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ABSTRACT

We study stochastic heat equations of the forms [9;u—Lu]dtdz = X [5 o(u, h)N(dt,dz,dh),
and [Oyu — Lu]dtdr = X [zao(u, h)N(dt,dz,dh). Here, u(0,z) = ug(z) is a non-random
initial function, N a Poisson random measure with its intensity dtdzv(dh) and v(dh) a
Lévy measure; N is the compensated Poisson random measure and £ a generator of a
Lévy process. The function ¢ : R — R is Lipschitz continuous and A > 0 the noise level.
The above discontinuous noise driven equations are not always easy to handle. They are
discontinuous analogues of the equation introduced in [44] and also more general than those
considered in [10]. We do not only compare the growth moments of the two equations with
each other but also compare them with growth moments of the class of equations studied
in [44]. Some of our results are significant generalisations of those given in [10] while the
rest are completely new. Second and first growth moments properties and estimates were
obtained under some linear growth conditions on o. We also consider £ := —(—A)%/2, the
generator of a-stable processes and use some explicit bounds on its corresponding fractional
heat kernel to obtain more precise results. We also show that when the solutions satisfy
some non-linear growth conditions on o, the solutions cease to exist for both compensated
and non-compensated noise terms for different conditions on the initial function ug(z).
We consider also fractional heat equations of the form dyu(t,z) = —(—A)*?u(t,z) +
Mo (u(t,z)E(t,z), forz € RY ¢t > 0, a € (1,2), where ' denotes the Gaussian coloured
noise. Under suitable assumptions, we show that the second moment El|u(t,z)|? of the
solution grows exponentially with time. In particular we give an affirmative answer to
the open problem posed in [32]: given ug a positive function on a set of positive measure,
‘2

does sup,cra Elu(t, z)|* grow exponentially with time? Consequently we give the precise

growth rate with respect to the parameter \.

vi



CHAPTER 1

INTRODUCTION

Systems of Partial differential equations (PDEs) best describe at a macroscopic level
majority of physical phenomena (some modelling quantities) like densities, temperatures,
concentrations, etc of many natural, human/biological, chemical, mechanical, economi-
cal/financial systems and processes.

In stochastic partial differential equations (SPDEs), white noise W (¢, x) has been one
of the most commonly used noise terms. For past few decades, there have been signifi-
cantly much advancements in the study of random field solutions to SPDEs driven by the
general Wiener/Brownian noises. Researchers have focused mainly on the analysis of heat
and wave equations perturbed by Gaussian white noise in time with spatial correlations
[99, 37, 38, 42, 7|. Whereas, the SPDEs driven by Gaussian noise have been well studied
for a long time, the SPDEs driven by Lévy (Poisson) noise have only been investigated
more extensively and intensively quite of recent [1, 2, 9, 13, 6, 77, 73, 39, 51]. In its recent
development, SPDEs driven by fractional type noises have received great attention too
[8, 11, 14, 15, 93, 73, 25, 26]. Though the white noise term possesses many attractive mod-
elling properties, Lévy noise has better modelling characteristics [23, 24]. Stochastic PDEs
driven by jump processes or jump type noises (known as stochastic forcing terms) such
as Lévy-type or Poisson-type perturbations have become important and popular for mod-
elling physical, biological and financial phenomena. The Lévy-type perturbations produce
a better modelling result and performance of those natural occurrences and phenomena of
some real world modelling, capturing some large moves and unpredictable events unlike
Brownian motion perturbation that has many imperfections. Lévy noise N(d¢t, dz, dh) or

N(dt, dz, dh) has a very rich and vast applications in Finance, Economics, Physics, to



mention but a few. The jump processes of the Lévy noise can be used to model market
behaviours of price processes. The jumps are particularly relevant for the purpose of mod-
elling the price process of financial assets: structure of futures and forward prices, interest
rate models, and so on. They can describe more accurately the observed realities of fi-
nancial markets. The Lévy noise has a representation that consists of a small jump term
and a big jump term. The small jump term describes the daily jitter that causes minor
fluctuations in stock prices while the big jump term describes the large stock price move-
ments caused by major market upsets arising from weather conditions, natural disasters
like flood, earthquake, tornado, hurricane and volcanic eruptions.

This work was inspired by [44] and the references therein, where a non-linear parabolic
SPDESs of the form dyu = Lu + o(u)W with W as the space-time white noise was consid-
ered. The function o : R — R is Lipschitz continuous and £ the L?-generator of a Lévy
process. In what follows, we consider some discontinuous analogue of results in [44] which
are of the general Lévy-type space-time white noises N (d¢, dz, dh) and N(dt, dz, dh). To
understand the full behaviour of the solutions and to have an explicit estimate for the gen-
erator of the process, we consider the fractional Laplacian as a special case of the generator
of a Lévy process. Some precise conditions for existence and uniqueness of the solutions
were given and we show that the solutions grow in time at most a precise exponential
rate at some time interval; and if the solutions satisfy some non-linear conditions then it
ceases to exist at some finite time ¢. Albeverio and Wu in [1] studied the parabolic SPDEs
driven by Poisson white noise with £ := %A; A the Laplacian, where they established the
existence and uniqueness of the solution. Fournier in [43] also studied the case of £ := A of
the parabolic SPDE driven by a white noise and a compensated Poisson measure, where he
proved the existence and the uniqueness of the weak solution and also studied its Malliavin
calculus. We proved the existence and uniqueness of solution to the parabolic SPDE driven
by both compensated and non-compensated Poisson measures for £ the L? generator of a

Lévy process on the space (LP, ||.||,, g) for a family of p-norms as defined in [44] for p = 1, 2

There are three major approaches to solving an SPDEs that appear in literature: the
Martingale measure approach [99, 34|, the Variational approach [21, 82, 7, 91, 92| and the
Semigroup theory approach [33, 84, 85, 20, 74]. A stochastic partial differential equation,
like a partial differential equation, can be viewed in two major ways: firstly, one can
consider its solution as a real-valued function of ¢ and x, where t is the time parameter,
and x (which varies depending on the nature of the domain say Q@ C R?) is a space
parameter; one can also consider the solution as a function of ¢ with values in a space of

functions of z, say L%(2) (Da Prato-Zabczyk Approach). Secondly a solution of a stochastic



1.1. Formulation of the solution(s)

partial differential equation can be considered either as a real-valued random field indexed
by ¢t and x, or as a stochastic process indexed by ¢ with values in an infinite dimensional
space (Walsh Approach). The variational approach and the semigroup approach are mainly
concerned with giving a rigorous meaning to solutions of stochastic differential equations
in an infinite dimensional spaces. Walsh’s Martingale approach involves representing the
solution as an integral equations with respect to martingale measures, which makes use
of tools in Measure theory, Potential theory, Harmonic analysis and general stochastic

analysis and this is the approach we will be adopting in this work.

1.1 Formulation of the solution(s)

Here, we formulate the research problems and give underlying conditions on the equations’

parameters.
1.1.1 The compensated equation

Consider the following stochastic heat equations driven by a compensated Poisson noise

%(t,x) - Eu(t,x)] dzdt — )\/Ro(u(t, ), BN (AL, dz, dh), (1.1.1)

with initial condition u(0, x) = ug(x). Here and throughout, up : R — R is a non-random

function, and £ is the L?- generator of a Lévy process.

Definition 1.1.1. We say that a process {u(t, z)}zer >0 is a mild solution of (1.1.1) if

a.s, the following is satisfied

uta) = [ ot puo)dy
+ /\/0 /R/Rp(t — s, x, y)o(u(s, y), h)N(dh, dy, ds), (1.1.2)

where p(t, ., .) is the heat kernel. If in addition to the above, {u(t, z)}zecRr >0 satisfies the
following condition

sup sup E|u(t, z)|? < oo, (1.1.3)
0<t<T zeR

for all T' > 0, then we say that {u(t, z)}ser >0 is a random field solution to (1.1.1).

In order to state our theorem, we make the following notation. Define

T for all g > 0, (1.1.4)

1 de
8) =5, /R B+ 2Re¥(€)



1.1. Formulation of the solution(s)

where WU is the characteristic exponent for the Lévy process. A result of Dalang [34] shows
that equation (1.1.1) has a unique solution with the requirement that Y(3) < oo for all
B > 0 which forces d = 1 and coincides to a similar situation to that in [44] since N is a
martingale valued Poisson measure. Fix some xg € R and define the upper p th-moment

Liapunov exponent 7(p) of u |at xo| as

1
7(p) := limsup : InE[Ju(t,xo)’] forallp e (0,00), (1.1.5)

t—o00

and say that u is (see [44])

1. weakly intermittent if, regardless of the value of x,

7(2) > 0 and ¥(p) < 0o for all p > 2,

2. fully intermittent if, regardless of the value of xg, the map

b 3(p)

is strictly increasing for all p > 2.

The study of exponential behaviours of solution as ¢ — 0o, can best be interpreted by the
notion of intermittency. The concept means that, as ¢ — oo, the solution exhibits a spa-
tially extremely irregular structure consisting of islands of high peaks which are located far
from each other. The solution w is influenced by the interaction or competition between
the generator of a semigroup £ which has a smoothing effect, and the noise potential
N (dh, dz, dt), which makes the solution spatially irregular. This is a long-time behaviour
of a system exhibiting an intermittency effect. The notion of intermittency arose origi-
nally in the study of turbulent flow, firstly as a phenomenon in Physics and Statistical
particle Physics. It is a concept of instabilities in random media that arose as a result of
high value quantity growth of some structures. Intermittency connotes random deviations
from smooth and regular behaviour (see [90, 103, 104] and their references for details).
Intermittency for the parabolic Anderson problem was studied in [22] while intermittency

properties in a hyperbolic Anderson problem was studied in [36].

Remark 1.1.2. Unfortunately, we do not have any result for 7(p) for p > 2 and we
therefore cannot talk about intermittency properties of the solution defined and studied
for the white noise case [44]. The reason is that here, we do not have an appropriate
Burkholder’s inequality to use. But under some further assumptions, one can have J(p) <

oo. We however do not pursue this here.



1.1. Formulation of the solution(s)

1.1.2 The non-compensated equation

Consider the non-compensated equation.

%(t,:n) - Eu(t,x)] dzdt = )\/Rd o(u(t, ), h)N(dh, dz, dt), (1.1.6)

with initial condition u(0,z) = ug(z). Here again £ is the L?- generator of a Lévy process.

Remark 1.1.3. Unlike the compensated noise term N (dt, dz, dh), the non-compensated
noise N(dt, dz, dh) is not a martingale-valued Poisson random measure. The existence
and uniqueness of the solution to (1.1.1) does not depend on the integrability condition

(1.1.5) and the first moment of the solution exists; hence the existence and uniqueness for
all d > 1.

Definition 1.1.4 (of random field solution).

We seek a mild solution to equation (1.1.6) of the form.
ute) = [ plt . puoly)dy
Rd
t
s A [ [ bl soogoluts v N dy ds). (1L
0 JREJRY

with p(¢, ., .) the heat kernel. We impose the following integrability condition on the

solution.

sup sup E|u(t, x)| < oo.
t>0 zcR4

Let us define a Poisson random measure N = )., d(1;, x;, z;) on Ry X R? x R? defined on
a probability space (2, F, P) with intensity measure dtdzv(dh) where v is a Lévy measure
on RY; that is, it satisfies the following

/ (1 A h?)v(dh) < co.
Rd

According to [6], let (g;);>0 be a sequence of positive real numbers such that ¢; — 0 as

j—oocand 1 =¢9>¢e1 >¢e9 > .... Let

T;={heR%e; < |h| <ej1},j>1and Ty ={h € R%|n| > 1}.



1.1. Formulation of the solution(s)

Then for any set B € B(R, x R%), define

/ hN(dt, dz, dh) = Z Ziliz.erpy, J 20,
BxT; (T;, X;)eB

with the following property: E[N(B x I';)] = |B|v(I';) and
N(BxTj)=#{i>1,(T;, Xi, Z;) € BxTj} <00 a.s.

Therefore the above integral is finite since the sum contains finitely many terms. We are
going to make sense of the above Poisson noise integrals in details later in the next chapter.

Consider the mild solution (1.1.7) where ug = 1, o(.,h) = 1 with N = 37", 61, x,, 7,)-
Then (see [43])

o
u(t,z) =1+ p(t =T, 2, Xi) [gsry-
=1

We observe that for each w € Q with p(w) > 1, the map ¢ — u(t, X;)(w) explodes when
t tends to T; from the right for each ¢ > 1 and hence not cadlag. Therefore our mild
solutions (1.1.1) and (1.1.6) can either be viewed as weak predictable processes (a version
of the process which will be predictable) as defined in [43] or as modified cadlag processes(
a cadlag version or modification of the process ) in time ¢ [1]. Following [10], we define
the mild solution u(t,z) to (1.1.1) as a progressively measurable process such that for any
x €R,

t
/ E|u(s, z)|*ds < oo, that is, u € L*([0,]).
0
Similarly, the mild solution w(¢,z) to (1.1.6) is a progressively measurable process such
that for any « € R¢,

t
/ E|u(s, z)|ds < oo, that is, u € L*([0,1]).
0

1.1.3 The white noise and coloured noise equations

Consider the stochastic heat equation
au(t, x) = Lu(t, z) + Ao (u(t, x))w(t, x), v €R, and £ >0 (1.1.8)
with u(0, x) = up(x), for all x € R. The function ug : R = R is a non-random function,

o : R — R a Lipschitz continuous function and (¢, ) denotes white noise on (0,00) x R.
We take £ := —(—=A)*/2, o > 1. It is given in [44] that as time goes to infinity, the second



1.1. Formulation of the solution(s)

moment of the mild solution, E|u(t, z)|? grows like exp(ct) for some positive constant c
whenever the initial condition ug is bounded below. Whether it is possible for one to get
rid of this assumption and prove the exponential growth when ug(z) is not bounded below
has been a hard open problem posed in [32]. This question has been addressed for different
class of equations. One of the main results here is to give an affirmative answer to the above
open problem, by showing that the second moment of the solution grows exponentially with
time even if the initial function is not bounded below. Other results include a non-linear
noise growth-index of L?- energy of the solution for time ¢t > 0 to (1.1.8). It is known
in [66], that intermittency can be associated to non-linear noise excitation which in its
informal observation is equivalent to the existence of a non-linear noise excitation. The
above equation (1.1.8) has been proved to be intermittent, see [44|. Excitability can be
described as a dynamic phenomenon of systems far from equilibrium. All excitable systems
exhibit the following states; the existence of a "rest” state, an "excited” (or "firing”) state,
and a "refractory” (or "recovery”) state depending on the amount of external perturbations
on the systems. It measures the rate of an exponential growth of the solution with respect
to the noise level .

In what follows, we extend the results for the case of a coloured noise. Instead of
looking at the above equation, we consider the following stochastic heat equation driven

by a coloured noise on RY,

au(t,x) = —(=A)*2u(t,z) + Ao (ut,z))F(t, ), (1.1.9)
with the initial condition u(0, 2) = ug(x), € R%. The parameter o satisfies same un-
derlying Lipschitz assumption and A > 0 is the level of the noise. The term Fis a

spatially-coloured, temporally white, Gaussian noise; a generalised Gaussian random field

whose covariance kernel is described as follows

E[F(t,2)F(s,y)] = do(t — ) fs(x,y)
where the correlation function fg is the Riesz kernel given by

1

f,@(x,y) = W7

with parameter 5 € (0,d), d > 1 the dimension. The initial function wug is assumed to be

a bounded non-negative function such that

/ up(x)dz > 0, for some A C RY.
A



1.1. Formulation of the solution(s)

That is, we define 1 as any measurable function uy : R* — R which is positive on a set
of positive measure. This assumption implies that the set A = {a: tup(z) > %} c R? has

positive measure for all but finite many n. Thus by Chebyshev’s inequality,

/ uo(x)dw = / ug(x)da > 1#{?6 tug(x) > 1} >0,
R4 {x:uo(x)>%} n n

where p is a Lebesgue measure. Following Walsh [99], one defines the mild solution to

(1.1.9) by the following integral equation

u(t.a) = (Pruo)@)+ [ [ plt = s.a)outs. ) (. ds).

where

(Pruo)(z) = /de(t,m,y)Uo(y)dy

is the semigroup and p(t,z,y) denotes the fractional heat kernel. We will also be inter-
ested in random field solutions which require that the mild solution satisfies the following
integrability condition

sup sup E|u(t, z)|? < oo.
x€R4 t>0

This further impose that 8 < «, see [41]. Existence and uniqueness are well known for
the equations studied here as given in [44] and the references therein. The constant ¢ with
subscripts or superscripts appearing in our results or their proofs will denote some generic
constants that we do not keep track of. The main results of the thesis are summarised

below.

e We make sense of equations (1.1.1) and (1.1.6), show that their solutions are well
defined by establishing their existence and uniqueness under some suitably defined
conditions on the parameter ¢ : R — R, the non-random function ug : R — R4

measurable and bounded.

e The growth moments of the solutions to (1.1.1) and (1.1.6) were established. Whereas
second moment estimate was given to the compensated equation (1.1.1), the first
moment growth of the non-compensated equation (1.1.6) was estimated and we show
that both solutions grow at an exponential rate with time ¢ under some linear growth

conditions on o.

e Given some non-linear growth conditions on the parameter o, that’s, if ¢ grows
faster than linear growth, then there is no random field solutions to (1.1.1) and

(1.1.6). While we proved that the compensated equation ceases to exist with the



1.1. Formulation of the solution(s)

initial function ug bounded below, the solution to the non-compensated counterpart
on the other hand fails to exist both when the initial data wug is a positive function

and when it is bounded below .

e Let the initial function ug : R — R be positive on a set of positive measure. We
show that the excitation index of the second moment of the solution u to (1.1.8) at

time t is given by %

e As an extension, we prove that the excitation index of the second moment of the
solution u to (1.1.9) at time ¢ is given by j—f‘ﬁ with the initial condition u¢ assumed

to be a positive function on a set of positive measure.

In a nutshell, we give a plan of this thesis. In chapter one, the research problem(s) were
introduced; chapter two surveys some basic definitions and concepts used in the work. Our
results are in three main parts. Whereas Chapter three focuses on some properties of the
heat equation with respect to compensated Poisson noise, chapter four discusses the results
on the heat equation driven by non-compensated Poisson noise. Chapter five is devoted
to the proofs of nonlinear noise excitation growth index of the solution for the space-time

white noise driven equations and its extension to Riesz kernel spatial correlated noise.



CHAPTER 2

PRELIMINARIES

Now, we give some basic definitions, some concepts on PDEs and Stochastic processes.

Partial Differential Equations

"...Partial differential equations are the basis of all physical theorem."
Bernhard Riemann(1826-1866).

Definition 2.0.5. Let L?(R%, dz) be a Hilbert space with an inner product

(f, 9) 2(ran) = / f() g(w)da

Rd

with dz a Lebesgue measure on R?. For all p > 1, LP(R%, dz) are Banach spaces with the

1 = ([ 1repas)”

Let the Fourier transform of f be denoted by f := F f, where we define the (normalised)

Fourier transform by

norm

f(e) = /R ) e %2 f(x)dz, for allé € R? and f € LY(RY).

10



2.1. Fundamental solution of Heat equation

Theorem 2.0.6. (Plancherel) The Fourier transform F : L>(R%) — L?(R?) is a unitary
map. For all f,g € L*(RY),

(f.9) = (£.9)-

In particular,
[ flz2ray = [1fl L2y
2.1 Fundamental solution of Heat equation
Consider the following heat equation
Opu(t, x) = (Lu)(t,x) such that u(0,x) = do(z),

where L is the generator of a Lévy process X; with characteristic exponent W. Take Fourier

transform in z of both sides,
ou(t, &) = =W(&)a(t, &) such that 4(0,£) = 1.

Therefore
a(t, &) = e MO = B(g),

and the solution is measure-valued, that’s,
u(t,z) = P(X; € dz) := Py(dx),

where (P;);>0 is known as the semigroup of the Lévy process X;.
For £ = kA, k>0 and A the Laplace operator, then P,(§) = e~ and

Definition 2.1.1. (The generator of a Lévy process) Define the domain of £ by
DIL] = {¢> e L’ (RY) : ¢ LZ(Rd)}.

Let £ be the generator of a Lévy process. If (P;)¢~ is the semigroup of a Lévy process Xy,
then b,
L6 = lim = ¢

2 d 2 d
lim — LX(RY), V¢ € LA(RY).

11



2.1. Fundamental solution of Heat equation

For all ¢ € S(R?) (Schwartz space of test functions), then

o PO— e
Losi T T oY

Therefore £ = —.
The L?(R%)-generator of the semigroup {P};>¢ is the fractional Laplace operator
—(=A)*2, o € (0,2). The operator with the domain
D[(—A)*/?] = {¢ e L’ (RY) : [¢]%¢ € L2(RY), 0 <a < 2},
defined by
F((-a1 7200 ) = 66(6),

is the fractional Laplacian of order a/2.

2.1.1 Mild solution

Consider the non-linear heat equation with a discontinuous noise process

[Byu(t, 2) — kAu(t, z)] dadt = A / o(u(t, ), BN (dh, dz, dt), (2.1.1)
R

k> 0,t >0,z € R and u(0,2) = ug(x), t > 0. We define for all smooth function
¢ : R — R, the semigroup (P;)¢~o as follows,

<me:/mmww@m, (2.1.2)

R

for which the integral is defined (exists) and p(t,z,y) given by

|z —yl?

1
p(t’x)y): \/Mexp(_ Axt )

is the solution of the homogeneous equation (that’s at o = 0) except at t = 0, (Py¢)(y) =
#(y). Tt follows by multiplying through by ¢ that

/Ot/R@sp(s,x,y)qﬁ(x)dxds_/OtAammp(S7x7y)¢(x)dxds_

12



2.1. Fundamental solution of Heat equation

By Fubini and integrating by parts, it follows that

/Rp(t,x,y)qb(x)dx—/ p(0,z, )¢ dx—// 5,2, 1) b (x)dzds.

Then by (2.1.2), we have for all test functions ¢

(Pd)(y) = bly) + / (Pubua) (y)ds. (2.13)

We therefore pose the problem in weak form. Let ¢ € C§°(R), then by multiplying (2.1.1)
by ¢ and integrating in [dxdt],

/Ru(t,m)gb(x)dx - / dx+// (5, )¢ (x)dardls
+ /// Jo(x)N(dh, dz, ds)  (2.1.4)

Next, we extend (2.1.4) to smooth functions (¢, x) of two variables. Then similarly as in
¢, let ¢ € C5°(]0,00) x R). Multiply (2.1.1) by v and integrate in [dxdt],

/Ru(t,x)w(t,x)dm _ / o ()90, 2 d:c—l—/ / 5,2) [na (5, ) + (5, 0)] dedls

+ /\/ //Ra(u(s,x),h)w(s,x)]\f(dh, dz, ds). (2.1.5)

By uniqueness of the solutions, (2.1.4) must satisfy (2.1.5) since they both solve (2.1.1),
we fix t and let ¢(s,y) = (Pi—s¢)(y). Then ¢(t,y) = ¢(y) and by (2.1.3), we have that

{ wx:v(syx) +w3(8,1’) =0, z€R, s>0
¥(0,z) = (P¢)(z), = €R.

Hence, the solution (2.1.5) becomes
[ uttao@az = [ w)Ro)wa
+ )\/ // h)(Pi—s¢)(y)N(dh, dy, ds). (2.1.6)

Let ¢ approach a delta function, for example, if one takes ¢ of the form of an approximate
identity in S(R) (Schwartz space of test functions), for example the Gaussian approximate

identity ¢c(x) = W exp( ‘2|€ ) As € — 07, then ¢, converges weakly to § and the

13



2.2. Stochastic processes

above equation (2.1.6) for Lebesgue-almost all (¢, z) will tend to

uta) = [ wlwplta)dy
+ )\/0 /R/Ra(u(s,y),h)p(ts,x,y)N(dh, dy, ds).

2.2 Stochastic processes

"n

. Paul Lévy was a painter in the probability world. Like the very great painting ge-
niuses, his palette was his own and his paintings transmuted forever our vision of reality."
M. Loéve, in 1971.

A stochastic process with state space S is defined as a collection of random variables
(Xt)ter defined on the triple (2, F,P) known as a probability space. Let (€2, F,P) be
a complete probability space with a right-continuous filtrations {F;}+>0, such that Fj

contains all P-null sets of F.

Definition 2.2.1. A real-valued stochastic process (X¢)>0 is said to have left (right) limits
if for P-a.e. w € Q, the mapping ¢ — X;(w) has left (right) limits. Simply put, the paths
of the process X have P-a.s. left (right) limits.

Definition 2.2.2. A stochastic process (X¢)¢>0 is said to be left-continuous (right-continuous)

if for P-a.e. w € Q, the mapping ¢ — X;(w) is left-continuous (right-continuous).

Definition 2.2.3. (Cadlag process) Let (X;);>0, be a real-valued stochastic process.
Then the process X; is cadlag (continue & droite, & gauche) or RCLL (right continuous

with left limits) if it is a right continuous process with paths having left limits.

Definition 2.2.4. Two real-valued stochastic processes (X;)t>0 and (Yz)i>0 on the prob-

ability space (2, F,P) are called modifications (or versions) of one another if,
forall teT, P(X;=Y;) =1
That is, for all t > 0, there exists a null set N C Q such that
Xi(w) = Yi(w), Yw ¢ N;.
Definition 2.2.5. Let (X¢):>0 be a stochastic process defined on the probability space

(Q, F,P) with values in (R?, B(R?)). The process (X;);>0 is said to be measurable if it

14



2.2. Stochastic processes

is measurable as a function defined on [0, 00) x  (with the o-algebra B([0,00)) ® F) and
values in R%. That’s, let (Q1,F1) and (22, F2) be measurable spaces. Then X; : Q1 —
for t > 0 is said to be measurable with respect to the g-algebras F;, i = 1,2, if and only if
X, 1(A) € Fy for each A € Fy. The process (Xt)i>o is said to be progressively measurable
if for every T' > 0 it is, when viewed as a function X (¢,w) on the product space [0,7] x €,
measurable relative to the product o-algebra B([0,T]) @ Fr.

Definition 2.2.6. (Adapted process) A sequence (X;);>0 of random variables is said to

be adapted to a filtration (F)o<s<¢ if, for each s, the random variable X} is F, measurable.

Definition 2.2.7. (predictable o-algebra) Let (2, F, (Ft)t>0, P) be a filtered probabil-
ity space. The o-algebra on [0,00) x € generated by all sets of the form {0} x A, A € Fy,
and (s,t] x A, 0 < s <t, A€ Fs, is said to be the predictable o-algebra for the filtration
(Ft)t=0-

Definition 2.2.8. (Predictable process) A real-valued process (X;);>0 is called pre-
dictable with respect to a filtration (F;);>0, or Fi-predictable, if as a mapping from
[0,00) x © — R it is measurable with respect to the predictable o-algebra generated
by this filtration.

Definition 2.2.9. (Convergence of random variables) Let (X,,),>1 be a sequence of
real-valued random variables and X be another real-valued random variable, all defined on
the same probability space (2, F,P). Then

(1) X, is said to converge almost surely to X, i.e., X,, =25 X if
P({w €Q: lim X, (w) = X(w)}) =1.

(2) X, converges in LP-sense to X for all 1 <p < oo, i.e., X, 2 X if

lim Ep[|Xn(w) — X (w)[?] = 0.

n—oo
(3) X, is said to be convergent in probability to X, i.e., X, Ly X if for every € > 0,

lim P({w €0 Xp(w) - X(w)| > e}> =0.

n—0o0

(4) X, is said to converge in distribution ( or weakly) to X, i.e., X, 4 X if

n—o0

lim P<{w €N Xp(w) §x}> :P({w €N: X(w) §x}>.

15



2.2. Stochastic processes

2.2.1 Lévy process

Definition 2.2.10. (Lévy Process) Let (2, F, P) be a probability space. A Lévy process
on this space is a map X;(w) : Ry x © — R with the following properties

(1) Xo=0

(2) Xy has stationary increments, that’s, X; — X has the same distribution as X;_g for
all 0 <s <t < oo.

(3) X; has independent increments, that’s, X; — X, is independent of Fy for all 0 < s <
t < oo.

(4) Xy has cadlag paths.

(5) X is stochastically continuous, that’s, for all ¢ > 0 and some number € > 0,

EEEP(’Xt — Xs| >¢€)=0.

2.2.2 Poisson process

A Poisson process can be defined as a stochastic process X; having discontinuous realisa-

tions (sample paths), stationary, independent increments and follows a Poisson distribution.

Definition 2.2.11. (Poisson process) A poisson process with intensity A > 0 is an

integer-valued, continuous time stochastic process { Xy, ¢ > 0} such that
(1) Xo=0

(2) X; has an independent increments, that is: for all 0 = ¢y < t; < ... < t,, the

increments Xy, — Xy, X3, — X4y, ..., Xy, — Xy, , are independent random variables,

(3) X has stationary increments: for all ¢ > s > 0, X; s — X5 equals Xy in distribution.
Simply put; for all ¢ > s > 0, and non-negative integers k, the increment follows

poisson distribution:

M\t ke—)\t
P[X4s — Xy = k] = P[X; = k] = ()k'

2.2.3 Poisson random measures

Let (Q, F,P) be a complete probability space and (R?, B(R?)) be a measurable space. Let
M be the space of all Z, = Z, U {oco}-valued measures on (R? B(R?)) and consider the
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2.2. Stochastic processes

measurable space (M, Byy) with
By =oc(v(A): Ac B(Rd)), for each v € M.

Definition 2.2.12. (Poisson random measure) Let v be a o-finite measure on (R?, B(R?)).
A random variable N : (2, F) — (M, By;) with intensity measure v is called a Poisson ran-
dom measure on (R?, B(R?)) if the following conditions hold.

(1) For all A € B, N(A) : Q — Z, is Poisson distributed with parameter E[N(4)] =
v(A), that is:
[E[N(A)]]" exp(~E[N(A)])

PIN(A) = n] = - , neNU{o}.

If E[N(A)] = +oo then N(A) = +o00 P-a.s.
(2) If Ay,..., Ay are pairwise disjoint then N(A1),..., N(Ay) are independent.

Next we state some existence theorems for the Poisson random measure. The first one
states that given a o-finite measure on a space X, we can find or construct a Poisson

random measure N and it is given below.

Theorem 2.2.13. Given a o-finite measure v on (X, B(X)), there exists a Poisson random
measure N such that E[N(A)] = v(A) for A€ B(X). If N(A) = oo, then v(A) = co.
Proof. The proof can be found in Ikeda and Watanabe [60, 61]. O

2.2.4 Point processes and Poisson point processes

We now define the concept of Point processes and Poisson point processes. These are needed
for the definition of stochastic Poisson integral. Let (€2, F,P) be a complete probability
space and (X, B(X)) a measurable space.

Definition 2.2.14. (Point function) A Point function p is defined via the mapping
p: D, — X, where X is some measurable space and D, is a countable subset of [0, co].
The point function p defines a counting measure on (0, 00) x X by the following expression:
Np((0,t] x A) == #{s <t; s € Dp; p(s) € A}, for any A € B(X). Basically, N,((0,¢] x A)

counts the number of times before ¢ that p(s) is in A.

Let the set of all point functions taking values in X, be denoted by IIx and B(Ily)
the smallest o-algebra such that every mapping p — N,((0,t] x A) for all A € B(X) is

measurable, that’s,

B(Ilx) :=o(Ilx > p+ Np((0,t] x A) : A € B(X), t > 0).

17



2.2. Stochastic processes

Definition 2.2.15. (Point process) A Point process p on X is a (ILx, B(ILx))-valued
random variable. In other words, p is defined on some probability space (€2, F,P), mea-

surable and it spits out a point function from Ilx, that’s, a random variable p : (Q, F) —
(Ilx, B(Ilx)).

Definition 2.2.16. (Poisson point process) A Point process p is said to be a Poisson
point process if the corresponding counting measure Np(dt dz) is a Poisson random measure
on (0,00) x X.

The second existence theorem characterises a stationary Point process.

Theorem 2.2.17. Given a o-finite measure n(dx) on (X, B(X)), then there exists a sta-
tionary Poisson point process p if the random measure Ny,(dt, dz) is of the form E[Ny(dt, dz)] =
ny(dt, dz) = dt n(dz).

Proof. Tkeda and Watanabe [60]. O

Now applying the above theorem with X := R? x R? and B(X) := B(RY) ® B(RY).
We will take n(dx, dh) := dzv(dh). One set of the vectors will play the role of position
while the other will play the role of “jumps”. By the above theorem, we have a Poisson

point process p(s) € R? x R?. The Poisson random measure is thus given by the following
Ny((0,t],Ax B) :=#{s < t; s € Dp; p(s) € A x B}.

Definition 2.2.18. (Jump of a Lévy Process) The jump process AX; at time ¢ > 0 is

defined by AX; := X; — X;- where X, is the left limit of the process X; at the point .

Definition 2.2.19. (Jump measure) Let (AX; # 0, ¢ > 0) be the jump process and the

set A € B(R%) bounded below, then one defines the jump measure by

Nt,A)=#{0<s<t:AX € A} = ) Ii(AX,).
0<s<t

The jump measure counts the number of jumps of the process between 0 and t such that

their sizes fall into A.

Definition 2.2.20. (Compensated Poisson process) For a Poisson process, N ((0, t], Ax
B) such that
E[N((0, t], A x B)] = t|Alv(B) forall A, B € B(RY),

one defines the compensated Poisson process by

N((0, ], A x B) := N((0, t], A x B) — t|Alv(B),

18



2.2. Stochastic processes

for any ¢ > 0 and any A, B € B(R?) provided that |A|v(B) < oco.

Definition 2.2.21. (Lévy measure) Let (2, F, P) be a complete probability space. The

measure v defined by

v(A) =E[N((0,1, A)] =E[ > I(AX,)]
0<s<1

for all A € B(RY) is said to be a Lévy measure of the process X with E an expectation
with respect to the measure P. Suppose that v is a Lévy measure on R?; then it satisfies

the following
/ (LA R*)v(dh) < cc.
Rd

2.2.5 The Poisson Discontinuous Integrals

We now make sense of the discontinuous integrals.

2.2.5.1 Definition of the integral for Point Processes

Let (Q,F, {F}+>0, P) be a complete filtered Probability space and (R¢, B(R?)) be a mea-
surable space. Let F; be defined by

Fi == (Ny([0,t], Ax B,:): Ax B € B(R? x BR%)) VN,

where ¢ > 0 and N denotes the null set of F. We can write the Poisson random measure

as

Ny((0,t],Ax B) := Z LaxB(p2(8), pu(s)),

s€Dp,s<t

where we define p(s) := (pz(s), pr(s)).
Recall that in our case, we have E[N,((0,t], A x B)] = t|A|v(B). We now describe the
stochastic integral with respect to this Poisson random measure. We will need to define

the class of integrand precisely.

Definition 2.2.22. (The non-compensated Integral)

t
H; = {f(t,a;,h) : fis {Fi}-predictable and/ / / E|f(s, , h)|dsdzv(dh) < oo}.
0 JRdJRA

The following integral can now be defined for all f € H]}
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2.2. Stochastic processes

/0 /Rd o f(s, z, h,.)Ny(ds, dz, dh) = Z F(s, pa(s), pr(s))

s<t,s€Dp

as the a.s sum of the following absolutely convergent sum.

Definition 2.2.23. (The compensated Integral) Define, similarly, for f satisfying the

square-integrability condition

¢
H]g = {f(t,:):,h) : fis {F¢}-predictable and/o /Rd /Rd E|f(s, z, h)|*dsdzv(dh) < oo}.
Then for all f € Hg, one defines the integral as follows

/0 /Rd o f(s, z, h)Ny(ds, dz, dh) = Z £(s, pa(s), pr(s))

s<t,s€Dy

t
- // f(s, z, h)dsdzv(dh)
0 JRd JRA

as the a.s sum of the following absolutely convergent sum.

2.2.5.2 Definition of the integral for deterministic functions.

Definition 2.2.24. Let N be a Poisson random measure on (R%, B(R%)) with intensity

measure v. Given that IV has the following representation
N(A)(w) =) 05w (A), weQ, AcBRY
k=1

for a properly chosen sequence () of random elements in R?. We define the integral with

respect to N as follows: suppose that f is a real-valued function defined on R? then

f@)N(da) =) flag),

R4 k=1

provided that the series is convergent P-a.s.

2.2.5.3 Definition of the integral for measurable functions

Definition 2.2.25. Let f : R? x R — R? be a Borel measurable function and A, B

bounded below, then for each ¢t > 0, we define the Poisson integral of f as a random finite
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2.2. Stochastic processes

sum by

/A @ N (de ) =YD S NG s} (D),

z,h€ AXB

which is an R%-valued random variable. Then, since N (¢, {x}, {h}) # 0, that’s, N(t, {x}) #
0< AX® =gz and N(t,{h}) # 0 < AX"? = h for at least one 0 < s < t, we have

fla, N(t,dz, db) = > FAXT, AX])Laxp(AXT, AX]).
AxB 0<s<t

Generally, let P = (P)i>0 be a compound Poisson process and define for each t > 0,
PF(A) = [,zN(t, dz) and P(B) = [5hN(t, dh) for all A, B € B(R?). Then for a
predlctable function f such that Efo Jaxgf(s, z, h)|v(dh)dzds < oo,

// (s, z, h)N(ds, dz, dh) = Y f(s, APY, AP!)Iaxp(APY, APP)
AxB 0<s<t

as a random finite sum, and if f is square integrable then

t
/ f(s, z, k)N (ds, dz, dh) = / f(s, z, h)N(ds, dz, dh)
AxB AxB

/ot /AXB f(s, x, h)v(dh)dzds.

Any measurable function may be approximated by simple functions.

Theorem 2.2.26. Let f : Q@ — Ry U {+o0} be a nonnegative F-measurable functions.
Then there exists a sequence of simple F-measurable functions (fy) such that 0 < f; <
v < fo < for1 < ..oand limy, o fr, = f (that’s, there is a monotone increasing sequence
(fn) of nonnegative simple functions that converges pointwise to f). If f is bounded, then

fn converges to f uniformly.

Corollary 2.2.27. If f : (2, F) — R U {400} is F-measurable then it is the limit of a

sequence of simple F-measurable functions.

Now we give definitions of the integral for simple functions (and processes). Let N be

the Poisson random measure associated to a Lévy process X;, t > 0.

Definition 2.2.28. Let (21, 1) and (Q2, F2) be measurable spaces. Then f : Q5 x Qy —

R U {400} is said to be a simple function if and only if f is Borel measurable and takes
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2.2. Stochastic processes

on only finite many distinct values. That’s f has the form

n
= § ak’IAkXBk
k=1

for (ax)i<k<n € R and the measurable sets (Ag)i1<k<n € Fi, (Bk)i<k<n € F2 such that
AiNAp, =0, BiNB, = 0,1 # k with nglAk = 1 and Uzlek = 9. Given that
N(Ag), N(By) < o0, P-a.s., or equivalently v(Ayg), v(Bj) < 0o, we define

/ fla, B)N(t, do, dh) = > " apN(t, Ay, x By).
R4xR4 =1

Definition 2.2.29. For a nonnegative Borel measurable function f on a measurable space

(Q, F) with the intensity measure v,

//f(x, WN(E, dz, dh) zsup{//g(w, WN(L, dz, dh), 0< g < [, g simple}.

Theorem 2.2.30. (Monotone Convergence) Suppose that (f,) is a monotone increas-

ing sequence of nonnegative F-measurable functions and f its pointwise limit,
Fla, h) = lim fu(a, h).
n—oo

Then
lim fu(z, h)N(t, dz, dh) = / f(z, h)N(t, dz, dh)
QlXQQ

n—oo Ql x 92
in L'(P) sense.
Next we give definition of the integral for simple processes.

Definition 2.2.31. (Random step function) An adapted process f(t, z, h) is said to
be simple, if there exists a partition 0 = tg < t; < ... < t, =T of [0,T] such that we have

the random step function

n—1 m

t L5 h sz)’kltz t1+1] IAkXBk('T h)

1=0 k=1

where ¢;, are some bounded F;,-measurable random variables and Ay, By, pairwise disjoint

subsets with |Ag|, v(Bj) < co. Therefore we define the integral process by

/ / (s, z, W)N(ds, da, dh) = > Y ¢i[N(tig1At, Apx By)—N(tiAt, Apx By)].
RdXRd ;



2.3. Symmetric a-stable processes

For a compensated random measure N(t, A x B) = N(t, A x B) — t|A|v(B), we define

n—1 m

t
[ fon N s, doy dh) = 373" 0ulN (At Aux B~ N(tnt, A x By
0 JRIxRS =0 k=1

with the following properties:

e Martingale preservation

t ~
E[/O /Rded f(s, x, h)N(ds, dz, dh)} =0

e It6 Isometry

t 2 ¢
V = 2
EH /0 /R,dXR,d f(s, x, h)N(ds, dz, dh) } —/0 /Rded E|f(s, z, h)|?v(dh)dzds.

Thus we extend the compensated integral to all square integrable functions such that

E 7 [qarga |f(s, 2, h)[Pv(dh) dz ds < oo, from simple processes f,, by
t
E/ / |fuls, 2, h) — f(s, , B)[*v(dh) dzds — 0 as n — oco.
0 JRIxRA

2.3 Symmetric a-stable processes

Definition 2.3.1. (Stable process) A random variable X is said to be stable if there
exist real valued sequences (c,,n € N) and (d,,n € N) with each ¢, > 0 such that

X1+ Xo+ ...+ X, =%, X +d, (2.3.1)

where X7 + Xo + ... + X, are independent copies of X. The random variable X is said
to be strictly stable if each d,, = 0.

It has been shown (Feller (1971)) that the only choice of ¢, in (2.3.1) is of the form
cnzané, O<a<?2

The parameter « plays a key role in the investigation of stable random variables and it is
called the "index of stability". The operator —(—A)®/2 is the fractional Laplacian of the

L? - generator of a symmetric stable process X; of order a.
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2.3. Symmetric a-stable processes

Definition 2.3.2. (Symmetric stable process) A symmetric a-stable process X on R?
is a Lévy process whose transition density p(t, x) relative to Lebesgue measure is uniquely

determined by its Fourier transform:

Elexp(i£ X)) = / <& p(t, x)de = e~ ¢ e R
Rd

We present some required properties of p(¢, z) which come in handy in the proof of our
results [96, 44].

plt,z) = tp(1, 7Y )
p(st, z) = t7Y%(s, t7V ). (2.3.2)

From the above relation, p(t, 0) = t~%®p(1, 0), is a decreasing function of t. The heat

kernel p(t, x) is also a decreasing function of |x|, that’s
|x| > |y| implies that p(t, ) < p(¢, y).

This and equation (2.3.2) imply that for all ¢ > s,

e =i o = p(s L) = (1) oo (1))
(i)wapwaD (mn«e(z)UQM|s|xQ
_ <j>d/ap(s, z).

Proposition 2.3.3. Let p(t, x) be the transition density of a strictly a-stable process. If
p(t, 0) <1 and a > 2, then

v

plt, (=) 2 plt, 2)plt, ) Vo, y € R,

Proof. Given that
1 2 2
~|lz =yl < —fx| vV =[y| < || V |y,
a a a
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2.3. Symmetric a-stable processes

then it follows from the above that,

1
p(t.—(@=y)) = p(t. [2[V]y])
> p(t, |z) Ap(t, [yl)
> p(t, [z)p(t, |yl)
= p(t, ©)p(t, y).
O
The transition density also satisfies the following Chapman-Kolmogorov equation,
/ p(t,x)p(s,x)dx :p(t+870)'
Rd
Let T'(t, ., .) for all ¢ > 0 be a semigroup given by
1 (a2 |z — y|?
T(t = (— -
(t2,y) = (=) exp (= =)
the fundamental solution of a heat equation and define
1 a+100 /2
fraja(s) = / e dz (a>0,t>0,5>0,0<a<?2) (2.3.3)
’ 271 a—100

by the inversion formula of a Laplace transform. That is, let (Y;)i~0 be a a/2-stable

subordinator given by the Laplace transform

exp(—t2/2) = Elexp(—2¥;)] = /0 e fyaa(s)ds

where f; ,/2(s), t > 0,5 > 0 is its one dimensional density function. It has been shown
(see (96, 101]) that

)y T d for 0 2
p(t,x,y) = fo ft,a/Q(S) (S,,I,y) S or 0 < a<
I(t z, ) fora = 2.

We quickly mention here, for clarity and consistency that the following notations p(t, z, y) =

p(t, x —y) = pi(x, y) will be adopted and have their usual meaning and definition.
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2.3. Symmetric a-stable processes

Lemma 2.3.4. Suppose that p(t, x) denotes the heat kernel for a strictly stable process of
order . Then the following estimate holds.

t

m fOT all t >0 and T,y S Rd.

p(t, z, y) <t A

Here and in the sequel, for two non-negative functions f,g, f =< g means that there
exists a positive constant ¢ > 1 such that ¢ 'g < f < cg on their common domain of

definition.

Proof. We give a detailed proof of a well known estimate on a fractional heat kernel [11,

15, 18]. Let 0 < o < 2 and recall that p(¢,x,y) is given by

plt, . y) = /O " Froya ()T (5,2, y)ds (2.3.4)

where f; ,/2(s) is as defined in (2.3.3) and there exist some positive constants c1, 2, c3, ¢4
(see [18]) such that

— ul? 2
c1s”Y? exp(—czu) < T(s,z,y) < czs™ 2 exp(—qM). (2.3.5)
S s
We have the following scaling property for f; . /2(3) given by
Frafa(s) = frapt* ), t,s > 0. (2:3.6)

Next, we state the behaviour of f; ,/2(s) for large values of s (see [11]) given by

: 1+a/2 _ @
Sli)r{.lo fl,a/?(s)s F(l — O[/2) (237)

Then by the boundedness of f; ,/5(.), the above behaviour and the scaling property, the

following estimates follow
frapa(s) < ests™ 1T/ 4 5 >0 (2.3.8)

and
fray2(s) > cots~ (1T >0, 5 > sot?/, (2.3.9)

where sy depends only on «. First we prove the lower bound of the estimate, let us define
for all t > 0, z, y € R%, d(t,z,y) = |z — y|*t~%* and substitute v = co|lz — y|?s~!, then
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2.3. Symmetric a-stable processes

by (2.3.5), (2.3.9) and (2.3.4), it follows that

> o —y|?
p(t,:n,y) > Ct/ S_d/2e_62 sy S_(1+O‘/2)d5
SOtZ/a

o0 d 2 ‘1*9‘2 1
= ct g (dHa)/2g—cr =5 14,
50t2/o¢

cosg td(t,2,y)
= ct|x—y|(d+a)/ 0 U(d+a)/271e,vdv (2.3.10)
0
crd(t,x,
> Ct|{L‘ — y|—(d+a)e—c7d(t,x,y)/ 7el) U(d+a)/2_1dv
0

_ ctfd/aefc7d(t,z,y).

If t > |z —y|*, that’s, M <1, then d(t,z,y) < 1 and e~ 74(t2¥) > e=¢7_ [t follows that
p(t,z,y) > ¢t~ and therefore

p(t, z,y) > C7min( 7m)

On the other hand, if ¢ < |z — y|® then d(¢,z,y) > 1 so that the integral in (2.3.10) is
bounded away from 0 and hence

plt, z, y) > estlr — y| =) > cymin ( ’W)'

We follow similar steps in proving the upper bound estimate by using (2.3.8) and (2.3.5),
thus

o0 a2
p(t7 €, y) < ¢ t/ Si(d/2+o‘/2+1)e*64 L Sy\ ds
0

t d+ «
T
|$7y|d+a ( 2

),

C9

which establishes the first term under the minimum. To estimate the other term, it suffices

to verify the following estimate
Frapa(s) < cts (Fa/2ets™ g 4 5, (2.3.11)

For t =1 in (2.3.3), thus

1 a+100

Frapa(s) = = / explzs — 2/2)dz

218 Jy—ioo

for a > 0. The above integral is not easy to evaluate, so we approximate it. We state
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2.3. Symmetric a-stable processes

a technique known as Laplace approximation used for saddle point approximation (from

Taylor series to Saddle points). Consider a positive function f(z) and suppose that one

wants to approximate its value at some point xy via Taylor series expansion of its first few

terms. Let h(z) =log f(z), then writing f(x) = exp[h(x)] and choosing x( as the point to

expand around, one obtains

r— X 2
) exp {lan) + (2 — o)) + 20 ) |

The above approximation simplifies if one chooses xg = &, where h'(Z) = 0, and

/f dxw/exp{h( P Gl . D e )}dx.

Therefore by letting zg = (£)% (%), q = 2 and substituting for £ = z/20,

Py 1+i00
Frape(s) = 2 | " explo(e)lde

211 —ioco

with ¢(&) = _Z(()x/2§a/2 + sz0€. We have the following for the value of zy above,

(1Y a/(2-a) —a/(2—a)
¢(1) - (1 2)(2) s ’
(1) = 0,

" (2—a) (@ a/(2-0) —a/(2—a)
¢"(1) 5

Hence,

Fraols) = j—;exp[ Vi [ exp (= 30 0)ay
= ¢// / B dx
- % p[¢( )] ¢//()
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2.3. Symmetric a-stable processes

(a/2)/C—)

r(l—a/2)]172° we have that

Therefore defining ¢19 = (1 — %)(%)a/@’a) and ¢ =

h a/2(5) <c S(O‘_4)/(4—2a)e_clos—a/(z,a).

Also, a/(2 — a) > /2 and 2(2_713‘0[) —1< —1— /2, that’s, 255 < —(1 + «/2). Then it
follows (see [15]) that

a=4)/(4=20) g=er0s /7 _ (= (14a/2) =57/

s , ass — 0.

Therefore, this and (2.3.8) imply that

g—/2

Jra/2(s) < cs(1He/2)e= , s> 0.

Then by applying the scaling property in (2.3.6), the estimate in (2.3.11) follows. Hence,

a/2

making use of the established (2.3.11), and substituting for v = ¢ s~*/*, we have that

oo
p(t, z, ) gcw/ §74/2g=(1+a/2g=ts™/% 4
0

oo
= ct_d/o‘/ v ey
0

= ct™°D(d/a+1) = ¢t~

and that completes the proof. ]

Now we show that the first term (Pyug)(z) of the mild solution to (1.1.9) grows or
decays but only polynomially fast with time. Recall that

(Pyuo) () := / p(t, =, y)uo(y)dy.

Rd

With the assumption that the initial condition ug is positive on a set of positive measure,

we then have the following.

Proposition 2.3.5. There exists a T > 0 and a constant c; such that for oll t > T and
all z € B(0, tY/®),

(P (&) = 357
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2.3. Symmetric a-stable processes

Proof. Applying Lemma 2.3.4,

(Pruo)(x)

v

/ p(t, 2, y)uo(y)dy
B(x, t1/e)

C1

> = uoly dy.
td/e /B(a:,tl/a)ﬂB(O,tl/O‘) (@)

Since = € B(0, t'/®), then by the assumption on ug, we can find T > 0 large enough so
that for all t > T,

/ uo(y)dy > C2,
B(z,t1/2)NB(0,t/*)NA

where A is the set of positive measure where we are assuming ug is positive and the result
follows. m

The next proposition is similar to but more general than Proposition 2.3.5.

Proposition 2.3.6. Given the assumption on the initial function ug. Then fortg > 1, n >
0, there exists c(to) > 0 such that

[ plt+ to o)y > ettt -+, ).

Proof. Choose ty > 0 such that p(tg,0) < 1, then by Kolmogorov property, proposition
2.3.3 and the scaling property of the heat kernel (2.3.2), we have that

/de(t +to, & — y)uo(y)dy
= /Rd dy{ /Rd p(t, x — z)p(to, z — y)dz}uo(y)
= /Rd dzp(t,z — 2). /Rd p(to, %(22 = 2y))uo(y)dy
> /R (dzp(t,z —2). /R | Pto, 22)p(to, 2y)uo(y)dy

= od /Rd dzp(t,z — 2) p(to/2%, 2) /de(to»2y)“0(y)dy'

Let c(to) := 277 [zap(to, 2y)uo(y)dy which is finite by Proposition 2.3.5. Denote 7 :=
to/2% > 0 and the result follows. O

In what follows, we will need the Gamma function denoted by I'(.). Here, Z denotes
the set of all non-negative integers and N the set of all positive integers. We give a slightly
different proof of the lemma proved in( [66] page 38).
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2.3. Symmetric a-stable processes

Lemma 2.3.7. Let 0 < p < 1, then there exists a positive constant c1 such that for all
b= (e/p)”,

3 <"p>g > exp (c1b!/?).

Proof. We begin by writing

ORI

j=0 jEN, jp<1 jEN, jp>1
b J
> 1+ Y <]p> (2.3.12)
jEN, jp>1

By Stirling’s formula for jp integers, we have that T'(jp + 1) = (jp)! ~ 2mjp(jp/e)r. Tt
follows that for jp > 1, T'(jp+ 1) > (jp/e)’? and

b’ (b7 (p/e)’"
> ( )2 > o) (2.3.13)

ip
jeN, jp>1 N j€Zs, jp>1

Since 0 < p < 1 and j € N, then for each positive integer k > 2, we can always find a
distinct product jp such that I'(jp+ 1) < T'([jp] +1) = ([jp])! = k! and jp > 1. Let [jp]
denote the smallest integer greater than jp and denote |jp] to be the greatest integer less
than jp. Substitute these into (2.3.13), since b > (e/p)? we have that b/?(p/e) > 1. Thus

(bl/p(p/e))jp (bl/p(p/e))tjpj
e T R Dl (7))

i (B7(p/e)) & (0P (pfe))"

JEN, jp>1

| |
= k! — (k+1)!

= 27 (0P (p/e))"

2 k!

k=1
= exp (bl/”(p/Qe)) —1.

Y

Y

Substituting this into (2.3.12) gives the result. O

The next result gives the reverse of the above inequality proved in the above Lemma.

The proof follows same notations as in the proof of the above Lemma.
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2.3. Symmetric a-stable processes

Lemma 2.3.8. Let 0 < p < 1, then there exist positive constants ¢y and co such that
. 4
<c exp (c2b'/?) for all b> 0.
;E: T jﬁ)-F rexp (c2b'?) fi

Proof. Just as in the above Lemma, we start by writing

> bl/p ir

(bl/p)jp
LS S LI >

« T'(p+1 . .
Jj= J€Z4, jp<1 (p JE€EZ4,jp>1

(bl/p)jp

TSR (2.3.14)

We first consider the case when 0 < b < 1. With same notations from the above Lemma,

we write
Z (bL/Pyir _ Z (b1/P)Lir)
j€Z+7jp21F(jp+1) - jeZ+ Jp>1 (Lip])!
1/P k—1 0 l/p
< ¢ Z L = Z b exp(bl/”) ~1),
= (k-
and
(bl/p)jp
Z ﬁ g C2,
jezapar TP

where I'(jp + 1) is bounded below by a constant for all jp < 1. Substituting both sums
into (2.3.14), therefore we come up with
[ee]
bl/p ip
< e exp(b'/? —|—1> < cyexp(b'/).
;F]Ml 3< p(b7) < cqexp(b'/?)

Next, we consider the case of b > 1 where we have

Y s v Gy v U
JEZ, jp>1 jGZ+,jp21 JEZ 1, jp>1
o Ry
- (k—1)! — Kk
(261/")

CG(exp(%l/”) —2p/P — 1).

;
< @),
k=
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2.3. Symmetric a-stable processes

We also have on the other hand that
< 2c-bl/P,

Therefore substituting for both cases into (2.3.14), we obtain

bl/p ip

o0
< cgex cob/P).
;E;I’]p4—1 8 P(9 )
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CHAPTER 3

ON A STOCHASTIC HEAT EQUATION
DRIVEN BY COMPENSATED
POISSON NOISE

We look at the following stochastic heat equations driven by discontinuous processes.

%(t,x) - Eu(t,:v)] dzdt = )\/Ra(u(t, ), h)N(dt, dz, dh), (3.0.1)

with initial condition ug(z). Here and throughout, ug : R — R is a non-random function,
and £ is the L?-generator of a Lévy process. For existence and uniqueness, we need the
following condition on o. Essentially this condition says that o is globally Lipschitz in the

first variable and bounded by another function in the second variable.

Condition 3.0.9. There exist a positive function J and a finite positive constant, Lip,

such that for all z, y, h € R, we have
o] < J(0) and |o(e, h)— oy, W) < JWLip |z —yl.  (30.2)

The function J is assumed to satisfy the following integrability condition:

/ J(h)?v(dh) <K, (3.0.3)
R

where K is some finite positive constant.
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3.1. Existence and Uniqueness result

3.1 Existence and Uniqueness result

With the linear growth condition on o, we give proof of the existence and uniqueness result
for the compensated equation. Roughly speaking we have the following theorem with the

assumption that up : R — R, is measurable and bounded.

Theorem 3.1.1. Under condition 3.0.9, there exists a unique random field solution to
(3.0.1) satisfying

_ . 1
"}/(2) S mf{ﬁ >0: T(ﬁ) < )\21<Llp(21} < 00,
where Y(p) is as defined in (1.1.5).

This result is a direct analogue of Theorem 2.1 of [44] and it gives an upper bound
on the rate of growth of the second moment E|u(t, z)|?
Theorem 1.3.1 of [10].

of the solution. It also generalises

Example 3.1.2. For £ = A, the characteristic exponent is given by ¥(¢) = £2 and
o(u,h) = uh satisfies condition 3.0.9 with Lip, = 1 and J(h) = |h| such that

/ |h|2v(dh) < oco.
R

Also,
1 d¢ 1 d¢ 1 = 1
B) = o | FToRevE) ~or JuFr 2~ 2 yas  vap loralls
Estimates for the proof(s) of results are presented as follow.
3.1.1 Some estimates for the compensated equation
Throughout this section we set
t ~
(Au)(t, z) :== )\/ / / p(t —s, z, y)o(u(s, y),h)N(dh, dy, ds). (3.1.1)
0 JR/R
We will also use the following norm:
1/2
lull2, := {sup sup e PLE[|u(t, x)|2]} . (3.1.2)
t>0 zeR

Lemma 3.1.3. For all 5 > 0,

t
Supe_ﬁt/ / Ip(s, x, y)|?dyds < T(B).
>0 0o JR
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3.1. Existence and Uniqueness result

Proof.

t o0
sup eﬁt/ / Ip(s, z, y)|Pdyds < / / e P4p(s, , y)|*dy ds
t>0 0 JR 0 R

— > —Bs| A 2
/0 /R e P [5(s, €)[2de ds
a¢

/R B+ 2ReV(E) T(8).

O]

The above result is true for R? and will be severally used in the proof of the following

Lemma(s) below. We then have the following estimates.

Proposition 3.1.4. Suppose that u admits a weak predictable version and that ||ul/2, 3 < 0o
for B> 0. Then there exists some positive constant c4 = /c1 K\ such that

[Aull2,5 < ealLipg [|ull2,s + 1V T (5).

Proof. We use the It isometry to write

Bl Au(t, x)Q:/\Q/D[R/R]p(t—s, 2, y)2Elo(u(s, v), h)Pr(dh) dy ds.

We now use the first part of condition 3.0.9 to see that there exists a constant ¢; such that
lo(z,h)|> < e1J2(h)(Lip,|z|> + 1). This and the above display yield the following bound

E|(Au)(t, x, )|2
<o /O /R /R p(t — 5, 7., ) 2T (h)(Lip2Elu(s, v)|? + 1)v(dh) dy ds

< o5 /R JH(R)u(dAR)e™ T (B) [Lip? [[ull? 5 + 1]

We now use the second part of condition 3.0.9 and rearrange the bound in the above

display to end up with

[ Aullz2,s

IN

e/ Y(B)[Lip2Jul3 ; + 1]
ca[Lip, [Jull2,5 + 1]/ L (5).

IN

for some constant cy4. O
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3.1. Existence and Uniqueness result

Proposition 3.1.5. Let § > 0 and let u and v be two weak predictable random field
solutions satisfying |[ul|2,3 + ||v]|2,8 < 0o. Then

[ Au — Avll2,5 < ALipy VKY(B)[[u = vll2,6-

Proof. The proof is very similar to the proof of the previous result. We start by applying
[t6-isometry and the first part of condition 3.0.9, to obtain

t
ElAu(t, ) — Av(t, z)|* < KA?Lip?;/ / Elu(s,y) — v(s,y)]|p(t — 5, , y)|*dyds.
0 JR
Following same procedure as the preceding Proposition, we have that

lMu — Av||3 5

t
< supsupe *NKLip? [ [ Ellus.y) — vls, ) Pllp(t — 5, 7, ) dyds
zeR t>0 0 JR

< NKLipy||lu — v[[3 4 / / e~ 7*[p(s,&)[*deds
“Jo JR
by Plancherel’s identity. Hence,
| Au — AUH%ﬁ < MNKLip2|lu — v||3 ﬁ/ / s 25ReV(E) e
= MNKLip2|ju — vl sY(B

Therefore,
[Au — Av|l2,5 < ALip, /KT (8)[[u — vl|2,s.

We now use the above estimates to prove the result.

Proof of the existence and uniqueness part of Theorem 3.1.1. We prove the existence of
the solution by an iterative schemes. Let’s define vy (t,x) := ug(x) for all t > 0 and = € R.

Since ug is assumed to be bounded, so ||vgll2,3 < oo for all B > 0. Iteratively, we set

{ Unt1(t,z) = Avp(t,z) + (Paup)(x)
v (t, x) = Av,_1(t,x) + (Puug)(x).

From the above, we have that for sufficiently large

| Avnt1ll2,8 = [ A(Av) |2,
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3.1. Existence and Uniqueness result

Then by Proposition 3.1.4, we have that

| Avnillos = [A(Av) |25 < eay/T(B) [Lip, || Avallz s +1]. (3.1.3)

Since limg_,o, Y(B) = 0, then we can always choose and fix 8 > 0 such that

cs/Y(B)Lip, < 1 & Y (B)Lip2 < 1

since c44/Y(8)Lip, > 0. It follows that

T(ﬂ)<71 5 < o0, V3> 0.

[04 Lipg]

From (3.1.3) we have || Avpt1]l2,8 < car/ Y (B)Lip, || Avy 2,8+ ca+/ T (B). Taking sup of both
sides over n, therefore,

sup | Avni1l2,8 — can/ Y (B)Lip, sup | Avll2,8 < ca/ ().

But sup,,>¢ [Avnt1ll2,s = sup,>o [Avall2,5 since || Avg|l2,s is significantly small for suffi-
ciently large 3, then
cay/ T (B)

sup || Avyll2,5 < - < 0.
non lhs 1 — c4Lip, /T (B)

Also vi(t,x) = Avk_1(t,x) + (Prup)(x) and the uniform bound on Pug(x),

vklle, s = [[Avi—1ll2,s + | Pruo(2)ll2,8
< || Avg-1ll2,6 + sup |uo(r)].
reR
Then we have that
sup [|vgll2,s < sup || Avk—1]|2,8 + sup |ug(r)]
k>1 E>1 reR

cay/Y(B)
I~ eiLip,/T() + flellg\uo(r)] < 00.

Furthermore, ||vp4+1 — vnll2,8 = || Avn, — Av,—1]2,8 and by Proposition 3.1.5, we have that
foralln>1

vnt1 — UnH2,,B < eaLipy /Y (B)[|vn — vn—1

|2,5-
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3.1. Existence and Uniqueness result

Since we can choose 8 > 0 such that ¢4 Lip,+/Y(8) < 1, then by contraction mapping

principle we prove the existence of the solution u such that

lim ||v, —ull2g = nl;rglo | Av, — Aull2,3 = 0, and u(t, x) = Au(t, z) + (Pruo)(z).

n—oo

Therefore, |ull25 < ||Au

2.8+ sup,.cgr uo(r) < oo and |ju, — Auy, — Piugll2,3 = 0, hence
E(lu(t,z) — Au(t,z) — Ptuo(x)|2] =0, t>0andx € R.

That’s, for j = 1,...n, we have that

V41 — vnl 2,8

J
< esLipy /T v — vntllzp < ... < (cmpg\/r(m) ity — nes]
< <C4Lipg\/T(6)> o = wolla.s.

276

N,

Choose € > 0 and pick N € N such that <C4Lipo T(B)) |lvr — voll2,3 < €. Since

c4Lip,+/Y(8) < 1 then for any n +1 > n > N,

Ne

n
|vnt1 — vnll2,8 < (C4Lipg\/ T(ﬁ)) lvr — voll2,8 < (C4Lipa T(ﬁ)) lvr — voll2,5 < e

Therefore {v,} is a Cauchy sequence. Since (L?, ||.||2,5) is complete, the v},s converge in
(L%, ||-ll2,5)- So u = limy,—s00 vy, belongs to (L2, ||.[|2,5)-
Next, we prove the uniqueness of the solution up to modification. Let u; and us be

solutions and assume for contradiction that w; # wug such that

{ ul(tvx) = Aul(twr) + (PtUO)(x)
ug(t,x) = Aua(t,z) + (Puo)(x).

Therefore, |[u1 — usll2,3 = | Au1 — Auall253, 8 > 0. Then by Proposition 3.1.5 we have

that |luy — usll2,s < calip, /Y (B)|lur — uzl|2,5, and |jus — ua|l2 5[l — caLip,/Y(B)] < 0.
This implies that [|u; — ua|2,3 < 0 (since 1 — ¢4 Lip,+/Y(8) > 0) which implies that
|lur — u2ll2,3 = 0, and follows that u; = us. This contradicts the assumption that u; # ua,
hence u; = ug and thus a unique solution. Therefore u; and uo are modification of each
other. The proof of the upper bound result of the theorem follows similar argument as in

the proof of Theorem 3.2.2 below. O
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3.2 Growth of second moment of the solution

Here, we estimate bound on growth moment and show that our solution grows exponentially
for the compensated equation. For the lower bound result, we will need the following extra

condition on o.

Condition 3.2.1. There exist a positive function J and a constant, L, such that for all
x, h € R, we have
lo(x, h)| > LyJ(h)|z] (3.2.1)

The function J is assumed to satisfy the following integrability condition.
K g/ J(h)*v(dh) < K, (3.2.2)
R

where K is the constant from (3.0.3) and ~ is another positive, finite constant.

Let’s recall that .
~(2) := lim sup : InE|u(t,z)]?, = € R.

t—o00

Then under some further assumptions, we have the following

Theorem 3.2.2. If we further assume that condition 3.2.1 holds and inf,er uo(z) > 0,
then

7(2) 2 17 (5) > 0,

where Y71(t) :=sup {8 > 0: Y(B) >t} and K = /L, \.

Example 3.2.3. For L= A, 0 =uh, then L, =1, J(h) = |h| and

1 1 1
i) = s
() = {o=0: >
Proof of Theorem 3.2.2. As in the proof of Theorem 2.7 of [44], it is sufficient for us to

show that

[e.@]
/ e PB|u(t, z)2dt = co, YVt > 0
0

whenever Y(3) > with K := y/kL,\. We prove by contradiction by assuming that

1
K2

limsup e”*E|u(t, z)|* < oo
t—ro0

with T(a) < % and x € R, which is equivalent to say that Elu(t,z)|> = O(exp(at)) as
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3.2. Growth of second moment of the solution

t — o0, since e >0, Vt > 0 and o € R. It follows from the above that

/ e PLEu(t, z)2dt < C’/ e Pleatdt = C/ e~ =t < oo,
0 0 0

for all g € (a, T_l(%)) which contradicts the assumption that

[e.9]
/ e PUB|u(t, z)[2dt = oo, YVt > 0
0

provided that Y(3) > % and hence the claim. By condition 3.2.1, we obtain that
Elu(t, z)|?
t
= (P @+ 32 [ Elotuls, ) Pt — 5.0 ) Pr(dk)dyds
0 JRJR
¢
> ()@ 2222 [ [ [ Buts )PP 0ple 5.2 ) Putan)dyds

t
> |(Pruo) (@) + kA2L2 / /R Efu(s, y)2p(t — 5,2 — y)Pdyds.
0

The last inequality follows by the assumption on v. Apply Laplace transforms to both for
all 6 >0and z € R,

/ e PUEu(t, z)2dt
0

oo [e.e] t

2/ eze_ﬁtdtnL/{)\QLg/ e_ﬁt/ / E(|u(s,y)|?)|p(t — s,z — y)|*dydsdt
0 0 0o /R

> [T e PPy XL [ [T lps,o - p)Pds [ e Blu(s,p)Pdsdy.
0 R Jo 0

Then,
Fo(o) 2 Gala) 4 12 [ st = ){ [ e P B(uts,)P)asfa

where we define the following

Fy(a) = /0 " PRt 2)Pdt, Gala) = /O P (Pug) ()2t

Hs(z) == /0 e Pp(t,z)|?dt and K% = kA2L2.

Therefore,
Fy(x) > Gg(x) + K*(Fp * Hg)(x).
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3.2. Growth of second moment of the solution

Let’s define a linear operator H (a convolution operator) by

(Hf)(x) == K*(Hg = f)(x), (3.2.3)

we deduce that
H"Fg(x) — H" T Fg(z) > H"Gp(x)

where n > 0 is the number of convolutions. Also,

N N
> (H'Fp —H" ) () > ) (H"Gp) (x),
n=0 n=0

which implies that

n:O
and
N N
HNH g (x) + ) (H"Gp) (@) 2 ) (H"Gp) ()
n=0 n=0
Therefore,

N oo
Fg > Z (H"Gg)(z) and Fpg> Z (H"Gjs)(z) as N — oo.
n=0 n=0

Denote ¢ := inf er uo(x) then it follows that (Pug)(x) > € and hence Gg(x) > % From
equation (3.2.3) we have that

(HGs)(w) = K2(HyGp)(w) =K [~ e P(Pa)(@) . [ Haw )y
0 R

K2e? K2e?
> / Hg(x —y)dy = / Hpg(y)dy
B Jr B Jr
Therefore,
,CQ 2
(HGp)(x) = 5 T(8).
Iterating the above argument for n times and taking an infinite sum, it follows that:
Z (H"Gp) (= E Z )" and Fp(z) > Z (H"Gp)(x E Z
n=0 n=0 n=0 n=0

42



3.2. Growth of second moment of the solution

That is;
£? &
Fa(z) > 3 > (K*Y(B))" and  Fs(x) =00 whenever K*Y(B) > 1,
n=0
and the result follows. O
In the next result, we will restrict our attention to the special case when £ := —(—A)®/2

which is the generator of a-stable process. This will enable us to get more precise infor-
mation about the behaviour of the growth of the second moment of the solution to (3.0.1).
Note that YT(5) < oo requires that 1 < a < 2 which will be in force.

Theorem 3.2.4. Suppose that L := —(—A)O‘/2, 1 < a < 2 and that condition 3.2.1
together with inf,er uo(x) > 0 hold, then

Elu(t, z)|? > ¢ exp(c;g)\%t), for allt >0,

where co and c3 are some positive constants.

Proof. Starting with Ité isometry

Blu(t, 2)? = |(Pauo) (2)|? + A2 /O /R /R p(t — 5,2 — ) PE|o(u(s, 1), h) P (dh)dyds.

Then using ¢ := inf,cr ug(z), and condition 3.2.1 to write

t
Blua) > 42 [ [ ot sz = p)PElu(s,y) Pyds
0 JR

v

¢
e2 + /{)\QL?,/ inf Elu(s,y)|*p(2(t — s),0)ds.
0 yeR

Setting F(t) := inf,er E|u(t,x)|?, the above together with an upper bound on the heat
kernel in Lemma 2.3.4 yield

t
F
F(t) > 62+61K,}\2L§/ (5) ds

o (t—s)t/e

a—-1_1

t
= 52+01/<)\2L§/(t—s) o " F(s)ds.
0

This proves the theorem by applying renewal inequality. O
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3.2. Growth of second moment of the solution

Next we drop the assumption that the initial condition ug is bounded below. This we
compensate by paying the price of not getting an exponential growth of the solution for all

times.

Theorem 3.2.5. Suppose that £ := —(—A)*/? and that condition 3.2.1 holds. Fiz any
interval [to, T, with 0 < to < T < co. Ifug # 0, then

i[lrlf1 1]E|u(t, 2)|2 > cqexp(eskN2L2t), for allt € [to, T),
ze|—1,

where ¢4 and cs5 are some positive constants.

Proof. As before, take second moment of the solution,

Efu(t, 2)? = |(Pauo) (@)]? + A2 /0 /R /R p(t — 5,2 — ) PE|o(u(s, 1), h) P (dh)dyds.

Fix tg > 0, then use condition 3.2.1 to write

t+to
Blu(t +to,2)> > |(Prasgtio) ()] + rAZL2 / / Pt + to — 5,2 — y) PE|u(s, y)Pdyds
0 R

v

t+to
|(Pertouo) (@) + H)\ZL?T/ / Ip(t + to — 5,2 — y)*Elu(s, y)|*dyds.
to R

Make the following change of variable s — ¢y, then set v(¢,z) := u(t + to,x) for a fixed
to > 0 together with Proposition 2.3.6 to write

t
Efo(t,2)? > |(Prasotio)(@)]® + kA2L2 / / p(t — 5,2 — y)PElo(s, ) Pdyds
0 R
t
> Je(to)p(t + @) 2 + kAL / / Ip(t — 5,2 — 3)PElu(s, ) Pdyds
0 R

t 1
> cpi(t+n,z)+ H)\QL?T/ inf Elv(s,y)|? / p(t — s,z — y)dyds.
0 ye[-1.1] -1

Upon setting g(t) := inf,e_q 1) E[v(t, 2)|?, we have that

t 1
g(t) > ot +n)~2> 4 03/0\21}3/ g(s)/ (t — s)~2/*dyds.
0

-1

Since t < T, we obtain that

t
g(t) > cq + C5EA2L[2,/ g(s)ds,
0

44



3.3. Non-existence of global solution

where the constants ¢4 and c5 depend on T' and the result follows. ]

3.3 Non-existence of global solution

Much of the result on SPDEs assumes that the multiplicative non-linearity term is globally
Lipschitz. We show that if the non-linearity term grows faster than linear growth, then our
solution fails to exist. The global non-existence of the solution occurs for some non-linear

conditions on o. If instead of (3.2.1), we have the following condition.

Condition 3.3.1. There exists a constant S > 1 such that

o, )| > LoJ (b)), (3.3.1)
where the constant L, and the function J are the same as in condition 3.2.1.
We then have the following result.

Theorem 3.3.2. Suppose that £ := —(—A)*? and that condition 3.3.1 is in force. Then

there does not exist any random field solution to (3.0.1) .

We now give the following proposition which establishes the fact that under the local
Lipschitz continuity as stated in condition 3.3.1, there exists a unique solution up to a fixed
time 7.

Proposition 3.3.3. Suppose that condition 3.3.1 holds. Then there exists a T > 0 such
that (3.0.1) has a unique random field solution up to time T.

Proof. We begin by defining

o(x,h) if z<N
O'N($7 h) =
o(N,h) if x> N.

on(x, h) therefore satisfies (3.0.2) but with a different constant. Therefore by the proof of
Theorem 3.1.1, there exists a unique solution {un (¢, ) }o<i<7zecr satisfying
sup sup Eluyn(t, 2)|* < oo.
0<t<T zeR
By Proposition A.1.1, for a fixed x € R, E|luy(t, z)|? is continuous in ¢. Since E|u(0, x)|?
is finite, there exists 7' > 0 such that for all t < T, E|uy(t, z)|? is finite as well. We have

therefore established short-time existence of the solution. O
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3.3. Non-existence of global solution

We state one last result on the global non-existence of solutions to a class of ODE which

the conclusion of our main result will be based on.

Proposition 3.3.4. Consider the following ordinary differential equation.

YO =y

for all positive constants a,b with initial condition y(to). If b < 1, then the solution blows
up for any positive initial datum y(tg). On the other hand, if b > 1, then the solution blows
up for sufficiently large initial datum y(to).

Proof. For the simplest case when b = 1, an elementary calculus shows that

y()~* = y(to) " —In (fo)

solves the above equation. The above solution shows that y(¢) blows up in finite time for
any positive initial function y(tg). Next for @ > 0 and b # 1 the solution to the equation
is given by

o )

y(H) ™ = ylto) "+

b—1 b*l)

The theorem follows for b > 1 whenever y(t9)* > % and when b < 1 for any positive

initial condition. O

Proof of Theorem 3.3.2. We use Ito’s isometry to write

Efu(t, 2)? = |(Pauo) (@)]? + A2 /0 /R /R p(t — 5, — y)PE|o(u(s, 1), h)Pr(dh)dyds.

We use the assumption that ug(xz) > ¢; for some positive constant ¢; and condition 3.3.1

to come up with

Elu(t, )|”

v

t
G nL [ 5= s - pBlu(s.g) Payds
0 JR

v

t
& mL2 [ (inf Blu(s.0) P)p(2(t - ).0)ds,
0 yeR

Upon setting

— 3 2
F(t) = inf Elu(t, 2)[%

the above inequality reduces to

F(t) > & + rA\2L2 /0 t p(2(t — 5),0)FP(s)ds.
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3.3. Non-existence of global solution

We now use Lemma 2.3.4 to find lower bounds on the heat kernel appearing in the

above display.

t
F(t) > ca+ kKN Lics / (t —s)" Ve FP(s)ds
0
t
> 02+/€)\2L(2703/ t~eFB(s)ds.
0

Hence, multiplying through by ¢!/«

t
F(t)té > et/ 4 /ﬁ;)\2LC2,03/ FP(s)ds
0

t.1/a B
= Cgtl/a + Ii)\2LC2ng/ 7(8 F(S))

; o ds.

Let Y (t) = F(t)t'/®, then for all t > 0

Y5 (s)

1/ 272
Y(t) > et/ + kA LEcs a

t
0
typB
/1)\2L(2703/ Y (S)ds,
0 SB/a

ds

Vv

which essentially implies by Proposition 3.3.4 that Y (¢) ceases to exist in finite time. [
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CHAPTER 4

ON A STOCHASTIC HEAT EQUATION
DRIVEN BY NON-COMPENSATED
POISSON NOISE

We now look at the non-compensated equation.

ou

a(t,x) — ,Cu(t,x)] dzdt = /\/Rd o(u(t, ), h)N(dt, dz, dh), (4.0.1)

with initial condition u(0,z) = uo(z). Here again £ is the L?- generator of a Lévy process.

For the existence and uniqueness result, we make the following assumption.

Condition 4.0.5. There exist a positive function J and a finite positive constant, Lip,
such that for all z, y, h € R%, we have

00, ) < J(h) and |o(z, h) — oly, b)| < J(W)Lipglo —yl.  (40.2)
The function J is assumed to satisfy the following integrability condition.
/ J(h)w(dh) < K, (4.0.3)
Rd

where K is some finite positive constant.
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4.1. Existence and Uniqueness result

4.1 Existence and Uniqueness result

As with the existence and uniqueness result of the compensated noise, we also assume that
ug : R? — R is both measurable and bounded.

Theorem 4.1.1. Under condition 4.0.5, there exists a unique random field solution to
(4.0.1) with
(1) < AKLip,.

The above result gives an upper bound on the growth of the first moment. Before we

give the proof of Theorem 4.1.1, first some estimates.

4.1.1 Estimates for the non-compensated equation.

We define the following norm

[ull1,6 = sup sup e **Elu(t, )],
1>0 peR

the first moment norm of the solution. Let

Bu(t,z) := )\/0 /Rd /Rd p(t — s, z, y)o(u(s,y), )N (dh, dy, ds),

and hence the following Lemmay(s):

Lemma 4.1.2. Suppose that u is weak predictable and |lulj1 5 < oo for all § > 0 and

o(u, h) satisfies condition 4.0.5, then ||Bul|1 5 < /\7}{ [1+ Lip,||ull1,6].

Proof. Following similar steps as in the previous section,
¢
Bpu(t. o) = A [ [ [ bt s o p)Blou(s. ). blv(dn)dyds
0 JRIJRA
¢
< A [ bt s o )T [1 4 Lip,Blu(s. ) v(dh)dyds
0 JRIJRA

t
< /\K// p(t — s, , y)[1 + Lip,Elu(s, y)[]dyds.
0 JR4
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4.1. Existence and Uniqueness result

Multiply throught by the exponential factor

e PUE|Bu(t, )|

t
<K [ [ e P s, ) [ 4 Lipge Blus, )] dyds
0 JRA

t
< MK sup sup [e_ﬁs + Lipge_’BSE|u(s,y)|] / / e_ﬁ(t_s)p(t — s, x, y)dyds
s>0 yeRd 0 JRd

t
= AK[1 + Lip, [[u1 4] / /d e H=)p(t — 5, 2, y)dyds.
0 JR

Therefore,
[e.@]
Buls < N[+ Lipgllals] [ [ e p(s, o g)dyds
0o JR
[e.@]
= AK|[1+ Lip,||ull1,] / e P5ds,
0
and the result follows. O
Lemma 4.1.3. Let u and v be weak predictable random field solutions satisfying ||ull1, +
lv|l1,8 < 0o for all B >0 and assume o(u, h) satisfies condition 4.0.5, then
AKLip
[1Bu — Bo|1,5 < “lu = vl|1,8-
Proof. Follows as above Lemma 4.1.2. O

Proof of Theorem 4.1.1. We prove the existence of the solution by method of Picard-

Iteration schemes by following same proof in Theorem 3.1.1. ITteratively, define

{vnﬂ(t,x) = Bun(t, ) + (Pug)(z)
v (t, x) = Bup_1(t,x) + (Pug)(z)

where vg =: Bvu_1. Then for sufficiently large 8 > 0

AK )
1Buntillig = [1B(Bva)l1,s < ?[1 + Lip, | Bun||1,5]-

Since limg_mo% = 0, then we choose and fix # > 0 such that %Lipa < 1. Take sup of

both sides over n and given that sup,,>¢ ||Bvnt1ll1,8 = sup,>q [|Bvall1,s, since ||Buo|1,5 is
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4.1. Existence and Uniqueness result

significantly small for 5 sufficiently large. Then

AK

B
sup || Bv < —F < 0.
HZ% | nHLﬁ = | _ MKLip,

Also, vi(t,x) = Bug_1(t,z) + (Pruo)(z) and since (Piup)(x) is bounded uniformly by

SUPreRrd ’uo(T)L

1,8 < |Bug-1ll1,5 + sup [uo(r)|.
reRd

lvkll1,8 = 1Bok-1ll1,5 + [[(Pruo)(z)
Then it follows that

sup [lvgll1,5 < sup ||Bug_1ll1,5 + sup |uo(r)]
E>1 E>1

reRd?
AK
B
< Tipa + sup |’LLO(T)| < 00.
JEEPLUTR

On the other hand, for alln > 1 and j =1,...n,

lvns1 — UnHlﬁ = ||Bv, — an—lHl,B

AKLip MKLip, \’
< ﬁ"an—vn—llh,aS‘--S< 5 ") [Vn—(j—1) — vn—jll1,p

AKLi "
< (5‘)) for = vol

The existence of the solution u follows by contraction mapping principle since %Lipg <1
such that

175'

lim |lvy, —ull18= nlg]go |Bvp, — Bull1, 3 =0, whereu(t,z) = (Pyuo)(x) + Bu(t, x).

n—o0

Therefore, ||u||1 g < ||Bul|1,g + sup,cgra uo(r) < oo and ||u, — Bu, — Pyug||1,38 = 0, hence
E||u(t, ) — Bu(t, ) — Paug(z)|] =0, ¢t > Oandz € R

Next, we prove the uniqueness. Suppose for contradiction that there exist two solutions

u, v such that u # v, then by Proposition 3.1.5,

AKLip,
B

lw = vll1,5 = [[Bu = Bull5 < [ = vll1,-

51



4.2. Growth of first moment of the solution

Then ||u—v||1”3[1—m%] < 0and ||lu—v|; < 0since > AKLip,. That’s ||lu—v||; 3 =0
which implies that © — v = 0 contradicting the assumption that u # v. Hence u and v
are unique modifications of one another which proves the theorem. The second part of the

theorem follows similar steps as in Theorem 4.2.2 below. ]

4.2 Growth of first moment of the solution

We can also give the lower bound estimate on the growth of the first moment.

Condition 4.2.1. There exist a positive function J and a constant, L, such that for all
z, h € R?, we have
lo(x, h)| > LyJ(h)|z] (4.2.1)

The function J is assumed to satisfy the following integrability condition.
Kk < / J(h)v(dh) < K, (4.2.2)
Rd

where K is the constant from (4.0.3) and ~ is another positive finite constant.

Next we define the upper 1st moment Lyapunov exponent as follows:

1
(1) := limsup : InE|u(t, z)],

t—o00
and then the lower bound result.

Theorem 4.2.2. If we further assume that condition 4.2.1 holds but with inf,c g up(z) > 0,
then

inf E|u(t,z)| > crete™t,
z€R?

where c¢1 is a positive constant. In particular, we have
(1) = KLoA.
Proof of Theorem 4.2.2. We start off with
t
Blu(ta)| = [(Puo)@)| + Lo [ [ 19t = 5.0~ g) Elu(s.g)ldds
0 JR
t
> 5+/£)\L0/ inf Eu(s,y)]/ p(t — s,z —y)dyds
0 yeR4 Rd

t
= E+I€)\LU/ inf |E|u(s,y)|ds.
0 yeR?
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4.3. Non-existence of global solution

Upon setting f(t) := inf,cga E|u(t, )|, the above yields

t
F(H) > e+ RAL, / F(s)ds,
0
which immediately implies the result . The second part of the theorem follows readily from

the first part. O

The next result gets rid of the assumption that the initial condition is bounded below.
The price we pay is that we need some precise information about the heat kernel and we

fail to get an exponential property for all times. The theorem follows.

Theorem 4.2.3. Let £ := —(—A)*/2. Suppose that condition 4.2.1 together with luoll1(B0,1)) >
0 hold. Then there exits tg > 1 such that for all tg <t < T < oo, we have

inf El|u(t,z)| > caexp(cskAt), for allt € [to, T,
z€B(0,1)

where ¢4 and cs5 are some positive constants.
Proof. We follow same lines of proof of Theorem 3.2.5. Set v(t,x) := u(t + tg, z) for fixed

to > 1, then by condition 4.2.1 together with Lemma 2.3.6, we obtain

t
Elo(t,x)] > (Pt+t0u0)(a:)+/<c)\L0/ /dp(t—s,x—y)E]v(s,yﬂdyds
0o JR

t
> cp(t+n,x) + H)\LU/ inf Elv(s,y)| / p(t — s,z —y)dyds
0 ¥€B(0,1) B(0,1)
t
> eo(t+n)"Y + 63/£)\L0/ inf E|v(s,y)] (t — s)"Y*dyds
0 ¥€B(0,1) B(0,1)

Upon setting g(t) := inf,cp(o,1) Elv(t, 7)|, the above gives
t
g(t) >4 + 05/€)\Lg/ g(s)ds, forallty <t <T,
0
where the constants ¢4 and c5 are dependent on 7. This proves the result. ]

4.3 Non-existence of global solution

We show that if the function o grows faster than linear growth, then the first moment of
the solution to (4.0.1) ceases to exist for all time ¢. Instead of (4.2.1), we consider the

following condition:
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4.3. Non-existence of global solution

Condition 4.3.1. There exists a constant v > 1 such that

oz, h)| > Ly J (h)]z]7, (4.3.1)
where the constant L, and the function J are the same as in condition 4.2.1.

We then have the following result with the initial condition ug : R — R, a positive

function on a set of positive measure.

Theorem 4.3.2. Suppose that both conditions 4.0.5 and 4.3.1 are in force. Then there
are no random field solutions to (4.0.1) whenever the non-negative initial condition ug is
bounded below. Let £ := —(—A)*/? then under the same conditions, there are no random
field solutions to (4.0.1) even if we only have ug # 0.

We will also need the following proposition which establishes the fact that under the
local Lipschitz continuity as stated in condition 4.3.1, there exists a unique solution up to
a fixed time T'.

Proposition 4.3.3. Suppose that condition 4.5.1 holds. Then there exists a T > 0 such
that (4.0.1) has a unique random field solution up to time T

Proof. We begin by defining

o(x,h) if z<N

on(z, h):{ '
o(N, h) if x> N.

on(z, h) therefore satisfies (4.0.2) but with a different constant. Therefore by the proof of

Theorem 4.1.1, there exists a unique solution {uy(t, *)}o<;<r zcra satisfying

sup sup Elun(t, z)| < .
0<t<T zcR

By Proposition A.1.8, for a fixed x € R, E|uyn(¢, z,.)| is continuous in ¢. Since E|u(0, z)|
is finite, there exists T > 0 such that for all ¢ < T, E|lun(t, x,.)| is finite as well. We have

therefore established short-time existence of the solution. O
Here follows Jensen’s inequality which shall be used in the proof of the blow-up result.

Lemma 4.3.4. Given that p(dx) is a probability measure on R and suppose that the

function u is non-negative. Then for all convex function f the following holds,

[ satanpian = £(( [ utaiplan ).
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4.3. Non-existence of global solution

We now prove the finite time blow up for the non-compensated noise equation.

Proof of Theorem 4.3.2. We begin with the first part of the theorem. Now write

Blutt.)| = [(Puo)@[+A [ [ [ 19t = 5.0 = ) [Blo(u(s.). v (r)dyds

We use the assumption that ug(xz) > ¢; for some positive constant ¢; and condition 4.3.1

to come up with

¢
Elu(t,z)] > a + n)\LU/ / p(t — s,z —y)E|u(s,y)|"dyds
0 JRd

t
> + )\LC,/ f E 7ds.
> atrAL, | ( of Blu(s, y)l)'ds

Upon setting

F(t) = inf E|u(t,x)|,
zeR?

the above inequality reduces to

t
F(t)>c + K)\LU/ F7(s)ds,
0

which fails to converge in a finite time for all v > 1 .
Next, we consider when the initial function ug is positive but not necessarily bounded
below and £ = —(—=A)*/2. Let to > 0 be fixed, then

ut+tor) = [ plt+tow - y)u0.o)dy
R
t+to
s A [ bl to = s - yo(uts.). N (dh, dy, ).
0 Re JRA
Taking first moment of both sides, then by Proposition 2.3.6 we have

Blut + to,z)| > / p(t+ 10, 7 — 1)u(0, y)dy

/t+t0 /Rd /Rd (t+t0 — s, —y)Elo(u(s,y), h)|v(dh)dyds

0)p(t+mn,x

t+to
+ AL /1/ / (t+to— s,z —y)E|u(s,y)|"dyds.

_l’_

v

55



4.3. Non-existence of global solution

We perform a change of variable, by letting 7 = s — ty, d7 = ds and therefore

Elu(t +to,z)] > c(to)p(t +n,z)

t
+ )\LUH/ / p(t — 7,2 — y)Elu(r + to, y)| dydr.
0 JRd

Let v(t, z) := u(t +to, x); then to show that E|u(t + tg, z)| fails to exist in some finite time

suffices to show the same for E|v(¢, )| and therefore

¢
Elv(t, )| > e(to) p(t +n,2) + ALan/ / p(t — 72— y)(Elv(r, y)|)"dydr.
0 JRd
Multiply through by p(¢,x), and integrate in [dz], we obtain
[ Bletto)lp(t.2)da
Rd
t
> c(to) / p(t +n,2)p(t, z)dx + )\LU/@/ dT/ dy(E|v(7‘,y)|)7/ p(t — 71,2 — y)p(t, z)dx
R4 0 Rd R4
t
= c(to) p(2t +1,0) + ALUK/ dT/ LB (T, y)])Tp(2t = 7,y).
0 R

The last line follows by Kolmogorov property. Moreover, by properties of p(t,x), Jensen’s

inequality and Lemma 4.3.4, we get

/ E|v(t,z)|p(t, z)dx
Rd

Q.

> clto) p(1,0)(2t + 1) + KLok /0th | ddy< " )p<f,y><E|v<r,y>|>v

2t —T1

> oot [ar(52) ([ et it )

Set F(t) = Jga Elv(t, z)|p(t, z)da then

t

F(it) > c0(2t+n)‘i+>\L‘,;@/<
0

d

¢
> co(2t—i-77)_g + )\Lglﬁ}/ (;—t) F(r)Ydr.
0
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4.3. Non-existence of global solution

Multiply through by t%, therefore

d/a t 4 Y
a ¢ A,k [t (TaF(1))
a > E—
F(t)te > CO<2t+77> + odja /0 Tdﬁ;l) dr.

Let Y(t) = F(t)tg and assume further that ¢ > ¢ for all § > 0, then

J )d/a ALsK 1tY(T)“Vd S ALyK /t Y(T)Vd
6

Y(t) 200(25+77 pdfec [5 —d0=T) T = Sdja _0=T)

and the result follows by Proposition 3.3.4.
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CHAPTER 5

ON SOME PROPERTIES OF A CLASS
OF FRACTIONAL STOCHASTIC HEAT
EQUATIONS

We consider the following stochastic heat equation with Gaussian white noise

88tu<t’ x) = Lu(t, z) + Ao(u(t, x)w(t, ), v € R, and t >0 (5.0.1)
with u(0,z) = ug(x), for all x € R. The function up : R — R4 is a non-random function
that is positive on a set of positive measure, the function ¢ : R — R is a Lipschitz
continuous function and w(¢, x) denotes white noise on (0,00) x R. We need some explicit
heat kernel estimates, so we restrict our attention to the case when L is the generator of
a symmetric stable process, that is, £ := —(—A)*/? with a € (1,2). For a stochastic heat

equation driven by a coloured noise on R%,

gtu(t,x) = —(=A)*2u(t, z) + Ao (u(t, ) F(t, z), (5.0.2)

with the initial condition u(0,2) = ug(z), # € RY. The parameter o satisfies Lipschitz
assumption and A > 0 is the level of the noise. The term F is a spatially-coloured,

temporally white, Gaussian noise; a generalised Gaussian random field whose covariance
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kernel is described as follows

E[F(t,z)F(s,y)] = do(t — ) fs(x,y)
where the correlation function fg is the Riesz kernel given by

1
ez, y) = ——,
5(7,y) PE—IE

with 8 € (0,d), d > 1 the dimension. We start with the following important estimate:

Lemma 5.0.5. For any t > 0 and all z,y € R?, there exists some positive constant ¢,
such that

[ ety 1oty 2)duds < et e,
RIxR4

Proof. By semigroup identity and Lemma 2.3.4, we write
[t wip(t ) faw,2)duds

RIxR4

= /Rd p(2t, w,r — y)f,@(w7 O)dw

<c, <(2t)—d/a = (;ﬁ y)|d+a) o] B
— C/Rd ((2t)~ %/ A |02dt+a)|v 4 (z —y)|Pdv
—cen e [ o -yl o+ e bt Gl 7,
ol @t/ pl>(eyra o]
The lemma follows from evaluating the two integrals. O

We now present some results on the following renewal inequalities from (|55], chapter
7) and its converse. Here, we desire bounds on the functions involved rather than finding

their asymptotic properties.

Proposition 5.0.6. Let p > 0 and suppose f(t) is a non-negative and locally integrable
function satisfying

¢
ft)<e + H/ (t — s)P~1f(s)ds for allt >0,
0
where c1 is some positive number. Then we have

f(t) < coexp (03(F(p))1/p/<1/pt) for all't > 0,
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for some positive constants co and c3.

Proof. Let (AY)(t) = K fo Ly (s)ds for locally 1ntegrable function . Then f(t) <
c1+ (Af)(t). Let k: >1bea ﬁxed integer, then (AFf)(t) := Hfo (t — s)P~H(ARLf)(s)ds
and set 1(s) := 1 for all 0 < s <T'. Then it follows by iteration that

and by induction,

and consequently, we have

(kL (p))"t""
A" () = —————.
(A"1)(2) T(np + 1)

As n — oo, we have that (A" f)(t) — 0 and therefore,

o0 o
e ) (A Z
— — kp + 1
The result follows by applying Lemma 2.3.8 with b = kI'(p)t”. O

The converse of the above Proposition is given as follows.

Proposition 5.0.7. Let p > 0 and suppose f(t) is non-negative, locally integrable function
satisfying

fit) >+ /@/t(t — )P f(s)ds for allt >0,
0

where c1 is some positive number. Then we have
f(t) > coexp (63(F(p))1/pn1/pt) for all t > S(F(p)ﬁc)_l/p,
p

for some positive constants co and cs.

Proof. Following same lines of proof as above Proposition 5.0.6, we have that

oo
Z k:p —|— 1
Applying Lemma 2.3.7 with b = kI'(p)t” proves the result. O
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5.1. White Noise Results

5.1 White Noise Results

We start with some results on the white noise. Here follows our first main result.

Theorem 5.1.1. Let u(t,x) be the unique solution to equation (5.0.1). Then there exists
T > 0, such that for allt > T,

inf  Elu(t,z)]> > cexp (¢ A2/ (=D
se /ey DN 2 p( )

where ¢ and ¢ are some positive constants. An immediate consequence of this gives
o] 2 < /\2a/(a—1)
liminf — log E|u(t,z)|* > A ,
t—oco t

for any fixred x € R.

5.1.1 Proof of Theorem 5.1.1

To give a proof of the above theorem, we begin with the following proposition. Fix t > 0

and set

= inf Poug)(x),
g xeB(o,tl/a)( ! 0)( )

we then have the following.

Proposition 5.1.2. Suppose that L := —(—A)O‘/2 and that condition 3.2.1 is in force.
Then for any fired t > 0 and x € B(0,tY/®),

c )\2L2 t k(a=1)/a
E]utx\2>gz<3a_1><k> .

Proof. By It6 isometry, we obtain

t
EhmumMQz|cauoxxn2+<ALaf{/ /"p%tshaaynEhwshyndeumL
0 R

Recursively,

81
EM%wWZK&MMmW+M%V/‘/ﬁ@rwz%mEW@wﬂ%mwz
0 R
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5.1. White Noise Results

Therefore iterating the integrals,

Blu(t, ) > |(Paio) (@) + (ALy)? /O /R PA(t — 51,2, y0)| (Poyuo) (1) Pdyndsy

t S1
+ (/\La)4/ / / / P2(t - 5171'7?/1)192(51 — 52,1, Y2)
o JRJoO JR

X E]u(sz,y2)|2dy1d31dygd32.
Setting yo = x and sg = t and continuing the recursion as above we obtain that

Elu(t,z)]* > [(Puo)(z)[?

. i(ALC,)%/Ot/R/O“/R.../OSH/R<Pskuo><yk>|2

k=1

P?(8i—1 = iy Yie1, Yi)AYkr1—idSk 11—

—

.
Il
—

Set B = B(0, t'/%) then by reducing the spatial domain of integration we have

|(Pouo)(yw)|* > inf |(Pruo)(y)|* = g7
yeB

Therefore,
© t 51 Sk—1
Bl > g +gdona [ [ [T ]
1 o JRJo JR 0 B
k
X HPQ(Si—l = i, Yi—1, Yi ) AYk41—idSt1-i
i=1
2, o o [ o Skt
> i+ (ALo) / // // /
k’:1 t—t/k R sl—t/k R Skfl—t/k B
k
X HPQ(SZ‘A — iy Yi—1, Yi)AYk+1-idSk+1-i-
i=1
Also, making a change of variable for s;_1 — s;, for all i = 1,2, ...k, then
oo t/k t/k t/k
Elu(t,z)]? > gf+ng(>\Lg)2k/ // / / /
1 0 R Jo R 0 B
k
< TP (sivvic1, 9i) a1 —idspa—i.
i=1
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5.1. White Noise Results

We further restrict the domain of integration by choosing y; for each ¢ = 1,2, ... k, such
that
. 1/a s/
yleB(Ovt )mB(yl 1,5; )7

and denote A; := {B(0, tY*) N B(y;_1, s, )} in order to get the required bound on the

1/

kernels. Since |y;—1 —y;| < s;77, it follows that p(si, yi—1, ¥i) > c18; e Thus

t/k t/k t/k 2/a
E”U,(t, x)‘z >gt +gt /\L Qk/ / / / / / Hs d3k+1 zdykJrl i+
Ax Az A

k=1

By the lower bounds on the area of A;, that’s, |A;| > 0253/0{ we have

t/k  pt/k t/k K
Elu(t, z)|? Zg?—l—gtzz (ALy)%k k/ / / Hs e “dspdsp_q...ds;.

Integrating term-wisely gives the following

2 2k a \Fre\Hehe
Blu(t, o) > gﬁthALfff ( 1) (k)

t k(a—1)/«
gt +gt Z (ALgy/c3c4) (k> )

(6]

with ¢4 given by ¢4 = 1" Setting
F,(\) = inf E|u(t, z)|?
t( ) ;EB |u(7 )| s

therefore

2 2 = okt Ko/
R > gl +9 Y (ALoyesea) <k> ;
k=1

and the result follows immediately. O

Proof of Theorem 5.1.1. Applying Lemma 2.3.7 with Proposition 5.1.2 gives the first state-
ment of the theorem. For the second part of the theorem, we fix € R. Clearly we have
that = € B(0, 2|z|) and by the first part of the theorem, we have that for t%/* > 2|z| Vv T,

E|u(t,z)|> > cexp (C/AQO‘/(O‘fl)t).
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5.2. Coloured Noise Results

By taking appropriate limit, we obtain the second part of the theorem. O

We now prove an upper bound result for the white noise equation. Let ¢ > 0 be fixed,
define

gA(t) = sup Elu(t, z)|*.
zeR

Proposition 5.1.3. Fort > 0 fixed, there exist some positive constants co and c3 such
that

t
ga(t) <es+ ()\LipU)QCQ/ (t— s)*l/agA(s)ds.
0

Proof. By the assumption that ug(z) < ¢1, then it follows by taking second moment and
by semigroup identity, that

2
Cl/ p(t,z,y)dy
R

t
Efut, 2]’ < - NLip? /0 /R Pt — 5,2, y)Elu(s, y)*dyds.

Thus,

t
) < &+ NLip / P(2(t — 5),0)gx(s)ds
0

t
= c% + )\ZLipgcQ/ (t— 5)_1/ag,\(s)ds
0

—1

t
= A+ /\ZLipUCQ/ (t —s) s Lga(s)ds.
0

5.2 Coloured Noise Results

We now give a corresponding relationship between the “dissipative” effect of the fractional

Laplacian and the "growth" induced by the coloured noise term.

Proposition 5.2.1. For allt > 0 fized and x € B(0, t'/*), then

0 +\ Fla=B)/a
E|u(t, z) Z ALycq o) <k> ,
k=1
with ¢o := ( m)l/ , €1 some positive constants.
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5.2. Coloured Noise Results

Proof. By taking second moment of the mild solution,

Elu(t,z)* > |(Pwuo)(z)|?

t
+ /\2L3//d dp(t—81,rv,y1)p(t—51,$,Z1)f5(y1,Z1)
0 JR?xR!

E|u(s1,y1)u(s1, z1)|dy1dzids;.

X

Recursively,

Elu(s1,y1)u(s1,21)] > (Ps;uo)(y1)(Psuo)(21)
S1
+ ()\LU)2/ / p<31 - 827y17y2)p(81 - 32721722)f,3(y2722)
0 RIxR4

Elu(s2, y2)u(s2, 2z2)|dyadzadss.

X

We follow the same steps from Proposition 5.1.2 to write

Elu(t,z)]* > [(Pruo)(x)[?

£SO /Ot /R - /0 N /R e /0 /R o (Pro) () (Poyio) (3

k=1

P(Si—1 — Si, Yi—1,Yi)P(Si—1 — Si, Zi—1, 2i) f3(Yi» 2i) AY41—id 2t 1—idS k1.

Ew

1

<.
Il

Set B = B(0, t'/) then by reducing the temporal domain of the integration,
(Peyuo) (k) (P uo) (2) 2 Inf (Pruo)(y)(Piuo)(2) = 9t-

Therefore, after few lines of computations, (see Proposition 5.1.2) we have

k

X H p(si, Yim1,Yi)P(sis zi-1, 2i) f8 (Ui, ) dyrp1—id2rg1—idSp 1.
i1

We further restrict the temporal domain, so we can get the required bounds on p(s;, ¥i—1, ¥i)
and p(s;, zi_1,2) by making the following definitions. Given that = € B(0,t/®) then

choose y;, z; such that

A; = {yi € B(z,5V/°/2) 0 B(yi_1, 57/},
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5.2. Coloured Noise Results

Bi = {z € B(x,s,%/2) N B(zi_1,5.'")},

where y;, z; both lie inside B(0, tl/a) for each ¢ = 1,2, ..., k. We make the following

observation about the area of the restricted domain, thus,

1B(z, 51/ /2) N B(yi1,5./*)| > 157

7

IB(z,51/*/2) N B(zi_1,5/™)| > ¢ s/°

7

for all ¢; > 0 independent of ¢ and

1/ Sl/a .
lyi = =] < lys — 2l + |o -z < LT+ L =)/,

/ /e

which implies that fz(yi, 2;) > sl_ﬁ/a. We also have |y; —y;—1| < sil “and |z — 21| < sil

which imply that p(s;, vi, yi—1) > cls;d/a and p(s;, 2, zi—1) > cls;d/a. Thus,

e t/k t/k t/k
Elu(t,z)]* > gf—l—gtzZ()\Lo_)%/ / // / / / / /
—1 o JaJsJo Ja, /B, 0o Ja, /By

k

Hp(si, Yi1,Yi)P(Si5 Zi—1, %) [8(Yis 2) AYpt1—id2pr1—idSpp1—
i1

> t/k t/k t/k
it Son [ L Lokl L
k=1 0 Ay JB1 JO Ao JBo 0 A J By

k
—2d/a —B/a
X Hsi / s17" dygr1—idzk1—idSg1—i-
i=1

X

v

Applying the bounds on the areas of the bounded domain and the fact that ¢/k > s; for
all k£, we have that

0 i t/k  pt/k t/k K Y
- 03
Blut, 0)? > g2+a2 Y (ML)’ / / / T 250" “dsiir s
k=1 0 0 0 i=1
o0 t/k pt/k Ly
— «
= gt2+gt2 Z()\Lacl)Zk/ / / 51 dspdsi_1...dsy
el 0 0 0
e t/k ) KA/
-1 - «@
> G+ @Y (Mo /0 TRl
k=1

2 2 = 2k «a A
= G +gt ;()‘LJ Cl) k‘(a IR B) <k>
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5.2. Coloured Noise Results

Setting

then

with ¢ := (

k(a=p)

)1/k_

Next follows the upper bound estimate. Define

G(A) = sup Efut,2)]”
zcR4

Proposition 5.2.2. Fort > 0 fized, there exist ¢c; and co such that

"G
. 9 s
Gi(N) < c1 + ca(ALip,) /0 )7 ds.

Proof. Taking second moment, semigroup identity and Holder’s inequality,

Elu(t, z)|?
Hence,
Gi(A) <

c/ p(t,x,y)dy +)\2//
Rded

Pt — 8,2, y)p(t — 5,2, 2)Blo(u(s, y))o (u(s, 2))| fo(z, y)dydds

c1+ )\2L1p0/ /
RIxR4

plt = s,2,y)p(t — 5,2, 2) [Elu(s,y)P]/[Elu(s, 2)[2]Y/ £ (2, y)dydzds.

IN X

X

t
c1 + (ALipa)z/ GS(A)/ p(t —s,z,y)p(t — s,, 2) fg(x,y)dydzds
0 RIxR4
t
c1 + CQ()\LipU)Z/ (t — )P/ 2Gy(N)ds
0

t p—
c1 + cz()\LipU)2/ (t— s)aTﬂfle()\)ds.
0
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5.2. Coloured Noise Results

5.2.1 Proofs of Main Results

We now give proofs of main results of this chapter.

Theorem 5.2.3. There exist constants ¢ and ¢ such that

sup Elu(t, z)|* < cexp (c'/\zo‘/(afﬂ)t) forall t > 0.
zeR4

Also there exists T > 0, such that for allt > T,

inf  Elu(t,z)> > éexp (E')\QO‘/(O‘_B)t),
z€B(0,t1/«)
where ¢ and & are some positive constants. This immediately implies that for any fized
z € RY,

2 2
& \2/(a—=B) < htm inf logE]ut(t,x)‘ < lim sup logE\ut(t,:E)] < & \2/(a=B)
500

t—o00

Proof. We first start with the upper bound. This readily follows as an immediate conse-
quence of Propositions 5.2.2 and 5.0.6 with p = (o — )/ and xk = c2(\Lip, ). For the
lower bound, we make use of Proposition 2.3.5 which states that g; > et~ for all ¢ > T,
where T" > 0. This together with Proposition 5.2.1 gives the following

2 | o o[t Ha=f/e
g +9i Y (ALocrca) <k>

Elu(t,2)* >
k=1
240 o (1)
> eyt /a;(AL(,cch) </<:> .

Therefore by taking 7T larger and applying Lemma 2.3.7 with b = ()\L0-0102)2tp and p =
(o — B) /v, we have

inf  Blu(t,z)> > c3exp (04)\20‘/(°‘_B)t), forall t >T
z€B(0,t1/«)

where ¢4 := (Lgclcg)za/ (@=h) and c3 are positive constants. Taking limit proves the im-

mediate consequence. ]

Next theorem gives the rate of growth of the mild solution with respect to the level of

noise \.
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5.2. Coloured Noise Results

Theorem 5.2.4. For any fixred t > 0 and x € R?, we have

. loglogEl|u(t, z)|? 2
lim = .
A—00 log A a—pf

Proof. By the upper bound of Theorem 5.2.3, it immediately follows that

2
Jimn sup loglog E|u(t, z)] < 20 .
A—r00 log A a—p

Next, we seek to prove the converse of the above inequality. Let € R? be fixed. If t > T
large enough so that = € B(0, t'/%) then by Proposition 5.2.1, we have

2 2 2 = 2k t Ha—h)/a
Blu(t.a)f 2 ¢ + 2 > 0Lered™ (1)

Applying Lemma 2.3.7 with b = ()‘L00102)2t” and p = (o — )/, we obtain
Elu(t, z)? > g7 exp (c3A2/(@=At),

where c3 := (L06102)2a/(a—ﬁ) > 0. Take logarithm of both sides to obtain

2
lim inf loglog E|u(t, x)| > 2 '
A—00 log A a—pf

Now if we take z ¢ B(0, t'/%) and choose a constant x > 0 such that z € B(0, xt'/), then
use the idea of Proposition 5.2.1 to end up with

E|u(t’ I‘)’Q > g?gt exp (63)\26“/(‘3‘_5%)7

and the result follows by same lemma. O

Define the energy of the solution wu(¢, x) as follows,

) = \//RdE|u(t,:v)|2dx,

when it does exist. Under suitable assumption on the initial condition, it can be shown to

exist. For instance, when the initial condition is a bounded non-negative function which

is compactly supported, it does exist. The excitation index of the solution is defined as
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5.2. Coloured Noise Results

follows log log £(\)
. og log ¢y

t) .= lim ————~.
e(t) /\1—{20 log A

Thus the following result.

Theorem 5.2.5. The excitation index e(t) of the solution to (5.0.2) is given by azfaﬁ

Proof. We start by estimating the upper bound on e(t). Taking second moment of the

mild solution, one obtains

g0 < /Rd

t
+ AQLlpg / / p(t - 5T, y)p(t -5, Z)fﬁ(:% Z)EHU(S7 y)u($7 Z)dedZdex
R?J0 JRIXRY

= L+ I

2
dx

/ p(t, 7, 9)uo(y)dy
Rd

We seek for lower bounds on both integrals. By the assumption on ug, we have that

n=[ ] [ st
< /Rd [/KPQ(t’:vay)dy-/Ku(z)(y)dy]dx

S// p2(t7w,y)dwdy-/ ug(y)dy=f§'/ p(2t,y,y)dy < c1,
K JR4 K K

2
dx

where K = [ ud(y)dy. Next, we find bound on I as follows,

t
o= XLipd [ [ e 9.2 s (s nuls, ) dudads

t
< )\QLipg/ sup E]u(s,a:)|2/ p(2(t — ),y, 2) f3(y, z)dydzds
0 zeR4 R4xR4
t
< 02)\2Lip§/ (t — s)%/* sup Elu(s,z)|?ds.
0

zcR4

Then by the upper bound of theorem 5.2.3,

t
I, < 03)\2Lip(2,/ (t— s)_ﬁ/o‘ exp (c’)\%‘/(o‘_ﬁ)s)ds < cqexp (c’)\%‘/(o‘_ﬁ)t).
0
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5.2. Coloured Noise Results

Applying logarithm, we have therefore,

. loglog &(A) 2a
lim su < .
ol logh ~a-p

Next we seek for a lower bound on e(t). Following same proof of Proposition 5.2.1, we

obtain

Elu(t,z)|?

Y

|(Prug) ()]

T SCVELY O SN R ISR B (ORI e

k=1

Ew

P(Si—1 — Si, Yi—1,Yi)D(Si—1 — Si, Zi—1, 2i) f3(Yi» 2i) AYk41—id 24 1—idS k1.
1

<.
Il

Next, we integrate both sides in [dx] to obtain

E(N)? > /R | (Prug) (@) | %de
— < < «
k

X HP(Si—l — 84, Yi—1,Yi)P(8i—1 — 845 Zim1, 2i) f8 (Ui, %) QY1 —id 21 —idS g1 —idr.
i=1

Reducing the spatial domain of the integration we obtain

S0Pz [ | (P
B(0,t1/«)

o0 t S1 Sk—1
L N CTOIEID SR L A A A A A
B(0,t1/«) 0 JRIxRIJO JRIxRA 0 B(0,t1/2)x B(0,t1/e)

k=1

k
X Hp(si—l — 54, Yi—1, Yi)P(Si—1 — iy Zi—1, 2i) [3(Yi» %) Ayp1—id 21 —idSp1—id.

=1

By the same idea of proof of Proposition 5.2.1, we have

o £\ Hla—p)/a
E(N? =3t cs > (ALgercg)™ <k>
k=1

with ¢o = ( / m j) 1/k7 c1 and c3 some positive constants. This together with
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5.2. Coloured Noise Results

Lemma 2.3.7 with b = ()\Laclcg)ztp and p = (o — f)/«, yield

.. .loglog&(N) 20
1 f > .
e logh  “a—g

The two inequalities prove the theorem. ]

The next theorem gives a relationship between the excitation index of (5.0.2) and the

continuity property of the solution.

Theorem 5.2.6. Let ) < (o — 3)/2a. Then for every x € R?, {u(t,z),t > 0} the solution

to (5.0.2) has Holder continuous trajectories with exponent 1.

The above shows that n < ?1)&), which showcases a link between noise excitability and

continuity of the solution. Recall that
p(t,€) = Be'sXr = ¢ tiel",

Proposition 5.2.7. Let ¢ € (0, 2)and r € (0, 1), we then have

t
[ 15056 = o - .0)|* saeas < car

for some positive constant c;.

Proof. From the Fourier transform of the heat kernel,

Pt —s+7,8) —p(t —5,8)|° = e 209N [erlel* _ 12,

We now apply the following inequality that 1 —e ™ < x for all x > 0 and it implies that
le=® — 1| < 2. Therefore [e~"¥I* — 1| < 7|¢|*. Then from ([19], page 55), we have that for
any q € (0, %) C (0,1),

|e—7‘\§|a —1|< 21—Q|e—7‘\§|a —1)7 < 21—q7«q|£|aq

Thus we observe that | e Tl 1 | < ¢r?|€]*? to obtain the following bound

//Rd H(t—s+1&) — (t—sf)]mdﬂd{ds

// 2t=s)[El* [e=rlel™ — 1)2 deds < Qq/t/ e*Q(t*S)|€|a|§\2aqd£d
S cr S
R |§|d g - 0 JRd |€|a=F

—2 t—s \§|O"€‘2aq t e—2(t—s)|§|°‘|§’2aq
=cr / / ded +/ / déd
=cr S s|.
[ le|<1 [ 0 Jig>1 |€|d=P

72




5.2. Coloured Noise Results

The first integral appearing on the right hand side of the above is clearly bounded. So
we do a bit more work for the second integral. Make the following change of variable
z = 2(t — s8)|£|“, we obtain the bound

/ / 2(t—s \&Ia‘§|2aqd£d 1/ 1 /2|£“t e
S = — T T, (] z
€)>1 |£|d=F 2 Jigj>1 [€dta—p-2aq [,

1
——d&.
/£|>1 |£|d+a B—2aq 3

When o — 8 —2aq > 0 (since we assumed that ¢ < < ) the above integral becomes finite.

IN

We now combine all the above estimates to obtain the desired result. O

Proof of Theorem 5.2.6. The proof makes use of Kolmogorov’s continuity theorem. We
will therefore look at the increment E|u(t + r,x) — u(t, z)[P for r € (0,1) and p > 2. We

have
ult+rz) —u(t,z) = / p(t+r x,y)—p(t,z,y)lu(y)dy
R4
w3 [ bt =) = ple = sz plotuts ) Py ds)
t+r
+ /\/t /Rd p(t+r—s,x,y)o(u(s,y))F(dy, ds).

Since (Pyug)(x) is in fact smooth for ¢ > 0, we will look for higher moments of the remaining
terms. Recall that sup,cgra E|u(t, z)[P is finite for all £ > 0. We therefore use Burkholder’s
inequality together with Proposition 5.2.7 to write

p

E\ | [ e+ = s..0) = ple = s lotuts, ) (. )
0 R4

t
AAd |]5(t—8+7“,$,f)—ﬁ(t—8,$,§)| ’f‘d Bdids

< ¢ LiphrP9.

p/2
< ¢ Liph,
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5.2. Coloured Noise Results

Similarly we have

E‘ /:Jrr /Rd p(t+1r—s,x,y)o(u(s,y))F(dy, ds) ’

t+r 9 1
p(t—s+rx€)| ———=déds
T ' g

t+r P | p/2
o e e
1 ag e
— — e # z
> Jre |
L L e o
2 ol

9 1 p/2
q
r /Rd ‘£|d—5+a—2aq d€

< C4Lipgrpqa
with the assumption on ¢. Alternatively, we could use Lemma 5.0.5 to write

p/2
< coLiph

= coLip?

= CQLipg

S CQLipg

< c3Lip?

p

E ‘ /:Jrr /Rd p(t+r—s,x,y)o(u(s,y))F(dy, ds)

p/2

t+r
< esLip? / /R b= s (e = s ) f (. dydds
X

t4r p/2
/ (t —s)~#/2ds
t

< Cgr(a—ﬁ)iﬂ/%t‘
Recall that ¢ < (az—aﬁ ) , then combining the estimates above we see that

< coLip?

Elu(t 4 r,z) — u(t,z)[P < csrPd = c5r'H a1,

Now an application of Kolmogorov’s continuity theorem with 0 < n < pqp%l < g completes
the proof. 0
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5.2. Coloured Noise Results

Conclusions. Existence and uniqueness of the solutions were given under some linear
growth conditions on ¢ and also the bounds for the growth moments of the discontinuous
integral solutions for both the compensated and non-compensated noise term.

For some non-linear growth conditions on o, both the compensated and non-compensated
equations fail to have any random field solutions for different conditions on the initial data
up(x).

A non-linear effect of noise on a class of stochastic heat equations was studied for a noisy
case, that’s, when A is large enough. Therefore we established non-linear noise excitation
growth indexes for both the Gaussian space-time white noise and Riesz spatial correlation
noise for all time ¢ > 0 and R%, and showed that as the level of the noise \ increases, the
solution is bounded exponentially. This shows a non-linear long time effect of noise on the
class of SPDEs. In what follows, the result establishes that the expected L?-energy of the
solution grows at an exponential index as the level of the noise increases. So far the above
results were obtained with the initial condition being some functions which are positive on
a set of positive measure. We can also extend the results with initial conditions which are
more general. The only issue to achieve this extension is the existence and uniqueness of
random field solution. The result of [29] can be used where this issue was settled whenever
ug is any finite initial measure with white driven noise. Possible future work is to develop
an appropriate Burholder’s inequality in order to study the intermittent property of the

compensated poisson noise equation.
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APPENDIX A

APPENDIX

A.1 Continuity of the solution

We have the following a priori result about the continuity of the second moment of the
solution to (3.0.1).

Proposition A.1.1. Suppose that condition 3.0.9 holds, then for each x € R, the unique
solution to (3.0.1) is mean square continuous in time. That is for each © € R, the function

t — El|u(t, x)|?] is continuous.

The mild solution is given by
t ~
u(t.o) = [ pltru@dy 3 [ [ [ bt - s potus.). HF @R dy, ds)
R 0o JR/R
We assume 0 < t1 < t9, then for fixed z € R
tna) —uttra) = [ o) = pltr,z, a0,y
t1 ~
w3 [t = s~ = s lotuts, ), @R, dy, )
R /R Jo

+ oA /R /R /:p(tQ—s,x,y)a(u(s,y),h)mdh, dy, ds).
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A.1. Continuity of the solution

We make the following definitions,
Do = [ plta) = pltr.z, a0, )y
D, = )\/R/R/Otl[p(tg —s,z,y) — p(t1 — s,x,y)]o(u(s,y), h)N(dh, dy, ds)
Dy, = )\/ / /t2 p(ta — s, 2, y)o(u(s, y), h)N(dh, dy, ds)
RJR Ju

The proof of the above theorem will be a consequence of the following Lemmaf(s).

Lemma A.1.2. Forall 3>0,0<t; <ty andxz € R,
Dol < QC;)T/RG_%RQ\P@)H _ () V) 2.

Proof. We start by writing

E[Do = Do = | /R p(ta, 2, ) — p(ts, 2, 9)]u(0, y)dy

< / (0, ) Pdy / plta, 2, ) — pltr, @, y)Pdy
R R

IN

CO/R p(t2, 2, y) — p(tr, 2, y)|*dy = collp(ta, ) — p(t1, ) [|72(r)-

By Plancherel’s theorem

1

Ip(t2, ) =p(tr, 72wy = 1B(t2, ) =511, ) F2m) = o /Re_Qthe\P(g)H—e_(tz_tl)ql@)ﬁdé

Therefore,
E| Do < CO/ 2RV || _ o~(—t) V(O 2 ¢
2T R

Lemma A.1.3. Forall 5 >0,0<t; <ty and x € R,

|1 — e (l2=t)¥ ()2
B+ 2ReV(E)

A2KL

2 lpL2T 2 Bty
B0 2 < 2 R0Re s

7



A.1. Continuity of the solution

Proof. By It6’s isometry, we obtain

t1
D, — AQ}QAA;Jﬁ D(ts — 5,2,5) — pl(ts — 5,2, 9)PElo (u(s, y), h) 2v(dh)dyds

t1
< RKLE [ [t~ sim) ~ pltr — ..0) PEluls. ) Pdyds
R JO
t1
< )\QKLiPZ—HUH%,ﬂ/O P p(ta = 5,.) = Pt — 5, )| 72 (myds-
But
. . 1 _9(t1—s)Re (o
[B(t2 = 5,.) =Bt = 5, Fam) = 5 [ e O7IRVOL — e (mI¥E 2,
R
Therefore,

A?KLip}, 1 — e~ (ta—t)W(©)2 -
2 a 2 t1 | S+2Re¥
D < =l /Rdg B+ 2ReV(£) [1—e {(peare (g))]

11— e_(t2—t1)\p(£)’2
B+ 2ReV (&)

IN

A2KLip2
THqu,geﬁtl

Lemma A.1.4. Forall 3 >0,0<t; <ty and x € R,

)‘2K7Lip<27”u dg &Ptz - e_(tr“)(ﬁ*meq’(g))].
2

E|D,|? < 2 [ S
|Daf” < 2.6 R B+ 2ReT ()

Proof. Take second moment of the solution

1)
EDy? = A /R /R / Ipltz — 5, 2,9) PE|o(u(s, ), k) P (dh)dyds
1

IN

to
A2KLip§yu\|§ﬁ/t P |p(ts — 5, )72 (m)ds
1

2 -2 t
AKLIR”UH%Q/steﬁs/ e 22 =8 ReV(E) ¢
21 h R

NKLip2 d§ Bt ~(ta—t1) (B+2Rew())
2 )3 e [1—e ].

IN
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A.1. Continuity of the solution

Proof of Theorem A.1.1. Combining Lemma A.1.2, A.1.3 and A.1.4, therefore

E]u(tg,x) _ u<t17 x>‘2 < ¢ e—2t1Re‘1/(f)’1 _ e—(tz—t1)‘l/(§)’2d£

= g R
N2 KLip2 |1 — e~ (t2—t)¥(§) 2
b S ful e [
2 B+ 2ReV(£)
N2KLip? ) dé Bt ~(ta—t (
A8 Lipy A8 By et (B2Rew ()]
oyl R B+ 2ReW(€) " [L-e ]

Then

lim sup Elu(te,z) —u(ty,z)|> <0
010 ¢y —to|<s

and therefore

tligl E|u(te, 2) — u(t1,z)|* = 0for a fixedz € R.
11t2

For the a-stable process, define

A%u(t, z) = )\/0 /Rd /Rd pe(t —s, x, y)o(u(s,y), h)N(dh, dy, ds).

Lemma A.1.5. Suppose that u is predictable and ||u||g < oo for all f > 0 and o(u,h)
satisfies assumption (3.0.9), then

[ A%ull1,5 < Caa,8AK[L + Lip,[|uf[1,6]

where Cg o, := ?ii(j’_al) ngﬁ) +2C(d, ) Fézii_g)

Proof. Taking first moment of the solution,

Bl A%(t,2)| = )\/0 /R /R (5,2, 9)|Blo(u(s, ), b) v (dh)dyds

IN

t
AK [ 196 = s.9) |11+ Lip, Elu(s,)ldyds
0 JR
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A.1. Continuity of the solution

Multiply through by exp(—/3t),

t
e PE[A%u(t,z)| < )\K/ / e P12 (t — 5,2, y)[{e P*[1 + Lip,Elu(s,y)|] }dyds
R4

AKLip, sup sup {e [1 4+ Lip,Elu(s,y)|]}
s>0 yGRd

t
// e P92 (t — s, x, y)|dyds.
0 Rd

N

X

Then,

[ A%ull1,5

IN

AK[1 + Lip,||ul|1,5] sup/ / \p (t—s, x, y)|dyds

IN

AK11+—IApUHuHLﬂy/“ ]/ &1 (s, )| dyds
0 R4

o s d
K[1 + Lip, |Ju||1, / / e’BS{C< /\3a>}dyds.
[ [[ul|1,6] o Jre |y|d+e

The last inequality follows by Lemma 2.3.4. Let’s assume that Mﬁ < s~& which holds

IN

only when |y|* > s. Therefore

dy
|y’d+a

A% ullg < C(d,a))\K[l+LipUHuHm]/ dse—ﬁs{s/
0 ly

+ s_d/a/ dy}
lyl<s—e

= C(d,a)AK[l+Lipa|yuul,ﬁ]/ dse—ﬁs{s<_/ y— (o) gy
0 —00

N /oo y_(d+a)dy) + 28—(1—d)/a}
s~

o0
= C(d,a))\K[l+Lipa||uH1,5]/ dse_ﬁs{.s( Y
0

1-d—«a
—(d+a-1)
Y 00 —(1—d) /o
+ 1-d—a« S_a>+28 }

|2s7

—(d4+a-1) J
2o

°° 2
= C(d, Oé))\K[l + LipUHqu 5] / d8655{3< _ Sa(d+o¢1)>
" Jo 1—-d—«

+ 28—(1—d)/04}

2

Sl-i—a(d-i—a—l)
d4+a—1

= C’(d,a))\K[l+Lipa||uH1,5]/ dse_ﬂs{
0

R
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A.1. Continuity of the solution

Thus
[A%ull1s < 2C(d, ) \K[1 + Lip,|Ju

oo
+ / swﬂeﬁsds}
0

where 71 := a(d + a — 1) and 72 := (o — 1 — d)/a. Then we compute the integral
Ig, = fooo s7tle=Bsds. Let 7 = fs, ds = %T, now therefore,

Y1 —Sd
1’5]{d+a—1/0 e @

I = / T e Tdr
:877 B'YJ,»Q 0
1 o0 1 I'(v+2)
_ (v+2)-1 -7 _
g2 /O T e 'dr = B+

Therefore

. , 1 T(m+2) T(ye+2)
A%ul < 200 KL+ iy s} 5 i+ T2

O]

Lemma A.1.6. Suppose u and v are two predictable random field solutions satisfying
1,8+ |vll1,8 < 00 for all B> 0 and o(u, h) satisfies condition 3.0.9, then

[Ju
A% — A%||3 < Cga,sAKLip, [lu — v|[1,5.

Proof. Similar steps as Lemma A.1.3. O

Theorem A.1.7. Suppose that Cq o < ﬁ for positive constants K, Lip,, then there

exists a solution u that is unique up to modification.
Here, we present the time continuity of the solution.

Proposition A.1.8. Suppose that condition 4.0.5 holds, then for each x € R?, the unique
solution to (4.0.1) is mean continuous in time. That is for each x € R?, the function

t — El|u(t, 2)|] is continuous.

The solution is given by

u(t,x) = /Rd pe(y — x)u(0,y)dy + )\/0 /Rd /Rd p(t — s, z,y)o(u(s,y), h) N(dh, dy, ds).
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A.1. Continuity of the solution

We assume 0 < t; < to, then for fixed z € R?

u<t2,$> —u(tl,x) = Ad[p(t27$7y) _p(tlaxvy)]u(ovy)dy
+ /\/l:{d/Rd/l[p(tQ_vaay)_p(tl_Saxvy)]
X (s,y,.), h)N(dh, dy, ds)

t2
+ / / / ~ s,z,y)o(u(s, y), )N (dh, dy, ds).
R4 JRY Jt,

We make the following definitions,
Dy = /Rd [p(ta, z,y) — p(t1, 2, y)]u(0,y)dy
t1
Dy = )\/ / / [p(te — s, z,y) — p(t1 — s, x,y)]o(u(s,y), h)N(dh, dy, ds)
R JR4 Jo

to
D5 = )\/ / / p(t2 - s,x,y)a(u(s,y), h>N(dh7 dya dS)
R4 JR? Jt,

The proof of the above theorem is a follow up from the following lemmas.

Lemma A.1.9. For all >0, 0 < t; <ts, x € R? then

1+o(d+a—1) 1+a(d+a—1)
1 t2 tl

N (téld)/a B tgld)/a> }

Proof. Write,

E|D3| = |Ds| = /Rd[p(tmff,y)—p(tlvfﬂ’y)]U(Ovy)dyl

< sup |u(0,y !/ p(ta, z,y) — p(ty, z,y)|dy
yER4

= 00/ p(t2, 2, y) — p(t1, 2, y)|dy.
Rd
For a-stable processes,

_d to —d i1
Ptz —y) =Ptz —y) = (b /QAW)—U /GAW)
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A.1. Continuity of the solution

Therefore,
E|Dy| < ¢ / (t_d/a/\tQ)dy—/ (YA — gy
H= Jra V2 |z — y|dta R L & — y|dta
But
—d/a t2 dy
fo " ) e [yl

+ t;d/a/ dy
lz—y|<ty ™

2 1+a(d+a—1) (1-d)/a
= —— 1 2t .
dta_12 + 2ty

Doing same for the other integral on t¢1, therefore

14+a(d+a-1) tl—l—a(d—l—a—l)
1 t2 -

N <t§1d)/a B tgld)/a> }

Lemma A.1.10. For all 3> 0,0 <t < ty and z € RY,

1 2
2/\KLipaHUH1,B{aM_1<eﬁt2/t t Slta(dta=1)—Bzq,
22—l

t
. eﬁtl/lzl+a(d+a—l)e—6zdz>
0

t t
+ <eﬂt2/2 z(l_d)/ae_ﬁzdz—eﬂtl/1z(1_d)/ae_ﬂzdz>}.
t 0

2—11

E|Dy]

IN
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A.1. Continuity of the solution

Proof. We begin by writing

t1
BDi = [ [ [ intta = s =it = s ) Blo(uts. o). B o(@h)dyas
t1
< AKLip, [ [V 1plts — s.2,9) ~ plts = s, 0) Eluls, o) dyds
R% JO
t1
< AKLip, Julis [ [ elptta = s.2,0) — plts = 5,2, ldsdy
R4 JO
i, ol [ ased [ (-9 B0
se — S —
ol ) e o e

—d/a t1—s
— /Rd((tl—s) / /\|x—y\d+0‘)dy :

Similarly as above, therefore,

IN

t1
E|D4| < 2)\KLipg||u”1ﬂ/O dseﬁs{d_'_a_1<(t2_s)l+a(d+a—l)

i (tl . S)1+a(d+a1)> + <(t2 - S)(lfd)/a o (tl o S)(ld)/a)}

and the result follows.
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A.1. Continuity of the solution

Lemma A.1.11. For all >0, 0 < t; <ty and x € R?,

E|Ds| < 2AKLipUHu||1,ﬁeﬁt2{

E|Ds|

d+a—1

to—1t1
+ / z(ld)/aeﬁzdz}.
0

Proof. Taking an expectation of the solution,

/Rd /R / " 107t — 5,2, 9)Elo(u(s, ), B (dR)dyds

IN

)\KLip0||u||1”g/ / eBs|pO‘(t2—s,x,y)|dyds
R4 Jt;

to
)\KLipUHuHLg/ dseﬁs{(tz—s)/
t1 |:C y|>(t2 S

(t2 — 8)_d/o‘/ dy}
lz—y|<(t2—s)~

AKLip,

t2
2/ 3 (ty — s)(l_d)/o‘ds}

t1

to—t
1 / T Zl+a(d+a71)ef[3zdz
0

dy

‘l‘ _ y’d—I—a

2 /t2 eﬁs (tg - 8)1+a(d+a71)ds
Tld+a—-1J

1 to—11
2)\KLipU||u|hﬁeBt2{1/ Fteldte—1)o=fzq,
0

d+ o —

to—1t1
/ Z<1d>/aeBZdz}.
0
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A.1. Continuity of the solution

Proof of Theorem A.1.8. Combining Lemma A.1.9, A.1.10 and A.1.11, therefore

1 l+a(d+a—1) 14+a(d+a—1)
El|u(t —u(t < 2 — |t —1
utta) - o) < 2ad (8 1

N <tgl—d)/a B tgl—d)/a> }

1 b2
+ QAKLipUHuHL’B{d—I—Oz—l(eBQ/ zl+a(d+a—1)e—ﬁzdz
to—t1

t
- eﬁtl/lzlJra(dJral)eﬁde)
0

t t
+ <eﬁt2/2 z(ld)/aeﬁzdz—eﬁtl/lz(ld)/o‘eﬁzdz>}
to—t1 0

1 to—t1
+ 2/\KLip0Hu||1wgeﬁt2{d+1/ ptaldta—l)o=fzq,
a—1Jo

to—t1
+ / z(l_d)/ae_ﬁzdz}.
0

lim sup E|u(ts,z,.) —u(ty,z,.)] <0
030 |4y —tg] <6

Then

and therefore

lim sup Blu(ty, ) — u(ty,z)| = 0for a fixedz € R%
00 |4y —t5|<6
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