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JACK-LAURENT SYMMETRIC FUNCTIONS FOR
SPECIAL VALUES OF PARAMETERS

A.N. SERGEEV AND A.P. VESELOV

ABSTRACT. We consider the Jack—Laurent symmetric functions for spe-
cial values of parameters po = n+ k~'m, where k is not rational and m
and n are natural numbers. In general, the coefficients of such functions
may have poles at these values of pg. The action of the corresponding
algebra of quantum Calogero-Moser integrals D(k,po) on the space of
Laurent symmetric functions defines the decomposition into generalised
eigenspaces. We construct a basis in each generalised eigenspace as
certain linear combinations of the Jack—Laurent symmetric functions,
which are regular at po = n+ &k~ 'm, and describe the action of D(k, po)
in these eigenspaces.

1. INTRODUCTION

The Jack symmetric functions P/sk) can be considered as one-parameter
generalisation of Schur symmetric functions [5, 6] and play an important
role in many areas of mathematics and theoretical physics. They can be
also defined as the eigenfunctions of an infinite-dimensional version of the
Calogero-Moser-Sutherland (CMS) operators [2].

In paper [7] we introduced and studied a Laurent version of Jack symmet-
ric functions - Jack—Laurent symmetric functions Pék’p °) a5 certain elements
of A* labelled by bipartitions o = (\, i), which are pairs of the usual parti-
tions A and p. Here AT is freely generated by p, with a € Z\ {0} being both
positive and negative. The variable py plays a special role and is considered
as an additional parameter. The usual Jack symmetric functions P)(\k) are

particular cases of Po(ék’p 0) corresponding to empty second partition u. The

simplest example of Jack—Laurent symmetric function corresponding to two
one-box Young diagrams is given by

P = pipy — iy ]fo_ —

We proved the existence of Pék’po) for all k ¢ Q and pg # n+k~tm, m,n €

Z=o (see Theorem 4.1 in [7]). The coefficients of PP as functions of Do

are rational and may have poles at pg = n + k~'m with natural m,n, so

the corresponding Jack—Laurent symmetric function may not exist (as one

can see in the example above). This is related to the fact that the spectrum
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of the algebra of the corresponding quantum CMS integrals D(k, pg) is not
simple, which leads to the decomposition of A* into generalised eigenspaces.

In this paper we fix a non-rational value of k and study the analytic
properties of Jack-Laurent symmetric functions as functions of pg at the
special values pg = n+ k~'m. The main result is the construction of a basis
in each generalised eigenspace of D(k,pg) as certain linear combinations of
the Jack-Laurent symmetric functions, which are regular at pg = n+ k= 'm.

The structure of the paper is as follows. In the next section we introduce
the equivalence relation on the set of bipartitions induced by the action of
the algebra D(k,pp) and study it in detail. In particular, we show that
each equivalence class E consists of 2" elements, which can be explicitly
described in terms of geometry of the corresponding Young diagrams (see
Fig. 1 below).

In the third section we construct the linear combinations of Jack—Laurent
symmetric functions

QU = 3" agalk.po)Py ™,
BEE, BCa

which are regular at pgp = n + k~'m and give a basis in the corresponding
generalised eigenspace. Here F is the equivalence class of bipartition a and
aga(k,po) are some rational functions of py with poles at pg = n + E~im
of known order (see Theorem 3.6 below). As a corollary we describe the

order of the pole of Pék’p 0) at po = n + k~'m in terms of the geometry
of the corresponding bipartition a. We are using the technique similar to
the translation functors in the representation theory [1, 8] and based on the
Pieri formula for Jack—Laurent symmetric functions derived in [7].

In the last section we describe the action of the algebra D(k, py) with pg =
n + k~'m in each generalised eigenspace Vg. More precisely, we show that
provided k is non-algebraic the image of D(k,po) in End Vg is isomorphic
to the tensor product of r copies of dual numbers 2, = C[¢]®", €2 = 0 and
the corresponding action of 2, in Vg is the regular representation of 2.

2. EQUIVALENCE RELATION

We start with the following result from our paper [7] about the quantum
CMS integrals at infinity.

Let us assume at the beginning that k is not rational and py # n +
k='m, m,n € Z~o and consider the corresponding Jack-Laurent symmetric
function P indexed by bipartition a = (A, ) (see [7] for the precise
definition). We will use the standard representation of the partitions as
Young diagrams [6].

Theorem 2.1. [7] There exist quantum CMS integrals BT : AT — A*
polynomially depending on py such that

B® pkro) — b (, k, po) PUP0), (1)
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where

br(a, k,po) = (j{:cfxyo)r1-+>(—1)Tj£:c(x,1—%k:—-kpo)T1) (2)

TEA TENR
and the content c(x,a) of the box x = (ij) is defined by
c(r,a)=(—1)+k(i—1)+a.

The algebra of CMS integrals D(k, pg) is generated by these operators.
Let us introduce the following equivalence relation £ on bipartitions, de-
pending on parameters k,po. We say that o = (A, p) is E-equivalent to
& = (A, o) if and only if for all » > 1 we have
bT‘(a7 k,po) = br(da kaPO)a

or, more explicitly,

> e(@,0) 7+ ()7 ely, 1+ k —kpo)™! (3)

TEX yeEU
= (@, 0+ (=) Y ey, 1+ k —kpo)" .
zeX ST

If parameters k, py are non-special, then this equivalence relation is trivial.
More precisely, we have the following result [7].

Proposition 2.2. If k is not rational and py # n+k~'m, m,n € Zwq, then
a is E-equivalent to & if and only if o = a.

Proof. If (3) is true for all » > 1 then the sequences
(C(IE, 0)7 _C(ya 1+k— pr))xEA,yEfu (C(:Ea 0)7 _C(yv 1+k— kij))xE:\,yE,u

coincide up to a permutation. Therefore we have for every z € A\ two
possibilities: ¢(z,0) = ¢(Z,0) for some & € \, or ¢(x,0) = —c(7, 1+ k — kpo)
for some § € . In the first case we have for z = (ij), # = (ij) the relation
j—J+ k(i — E) =0,s0 j = j, i =1 since k is not rational.

In the second case we have for §j = (ij) that

kpo=j+j—1+k(i+i—1), (4)
which contradicts to our assumption, since both j +j —1 and i +¢ — 1 are
positive integers. O

Consider now the case of special values of parameters when
po=n+k"tm

for some n, m € Z~y, still assuming that k is not rational. Denote by 7 (n, m)
the rectangular Young diagram of size n x m and the corresponding bipar-
tition m = (w(n,m), m(n,m)). Define the central symmetry transformation
6 acting on (ij) € w(n,m) by
0(ij) =(n—i+1,m—j+1).
3



Inclusion of the Young diagrams induces the following partial order on bi-
partitions. We say that o C & if and only if A C X and u C [i, where the
Young diagrams are understood as the subsets of the plane. We will use the
same convention for all set-theoretical operations for bipartitions.

Proposition 2.3. Bipartition o = (\, 1) is E-equivalent to & = (X, i) if
and only if
a\T=a\nw (5)
and
0ONX) = s\ i B0\ N) =i\ o (6)

Proof. We will use the notations from the proof of the previous proposition.
If o is equivalent to &, then for any « = (ij) € A\ m(n, m) there is only the
first possibility and therefore € A\ 7(n, m). Thus A\ 7(n, m) C A\« (n,m),
and by symmetry A\ w(n,m) = X\ 7(n, m). Similarly we have x\ 7(n,m) =
fa\ m(n,m) and (5).

From (5) it follows that A\ A is contained in 7(n, m). For # = (ij) € A\ A
there exists only second possibility, which means that there exists § = (ij) €
p such that j +7 — 1+ k(i +i—1) = kpp = n + km. Since k is not rational,
this implies that

j+j—1=n, i+i—1=m,

which means that 6(z) € p \ fi. Similarly we have 8(x \ /i) C X\ A. Since 6
is an involution, this implies

OA\X) = p\ i

By symmetry we have O(A\ \) = i\ p.
Conversely, assume that we have the relations (5), (6). We have to show
that the sequences

(C(.’E, O)a _C(ya 1+k— kpo))xe)\,yéﬂa (C(CL‘, 0)’ _C(y7 1+k— kij))xGXyEM
coincide up to a permutation. We have the disjoint unions

A=A\ 7(n,m)UN\ N UANXNT(n,m)),

i = (f\ m(

A=\ 7(n,m
7(

i

DU\ R U( (n,m))
n,m)) U (i \ 1) U (2 0 a0 e, m))
DUG\ X UANAN7(n,m)),
= (u\ m(n,m)) U\ ) U (O i O ().

Using this, the relations (5), (6) and the identity
6(9($)> 1+k— pr) = (m + kn — pr) - C($7 0)7 T € 7T(TL, ’I?’L) (7)

we can identify the corresponding contributions in these sequences and have
the result. (]
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Consider the set P, ,, of bipartitions o C m = (7(n, m), w(n,m)). For such
partitions the equivalence relation can be described in the following simple
way. Introduce the involution w : Py, — Prm such that for o = (A, p)

w(a) = (A, w(n,m)\ 6(p)). (8)
Introduce now another equivalence relation R on bipartitions. We say
that o = (\, p) is R-equivalent & = (X, 1) if

Ap=ANj, AUp=AUFf. (9)

Theorem 2.4. On the set P,y the involution (8) transforms the equiva-
lence relation &€ into R.

Proof. Let oo = (\, 1) be E-equivalent to & = (X, ji). It is enough to prove
that
AU (m(n,m) \ 0(p)) = AU (w(n,m) \ 0(f1)) (10)
and .
AN (w(n,m) \ 0(p)) = A0 (w(n, m) \ O(i1))- (11)
Let’s prove (11). Let z € AN (w(n,m) \ 6(p)), then z € X and = ¢ 6(u).
Assume that z ¢ A, then from (6) it follows that #(z) € u and thus
z € 0(p). Contradiction means that z € \.
Assume now that x ¢ w(n,m) \ 0(f1), which means that = € (). Since
x ¢ 0(pn) we have x € 6(fi \ ). Using the second part of (6) we see that
2 € A\ A and hence z ¢ )\, which is a contradiction. Now (11) follows from
the symmetry between « and &. The proof of (10) is similar.
This proves that £-equivalence implies R-equivalence for w-transformed
bipartitions. The converse claim can be proved in a similar way. O

This can be used to describe the structure of £-equivalence classes of
bipartitions from Py, ;.

Theorem 2.5. Let o € Py, and E be its E-equivalence class. Then the

following holds true:
1) E C Ppm.-
2) E contains the minimal and mazimal bipartitions o, apr such that

am Ca C ay

for any bipartition o € E. They can be characterised by the properties
ANO(pu) =0 and by AUO(u) = w(n,m) respectively.

3) Let amy = (A, i), anr = (Mg, ar) and

A\ Am =viUwmU---Uvp, pupyr \ i =11 UT2 U=+ UTs (12)
be the decomposition of the corresponding skew diagrams into connected com-
ponents. Then v;,7; C m(n,m), r = s and, after a reordering,
Ov;)) =1, i=1,2,...,7.
4) Every element o from E can be represented uniquely in the form

a =y U (Vay, Tay ) U (Vag, Tay) U+ - U (Vg5 Tay ) s (13)
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FIGURE 1. Intersection of A and 6(u) (shaded) in the rectan-
gle m((n, m) and the corresponding connected components v;.
The boundary of #() is shown in bold.

where {ay, ag,...,a;} is a subset of {1, 2,...,r}. Any set of this form is a
bipartition from E, so the equivalence class E contains 2" elements.

Proof. The first part follows immediately from (5). Applying the involution
w and the previous theorem we have the remaining claims using simple
geometric analysis of the corresponding Young diagrams (see Fig. 1). O

To describe E-equivalence class for general bipartition o = (A, u) denote
by a, the bipartition a = aNm = (Mg, pr) :

(Ary i) = (AN 7w(n,m), pNw(n,m)).

Corollary 2.6. Let E(a) be the €-equivalence class of az. Then E-equivalence
class of a can be described as

E(a)={y=p0U(a\7) ePXP|p e E(ar)}
E(a) contains the minimal and mazimal bipartitions oy, aps such that
oam Ca C oy
with parts 3) and 4) of theorem 2.5 remaining valid for any bipartition .

Note that E(a) N Ppm C E(ar) in general does not coincide with E(ay).
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3. TRANSLATION FUNCTORS AND REGULAR BASIS

In [7] we have introduced the Jack-Laurent symmetric functions P, =
PP ¢ AF indexed by bipartition o = (A, ). As we have shown they are
well defined provided k is not rational and pg # n + k~!'m with n,m € Z~q.
Equivalently, we can consider P, as elements of Api0 = A* ® C(pg), where
C(po) is the field of rational functions of py.

Now we are going to study what happens when pg = n + k~'m assuming
that k,n, m are fixed with k not rational and n,m € Z~g. Then Pc(yk’po) as
functions of py may have pole at py = n + k~'m depending on the choice of
bipartition a.

The aim of this section is to construct a basis in AT which is regular
at po = n + k~'m. More precisely, we will define the Laurent symmetric
functions Q, = ng’p 0)
for any «

€ A*, which are regular at pg = n+k~'m, such that

Qoz = Z aﬁaP,B
BEE(a), BCa

with some coefficients ag, = aga(k, po) which are rational functions of py.

In order to do this we are going to produce some family of linear trans-
formations Fg r acting on A;EO which are similar to the translation functors
in the representation theory [1, §].

Let E be an £-equivalence class of bipartitions and Vg C A]fo be the linear
span over C(pg) of P, with @ € E. We have the decomposition of vector

spaces over C(po)
+
APO - @ VE7
E

where the sum is taken over all £-equivalence classes of bipartitions.

Denote by Prg the projector onto the subspace Vg with respect to this
decomposition and define for any £-equivalence classes F and F' the linear
map

Fer(f) = Pre(pf), f € Ve (14)
The next result is quite simple but very important.
Proposition 3.1. Let f € Vg and suppose that f has no pole at pg =
n+ k~'m. Then for any £-equivalence class F the function Fe,r(f) also
has no pole at pg = n + k~'m.
Proof. We have

pVECVFE®VE ©--- @ Vg, (15)

where I, E1, ..., E are different classes of equivalence. First we will con-
struct linear operator C; which polynomially depends on CMS integrals B(")
with coefficients having no poles at pg = n + k~!'m and such that

CI(VEI) =0, Cl(v) =v, veEVp
7



Let a1, ..., an be all bipartitions in F' and (1, ..., By all bipartitions in Fj.
Then by definition of the equivalence classes there is 71 € Z~¢ such that

brl(a17k7p0) 7& b’r‘1(6j7k7p0)7 j = 17 .. ‘7M
when pg = n + k~'m. Let

M
H t - bm ﬁjak pO))

then operator Dy = f1(B()), where B") are the CMS integrals from Theo-
rem 2.1, acts as zero in Vg, and in VF as a diagonal operator

Dlp@i = gl(ai7k7p0)Pai, 1= 1, .. .,]\77

where g1 (v, k,po) = f1(br, (ai, k,po)). Now having in mind Cayley-Hamilton
theorem we can define

1 _ _
Ci = (—1)N+17 (D{V — Ulpiv 1 + -+ (—1)N 10‘]\/71’1)1)

ON
where o1, ...,0nN stand for the elementary symmetric polynomials in
gl(a17 k;pO)a s >gl(aN7 kvp(])'

From our assumptions we see that ony = g1(a1,k,po)...g1(an,k,po) # 0
when pg = k~!n +m. We see that C;(Vg,) = 0 and by the Cayley-Hamilton
theorem C; acts as the identity in V.

In the same way we can construct operators Co,...Cr and define

C=0CCy...CL.

Let p1f = g+g1+- - -+gr be the decomposition according to (15). Applying
to both sides of this equality the operator C we get

C(prf) =g = Prr(p1f).

But, since B are polynomial in pg, C is a differential operator with coeffi-
cients that have no poles at pg = n 4+ k~!'m, so both sides must be regular
at this point. O

The following definition is motivated by the Pieri formula for Jack—Laurent
symmetric functions [7]. Let o = (A, t) € Py be a bipartition inside 7.
For any box = € m(n,m) define the set of bipartitions S;(«) as

Se(a) ={(AUz, p), (A, p\ 0(x))}

assuming that z ¢ A and AUz is a Young diagram, and that 6(z) € p and
w1\ 0(x) is a Young diagram (otherwise the corresponding element is dropped
from the set).

Let us denote by X («) the set of all bipartitions in the right hand side of
the Pieri formula (see formula (56) from [7]): X (c) is the set of all bipartions
8= ()\ ) such that o can be obtained from (3 by deleting a box from \ or

adding a box to fi.
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Proposition 3.2. Let E be an &-equivalence class and suppose that there
is a € E such that Sy(«) is not empty. Then there exists a unique E-
equivalence class E,. different from E such that for any o € E

X(a) N Ey = Sz(a).

Proof. Let us prove first that if a is £-equivalent to & then Sy («) and S, (@)
belong to the same £-equivalence class. Applying the involution w we reduce
this to the following statement. Let w(a) = (A, p),w(&) = (A, 1) and

AUp =AU, ANp=ANf.
Without loss of generality we can assume that the box = can be added to A
and A\. We need to prove that
AUz)Up=AUx)Ufj, AUz)Np=AUz)N .

The first equality is obvious. To prove the second consider two cases: = ¢
and x € p.

If ¢ pothen ¢ AU pu = AU fi, hence x ¢ fi, which implies that
AUz)Np=AUz)Ni.

Ifxeputhenzx e A\Up= AU it, and hence = € fi. Therefore

AUz)Np=ANp=ANi=(A\Uz)Nj.

Hence there exists a unique equivalence class F, containing the union of
Sz(a), a € E. The relation X (a) N E; = S;(«) is easy to check.

We only left to prove that these equivalence classes E and E(x) are dif-
ferent. Suppose that (A, u) and (AU z, u) are R-equivalent. Then we have

AUp=AUzUp, A\Np=AUzx)Nu,
implying that « € A, which is a contradiction. U

For any box = € m(n,m) define now the set of bipartitions S*(«) as

S a) = {(A\z,p), (A, pUO(2))}.

In the same way as in proposition 3.2 it can be proven that there exists a
unique £-equivalence class E*, which contains S*(«) for any o € E.
Let x € m(n, m). Denote by F, the linear transformation defined by

fm:fE7Ex.

The following proposition is based on the Pieri formula for Jack-Laurent
symmetric functions [7]. Introduce the following functions for bipartition
a = (A, ) and box = = (ij):

Uz, a;po) = Ur(z, a)Us(z, o; po) Us(, a; po), (16)

L) . .
U (z,a) = f[ uldn, L+ ke ir. k) (17)
’ r=i+1 Cll(jr7 1)C,U«(j1a7 O) ’
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B caljr, =1 — k(po + 2))ca(jr, —kpo)
(a5 p0) = 1} o e e ey 09
, (J = 1+ KN + 1 —po— 1))(G + k(i —1(1)))
Vsl i) = Gy + i —po))G 1+ h G, — ) — 1) )
where

ex(jroa) = A — j — k(N = 1) +a,
ca(gria) =M+ 7+ k:(,u; +7)+a,
and X\ as before is the Young diagram conjugated (transposed) to .

Proposition 3.3. The action of F, on Jack-Laurent symmetric functions
can be described by

fx(P)\,u) = V(:Ea /\a N)PAUCE,/L + U(Q(x)a >\7 /LQPO)P)\,/L\H(x)v (20)

where
) . ,
cu(gr, 1+ k)eu(jr, —k) N
Ve, A\, p) = 1 ; . o= (i o
( ) :111 cu(gr, D)ey(jr, 0) ) (21)

and U(z, A, ;p0) is defined by (16).

Proof. This follows immediately from proposition 3.2 and Pieri formula for
Jack-Laurent symmetric functions [7]. O

Lemma 3.4. Let us assume that the box 0(x) = (n—i+1, m—j+1), z = (ij)
can be removed from pu, then the following hold true:

1) If \ic1 = j — 1, or N\iy1 = j then the numerator of the function
U(0(x), N, p;p0) has zero of the first order at pg =n + k~'m

2) If \i=j,or \i=j—1,0rj=1,i=1(\)+ 1, then the denominator
of the function U(6(x), \, i; po) has zero of the first order at pg = k™ n+m.

In all other cases neither numerator nor denominator of U(0(x), A, u; po)
has zero at pg = k™ 'n + m.

Proof. Note that U; does not depend on pg. Introduce the new variable
d = n + km — kpg. Since the box 0(x) = (i’j') can be removed from p we
have p/, =4 =n —i+1 and

ca(j'r,a—=kpo) = A\ +j +E(uy+7)+a—kpo = A\p—j—k(i—1—-7)++1+a.

The second factor ¢, (jr, —kpp) in the numerator of U, corresponds to a = 0
and thus equals to A, —j—k(i—1—7r)+9d+1. Since k is assumed not rational
the condition § = 0 gives r =¢— 1 and A\, = j — 1 and thus \;_; = j — 1,
which is the first condition in case 1). Similarly one can check the rest. O

Let E be an £-equivalence class consisting of more than one element and
(Anrs pear), (A, f4m) be the maximal and the minimal bipartitions in it. Let
us choose x € Aps \ Ay, such that Ay \ x is a partition and let v be the
connected component containing z. Let a = (A, u) € E then it is easy to

10



check that pU6(z) is a partition if and only if AN v = (). Therefore for any
a € E we can define a map ¢ : E — E* by

A\ z,p), vCA
i) = {(A,uue(x)), v =0, (22)

It is easy to see that i preserves the inclusions of bipartitions.

Lemma 3.5. The following statements hold true:
(1) If v \ x is nonempty and connected then 1) is a bijection and for any
ack

fx(Pq,/)(a)) = d(l’,po,O&)Pa,

where d(z,po, ) is nonzero rational function in py which has neither zero
nor pole at pg =n + k™ 'm.

(2) If v\ z = 11 Uwe is nonempty and not connected then 1 is injective
and for any o € K

Fx(Pzp(a)) = d(az,po,a)Pa,

where d(x, poct) has zero of the first order at po = n+k~tm if \Nv =) and
d(x,po, ) has neither zero nor pole at po =n +k~'m if \ D v. If y € E*
and v ¢ Im1p then Fp(Py) = 0.

(3) If v\ = = 0 is empty then 1 is surjective such that for any v € E*

7 y) = {a,aU (z,6(2))}
and
FI(P’Y) = d(l‘,pg, ay w)PaU(:p,G(a:)) + d($7p07 a)Pay

where d(x,po,« U x) has neither zero nor pole and d(x,po, ) has a pole of
the first order at pg = n + k™ 'm.

Proof. Let x = (ij). Consider the case (1). If (o) = (A\z, p) then d(x, po) =
V(z,9¥(a)) and the claim follows. If (o) = (A, p U 6(x)) then d(z,po) =
U(0(x),v(a);po). We claim that U(6(z), ¢ (a);po) has no zero or pole at
po = k~'n+m. Indeed, according to lemma (3.4) we should show that none of
the relations in the lemma are satisfied. The last relation j =1, 7 = [(\)+1
is impossible since v \ z is nonempty. To check the rest note that since
vNA=0we have j = \; + ;. If \; = j then v; = 0 which is impossible.
If \iy1 = j we have \; > A\jy1 = j, which implies v; < 0, which is also
impossible. If \; = j — 1 and \;_; = j — 1 simultaneously then the zero in
the denominator cancels the zero in the numerator and we have the claim.
If at the least one of these relations are not valid then we have the strict
inequality A\;—1 > X;. Let \j—1 = 5 — 1, then \;_1 = \; + v; — 1, which
implies that v; > 1. It is easy to see that this contradicts to the connectivity
assumption of v \ z. The last case to check is when \; = j — 1, A1 > ;.
This case contradicts to the connectivity of v. This proves the lemma in case
(1). The remaining cases can be proved in the same way. O
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Theorem 3.6. Let o € Py, and E be the £-equivalence class containing o,
k ¢ Q be fixed. Then there are rational functions ags(po) with 3 € E,  C «
such that ano =1 and aga(po) has a pole at pg = n + k~'m of order, which
is equal to the number of connected components in o\ 3, and such that the
linear combination of Jack-Laurent symmetric functions

Qu= Y aga(po)Ps

BEE, BCa
is reqular at po =n + k= 'm.

Proof. Let us prove theorem by induction on [A\ Ay,

If M\ Amm| = 0 then o = v, = (A, 1) and in this case the theorem states
that P,,, is regular at pp = k~'n + m. By part 2) of theorem 2.5 we have
ANO(p) =0. Let 1,...,zx be all boxes of the diagram A beginning from
the first box of the first row and ending by the last box of the last row.
Consider the following function

Q=Fun - Fur(Ppp)

We have Py, = P is dual to Jack symmetric function and thus does not

depend on py. Therefore by proposition 3.1 @ has no poles at pg = n+k~'m.
Moreover, since A N O(u) = () by proposition 3.3 and lemma 3.4 we have

Q=Vy...ViP,, .

where V;, 7 = 1,..., N do not depend on py, and thus P, is regular at
po=n+k~tm.

Now suppose that o € E and a # ayy,. Therefore there exists a connected
component v C Aps \ Am, ¥ C A. Let us pick 2 € v such that A\ z is a Young
diagram. It is easy to see that Ays \ z is also a Young diagram.

Consider three different possibilities as in lemma 3.5. In all three cases

vla) = A\ z,p),  Ylam) = (Am, nU0(2))

and A\, N (6(n) Uz) = 0. Therefore ¢(auy,) is the minimal element in E* and
| A\ 2)\ A |[=] A\ A\ | =1 and we can apply inductive assumption. After
applying F, to Qy(,) and using lemma 3.5 we get

Fo(Qu) = Y sa(po)Ps
BEE, BCa
with some coefficients agq (po) which are rational functions in pg. By propo-
sition 3.1 F,(Qy(a)) is non-singular at pg = n + k~'m and d(z,po, @) is also
non-singular and non-vanishing by lemma 3.5 in all three cases. Define

1
FolQu) = Y. aga(po)Ps

Qo ==
d(z,po, ) seh hea

with aﬁa(pﬂ) = d,@a(pO)/d(x)pOa Oé)
12



Now let us prove that the coefficients ag, (po) have the analytic properties

stated in the theorem. We have in all cases
. Gaa - d(l’,po,&) _
Ao, = = =1.
d(.fU,p(),Oé) d(l‘,po,()&)

Let B # «. Then again in all three cases from lemma 3.5 one can see that

d(l’,po, ﬁ) a
d(z, po, @) Y(B)()

aga =

Now consider three different cases separately.

1) If v\ z is non empty and connected then by the first statement of lemma
3.5 d(x,po, 8) is regular at pg = n + k~'m and the number of connected
components « \ 3 is the same as the number of connected components of
() \ ¥(B). This implies the theorem in this case.

2) Let v \ = 11 Uy be a disjoint union of two non empty components.
Consider two cases: 3 D p and 8N p = 0, where p = (v,0(v)). In the first
case the number of connected components « \ (3 is the same as the number
of connected components of ¥ (a) \ ¥(53) , d(z, po, 5) is regular and theorem
follows. In the second case the number of connected components o\ 3 is less
by 1 than the number of connected components of ¥(«) \ ¥(f3) , d(z, po, 3)
has zero of the first order and the theorem again follows.

3) Let v = z and (z,6(z)) € B then the number of connected components
a '\ [ is the same as the number of connected components of («) \ ¥(5) ,
d(x,po, ) is regular and the theorem follows.

If (x,0(x)) ¢ (8 then the number of connected components a\ 3 is greater
by 1 than the number of connected components of () \ ¥(5), d(z,po, B)
has a pole of the first order and theorem again follows. This completes the
proof. O

Corollary 3.7. The Jack—Laurent symmetric function PNPO g5 g function

of po has a pole at pg = n+ k~'m of order I, where | is defined by (13) and
Corollary 2.6.

For bipartitions a € Py, the order [ of the pole at pg = n + k~'m can
be described geometrically as the number of connected components in the
intersection A and 6(u) (which are shaded parts in Fig. 1).

From Corollary 2.6 using the same technique one can show that the as-
sumption o € Py, in the theorem can be omitted.

Proposition 3.8. Theorem 3.6 is true without assumption o € Py .

4. ALGEBRA OF INTEGRALS IN GENERALISED EIGENSPACES

Assume now that k is non-algebraic and that py = n + k~'m for some
n, m € Z~g as before.

Let E be an £-equivalence class of bipartitions, consisting of 2" elements
and consider 2"-dimensional subspace Vg (pg) C A* defined as the linear
span of Jack-Laurent symmetric functions Pék’p 0)
13
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P 0), « € E for all pg in a neighbourhood of

po, and as the linear span of Q&k
po=n+k~tm.

The action of the algebra of CMS integrals D(k, pg) is diagonalisable for
non-special pg, but at pg = n + k~'m it has a generalised eigenspace Vg =
Ve(n + k~!'m) spanned by Q&k’mrk_lm), a € E. We are going to study now
the action of the algebra in this invariant subspace.

Consider the natural homomorphism
¢ :D(k,n+k™'m) — End (Vg).

Theorem 4.1. If k is non-algebraic then the image of the homomorphism
p is isomorphic to the tensor product of r copies of dual numbers

A = Cler, ea,...,6,]/(e3, €3, ..., €2).
VE s the regular representation of U, with respect to this action.

Proof. Let vy, ..., v, be the corresponding sets from Theorem 2.5 and Corol-
lary 2.6, describing the equivalence class E and define

gs(v) = Z c(x,0)571

A2

where ¢(z,a) = (j — 1) + k(i — 1) 4+ a as before.

Lemma 4.2. If k is non-algebraic then the determinant

g(r1) gi(re) ... gi(v)

g2(v1) ga(r2) ... ga(wy)
A= . . . .

QT(VI) gr(v2) .. gr(vr)

18 mon zero.

Proof. Indeed, we can represent this determinant as a sum over all sequences
of boxes x1 € v1,...,x, €E Uy

A= Y Ala,...,x,),

where
1 1 1
N c(x1,0) c(x?,O) c(xr,0)
c(:nl,.O)’“_l c(xg,.O)T_1 c(xr,b)r_l.
But A(zy,...,x,) is Vandermonde determinant, so
Ay, ... zp) = [[(c@u,0) = e(@o,0)) = T] (Gu = do + kliu — i),
u<v u<v

where the product is taken over all boxes x,, € vy, x, € v,. We can suppose
that if v < v then the connected component v, is located higher and more
14



to the right than v,, so we have for u < v that j, — j, > 0 and i, — 7, < 0.
Therefore if we consider A(z1,...,z,) as a polynomial in k then its constant
term is strictly negative and thus the same is true for A. In the same way
we can see that the coefficient at the highest degree of k is strictly positive.
Since k is not algebraic number we see that A # 0. O

Let B() be the CMS integrals (1) and consider the following system of
linear equations

g1(v) M1+ g1 (v2)Ma + -+ + g1 (vr) M, = BP — byl

G2 (V1) My + ga(v2) Mo + - - - + go(vp ) M, = %([5(3) — b3l)

(23)

where the eigenvalue by = bs(a, k,n + k~'m) does not depend on a € E.
Since the determinant of this system is nonzero, the system has a unique
solution My, ..., M,, which are certain CMS integrals. We claim that the
image of M; of under ¢ give us required ;.

To show this consider the transition matrix A = (aga), 5, € E from the
basis P to @ in Vg(po) :

k k,
Qrro = Z aﬁapﬁ PO

BCa

Let A™! = (aga) be the inverse matrix. It is easy to see that ag, can be
different from 0 only if 3 C a. Now let v be one of vy,...,v, and define
2" x 2" matrix
€y = Z Ay Ayapas (24)
By,
where the sum is taken over all triples § C v C « from E such that v\ 8 D
p, p = (1,0(v)) and Eg,, o, f € E are standard matrices with only one
non-zero matrix element (Ba) equal to 1.
Let D®) = D) (pg) be the matrix of the operator B(*) in the basis Polf’po,
which is a diagonal matrix with the diagonal elements dt(fo)é = bs(a, k,po).

Then the matrix of the operator B®) in the basis QR0 is D) = A=1D() A,
Consider the matrix

BG) — DG _pl) — A~1p6G) g4 _ pl)
with matrix elements
= Y ann—dS = S ane - o
BCyCa BCYCa

where we have used that A=A = I. It is easy to see from the form of
d55) = by(B, k, po) that

s (s) _ ~
df) —dgs =D 3:),

vCy\B
15



where

Gs(v) = (@, 007+ (=1)° D elw, 1+ k—kpo)*!

TEV z€b(v)

Therefore the matrix B() can be represented in the form
Z b Eﬂa - ng Ep. (25)
BCa

From this we see that the matrices £, satisfy the following system of linear
relations

Go(V1)é1 + ga(ro)éa + -+ + Ga(vp)ér = 1:)(2) - D
G3(v1)é1 + G3(0)éa + - + G3(vp)é, = DB — DO

(26)
Gr1(V1)E1 + Gra1(v2)E2 + - + Gry1 (1p)E, = DU — DO,
It will be convenient now to use instead of pg the local parameter
h=m+ kn — kpo,
such that h = 0 when pg = n + k~'m. From the identity (7) we have
gs(v) = e, 00" = (e(,0) — h)* T,
IS4 IS4
which implies that
9s _ (s_
lim %2 = (5~ 1)g, (7).
From lemma 4.2 the determinant
QQ(VI)/h gg<l/2)/h QQ(VT)/h
A g3s(v1)/h  G3(we)/h ... gs(v)/h
gre1(1) /b Grar(va)/h o Gra(vr)/h
is not zero and since the right hand side is regular at h = 0 we can define
€, = lim hé,. (27)

h—0

Taking limit ~ — 0 in (26) and comparing the result with the system (23)
we see that ¢; = ¢,, satisfy the same linear system as (and hence coincide

with) ¢(M;) in the basis Q& m

Thus we have shown that ¢; belong to the image of ¢. We claim now that
52 =0,¢=1,...,r and that the products ¢;, ...¢;, are linearly independent
for all subsets {il, isy CAL L)

The relations 512 = 0 follows from the equality é? = 0, which is a simple
consequence of the formula (24). Indeed, it is easy to see that for any two
terms Eg, and E[}a entering (24) we have a # (3 since v is a subset of «,

but not of 5
16



Define c/"@a = ) 43,Gyq, Where the sum is taken over all v € E such that
BCvyCaand~y\pDpi, pi=(vi,0(;)). Then

& =) habso

where the sum is taken over «, € F such that  C a and a'\ § contains p;.
We have

~ ~ D1yl
Eiy .. Eig = E CG ‘B3 a,

BCa
where
ilw--,ir _ 7:1 is
Ba T Z € Cysmra
BCY1CCys—1Cax
and sum is taken for all possible chains such that p;; C v1\ 3, ..., pi, C
« \ Vs—1-

If 8 = ay, is minimal in the sense of Theorem 2.5 and Corollary 2.6 and
a=[FUp; U---Up;, then there is the only chain

BCBUpy, CBUpyUpi C---Ca

’L'l»n-yis _ il is
and ¢y 70 = oy -+ o

B U p;. In that case C?Ba = Ugalaa = (Bn = —0go. From theorem 3.6 this

Now look at the coefficient c%a, where a =

coefficient has a pole of order 1, so the limit hc%a when h — 0 is non-zero.
Hence the product ¢;, ...¢;, has a nonzero coefficient at Eamamupilu--~upi5~
One can check that Eamamupilu“'upis does not enter in any other product of
;. This proves linear independence of ¢;, ... ;..

The fact that €;, ¢ = 1,...,r generate the whole image of ¢ follows from
the formula (25) and from the fact that the operators B(!) generate the
algebra of CMS integrals.

Note that the commutativity of ¢; (which follows from the commutativity
of CMS integrals) imply some relations for the coefficients agq.

To prove that the corresponding action of 2, in Vg is the regular represen-
tation consider the socle ! of 2, generated by the product S =¢1...¢g. € A,.
The action of 2, in Vg is faithful, so there is a vector v € Vg such that
Sv # 0. Since S belongs to all non-zero ideals of 2, the subspace 2,v C Vg
is the regular representation of 2,.. Now the claim follows since v and Vg
have the same dimension 2" and thus must coincide. O

5. CONCLUDING REMARKS

The behaviour of Jack symmetric functions for special (namely, positive
rational) values of parameter k are known to be quite tricky and is still
to be properly understood. As it was shown by B. Feigin et al [3] this
question turned out to be closely related with the classical coincident root
loci problem going back to Sylvester and Cayley (see [4]).

lWe are grateful to Pavel Etingof for this idea.
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We have shown that the Jack—Laurent case turns out to be much simpler
in this respect and the analytic properties of the coefficients can be described
in a satisfactory manner (see section 3 above). The reason is that in this
case we have two parameters k and pg, and we can fix k to be generic and
consider the analytic properties in pg instead.

Our main motivation to study Jack-Laurent symmetric functions came
from the representation theory of Lie superalgebras, where the case of special
parameters is particularly important. We will discuss this in a separate
publication.
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