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Abstract

The spectral zeta function, introduced by Minakshisundaram and Pleijel in [36] and denoted
by (4(s), encodes important spectral information for the Laplacian on Riemannian manifolds.
For instance, the important notions of the determinant of the Laplacian and Casimir energy
are defined via the spectral zeta function. On homogeneous manifolds, it is known that
the spectral zeta function is critical with respect to conformal metric perturbations, (see e.g
Richardson ([47]) and Okikiolu ([41])). In this thesis, we compute a second variation formula
of (4(s) on closed homogeneous Riemannian manifolds under conformal metric perturbations.
It is well known that the quadratic form corresponding to this second variation is given by a
certain pseudodifferential operator that depends meromorphically on s. The symbol of this
operator was analysed by Okikiolu in ([42]). We analyse it in more detail on homogeneous
spaces, in particular on the spheres S™. The case n = 3 is treated in great detail. In order
to describe the second variation we introduce a certain distributional integral kernel, analyse
its meromorphic properties and the pole structure. The Casimir energy defined as the finite
part of (;(—1) on the n-sphere and other points of (y(s) are used to illustrate our results. The
techniques employed are heat kernel asymptotics on Riemannian manifolds, the associated
meromorphic continuation of the zeta function, harmonic analysis on spheres, and asymptotic

analysis.
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CHAPTER 1

Introduction

The systematic use of the spectral zeta function to give sense to infinite series (regulariza-
tion) is believed to be begun by Godfrey H. Hardy and John E. Littlewood from the second
decade of the last century. Elizalde [22] among other literature posits that they actually estab-
lished the convergence and equivalence of series regularized with the heat and zeta functions
methods. As Hardy realized his surprise, Srinivasa Ramanujan had also found for himself
the functional equation of the zeta function. In the 1930s, Torsten Carleman [14] went one
step further by constructing the zeta function encoding the eigenvalues of the Laplacian of
compact Riemannian manifold, for the case of a compact region of the plane. The most
significant improvement, published in specialized literature in 1949, was due to Subharamiah
Minakshisundaram and Ake Pleijel [36] who extended Carlemam’s result, showing that for the
Laplacian of a compact Riemannian manifold, the corresponding zeta function has a meromor-
phic continuation to the whole complex plane. This is what has come to be known and called
Minakshisundaram-Pleijel spectral zeta function, (see e.g [23]). In the mid 1960s, Robert T.
Seeley [52] extended these important results of Minakshisundaram and Pleijel to elliptic pseu-
dodifferential operators on compact Riemannian manifolds, showing that for such operators,

one can define the determinant using the zeta function regularization. Daniel B. Ray and



Isadore M. Singer [45] in 1971 used Seeley’s results to define the determinant of a positive
self-adjoint operator of the Laplace-type on a Riemannian manifold.

This thesis addresses the question of how a point s = sy behaves under volume-preserving
conformal second-order variation of the spectral zeta function (4(s) on closed n-dimensional
homogeneous Riemannian manifold (M, g). The Casimir energy defined by Cg(—%) on the
n-sphere is used to illustrate our results, as this is of particular interest in physics.

The study of Casimir energy (or Vacuum energy as it is also referred to) is believed to
originate from the work of Hendrik B. G. Casimir (1909 - 2000), who in the year 1948 pointed
out the existence of a force between a pair of neutral perfectly conducting parallel plates.
The Casimir energy may be thought-of as the energy difference due to the distortion of the
vacuum; (see e.g [15] and [23]). The energy difference gives rise to what is known as the
Casimir force. Although Casimir energy is a concept arising in quantum field theory with
observable consequences in physics, research is on-going in the modern aspects of spectral
geometry, formulating the notion in a purely mathematical framework; see e.g. [23] and the
numerous literature cited there-in.

In most physics literature, the Casimir (Vacuum) energy, popularly denoted by FEcas is

written as sum over the eigenvalues wyp = /Ap of the Laplacian on smooth functions on
M, ie Ecas = ) ) wy which is the spectral zeta function at s = —%. Because the spectral

zeta function depends on the choice of metric g, the Casimir energy Cg(—%) is defined via the
spectral zeta function as a function on the set of metrics on the manifold M, see [22]. However,
this sum is usually divergent and has to be regularized. A very simple and elegant way of
performing the regularization is via the analytic continuation of the zeta function. Sometimes,
it happens that after the analytic continuation, the zeta function at the desired value has a
pole. For instance, the meromorphic continuation of the spectral zeta function (4(s) of the
Laplacian on M computed in section 2 of chapter three of this thesis shows that the points

s = —%,% are simple poles for odd dimensions but are not for even dimensions. Thereby,



further regularization techniques are required.

This work on variation of any point s = sg of the spectral zeta function e.g the Casimir
energy is motivated by analogous work done for the determinant of the Laplacian. Ray
and Singer [45] introduced and characterised the regularised determinant of the Laplacian as
det Ay = e~¢'(9. Ray and Singer then studied its connections with topology through studying
it as a function over the space of metrics on a fixed smooth manifold, M, an idea a physicist
A. Polyakov generalised and applied to string theory [44]. The result of these works is the

following variational formula, called then Polyakov-Ray-Singer variation formula:
1.1 . ) .
logdet Ay, —logdet Ay = o [5 [Vgoo(z)|?dAg + [ do(z)kg(z)dVy] + log Ay, — log Ag.
M M

Here M is a fixed smooth Riemannian manifold, g and g. = e®g are two equal volume
conformally equivalent smooth metrics on M and ¢g(z) = %(be(m)kzo. Then Vg, A, dA, and
k4 are the gradient, area, area element and Gaussian curvature associated with g, while A,
is the area associated with (M, g.), etc.

More recently, Osgood, Philips and Sarnak in [43] found that among all fixed volume
conformal class of metrics {g. = ¥ g} on a Riemannian surface M, the constant curvature

metric has maximal determinant. That is,

d
i(—logdetAgE =0 = 1271/ bg(x)ky(2)dV, =0

if and only if k; is constant since the area is constant. A similar result was obtained by
Richardson [47] on 3-dimensional Riemannian manifolds. He found that the 3-sphere with the
standard round metric is a local maximum for a fixed-volume conformal deformation {g.}. In
2001, Kate Okikiolu [41] generalised the result of Richardson to all closed odd n-dimensional
Riemannian manifolds. Note that in all the results cited above, the extremal properties of the
manifolds under conformal variations depend on the dimensions of the manifolds.

The work in this thesis raises and addresses a related question about the behaviour of

the second variation of the spectral zeta function at any point s = sg of the spectral zeta



function. For example, “how does the Casimir energy behave under such volume-
preserving conformal variation of the metric of a smooth, compact and connected
n-dimensional Riemannian manifold (M, ¢)?” Our results are illustrated with the n-
sphere. The techniques of the heat and spectral zeta kernels are utilized to investigate the
spectral properties of the Laplacian and other Laplace-type operators on compact Rieman-
nian manifolds with particular reference to the unit n-sphere. In particular, we computed
the variation of the zeta function and the Casimir energy under conformal variation of the
Riemannian metric. We find conditions that prove that the round metric g on the n-sphere,
S™, is a critical point for the Casimir energy under such variations of the metric.

Consider how a conformal change of metric affects the Laplacian. Let (M, g) be a smooth
homogeneous Riemannian manifold and 0 < p € C*°(M). Then the Laplacian with respect

to the conformally equivalent metric h = pg is given by

Anto = p ' Ago + (1= 2)p 2div(pV, )0

with

div(pV,) := g (9ip)d;

where the so-called Einstein summation convention of summing over repeated indices is used.
Then we can see that the Casimir energy is not invariant under change of metric. Consider
for instance a scaling of the metric with a constant ¢ > 0, one quickly sees that Ay — %Ag
and

CS

Ceg(8) = Z IR c*Cy(s).
k=1

Pl

So, the Casimir energy changes as

1

Ccy(_§) =

Consequently, it becomes of much interest to study how the Casimir energy and other points of

the spectral zeta function vary under more general deformation of the metric such as conformal



perturbation of the Riemannian manifold, and in fact, it is sensible to fix the volume so as to
factor out this trivial scaling.
Now, choose

¢:Mx(—c,c) =R

a family of functions smooth in the first variable z and real analytic in the second e. Write

be(z) = ¢, €) with ¢g = 0.

Define the corresponding family of conformal metrics g, such that g. = e®<g, with the condition
that
m_9

. , : 0
gl = -(9)]em0 = dog. do € C¥(M); where de = 5-(@0).

It is well known among other properties of such perturbation that there exists a sequence
of eigenvalues {Ax(€)} C R (counted with multiplicities) and v¢x(€) on C°°(M), such that
Agoyr(e) = Ap(e)vr(e) and Ak(0) = Ax where \j is the eigenvalue associated with the
unperturbed metric g; see e.g Zelditch [67], Bando and Urakawa ([5]). One can now write the

associated spectral zeta kernel of A, on M as

n
B .

= wk](67x)17z_)kj(67y)
$Z, = : 7s ; éR §
gge( y) ; (Ak(6)) ( ) >

Our first theorem is:

Theorem 1.0.1. (Theorem[5.5.9 in the text): Let (M, g) be a smooth, compact and connected
Riemannian manifold and Ay the Laplacian on it with eigenvalues {\} listed according to
their multiplicities. If {gc = e®<g} is a family of volume-preserving conformally equivalent
metrics, then the first order variation Cél)(s) = %(Cgé(s))|€:0 of the spectral zeta function

Cg(s) of A, is given by

GO =5 [ dola)ylsmaaVy+ 55 =15 [ (Byda()ys + 1.a.2)aV,



Q(l)

The Casimir energy has the first order variation FP[(, (S)HS_?l given by
- 2

FP[Cél)(S)HS}% = ;/M q'So(x)FP[Cg(s,x,x)”sziéd‘/tq
- LR 1)/M(Ag¢0(a;))FP[gg(s+ Lol dv,

where

f(s) if s is not a pole
FP[f](s) := .
lime_.g <f(s +e)— M), if sis a pole of order 1.

€

Some interesting results about the criticality of the metric ¢ under the perturbations follow

from this. First we have the following theorem.

Theorem 1.0.2. (Theorem in the text): If A is the Laplacian on (M, ge) with zeta
kernel C4(s,x,y), then g is a critical point of the Casimir energy Cg(f%) for all constant-

volume conformal variations of the metric if FP[(,(s, 7«‘»33)}}5_,; is a constant.
-2

A corollary now follows when we consider the class of homogeneous manifolds that comes
from quotients of Lie groups with bi-invariant metrics. For example, the natural action of
SO(n + 1) on the n-sphere S™ is transitive, hence S™ ~ SO(n + 1)/S0(n) is a homogeneous

manifold.

Corollary 1.0.3. (Corollary in the text): The metrics on homogeneous smooth Rie-
mannian manifolds are critical points of the variation of the Casimir energy Cg(—%) under

fiz-volume conformal variation of the homogeneous metric.

To decide the extremal nature of the canonical metric g on M for the volume- preserv-
ing conformal deformation {g.}, we compute the second order variation of the spectral zeta
function. The main result in this regard is the following, again relating to volume preserving
conformal perturbations of the usual metric g on a closed homogeneous Riemannian manifold

M.

Theorem 1.0.4. (Theorem|6.1.1|in the teat): Let {g. = e®<g} be a family of volume-preserving

conformal metrics on a closed homogeneous Riemannian manifold M with its canonical metric



g. Choose ¢ € C®(M) such that [,; dodVy = 0 and [,,(¢0)?dVy > 0. Then for R(s) > 2, the

second order variation CéQ)( )= 862 (Cge( ))le=0 of the spectral zeta function (4(s) is given by
6 = s [ [ o) oadolavy )i

- - /M Gol) W, 0) (8o ()) dVy )V, ()
[ (801, (b)) Vs )V, ()

(n+2)°s / / Do) do(1)C (5, 2, 9) AV () AV ()

0| = 0o| =

(0= 225G+ 55 | nla)(Bydn(e)) vy (a)

+ 1= 56p [ (ol avia),

where

1 1 o~
U ( / / (u,z,y) V)(K(v,a:,y) — V)(u +v)* " Ldudw.

In order to answer the question of how a select point s = sy behaves under volume-
preserving conformal second-order variation of the spectral zeta function (4(s) on a fixed
manifold (M, g); we constructed a meromorphic continuation of ¥, as a bi-distribution to the

whole of the complex s-plane. The result is the next theorem.

Theorem 1.0.5. (Theorem in the text): As a distribution, Y4(f1 ® f2) has a meromor-

phic continuation to the whole complex s-plane given by

(Wo(fr @ ) h) = 2 /M /M Cols + Loz, ) fo () folw) AV (2)dV ()

1 e 1 28+k+1/2_4
) e W T T 55+ hO)
2721 (s) 2 1 \ (25 + 2k — 8) (25 + 2k — 1)
s+k+1/2 B 4
, 3x2 (s 42k =7)+48

(2s 4+ 2k — 5)(2s + 2k — 3)
B0(25 214k + 8k(s —4) +4s(s —=8) + 71]) 4y (o)}
(2s 4+ 2k —T7)(2s + 2k — 5)(8s + 8k + 12)

where h is a test function.



It has simple poles at s = % —k, k=0,1,2,--- with residues at each pole s = sg with

so = % — k given by

Ress=s, (Us(f1 @ f2),h) = lim . [(s —s0)f(s, k)]

S$—S0 F(So)
where
1 1 25+k+1/2 —4
k) = — - h(0
fls,k) 2m3/2 k!{(28+2k—3)(25+2k—1) (0)
3 x 25HhH1/2(25 4 2k —7) +48
~h7(0)
(2s + 2k — 5)(2s + 2k — 3)
30(25FE+1/2[42 + 8k (s — 4) + 4s(s — 8) + 71]) (iv) (0)}
(25 + 2k — 7)(2s + 2k — 5)(8s + 8k + 12) ‘
The values of the distribution Ws(f1 ® f2) at s =0,—1,-2,---  —k; with k € ZT are given
by
0 at s=0

Jas fr(@) fo(z)dVy(z) at s— 1

U ® fa) = Ay fo(x)dVy(z) at s= -2

This thesis is organized as follows. Chapter one is the introduction while in chapter two,
notations are fixed and some basic preliminary concepts explained with the intention of making
the thesis more self-contained. In chapter three, spectral functions, namely the zeta functions,
heat and the zeta kernels which are the basic tools used throughout the work are presented.
The explicit computation of the Casimir energy of the Laplacian A, and the Laplace-type
operator A, + "Tfl on the n-sphere is done in chapter four. Also, the heat and zeta kernels
are expressed explicitly here in terms of the so-called Gegenbauer polynomials. Chapter five
discusses the conformal variations of the Riemanninan metrics and criticality conditions of the
Casimir energy vis-a-vis the variations. Finally, the thesis concludes in chapter six with the
computation of the second variation of the spectral zeta function. Some concluding remarks

relating the results of this work to other known works are also included.



CHAPTER 2

Preliminaries and basic concepts

This chapter comprises of basic notations, definitions and concepts used throughout this thesis.

2.1. Notations

The symbol “:="7 is adopted for equality by definition.

e The following sets of numbers are denoted thus: N - the set of positive integers, Ny -
the set of non-negative integers, Z - the set of integers, R - the set of real numbers, R

- the set of non-negative real numbers and C - the set of complex numbers.
e Let x € R, [z] denotes the integer part of x.

e Let m,n € Ng; m > n, the binomial coefficient is given by

m m!
(n) - (m —n)n!

and the notation for the double factorial is given by

m(m —2)(m —4)---2 for m even
mll = m(m —2)(m —4)---1for m odd

1 for m =0.

For Riemannian manifolds, we have the following notations:



e The pair (M, g) shall denote a Riemannian manifold with the metric g throughout the

work. n € N is used for the dimension of the manifold.

e When the Riemannian manifold is the unit sphere of dimension n with the usual round
metric also called “n-sphere” in this work, we write S™. For 0 # x € R", we have
z = ||lz|ly with y € S 1. Note that the lower case alphabets z and y are used to
indicate points both on R™ and on the unit sphere S™. In any of the cases, we indicate

which space we mean.

e The Fuclidean distance between two points x,y € S™ is given by

|z =yl = v2(1 -z y)

e The geodesic distance between two points z,y € S™ is the angle between z and y on S™,
i.e
O(x,y) := arccos(z - y) € [0, 7).

It is also the arc-length of the shortest path connecting z and y on S™.

e The volume of the n-sphere is denoted by either V,, or |S™| and the volume form by dV/,.

We use V' and dVj, for the volume and volume form on (M, g).
e The Laplacian on (M, g) is written as A, while that on the n-sphere is A,,.

e The space of complex-valued or real-valued continuous functions on S™ is denoted by

C(S™). This is a Banach space with canonical norm

£ lloo = sup{[f(2)] : x € S"}.

Similarly, the space of complex-valued or real-valued k-times continuously differentiable

functions on S™ is denoted by C*(S™) and C*°(S™) when they are infinitely differentiable.

10



e The space of complex-valued or real-valued square integrable functions on S™ is denoted

by L?(S™). This is a Hilbert space with canonical inner-product

(f1, f2)p2 = /Sn f1f2dV,

and induced norm ||f||z2 = (f, f)}:/f Note, L?(S™) is the completion of C(S™) with

respect to this norm.

It is also convenient to use the multi-index notation. A multi-index with n components is
a = (ala"' ,Oén), Qp,--,0n S NO'

When we indicate explicitly the dependence on dimension, we write o, instead of «. The

length of « is
n
la| = Zaj.
=1
We write a! to mean ! ---ay,! and with = (21,--- ,2,)7, 2% is defined to be

«

¢ =it xyr

n -

Similarly, with the gradient operator

10

T
Vg = (02, -+ ,02,)" where Or; = ;87%’

we define

laf
Vo 0

9 dxt -+ dxpn’
Basic spectral functions used in this work are denoted thus:

e The heat kernel is denoted by K (t,z,y) for ¢t > 0,  and y in M.

e The Riemann zeta function is written as (r(s) while the Hurwitz zeta function is written

as (g (s,a) with s € C and a a positive integer.

e The spectral zeta function of the Laplacian on functions on (M, g) is denoted by (,(s)

and its kernel denoted by (4(s,z,y) where s € C,  and y in M.

11



When the zeta function and zeta kernel are defined on S™, we denoted them by (gn(s)

and (gn (s, z,y) respectively.
Other notations will be explained at the section where they may be introduced.

2.2. Transforms

Here we give the definitions of basic transforms that will be used throughout this thesis.

Definition 2.2.1. For any Lebesgue integrable function f € L*(R™), the Fourier transform f
is defined by
f&)=0m72 | fle)e9de (2.2.1)

with inversion formula

_n

flx)=@2m)"2 | f(eede. (2.2.2)

R”

Definition 2.2.2. The Mellin transform M (f) of a function f is defined by

M(f)(s) = /0 T rwela, sec (2.2.3)

Definition 2.2.3. The gamma function is the integral (Mellin) transform of f(t) = e™" over

the right-half complex plane through the Fuler integral

r(s):/ooo e 't57dt; R(s) >0 (2.2.4)

with poles at s =0,—1,—-2,-3,--- .

The gamma function has a number of useful properties, for example the Euler reflection

formula allows to obtain values of I'(s) in the left-half of the complex plane, namely

L(s)'(1—s) =

0 < R(s) <1 (2.2.5)

sinms’
Also it satisfies the recurrence relation I'(s+1) = sI'(s). It is the generalization of the factorial

function in the sense that I'(n + 1) = n! for n € Ny. c.f: [36], 62], 18] [61] and [6].

12



2.3. Manifolds

Let M be a topological space. Firstly, we recall some basic topological notions. M is called
Hausdorff if for any two distinct points x,y € M, there exists disjoint open subsets U,V C M
containing = and y respectively. A covering (U, )qer (I an arbitrary index set) is called locally
finite if each x € M has a neighbourhood that intersects only finitely many U,. M is said
to be paracompact if any open covering possesses a locally finite refinement. This means
that for any open covering (Uy)aer there exists a locally finite open covering (Ué) ger (I' an
arbitrary index set) with

VBGI'EIQGI:UéCUa.

M is said to be connected if there are no two or more disjoint open subsets whose union is M.
It is second countable if it admits a countable bases for its topology. M is compact if its
every open covering has a subcovering. A map between topological spaces is called continuous
if the preimage of any open set is again open. A bijective map which is continuous in both
directions is called a homeomorphism. If the map is bijective and of class C'"° with a
differentiable inverse of class C'*° then we say it is a diffeomorphism. For more details, one

may see Jost [32].

Definition 2.3.1. An n-dimensional chart on M is any pair (U, 1)), where U is an open subset

of M and v is a homeomorphism of U onto an open subset of R™ called the image of the chart.

Definition 2.3.2. A Hausdorff, second countable, connected topological space M is called an
n-dimensional topological manifold (with a countable basis) if any point of M belongs to an

n-dimensional chart.

Let M be an n-dimensional manifold. For any chart (U, ) on M, the local coordinate
system (x!, 22 - 2") is defined in U by taking the @-pullback of the Cartesian coordinate

system in R™. Consequently, one can say that a chart is an open set U C M with a local

coordinate system.

13



For any two charts (U, ¢) and (V,) on M for which the intersection U NV is not empty,
the map o1 : (U NV) — ¢(UNV) is called the chart transition from one chart to the
other.

A chart transition map on an n-dimensional manifold is called C* if its k¥ derivatives exist
and are continuous for a positive integer & < n. When this condition holds for all positive
integers, we say the map is C*° or simply “smooth”. A family of charts on the manifold M
is called a C*-atlas when the associated chart transition is C* and if it covers all of M. Two
charts (U, ¢) and (V,) are said to be compatible if U NV # () and the transition map v op™!
is a diffeomorphism. Similarly, two C*-atlases are called compatible if their union is again a
C*-atlas. The union of all compatible C*-atlases determines a C*-structure on M. We collect

these notions together as the following definition.

Definition 2.3.3. A differentiable n-dimensional manifold M is a connected paracompact
Hausdorff topological space for which every point has a neighbourhood U that is homeomorphic
to an open subset Q C R™. Such a homeomorphism ¢ : U — € is called a chart. Again,
a family {Uy, 00} of charts for which the U, constitute an open covering of M is called an
atlas. The atlas {Un,Va} of M is called differentiable if all charts transitions g o Pt
YaUa NU) — Ya(Ua NUp) are differentiable of class C°(M). A mazimal differentiable
atlas is called a differentiable structure and a manifold with differentiable structure is called a

differentiable manifold; see [32] and c.f: [16, [49, [19] and [32].

Definition 2.3.4. An n-dimensional topological manifold with boundary is a Hausdorff second
countable topological manifold M in which every point has a neighbourhood homeomorphic to
an open subset of the upper half space H" := {(x!,---  2™) € R" : 2™ > 0}.

We denote the boundary by OM. If OM = () , we call M manifold without boundary.

If M is without boundary and in addition compact then we call it a closed manifold.
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2.3.1. Tangent Space
Let M be a smooth manifold. Following Bar [7] and Chavel [16], we let a linear map
£:C*(M)—R
be such that at a point x € M,

§(f9)(x) = &(f)(g(x)) +&(9)(f(x)) forall f,g e C™(M). (2.3.1)
We denote the set of all such maps by T, M. For all £, € T, M and A € R, we define the

sum and scalar multiplication £ + 1 and A¢ so that T, M is a linear space over R.

Definition 2.3.5. The linear space T, M is called the tangent space of M at x and we denote
by TM := U, T, M the disjoint union of all the tangent spaces at the point x. T M 1is called the

tangent bundle of M.

Theorem 2.3.6. If M is an n-smooth manifold, then the tangent space T,M is an n-

dimensional vector space.

We will denote the components of ¢ in local coordinate chart (z!,---,z") by & and write
§(f) =€ 20 vp e o) (2.3.2)

An alternative notation for 1j which we will also adopt in this thesis is {(f) = g—g and

then the identity takes the form

;Of
ozt

of _

g = ¢

(2.3.3)

which allows to think of £ as a directional derivative at = and to interpret g—fg as a directional

derivative; see e.g Grigor’yam [26].

Definition 2.3.7. [26/(vector field): A wvector field on a smooth manifold M is a family
{v(2)}eem of tangent vectors such that v(z) € TyM for any x € M. In local coordinates, it

_ i 0
—Uazi'

can be represented in the form v(x)

The vector field v(z) is called smooth if all the functions v* are smooth in any chart.
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2.3.2. Riemannian Metrics

A Riemannian metric (also called Riemannian metric tensor) on M is a family of symmetric
positive definite bilinear forms g = {g(x)} on T, M which depends on z € M smoothly. The

metric enables to define an inner product (.,.)yz) on TM by (§,7)4) V &,n € T M. Hence,

g(x

T, M becomes an Euclidean space. For any £ € T, M, its length ||£]| = \/(&,§).
In local coordinates, the inner product has the form (£, 7)) = 9i (x)&7 where (gij)?jzl
is a square symmetric positive-definite matrix expressing the metric in the local coordinates.

These can be summarised in form of definition thus:

Definition 2.3.8. (Riemannian metric): A Riemannian metric on a smooth manifold M is

an assignment of an inner product
(o Vg(a) : TeM X Ty M — R
for all x € M such that
(1.) (§,&)g() > 0 for £ # 0 (positive definite);
(2.) €:Mg@) = M) gx) VN, § € TeM (symmetric);

(3.) go(ai&i + a;&;, bimi +bjn;) = 327 - aibjgu(&iymj)

V&, mj € Ty M and Ya;, aj,b;,b; € R (bilinear);

(4-) (&M g(w) = 0 if and only if either =0 orn =0 or £ =0 =1 (non-degenerate); and

(5.) for all z € M, there exist local coordinates {z'} such that g;;(x) = <£i, %)g(x) are

smooth functions.

Definition 2.3.9. (Riemannian Manifold): A Riemannian manifold is a pair (M,g), where

g is a Riemannian metric on the smooth manifold M.

We recall that a curve 7 on M is a continuous map = : [a,b] — M. Let 7 : [a,b] - M be a
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parametrized differentiable curve on M with velocity +’. The length of « is given by
b b
L) = [ Vet Ot = [ 1@l ¢ fa.b (234)
Definition 2.3.10. [5]] The geodesic distance between x,y € M is defined by
d(z,y) :=inf{L(vy) : v : [0,1] — M piecewise smooth, v(0) = z, and v(1) =y}  (2.3.5)
that is, the shortest curve in M connecting x and y. The diameter of M is sup, e d(z,y).

A topological manifold is complete if it is complete as a topological space. The geodesic

in a complete Riemannian manifold go on indefinitely; that is, it is isometric to the real line.

Definition 2.3.11. [3]] Let & € T, M for x € M. Then there is a unique geodesic ¢ satisfying
7¢(0) = = and ’yé(O) = &. The exponential map at T is the map
exp, : TpM — M, &+ (1)
where 1 1s an identity point in M.
A Riemannian manifold M is geodesically complete if for all x € M, the exponential map
exp, is defined for all £ € T,, M. This means that any geodesic 7(t) starting from z is defined

for all values of the parameter ¢t € R.

The Hopf-Rinow theorem given below gives conditions for the metric to be complete.

Theorem 2.3.12. (Hopf-Rinow): Let M be a connected Riemannian manifold. Then, the

following are equivalent:

(1.) The closed and bounded subsets of M are compact.

(2.) M is a complete metric space with the metric d(z,y) defined by (2.3.5).
(3.) M is geodesically complete. That is, for every x € M, the exponential map exp, is
defined on the entire tangent space T, M.

A connected Riemannian manifold M can be thought-of as a complete metric space whose
distance function is the arclength of the geodesic between any two points z,y € M. The

manifold is compact if and only if it is complete and has finite diameter; (see e.g. [1]).
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2.4. The Laplacian

Let M be a smooth, compact and connected n-dimensional Riemannian manifold without

boundary and let g be a smooth Riemannian metric on M. For a coordinate chart on M,
(zt, 22 - ,2"): U - R", (UC M open),

we represent g by the matrix-valued function (g;;) where

o 0
95 = g i )9

and (-,-)4 is the inner product on the tangent space T, M.
The volume form dV of (M, g) is defined as dV; = +/|g|dx; with |g| = det(g;;) and dz =
dz' A --- Adx™. To give definition of the Laplacian on smooth functions over the Riemannian

manifold M, we need the following definitions.

Definition 2.4.1. (Differential)[26]: For a fixzed x € M, let f be a smooth function in a

neighbourhood of x. The differential df of f at x is a linear functional on T, M given by the
pairing

(df,&) = &(f) for any € € T, M. (2.4.1)

Hence, df is an element of the dual space 75, M, (called the cotangent space). Elements of

T*M are called covectors. A basis {e1,---,e,} in T, M has dual basis {e!,--- e} in T} M

which is defined by

i i ;g =i
<€ 76j> = 5]' =
0; j #1.
For example, the basis { aii} has dual basis {dz'} because (dz?, %> = (5;

The covector df can be represented in the basis {dz'} as follows:

OF 4y (2.4.2)

df = oxt

that is, the partial derivatives g—gﬁ: are the components of the differential df. Indeed,

OF i, Oy 2 O gyi Oy _ O i gr 2
<8:z:idx ’ 8xj> B 8:1:i< T ij> B 8xi5j = 8xj>'
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Definition 2.4.2. (Gradient): For any smooth function f on M, its gradient V,f at a point

x € M is defined by

(Vof)(@) = g~ (2)df () (2.4.3)

where g~1(x) := g¥(x) is the inverse of g. If we let & = V,f(x) then for any n € TyM one

writes

(Vofimg = (df,m) = g‘; (2.4.4)

which is another way of defining the gradient.

In local coordinates,

ij OF

If f1 on M is another smooth function, set n = V f1 then,

i OF O
Oxt OxJ "

(Vof . Vofi) =(df,Vyf1) =g (2.4.5)

At this point, we may recall again that the Riemannian measure (volume form) dVj(z) on
(M, g) can be represented in local coordinates as /|g|dz! A -+ A dz™ where |g| = det(gi;). We

have the next theorem.

Theorem 2.4.3. ([26])(Divergence theorem): Let v be any smooth vector field on M and dV
a Riemannian measure. Then, there exists a unique smooth function on M called divergence

and denoted by divv such that the following identity holds:

/ (divo) fdV = — / (0, V, )V Vf € CR(M). (2.4.6)
M M

In local coordinates,

%(\/m ). (2.4.7)

dive =

o

9

Note also that for any continuous function f on M if [ a fdV =0 for all ¢ € C§°(M)

then f =0.
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Proposition 2.4.4. Let (M, g) be a Riemannian manifold without boundary. Then for every
smooth vector field v on M, fM divv dVy = 0; where dVy is the volume form on M induced by

the metric g.

The Laplacian on smooth functions on (M, g) is the operator

Ay : C®(M) — C(M) (2.4.8)
defined in local coordinates by
) 1 0 ;i 0
Ay = — div(grad) = ——= Z axi( lglg j@) (2.4.9)

\/m ij

where ¢ are the components of the dual metric on the cotangent bundle M.

Lemma 2.4.5. The Laplacian on the space of compactly supported smooth functions on M

with inner product

. Rean = [ f@REW,
18 symmetric.

The operator A, extends to a self-adjoint operator on L*(M) D H?*(M) — L?(M) with
compact resolvent. This implies that there exists an orthonormal basis {fz} € L?(M) consist-

ing of eigenfunctions such that
Agfi = A fr (2.4.10)

where the eigenvalues are listed with multiplicities
0:>\0<A1S)\QS)\gé"'S)\kS"'/‘OO; (2.4.11)

see for example, ([26], [I6] and [35]). The Laplacian A, thus, has one-dimensional null space

consisting precisely of constant functions.

Proposition 2.4.6. Let f1, fo € M be smooth. Then,
(i) Dg(f1+ f2) = Ag(f1) + Ag(f2),

(ii~) Ag(flfQ) = fZAg(fl) + flAg(fQ) - 2<ng1, V9f2>'
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2.4.1. The Laplacian on the unit n-sphere

The n-dimensional sphere of radius r, r € RT is the set of points in R"*! at a distance 7 from
a given central point; i.e S"(r) = {z € R""!: ||z| = r}. We call S™ a unit n-sphere or simply

an n-sphere when the radius » = 1 and write the unit n-sphere as the set
S" ={zx e R"" . ||z| = 1}. (2.4.12)

The n-sphere is an n-dimensional compact manifold in (n + 1)-space of constant positive
sectional curvature, namely +1, n > 2. So, in particular, the 0-sphere, 1-sphere and the 2-
sphere are respectively a pair of points on a line segment, a circle on a plane and the ordinary
sphere in 3-dimension.

Proposition 2.4.7. (Volume of S™ ): The volume of the unit n-sphere is given by

n+1

27 2
INCEN

V, = |57 = (2.4.13)

where T" is the Euler gamma function .

Observe therefore that from this proposition, we have |S?| = 2; |S!| = 27; |S?| = 4m;
|93| = 212, |54 = %; |S5| = 73 etc, as is well known.

Let f € S™ be any function on the n-sphere and f be its extension to an open neighbour-
hood of S™ that is constant along rays from the centre of S™. We say that f € C?(S™) if f
is a C? function of that neighbourhood. For such functions (not containing {0}) on S™ the

Laplacian A,, equals

Anf=2.f (2.4.14)

where A, on the right-hand side of (2.4.14) is the usual Laplacian in R
In R™, n > 2, every point x # 0 can be represented in polar coordinates as a couple (r, )
x

where 7 := |z| > 0 is the polar radius and 6 := 1] € S"~1 is the polar angle.

Claim 2.4.8. [26]: The canonical metric ggn on R™ has the following representation in polar

coordinates: grn = dr® + r’ggn-1 where ggn-1 is the canonical spherical metric on S™ L.
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Note that the metric ggn-1 is obtained by restricting the metric ggn to S"~!. On S"~1,
the polar coordinate is (#*,---,0""!) whilst 7 = 1 and dr = 0. Indeed, for any & € T,S" 1,
(dr, &) = £(r) = €(rlgor) = £(1) = 0.

Consider now the polar coordinates on S™ : (#',---,0"). Let p be the north pole and ¢
be the south pole of S™, i.e (p = (0,0,---,0,1)) and ¢ = —p. For any = € S™ \ {p, ¢}, define
r € (0,7) and § € S" ! by cosr = 2"! and 0 = é—:‘ where 7/ is the projection of x onto
R" = {z € R*"! : "1 = 0}. Clearly, the polar radius is the angle between the position
vectors x and p, and r can be regarded as the latitude of the point x measured from the pole.

The polar angle 6 can be regarded as the longitude of the point x; see figure (2.1)).

+1
Ay

Rn

Figure 2.1: Polar coordinates on S™ [26].

Claim 2.4.9. [26]: The canonical metric ggn on S™ has the following representation in polar

coordinates: ggn = dr® + sin? rggn—1.
In the polar coordinates, the Riemannian measure on S™ is given by dV = sin® ! rdrdf.
For the unit n-sphere, the Laplacian (2.4.14}) in polar coordinates reduces to

0 1
A, = ——— —{sin" 1= —— A, 2.4.15
. {sin 089} + 20 1 ( )

where A,,_; is the Laplacian on S™ L.
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Example 2.4.10. The Laplacian in polar coordinates (0,¢) on S? endowed with the round

metric

1 0
gg2 = d6* 4 sin® fd¢? =
5 0 sin20

using equation 18 Ag = Sirlle%{sm 9%} + ﬁAl where A1 = % 18 the Laplacian on

St
On 83, where the round metric is

1 0 0
ggs = db? + sin® 0dp? + sin? Osin® pdip? = | 0 sin2 6 0
0 0 sin?fsin?¢

using equation is Ag = — %{sin2 0%} + ﬁAg where Ay is the Laplacian on S2.

sin?

Continuing this way, one arrives at .
2.4.2. Eigenfunctions of the Laplacian on the n-spheres.

Following ([29], [53], [54], [27] and [3]), we give a brief discussion of the harmonic homogeneous

polynomials restricted to the n-sphere which are the eigenfunctions of the Laplacian on S™.

Definition 2.4.11. A function f : R™ — C is called homogeneous of degree k if it satisfies

f(tx) =tk f(x) for allx € R™ and t > 0 fized.

Definition 2.4.12. Let Pr(n) denote the space of homogeneous polynomials of degree k in
(n + 1) variables. The space Hy(n) := {pr € Pr(n) : Agpr = 0, p homogeneous} is called the

space of harmonic homogeneous polynomials.

Note, if pp € Hz(n) then pi(x) = |z|* -pk(ﬁ); where ﬁ €S x#£N0.

Remark 2.4.13. The following are basic properties of the harmonic homogeneous polynomi-

als.

° prk‘sn = Qk‘SnQ ie pp(z) = qx(z) V x € S™, then

X X
pr(r) = |$|kpk(m) = |$|qu(m) =qr(z) Vo #0;=pr = q

since they are both polynomials.
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o The space Hp(S™) = {pr € Hir(n) : Appr, = 0} is called the space of spherical harmonic

homogeneous polynomials.
o [t is known that there is a linear isomorphism between Hy(n) and Hp(S™).
e Fvery polynomial pr of degree k in n variables can be uniquely written as

pr(z) = Z cox®™ for a a multiindex and ¢, € C.
la|=k

n+k—1
e The space of polynomials py is a vector space of dimension ( ) .
n

Definition 2.4.14. The Hermitian form on py € Px(n) is defined to be the differential oper-

ator
ak

)= ) co Ox{' 0xy® - - - 0w (2:4.16)
|a|=k

So for any two polynomials pg, qx € Pr(n), let (pr, qr) := pr(0)qk.

Thus,

k
Pk, qr) = Z aar”, Z boz®) = Z (Ag, boy 896‘13‘1636;2 o ) = Z alagby.

la|=k |a|=k la|=k la|=k
Proposition 2.4.15. Let p € Py. Write p = |z|* f(x). Then,
p € HL(S") & Anf(z) +k(k+n—1)f(x)=0. (2.4.17)

Theorem 2.4.16.
(i.) The map Ay : Pr(n) — Pr_2(n) is surjective for all n,k > 2.
(ii.) We have the (so-called Calderon-decomposition) orthogonal decomposition
Pr(n) = Hi(n) @ |z Hy2(n) & - & |z[YHy_o5(n) &
ol H 91 (n) = Socj<pryalz P Hi—gi(n). (2.4.18)
For proof, one may see ([37]).

The theorem (|2.4.16)) above has a number of important corollaries. Since every polynomial

in (n+ 1) variables is the sum of homogeneous polynomials, we have the following:
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Corollary 2.4.17. The restriction to S™ of every polynomial in n > 1 variables is a sum of

restrictions to S™ of harmonic polynomials.

Theorem 2.4.18. The n-dimensional spherical harmonic polynomials Hj, constitute a subset

of a complete orthonormal system of functions in Py, with respect to the L*>(S™) inner product.

For proof, one can see [50], pages 350-351.
The restriction of elements of Hj to S™ are called spherical harmonic polynomials of

degree k, and are therefore eigenfunctions of A,, with eigenvalues k(k +n — 1).

Corollary 2.4.19. [53] The dimension di(n) of the space of harmonic polynomial Hy, is given

<mm):<kzn>—<k+z_2>. (2.4.19)

Lemma 2.4.20. The multiplicities di(n) of the eigenspace of the spectrum {\} can be ex-

by the formula

pressed as
2k+n—-1)(k+n—2)!
= 2.4.2
where k € Ng and n > 1 is the dimension of the manifold S™.
Proof. 1t is clear that
k+n k+mn—2 k+n)! k+n—2)!
) . (et )
B (k+n—2)![(k‘+n)(k:+n—1)_ 1 ]
B n! k! (k —2)!
which simplifies as
(k+n—2)![(k+n)(kz+n—1) B 1 ] = (k+n—2)![(k+n)(k+n—1) 1
n! k! (k=21 nl(k—2) k(k—1)
(k+n—=2)'n ~ (2k+n—-1)(k+n—2)!
= pGkEn-l= Hn —1)!
O
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2.5. Conformal perturbation of metrics on M

Definition 2.5.1. (Pull-back Riemannian metric)([7]): Let (M,g) and (N, g) be two Rieman-
nian manifolds and let ® : M — N be a smooth diffeomorphism. The pull-back Riemannian
metric ®*g on M s defined by (2*3)(&,n) = Jo(x)(de®(§),dx®(n)) for all z € M and

&,n € Ty M; where d,®(-) is the differential of ®(-) at the point x € M.

Note, ®*g is a Riemannian metric on M since g is. Indeed, ®*g is the unique Riemannian

metric on M for which ® : M — N is an isometry.

Definition 2.5.2. (Conformal mapping)([7]): Let (M,g) and (N,g) be two Riemannian
manifolds with g = Z” gijd:cida:j; g = Zijgijdxidxj respectively. A smooth diffeomor-
phism ® : M — N is called conformal (angle - preserving) if there exists a positive function

P M — R such that ®*g =1 - g.

If (M,g) is an n-dimensional smooth and connected Riemannian manifold with metric
tensor g, the Riemannian metric g defines, in the tangent space at each point of the manifold,
the inner product <§,n>g(x); &, n €T, M at the point x € M. The angle 6 between any two
tangent vectors £, 7 is given by

<§7 77>g(x) ‘
\/(57 €>g(x) \/<777 77>g(:z:)

Let g and g be two metrics on M. If the angles between two tangent vectors with respect

cosf =

to g and g are always equal to each other at each point of the manifold, we say ¢g and g are
conformal.

The preceding definition can be thought of as a special case when M = N: the two metrics
g and g on M are called conformal if there exists a positive function ® : M — M such that
g = ®g. In this case, we say (M, g) and (M, g) are conformal.

The definition also implies that the angle between any two tangent vectors &, n € T, M
at the point x € M is the same as the angle between d,®(), dx®(n) € Te () (M); where the

conformal factor ® in general depends on .
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2.6. Distributions on M

In addition to conformal structures on M, the notion of distribution can as well be ascribed to
such manifolds. We therefore briefly clarify the general notion of distribution on any smooth
manifold M. To do this, define the space of test functions, which we denote by D(M), as
C>° (M) with the following notion of convergence: ¥ — 1 if the following two conditions are

satisfied:
(1). In any chart U and for any multi-index «, 0% — 0% in U.
(2). All supports Suppy, of 1, are contained in a compact subset of M.

A distribution is a continuous linear functional on D(M). If w is a distribution then its value
at a function ¢ € D(M) is denoted by the pairing (u, ). The space D’(M) of all distributions

is clearly linear. The convergence in D'(M) is defined as up — w if (ug,¥) — (u,1)) for all
€ D(M).
2.7. Duhamel’s formula

To compute the second-order variation of the spectral zeta function, we shall need the Duhamel’s

formula:

Theorem 2.7.1. (Duhamel’s formula). Let A(e) be a matriz-valued smooth function in € €
(0,t). Then

t
ietA(e) :/ A A (¢)et=WAO) gy, (2.7.1)
de u=0

Proof. Using Taylor’s formula with remainder, i.e for a smooth function f with

e+h
fle+h) :f(6)~l—f'(e)h+/ (e+h—71)f"(r)dr

we write

tA(e + h) = tA(e) + tA (e)h + th? /1(1 —x)A" (e + hz)dx
0
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where we changed variable 7 to € + ha and set f(e) = tA(e) with ¢ = 1 fixed in the Taylor’s
formula.

Now define

E(u) = " (et (1-u)f(e)
then, we see that
/01 E'(u)du = E(1) — E(0) = " Acth) _ gtAl)
So,
/1 E(u)du = / ! [EA(e + h)eWtALHD (1WA _ qutAleth)y g () (1=utA©) gy
0 0
- /01 AR [t A (e + ) — tA(e)] 1WA gy

1
= t/ eutAleth) [A(e +h) — A(e)]e(l_“)m(ddu
0

where E’(u) has been computed using the Leibnitz rule and the fact that for any constant

square matrix C, it holds that %euc = Ce"C = euC (.

Thus,

1
[eutA(e+h) _ eutA(e)] _ / eutA(e—l-h)% [tA(E + h) _ tA(E)]G(l_u)tA(e)du
0

S| =

1
= / utAleth) [t(A'(€) + B(e, h)h)]e(l_“)m(ﬁ)du
0

where B(e, h) = fol(l — x)A” (e + hx)dx which is smooth in e and h. Taking limit as h — 0

gives the formula O

To make sense of the Duhamel’s formula (2.7.1)) for differential operators, we collect, sum-

marily, the following facts; following Taylor [57].

Theorem 2.7.2. [57]. If A is a bounded, self-adjoint operator on a separable Hilbert space
H, then there is a o—Compact space Q) (i.e a union of countably many compact subspaces), a

Borel measure 1, a unitary map

T:L*(Q,du) — H, (2.7.2)
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and a real-valued function a € L*°(Q,du) such that
(TLATf)(z) = a(@)f(@); Vf € L(,d). (2.7.3)

The proof of theorem (2.7.2)) requires the operator

Ule) = 't (2.7.4)
defined by the power-series expansion
eieA _ i (ZE)kAk (2 7 5)
= 2 X . 7.
=0

U (e) is uniquely characterized as the solution to the differential equation

d .
U = (AU
a:Ule) = AU (2.7.6)
U) = id
The semi-group property
U(e+€) =U(e)U(€) (2.7.7)
follows, since both sides satisfy the ordinary differential equation
d g/~ .
£2(E) = iAz(e) (2.78)
z(0) = Ule).

If A = A* then applying the adjoint to (2.7.4)) gives U(e) = U(—e¢) which is the inverse of

U(e) in view of (2.7.7). Thus, {U(e) : € € R} is a group of unitary operators.

Definition 2.7.3. (Cyclic vector). Let A be an endormorphism of a finite-dimensional vector
space X. A cyclic vector for A is a vector v such that v, Av,--- , A¥=Y form a basis for X.
A wvector v in an infinite-dimensional Banach or Hilbert space with the operator A on it is

called cyclic if the linear combination of vectors A¥v; k=0,1,--- form a dense subspace.

Proposition 2.7.4. If U(e) is a strongly continuous unitary group on H, having a cyclic

vector v, take @ = R. Then there exists a positive Borel measure i on R and a unitary map

T:L%Q,dp) = H
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such that

(TU(EOTN)(@) = e f(x) } 279
Ve L*(Q,du).
The measure p on R will be the Fourier transform
p=¢ (2.7.10)
where
£(e) = (2m) 2 (e, v); € € L®°(R) (2.7.11)

and p a tempered distribution.

The map T is first defined T : S(R) — H where S(R) is the Schwartz space of rapidly

decreasing functions, by T'(f) = f(A)v with the operator f(A) defined by

f(A) = (2m)~1/2 / h fle)eAde. (2.7.12)

The tempered distribution p defined by (2.7.10f) - (2.7.11)) is a positive measure on R.

It follows from (2.7.12) that if f € S(R) then

CAf(A) = f(4) } (2.7.13)
with f.(7) = e*“Tf(7)
hence,
T AT = T~ f (A = €7 f(7), (2.7.14)

noting that S(R) is dense in L?(R, dpu).
Now let A be an unbounded self-adjoint operator on H whose domain D(A) is a dense
linear subspace of H. This extension is due to von Neumann and thus uses the so-called von

Neumann’s unitary trick. Its statement is the following:

Proposition 2.7.5. [56]. Let A : Ho — Hi be closed and densely defined. If A*A is self-

adjoint and id + A*A has a bounded inverse, then

o A+ti:D(A) — H bijectively;
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o U= (A—i)(A+i)"! is unitary on H and
o A=i(id+ U)(id — U)~! where the range of (id — U) = 2i(A + 1)~ is D(A).

Theorem 2.7.6. If A is an unbounded self-adjoint operator on a separable Hilbert space
H, there is a measure space (1), a unitary map T : L*(Q,du) — H, and a real-valued

measurable function a € ) such that
(T7YATf)(z) = a(z)f(x); VTf € D(A). (2.7.15)
In this situation, given f € L*(Q,du), Tf € D(A) if and only if a(z)f(x) € L*(Q, dp).

The formula ([2.7.15)) is called the “spectral representation” of the self-adjoint operator A.
Using it, one can extend the functional calculus defined by ([2.7.12)) as follows. For a Borel

function f : R — C, define f(A) by

T~ f(A)Tg(z) = f(a(z))g(). (2.7.16)

If f is a bounded Borel function, this is defined for all g € L?(€, du) and provides a bounded

operator f(A) on H. More generally,
D(f(A)={TgeH:gec L*(Q,dy) and f(a(z))g € L*(Q,dp)}. (2.7.17)
In particular, we define €4 for unbounded self-adjoint A by
T~ A Tg(z) = @ g(x). (2.7.18)
Then, ¢4 is a strongly continuously unitary group and we have the so- called Stone’s theorem:

Theorem 2.7.7. (Stone’s theorem)[57]: If A is self-adjoint, then iA generates a strongly

continuous unitary group U (e) = e*4,

Proposition 2.7.8. If (M, g) is a complete closed Riemannian manifold, then the Laplacian
Ay is essentially self-adjoint on C°(M). Its self-adjoint extension has the Sobolev space of

order 2 (which we may denote as H2(M)) as its domain.
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2.8. Interchanging limits

The following theorems will be used to switch limits and integrals; and sum and integrals.

Theorem 2.8.1. (Dominated Convergence Theorem). Let @ C R™ be open and let {1y}
be a sequence of integrable functions on . Suppose that limy_,o Vr(z) = ¥(z) p-almost
everywhere.  Further suppose that there exists w > 0 with [qw(z)du(x) < oo such that

V() <w(x) Vk. Then ¥(z) < w(x) p-almost everywhere and

lim /Q n () dp(z) = /Q ()du(z);

k—o00

where du(x) is the measure form on Q.

Theorem 2.8.2. (Fubini - Tonelli theorem). Let {1y} be a sequence of measurable functions.

Sum and integral such as Y, [ Yr(z)dx can be interchanged in either of the following cases:

¢Yp > 0,Vk e N or Z/|¢k(x)|da:<oo
k

2.9. Trace Class Operators

Following Roe ([48]), we give a brief explanation of the notion of Hilbert-Schmidt and trace-
class operators. We begin with the general theory of traces. Let H; and Ho be (separable
infinite dimensional) Hilbert spaces and choose orthonormal bases {t;} and {t;} in #H; and
‘Ho respectively. A bounded linear operator A : H1 — Ho can be represented by an “infinite

matrix” with coefficients

cij(A) = (Arhi, ¥j). (2.9.1)
Proposition 2.9.1. The value of
1AllFrs = Y leii (AP (2.9.2)
]

(which could be finite or infinite), is independent of choice of the orthonormal basis in Hy and

Ho.

32



To prove the proposition (2.9.1]), we will need the Parseval’s theorem:

Theorem 2.9.2. (Parseval theorem)[{6]: Let H be a Hilbert space and {1);} be an orthonormal

basis. Then for each y € H,

y = 2255 y¢y; and } (2.9.3)

IyllP = 32, Ky )l
Proof. of proposition (2.9.1)): By the Parseval’s theorem

1Al[7s = D lei (AP =D (| A (2.9.4)
i i

which is certainly independent of the choice of basis in H. But since ¢;;(A) = ¢;;(A*), we also
have that ||A||%¢ = ||A*||%¢ which is independent of the choice of basis in H; by the same

argument O

Definition 2.9.3. An operator A such that ||A||ns < oo is called a Hilbert-Schmidt operator

and ||Al|ms is called its Hilbert-Schmidt norm.

Proposition 2.9.4. (1.) The Hilbert-Schmidt norm is induced by an inner product
(A,B) = @ (A)ci;(B). (2.9.5)
ij

(2.) Relative to the inner product , the space of Hilbert-Schmidt operators is a Hilbert

space.
(3.) The Hilbert-Schmidt norm dominates the operator norm, i.e ||Al| < ||A||ms-
(4.) Hilbert-Schmidt operators are compact.

(5.) The sum of two Hilbert-Schmidt operators, and the product of (in either order) of a
Hilbert-Schmidt operator and a bounded operator are Hilbert-Schmidt.

For proof, one can see Shubin ([53]) or Reed and Simon ([46]).

Definition 2.9.5. A bounded operator T' on a Hilbert space H is said to be of trace-class if
there are Hilbert-Schmidt operators A and B on H with T = AB. Its trace Tr(T') is defined to

be the Hilbert-Schmidt inner product (A*, B).
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A priori, the trace depends on the choice of basis of A and B; however,
ZCU CU ) = chi<A)Cij(B) = Zij(T) (2.9.6)
(] Jj
in fact depends only on T.

Remark 2.9.6. We have now defined several classes of operators:
(trace—class) C (Hilbert—Schmidt) C (compact) C (bounded).

This sequence of inclusion should be seen as the “non-commutative analogue” of the sequence

of inclusion I' C 12 C CO C I°°. For details, see Roe [}§] for example.

Proposition 2.9.7. Let T be self-adjoint and trace-class. Then, Tr(T') is the sum of the

eigenvalues of T i.e Tr(T) = 37, A;.
The most important fact about the trace is its commutator property:

Proposition 2.9.8. Let T' and B be bounded operators on H, and suppose either T is of

trace-class or both T and B are Hilbert-Schmidt. Then, Tr(T'B) = Tr(BT).

Examples of Hilbert-Schmidt and trace-class operators come from integral operators on

manifolds.

Proposition 2.9.9. Let (M, g) be a compact manifold equipped with a smooth volume form

dVy and let A be a bounded operator on L*(M) defined by

/ K(z,y)v(y)dVy(y) (2.9.7)
where K is continuous on M x M. Then, A is a Hilbert-Schmidt operator; and
lllhs = [ [ 1KG@aPav@avi ). (298)

Theorem 2.9.10. (Mercer’s theorem : [9]) Let K(x,y) be a smooth kernel on M x M defining
an integral operator T by (Ty)(x) = [, K (y)dV (y) on L2(M). Then T is trace-class

with trace given by Tr(T) = [,, K(x,z)dV ().
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CHAPTER 3

Spectral functions: Zeta and Heat kernels

This chapter gives a brief but clear discussion of the spectral functions namely the spectral
zeta function of the Laplacian A, and its kernel. It also presents the heat kernel and discusses

how it is of use to this study.

3.1. Zeta functions
The Riemann zeta function (g is the function defined as
Cr:{s€eC:R(s) >1} »C

with
Cals) =Y ki R(s) > 1. (3.1.1)
k=1

From the Riemann zeta function (g : {s € C: R(s) > 1} — C, notice that since

Sl => (3.12)

k=1 k=1

Sl

the series on the right-hand-side of (3.1.2)) converges absolutely if and only if %(s) > 1. The
Riemann zeta function defined by (3.1.1) above is holomorphic in the region indicated. It,

however, admits a meromorphic continuation to the whole s-complex plane with only simple
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pole at s = 1 and has residue 1. It satisfies the functional equation:

2 (1 = s) (3.1.3)

T S0(5)CR(s) = 7

(see e.g. Titchmarsh [58]). Other variant definitions of zeta functions abound. Any other such
zeta function used in this report is defined at the point of usage.

Hurwitz zeta function (g (s, a) is a generalization of the Riemann zeta function (3.1.1)).

Definition 3.1.1. Let s € C and 0 < a < 1. Then for R(s) > 1, the Hurwitz zeta function is

defined by
1
Cu(s,a) = 7 R(s) > 1 (3.1.4)
kzzo (k+a)

Clearly, (zr(s,1) = (r(s). Expressions for a = b+ 1 follows by observing that

(140 = = Cu(s,b) — = (3.1.5)

Theorem 3.1.2. For 0 < a <1, we have

> I'(s+m)

Ciloa) = 5z + 3 (1oL a4 ) (316)
m=0 )

Proof. Note that for |z| < 1 the following binomial expansion holds

(1-2)~% = Z Mzm'

= m!l(s)
So for R(s) > 1, we have
I 1 1
Ca(s,a) = —+> 7 —avs
a ; ks (14 %)
I &1 & wL(s+m) a.,.
= w2 2OV
k=1 m=0
1 > wL(s+m), = 1
T mz::()(_l) m!T(s) (a) — fstm
which gives the expansion O

Definition 3.1.3. For any x € C, the Bernoulli polynomial By(x) is defined by the generating

function

Zexz

_ = By(z) k.
e _kzo 2 el <2m (3.1.7)
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Examples of these polynomials are By(z) = 1, Bi(z) = z — 5, etc. By(0) are the Bernoulli

numbers denoted by Bj. Thus,

62—1:

Theorem 3.1.4. For R(s) > 1, we have

1 [e%¢) e—at 1
= 57 dt. 1.
Gils.0) =55 | 1o (318)
Also, for all k € N,
__ Biti(a)
Cu(s,a) = El (3.1.9)

Another generalisation of the Riemann zeta function is the spectral zeta function, which
is the function of interest in this dissertation. The Laplacian defined in (2.4.9) acting on
functions on the closed and connected Riemannian n-manifold is a non-negative operator and

has the discrete spectrum {A;}32, listed with multiplicities. We define

(3.1.10)

SE

G =Y s ) >
k=1

g

Hermann Weyl in 1911 has shown, (see, for example [35]), that the dimension and volume of
a bounded domain X in R™ with smooth boundary is determined by its Dirichlet or Neumann
spectrum. He specifically proved that if N(\) = #{A\x < A} is the eigenvalue counting

function, then one has the following asymptotic formula

wp, Vol (X) \n/2

N ~ S,

as A — oo; (3.1.11)
that is, on taking A = A\; :

Ak~ VOI(X) 27K as k — oo

where w,, = 1“(%2/11) is the volume of the unit ball in R™, ¢, = 472w,

2/

" n is the dimension of
X and ~ means the ratio of the right-hand-side to the left-hand-side approaches 1 as k — oo.

This result is what is now known as the Weyl’s law and it generalises to closed Riemannian
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manifolds such as the ones we consider in this work. It is usually paraphrased in this case
as: “can one hear the dimension and volume of a Riemannian manifold?” From the
Weyl’s law, one sees that the sum in equation converges absolutely for %(s) > 5. If
the manifold is, for example, the unit circle S*, with the usual metric; then the eigenvalues of
the Laplacian are k2, k € Z. So, (;(s) = 2Cg(2s), where (g is the Riemann zeta function. The
zeta function (,4(s), as will be shown later, admits a meromorphic continuation to the entire
complex s-plane and is holomorphic at s = 0.

Note that since the Laplacian, and hence its eigenvalues, are constructed using only the

metric g, the zeta function is a geometric invariant. That is, given a diffeomorphism
I:M — M; then (r+¢(s) = (4(s).

To show that the spectral zeta function has a meromorphic continuation, we use the
operator A and its integral kernel C4(s,x,y), also called the zeta kernel. The operator Age

is uniquely defined by the following properties (see e.g [43] and [21]):

(1.) it is linear on L?(M) with 1-dimensional null space consisting of constant functions.
This ensures that the smallest eigenvalue of A is 0 of multiplicity 1 with corresponding

eigenfunction \%V where V' is the volume of M,

(2.) the image of Ag*® is contained in the orthogonal complement of constant functions in
L2(M) i.e.

/ A%pdVy =0 Ve L?*(M) constant; and
M
(3.) A %Y(z) = A" (z) for all ¥y; k > 0 an orthonormal basis of eigenfunction of Ag.

Then for %(s) > 5, we see by property (3.) that A_® is trace class, with trace given by the

spectral zeta function, namely

G =3 — = Tr(A;) = /M Glsm, )V ; R(s) > 0. (3.1.12)
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Theorem 3.1.5. [35]. Let {13}, be an orthonormal eigenbasis for Ay corresponding to the
eigenvalues {\,}32, listed with multiplicities. Then the zeta kernel, (4(s,x,y), also called the

point-wise zeta function, is equal to

Glsry) = 3 BEEW) g

n
—. 3.1.13
A7 2 ( )

k=1
From here on, we suppress the subscript g in (4(s) and A,. We simply write ((s) and A

for (4(s) and A, respectively, unless for purpose of emphasis.

3.2. The heat kernel

The meromorphic extension of (4(s) is proved by showing a relationship between the zeta
kernel and the heat kernel. Thus in this section, we will review properties of the heat kernel.
The heat kernel, K (t,z,y) : (0,00) x M x M — R, is a continuous function on (0, c0) x M x M.
It is the so-called fundamental solution to the heat equation, i.e, it is the unique solution to

the following system of equations:

(2 +A)K(Lzy) = 0 } (3.2.1)

limyo [y K (b 2,y m)dV, = (@)

for t > 0; =,y € M and A, is the Laplacian acting on any ¢ € L?(M), where the limit in
the second equation of is uniform for every ¢ € C*°(M).
The heat operator e ** : L2(M) — L?(M) is the operator defined by the integral kernel
K(t,z,y) as
20)0) = [ Kooy,
for b € L?(M). The heat kernel is symmetric in the space variables, that is K (¢, z,y) =
K(t,y,x) V x,y € M. Thus the heat operator is self-adjoint, that is, for 11,1y € L?(M) we

have

<e*tA¢1,¢2>L2(M) = /{/ K(t,x,y)wl(y)d%}zzg(x)dvx
M M
= [ Kb vy = e )
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Now returning to the heat kernel, let {1}, with [,, ¥x(2)¢i(z)dVy(z) = by be or-
thonormal basis of eigenfunctions of A with corresponding eigenvalues {\;} listed with mul-
tiplicities. Then {93}, are also eigenfunctions of the heat operator with corresponding
tA

eigenvalues {e '}, In terms of these eigenfunctions, the Mercer’s theorem implies that e~

is trace-class for all ¢ > 0 and one can write the heat kernel as

[e.e]
K(t,z,y) Ze Mebap () (y).
k=0

The convergence for all ¢ > 0 is uniform on M x M. In particular, the trace of the heat operator

o

= Ze Mt |y () Ze_/\’“t / K(t,z, z)dVy(z) < (3.2.2)
k=0

There are a number of salient properties of the heat kernel that will play crucial roles in

this work. First, the heat kernel admits an expansion along the diagonal. This is the so-called

Minakshisundaram-Pleijel expansion of the trace of the heat kernel:

1

TI'( A t) (4 t)n/2

{a0+a1t+a2t2+...+aNtN+O(tN+1)}; (3.2.3)

ast — 0F; where a; = [,, O;j(x)dVy(z) with O;(z) being some smooth functions on M which
depend only on the geometric data at the point x € M. For example, ag = volume(M) and

W with ¢(z) being the scalar curvature of M at the point z; see e.g ([36]).

a(z) =
This asymptotic expansion is also written as

1

K(t,x,l') = W

{1 +ar(x)t + az(z)t* + - +an (@)Y + OV }; (3.2.4)

as t — 0 in some literature; (see e.g [66]).

Lemma 3.2.1. [16] Let K be the heat kernel on a Riemannian manifold M. Then the following

properties hold:
(1.) K is a strictly positive smooth (C*) function on (0,00) x M x M.

(2.) K is symmetric in the space variables x,y € M.
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(3.) [y Ktz y)dV(y) =
(4.) [ K(s,2,9)K(t,y,2)dV (y) = K(s+t,x,2) (semigroup property).

Here we will prove only the semi-group property, which will also be of help in computing

the variations of the spectral zeta function.
Proposition 3.2.2. (c.f: [49]) The heat operator satisfies

et Ul _ —(tHu)A (3.2.5)

with associated kernel
K(t,z,y) = / K(t—u,x,2)K(u,z,y)dV(z) for 0 <wu <t. (3.2.6)
M
Proof. For 0 < u <t and ¢ € L?(M) we have

(TR ) @) = IR Kz )aV () @)
= /Kt—uxz /Kuzy y)dV (y))dV (z)
= / (/ K(t—u,:U,Z)K(u,z,y)dV(Z))?/)(y)dV(y)-
v JIm

Thus, e *?e~"2 has the integral kernel
Ritoy) = [ Kl = un,2)K (w2, )aV (2).
M

Hence,

(0 + Ag) ( /M Kt —u,z 2)K(u,zy)dV(z)) =

and

lim (/M K(t—u,z,2)K(u, z, y)dV(Z))w(y)dV(y)

N0 s
=l | K(t—ux z)(i{% K (u, 2,9)¢(y)dV (y))dV (2)
= }{T‘é K(t,z,2)(2)dV (z) = ¥(2)
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where we have used that © — 0 as ¢t — 0 and

(0 + A)K(t,z,2) = 0 }
limyo [o; K(t, 2, 2)0(2)dV(2) = (x).

Thus, f((t, z,y) = [ K(t —u,x,2)K(u, z,y)dV(z) has the two defining properties 1) of
the heat kernel. Therefore, K (t,z,y) = K(t,z,y) and e 242 = ¢~ (WA which proves the

proposition O

Lemma 3.2.3. ([16]) The semigroup (the heat operator) e=t on L*(M) is a symmetric

Markov semigroup; that is
(1.) A is positive and self-adjoint,
(2.) If 0 <€ L2(M), then e~ > 0; and
(3.) eA is a contraction on L*°(M).
The proofs of these properties are contained in Chapter VIII of ([16]).

3.3. Meromorphic continuation of the zeta kernel

Recall the Mellin transform of a measurable function v is defined by

(M) (s) = / gy

Furthermore, the Mellin transform as a function of s is meromorphic on a region of C that

depends upon the decay properties of . Specifically, if

{ Ot*) t—0

O?) t— oo, (3:31)

P(t) =

then (M1))(s) is meromorphic for R(s) € (—a,—p), c.f: [24]. We use this to prove the
meromorphic continuation of the zeta kernel using the following relationship between the two

kernels.

Lemma 3.3.1. [23] The zeta kernel and the heat kernel are related by

o) = 5 |0 K ) = S
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R(s) > 3.
Proof. Observe that for any > 0 and R(s) > 0,

5 = L /oo e—xtts—ldt
I'(s) Jo

since a change of variable from, say, xt to 7 gives z=° and since I'(s) is holomorphic for

R(s) > 0.
Consequently,
1 oo
AS = ARty
ol
Thus,
_ - o 1 - s—1 =gt . n
o) =3 i [ el R >
Therefore, using Theorem (2.8.2)) to switch the order of the sum and the integral, we have
1 [ —
C 5T,y = / eiAktwk T 1/} Yy t571 dt
! /Oots—l(/ K(t,x,y)dV, —l)dt
O Y e
Thus,
Co(s,z,y) = ! /Oot51(K(ta; )—l)dt (3.3.2)
g ) 7y - F(S) 0 ) 7y V : .
U

Now let’s consider how to meromorphically continue the zeta kernel. Lemma says
that up to the Gamma function, (4(s) is the Mellin transform of the heat kernel minus -
We want to use this relationship for R(s) > % to extend the definition of the zeta kernel
meromorphically to the rest of C. We do this by breaking up the integrand into an infinite

sum that has the appropriate decay and a finite sum that we can examine directly.

We will use the following theorem about the decay of the heat kernel as t — oo.

Theorem 3.3.2. There is a constant § = (M) > 0, depending only on M, such that for all

x,y € M and t > 1, the following inequality holds:

|K(t,2,y) — %} < Be~ Mt
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Proof. Since M is compact, the claim is a consequence of the fact that
1 < _
|K(t,z,y) — V‘ = | Z e ’\’“twk(x)%(@/)‘

= 7’\1t|z A=Aty ( )k (y)|

N

< eMt ( Z e~ A=At Wk(ili)l/;k(y)‘
k=1

o0

+ ] Y e (@) (y)]).

k=N+1

As K(t,z,y) is uniformly convergent on [1,00) X M x M, one can find a positive integer N

such that

o0

e M| D ey () (y)|) =

k=N+1

Again, using that M is compact, we have

N
67)\115 Ze /\k )\1 "l/) )D S/Bef)\lt;
k=1

thus, the claim follows O
On the diagonal, we can write a modified version of this result:

Corollary 3.3.3. Let (M,g) be smooth, compact and connected Riemannian manifold with

volume V' and K (t,x,y) the heat kernel. Then for any fized ty > 0 given,

(K(t,z,z) — %) < (K(to, =, x) — %) L e~ M(tto) (3.3.3)

provided t > tg and A1 is the first positive eigenvalue of the Laplacian on M.

Since A1 > 0, these results imply that as ¢ — 0o, we have exponential decay, which means
—f = oo in Equation (3.3.1)) above. Thus we only need to split up the heat kernel to control

the decay as t — 0. Before doing this, we note that we also get the following corollary:

Corollary 3.3.4. c.f [9]: Let (M,g) be smooth, compact and connected n-dimensional Rie-

mannian manifold with volume V and K (t,z,y) the heat kernel. Then, the zeta kernel is given
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by the sum:
(5,2, ) Z Y (z ?,Z)k,

where this sum converges absolutely and uniformly on M x M for o = R(s) > 5.

Proof. Because K (t,x,y) — % decays exponentially fast as ¢t — 0, and for R(s) > n/2 the
integrand in equation also is bounded at t = 0, the integral (4(s, x,y) converges uniformly
in x and y to a smooth function on M x M. Then by Mercer’s Theorem, the corollary

follows. u
Now we will complete the proof of meromorphic continuation of the zeta kernel.

Proposition 3.3.5. The zeta kernel (4(s,x,y) admits a meromorphic continuation to the

whole of the complex s-plane.

Proof. For x # y, we have that K(¢,z,y) — % decays exponentially .

For z = y, using the asymptotic expansion of the heat kernel (3.2.3)), we have
> 1
L(s)Cy(s,m,2) = / (K(t,z,x) — V)tsth
0

0
— /00 (t—”/Z{al(x)t + o+ aN(SC)tN} — %)ts_l dt + M(RN)(S),
0

where Ry (z,t) = O(tVT1=(/2)) Thus M(Ry)(s) is meromorphic for R(s) € ((n/2) —
1,00). Thus we need to show the first integral can be meromorphically continued.
To do that, we have to split up the whole heat kernel integral since its asymptotic expansion
is only good near ¢t = 0. To do that, we fix the following continuous cut-off function.
1 if t <3
xt)=92-2t ifl<e<1
0 it t > 0.

Then we split up the integral into

[ - et [0 a0 a) - e
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Now the second of these integrals is the Mellin transform of a function that decays exponen-
tially both as t — 0 and as t — oo. So, the critical strip in the Mellin transform is the whole
complex plane. Thus this second integral is holomorphic in s.

In the first integral, we can use the asymptotic expansion to get that it is equal to

1 N 1
. 1
t Ot Lat : I (Gts=Dqr -
/0 x(t)Ry(z,t) +j§1 aa(%)/0 x(t)t' 2 SV

n

where Ry(z,t) = O(tNH* 2) as t — 0. We can therefore rewrite the first integral as

o0
/ x(t)Ry (z, t)t5~1dt,
0

which is now the Mellin transform of a continuous function that vanishes to infinite order as
t — oo because of the cutoff function () and vanishes like tV+1~2 as ¢ — 0. Thus the critical
strip is (§ — N — 1,00). So, taking N sufficiently large, we can also make this piece extend
holomorphically as far as we like out the right side of the complex plane.

We are left with

S

N 1 ) 1
> ajta) [ @ EE -
j=1 0 v

n

which we can directly integrate for s > j — &, although we have to do it in two pieces. We

can just look at the integral, but when we calculate the residues, we will have to keep track

of the coefficients a;(x). The integral

1 1 1
/ x®P~ G Nar = /th—(;+s—1)dt+/ (2 — 20) i~ G+ Dy
0 0 1

2

1 1
2 2

1 1 1
_ / PGy 4 9 / p=(Ga=D gy _ 9 / H=(E+9 s,
0 1 1
The last two pieces of the integral are holomorphic and the first for R(s) > § — j yields
N
3 a;(z)
par i n/2+j

Thus, we have

N (
Co(s,z,2) = F(ls) { Z - aTJL§2)+j _ ;/} + Gi(s); (3.3.4)

J=0

where Gj(s) is a holomorphic function for R(s) > n/2 — N — 1. O
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3.4. Consequences for the zeta function

We want to know something about the poles of (4(s). Since,

li . li 1 1
11m = l1m =
s—0 sT'(s)  s—0D(s+1) '

(4(s) is holomorphic at s = 0. Furthermore, since the poles of I'(s) are at s = —j, j € N, the

poles of (4(s) which are all simple are located at

2r-1,2-2---,2]1 for n even; and
5= (3.4.1)
nn g =2 -2 for noodd.
The residue of (4(s) at s = k is given by
Rese_y(y(s) = 350 (3.4.2)
—kCo(s) = ) 4.

Observe also that from ([3.3.4)), that at s = 0, the pole in I'(s) forces Gi(s) to vanish and so,
1
Cg(o,l',l’) = a%(m) - V

Thus, a knowledge of az is sufficient to determine (4(0,x,x) for example,

for n odd;

<=

C(0,z,z) =

1
an(x) —y  for n even

where V' is the volume of M.
However, in order to determine the Casimir energy, one evaluates (4(s,z,x) at s = —%
and automatically a pole with a non-zero residue is encountered since if the dimension n of

the manifold M is odd we have
(n 41 #0 and n_1 #0 (3.4.3)

since s = % is a pole too. If n is even then, automatically

I
o
I
S

(3.4.4)

|3
+

[

|3

[

and the zeta regularization can be used to determine the Casimir energy on M; see e.g. ([21])

and ([23)]).
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CHAPTER 4

Spectral decompositions and spectral zeta

function on spheres

4.1. Gegenbauer Polynomials

The zeta and heat kernels discussed in the previous chapter can be expressed explicitly for
the n-sphere in terms of Gegenbauer polynomials. Explicit forms of those kernels will enable
us carry-out the computation of the variation of the zeta function and the Casimir energy for
spheres successfully in the next chapter. Thus, following Atkinson ([3]) and Morimoto ([37]),
we give a brief review of them here and show their relation with the zeta and heat kernels.
The Gegenbauer polynomials are the generalizations of the Legendre polynomials to higher
dimensions. These polynomials can be characterized by a formula generalizing the Rodrigues

representation of the Legendre polynomials, namely

I
—2mm! dxm

P () (% —1)™. (4.1.1)
The polynomials (4.1.1]) solve the Legendre equation

(1 — 2?)Pp(2)" = 22Pm(z) + (k(k + 1)) Py (z) = 0. (4.1.2)

These generalise as follows.
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Definition 4.1.1. The Gegenbauer polynomial Pj}(t) is given by

[

SIS

]

-1 . 1— t2 jtk72j
QORI Uiy o €t (413)
= Wik —2))IT( + 25)
or given through the extended Rodrigues formula
n k g =0 d” Nk+2z3 L
Pl(t)=(-1)"Rpn(l—t*) 2 — (1 —¢t)"""2 with n>2, (4.1.4)

dtk

where the Rodrigues constant Ry, ,, is given by

Gegenbauer polynomials are relevant to the study of the heat and zeta kernels because of

the following result.

Lemma 4.1.2. (Addition formula, c.f: Morimoto [37])
Let {¢; : 1 < j < di(n)} be an orthonormal basis of the space of n-dimensional spherical

harmonics Hy(S™), i.e:

/Sn Vi j (@) n(2)dVy(x) = 855 1 < 5,1 < dy(n). (4.1.5)
Then
di(n) B di(n) =0
> Uj(@)dra(y) = 157 P2 (z-y) (4.1.6)
=1

where as before, P['(t) are the Gegenbauer polynomials of degree k in n dimensions.

For proof, one may see Morimoto [37]. Note in particular, this means that P,En_l)/ 2 (x-y)
is a harmonic function on S™ with eigenvalue A\, = k(k +n — 1).
The Gegenbauer polynomials enable one to write the heat kernel on S™ explicitly namely,

forallt >0, and z,y € S™:

oo di(n)
1 k(etn -
K(t,z,y) = VZ e Tty (@) () (4.1.7)
k=0 j=1
1 o= _ e dr(n (n—1)
= VZ@ k(k+ Ut%fpk T (z-y). (4.1.8)
k=0 P, * (1)
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where V' is the volume of S™, and dj(n) is the dimension of the A eigenspace. It is also known

that the zeta kernel (gn(s,z,y) on S™ is explicitly given by

> d (n—1)
Con(s,@,y) = %Z GG Jfflni o) (Lll) P, 7 (z-y) (4.1.9)
k=1

(see e.g Wogu [64], Camporesi [10] and Morimoto [37]).
The Gegenbauer polynomials have many useful properties, proved in Morimoto [37] and

Atkinson [3], which we summarise here.

(n—1)/2

Proposition 4.1.3. The Gegenbauer polynomials P, (t) are solutions of the differential
equation
(1 =) (P 2y @) =t (PD2Y () + k(k +n — )PV () = 0. (4.1.10)

The differential equation (4.1.10) is known as the Gegenbauer differential equation. Ob-

serve that for n = 2, one gets the Legendre equation (4.1.2]).

Proof. For a fixed x € S, the function 1 given by P'(z -y) = P,gnfl)/Q(cos ) belongs to

Hp(S™) where 6 is the geodesic angle between = and y € S™. So we have
Anthp = k(k +n — 1)y

where for ¢ € C*°(S™) we have that A, is given by

1 9, ., 0 1
e sty L A
sinn—leae(sm 80)+sin20 1

Anw =
in local coordinates where y = sin 6y + cos 6 x,41

with 7 € 8”1, 0 < 0 < 7 and z,,1 = (0,---,0,1) € R". But ¢, only depends on ¢, so,

A,_1¥ = 0 and thus

PR OPL()

k(k+n—1)Pt) = A PR(t) = (1 — %) o2 Ly

(4.1.11)

which yields the proposition ]
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From (4.1.3), we get that P;'(1) = 1. Also note that

dl
abr#) = 2l PP (). (4.1.12)

Proposition 4.1.4. For all v and t such that —1 <r <1 and -1 <t <1, for alln > 1, we

have the following gemerating formulas of the Gegenbauer polynomial

1—r?
de V¥ PP (t) =T (4.1.13)
(1 —2rt+72) 2

For n > 2, this may be rewritten as:

o0

n—1 1
———dp(n)r*PR(t) = — (4.1.14)
kZ:OQk—i—n—l (1—27“75—%—7”2)<21>

In fact for all A > 0, the generating formula is also represented as

(o] 1
k
P -_ 4.1.15
kzor (1= 2rt +r2)N (L115)

Combining equations (4.1.14) and (4.1.15) when A\ = (n — 1)/2 gives

=1 n—1

P (1) = g ()P (1), (4.1.16)

The addition formula gives the integral formula:

5"

n B S
L 1P wPavi) = o (4.1.17)

To see this integral formula, observe from the addition formula (4.1.6|) that

d(n)

(|5n / }Z?/sz,j )k ( )‘Qd‘@(w
_ \S" Z ()

|s"r il n)

| 1P wPavi)

The addition formula also implies that for any ¢y € Hy(S™) and x,y € S™

IS”I
dy,(n)

/Sn P (w - y)hp(z)dVy(x) = Ui (y). (4.1.18)
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The Gegenbauer polynomials satisfy the following orthogonality condition for any x,y € S™ :

PR ) PP ) dVy(a) = | (4.119)
sn 0 if k£I

Explicit examples of the Gegenbauer polynomials are often given in terms of other special
polynomials, for instance, the Gegenbauer polynomial Pj'(t) is proportional to the Jacobi

polynomial P,ga’a) (t) defined by

Pt = S - e o e (4.1.20)

when o = ”7_2 The Jacobi polynomial P,Ea’a) (t) is also written in terms of the hypergeometric

function as

PP(t) = (a;l)gFI( —kk+a+B+1La+1; {a g t)) (4.1.21)
where
= (a k a
2F (a,byc;t) = Z ( 2];)(:)]62' and (o), = F(F(;_)k) (4.1.22)
k=0

is the Pochhammer symbol.
In general, the spherical functions on S™ are expressed more compactly in terms of

the Jacobi polynomials up to a normalization scaling constant cj. That is,

dy(n) (n=2) (n—2)

Zlblm )Pk ( )—ckPk( 202 )(0050)

where 6 is the geodesic angle between x and y on S™; and

1
cp =
(n—=2) (n—2)
Pk( e )(1)
ie
1 ((ng2)7(n;2))
Z P (@) Pra(y) = (0o, o) P, (cosB). (4.1.23)
Pk 2 ’ 2 (1)
Continuing this way one may write
1 d (n-2) (n-2)
t T y VZG (k+n—1)t (n72)k(<?7)2> Pk( 2 2 )(COS 0). (4‘1'24)
0 P}ET?T)(D
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Thus, we immediately have concrete examples of these spherical functions as follows:

On S* we have

1 11
P(cos ) = P,E 2 2)(Cos ) = cos kb. (4.1.25)
Pk 27 2 (1)
For S? one gets
1 2 i i 1/2
P,i/2(cosﬁ) = 7Pk(070) (cosf) = Py(cosf) = sin(k + 1/2)6 dy;  (4.1.26)
(0.0) 0 V2cosf —2cos
B (1)
k
and on S it is
1 (1.1) sin(k + 1)0
Plcost) = ———— P % (cosf) = ——— 4.1.27
Lemma 4.1.5. (Projection operator).
Define
Z ri (@) (y); Yo,y e S™ (4.1.28)
Then for any h € H;(S™), we have
/ h(y)Fi(z,y)dV,y(y) = Op h(x) Yo,y € S™; k,1>0. (4.1.29)
Proof. When [ # k, since H(S™)LH;(S™) and since
di(n)
Z @Z}k,g y vay S Sn>

it is obvious that
[ ) Fute vy ) =0

Now suppose | = k, we have

dg(n)

L wheaavw = [ ) 3 Vs V0

= Zwm / (0) (0 AV ()

= Z Vi () (h(Y), Yk j) L2(52) = h(T)

since {¢,; : 1 < j < dg(n)} are orthonormal basis of Hy(S™). Hence, the lemma follows — [J
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The linear operator F}, is a projection of any 1 € L?(S™) onto the space Hy(S™) of eigen-
functions of the Laplacian on S™. Morimoto [37] shows that the projector Fj is independent
of choice of orthonormal basis, is invariant under the action of SO(n + 1), and is self-adjoint
ie

(W, Fih) r2(smy = (0, (Fi)*¥) r2(n) = (Fith, Fih) r2(sny = ||| p2(sm)- (4.1.30)

A direct consequence of the lemma above is that since Fj(z,y) € Hi(S™), it is

immediate that

/ n / Fi(w, ) B, 5) AV ()Y, (2) = G (4.1.31)

Note that the Gegenbauer polynomials can be computed with the aid of Mathematica
using the code GegenbauerClk, A, z] for Pkf‘(z), say. These spherical functions make it easy to

discuss the notion of Sobolev spaces on the unit n-sphere. We do that in the next section.

4.2. Sobolev spaces on the unit n-sphere

To make sense of the operator A, + ¢ on S™ with ¢ some constant, we introduce the notion
of Sobolev spaces on the n-sphere. Let {1} ; : 1 < j < dp(n);k > 0} be orthonormal basis of

spherical harmonics over S”. For a function v, introduce a sequence of numbers

Uk, = (0, Ykj)r2(sny; 1 < J < di(n) (4.2.1)

wherever the integral is defined. Firstly, we consider Sobolev spaces corresponding to a given

sequence of numbers {ax}, k£ > 0. Introduce an inner product space

00 dy(n)
(V) H(faryism) = D larl® D w0k, (4.2.2)
k=0 j=1
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wherever the right-hand-side of (4.2.2) makes sense. This definition is independent of choice

of basis {tr; : 1 < j < di(n);k > 0} in H,(S™) since by the addition formula

di(n) di,(n) )
> w3 [ w@os@dvita) [ o, wavio)
j=1
di(n)
- //u ) 3 Ghs ) )V )V )
Wt [ [ a@wr® @ piv@v

n—1
where P, * (z-y) is the Gegenbauer polynomial of the distance between x and y on S™.

Let C*°({ax}, S™) be the space of all infinitely differentiable functions with finite H ({ax }; S™)-

norm.

Definition 4.2.1. The Sobolev space H({ay}, S™) is the completion of the space of the smooth

functions C*({ay}; S™) with respect to the following norm

1/2
HUHH({ak};Sn) = <U’U>H/({ak};5n) (423)
and inner product
dy(n)
(U, V) F({arism) = Z x| Z U 0. (4.2.4)

Now we consider Sobolev spaces with particular choice of the numbers {ay}, k > 0. Since
Agtr,; = k(k +n — 1)ty

we have that

(Ag+ )iy = (k(k+n—1)+ )y = (k+ )i (4.2.5)

where

(4.2.6)

For any s € R, we formally write

(Ay + D)2 = (k + )P (4.2.7)
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So for any function v € L%(S™), we use the expansion

di(n)
UiV (@ (4.2.8)

Mg

=
Il

0 7=0

to write

oo di(n)

(Ag + )/ 2( Z Z i )5 () (4.2.9)

as long as the the right-hand-side is defined.

Thus,

e’} dk(n

1(Ag + ) 20l|Zaigmy = D D (k+ ) |og gl

k=0 7=0

(4.2.10)

Definition 4.2.2. The Sobolev space H*(S™) on the unit n-sphere is the completion of the

space of smooth function C*°(S™) on the unit n-sphere with respect to the norm

oo di(n) 1
[ollazs(sm) = [[(Ag + ) 0llagsmy = [ D D (k+¢)*|on ]2 (4.2.11)
k=0 j5=0
which is induced by the inner product
00 dk(n
(U, 0) s (sm) = / (Ag+) 2u(x) (A +)* 2o(x =3 > (k) up vp . (4.2.12)
sn k=0 j=0

The Sobolev space H*(S™) has the following properties:

(1.) From the definition of H*(S™) above, the space of smooth functions C'*°(S™) is dense in

H*(S™) for any s € R.
(2.) If t < s, then we have the embedding
H5(S™) — H'(S™)
as well as the inequality
0] g7 (smy < max{1, 75 |v]] s (gny }-

(3.) Since

||(Ag + 02)t/2/UHHS(S’"«) = HUHHS-&-t(Sn) V/U E HS‘H(S"Z)’

we see that (A, + ¢?)!/? is bounded from H**t(S™) to H*(S™).
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Finally, we show the following embedding.
Lemma 4.2.3. The following embedding is valid H*(S™) — C(S™); Vs> §

Proof. To prove this, it suffices to show that [[v|[c(sn) < cf|v]|gs(gn). We start with the
expansion (4.2.8))
oo dy(n)
<D0 D lowglle (@ (4.2.13)

k=0 j=0

By the addition formula and the fact that P;'(1) = 1, we have:

w (n)
Z |k () ]? = ”“T‘ Yz € 5™

Now apply the Cauchy-Schwartz inequality to the right side of (4.2.13) to get

00 di(n) d(n)
1 1 2 _ 1 2 1 2
<X Z\vm ( Zm,j / / Zr kil?)"
=0 j=0 k:O
From the asymptotic behaviour of di(n) namely, di(n) = O(k‘"‘l) for sufficiently large k, we
have
00 d(n)
o@)] < e 3 k+ 12 (Y foeg)
k=0 Jj=0

for some constant c.
For t > 1 we have that Y 7, k=% < co.
Therefore, for s = (n —1—1)/2 > n/2,

o di ()
(@) < Y (k+1)72((k + 1) Z 2)/2
k=

=0
9] 1 5 o) dk( ) 1/2
< k)Y k) S oy
k=0 k=0 J=0
Since this holds for all x, we obtain the required inequality. ]

4.3. Casimir energy of A, on S"

The Casimir force has been a fundamental issue in Quantum Field Theory since the prediction
of Hendrik B. G. Casimir in the year 1948 that there exists a force between a pair of neutral

perfectly conducting parallel plates; see figure Small dielectric bodies interacting at a
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VACUUM
FLUCTUATIONS ﬁ/
CASIMIR PLATES

Figure 4.1: The conducting plates [51].

“reasonable” distance attract ([22]) and based on summation of the two-body forces, one may
speculate that any two dielectrics would attract. This speculation holds true for example of
the Casimir energy of a perfectly conducting hemispheres, see figure below.

Let A4 be the Laplace operator on smooth functions on a compact Riemannian manifold
(M, g). The Casimir energy is defined mathematically via the spectral zeta as a function on

the set of metrics on the manifold by Cg(—%). The Casimir force for the hemispheres in Figure

0z

—_—
Figure 4.2: Conducting hemispheres.
(4.2) has been computed using this definition, see e.g. ([23]) and the numerous literature cited

there-in.

Using the properties of the Riemann and Hurwitz zeta functions and the binomial expan-



sion reviewed in Chapter 3, we can now compute the Casimir energy of the Laplacian A, for
the round metric on S™. As mentioned in the introduction, sometimes zeta regularisation is
not sufficient to define the Casimir energy, because (, has a pole at —1/2. In this case, we
define the Casimir energy as the finite part of (; at s = —1/2, where FP is the finite part

function defined by

f(s) if s is not a pole
FP[f](s) := (4.3.1)
Resid
lime_s (f(s +e)— y» if s1is a pole

see for example ([I8]). In addition, in our calculations of the second variation of Casimir
energy on spheres, we will need to understand the finite part of  at other values of s, thus in
this section, we also calculate some of these.

Write the zeta function on the n-sphere as

() =Y gra o M9 5 (4.3.2)

Cor(s) = 3 o = 2p(25). (4.3.3)
— (k)
Thus,
csl(—%) — 2Cr(—1) ~ —0.166667. (4.3.4)

o(s) =S ol 52 s~ L )+ B(s). (135)

Using the Mellin transform of an exponential, we have

A _ (k2+k)ttsfldt
) = 2 Grrnr (k( k ¥ 1 Z /
k=1 k=
2 / —k to—ktys—1 - /OO —k2t - (=™ k)™ s—1
= — T dt = ke 5t
I'(s) Z (s)kzzl 0 mz::o m!
2 = - [ —1)™(kt)™
_ / ke_k2t ( ) (' ) ts_ldt.
L(s) mmhizt Jo m
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The re-arranging of integrals and sums in this computation follows from the Fubini - Tonelli
theorem ([2.8.2)) since the exponential of a negative number is bounded.

Change variable k%t — 7 and use the Mellin tranform again to obtain

2 S (_1)m 1-m—2s > -7, _s+m—1
A(s) = @ZZ p— k /0 e ’T dr

m=0 k=1
— 2 = (=)™ ooe_TTm+S_l i 00 N
2 i) S
N F(Zs) > (_ﬂlL?mF(S_’_m)CR(QS +m—1).

m=0

Recall that the Riemann zeta function has a pole at s = 1 with residue 1, and the gamma
function has a pole at 0. Thus the only term in this sum with a pole at s = —1/2 is the term
with m = 3. The residue from this term is 1, so A(s) has a simple pole with residue 1 for
value of A(—1).

Similarly, we get

m! I'(s)

1L o (="
B(s) = 0 mzz:o — I'(s +m)Cr(2s +m)
which again has a simple pole at s = —1/2 coming from the m = 2 term. Overall, B has
residue 1 for the pole at s = —1/2. So,
= (=1)™T(s+m
Cs2(s) = Z ( ? ( ){2§3(2s+m—1)+CR(23+m)}. (4.3.6)

m=0

Therefore, the Casimir energy ¢ 52(—%) of A, on S? becomes

L(m— 4

1 m
to(-3) = S0 r<_;>){2<R<m—2>+¢R<m—1>}

Hence,

FP[gsz(—%)] ~ —0.265096. (4.3.7)
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On the 3-sphere, we have

Css(s Z k ~ 2 Z o (4.3.8)

1 k:2

Using the same method as the case of S? yields

Cg3(s ZO W [Cr(2s +2m — 2) — 1] (4.3.9)

which has simple pole at m = 2 with res&due for (gs(— %)

Therefore,
Lo gD gy
L(3) — I'(m —3)
+ FP 2 Cr(1) = 1] + 2-[Cr(2m —3) -1
[Q'F(—%) ] 2 mIT(—3) [ ]
thus,
1
FP[CS3(—§)] ~ —0.411503. (4.3.10)
On S%, we have
1= (k+1)(k+2)(2k +3)
== . 4.3.11
This can be written as
1 X w(w? — 1) 3
Cqa(s) = = 745 with w=k+ -.
3 ; w? — %) 2
Thus, using the properties of the Hurwitz zeta function, we can write
1= (—DFT(1—s) 9. 5. 1 5
== — (- 2s +2k—3,=) — - (g(2s+ 2k —1,=)]. 4.3.12
This gives the Casimir energy of the Laplacian on S* as
FP[C (—1)] _ L EDTE) (9) [Cr(2k — 4 §) 1< (2k — 2 5)}
ST T 3 L3 k) 4 24 2
k=0 2
~ —0.150622. (4.3.13)

These and other finite part values of (gn(s) at different points s = sg of interest computed

via the Finite Part scheme (4.3.1]) are displayed at table (A.1l)) of Appendix A. The Casimir
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energy CAQ(—%) of the Laplacian A, on higher dimensional unit spheres may be computed
similarly.
Carletti and Bragadin ([13]) have expressed the zeta function of the Laplacian on smooth

functions on S™ in terms of the Hurwitz zeta function as

1 & n—1om 5| n41
—1iom [—
Con(s) = T > 5 ) <m> > Bnilu(2s+2m -1, T)’ (4.3.14)
m=0 =0
where B,,; are the Bernoulli polynomials given by
n—[-1
l+p\ n—-1
Bui= Y. ( l ) ( 5 )P (Sngpt1 + Sn-1i4p); 0<1<n—1 (4.3.15)
p=0

with Sj , being the so-called Stirling numbers of the first kind satisfying

n

k!
Sntin = Z(_l)lmsnfl,nfl- (4.3.16)
1=0

Then (g»(s) has simple poles at s = § — j; j € N with residue given by

7_]_ .
Res—z_;Con(s) Y Z > (—1)’”(”;1)2m (J ;12> Bpp-on-1. (4.3.17)

h=0 m+h=j; m>0

We can check that this formula gives the same values as we have calculated above.

4.4. Casimir energy of A, 4 "= on S"

As another example, we can also compute the Casimir energy of A, + ¢ for the n-dimensional
spheres, C(Ag+c)(—1 /2). One expresses the associated spectral zeta function in terms of the

Hurwitz zeta function. Denote by {y} the spectrum of Ay + ¢ on S™ :
pr=k(k+n—-1)+c¢ (4.4.1)

with the same eigenfunctions and multiplicities, di(n) as for A,. For ¢ = (n —1)/2, we define

the regularized zeta function as

o0

Zgn (s

Z 7)1 R(s) > g (4.4.2)
2

k=1 k=1



The regularized zeta function 1) of the operator Ay + "T_l on S™ can then be expressed
in terms of the Riemann zeta function following Elizalde and others e.g. ([23], [18] and [17])
as follows: For n = 1, the regularized zeta function on the unit circle becomes

Zsi(5) = 3 10 = 2n(2s)

k=1
since dj,(1) = 2. On S? and S the spectra are shifted by 3 and 1 with dj,(2) = 2k + 1 and

dy(3) = (k + 1)? respectively. Continuing this way gives

s) = 00%7—’—1: 2s _ s—1) — 45
Zg2(s) ;UH;)QS (2% = 2)Cr(2s — 1) — 4%
o (B2 .
Zgs(s) = ;WCR(%—D—L
Ik D(k+2)(2k+3)
ZS4(3) - 6; (k+%)28
= SO 1)a(2s - ) - 5207 - Grs — 1) - 3 ()0 S50

Thus, one can easily read off the Casimir energy Zgn (—%) via the regularized zeta function
and the Finite Part scheme . These and other finite part values of Zgn(s) at other points
of interest on the n-sphere approximated to the nearest 6-decimal-place are shown in the table
of Appendix A. Also the poles and residues of Zgn are also shown in the table. Note, of

course that Res;_n_; Zgn(s) =lims_yn_; Zgn(s) - (s — 5 + j); c.f: ([23], [18] and [17]).

63



CHAPTER 5

The variations and criticality conditions of

the spectral zeta tunction

In this chapter, we compute the variations of the spectral zeta function and the Casimir
energy of the Laplacian on a closed Riemannian manifold (M, g) under fixed-volume conformal
perturbation of the metric. We begin by considering the changes a fixed-volume conformal

perturbation of the metric g makes to the Laplacian and the volume form.

5.1. Change in the Laplacian

Let {h = pg} be set of Riemannian metrics on M in the conformal class. We immediately

have that the volume form dV}, scales as

dVy, = \/det(h)dz = p2+/det(g)dz. (5.1.1)

Theorem 5.1.1. Given 0 < p € C°(M; pg), the Laplacian with respect to this conformally

changed metric h = pg is given by

_ n, _o,.
Do = g7 B + (1= D)2 oV, s (5.12)
where div(pVy) is the operator defined by

div(pVy) = ¢ (9ip)9; (5.1.3)
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where the so-called Einstein summation convention of summing over repeated indices is used.

That is,

div(pV ) = (Vp, Vi),

Proof. Using ([2.4.9), we have

App) = — det (\/det h”@ﬂb)
_ﬂai[pnﬂ det(g)p_lgijajd}}
det(g)
= _Lnﬂai[pn/?—l det(g)gijﬁjz/)]
det(g)
= _menﬂ—lai[ det(g)gijaﬁﬂ]
det(g)
— E % -2 zg
(2 det det(g 2 9% (9ip)
p_l ..
= ————0;|/det 10
0 [ (9)97 05¢]
BN SR W ey
(2 1) Aotlg) ————g"/det(g P2 ﬂz) ip)
which simplifies to O

Corollary 5.1.2. The operator div(pV ) satisfies the Leibniz product rule. That is, given any

1/}1a1/)2 € COO(M)a

div(pVy) (1162) = vadiv(pV,) (1) + rdiv(pV,) (o) (5.1.4)

Proof. From the definition of the operator div(pV,) (5.1.3)), we get

" Op O " 0pd
AivlpVy) (i) = 32 070 )+ 3 o 52 )
ij=1 ij=1 J

for all 11,19 € C°(M) O

Now, let g be a metric on the n-dimensional closed Riemannian manifold M. Let

¢:Mx(—c,c) =R
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be a smooth family of functions ¢, := ¢(+,€) on M with ¢y = 0, and define the corresponding

family of conformal metrics ge:
{95 = 6¢€g}7

with the condition that gél) = 2(g)|e=0 = dog, ¢o € C®(M); where ¢, = %(qﬁg).

€

Then the corresponding family of Laplacians A, are defined as
Aap = e Agih+ (1 — g)e*%ediv(ed’evg)w. (5.1.5)

It can be seen that A, varies in € as follows:

0 0 .
a(Aeuj) - = (e—¢eAg¢ +(1- g)e—%edw(ed’evg)w)
= b P Ay — (1= 5)dee P div(6:V )

+ (1- g)e_¢€div(¢evg)¢.
At e = 0, the second term vanishes, so
AY = —dod, + (1= 2)(Vydo, Vi) (5.1.6)
Similarly, the second derivative in € is
T (8w) = L agw - (1= Dieediv(0.V, )0
+ (1= 5)e div(6.V,)Y)

= eV A+ (b)%e T Ay — (1= D)dee*div(6V )Y

+ (1= 5)(@) % div(BVy)v — (1= 5)dee " div(de V)

o)

= (1= 5)dee " div(3 V) + (1= T)e " div(B V)

so that at € = 0 gives

AP = —dolg + (d0)*Ag + (n— 2)d0(Vgdo, V')

+ (- g)Wgéo, Vg (5.1.7)
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Because the norms on L?(M,dV,) and L?(M,dV;) are different (though equivalent), it is
useful to define a unitary transformation between the spaces to relate the operators. From

the conformal factor e?c and the transformed volume form dV, = ez% dVy; define

T:L*M,dV,) — L2(M,dVe)} (5.1.8)

Y — e iy,

Note, the map 7' depends on e. With this map 7', the family of operators A, := T'A.T can be
seen by the Rellich-Kato theorem to be self-adjoint for sufficiently small e. Moreover, A, and
A. have the same spectrum. The Rellich-Kato perturbation theory of unbounded operators

consequently applies to the family of operators € — A, and A, see [65].

Proposition 5.1.3. The transformed Laplacian A, := T~ AT is given by

n? —4n

~ _ _ n _
A = e ¢6Ag + e % <vg¢ev vg¢e>g - Ze g (Ag¢e)

+ e %div(¢eV,) (5.1.9)
Proof. For any ¢ € C°°(M), the proposition follows from simplifying

T'ATY = e%d’e{eﬂf’uﬁ(l—g)e*%ediv(e%vg)}(e*%zp)

O
Lemmata 5.1.4. The transformed Laplacian Ae =T AT varies as
AW = _doA, — (A do) + div(deV 5.1.10
o — —%o g_4( g¢0)+ 1V(¢0 g) ( )
and
< (2) .. s \2 n2 — 4n . .
Ay’ = —9olAg+ (¢0) Ay + ng%, Vgdo)g
=+ §¢0(Ag¢0) — Z(Ag(ﬁg) — 2¢0dlv(¢0vg) + le((b()Vg) (5111)
where A(()l) = %(AE) ‘5:0 and A(()Q) = g—;(AE) ‘5:0 respectively.
Note though that
Tr(A) = Te(TIAT) = Tr((AT)T™ Y = Te(ATT Y = Tr(AL). (5.1.12)

Thus, it is sufficient to work with (5.1.6) and (5.1.7)) in this thesis.
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5.2. Change in the volume and volume form

From (5.1.1)), it follows that

dVe = /|geldz = e2%e\/ lgldx = e%¢€d‘/;]; (5.2.1)

where |g| is the determinant of the metric g.
Suppose now that the volume of (M, g.) is fixed to be a constant V for the conformal

family {gc = e? g}. Then [, dV. =V, we have

/dVe:/ e2%dVy =V,
M M

so we can observe that

3 n n 8 n
—_ —_— 7¢€ ‘/ p— —_— —_— 7¢E ‘/
0 Oe /MGQ Vs Q/M 86(¢E)€2 Vs

= [ Sedav.

We may note that it is not difficult to construct a family of volume preserving conformal
metrics on a compact manifold, M. Assume for ease of notation that (M, g) is a Riemannian
manifold with volume Vol(M, g) = 1. Let p. be a smooth family of functions on M as before,
and g = e”<g. Then the volume Vol, := Vol(M,g.) is a smooth positive function of €, so
we can define the family g := Vol e, which is a smooth conformal family of unit volume
metrics on M.

We make the following observation.

Observation 5.2.1.
(1.) Since [, bedV. = 0, it follows that Jur ¢20dVg =0.

(2.) Also note that

2
B 561qv, = | [™ (o) 2e5% 4 LeB e
0 / dVe = / 86 286 Cbe ]dVg /M[4(¢E) ez +2¢e€2 ]dVg

= /M bav. =~ [ @raviand [ Gav, == [ Gopav,,
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We make the following salient lemmas.
Lemma 5.2.2. The following properties hold

o The expectation values of the commutator [A, gf)o] with respect to eigenfunctions is zero;

and
o Tr(Ayo0 éoe’mg) = Tr(éoAge’tAg)
where A o B denotes composition of the two operators A and B.

Proof. Let 1, be an orthonormal basis of eigenfunction of A,, then the expectation value of
[Ag7 QSO] on ¢k is
(g dal), = (Do~ o), vy
k
= (DgPotr, Yr)g — (P0Ag¥k, Yi)g

= (dotr, Agtr)g — (Agtr, dotr)g

- 0,
and
Tr(Ag o goe™27) = Y (Agodoe i, i)y = > (doe 99, Agth)g

k=0 =0

= > {(doe M, Metbr)g = > (GoAre Mebp, i) g
k=0 k=0

= > (doAge Py, )y = Tr(doAge"29)
k=0

the lemma follows
Lemma 5.2.3. Age_mg = e Ay Ay for all smooth functions on M.
Proof. Let w(x) be a smooth function on M. Then, (dropping the subscript g) we have

(AeBw)(z) = Ay / K(t,z,y)w(y)dV (y)] = / Ak (t, 2, y)w(y)dV (y)
M M

_ _/M ;K(t,x,y)w(y)d‘/(y)-

69



Also by the symmetry of the kernel K (¢,z,y) in « and y, we have

(e B Aw)(z) = / K(t,z,y)Ayw(y)dV (y / AyK(t,z,y |( D=y w(y)dV (y)

= — /M aK(t,y,az)w(y)d‘/(y) =— /M aK(tw’Ua y)w(y)dV(y).

Hence,

AgeftAg — eftAgAg

Take w = d)o to also have that
Age_mgg[.)o = e_tAgquﬁo and Tr (Agéoe_tA9> =Tr (gz.boe_tAgAg> .
5.3. Variation of spectral zeta function and the Casimir energy

The Casimir energy Cg(—%) for the n-sphere has been computed explicitly via various regular-
ization procedures of the spectral zeta function as shown in the previous chapter. We proceed
now to look at the variations of the zeta function and the Casimir energy. In this study, one
of the concerns is a study of the effect of conformal perturbation of the round metric of S™ on
the Casimir energy Cg(—%).

We need the following lemma for our proof of the variational formula for the spectral zeta

function:

Lemma 5.3.1.
Tr(poe t29) = / bo(x) K (t, z, 2)dV,(x)
M

and

Tr(div(doV,)e29) % /M div(¢oV,) K (1, 2, 2)dV, (x).

Proof. of Lemma (5.3.1])
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Let 1)}, be orthonormal basis of eigenfunctions of A,, we have

Tr(doe 29) = > (doe "oty ) 12

k=0

= 5[ e ) )
k=0

= [ nla) - > e M @)V )
M k=0

= /éo(x)K(t,x,x)dvg(x).
M

Similarly,
Tr(div(¢oVy)e ™29) = Y (div(¢oVy) - e M, ) 2
k=0

= D (D 970,000, - e Ay, )2

k=0 ij—1
= > g 0000i - € By ) 1o
ij_lk 0
- Z Z/ ]aj(% / QK (t, 2, y)r(y)dVy(y )} —y g (2)dVy(x);
i,j=1 k=0

where 9; = a - and 0; = T act on functions of x and y respectively.

Now, using the symmetry of K(t,z,y) i.e K(t,z,y) = K(t,y,z) which implies that
alK(ta €z, x) = [a’LK(ta xz, y) + aZK(tv Y, .CL')] ‘:EZy = 26@K(t’ €L, y) ’x:y
we have
oo
D (div(¢oVy) - € A9y, ) 2
k=0

S / G900 (s / Ok (t,2.)|,_ VW)V (y) - di(2)dVy (a)

1,j=1 k=0
- Tdiv(GeVa)e S = £ 303 [ diosda@oe o) 2avi (o
’Lj 1 k=0
- / Zgwa]qso )0; - Ze*m (Yr(z))?dV,(z) = ;/Mdiv(éovg)K(t,x,x)dVg(m).
i,0=1

O]
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Theorem 5.3.2. . Let (M, g) be smooth, compact and connected Riemannian manifold and

Ay the Laplacian (defined earlier) on it with eigenvalues {\} listed according to their multi-

plicities. Let

{ge = €¢€g}

be a family of volume-preserving conformal metrics. Then the spectral zeta function of A,

given by

> 1
Coe(8) = z:: m

k=1

varies as
: 1 :
) =5 [ Gyl aaaV+ 55~ s [ (Bybn()cls + L)y,
(c.f: [45] and [{7]). We denote this variation evaluated at € =0 by Cél)(s).

Proof. Recall

— L OO T e—tAe _ s—1
Ce(s) = ) /0 (Tx( ) — )5~ Lt
¢M(s) = %Cge(sﬂezo = ge‘go(r(ls) /OOO(Tr(e—tAE) —DeLar).

In line with Ray and Singer ([45]), one gets

1 o - s
G0 = gy [, A
1 o : ;
Z—n@A Tr([ = dody + (1 = 5)div(doV, ] (720 "dt

where we have used the variation of A, in (5.1.6]).

So,

1
I'(s)
1

1 & .
SRIONES ) /0 Tr(dodge "B0)t"dt — (1 - )

(5.3.1)

(5.3.2)

(5.3.3)

/ Tr (div(gi‘)ovgefmg)tsdt
0

1 [es) . oo .
= g | e e (G- [ inGer,e ) ear
0 0

(s ot [(s)

Integrating by parts in the first term, gives

S R
+ G [ TG e - )
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where 4 7 denotes f+— fM fdV and V is the volume of (M, g).

Hence to complete the proof of Theorem ([5.3.2)), using lemma ([5.3.1]), we have the variation

of the zeta function as

o . 1
Cél)(s) — SS) / / oo(z)(K(t,x,z) — V))dvgts—ldt
1 1
+ 3 Z / / div(¢oVy) (K (t, x,z) — V))d‘/;,tsdt.
Since

[ (te)rtae) - 3 ) avige) 0

decays exponentially fast as ¢ — oo, one can use the Fubini - Tonelli theorem (see chapter 2

section ) Also, recognizing that ﬁ = =2 y we have

T(s+1

) = s [ o] i [T - pyetabay,
+ %(% - 1)5/M div(éovg){M/()w(K(t,x,x) - é)tsdt}dvg.

Therefore,
W) = s [ gyl
+ 5(5 —1)s / div(poV,)¢(s + 1,2z, 2)dV,.
By Green’s formula, we have
(1) = s/ ¢0 x)(y(s,z,2)dVy + = (2 1)s /M(qu‘so(x))gg(er 1,z,x)dV,
which completes the proof. O

Again, note that the first-order variation C;l)(s) given by the formula 1) is true for

large s. The right-hand-side of equation (5.3.2) is meromorphic in s with simple poles given

in equation (3.4.1)) and residues given by equation (3.4.2)).

Observation 5.3.3. (1.) For 2-dimensional Riemannian manifold, the variation of the spec-

tral zeta function reduces to

(s =5 [ dofa)Gy(oz. )Y,
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which agrees with known results; see for example ([43] and [45]).

(2.) Note that

1 .0 s :hm{ﬁ 1 1

F(s)) _s%%(r(sﬂ)) s—0 S%(r(sﬂ))* F(s+1)} =1

Therefore by equation ([5.3.2)), the Casimir energy has the first order variation at e = 0,

FP[Cg(l) (s)] ‘s:_% , given by

FP[Cél)(S)HS}l - —;/Mq'bg(x)FP[Cg(s,x,x)HS:édVg

=1 | (Aubo(DFPIG (s + L)l __yaVy. (534

|3

1

4

Remark 5.3.4. Write {A(e)} for the spectrum (including possible multiplicities) of the op-
n—1

erator Ac + ¢ with ¢ = 5= on S™ under the family of volume-preserving conformal metrics

{ge = e®<g} then set
Ak(e) = Ak(e) +c.

We have its associated zeta function given by

=1
ZC S) = —
) ; (Ax(e))®

with R(s) > 0.

Define the function of positive time t by

fit)y = Ze_(Ak(€)+c)t as t N\, 0

k=1

o
= e_CtZe_Ak(E)t as t\ 0
k=1

so that the Mellin transform of (4. (s) equals that of f(t) up to a multiple of an infinitesimal
positive constant, namely 0 < e <1 ast \,0 and ¢ — oo.

Then, we have that the first, second and higher order variations of (g4 (s) is equivalent to

that of Z(s).

Definition 5.3.5. The metric g is called a critical point of the Casimir energy Cg(—%) with

respect to all variations {g. = e®<g}, if the variation ngl)(—%) vanishes for all g..
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Another result of this work is the following;:

Theorem 5.3.6. Let A, be the Laplacian on (M, g.) with zeta kernel (4(s,x,y). Then, g is

a critical point of the Casimir energy Cg(—%) for all constant-volume conformal variations of

the metric if FP[C;D(—%, x,x)] is constant in x.

Proof. By the definition of critical point above and the variation of the Casimir energy ((5.3.4)),

consider the function

Fjy (@) 1= (~5do(x)FPIG (5,2, 2)] —

> =
o3

where of course,

We have a critical point if

/MFd)O(.ZL')de = 0

VY ¢p € C®°(M) such that / do(x)dV, = 0.
M

Now, suppose FP[(;(—3, 2, z)] is constant. Then one gets

1
/MFd-)Odvx = —SFP[G( 7, /¢0

-y /M<Ag¢o<m>>FP[<g<2,m)}dv;
= 3G [ (Al FPL o)V,

since [, $o(x)dV, = 0. Now by the self-adjointness of Ag4, we have

/M F, ()dV,

since the Laplacian of a constant function is zero.

1. n ; 1

L 1)/ d0(2) AFP[Cy(2, 2, 2)]dV, = 0
4°2 M 2

We get a corollary by considering homogeneous manifolds.
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Definition 5.3.7. ([§/) A Riemannian manifold (M, g) is called homogeneous if for any two
points x,y € M, there exists an isometry I : M — M with I(z) = y. That is to say, I
acts transitively on M. More generally, a smooth Riemannian manifold (M, g) endowed with

transitive smooth action of a Lie group G is called a G-homogeneous manifold.

Note: The fact that the action of the group is transitive means the manifold “looks the
same” everywhere.

A nice class of homogeneous manifolds comes from quotients of Lie groups with left-
invariant metrics. For example, the natural action of SO(n+1) on the n-sphere S™ is transitive,

hence S ~ SO(n+1)/SO(n) is a homogeneous manifold.

Corollary 5.3.8. The metrics on homogeneous smooth Riemannian manifolds are critical
points of the variation of the Casimir energy Cg(—%) under fix-volume conformal variation of

the metric.

Proof. Since (4(s,x,x) is an invariant under isometries on homogeneous manifolds, one can

map any point to another point via isometry. Hence, (4(s,z,x) is a constant ]

Remark 5.3.9. The round metric g on S™ is a critical point for the Casimir energy Cg(—%)

over the constant-volume conformal class {ge = e®<g} because S™ is a homogeneous manifold.

We say that the metric g on M is critical for the heat kernel Ky(t,x,x) at the time ¢, if

for any volume-preserving deformation {g. = e®<g},

d
&Ke(t,a:,xﬂezo = 0. (5.3.7)

n

The spectral zeta function of the Laplacian A, for R(s) > 5 is

=1 1 [ 1
= = K (t,z,z) — —)t*Ldt. 5.3.8
=3 g g AR S (5358)
For sufficiently large R(s), one has
d 1 [~d
— =0 = —— —(K.(t,z, 51t 5.3.9
o= 175 [ g U] ) (53.9)

76



If g is critical for the heat kernel at any time ¢ > 0, then its derivative in € vanishes at ¢ = 0
for all s, so also
d

Jim [F-Gau()lemo] = 0. (5.3.10)

Hence, g is a critical point for the variation of the Casimir energy Cg(—%) of the Laplacian on

S™. Consequently, we write this result as the lemma below:

Lemma 5.3.10. If g is a critical metric for the heat kernel at any time t > 0, then it is
also a critical metric for the Casimir energy Cg(—%) under all volume-preserving conformal

perturbations {ge}.

Proposition 5.3.11. The following conditions hold on all closed homogeneous Riemannian

manifolds (M, g):

(1.) The metric g is critical for the heat kernel at any time t > 0 under all volume-preserving

conformal deformations.

(2.) The metric g is critical for the Casimir energy Cg(—%) under all volume-preserving con-

formal deformations.
(3.) For allt >0, K(t,z,x) is constant on M.

Proof. The proposition follows from the lemma (5.3.10]) above. O
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CHAPTER 6

Hessians of (4(s) on Homogeneous manifolds

Now, we proceed to decide the extremal nature of the canonical metric g on M for the volume-
preserving conformal deformation {gc}. To do that, we compute the second order variation of

the spectral zeta function.

6.1. The case of A, on M.

We have the following result for the second variation of the spectral zeta function of Ay on a

closed homogeneous Riemannian manifold M.

Theorem 6.1.1. Let M be a closed homogeneous manifold with the canonical metric g scaled

to volume V. Let {g. = e®<g} be a family of volume-preserving conformal metrics on M where

/ bo(x)dV,(x) =0
M
and
/ (¢o(x))?dVy(z) > 0.
M

Then the second order variation, Q(,Q)(s), of the spectral zeta function (4. (s) on M at e =0 is
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given by

(D) = s / / 90 (&)1 (2, y)do(y)dV, (2)dVi ()
- - / / do(2) W, (,y) (Ayo(y))dV, (2)dVy (y)
[ (8 0(a) W1 (0.0) (B0 ()Y, (), 1)

(n+2)% / / do(2)d0(y)C (5, 2, 9) AV, (2)dV, ()

| = 0o| =

(0= 225G+ 155 | nla)(Bydn(e)) v (a)
+ 1= 56p [ (ol Pavia), (6:1.1)

where for R(s) sufficiently large, we define

1 1 .
U ( / / (u, x,y) V)(K(v,x,y) - V)(u+v) Ldudw. (6.1.2)

Proof. Recall from equation (3.1.12) of Chapter 3 that (, (s) = Tr(A7®). Let P be the
projection with respect to the metric g. onto the kernel of A.. Then, since the kernel for all

values of € is the constant functions, we get

P? = P
(PGQ) = P€PE:P€P6+PEP€:P€ (613)
AP. = 0.
Differentiating, we get
Peéepe = _PEA.EPGZPEAEPGPGZO (614)
ie, AP, = —AP . =0.
Taking the trace in the second equation above,
— Tr(P.P.) = Tr(P.) = 0. (6.1.5)
Now for R(s) < —1,
TY(PEA;S_l) - —Tr(PCPEAG_S_l) —0, (6.1.6)

and so by analytic continuation, this is true for all s. From Lemma (3 and Equation[6.
1 > tA 1
:T(A‘S—R): / T(‘ E—Pﬁ>ts_ dt.
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Now the decay in the integrand allows us to bring the derivative inside, and we obtain:

%(gge(s)) = —F(Sil)/oooTr(Ae(e_tAe —Pe)>t5dt—r(18)/oooTr(P)tsdt
- _1“(15) /O mTr(AE(e_tAf—P€)>tsdt (6.1.7)

since by (6.1.6)) the last term vanishes.

Hence at € = 0, we get

1 & _ s
Cél)(s) = _F(s)/o Tr(A(()l)(e tho _ P))t dt

(P = Py) which we can check agrees with the first-order variation of the spectral zeta function

(5.3.3)) of Chapter 5.

Differentiating (6.1.7)) a second time, we get

0? 0

25(6u(9) = —sTr(Bar ) —sTr(Adg (A7)

= “ForD ‘: : Tr (Aee’m6>tsdt
s 0
1)

r )
N F(s‘:_/OOOT&"(AE(i(e_tAG)—Pe)))tsdt. (6.1.8)

By Duhamel’s formula (2.7.1)),

for times 0 <u <t < T.

Therefore, again using (6.1.4]), the right side of equation (6.1.8) becomes

L [T (R (amtA s / / —uA. (t—w)Ac ) 45
F(s)/o Tr (A (e ) Jrdt + Ao A o™ ) dudt.

At e =0, we have

(D) = r(ls / / e~ Ao Al (A ) duat
1 —tA s
el 9 — P, 0))t dt.
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We write this for simplicity as

52)(3) vari(s) + vari(s) where
00 t
Var]_(S) F(l)/ /TI‘(A(()l)e_UAgA(()l)e—(t—u)Ag>tsdudt and
$)Jo Jo
varg(s) = _F(ls)/ Tr<A(()2)e—tAg —Po)tsdt.
0

For easier handling of the computation of the terms of this second-order variation, we

rewrite the operator A, defined by (5.1.5) in terms of the Laplacian as follows. Define the

operator
Gy, = (Vdo, V) (6.1.9)

and immediately observe from relation (ii) of Proposition (2.4.6)) that for any f € C*°(M)

G4, = %(Aéﬁo)f + %%Af - %(A o o) f. (6.1.10)

Thus, for any ¢ € C*°(M) , A can be written as

Actp

e Ay + %(1 = 3)e (8,000

b= D bBg) — 2(1 - D) (g0 g (6.1.11)

Note again that G; o Go denotes composition of operators; e.g
(e7(Ag 0 B )P) () = ™ Ag(Se(2) ().
Similarly, one can re-write (5.1.6|) as

1 . 1 ;
AY = =55 +Ddodg = 5(5 = 1(Agd0) +

N |

n .
(5 — DA 0 do. (6.1.12)
6.1.1. Computation of var(s)

We now compute the term

[e’s) t
van(s) = g /O /0 Tr(Aél)e*“AgAél)e*(t*“)Ag)tsdudt. (6.1.13)
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First we make a few notes. In what follows, we will often drop the subscript g of A,

A t—u)Ay

and write K (u,x,y) and K(t — u,y,x) for the kernels of the operators e™*~¢ and e
respectively.
If A and B are differential operators, then their compositions with smoothing operators are

bounded, so by the vanishing of trace on commutators of bounded operators, and by change

of variables,

t

/Ot Tr(Ae_“ABe_(t_“’)A)du = Tr (Be_(t_“)AAe_"A)du

J

t t

:/ Tr(Ae_(t_“)ABe_“A)du = /Tr(Be_UAAe_(t_“)A)du. (6.1.14)
0 0

Observe that for any f € C*(M),

[ vtV iav@) = [ (TybValldVy(a) = [ (Bydu)faVi(o).  (61.15)
M M M
We denote K (u,z,y) — % by K, and K(v,z,y) — % by K,. For f1, fo € C®(M) we also
define the notation
BlARLR) = [ A@RLG RV @) (6.1.16)
MM

Now we can begin our calculation of var;(s). Using (6.1.12)), we get the terms inside the
trace in the formula for var;(s) by expanding the function

1 ‘ 1 . 1 N
Tr (( — 5(% + 1)¢0Ag — 5(% - 1)(Ag¢0) + 5(% - 1)A9 © ¢0>Ku

.(_

The resulting terms of the expansion are simplified via the following lemmata.

(5 + Doty — 55

L0 = 1)(Agd0) + 5

N —
o3

_1)Ay o ¢0);;;,> .

Lemmata 6.1.2.

Teldo(AR) (Ado) Ko] = 5 TG0 Ku(Ado) K] (<
Ty (AR AR = 50 TrlduRudok] @)
T AR)A o doR] = 2 TrldoRudo %)
TH{A 0 G0 o dofu] = S0 Tr{do Kok, 0
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Proof. To see (<), observe that

Tr[do(AR,) (Ado) K] = / / Io(2)(Da Ko (Ao () KoV (2)dV, ()
— / / o) Ko (Do) KodV, (2)dV (3).

If A, is also on K, in the proceeding expression, we have (). Similarly for (%),
Tridn(AR)A 0 bR = [ | o) AeRo) A Goln) KV, )V )

- o
= g [ @1 [ Kb Gon) R )}V
- -2 /M do()]{ /M<Ayf<u>qso<y>k@dw<y>}dVg(x)

by self-adjointness of A,. Similarly (%) gives

Tr[do(AK.)A 0 poK,] = 8u2/ / o () Kudo(y) KodVy(x)dVy(y).

Finally for (#), expand Tr[A, o gbof(uAy o éo)f(v] as follows:

Tr[Ay 0 poKuAy o (¢0) K. / / Ap{do(x) Ky} - Ay{(o(y)) Ky }dVy(x)dVy(y
- /M /M[mxm VKo + () (A F) — 2V ado(@)) (VaFo)] - Ayl (o) Ky }dVi (2)dVy ()
- /M / [(Ando(@) K + do(@)(BaKu) — (Dado(@) K — do(@)(AeKy) + Ap{do(@) K)]

Ay { (o)) Ky ydVy(2)dV,(y)

= Tr[A; 0 o KuAy o (¢0) K. // Ay o (1) Ay Ky + Po(2) (A Ay Koy
— (o) Ay Ko — do(@) (AyALKL) + Au{do(@) Ay Ko} - (o) KudVy(2)dVi (y).
Thus, Tr[Az 0 doKuly o (d)K / / Do) (Ay ) - o) (Aa o)AV, (2)dV, (1)
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By a change of coordinates (u,t) to (u,v) := (u,t — u), the double integral in var(s)
becomes a double integral over the first quadrant in u and v. Further, because the derivatives
we obtain through applying Lemmata are applied to functions that are constant in
the other variable, these derivatives carry through under the coordinate change to derivatives
with respect to u and v.

Now collecting like terms gives

oo o0 2 o
vari(s) = ;(n2+4)f‘(15/ / aiaTr[gboKugboKv](u—f—v)sdudv

- 50 (18)/ / 5.3 Trl00Kudo Ko (u + v)*dudv

F
1
- - /0 / —TrgbOK (Ado) K] (u + v)*dudo
1 1
+ T n—22r(s/ / Tr[(Ado) Ku(Ado) K] (u + v)*dudv
= N+ Tr+T5+ Ty (6117)

where we have used (6.1.14)) to treat terms involving 68—;2 and g—; as like terms and those

involving 2 o and , similarly.

To simplify the T term, we proceed as follows.

T, = —(n?

3 Tr[¢o Kudo K] (u + v)*dudv

integrating by parts in u and using the fact that

l) — 0 (6.1.18)

Tr(K(t, x,y) — v

exponentially fast as time t — oo, we obtain

T = gt s [l - )Rl
- —(n*44) (SS / —Tr (o Ko Ky (u + v)* tdudw.
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Since K is the Dirac § distribution and K = K — %, this is

T = gt s [ oG @)K
1 1

0

F(S)V/ *Tf[%( Vo (y) K, Jv*dv
o

0
— é(n2 + 4)@ /000 /000 8—Tr[qﬁof§'u<ﬁ0f(v](u +v)* " tdudw.

1
+ g(n2 + 4)

—
v

Similarly, integrating by parts in v and using K = K — &, we obtain:

o= ;(n2+4)r‘(98) /OOOTr[@O(x))?KU]vS—ldU
- 0y [ @R
4 ;(n2+4)r(88) /0 Te{(dho)2K]us~ Ldu

- 30T [ Ti@ Kb

1
+ g(n2+4 i 1/ / Tr[do Kudo K] (u + v)* " 2dvdu
(s

Now expanding the trace and using (3.3.2)) relating the zeta and heat kernels, and combining

terms, we get finally

o= L) //¢0 U, 1 (2,9) o)AV (2)dVy (y)
=l gasl / / do(2)do (¥)C (5, 2, y)dV (2)dV, (1)
+ fl<n +356,(3)5 [ Gole) V(o)

where Wy (x,y) is defined in (6.1.2]).

The calculation for the term 75 is the same as the one for T3, except the following lemmas
used to reduce terms involving A,((s + 1, z,y) to those containing ((s,x,y) only and to deal

with the second derivative in u.
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Lemma 6.1.3.

l/ /"¢o Agdo))C(s + 1,2, y)dV,(z)dV,(y)
Z/P/¢0$%y C(s,, y)dVy(2)dVy(y).
M JM

Proof.

/ / G0 () (DgPo (1)) (s + 1,2, y)dVy (z)dVy (y)
:Aﬁwq@%%ysHmW%@ﬁW@
= [ @[ o)+ 1wV o) vy (o)
— [ [ d@lnwicts.z v )avyy)

M JM

since

1

A$C(8 + l,m,y) = m /Oo A$<(K(t,$,y) - %))tsdt

1
- K(t —)esdt
s+1 / 5 (Et29) = 7))

1 s— —
_ r(s+1)/0 (K (&, 2,) = 7)1t = C(5,,)

O
The lemma to deal with the second derivatives in w is the following.
Lemma 6.1.4.
s o o0 8 . a1
— —Tr [ho(x) Kudo(y) Ky (u + v)* dudv
- //¢0 W (- )do(w)dV, ()aV, (y)
W RO AR A
MJM
= s [ dn@)dnla)C(s,z,2)aV, o) (6.1.19)
M

Proof. Integrating by parts in u and using the fact that (6.1.18]) decays exponentially fast as
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time t — oo we have

) / / oot

—m)/ Tr(do(2)(6(z, y) —

) Kudo(y) Ko (u+ v)* dudv

))¢o( )KoJv* ™ dv

Kudo(y) K] (u+ v)* 2dudw.

[ [

r
Using the Fubini-Tonelli theorem gives

Tr[¢o () W) (u +v)¥ tdudo

I'(s) Jo Jo Ou
- [ G (5
51/ / éﬁoxq'ﬁo
//¢0 )éo(y

which yields (6.1.19))

u¢0( )

/0 (K(v,z,x) —
L /Oo(f( 0"~ dv ) dV () dVy )

%)Us_ldv) dVy(z)

/ / RuKy(u+v)*~ 2dvdv)dV( )dV, (1)

O

We also remark that on differentiating by parts in u in T5, the first time, we used (6.1.10)

2(6(z,y) —

to write F fo Tr[¢o(A NP K,Jvsdv as

1 e .
F(S)/o Tr[po(Ag(d(z,y) —
1 o0 _ o
_F(s)/o Te[8(2, y) (Auo(@))do (y) Koo dv
[ s ()

r
Ll /0‘”Tr[(s(x,y>¢o<y><vx¢o<x>><v

l))gﬁboffv]vsdv

mf(v)]vsdv

() +Ky)|vido.

Integrating by parts in u the second time and simplifying terms with the aids of (6.1.4])

gives

b

502 =95 [ [ o)

W1 (2, ) do(y)dVy(2)dVy(y)

4 / / bo(x)do(y)C(s, ,Y)dVg(2)dVy(y)
— —(n?—4)sCu(s+1 / do(2)(Aydo(x))dVy(z)
- %(nz 4)sCn(s V/M do(2))?dVy(z).
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For the term T3, integrating in u using the same procedure as for the case of T7 and using

lemma ((6.1.3)) yields

o= —a-) //¢o (Dgo(y))dVy (2)dV, (y)
. / / $0(2)(Dgdo(1))C (5, 7, y) AV, (x)dV, (1)
_ <1—§>s<ns+1 > /M¢0$ Ago(@))dVy(x).

Finally, the fourth term

1 1 00 oo o ]
o= -2 ) /0 Te{(Ado) Ku( Do) Kol (1 + ) dudy
B 1716(71 s / (Améo(x))lllsﬂ(x : y)(Ayéo(y))dVg(x)d%(fU).
M JM

Putting Terms 17,715,753 and Ty together gives

vary(s) = / / Do(@) Va1 (2,9)do(1)dVy () dV(y)
= 1= [ G Bodo )V ) )
b2y / / Ay do(2)) Ve (2, 9)(Dgdo (1)) AV, (2)dV, (4)
- n—|—2 //qbo )60 (y)C (s, m,y)dVy(x)dVy(y)
1

— 0 =2G (s D [ dnla)(Bydn(e)) v (a)
+ 256,07 [ (Gola)Pavia). (6120
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6.1.2. Computation of vars(s).

Next, we compute the term

varg(s) = _]T(ls) /000 Tr(A@(e‘tAg — P))tsdt. (6.1.21)

Substituting the expression for A(()Z) given in Equation 1) into (6.1.21)) gives

1

varg(s) = () /000 Tr(q'i;oAg(e_tAg - P))tsdt

_ r(ls) /OOO Tr ((d0) A (70 = P) )at

— (n- 2>r(13) /0 N Tr (90(Vydo, Vyhg(e™20 = P) ) tdt

~ (- g>r(15) /OOO Tr(<vg<50, Vo )g(e e — P))tsdt.

Using the same argument as in the calculation of var;(s) to replace A4 by —% in the first two

terms, we get:

varg(s) = _ /00 gTr(g}QO(e_tAg - P))tsdt
0

Integrating by parts in ¢ in the first two terms gives

S

vara(s) = T(s) /OOO Tr(gﬁo(e_mg - P))ts_ldt

— (- 2)”15) /0 e (9ol(Vy 00, Vg )y et — P)) et

n, 1

— 5)@ /0°° Tr<<Vg€507vg'>g(€_tAg - P)>tsdt'

Rewriting the trace as an integral, as in the computation of the first order variation Ce(l) (s),
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we have

vara(s) = s /M Wx)(r(ls) /0 T (Kt w) — %)ts_ldt)dvg(x)

s [ @ (5 [ ) = et av o)

= =2 [ @bl Vo (g [ (Kl - i) avie)

- - Z)S/ngg'zso,vg»g(r(;ﬂ) /OOO(K(t,x,x) — )V (a).

Hence,

vara(s) = S/Méo(x)C(s,x,x)dVg(m)
— s [ Gol@)els V(o)
- (n—2)s / ¢0 g¢0 ), Vg(Q(s + 1,2, 2))gdVy(x)

_ (1_2)5/M<vg¢o,vgg(s+1,m,x)>gdvg(m).

The homogeneity of M implies that ((s+1, z, x) is constant in x, so the third and fourth terms
here vanish. Further, using the identity [,, do(z)dV, = —2 [,,(do(2))2dV; (by observation

(5.2.1))), we get that vars(s) simplifies to

(n+2)

vary(s) =

Cas) /M<q50<x>>2dvg<z>. (6.1.22)

Combining (6.1.20) and (6.1.22)), we get that the second order variation CéQ)(s) of the

spectral zeta function (g (s) on M is given by (6.1.1) for R(s) large enough. Thus, the proof

of the Theorem (/6.1.1)) is complete O
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6.2. Analysis of the distribution ¥; on S™

In order to be able to evaluate the second variation of the spectral zeta function (6.1.1]) at
any given point s = sg, we need to analytically continue CSQ) (s) to the whole of the complex

s-plane. Define U, as a distribution in D'(M x M) by

V(fofr) = /M /M‘Ifs(fmy)fl(w)fz(y)d%(x)dVg(y) (6.2.1)

if f1, fo are in (ker Ag)J- and U, (f1® f2) = 0 if either fi or f; is a constant. We then construct
the meromorphic continuation of the distribution ¥, which appeared in the second variation

of ((s); where Uy(x,y) is defined in equation ((6.1.2]).
To distinguish W, when used as a function from when used as a distribution, we write

Vs (f1 ® f2) to mean the pairing

(Us, f1 @ fa)
where f; ® f2 is understood as a function in C*°(M x M) by
(f1® f2)(z,y) = fi(z) - fa(y).

By the density of C°(M) x C*°(M) in C*°(M x M), this indeed defines a distribution in
D'(M x M).

Following our notation (6.1.16)), in the case fi, fo € (ker Ag)l, we can as well write

U (f1® fa) = 1“(13)/0 /0 (u 4 v)* " Te[f1 Ky foKy)dudu (6.2.2)

where K, := e_“Ag; and I@u = e URy _ P,

We remark the following property of (6.2.2)).
Theorem 6.2.1. The function V4(f1 ® fa) is symmetric in f1 and fo.

Proof. Assume f1, fo € (ker A,)L. Using the cyclic permutation of K, Ky, f1, fo under Tr[/]
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and change of variables in u and v, (see - we have that

U (fi®fo) = / / (u+ )5 T [f1 Koy f2ICo ] dudu
_ s—1
= T / / (u + )5 e[ fo Ky f1 Ko dudo
_ rl/ / (4 + 0)* VTr [ fou f1 Ko dudu,
Thus, U(f1 ® f2) = Us(fo ® f1). =

From now on, we assume f1, fo € (ker Ag)L.

We now break the integral I'(s)¥4(f1 ® f2) into four parts, namely

rowhen) = [ [ o kR
4 /1 h /0 Nt 0 VT oK fo ] dudy
- /01 /1oo(u+v)s—lTr[fliﬁufyCv]dudu
+ /100 /loo(u+v)s—1Tr[f11€uf2/€U]dudv.

Due to the exponential decay properties of K., and l@v, in v and v as u, v — 00, we see that the
last three integrals are holomorphic in s. So we are left with only the first integral to consider.
We denote it by
L(s)¥s(f1 ® fa) = / / (u+ ) T Te[f1 Ky foKCo ] dudw.
0o Jo
Observe that
(u +v) I Te[f1 (Ky — P) f2(Ky — P)]dudv

T(s)Us(f1 ® f) =

(u + )5 T [ f1 Ky f2ICo ] dudu

(u 4 v)* " Tr[f1 P fo K, )dudu

I
|
_ /01/Ol(u+v)s—1Tr[Pf1]€Uf2]dudv
|
I

(u + v)* "' Tr[f1 P fo P]dudv
= T(s)UL(fr® fo) + T () V24 (f1 ® fo)
+ T(s)V2P(fr @ f2) + T(s)V3(f1 ® fa).
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The last integral simplifies as follows:

1 1
Bhoh = /O/Omﬂ)s_lTr[flPhP]dudv
1 1 1
- /0/0(U+U)S—1V_2(/M/Mfl(x)f2(y)dvg($)dvg(y))dudv
1 1
— /0/O(u—I—U)S—lvl_z(/Mf2(y)[/Mfﬂx)d%(x)]d‘/g(y))dudv:O

since f1, fo € (ker Ag)L.

For the second integral \isz( f1 ® f2), we have

D)8 (fy @ fo) = / / C(s + 1, 2,9) f1(2) foy) AV, (2)dVy () + G (6.2.3)
M JM

where G is an entire function.

To see this, observe that

~ 1 1 ~
F(s)\Ile(ﬁ@fg) = —/0 /O(u—&—v)s_lTr[fleglCU]dudv

1
_ _2/0 (1 + 0) Te[f1 P fo,]dv

1
1 /0 USTr[flprK:v]dv;

S

_l’_

where
1 /! _ 1 /!
2 [ orntnpagia = -5 a0 s

with f, being a smooth function of v on [0, 1]. Moreover, observe that F(s)\ilgA( f1® f2) at

s = 0 vanishes. This is because

1

~ 1 ~
vihef)| == F(s+1)/0 {—(1+v)$+v$}Tr[f1Pfgle]de

=0.

s=0

1 1
= M/O { —exp(S'log(1+U))—|—exp(3.10g(v))} 'fvdv

So,

1
D(s)P2A(fL@ fr) = i/o V3 Tr[f1 P folCyldv + Gi.
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Thus, (by the exponential decay of K,)

1

\i/zA(f1®f2) = F(S—l—l)/o Tr[fle2]€v]vst

= TAPHAS

_ / / C(s+ 1,2, 9) () foly)dV (@)dV, (y).
M JM

Therefore, follows.

Since \ile(fl ® fo) = \flgB(fl ® f2) by theorem , it implies \fng(fl ® f2) has the
same result as U24(f] @ fy) and hence we have U, (f1 @ fo) := U2A(f1 ® fo) + V2B (f1 @ fo)
given by

Bo(f1 @ f2) =2 /M /M C(s + 1,2, 9) f1 () foly) AV, (2)AV, (1), (6.2.4)

We remark that the zeta kernel ((s,z,y) as a bi-distribution is an entire function. This

follows from the fact that

/ / Cg S, y)fl( )f?( )dV dV Z/\ S flywk L2(M) * <f2vwk>L2(M) (6.2.5)
k=1

which converges absolutely for all s since,

[(fro ) rean) < en(@+ k)Y

and

[(fos ) r2any) < en(L4+ k)N

Proposition 6.2.2. Values of

/ / Cols,2.9) f1(2) Fo () AV, (2)dV ()
M JM

at all points can be computed explicitly.
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Proof. The proposition follows directly from the definition 7 e.g:

Ju fi@) fa(x)dVy(z)  at s=0

S Fi(@)Ag fo(x)dVg(x)  at s=—1
/M /M Cols,2,9) fr(@) f2(y)dVy (2)dVy(y) = § [oy [1(2)AF fa(x)dVy(2)  at s=-2

Ju fl(a:)A3f2( )JdVy(z) at  s=-3

Consequently, up to an entire function, the only integral left to consider is

B 11
F(S)‘I’l(f1®f2)=/0 /0(u+v)5_1Tr[f1Kuf2KU]dudv.

To do this, we need knowledge of the explicit formula of the heat kernel on a choice of manifold.
We treat this for the case of the n-spheres. Let d(x,y) be the distance between x,y € S™ and

denote by ¢, the unique constant such that
Cn /O ﬂ(sin 0)"~1d# = Vol(S™). (6.2.7)
Then for any function f € C5°(0,00) we have
[ ra@o)avel(sn), / F(6)(sin 0)"1d6. (6.2.8)

For integral kernels and distributional kernels that depend only on the distance between x

and y, and time; this means

/ F(d(z, 1)) f1(z) f2(y)dVol(S™)2dVol(S™), = cn / " RORO)sin0)"1d0  (6.2.9)
Snx Sm 0

where
1
ho) = —— / (@) fay)dVol(S™),dVol(5™), (6.2.10)
V() Jsnxsn de,y)=0
with
V(0) :/ 1dVol(S™),dVol(S™), (6.2.11)
S Sn d(,y)=0
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is the average of fi(x)f2(y) over all pairs x,y such that d(z,y) = 6. Note that h € C§°(0, 7).
We call such kernels point-wise invariants.
The heat kernel K (¢, x,y) on S™ has the asymptotic expansion
N
K(t,z,y) = (4t) "o @)/ > tajt,z,y) + O(tN“*"/Q); t—0 (6.2.12)
j=0
uniformly for all z,y € S™ where time ¢ € [0, T; the heat coefficients a; € C°°(S™ x S™ x [0, T7)
and d(z,y) is the geodesic distance between z,y € S™, see e.g Chavel [16].

Due to the homogeneity of S, the heat kernel depends only on time ¢ and on the distance
between any x,y on S™ denoted by 6 = d(x,y). Consequently, it is valid to denote the kernel
by K(t,6). Recall that explicitly, § = d(x,y) = arccos(z,y), € [0,7]. For example, if ™ >
x1 = cos ¥, then the distance between (x1,x2, -+ ,z,41) and (1,0,0,---,0) is ¥.

There are more explicit forms of (6.2.12)) e.g:

em’t 1 0 62
Ky—am+1(t,0) = ——— )" exp(—— 6.2.13
m1(8,6) (27T)m(47rt)1/2( sin 89) exp( 4t) ( )
and
(2m+1)2t/4 o —1 1
/ m —0%/4
Kn:2m+2(t, 0) = WW/ COS - COS (83 Slns) oe e / tdQ (6214)

for ¢t > 0 and where 0 is the geodesic distance between z,y € S™; see e.g Camporesi [10], Wogu
[64] and Nagase [40)].

Thus, from (6.2.13)), we have e.g for S1,83,5° :

1 02
Ki(t,0) ~ — =t Y2 e %, t—0%; (6.2.15)
2/
1 0 2
Kg(t,@) ~ mt_g/z et @ e_i)Tt, t— 0+, (6216)
6> 0 1 1 62
N —5/2 4t - —3/2 4t - +

K;5(t,0) 16775/2t g ¢ T T on t Sl v t—0". (6.2.17)

These can be used to construct the meromorphic continuation. We will illustrate the

method on S? to avoid lengthy computations, and yet remain explicit.
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The case of 3-sphere

Now, we will discuss the case of S3. The idea can be extended to other odd-dimensional unit

spheres in a similar way. This means for this case that

_ 3t 0 0
Ks(t,0) 87r3/2t e O(t™)
ast— 0.
In the following, we fix f; and fo and again set
1
ho) = —— / F1(2) fa(y)dVol(S™),dVol(5™),
V(0) Jsnxsn d(wy)=0

where V' (0) is as defined in (6.2.11]). We need to consider, up to a holomorphic term

~ 1 1 s 2 wdw
L(s)W,(h) = C/ / / (u+ U)S_l(uv)_3/2e“+”e_97( 7 )9%h(0)dodudv.
0o Jo Jo

(6.2.18)

Note —%2— x sin2 6 = §2 andthatc:( 1 )2.

sin? 6 8m3/2

The error term (which constitutes the holomorphic term) to (6.2.18]) is

1 1 T
= ¢ u+v) ! U v 2 udv
R = /o /0 /0( +v)°*" " K3(u,0)R(v,0)0°h(0)dodud
1 1 T
s—1 2
+ C/o /0 /0 (u—+v)*" " K3(v,0)R(u,0)0°h(0)d0dudv

1 1 pm
s—1 2
+ C/o /0 /0 (u+v)*""R(u,0)R(v,0)0“h(0)d0dudv

where

—3/2u =0 0

e 4u

R(u, ) := K3(u,0) — 873/2 sin 6

and R(v, #) defined similarly. Note, R is holomorphic due to fast decay of R(u, ) and R(v, )

as (u,v) — (0,0) to arbitrarily high order; i.e we have used that

s 92
/ e wH?F(6)do
0

is O(t>°) as t — 0" for any smooth function F.
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Let h(0) be a suitable test function. Define the following cut-off function:

1 when0<zx< %
x(z) =
0 when x > %;

then,
h(0) = x(0)(h(0)) + (1 = x(0))h(0)-

This means in particular that (1 — x(6))h(#) vanishes in a neighbourhood of the origin.

So we have
- é o 1 1 ,l 02 i
\I/;(h) = 7( ) Zk'/ / (u+v)s+k_1(uv)_3/2e_7( P )92X(9)h(9)d9dudv
8 “Jo Jo Jr
k=0
6 0 1 1 1 ™ +k2—1 _3/2 _ﬁ(lﬁ»v) 2
* (S)Zk./ / (o) ) 72T Ca0% (1 — x(0))h(0)dfdudv
k=0 70 JO Jg

(6.2.19)

with ¢ = ¢c3 x ¢ = #; where ¢p|n—=3 = ¢3 = 4m. The second term of (6.2.19) is holomorphic

2 ur+v
in s due to the fast decay rate of e~ T(W) as (u+v) — 0 since 6 is away from 0.

Now we define the operator
w d1

P= 2 vage

and use the fact that

ﬁ(u+v) _%(uﬁ-v)
=€

(P*)me_ 4\ uv w JTMm & Z+

to simplify the computations. Note that with the operator P,

oo 1 1 2 utw
e [ [ et )y (o R )6 0)h(6)dddud.
o Jo Jo Jr

We follow the regularization procedure of Gel’fand and Shilov [25] i.e subtracting enough

terms of the [t Taylor’s expansion of the test function (and compensating) until we are left
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with a convergent remainder. That is,

[(s)W

Czk'/ / /“*””k ) 2Py (o ~ 8 (e

2 3 -1
e—h”(O) ih///(o) e—h(“’)(O) NI (le— 1)'

Czkuf / / (u + v) =1 () 32 (Pr)m ( o2 (ut

& 0*
5" (0) + Eh(”’) (0)+---+

2)62x(8) [1(0) + 01 (0)

h=1(0)] dodudv

) 62(0) [x(0)h(6)

9l—1
(-1

© L orl 02 utov
52 ]i‘/ / /R(u + ) (o) 732 T G023 (0) [(0) + 01'(0)

2 3
ih//( ) ih///( ) e—h(“’)( )+"'+

{n(0) + 6n’(0 %h”(o) + A= (0)}]dodudv

al—l
(-1t

czk‘/ / / w4+ ) ()20 5 D (PY™ (02 [(0)(6)

62 63 0t
{n(0) + 0n'(0) + ah”(o) + gh’”(o) + Eh(”) 0)+--+

h(=1(0)]dgdudv

0l—1

(- 1)'h(l_1)(0)}])d9dudv-

) 0o 1 1 1 o 3 62 juto
cZk‘/ / /(u—i—v) Rl () 7320 T (5 )Gz[h(O)—i-Gh/(O)

62 03 04 o1
o (0) + 5 "(0) + 7h<w)(0) Tt 1)'h<l*1>(o)}d9dudv
/ / / u—i—v s+k m— 1(uv> 3/2+m ——( ) (i})m(GQ [h(&)
0 k' dé o
/ 0* " 9 " 6t (iv) 0! (1-1)
h(0) +0R'(0) + —h = h7(0) + =AY (0) + -+ -+ h 0 dfdudv
2! T3 41 (=1

(6.2.20)

for any m, [l € Np.

Again, the second integral of (6.2.20]) is holomorphic in s for [ large enough. To see this,

first take m = 3 and observe that

62 03

(%%)2%{9@(0)%}/( 0) + 51" (0) + 57" (0)
+i4!‘ BD(0) 4 - 4 (lel__;!hu—n(o)) !

- (%%)%{% [h(0) + 261/ (0) + 3—02h”(0) + 43i,h’”(0)
+549!4h("”>(0) bt (zw_l1)!h(l_1)(0))}
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will only make sense if h(0) = 0 and continuing this way we arrive at a smooth function only

if up to A”(0) = 0. So,

. . 1—4
(ﬁLiH%m—kﬁ?hmkm%~.u+“l 2@1;W MF”mD
- o -5
:iﬂmm%%u+la 29U?9 I()
1(1—2)(1—4)0"° ,_
- T,
1>5

In general, if A vanishes of order 2m in the sense that h(*)(9) = O(@Qm_k) then P™h is

well-defined and smooth.

Now for our case m = 3, (6.2.20]) reduces to

S ol = ¢ ° i 1 rl . s+k—1 " _3/26_§(u$v) 9 ,
D(s)Th(h) = ;k,/O/O/R< o) () #1h(0) 4 0K (0

6> 6’ 04 . N
+ 5 h"(0) + 5;h"(0) + Eh(“}) (0)]dodudv + G

where G is holomorphic in the strip R(s) > -2 — k.

Integrating first in 6, then in v and v we obtain

\1,1 , 1 o0 1 2s+k+1/2 —4 100
(k) = 273/21(s) kZ:O E{ (2s 4+ 2k — 3)(2s + 2k — 1) -h0)
N 3x 25TRH2(25 4 2k —7) 448, 0)
(2s 4+ 2k — 5)(2s + 2k — 3)
N 30 (28+k+1/2[4k2 + 8k(s — 4) + 4s(s — 8) + 71]) (iv) (0)}
(2s 4+ 2k — 7)(2s + 2k — 5)(8s + 8k + 12) ’
(6.2.21)
Wl (h) has simple poles exactly at
1
s=g5—k k=012 (6.2.22)
with residues at each pole s = sy with sg = % — k given by
- ) 1
Resg—s, UL(R) = slgglo Ts0) [(s — s0)f(s, k)] (6.2.23)
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where

2s+k+1/2 —4

11
k) = — - h(0
fs.k) 27r3/2k!{(23+2k—3)(2s+2k—1) (0)
3 x 25TKH12(25 + 2k — 7) 448 ()

(25 4 2k — 5)(25 + 2k — 3)
30(25FE+1/2[42 + 8k (s — 4) + 4s(s — 8) + T1])

T s 2k — )25 + 2k —5)(8s + 8k + 12)

) (0)}. (6.2.24)

For example, s = —% is a simple pole at exactly k = 1 and k = 0 with residue ﬁh(@) and

16;2 R"(0) respectively. Thus, FP[@I(—%)] = 0.00688067 (to the nearest 8 decimal places).
What we have just proved in this section of the thesis, on combining (6.2.4) and (6.2.21)),

is the following theorem:

Theorem 6.2.3. As a distribution, Vs(f1 ® f2) = \ils(fl ® f2) + \E has a meromorphic

continuation to the whole complex s-plane given by

(W (fi @ ) h) = 2 /M /M Cols + Loz, ) fa () foly) AV (2)dV ()

o0

1 1 2s+k+1/2 —4
v DNt forn e 55RO
273/2T(s) = k! (2s4+2k—3)(2s+2k—1)
2s+k+1/2 ) 2% — 4
N 3 (2s + 7)+ S-h”(O)

(25 + 2k — 5)(2s + 2k — 3)
30(25+k+1/2 [4k? + 8k(s — 4) + 4s(s — 8) + 71]) (iv) (0)}
(2s 4+ 2k —7)(2s + 2k — 5)(8s + 8k + 12)

(6.2.25)

where h is a test function. It has simple poles at with residues . The values

of the distribution Ws(f1 @ fo) at s =0,—1,—2,--- | —k; with k € Z* are given by

at s=0

0
Joy fr(@) fo(x)dVy(x) at s=—1

A z)dV,(x) at s = -2
\I’s(f1®f2): gf2 g()

(6.2.26)
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6.3. Conclusion

We make a number of concluding remarks. Firstly, we observed that our second variation
formula (6.1.1) reduces to a well-known result for the variation of the determinant of the

Laplacian on S3. That is,

d 1 —_— 3(1 ..
TPz = T5Tl(A600871)7] - C‘;‘(/)@g%a%)m(@)
5 . .
— 8V<¢07¢0>L3(53). (6.3.1)

This is exactly the result of Richardson [47].

Since the Casimir energy is of special significance in Physics, we draw attention to the fact
that our formula (6.1.1)) can be used to compute its hessian on the n-sphere. From , the
second order variation, CEEQ)(—%), of the Casimir energy, Cg(—%), of Ay on 8™, with respect to
the family of volume-preserving conformal metrics {g. = e®<g}, where g is the round metric

is given by

FPICP(=3)] = FPIY_yd0(x) @ doy)] — (1 — 5)FPIY_1do(x) @ Ay(do(y))]

+ %(n — 22 FP[W Ay(do(2)) © Ag(do())]

+ g5+ 27 [ e F PG (<50 )l @)V, o)

+ =2 PP Gl [ a)Bedo(@)dvy (o)

1 1.1

— (1= HFPs (=3l | (Golw) vy (a). (6.3.2)

The finite part scheme (F'P) is defined in (4.3.1)). One can use that to evaluate FP[¥,(f1® fo)],
where U,(f1 ® f2) is given by . Tables and of the Appendix show values
of (gn(s) and Zgn(s) respectively for different values of s.

Other special values of s can be computed using the formula. For example, with the aid

of Mathematica, we computed

1 . 2
C§2)(§O) = 0.0797 where we choose ¢o(0) = 3 cos(30) on S3.
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A numerical check by Strohmaier [55] using 500 eigenvalues confirmed this number.
We hope that the result of this thesis can be used for further numerical and analytical

studies of the spectral zeta function and the Casimir energy.
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APPENDIX A

Casimir energy of Ay and Ay + 5= L on

n-spheres

A.1. Casimir energy of A, and other values of FP[(gn(s)]

Table A.1: Casimir energy FP[¢ Sn(*%)] and other values.

[ n | FPGsn(=3)] [ FPIs (0)] | FPlcsn ()] | FPlcsn(3)] | FPlcsn(1)] |
1] -0.166667 -1.00000 2.404110 1.154430 3.289870
2| -0.265096 0 2.070540 -1.754300 0.154430
3 -0.411503 -1.000000 | -0.025424 | -1.204490 | -0.750000
4 -0.150622 -0.595136 0.022700 -1.090330 | -0.036680

Table A.2: Casimir energy FP[Zgn (—l)] and other values.

A.2. Casimir energy of A, + “>1 and other values of FP[Zgn(s)]

[ n | Poles | Residues | FP[Zs:(~3)] | FP(Zs:(0)] | FP[Zs.(3)] | FP[Zs.(3)] | FP[Zs.(1)] |
1] 1 1 0166667 | -1.00000 | 2404110 | 1.154430 | 3.289870
2| 1 1 ~0.500000 | -0.916667 | 1.869600 | -2.000000 | -0.072980
3| 3 L -1.000000 | -1.083330 | 0.644934 | -1.500000 | - 0.422784
4 1,2 | =41 | -1500000 | -1.005900 | -0.707530 | -0.666667 | - 0.594181
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