectively. The resulting transforma-
tions generalise the transformations between the KP and cKP
equations,”"’ discussed in the Introduction.

Indeed, the geometry of a wave with nearly elliptic front,
considered simultaneously in the Cartesian and elliptic cylin-
drical coordinates, suggests the introduction of the sum and
the difference of the nondimensional distances from a point
on the wave front to the two foci of the coordinate system

dy + dr = 2ycoshua,
—dy =2ycos f3,

where the foci have the following Cartesian coordinates:
Fi(—7,0) and F»(y,0). We recall that the variables have been
nondlmenswnahsed as discussed in Sec. II, and y = d Note
that § (dy + d,) — t corresponds, up to the scaling, to the as-
ymptotlc characteristic variable {, mtroduced in Sec. IL

Then, for the area satisfying -~ = ,? — 0, we obtain the
following asymptotic behaviour:

_1 W2 42 )2 12
= (Ve 2+ =7 +22) -
(]
~X — 1+ .
4y xX+7y x—7y

Next, for sufficiently large o and small f, our nondimen-
sional variable x = ycoshocos ff ~ —R and the previous
asymptotics can be rewritten as

1
E(dl +dy) —

1 1 R
—(dy+dy) —t~ —yr ——
51+ ) VR
where ¢ = x —1,Y = ()zy, and A = y Slmllarly,
1 A T
—(dy —dy) ~
Jd =)~y =5

This asymptotic behaviour of the geometrically meaningful
objects motivates the change of variables

HO(R7 C7 V) = n(Ra 57 Y>7

where
1 R Y
= ) R
(=&+5 v

R? — A2’
It is then verified by direct calculation that this transforma-
tion maps the ecKP Eq. (27) to the KP equation, written in
the form

1
[277R +3nn: + (g - We) 77555] +nyy = 0.
14
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To finish this section, let us summarise the transforma-
tions between all three versions of the KP equation. We write
the KP equation in the canonical form

(U: 4 6UU; + Uese): + 36°Uyy = 0, (28)

the cKP equation in the similar form

1 302
(Wr + 6WW% + WZXZ +ZW>7 + 7WVV = 07

and the ecKP equation as

T a‘v
H 6HH: + H H— H
( s ¢ Hget 2(1? — a?) 1262(1% — a?) C)c
3g2

V2

——, 1V

1252

transforms any solution of the KP equation into a solution of
the cKP equation, and the map

2
U(e, &) = Hi L) = U0 = oy V=)

Then, the map

U(t,8,Y) — W(t,y,V) = U(r,x —

(30)

transforms any solution of the KP equation into a solution of
the ecKP equation. Note that the second transformation
reduces to the first in the limit @ — 0. The map (30) also
shows that for small ¢ and small values of 7, any solution of
the ecKP equation approaches some Y-independent solution
of the KP equation. These transformations can be inverted,
and they can also be used to obtain the direct transformations
between the cKP and ecKP equations.
Indeed, the map inverting (30) has the form

H(t,{,v) —
U(z,&,Y) ::H(r,§+

1 Y2 Y
126212 —a?’ /22 —g2)°

It transforms any solution of the ecKP equation into a solution
of the KP equation. In particular, this map shows that for very
large values of 7 and finite values of Y, any solution of the ecKP
equation will approach a Y-independent solution of the KP equa-
tion (possibly, a constant or zero). However, such large values
of 7 are likely to lie outside of the range of applicability of the
derived model, and we do not discuss this limit any more.

The map
W(t, V) —
a*? 2 — a2
H(‘E,C,V) = W<T3C_ maf’/

transforms any solution of the cKP equation into a solution
of the ecKP equation, and the map

H(t,{,v) —

2 V2
Wit 7. V) :=H(r,x+ .

126%(2 — a?)’

T V)
2 — a2
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transforms any solution of the ecKP equation into a solution
of the cKP equation.

IV. SPECIAL SOLUTIONS OF ecKP-1 AND ecKP-II
EQUATIONS

In this section, we will consider some special solutions to
the ecKP Eq. (29) per se, to illustrate the characteristic features
of the equation. The considered examples are exact solutions to
the KP-I and KP-II equations: lumps, line solitons, and quasi-
periodic solutions (see, Refs. 21 and 22), which become solu-
tions to the ecKP-I and ecKP-II equations under the map (30).

If the @ in Eq. (30) vanishes, the ecKP solution reduces to
the corresponding cKP solution. For small “times” 7, the cKP
solutions look like solutions to the KdV equation (essentially
no dependence on the transversal variable), whereas they de-
velop horseshoe-type profiles for larger 7. The ecKP solutions
on the other hand show such profiles already for small T — a if
a > 0. For large 7 (t > a), the solutions tend asymptotically

=a+.005

w=a+.01

w=a+0.1 =a+l

FIG. 1. Solution to the ecKP-I equation obtained as the image of the lump
(31) with k = 1 under the action of the map (30) for @ =0.01 and several
values of 7.

1=a+.005 w=a+.01

FIG. 2. Solution to the ecKP-I equation obtained as the image of the lump
(31) with x = 1 under the action of the map (30) for ¢ =1 and several values
of 7.
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w=a+.01 =a+.1

FIG. 3. 2-soliton solution of the ecKP-II equation for @ =0.01 with k; = 1.5,
ky = 0.5, k3 = —2,and k4 = O for several values of 7.

to the corresponding cKP solutions. We will illustrate this
behaviour at several examples.
The first example we consider is the KP-I lump solution,

41 — k(& = 3K1)? + K2Y?)

U Y,T) = (1—|—K(f—3K‘c)2—|—I€2Y2)2

, (3D

with k = 1, under the map (30). It is visible that when T — a
and a are close to zero, the solution H({, v, 1) is essentially
independent of the coordinate v. This can be seen for
a=0.01 in Fig. 1. For larger values of a, the solution has a
parabolic shape for small T — a as can be seen in Fig. 2.

Next, we consider the 2-soliton solution of the KP-II
equation in the form

U(EY,71) =202 InW(e" +e™,e” +e™),  (32)

where 0; = k;¢ + k7Y — 4k, k; are arbitrary constants, and
W is the Wronskian of the two functions. It can be seen for
a=0.01, i.e., close to the cKP case, in Fig. 3 where the for-
mation of horseshoe waves can be clearly recognised. The

=a+0.01 w=a+0.1

FIG. 4. 2-soliton solution of the ecKP-II equation for a=1 with k; = 1.5,
ky = 0.5, ks = —2, and k4 = O for several values of 7.

Chaos 23, 013126 (2013)

corresponding ecKP solution for a=1 is shown in Fig. 4
where the curved profiles are already present for small T — a.

Quasi-periodic (multiphase) solutions of the ecKP equa-
tion can be obtained as the image of the known theta-
functional solutions of the KP equation under the map (30).
The solutions are shown in Appendix B.

While the solutions of the ecKP equation are qualita-
tively similar to the solutions of the cKP equation, significant
differences can be seen at the level of approximate solutions
for the Euler equations, as shown in Sec. V.

V. APPROXIMATE SOLUTIONS FOR SURFACE WAVES

Exact solutions of the derived equation allow us to obtain
new asymptotic solutions for the classical water wave problem
(1). In order to do that we return to the original nondimensional
variables x, y, t and re-parametrise our solution as follows:

x =ycoshacosf, y=ysinhasinf,

4 1/3 a
n= 61/3(1_3W) \/;H“:aévl/)u
where
H,+ 6HH; + Hye + ———H A
! ¢ & 2(t? — a?) 1262(12 — a?) ‘ ¢
307
+m1‘luu =0, (33)
o’ =sign(1 —3W,) and t=R =acoshua,
6'3a
{=—————(ycosha — 1),
yA(1 = 3W, )1/3( )
62/3
= 77 Sin f-
A1 = 3w,V

Here, t is the physical time (nondimensional). Below, we assume
that + > 0 and consider the initial stages of the evolution. We

also have € = \/gA and 0 = gAS/ 2. Since asymptotic long-

wave models usually provide a good qualitative (often quantita-
tive) description even outside of the range of their formal as-
ymptotic validity (i.e., the physical applicability of such models
is usually wider than their formal asymptotic validity), we plot
the solutions for all 0 < f# < 2z and o > 0. Unless it is explic-
itly stated otherwise, at least parts of the shown solutions belong
to the range of the formal validity of the asymptotic model
(definedby t ~ O(1),{ ~ O(1), andv ~ O(1) as A — 0).

The 1-soliton solution of the ecKP-II equation (i.e., the
image of the 1-soliton solution of the KP-II equation under
the map (30)) is explicitly written in the form

2
=—sech?

[K ((——-i—L\/rz—az (K2+3L2)T+50)],
(34

H(t,(,v)

where K, L, and §y are arbitrary constants. In the examples
shown below, we let the Weber number W, = 0 and the
phase shift 6o = 0. It turns out that this single formula
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FIG. 5. Surface wave corresponding to the one-soliton solution (34) of the
ecKP-II equation with K=1 and L=0 for t=0 (top left), t=0.25 (top
right), = 0.5 (bottom left), and =1 (bottom right).

describes a variety of wave fronts. In what follows we pro-
vide the complete classification of these wave fronts, obtain-
ing characteristic conditions on the parameters of the
solutions (34) distinguishing various cases. We illustrate
most of the wave fronts, plotting the corresponding surface
wave elevation # for y = 1,a = 2, and A = 1/2. Similar sol-
utions exist for the ecKP-I equation, as the image of an
(unstable) line-soliton of the KP-I equation. We also note
that an analogue of the solution (34) in cylindrical geometry
(cKP) describes only a single type of a wave front (the pic-
ture is qualitatively similar to a part of the wave front shown
in Fig. 5 above), and it can be plotted only for the limited
values of the polar angle (even formally).

The wave obtained when K=1 and L=0 is compact
and symmetric, it is shown in Fig. 5 above.

For L # 0, the solution has no symmetry with respect to
the y-coordinate, as one can see in Fig. 6 for K=1 and
L=0.1. The change L — —L yields the reflection of the
wave front with respect to the x-axis

H(—L,X,y) = n(Laxa _y) (35)

Therefore, it suffices to consider L > 0 or L < 0.

When |L| increases further, the compact nearly elliptic
wave shape disappears. The wave becomes non-compact,
and it rather describes the deformed line soliton, featuring an
elliptic inhomogeneity in the central part of the wave. The
solution is shown in Fig. 7 for K=1 and L =-0.5.

For sufficiently large |L| solution is localised in the vi-
cinity of some point satisfying the relation Lsin f = |L| and

FIG. 6. Surface wave corresponding to the one-soliton solution (34) of the
ecKP-II equation with K=1 and L=0.1 for t=0 (top left), #=0.25 (top
right), = 0.5 (bottom left), and =1 (bottom right).

Chaos 23, 013126 (2013)

FIG. 7. Surface wave corresponding to the one-soliton solution (34) of the
ecKP-II equation with K=1 and L=-0.5 for t=0 (top left), r=0.25 (top
right), = 0.5 (bottom left), and =2 (bottom right).

strongly attenuates with time. (The large values of L lie out-
side of the range of validity of the model.)

In order to explain the observed features of the solution
(34) and to obtain the corresponding conditions for the pa-
rameters of the solution, let us note that the maximum of its
amplitude is attained when the argument of sech? is equal to
zero (if this is possible)

2
C—%—i—L\/rz —a’v — (K* +3L%)t = 0.
This condition can be written either as

2A
(2 — sin® B — e [K* + 3L2]>coshoc

2t
+2A'Y26' 3L sin B sinh o - = 0 (36)

or as

sin’ f§ — 2A'26'L tanh « sin f§
2A

2t
_ 2 2 — —_ =
+61/3 [K”+3L7 ) -2+ . secho = 0. 37)

Let us first consider the case L = 0. For

K*<—
— 2A 3
the solution has the form of a compact nearly elliptic wave
of narrowing width (as shown in Fig. 5). Indeed,

2A

2A
-5 ,

2t
K? <—secha <2—-——K
b

1 61/3

We note that although the width of the wave clearly changes,
the amplitude is constant, which can be viewed as the mani-
festation of the solitonic nature of this solution.

For

61/3 61/3 1
—<K2§—(z3.63 for AZE)’

the condition (37) is satisfied for
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FIG. 8. Surface waves corresponding to the one-soliton solution of the
ecKP-11 Eq. (34) with K= 1.5 and L =0 for =0 (left) and 1 =2 (right).

2A 2t
: _ _ 2
sin | = \/2 61/3K ysechoc,
and the wave splits into two deformed line solitons (shown
in Fig. 8).
If
61 /3
K*>—,
A
then the argument of Eq. (34) cannot be equal to zero, and
the wave continuously attenuates with time. (The large val-
ues of K lie outside of the range of validity of the model.)
Similarly, we can consider the case L # 0 (without loss
of generality, we assume that L > 0, see Eq. (35)). If

A
W[K2+3L2} > 1,

then the argument (36) of sech?® is negative for Lsin f < 0 al-
ready at =0, and it decreases with the increase of ¢. For
Lsin f = |L|, the argument is closer to zero than for other
values of f5. Therefore, 7 has a maximum for Lsin § = |L| as
a function of 5. However, as we mentioned above, such large
values of K and L are likely to be outside of the range of va-
lidity of the model, we mention them here only for the com-
pleteness of our analysis.
For sufficiently small K and L, Eq. (37) yields

sinff = AY26'PL tanh o= v/D,

where

2A 2t
— 2= K? — A6 L2sech?o — ;sech o.

D=2-45

Then, for « — oo, we obtain

. 2A
sin f§ = A1/261/3Li‘ [2 — WK?

Therefore, there exist several natural domains for the
values of the parameters K and L. Let us note that if

2— 621%1(2 < 0, then the solution (34) continuously attenu-

ates, and we do not consider this range of values. Let

2 — 621?3 K? > 0. Then, there are several cases.

() It |AY26'/3L+ 2—6%1@‘ > 1, the solution (34)

has the form of a deformed nearly elliptic wave (shown in

Chaos 23, 013126 (2013)

Fig. 6). Indeed, in this case, the argument of solution (34)
cannot be equal to zero for sufficiently large o, and, there-
fore, the solution is localised. For sufficiently small L, the
above inequality implies

AV26'PL 4|2 — %KZ >1 and
AV26PL — 2~ 621—?318 < -1,
which yields
2— 6%1@ > 1+ AV26'3L
and
K2+3L2+ZZT//32L<%3. (38)

It is easy to see that if inequality (38) holds, then for any f§

2A
2 —sin’ ff — R [K? 4 3L% > 2A'26!/3L]sin .

Therefore, we can introduce the notations

2A
2 —sin® f — oin [K* 4 3L%] = A(p)cosh(a),

2A'26'3Lsin f = A(B)sinh(ap),

where
2
A(B) = { (2 — sin®f — 621—?3[1(2 - 3L2])

1/2
—4A6*%sin? /3} ,

IAV261/3 si
tanh oy = 0 sin .

2A
2 —sin? f — o [K* +3L%]

In these notations, Eq. (36) takes the form

L2
A(B)y’

Therefore, in this case, for any f§ and for sufficiently large
t, there exists the value of the parameter o such that the
argument (36) will be equal to zero. Because all functions
are continuous and differentiable, the maximum of H(t, {, v)
will be attained along some smooth closed curve. For suffi-
ciently small 7 and for any a, f, the value of the function
H(t,{,v) will be less than K?/2. Since the sign of g
depends on the sign of f, for L # 0, it follows that the solu-
tion will be asymmetric with respect to f. For Lsin f < 0,
the wave will be wider than for Lsin § > 0 (shown in Fig. 6).

cosh(o + o) = (39)
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FIG. 9. Surface waves corresponding to the one-soliton solution of the
ecKP-II Eq. (34) with K= 1.6 and L =0.1 for =0 (left) and 1 =2 (right).

(ii) If A'26'°L + /2 — 25K> > 1 and 1 > A'?6'/°L
—\/2 = 25K* > —1, the nearly elliptic wave breaks for

negative y, producing a single deformed line-soliton (shown
in Fig. 7).

(iii) If |A"/?6'/° L=, /2 — 20 K?| < 1, the nearly elliptic
wave breaks both for negative and positive y, producing a
pair of deformed line-solitons (shown in Fig. 9).

Apart from these generic cases, there are also some
exceptional cases (corresponding to the boundaries between
the generic cases). To illustrate that we show a solution cor-

responding to the condition

2A
1/2 1/3 _ _
A6+ 2 —61/31(2_1, (40)

which is the borderline case in between the last two generic
cases. The solution is shown in Fig. 10, and it can be inter-
preted as describing the splitting of the wave looking like a
resonant Y-soliton (or “Miles soliton”23), known from the
theory of the original KP equation, into two deformed line
solitons. The existence of such solutions might indicate the
instability of the Y-soliton with respect to perturbations in
the area of the crossing.

Let us note that the one-soliton solution of the KP-II
equation used to obtain the solution (34) of the ecKP-II equa-
tion above can be written in the form of the "canonical" soli-
ton for the KP-II equation

U(Ta 6) Y) = 2aggln(lrbl + ¢2)7 where
Y; = exp(kié + ok} Y — 4k1),

if K =k —ky and L = (k; + kp)o (we let 6o = 0). Then, the
conditions on £; follow from the conditions on K and L,
discussed above. We show in Fig. 11 the surface wave corre-
sponding to the solution of ecKP-II equation obtained as
the image of the canonical one-soliton solution of KP-II equa-
tion with ¢ = 1,k; = 0.5, and k; = —0.4 under the map (30).

S MmN W
=
S N W

20539

20230

FIG. 10. Surface waves corresponding to the exceptional one-soliton solu-
tion of the ecKP-II Eq. (34) with K=1.5 and L defined by Eq. (40)
(L = 0.1) for t=0 (left) and r =1 (right).

Chaos 23, 013126 (2013)

5
10_10

FIG. 11. Surface wave corresponding to the solution of the ecKP-II equation
obtained from the canonical KP-soliton with k; = 0.5andk, = —0.4 for
t=0.5 (left) and r =1 (right).

Using Darboux transformations, one can obtain the ca-
nonical two-soliton solution of the KP-II equation in the
form

U(T, é, Y) = 28211’1(4)](]525 - ¢2¢1§); where
b=V =Yy, br=Y3+ 1y (41)

(up to the phase shifts, which can be added to the phases).
Some particular surface waves corresponding to the two-
soliton solutions of the ecKP-II equation (obtained as the
image of solution (41) under the map (30)) are shown in
Figs. 12 and 13 (asymmetric and symmetric two-soliton
nearly elliptic waves, respectively).

Finally, let us choose W, = 2/3 and consider the ecKP-I
lump solution (the image of the KP-I lump under the map (30))

4k(1 — k({4 12 /12 = 3k1)? 4 K2 (12 — d)?)
(14 k({ +12/12 = 3k1)* + K2(12 — @ )?)*

H(t,(,v) =

1.05 1.05

FIG. 12. Surface waves corresponding to the two-soliton solution of the
ecKP-II equation with k; = 0.5,k = —0.4, k3 = 0.4, andky = —0.3 for
t=1 (top left), t =2 (top right), =3 (bottom left), and =4 (bottom right).

FIG. 13. Surface waves corresponding to the two-soliton solution of the
ecKP-II equation with k; = 0.5,k = —0.5, k3 = 0.4, andky = —0.4 for
t=0 (top left), r=0.5 (top right), t=1 (bottom left), and =2 (bottom
right).
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FIG. 14. Surface waves corresponding to the ecKP-I lump solution with
Kk = 0.25, for r=0 (top left), t=0.5 (top right), =1 (bottom left), and r =2
(bottom right).

It is easy to see that for sin § = 0, the wave elevation 1 has

the form
4 a .
n= _61/3\/;“6 — 3k1),

where the function

drc(1 — xX?)

f(X): (1+KX2)2

has one high maximum for X =0 and two weak minima for
X = *=4/3/k, where

£0) =4k, f(=\/3/K) = —x/2.

Therefore, for sufficiently large values of ¢, the wave
elevation 7 has two deep minima

16k Ja
Mmin _'_-gﬁg ;

sinff =0,

for
t

3kA\
Y 1+m

The corresponding surface wave elevation 7 is plotted in
Fig. 14 fory=1,a=2,A=1/2,W, =2/3, and k = 0.25.

cosho =

VI. CONCLUDING REMARKS

In this paper, we have derived and studied a new integra-
ble version of the Kadomtsev-Petviashvili equation associated
with the elliptic-cylindrical geometry of the wave fronts. The
derivation was given in the context of surface gravity waves,
but the equation can be readily derived in other physical con-
texts. We found transformations linking the derived model
with the two classical versions of the KP equation, associated
with the Cartesian and cylindrical geometries of the wave
fronts, and the Lax pair for the new equation. We also com-
pletely classified approximate solutions for the surface gravity
waves corresponding to the one-soliton solution of the ecKP
equation, as well as discussing some other solutions.

In our derivation, a large distance variable has been
used in preference to large time, although one can also use
the large time variable. The dimensional form of the derived
equation is given by

Chaos 23, 013126 (2013)

c 3 h(z, 1
|:2 (ﬂr + gmﬁ) - %’7’7: T2 <3 - WE) Niu

c ¢ W’ 21
— B e — :O

where 7 is the free surface elevation, ¢ is time, ¢ = cosh«
and \y = sin f} are variables related to the elliptic cylindrical
coordinates, /g is the unperturbed fluid depth, ¢ = \/ghy is
the linear long-wave speed, d is half of the distance between
the foci of the coordinate lines (say, the boundary of the
wave source), and W, is the Weber number. The key non-
dimensional parameters used in the paper are expressed via
the dimensional parameters as follows:

2Ant

_di’hS d
) hS

A_h—(l)o’ y=-, A=

where /4 is the wave length, while ¢ = %0 and € = ,% To

derive the ecKP equation, we required that A is a small pa-
rameter. We also note that for any given values of A, y, and
A, there exists a range of the physical validity of the model,
as can be seen from the expressions above.

The importance of the model to particular applications has
not been discussed in this paper, and it is an open question at
the moment. Another open question is the study of the wave
instabilities within the framework of the ecKP equation, con-
tinuing the lines of research for the KP** and cKP equations.*

In our paper, we considered only some simple solutions
of the derived equation. Recently, there has been significant
progress in the classification of soliton solutions of the KP
equation with applications to water wave problems (see, Refs.
26-29 and references therein). It would be interesting to see
the counterpart of this classification for the derived equation,
and for the approximate solutions for surface waves.

The derivation of the ecKP equation from the full set of
Euler equations opens the way to the study of internal and sur-
face waves on a current for a stratified fluid, as well as account-
ing for the effects of variable background and Earth’s rotation,
which will be reported elsewhere. It paves the way for other
applications, for example, in the context of matter waves in
Bose-Einstein condensates (e.g., Refs. 18 and 19), since the
hydrodynamic form of the Gross-Pitaevskii equation is similar
to the problem formulation (1). Also, recent studies of
“spherical nebulons,”*° based on the spherical KP equation, can
be extended since the ellipsoidal KP equation, associated with
the ellipsoidal coordinates, can be derived from the equations
for “a dusty plasma” along the lines discussed in this paper.

Finally, it is natural to ask a question whether one can
derive other versions of the KP equation, associated with
other coordinate systems (i.e., with other wave geometries),
and whether one can find the general description of all ad-
missible maps of the type discussed in Sec. III, associated
with the problem formulation (1).
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APPENDIX A: PROBLEM FORMULATION

In the variables

2
Cz;(ycoshcx —1),

6 0
R :%ycosha, v =—sinf,
€
e e e
Miyl]7 Uigv, Vl/:gul7
3 3
VI:§H7 p:§P7

the problem formulation (7)—(13) assumes the form

—Ug-i-Pg—i—A[UUg + WU, + Pg

R —VR? — A2
Py RVIP] + O(A%) =0,
1 R —VR? — A2
VR? — A2 VR? — A2
R —VR2 — A2
+A UVL’ +WVZ +WZ/PR
N (R — VR — A2)(R? + A?) Ap
2(R2 _A2)3/2 ¢
(R— VR —A2? +R? , 5
R A2l vPy| +0(A7) =0,

P. — AW + O(A*) = 0,

R—VR*—A?

UZ~I-WZ+A R A2

Ur — (RI/ZUQ—FVUV)

1
e ((R —VR2 — AWV, +V, + U)
R2 _A2

+0(A%) =0,
Plo_yiancrpy = H— AW Hee + O(A%),
Wi anerpy = —He + AUH; + o(A?),
W|z:0 =0,

where A = ;—Z andA = y;—i. Here, we have not shown the
explicit form of the higher-order terms in the small parame-
ter A (denoted by O(A?)) since these terms are not needed in
the derivation of our asymptotic equation.
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APPENDIX B: QUASI-PERIODIC SOLUTIONS

Quasi-periodic (multiphase) solutions to the KP equa-
tion can be given in terms of multi-dimensional theta func-
tions on compact Riemann surfaces of arbitrary genus 7 (see,
Ref. 31) in the form

U(E,Y,1) =20*In@[¢p + Yo+ 19+ 1 +C, (42)

where @ is the Riemann theta function, p, v, ¢, and [ are peri-
ods of certain integrals on this surface, and C is constant
with respect to the coordinates &, Y, and 7 (see Refs. 22 and
33 for details). For a given Riemann surface and a given
point on it, these quantities are uniquely determined.

In genus 2, all such surfaces are hyperelliptic. In this
case, we consider the hyperelliptic curve with branch points
—1, =2, =3, 0, 1, and 2. These solutions are numerically
evaluated with the spectral code by Frauendiener and

=a+.23

-10 -10

FIG. 15. Genus 2 solution (42) to the ecKP-II equation for a =0.01 gener-
ated by the curve w? = H?:l(z —e¢), eg=-3,ea=-2,e3=—1,e4 =
0,e5 = 1,e¢ = 2 for several values of .

=a+.03 =a+.23

t v -10 -10 E

-10 -10

FIG. 16. Genus 2 solution (42) to the ecKP-II equation for a =1 generated
by the curve w? = H?:l(z —e), e1=-3,ep=-2,e3=—1,e4=0,¢e5 =
1, e¢ = 2 for several values of 1.
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FIG. 17. Genus 3 solution (42) to the ecKP-II equation for «=0.01
(left) and a=1 (right), generated by the curve w? = Hig:] (z—e), el
=50 =—4,e3=-3,e4=—-2,¢5=—1,¢6=0,e7=1,eg =2att1=a
—+0.01.

Klein.*** The related solutions to the ecKP-II equation are
generated from the corresponding solutions of the KP-II
equation via the map (30) with a=0.01. We clearly see in
Fig. 15 the formation of intersecting families of parabolic
fronts.

In the same setting with a =1, i.e., a theta-functional
solution to the ecKP-II equation, the formation of curved
profiles is already present for small T — @ as can be seen in
Fig. 16. Both cases asymptotically coincide for T — oc.

In higher genus, the solutions are g-phase solutions, i.e.,
they have more structure as can be seen in Fig. 17. We con-
sider here again hyperelliptic surfaces. The close to cKP sol-
utions are for small time essentially independent of the
transversal coordinate.
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