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Abstract

Integrable systems arise in nonlinear processes and, both in their classical and quantum
version, have many applications in various fields of mathematics and physics, which makes
them a very active research area.

In this thesis, the problem of integrability of multidimensional equations, especially
in three dimensions (3D), is explored. We investigate systems of differential, differential-
difference and discrete equations, which are studied via a novel approach that was devel-
oped over the last few years. This approach, is essentially a perturbation technique based
on the so called ‘method of dispersive deformations of hydrodynamic reductions’ This
method is used to classify a variety of differential equations, including soliton equations
and scalar higher-order quasilinear PDEs.

As part of this research, the method is extended to differential-difference equations and
consequently to purely discrete equations. The passage to discrete equations is important,
since, in the case of multidimensional systems, there exist very few integrability criteria.
Complete lists of various classes of integrable equations in three dimensions are provided,
as well as partial results related to the theory of dispersive shock waves. A new definition
of integrability, based on hydrodynamic reductions, is used throughout, which is a natural
analogue of the generalized hodograph transform in higher dimensions. The definition is
also justified by the fact that Lax pairs —the most well-known integrability criteria— are

given for all classification results obtained.



i

Acknowledgements

Above all, I would like to express my deepest gratitude to my supervisors, Jenya Ferapontov
and Vladimir Novikov, for their guidance, support and patience throughout these three
years. Working with them has been a great pleasure, and they are both inspiring people,
who I will always seek advice from, at any stage of my career.

I would like to thank the Department of Mathematical Sciences of Loughborough Uni-
versity for the financial support during my studies, but also all the academic and ad-
ministrative staff of the department, for creating an ideal, friendly and well-organised
environment for postgraduate studies.

Many thanks to my long-time friends, Tolis Apostolidis, Elias Diab, Sotiris Konstantinou-
Rizos, George Papamikos and Pavlos Xenitidis, who, being spread around UK, have been
there for me during happy or stressful days. The newly added friends, Kostas Katso-
giannis, Ilias Kristallis, Sara Saravi, Rubi Tsakona and George Tsigkourakos, who helped
create some nice memories in Loughborough, and also all the friends and colleagues in
the department, especially William Haese-Hill and Jon Moss. Moreover, I would like to
thank Anna Grammatikaki, Nikos Kallinikos, Sandy Kokoni, Christos Merkatas, Asimina
Papadopoulou and Athena Papargiri, who, despite the distance, are always in my thoughts.

Finally, words are not enough to express how grateful I am to my family; my parents,
Nikos and Litsa, for all the physical, mental and financial support on every step and
decision in my life, my sister Maria, my brother in law Vagelis, and our little girl, my

niece, Eva.



Contents

Abstract
Acknowledgements
List of Abbreviations

1 Introduction
1.1 Outline of area of research . . . . . . . . . . . . ...,
1.2 Main results of the thesis . . . . . . . . . . .

1.3 Organisation of the thesis . . . . .. . ... ... ... . ... ......

2 Hydrodynamic type systems in 1+1 dimensions
2.1 Equations of hydrodynamic type in 1+1 dimensions . . . . . . . . . .. ..
2.2 Riemann invariants . . . . . . . . . ..o
2.3 The semi-Hamiltonian property . . . . . . . .. .. ... ... ... .. ..
2.4 Conservation laws and commuting flows . . . . . . .. .. ... ...

2.5 Generalized hodograph method . . . . . .. ... ... ... ... ... ..

3 Quasilinear Partial Differential Equations in 2+1D
3.1 The method of hydrodynamic reductions . . . . . . . ... ... ... ...
3.1.1 The example of dKP equation . . . . . ... ... ... ... ... ..
3.2 Dispersive deformations of integrable dispersionless systems. . . . . . . . .
3.2.1 The example of KP equation . . . . . . ... ... ... ... ....

3.3 Linearly degenerate systems . . . . . . . .. .. ... ...



CONTENTS iv
3.4 Dispersionless Lax pairs . . . . . . . . .. oo 46
3.4.1 Classification of integrable dispersionless equations via Lax pairs . . 47

3.5 Classification of integrable equations with one nonlocality . . . . . . . . .. 49
3.5.1 Integrability conditions of the dispersionless system . . . . . .. .. 49

3.5.2 C(lassification result of dispersive equations . . . . . . . . . ... .. 51

3.5.3 Classification via Lax pairs . . . . . . . . .. ... ... ... .... 53

3.6 Classification of integrable equations with two nonlocalities . . . . . . . . . 54
3.6.1 Integrability conditions of the dispersionless system . . . . . .. .. 55

3.6.2  Classification via Lax pairs . . . . . . . .. .. ... ... ... .. 57

3.6.3 Classification via Lax pairs: A different second nonlocality . . . . . 59

3.7 Classification of integrable equations with nested nonlocalities . . . . . . . 61
3.8 Commuting flows . . . . . . .. .. 62
3.8.1 Commuting flows of the dKP equation . . . ... ... ... ... .. 65

4 Differential-Difference equations in 241D 68
4.1 Examples . . . . .. 70
4.2 Nondegeneracy conditions . . . . . . . . . ... 70
4.3 The method of hydrodynamic reductions . . . . . . . . ... .. ... ... 71
4.3.1 The example of Toda equation . . . . . . . .. ... ... ... ... 72

4.3.2 The example of Toda-type equations . . . . . ... ... ... ... 74

4.4 Classification Results . . . . . . . . .. ... oo 75
4.4.1 Classification of nonlocalities of the form w, = A(0y)uy, . . . . . . . 76

4.4.2 Classification of nonlocalities of the form w, = A(0,,0,)u, . . . . . 7

4.4.3 Intermediate Long Wave nonlocality (type 1) . . . . .. ... ... 78

4.4.4 Intermediate Long Wave nonlocality (type 2) . ... .. ... ... 83

4.4.5 'Toda type nonlocality . . . . .. ... ... ... . 84

4.4.6 Fully discrete type nonlocality . . . . . . . ... ... ... ... .. 85

5 Discrete equations in 3D 88
5.1 A-forms of discrete integrable equations . . . . . . ... ... 90



CONTENTS v
5.2  Method of dispersive deformations . . . . . . . ... ..o 97
5.3 Nondegeneracy conditions . . . . . . . ... .. ... ... 99
5.4 Discrete conservation laws . . . . . . .. L. 101

5.4.1 Two discrete and one continuous variables. . . . . . . . .. .. .. 112
5.4.2  One discrete and two continuous variables. . . . . . . . . .. . .. 121
5.5 Discrete second order quasilinear equations . . . . . . .. ... ... 121
5.5.1 Two discrete and one continuous variables . . . . . . . . .. .. .. 122
5.5.2 One discrete and two continuous variables . . . . . . . . .. .. .. 122
5.6 Numerical simulations . . . . . . . . . . 123

6 Concluding remarks 129

A Classification Program 131

B Computation of Lax pairs 136

C €e?—integrability conditions 138

Bibliography 139



List of Abbreviations

1+1D
2+1D
2D
3D
DAE
dHD
dKP
HD
KdV
KP
mKP
mVN
NLS
ODE
PDE
PAE
VN

one space and one time dimensions
two space and one time dimensions
two dimensions

three dimensions
Differential-difference equation
deformed Harry—Dym
dispersionless Kadomtsev—Petviashvili
Harry-Dym

Korteweg—de Vries
Kadomtsev—Petviashvili

modified Kadomtsev—Petviashvili
modified Veselov—Novikov
Nonlinear Schrodinger

Ordinary differential equation
Partial differential equation
Partial discrete equation

Veselov—Novikov

vi



Chapter 1

Introduction

1.1 Outline of area of research

Integrable systems link together various areas of mathematics and mathematical physics,
including differential geometry, complex analysis, spectral theory, and more.

Although the definition of integrability is a highly nontrivial subject, integrable (nonlin-
ear) equations possess certain properties, that can provide some working criteria. Among
these properties, is the existence of a special class of exact solutions of the equations,
representing n—soliton interactions [20], and the solvability of the equation by the inverse
scattering transform (IST), which is basically a nonlinear analogue of the Fourier transform
[37]. Moreover, one can require the existence of an infinite number of symmetries, or a suf-
ficient number of first integrals that are in involution (Liouville integrability) [7]. However,
one of the most important integrability properties, that will be often used throughout this
thesis, is the existence of a linear representation, known as a Lax pair [57], which yields the
original nonlinear equation via the compatibility condition of two linear partial differential
equations (PDEs), for the same auxiliary function.

The concept of integrability arose in the 18th century, in the context of finite-dimensional
classical mechanics. Subsequently, various integrable systems where discovered, such as
Euler’s problem of two fixed centres, Jacobi’s geodesic flow on ellipsoids, Neumann’s prob-

lem, the Manakov top, etc. Their study was based on the Hamiltonian formalism, and
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their integrability appeared to be an ‘easy’ concept, based on the existence of sufficiently
many, ‘well-behaved’ first integrals (constants of motion). The key result is the Liouville-
Arnold theorem, which ensures that there exists a canonical transformation to, the so-
called, action-angle coordinates, such that the transformed Hamiltonians depend only on
the action variables. This way, one can explicitly solve (‘integrate’) Hamilton’s equations,
provided that the action-angle map is explicitly known.

In contrast to finite-dimensional systems, a universally accepted definition of integrabil-
ity does not exist in the case of infinite dimensions. Here one has to focus on the properties
of the system and its solutions, and produce new techniques. The theory of these integrable
equations, and their properties was initially developed in the case of two-dimensional (2D)

models, such as the well-known Korteweg-de Vries (KdV) equation
Up — 6uly + Ugee = 0,  u = u(x,t),

a nonlinear equation describing waves on the surface of shallow water, the nonlinear

Schrodinger (NLS) equation

i¢t = ¢wx + 2|77Z)|277Z)7 ¢ = ¢(m7t)v

and many more. Then, the interest was transferred to multidimensional systems, and
especially systems in three dimensions (3D), which constitute the subject of this thesis.
We will be focusing on the study of nonlinear PDEs, such as Kadomtsev—Petviashvili (KP)
equation
3 1 3
(ut - iuu:r - 4u:1:xx)x = Zuyya u = U(fﬂ, Y, t)a
but also differential-difference equations (DAEs), such as the 2+1D Toda lattice

Ut = U/Agw, Wy = Ay'“f, U = ’U,(SU, Y, t)?

and purely discrete equations (PAEs), where the most well-known example is Hirota equa-
tion

oy TTiT + BTl + AT37T5m = 0, T =71(2, 2% 2°),
which gives various types of soliton equations and discrete analogues of them, via appro-

priate choice of the parameters «, 3, and suitable limits [45]. Here T; (T3) is the forward
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(backward) e-shift in the i-direction and A; = (T; — 1)/e (&; = (1 — T;)/¢), denotes the
forward (backward) discrete derivative, respectively.

Discrete systems are of particular interest in mathematics, physics, numerical analysis,
etc. They initially appeared as discretisations of continuous equations [1, 2, 16, 43, 44, 45],
but recently their theoretical study started to develop independently. As in the case of
continuous equations, an effective integrability criterion for discrete equations, is the exis-
tence of a Lax representation. Other techniques include the singularity confinement [40],
which can be considered as the discrete analogue of the Painlevé property, and the alge-
braic entropy of an equation [9], which is a number defined by the growth of the degrees
of the iterates of a map. However, the past few years, another important approach was
introduced independently by the authors of [70, 10], called multidimensional consistency.
Multidimensional consistency, which is probably the most significant method, is an ex-
tension of the 3D-consistency approach, which was used for the classification of discrete
integrable equations in 2D.

Through this work, we aim to introduce a novel approach to the integrability of PDEs,
DAEs, and consequently PAEs in three dimensions.

This novel approach originates from the theory of hydrodynamic type systems, so let us
first go back to the continuous case, and give a brief description of this concept. Consider

a homogeneous system of PDEs in 2D, of the form

i )

up = vi(wul, u=ut,z), (1.1)

where the standard summation rule over repeated indices is assumed, u = (u',...,u") is

an n-component vector and v;'-, which could also be considered as matrix elements of an
n x n matrix V, are assumed to be smooth functions of u!, ..., 4™ only. Systems of this type
are called hydrodynamic type systems, or 1+1 dimensional quasilinear systems, and arise
in many different contexts, such as fluid mechanics and gas dynamics, general relativity,
differential geometry, etc. S. P. Novikov formulated the conjecture that a quasilinear
system in 1 4 1 dimensions is integrable if it is diagonalisable, that is, transformable into

the form R = XN'(R)R., by a change of variables, and Hamiltonian. This conjecture was
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later proved by S. P. Tsarev, who also found that the Hamiltonian condition could be
relaxed, by introducing the semi—Hamiltonian property. If a system satisfies the semi-
Hamiltonian property, then it can be solved using the generalized hodograph method [82].
Classification of equations of this type has been a very active research topic and various

results have been obtained over the years, see for example [21, 22, 36, 74, 82, 83, 84].

As already mentioned, our interest lies in equations in three dimensions. The most

famous model is KP equation,
(wr — 3/2uty — 1/4Up00)n = 3/40y,, u=u(x,y,t), (1.2)

which is a natural generalisation of KdV equation, and also arises in the context of mod-
elling waves in ferromagnetic media, as well as matter—wave pulses in Bose—Einstein con-

densates [91]. Introducing a potential w(z,y,t), KP can be rewritten in the form
g — 3/2uty — 1/4Uyyy = 3/4w,,  w, = uy,.

The linear representation (Lax pair) of this equation is given by the following overdeter-

mined system,

be - ¢oc:c + u¢a

where ¢(z,y,t) is an auxiliary function. The consistency condition, ¢,; = ¢y,, modulo

(1.3)

(1.3), yields KP equation. Following Zakharov [91], given a (2+1)-dimensional equation,

one can rewrite it as a dispersive equation through the limiting procedure
Op — €0y, Oy — €0y, Op — €0y,

and the obtain its dispersionless limit by setting ¢ — 0. In the case of KP equation, this

limiting procedure results in
up — 3/2utty — 1/46*Uppy = 3/4w,,  wy = uy,
and as € — 0, one obtains

u — 3/2uu, = 3/4w,,  w, = uy,



CHAPTER 1. INTRODUCTION )

known as dispersionless KP (dKP) equation. The dKP arises in nonlinear acoustics, and
the theory of Einstein-Weyl structures. In this case, the Lax representation is no longer
linear. Instead, it transforms into a pair of nonlinear PDEs for the auxiliary function
S(z,y,t),

S, =52+u,

S =52+ 3/2uS, + 3/4w.
A straightforward check of the compatibility condition, Sy = Sy,, shows that it is indeed
satisfied, modulo dKP. To obtain this nonlinear representation, one should make the change
Oy — €0y,0, — €0y, 0, — €0y, use the substitution ¢ = exp(S/e) in the original Lax pair

for KP equation, and then take the limit as e — 0.

All dispersionless integrable systems possess the so-called dispersionless Laz pair [91].

This is a pair of equations

S = G(Sp,u), Sy =F(S;u), (1.4)

where u = (u',...,u"), and the function S(z,y,t) is called scalar pseudo-potential. De-

pendence of the functions F' and G on S, may be nonlinear. The consistency condition
Syy = Syt 1s satisfied, modulo the original equation (or in other words, the Lax pair implies
the original equation via the consistency condition). Moreover, dispersionless Lax pairs

can be used to classify dispersionless integrable systems, as we will illustrate in the thesis.

In a series of recent works [27, 28, 31, 32, 46], it was realised that various three-
dimensional dispersionless problems can be studied by a new method, called the method of
hydrodynamic reductions. This method works for equations that, under a proper substitu-
tion, fit into the following general first-order (241)-dimensional quasilinear hydrodynamic
type form,

A(u)uy, + B(u)uy + C(u)u, =0, (1.5)

where u = (u!,...,u™)! is an m-component column vector of the dependent variables, and

A, B, C are [ xm matrices where [, the number of equations, is allowed to exceed the number

of the unknowns, m. The key idea of the method of hydrodynamic reductions is to look for
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special class of exact solutions of (1.5), the so called N-phase solutions, u = u(R*, ..., RV),
where the ‘phases’ R!, ..., RV solve a pair of commuting diagonal systems of hydrodynamic
type

R, = ' (R)R,, R;=X(R)R,. (1.6)
Since systems (1.6) are diagonal and commuting, they are automatically semi-Hamiltonian
and, therefore, completely integrable by the generalized hodograph method. In other
words, the idea is to decouple the (2+1)-dimensional problem (1.5) into a pair of diagonal

(14-1)-dimensional hydrodynamic type systems. Then

Definition 1 /27, 30] The original system is called integrable if, for any N, it possesses
infinitely many N-component reductions of the type (1.6), parametrised by N arbitrary

functions of a single argument.

This definition of integrability will be used throughout this thesis.

Hydrodynamic reductions of particular dispersionless equations were studied before [38],
though only recently it was understood that the requirement of the existence of an infinity
of such reductions is a strong and restrictive condition, providing a good definition of
integrability for dispersionless systems. This requirement leads to a simple algorithmic
way of verifying whether a given equation is integrable, and also provides an effective

classification scheme.

After the classification of integrable hydrodynamic type systems, it seemed natural to
look for integrable dispersive deformations of these systems. The basic idea is to require that
all hydrodynamic reductions of the dispersionless system are ‘inherited’” by its dispersive
counterpart [31, 32, 46], while at the same time the commutativity of the phase flows is
preserved. Particularly, one seeks a k-th order dispersive deformation of equation (1.5) of

the form
Au)uy + Bu)uy + Cw)us +e(...) + () + -+ () +-- =0, (1.7)

where terms in the brackets are m x m matrices, whose entries are homogeneous differential

polynomials in the x- and y-derivatives of u, of order k+1. Coefficients of these polynomials
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are allowed to be arbitrary functions of u. Then, we require that N-phase solutions can

be deformed accordingly,
w=u(R',...,RY) +eup + --- + Fuy + O(") (1.8)

where u; are assumed to be homogeneous polynomials of degree i in the z-derivatives of

R%s. Similarly, hydrodynamic reductions can be deformed as

R, = '(R)R. + eay + - - + €*a + O("1), 19)

Ri = N(R)R. + by + -+ + by + O(1). '
where a;, b; are assumed to be homogeneous polynomials of degree 7+ 1 in the z-derivatives
of R”s. Substituting (1.8) into (1.7), and using (1.9) along with the consistency condi-
tions R}, = R!

., one arrives at a complicated set of relations, allowing one to reconstruct

dispersive terms in (1.7).

Important Remark. The requirement of the inheritance of hydrodynamic reductions
of an integrable dispersionless system by the corresponding dispersive equation, provides
an efficient classification criterion. The reconstruction of dispersive terms is an algebraic
procedure that is performed step—by—step, at the orders of the deformation parameter e.
It is an open problem to prove that this works at all orders of €. Thus, throughout this
thesis, when we say that an equation is integrable, using the definition stated earlier, we
mean integrable to a finite order of €, although, in the end, integrability in the usual sense

is implied, by providing Lax pairs for the resulting equations.

Since the dispersive equation (1.7) can be considered as a formal series in €, this means
that we can apply the method of deformations of hydrodynamic reductions to (semi-)
discrete equations, that are expressed in terms of e-shift operators, T, f(z,y) = f(z +
&), Tef(z,y) = f(x —€,y), since T; = e, For example, the 2+1D Toda lattice

Uy = uAgw, Wy = Ayu, U = U(.T, Y, t)a

after expanding using Taylor’s formula, can be written as

Uy € +€2 n
— =W,y — =W —W
u Y 2 vy 6 yyy )
€ €
wx:uy+§uyy+€uyyy—l—....
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Hence, the integrability of differential-difference and discrete equations will be explored

using this new approach.

1.2 Main results of the thesis

This thesis is motivated by the work of the authors in [32], who considered an impor-
tant class of equations, which includes the very well-known examples of KP, Gardner and
Veselov-Novikov equations. Using the method of hydrodynamic reductions, as the main

approach, they classified integrable equations of the form
U = QUy + Yuy +nw, + () + (L), wy = uy, (1.10)

where ¢, 1, 7 depend on the scalar field u(x, y, t) and the nonlocal variable w(z, y,t). Terms

at € and €2

are homogeneous differential polynomials of order two and three respectively
in the z- and y- derivatives of u and w, with coefficients being arbitrary functions of v and

w. Their main result is summarised in the following theorem.

Theorem 1.1 [32] The following equations provide a complete list of integrable equations

of the form (1.10), with n # 0, whose dispersionless limit is linearly nondegenerate:

K P equation U = Uy + wy+ezumx,
mK P equation up = (W — u?/2)uy + Wyt Uy,
2
Gardner equation u = (fw — gu2 + du)u, + wy—l—ezumr,
VN equation up = (uw),+€yy,,
| 2 3,
mV N equation w = (uw)y+e | uy, — 1]
u
y
. e /1
HD equation Up = —2WUy + UWy—— <) ,
(% u TXxx
. ) e /1
deformed HD equation Up = Uy — 2Wly + uwy—— <> ,
u U \U/ zzxx
Es equation uy = (Bw + f*u*)u, — 3Buu, + w, + €[B*(u) — Bu, B*(u)),
~ 49 3 2 2123 2
Eg equation u = = uu, + (w — 3u)uy, + uw, + € [B°(u) — Pfu, B (u)],

3
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where B = BuD, — D,, B=const, 6 =const.
The dispersionless limits of these equations possess dispersionless Lax pairs of the form
F(‘S:wsyau) = 07 St - G(Sxasz,nuaw)a

with F' quadratic and G cubic in S, S,. This information can be used to classify integrable
dispersionless equations using dispersionless Lax pairs, and in fact, we prove how one
can re-derive the classification list above. Moreover, using the same technique, we study

equations with one extra nonlocal variable v, in the form
U = QUy + YUy + nwy + T, Wy =y, vy = f(u,w),, (1.11)
where 7 f,, # 0, and we prove that

Theorem 1.2 Integrable equations of the form (1.11), are higher flows of dispersionless
KP, mKP, Gardner, HD and deformed HD equations.

If we consider integrable equations of the form
Up = PUy + ¢uy + nwy F TV, Wy = Uy, Uy = f(u, w)za

where 7, 7f, # 0, we can show that all such equations are commuting flows of the dis-
persionless VN equation. We extend the problem by considering equations with several
nonlocal variables, where the result of theorem 1.2 is repeated, when up to four nonlocali-

ties are added. Also, we prove the following

Theorem 1.3 Commuting flows of dispersionless equations from theorem 1.1 and system
(1.11), result in higher flows of dispersionless KP, mKP, Gardner, HD and deformed HD

equations.

Then, part of the thesis, addresses the problem of classifying integrable differential-
difference equations in 241 dimensions with one/two discrete variables. These equations

are of the general form

w = Flu,w), uv=u(x,yt), w=w(zy,t), (1.12)



CHAPTER 1. INTRODUCTION 10

where u is a scalar field, w is the nonlocal variable, and F' is a differential/difference
expression of u,w, and their derivatives (the form of F' and the nonlocality are specified
in the corresponding chapter 4). All the nonlocalities considered, reduce to w, = u, in
the dispersionless limit ¢ — 0. We use the standard notation explained in the previous
section, and the method of deformations of hydrodynamic reductions. We focus on various
classes of equations generalising the intermediate long wave and Toda type equations, and
we consider nonlocalities of intermediate long wave, Toda and fully discrete type. The

functions ¢, ¥, n, 7, f, 9,p,q, h, k that appear here depend on u,w. Our first result is

Theorem 1.4 The following examples constitute a complete list of integrable equations of
the form w, = pu, + Yu, + Tw, + nw, + €(...) + €*(...), where dots denote terms which
are homogeneous polynomials of degree two and three in the x- and y-derivatives of u

and w, whose coefficients are allowed to be functions of u and w, with the nonlocality of

Tp+1

intermediate long wave type Nyw = 5=,
Up = Uly + Wy,
u = (w4 ae”)uy + wy,
2 €
u = wuy + (vw), + 19 Yy

2 2
€ 3u
w = vlu, + (uw), + D (uyy — 4uy> .
y
where o = const.

The first equation is known in the literature as a differential-difference analogue of the
KP equation [16]. It can also be viewed as a 2 + 1 dimensional integrable version of
the intermediate long wave equation [92]. The third equation is known as a differential-
difference version of the Veselov-Novikov equation [75], while the last can be viewed as a
differential-difference version of the modified Veselov-Novikov equation. Using the same

form of nonlocality, but changing the structure of the equation, we obtain

Theorem 1.5 The following examples constitute a complete list of integrable equations of

the form u, = Yu, + nw, + fAg + pAzq, with the nonlocality of intermediate long wave
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type N,w = %uy
U = Uly + Wy,
u = (w4 ae")u, +w,,
U = WUy +wy + AI;A%Q“,

u = wuy, +wy, + (D, + Dz)e.
where o = const.

The third example first appeared in [60]. In the case of the Toda type nonlocality, we

obtain

Theorem 1.6 The following examples constitute a complete list of integrable equations of
the form uy = pu, + fAyg + pAyq, with the nonlocality of Toda type w, = Aju:

u = ulgw,

u = (au+ B)Agze",

w = aAD N+ iy (e a),
here «, 3 = const.

The first example is the 2+1 dimensional Toda equation, which can also be written in the
form (Inwu),; = AyAgu, while the second is equivalent to the Volterra chain when « # 0,
or to the Toda chain when a = 0. A more general class of equations is when both x and

y are discrete. Then

Theorem 1.7 The following examples constitute a complete list of integrable equations of
the form u, = fA,g+hAzk+pAyq+1Ays, with the fully discrete nonlocality Nyw = Ayu:
uw = ulj(u—w),
u = u(D, + Djw,
u = (e "4 0)Aze ",
w = (e +0)(Dy + Dy)e”,

u = yJa— fe <ew_“Ay\/a — Be?u + Ny(e" "o — 662“)> :
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here o, 8 = const.

In equivalent form, the last example is known as the 2 + 1 dimensional analogue of the
modified Volterra lattice [88]. Also, for a class of equations of type (1.12), we attempt
to classify nonlocalities of the form ew, = Bu, where B is a constant-coefficient pseudo-
differential operator of the form B = €d, + ¢(...) + €3(...) + ..., and the coefficient at € is

a polynomial in 0,, d, of degree k. The result is the following

Theorem 1.8 The examples below constitute a complete list of integrable equations of the

form uy = @u, + Yu, + Tw, + nw,, with the nonlocality ew, = A(0y, 0y)u,

T,+1
U = Ully + Wy, Ayw = 5 Uy
u = (w+ ae)u, +wy, Ayw = Tx;— 1uy,
U = UWy, w, = (8, Ay Dg)u,
u = €' wy, wy = (8, Ay Lg)u,
u = " (wy —uy), Wy =u,+ 0,0, — 0,)*u+ O(eh).

where o = const.

The nonlocality of the first two equations is that of the intermediate long wave type, while
from the third one can set w — 9, LA jw, to recover the familiar form of the Toda equation.

The nonlocality for the last equation requires further investigation.

Finally, we consider fully discrete equations in 3D and address the problem of classifica-
tion of such integrable equations. The method of deformations of hydrodynamic reductions
is again the main approach: we require that hydrodynamic reductions of the corresponding
dispersionless limits are ‘inherited’” by the discrete equations. We study two particularly
interesting subclasses, namely integrable discrete conservation laws, and discrete integrable
quasilinear equations, as well as differential-difference degenerations of them (we refer to

chapter 5 for references). The case of discrete conservation laws leads to the following



CHAPTER 1.

INTRODUCTION

13

Theorem 1.9 Integrable discrete conservation laws, N1 f + DNog+ Ngh =0, where f,g,h

are functions of Aiu, Nou, Azu, are naturally grouped into seven three-parameter families,

al +

BJ+~vK =0,

where a, B, are arbitrary constants, while I, J, K denote left hand sides of three linearly

independent discrete conservation laws of the seven octahedron-type equations listed below.

In each case we give explicit forms of I, J, K, as well as the underlying octahedron equation.

Case 1.

Conservation Laws

Octahedron equation

] — A16A2u + A3 (6A2ufﬁ1u _
J = Nje B3t 4 A\, (eAW—AW —e

A1u

K = AQ (Agu — 111(1

+0g (In(1 — e21v) —

—Asu

) +

6A2“> =0

)=0

Am) =0

Tor—TioT __

1
TosT T T <T13T T3T)

(setting T = e*/<)

Case 2.

Conservation Laws

Octahedron equation

I = AQIHA1U+ Agln (1
J = Al In Azu + Ag In (Alu
K= Al ((Azu AQUA:;U)

_M)

YANEYS

~1)

0
0

+A, (AluA;;u (1w ) =0

T12UT13U + TguT23u + TluTgu
= T12’LLT23U,+T1UT13U—|—TQUT3U

Case 3. Generalised lattice Toda (depending on a parameter «)

Conservation Laws

Octahedron equation

subcase o # 0

I = N\ (eP2um83u  qemhat) — N\, (eP1u=Bsu 4 ge=bst) = () % + % + T}i:i%f =
J:AQIH(eAlu‘i‘OZ)+A3(IHA1&7M+&—A2U)—O %—l—%—l— Tr}f:i%f
K=A;In (eAQu + Oz) + Az (ln ifzuﬁju — Alu) =0 (setting T = e~%/¢)

subcase a = 0 lattice Toda equation

I = N\jePau—Bsu _ N\ eliu—DBsu — () (17 — T3)% = (T - T3)¥
J = NoNju+ Ng(In(1 — eP2u=21%) — Nyu) =0 (setting T = e~/<)

K = Ajem22% — Npe 818 4 Ng(e™ 81t — em824) = ()
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Case 4. Lattice KP

Conservation Laws Octahedron equation
] = Al((A3u)2 — (AQU)2) + Ag((Alu)Q (Tlu—TQU)T12U+(Tgu—Tlu)Tlgu
— (Agu)z) + Ag((AgU,)2 — (A1U)2) =0 +(T2U — TgU)TQgU, =0

J = Al ln(Agu — AQU) — Ag IH(AQU — Al’l,L) =0
K= AQ ln(Alu — Agu) - Ag 11’1(A2U - Alu) =0

Case 5. Lattice mKP

Conservation Laws Octahedron equation
I = A1(6A2U _ 6A3u> + A2(€A3u _ 6A1U)+ T13}:z127' + le’;;zb?.’r
ANu Nou) __ TosT—Ti37 __
+A3(e 1 ph2 )_O + 23T37—13 =0
J=2~A1In (eAW — eAQu) —Asln (6A3“ — eAW) =0 (setting T = e*/€)

K =/Asln (eA?’“ — eA“‘) — Asln (eAQ“ — eAW) =0

Case 6. Schwarzian KP

Conservation Laws Octahedron equation
I = AQ In (1 — 27?5) - Ag In (2?5 - 1) =0 <T2A1U)<T3A2U)<T1A3U)

= (TgAgu) (T3A1U,) (Tl AQUI)

J=Ngln (1= 52) = Ayln (522 —1) =0
K =AM (1-42) - Ayln (52 —1) =0

Case 7. Lattice spin

Conservation Laws Octahedron equation
Hyperbolic version lattice-spin equation
= A Snfs Ao SRRt A e = 0 (B — 1) (Br — 1) (B2 — 1)
_ sinh(Agu—Aszu) sinh(Aju—Agu) _ (Tuor TisT TosT
J = Ol GEER - Aqn G —0 = (B - 1) (B2 - 1) (R 1)
inh(Azu—A inh(Aju—A .
K:AQIHW—A;;IHW:O (setting T = e2/<)
Trigonometric version Sine-Gordon equation
I=A;In % + Agln % + Asln % =0 (Tysin Aqu) (T3 sin Aqu) (17 sin Asu)
J=2~A1In W — Asln W =0 = (T sin Agu) (T3 sin Aqu) (T sin Aqu)

o sin(Agu—Aju) sin(Aju—Agu)
K= A2 In sin Aqu A?’ In sin Aju =0




CHAPTER 1. INTRODUCTION 15

A similar result is obtain for integrable equations of the form A;f + Asg + 03h = 0,
where f, g, h are functions of Aju, Agqu, usz. For discrete integrable quasilinear equations,

we prove that

Theorem 1.10 There exists a unique nondegenerate discrete second order quasilinear
equation in 3D of the form Z?,jzl fij(Du)ANiju = 0, where f;; are functions of ANyu, Nou, Asu,

known as lattice KP equation,
(Alu — AQU)AlQU + (Agu — Alu)Algu + (Azu — AgU)Aggu =0.
In the case of semi-discrete quasilinear equations, we show that

Theorem 1.11 There exists a unique nondegenerate second order equations of the type
fulnu+ fialhpu + foaloou + fisliug + fazDous + fagugs = 0, where f;; are functions

of ANu, Ngu,ug, known as semi-discrete Toda lattice,

(Alu — AQU)AlQU — A1U3 + AQUg = 0.

1.3 Organisation of the thesis

The main results of this thesis are distributed to chapters 3, 4 and 5. Chapter 2 has an
introductory character, chapter 3 includes results on quasilinear PDEs, chapter 4 focuses on
differential-difference equations, while chapter 5 on discrete equations. Results of chapters
4 and 5 appear in the articles [34] and [35], respectively.

Particularly, the thesis is organised as follows.

In chapter 2 we discuss the main ideas of the theory of hydrodynamic type systems
in 1 + 1 dimensions, which are the basis of the theory in 2 + 1 dimensions. As already
mentioned, S. P. Tsarev [82] proved S. P. Novikov’s conjecture, that a quasilinear system
in 1+ 1 dimensions is integrable if it is diagonalisable and Hamiltonian. In fact, he relaxed
the Hamiltonian condition, by introducing the semi-Hamiltonian property, and showed
that it is necessary and sufficient condition for integrability. Hence, in this chapter, we

recall the basic tools of this theory. We explain that the Riemann invariants are variables
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in which a hydrodynamic type system is diagonal, and give a coordinate-invariant criterion
of diagonalisability, using the so called Haantjes tensor. Then, focusing on the Hamiltonian
approach, we discuss the semi-Hamiltonian property, but also the concept of conservation
laws and the existence of infinite number of commuting flows of semi-Hamiltonian hydro-
dynamic systems. Finally, we explain the generalised hodograph method, which can be
used to solve this type of systems.

Chapter 3 is devoted to quasilinear PDEs in 2 + 1 dimensions. These equations
contain nonlocal variables, and we postulate a specific form for them. Classification of
dispersionless equations within this class is performed using the method of hydrodynamic
reductions, or the approach using dispersionless Lax pairs. Particularly, in this chapter,
we explicitly describe the method of hydrodynamic reductions, and we also show a way
to reconstruct dispersive deformations for a given integrable dispersionless system, by
deforming hydrodynamic reductions. The method of hydrodynamic reductions can be
applied to equations whose dispersionless limit is nondegenerate, and these nondegeneracy
conditions are explained in detail. Then, we introduce the concept of dispersionless Lax
pairs, and we show how they can be used to classify dispersionless integrable systems.
Classification results in the case of equations with one, two, and more than two (nested)
nonlocalities, are distributed across three sections. In the end, we discuss the existence of
commuting flows of the systems under consideration.

In chapter 4, we address the problem of classifying integrable differential-difference
equations in 2 + 1 dimensions with one/two discrete variables. We briefly remind the
nondegeneracy conditions that need to be met in order to obtain classification results for
this type of equations. We apply the method of hydrodynamic reductions and dispersive
deformations of dispersionless limits, as it was explained in the previous chapter, by using
the example of Toda equation, while in the rest of the chapter, we present the classification
results for various classes of equations generalising the intermediate long wave and Toda
type equations. Among the classes that were studied, we first present some classification
results, in the case where the nonlocal variables are expressed in terms of pseudo-differential

operators. We also classify equations, which are named after the type of nonlocality that
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is considered, namely the intermediate long wave, Toda and fully discrete type nonlocality.
For all the resulting equations, the corresponding Lax pair is given.

In chapter 5, we consider discrete equations in 3D and address the problem of clas-
sification of such integrable equations, within various particularly interesting subclasses.
We list various well-known examples of discrete integrable 3D equations, which we call
Hirota-type, and we give their A-representation. The reason for this representation is that
their dispersionless limits become more clearly seen. A brief summary of the method of
deformations of hydrodynamic reductions is described, using an example of a discrete wave-
type equation. Then, we provide the classification result of integrable discrete conservation
laws and discrete integrable quasilinear equations, and we also study differential-difference
degenerations of them. In the last section, we perform some numerical simulations using
Mathematica. Choosing a certain discrete equation, we compare its solution with the so-
lution of the corresponding dispersionless equation and we show how the phenomenon of
a dispersive shock wave appears. In fact, this phenomenon can be observed in very simple
equations, and such an example is given in the end.

Finally, in chapter 6 we provide a general summary of the thesis, and some remarks

on future work.
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Chapter 2

Hydrodynamic type systems in 1+1

dimensions

In this first chapter we discuss some important ideas from the theory of 1 + 1 dimensional
hydrodynamic type systems. These ideas are necessary in order to be able to extend our
study to higher dimensional systems.

In section 2.1, we recall the one-dimensional hydrodynamic type systems by listing
some simple well-known examples while in the next two sections, 2.2 and 2.3, we present
some criteria in order to establish if a given system is diagonalisable and semi-Hamiltonian.
Specifically, in section 2.2 we explain the Riemann invariants, which are the variables in
which the general hydrodynamic system is diagonal, and in section 2.3 we consider Hamil-
tonian approach for studying hydrodynamic systems, and introduce the semi-Hamiltonian
property. The notion of conservation laws and commuting flows is introduced in sec-
tion 2.4, where we define hydrodynamic type first integrals. Finally, in the last section
2.5, we briefly discuss the generalized hodograph method for solving diagonalisable semi-
Hamiltonian systems.

What lies beneath these ideas is the following
Conjecture. A quasilinear system in 1+ 1 dimensions is integrable if it is diagonalisable
and Hamiltonian,

which was formulated by S. P. Novikov and was later proved by S. P. Tsarev [82].
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2.1 Equations of hydrodynamic type in 14+1 dimen-
sions

Consider a homogeneous system of PDEs of the form

uf = ), (2.)

here the standard summation rule with respect to j is assumed, for the functions u!(t, z), ...,
u™(t,z), where u = (ul,...,u™) is an n-component vector and vj-, which could also be
considered as matrix elements of an n x n matrix V, are assumed to be smooth, generally
nonlinear functions of u!,...,u™ only. Systems of this type are called hydrodynamic type
systems, or 1+1 dimensional quasilinear systems, and arise in many different contexts, such
as fluid mechanics and gas dynamics, general relativity, differential geometry, etc. Here

are some simple examples of equations of this type [82].

Example 2.1. The equations of motion for an ideal barotropic gas

Pt + (pu)x = 07 (2.2)

U + uuy 4+ py/p =0,

where u is the speed of the gas, p is the density, and p = p(p) is the equation of state.

This system can be written in the form (2.1) as follows

U
2 AN
ul, pp/p u) \u i
which means that
U
B U P p
U DPp/p U

=1

ug+uiu;+f<zni> o,
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which describe a multi-layered system of fluids, with 1’ being the height and ! the velocity
of each layer.

We can now give the following

Definition 2 The system (2.1) is called strictly hyperbolic if all eigenvalues of the matriz

U;- are real and distinct.

Note that all systems under consideration will be assumed strictly hyperbolic.

2.2 Riemann invariants

Consider again system (2.1),

This system is invariant under the (local) change of variables u = u(w), where u =
(ul,...,u") and w = (w',...,w"). Indeed, if we apply the chain rule
o' . ou®
awj 'UJ? - Uk;(u(w))awl wi}a
we obtain
wi = ﬁka(u(w))wi = vjw,

which shows that the matrix v;'- transforms as a (1, 1)-tensor. If there exists a change of
variables u’ = u*(R), with R = (R',..., R"), such that the matrix v} becomes diagonal in
the coordinates R’, we say that the system (2.1) is diagonalisable and we can bring it in
the form
Ry =v'(R)R;,
where now there is no summation over repeated indices. The coordinates R’ are called
Riemann invariants and if they exist, there is an algorithmic way to construct them. Let
1

v',...,v" be n real and distinct roots of the characteristic equation det(v} —v*6}) = 0, and

let £% be the corresponding left eigenvectors of the matrix v§

Poi _ PP _
Jup =005, p=1,...,n.
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Suppose that for each eigenvector £ there exists an integrating factor ¢? such that
el = OR? /Ou? .

Then ¢?¢} appear to be the components of a gradient, and the functions R are the desired

Riemann invariants since

ORP Ou? ou? Ouk ouk ORP OuF
p _ IV IR pep Y pep, iYY _ p o pep — P
t = aw ar S TNy TV = Y G o

= ov”RP. (2.3)

We illustrate how this algorithmic procedure works with the following examples.

Example 2.3. Consider the system of equations of gas dynamics (2.2) in the case of

polytropic equation of state p(p) = p?,

Pt + (pu)m =0,
(2.4)
uy + utty +vp" % p, = 0.
Solving the characteristic equation vp?* — (u — \)? = 0 we find
Atz =u = (v )2
In order to find the Riemann invariants R?,i = 1,2, we require that
. A u— N p
(r R:) ~o.
ST TEDY
We can then find R' and R? in terms of u and p
9mL/2 (1-1)/2 9mL/2 (1=1)/2
v—1 v—1
and the eigenvalues \i, Ay in terms of R' and R?
R' + R? —1)(R! — R? R' + R? —1)(R?> - R!
WRER G- DR-R) RAR (G- -R)
2 4 2 4
This way the initial system can be written in the diagonal form
R' + R? —1)(R! — R?
R E L Gl N\ Rt —o,
2 4
(2.5)

R2

I
o

R!' 4+ R? —1)(R* - R
R§+< R, G- >>
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and it can be verified that system (2.4) can be brought in the form (2.5) by the change of

variables
R'+R*
— =

A 1/2 (1= 1)/2
u, Rl_pr_ P
v—1

Example 2.4. Consider the equations of ideal chromatography, describing the flow

of an n-component mixture through an absorbing medium (see [36, 82])
cul + (a'(u) +u'); =0, i=1,..,n,

where ¢ = const and u' and a' are the concentrations of nonabsorbed and absorbed ith

component respectively. In variables x and 7 = ¢t — x these equations simplify to
u; + ai<u)7 =0, (2'6)

which may be rewritten in the hydrodynamic type form wu — vj(u)ul = 0. To define
this system completely, one needs to specify an isotherm, an explicit form of dependence
a’ = a*(u). For example, in the case of a classical Langmuir isotherm
al =ku')V, Vi=1+Y ku’, (2.7)
s=1

where k; are constants, the characteristic equation det( ; — A(S}) = 0 takes the form
n kQu”
V= —FL—. (2.8)
ok — AV
For each root A" of this equation, we define a function R* = AV, our candidate for a
Riemann invariant corresponding to the eigenvalue \;. Straightforward calculations of the

derivatives R. and R brings (2.6) into the form

R
R, + —=R. =0. 2.9
L+ R 29)

In this system the coefficients R'/V are expressed in terms of the functions u’ via V(u). To
eliminate V' we proceed as follows. After multiplying both sides of (2.8) by [I)_,(k, — R),
one gets an algebraic equation of order n with respect to R. This equation has (—1)"V

and [], k, as the coefficients at the highest and zero power of R, respectively. Therefore by
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Viéte’s formulas, which are formulas that relate the coefficients of a polynomial to sums

I1,
14

and products of its roots, [[, RP = . This gives the way to eliminate V' from the last

equation. Finally, the diagonal representation of the original problem takes the form

) zHR z_
R+RHI<:R 0, (2.10)

which justifies the choice of the quantities R® = A\*V to be the Riemann invariants.

Notice that for the procedure described above we required that the initial hydrodynamic
type systems are strictly hyperbolic, i.e. all eigenvalues of the matrix v]i- are real and
distinct. Then we are able to calculate the roots A, of the characteristic equation, find
corresponding left eigenvectors §§’ and compute all integrating factors ¢?. However it is
not always possible to have the explicit diagonal representation of a given system. There

exists a useful criterion for the diagonalisability of systems of the form (2.1), where given

the matrix ’U; of the system one constructs the Nijenhuis tensor [66, 36]
Ny = 05050, — vp0s0) — vL(0;05 — Op3),
and the Haantjes tensor [41, 306]
jk (Nl Nkp q)v —0 (Np N,vaé).
Then

Theorem 2.1 [41] A matriz v}(u) with real mutually distinct eigenvalues is diagonalisable
by point transformations, if and only if the corresponding Haantjes tensor H}k is identically

ZET0.

The theorem was stated in [41], in purely geometric terms as a condition of diagonal-
isability of a (1, 1)-tensor field, but was also proved in [74]. It was first applied in the
field of integrable systems to classify isotherms of absorption for which the equations of

chromatography possess Riemann invariants [36].
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2.3 The semi-Hamiltonian property

This section is dedicated to the study of the Hamiltonian theory for systems of equations
of hydrodynamic type. We will outline the basic ideas of this theory in order to introduce
semi-Hamiltonian systems [22, 82].

System (2.1) is called Hamiltonian, if there exists a Poisson bracket {-,-} defined on a
space of functions u’(x), as well as a Hamiltonian, which is a functional H, such that the

system possesses the following representation,
up = {u' (), H(z)}. (2.11)

These equations generate a Hamiltonian flow on the phase space of functions u’(z). A first

integral of the above system is a functional F'(x), that satisfies the condition {F, H} = 0.

Definition 3 A Poisson bracket on the space of functions u'(x) is called a bracket of

hydrodynamic type, if it has the form
{u'(2), 4’ (y)} = g" (u(@)d'(z — y) + 0} (ul(2))uid(z — y), (2.12)
for some smooth functions " (u) and by (u).

In this case, for any two functionals I, J we have

U} = [ AT ssde, AT = ) g+ )

Definition 4 A Hamiltonian of hydrodynamic type is a functional H(x) = [h(u(z))dz

ioul_, ete. The system of

x?) xx’

with density h(u) depending on u, but not the derivatives u

equations

uf = {u (@) H} = (4"00;h + W osh)t = v, 0 =0fou’,  (213)

x?

generated by these functionals, and the corresponding Poisson bracket (2.12) will be called

a Hamiltonian system of hydrodynamic type.

The following theorem due to Dubrovin and Novikov holds.
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Theorem 2.2 [22]

1. Under local changes of coordinates u = u(w) the coefficients g transform as com-
ponents of a (2,0)—tensor. Moreover if det g # 0 the quantities Fik defined from
the equation b; = —gisFik are transformed as components of Christoffel symbols

corresponding to the metric g;;.

2. The bracket (2.12) is antisymmetric if and only if g;; is symmetric (meaning that it
can be considered as a pseudo-Riemannian metric on the space of the variables u, if

det g # 0) and the connection I, is compatible with this metric: Vg = 0.

3. When det g” # 0, the bracket (2.12) satisfies the Jacobi identity if and only if the

connection ng is torsion free, i.e Fik = F?;S, and the curvature tensor is zero.
When these conditions are met, the matrices
v = gUOLO;h + b ;h = ¢V Vi h = V'Vh,
where V(hy) = hg — Fikhj, are called Hamiltonian matrices.

Lemma 2.3 The matriz v;(u) is a matriz of a Hamiltonian system of hydrodynamic type,

if and only if there exist a nondegenerate flat metric g;; such that

k _ k
a) gikVi = gy, and

b) Vivf = V,uF, where V is the Levi-Civita connection corresponding to the metric g;;.

Proof of lemma 2.3:
Let v}(u) = V'V;h for a flat connection. Since we have a flat metric we have ggv} =
ViVh = V;Vih = gjvf. The same can be done for Vof = Vuf = V,V*V;h =
V,;V*V;h. This finishes the proof of the Lemma. ]

We do not impose the Hamiltonian property for the integrability of the systems under

consideration. Instead, we will require a weaker condition to be satisfied for our purposes.
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Consider a diagonal system of hydrodynamic type,

ul = v;(u)u (2.14)

x?

where from now on we will be using the notation above, i.e no summation will be implied

over 4. For the diagonal matrix v}(u) = v;(u)d}, since the system is hyperbolic, v;(u) are

distinct. Applying Lemma 2.3 to the diagonal matrices vj- we find that
0= VZU;g — Vj’l]lk = aﬂ)jéf — 8J1)152k + Ffj (’Uj — Ul'),

which means that I'}; = 0 for i # j # k and

Oivg,

=Tk, i#k, (2.15)

Uy — Vg

(no summation over repeated indices). Moreover the metric is diagonal due to
0= gz‘kvf - gjkvf = gikvjéj'c - gjkviézk = gij<Uj — V),
with v; # v; for i # j (since the system is hyperbolic), and leads to
k 1
Ty = 5@' 10g gk, (2.16)

because ', = £9%(0;gsi + 0;9sj — 0s9i;) and ¢¥ gj = 6. Therefore, the conditions 9T}, =
&-F’,jj are equivalent to

al-< %50 >:aj< O ) itk (2.17)

Vj — Vg Vi — U

The conditions (2.15)-(2.17) can be viewed as the linear system of equations for v;(u)

and if we compute the compatibility conditions we find that
8iajvk — @&-vk = 'UZ'RI]zji + Uijij — Uk <8ZF§J — (%F]];) s (218)

where
k k k T k i k Tk
Ry = oy, — U — TRy, + TR,
are components of the curvature tensor R;'-kl. For the Hamiltonian matrix v;(u) these

compatibility conditions are satisfied as the metric g;; is flat, and the last bracket in (2.18)

is zero due to (2.16).
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In general, the solution of a consistent linear system of the type

awi n s . s ,
8uk = Z ik(u)w87 ¢ 7é k? ik € C (D)7 (2.19)
s=1

depends on n functions of a single argument, i.e one can formulate the Goursat-type

k

problem, where wy, is defined on u"-axis only.

The following summarises the ideas above.

Theorem 2.4 [85] The metric associated with a diagonal Hamiltonian matriz vi(u) of a
hyperbolic system is diagonal, and the variables u form a curvilinear orthogonal system of
coordinates in flat space. Also, for each flat, curvilinear orthogonal system of coordinates
there exists a family of Hamiltonian matrices, which are diagonal in these coordinates and

this family is parametrised locally by n functions of a single argument. For the matrix v;

relations (2.17) hold

ai<ajvk>:8j<aivk>7 £ F ke

V; — Vg V; — Uk

The consistency of conditions (2.15) is a consequence of the property (2.17), i.e if v; are
the coefficients of a diagonal system (2.14) (not necessarily Hamiltonian) such that they

are distinct and satisfy (2.17), then the system

i
Owy, = I (w; —wy), T = ” U’; , 1 #k, (2.20)
i — Uk

for the functions w;(u), i = 1,...,n, is consistent. So for a given system of equations
(2.14) with n diagonal elements v;, we can find another n functions wy, ..., w, from the

overdetermined system (2.20). The consistency of the last system follows from the fact

that
Ry = Ol — r’,;jrgii — Ty T+ Tl = (2.21)
i — 0; 0;
S [al( iUk ) —@-( Ok )1 = 0. (2.22)
’UZ‘—UJ‘ Uj—Uk V; — Uk

Definition 5 A diagonal quasilinear system (2.14) is called semi-Hamiltonian if it is hy-
perbolic and its coefficients v; satisfy the relation (2.17). For n < 2 any hyperbolic system

(2.14) is semi-Hamiltonian.
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Diagonal Hamiltonian systems are automatically semi-Hamiltonian, but the converse
is not true. The semi-Hamiltonian property is necessary and suffcient for the integrability
of a system of hydrodynamic type. In order to check the integrability one needs to verify
that the system is diagonalisable, then bring it in a diagonal form (as discussed in the

previous section) and finally check the semi-Hamiltonian property (2.17).

2.4 Conservation laws and commuting flows

A finite dimensional Hamiltonian system is said to be integrable when there exists a certain
number of first integrals (as many as the dimension of the system), that are in involution.
In this section we explain how this idea is understood for 1+ 1 dimensional hydrodynamic
type systems, and for this purpose we first give the definition of a first integral.

A first integral of the system (2.1), is a functional of the form

I= /P(u)das, w=(ubs o, u™), (2.23)
with density P(u) independent of the spatial derivatives of the variables u, i.e u’, u’_, ...,

which commutes with the Hamiltonian. This functional I is called hydrodynamic type first

integral of (2.1), and together with the action of the Poisson bracket generates the flow
ui = {ul(z), I} = w(u)ud., (2.24)

which commutes with the flow (2.13). Since the integral I and the Hamiltonian commute,
{H,I} = 0, it follows from the Jacobi identity that u;; = u;. Commuting flows are
sometimes refered to as symmetries. The following lemma establishes a connection between

commuting Hamiltonian flows and conservation laws.

Lemma 2.5 The functional (2.23) is an integral of the Hamiltonian system (2.13) if and

only if the matriz w§ (u) = V'V, P of the Hamiltonian flow (2.24) generated by I (and the

same Poisson bracket) commutes with the matrix U;, i.e. U,iw;? = w,ivf.
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Proof of lemma 2.5:
Consider the identity
Ii= [ oPds = [ 0,Pvjuldz =0,
Its variational derivative
0 .

must be trivially zero, but from Lemma 2.3 and the relation 9,0;,P = V,;V ;P — Ffj@kP we
obtain

|0k(0:Pv}) = 0;(0:Pv}) | wl, = [(ViViP)vl — (V;ViP)vj| u], = 0,

which due to g*vi = g"vF becomes
g™ {(VIVI-P)U; — (VjViP)vﬂ = (VkViP)'U; — vlk(VleP) = wffuj- — vfw

Conversely, if v} and w! commute, the previous argument shows that 8;(9 Pv}) = 8;(0xPvy),

which implies the existence of a function Q(u) such that 0;Q = &Pv;'-, ie.

I = /&cPvfufcdx = / ;;Q(u)dx =0, (2.25)

and the lemma is proved. |

If a Hamiltonian system of the type u; = {u, H} possesses a hydrodynamic integral
(2.23), then due to (2.25) there exists a function @(u) such that the system also possesses

a conservation law of the form
P(u); = Q(u),. (2.26)

We will now show that any semi-Hamiltonian diagonal system (2.14) has infinitely many
independent hydrodynamic integrals (2.23), locally parametrized by n functions of one
variable. From the relation 8;(9,Pvf) = 9;(9,Pvf), one can show that in order for (2.23)
to be a first integral of the semi-Hamiltonian system (2.14) it is necessary and sufficient
that

8;0;P —TL0,P —T%,0,P =0, i+ j, (2.27)
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where T, = va_i_—”jjk as defined in the previous section. Introducing new variables z; = 9; P,

we can rewrite the system in the form
Orzj =Tz + Tz (2.28)
The consistency conditions for this system,
O(i2)) — 0:(0k2y) = mRE;, + Ry — 2 (0T, — AT, ) = 0, (2.29)

are satisfied due to (2.21). The solutions of a system (2.28) are parametrized by n functions
of one variable as this system fits into the class (2.19). Each hydrodynamic integral of a

semi-Hamiltonian system obviously generates a conservation law (2.26).

Theorem 2.6 [82] A semi-Hamiltonian diagonal system (2.14) has infinitely many com-
muting flows, parametrized locally by n functions of one variable. These flows commute
with each other, their matrices are diagonal and all the hydrodynamic integrals of the orig-

inal semi-Hamiltonian system are their integrals as well.

Proof of theorem 2.6:
Commuting the flows (2.14) and (2.24) and denoting v} = v;0? we have

k
p

7

u‘rt

Do 19, 0 — )t IV P i — i VP
Jubud, + (wi0pv) — viOpw) Judul, + (wivy) — viw))ub,.

—ul = (&gwj-v]’; — Oplw
We want this expression to be trivially zero, so if we consider it as a polynomial in
ul. ul ete, each of the coefficients of this polynomial should be zero. This means that

x) Yxx)

- p s T B S - i si i -
the coefficient of u?, is zero, (wjv) —viwl)) = 0, and since v; = v;0} then w} is also diagonal

and we can denote it as wé- = wjéj». Then, from the remaining terms

ub, —uy. =Y (Opvi(wy, — w;) — Opw; (v, — vy) ) ubul = 0, i # k, (2.30)
ki

we get the system of equations (2.20). Any two, diagonal flows satisfying (2.30) and

(2.20), automatically commute. Finally, any hydrodynamic integral with the density P of

the original semi-Hamiltonian system is also an integral of the symmetries, as one can see

from

This finishes the proof of the theorem. |
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2.5 Generalized hodograph method

In this section we discuss the generalized hodograph method, which can be used to find
solutions of semi-Hamiltonian systems [82].

Consider the hyperbolic system (2.14) and suppose that u is a two-dimensional vector
u = (u',u?). Then the original system is automatically semi-Hamiltonian and its solutions
can be constructed using the classical hodograph method. Applications of this method, in
the context of fluid dynamics, were considered by Riemann [76] who introduced functions
r =r(x,t) and s = s(x,t) (the Riemann invariants) and then expressed x and ¢ in terms
of r and s.

In order to show how the hodograph method can be applied, consider a system of two

equations of the form

for the unknown functions u! = wu(t,z) and v* = w(t,z). If both functions are locally
invertible we can express variables ¢ and z in terms of u and w, i.e t = t(u,w) and
x = z(u,w). Then, using the chain rule, we expand the relations z, = 1,2, = 0 and
t, = 0,t, = 1 and reduce them modulo the initial system. What we obtain is a linear
system of equations for the functions x,, x, ty, tw.
For example, for the shallow-water equations

Uy + uty + hy = 0,

ht + (hu)x = O,
following the procedure described above, the corresponding linear system for the functions
x(u, h), t(u,h) is

Ty = ulp — ty,

Ly = hth — Uly,

or equivalently
(x — ut)y, = —t,,

(x — ut), = —ht, —t.
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This way the quasilinear system of two equations is reduced to a linear one.

For a diagonal, n-component, n > 2, semi-Hamiltonian system of the form (2.14),
solutions are given by the generalized hodograph method [82]. As we have discussed, any
diagonal semi-Hamiltonian system (2.14) with nondegenerate metric has infinitely many

commuting flows u’ = w;u’, where the coefficients w;(u) satisfy the linear system

O _ Own (2.32)

W; — W Uy — Uk

We can construct the system of n equations for the n unknowns u’
w;(u) = v;(u)t + , (2.33)

where x and t are parameters, v; are the coefficients of the initial semi-Hamiltonian system,

and w; are coefficients of the corresponding commuting flow (satisfying (2.32)). Then

Theorem 2.7 [82] Any smooth solution u'(t,x) of (2.33) is a solution of the diagonal
semi-Hamiltonian system (2.14). Moreover, any solution of a given system (2.14) may be
locally represented as a solution of (2.33) in a neighbourhood of a point (to,x¢) such that

u (to, rg) # 0 for every i.

Proof of theorem 2.7:
To prove this theorem we first differentiate (2.33) with respect to t and x
zn: Myl = v;(u), Xn: Myub =1, (2.34)
k=1 k=1
where My, = Opw;(u) — Ogv;(u)t. If we take into account (2.33) and the semi-Hamiltonian
property (2.32) we have My, = 0 for i # k, Mu! = v;(u) and Myu’ = 1. Tt then follows
that u! = v;(u)u’. Note that we have the condition ! # 0.
Conversely, let u’(x,t) be a solution of (2.14), and assume u’ # 0 in a neighbourhood

of (z9,tp). The initial conditions uj(z) = u’(z,ty) induce the initial Cauchy data
w;(uo(z)) = vi(uo(x))t + z, (2.35)

on the curve ug(x) for the problem (2.32). As (u}).(zo) # 0 by assumption, in a neigh-

bourhood of ug(x) there exists an unique solution of (2.32) with initial conditions (2.35).
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For these w;(u) the system (2.33) has a unique solution @'(z,t) in the neighbourhood of a
point (g, to, u}) since the Jacobian of (2.33) is diagonal at this point and My; = (u}); ! # 0.
Since @' (z,t) is a solution of (2.14) and @'(z,ty) = uj(z), by the uniqueness of the solution
of the Cauchy problem we have @' = ' in a neighbourhood of (g, %y) and the theorem is

proved. |
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Chapter 3

Quasilinear Partial Differential

Equations in 241D

Consider integrable (1 + 1)-dimensional scalar evolutionary equations of the form
up = F(u),

where u(z,t) is a scalar potential, and F' denotes a differential expression depending on
x-derivatives of u up to a finite order. The classification of equations of this type has
been a very active research topic, and various results have been obtained under additional
assumptions for the expression F' [62].

In this chapter, we are interested in studying a similar problem in 2 4+ 1 dimensions,
where now F' contains nonlocal variables. In this direction, classification results are very
few. Equations of the form

u = Fu,w),

where u(z,y,t) is a scalar field and w(z, y,t) is the nonlocal variable, which is assumed to
have a simple form w = D;'Dyu or w = D, ' D,u, were considered in [32]. We assume
that the right hand side of the equation, F', is polynomial in the z- and y-derivatives of u
and w, while the dependence on v and w itself is allowed to be arbitrary.

Initially, we review the case of equations with the simple nonlocality of the form

Uy = Quy + Yuy, +nw, +e(...) + (), Wy = Uy, (3.1)
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where dots denote terms which are homogeneous polynomials of degree two and three in
the z- and y-derivatives of v and w, whose coefficients are allowed to be functions of u
and w. Equations of this type where thoroughly studied in [32], using the method of
hydrodynamic reductions (which will be explicitly explained in this chapter). Here, we
review the main results of this study: we discuss the integrability of the corresponding

dispersionless equations (as € — 0)
Up = PUy + wuy + Nwy, Wy = Uy, (32)

and state the classification theorem of integrable dispersive equations of type (3.1). Our
study is then extended to equations where a second nonlocality is added, in the following
way

U = QU + YUy + nw, + Ty, Wy = Uy, vy = f(u,w),. (3.3)

Classification of integrable equations within this class, via the method of hydrodynamic
reductions, turns out to be a computationally hard task. For this reason, we introduce
an alternative approach which is based on Lax pairs. This approach allows us to easily
classify integrable equations of type (3.3), and also reproduce the classifications result for
equations (3.2). Moreover, we can make some remarks in the case of systems with more
than two nonlocalities, which we call nested nonlocalities.

Particularly, the method of hydrodynamic reductions is described in section 3.1. This
method is a way to decouple a quasilinear (2 + 1)-dimensional system into a pair of 1+ 1
hydrodynamic type equations. The dispersionless Kadomtsev—Petviashvili (dKP) equation
is used as an example. In section 3.2, we show a way to reconstruct dispersive deformations
for a given integrable dispersionless system, by deforming hydrodynamic reductions, and as
an example we use Kadomtsev—Petviashvili (KP) equation. The method of hydrodynamic
reductions can be applied to equations whose dispersionless limit is nondegenerate, and
these nondegeneracy conditions are explained in section 3.3. In section 3.4, we briefly
introduce the concept of the so called dispersionless Lax pairs, and we show how they can
be used to classify dispersionless integrable systems. The next three sections, 3.5, 3.6, 3.7,

contain the main classification results in the case of equations with one, two, and more
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than two (nested) nonlocalities, respectively. Finally, in section 3.8, we find commuting
flows of systems (3.2) and (3.3). As an example, we present the commuting flows of dKP,

and a class of equations with nested nonlocalities.

3.1 The method of hydrodynamic reductions

The theory of integrability of one-dimensional hydrodynamic type systems provides the
framework for studying the integrability of higher dimensional hydrodynamic type systems.
Based on the ideas and results of the previous chapter, the scheme [27], which is known
as the method of hydrodynamic reductions, provides a way to study the integrability of
higher dimensional systems.

We consider a (2 + 1)-dimensional system of hydrodynamic type in the form

A(u)u, + B(u)uy, + C(u)u, = 0, (3.4)

where v = (u!,...,u™)" is an m-component column vector of dependent variables, and

A, B, C are square m X m matrices.

Remark Generally, A, B, C could be [ x m matrices where [, the number of equations, is

allowed to exceed the number of the unknowns, m. For example, equation
Uzt — UgUzy = Uyy,
if we make the change a = u,, b = u,, c = u, takes the form
ay =by, ap=cy, bp=cy, a—aa, =Dby,
which means that we have four equations for the three unknowns a, b, c.

The key construction in the method of hydrodynamic reductions is the following ansatz.

We seek multi-phase exact solutions of the form
u(z,y,t) = u(R', ..., R")

where the ‘phases’ R'(x,y,t) are the Riemann invariants satisfying a pair of commuting

diagonal (1 + 1)-dimensional systems of hydrodynamic type,

R, = (R)R;,, R;=N(R)R,. (3:5)

)
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In other words, given a (2 + 1)-dimensional system (3.4) we can decouple it into a pair
of commuting (1 + 1)-dimensional systems of hydrodynamic type (3.5), which explains
the name hydrodynamic reductions. Solutions of this type are also known as “non-linear
interactions of n planar simple waves”, or “multi - phase solutions”, or “multiple waves” and
have been thoroughly investigated in gas dynamics and later in the context of dispersionless

KP and Toda hierarchies. Now, for system (3.5)

R Y A, ) U Oui . N
R, = -RJR! ! -RIR.+ NR,.) = N R R ! -RIR. + N'R,
yt ORJ t :c+lu(aRj T a:+ wz) ORI T a:+lu(aRj T a:+ zx)’
CON L uh 9N gy
R;, = -R'R, + \' -R! R, 'R.,) = 1! R R, + ' -R! R 'R;
ty aR] Yy :1:+ (8R] T £E+/’L xz) aRJM T :p+ <8R] T :p+M zm)’
which means that the consistency condition, th = Riy, is equivalent to the linear system
for the diagonal elements \* and pu':
DN Ot
N G2 8, =0/ (3.6)

)\j — )\l Iu] — lu’l
By direct substitution of the ansatz (3.5)-(3.6) into (3.4), we arrive at the equations

(A+u'B+NCYou=0, i=1,..,n. (3.7)

which (in our case of square matrices A, B and C) implies that \* and p' satisfy the

dispersion relation
det(A+ uB + \C) = 0. (3.8)
When (3.6) holds, the solution of (3.4) is given by the generalised hodograph formula
vi(R) = x + N (R)t + ' (R)y, (3.9)
where v? is the general solution of the linear system
(‘9jvi . (9])\1 8j ,ui

. - = — - = — - U F . 3.10
V) — AN — )\ MJ_MZ’ Z#j ( )

Combining the equations (3.6) and (3.7), we end up with the system of equations for u,
A(R) and pi(R) (so called Gibbons-Tsarev system).

Definition 6 [27, 30] A system (3.4) is said to be integrable if, for any number of phasesn,
it possesses infinitely many n-component reductions parametrised by n arbitrary functions

of a single argument.



CHAPTER 3. QUASILINEAR PARTIAL DIFFERENTIAL EQUATIONS IN 2+1D 38

The example of dKP equation discussed below explains the freedom of n arbitrary
functions parametrising n-component reductions, or 2n arbitrary functions parametrising
n-phase solutions.

Here are some important remarks based on this theory.

e The procedure described above works when the dispersion relation (3.8) describes an

irreducible algebraic curve, in the sense that (3.8) can not be factorised.

e In the case n = 1, we have u = u(R), with R being a solution of
R, = AN(R)R,, R, = u(R)R.,

and we automatically have R;, = R,;. The hodograph formula in the scalar case gives
f(R) =2+ MR)t+ p(R)y with f(R) being an arbitrary function. This means that
the surfaces R = const are planes so that the solution u = u(R) is constant along a
one-parameter family of planes. This kind of solutions exist for all multi-dimensional

quasilinear systems and cannot be used to check integrability.

e When we consider two-component reductions, i.e. u = u(R', R?) with R! and R?

satisfying (3.5) then the general solution is given by the formula
v'(R) =z + XN (R)t+p'(R)y,  v*(R) =z + N(R)t+ p*(R)y.

When R = const we have a two -parameter family of lines in the space (x,y,t) which

means u is constant along the lines of a two parameter family.

e The existence of three component reductions is a very strong condition. This is
evident if we consider the Gibbons - Tsarev system (3.6), (3.7). The compatibility
conditions of this system involve triplets of indices i # j # k which is very restrictive.
Thus, the existence of infinitely many three-phase reductions guarantees the existence

of higher phase reductions, and hence integrability.

In the case m > 2 we have a simple necessary condition for integrability, which can be

obtained in the following way: Introduce the m x m matrix

V = (aA+ BB +~C) (@A + BB + 7C)
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where o, 3,7 and &, 3,7 are arbitrary constants. Recall the diagonalisation criterion from

chapter 2: From the (1, 1)-tensor V' = [v}], introduce the Nijenhuis tensor

i Pa i aPa i i p p
ik = V0wt — 00upv; — 0, (Ouivy, — Oyrvy),

and the Haantjes tensor

;-k = N o — ND !

T NP i,T D T
prj jrUpUk rkUpYj +N’jkvrvp‘

Both those tensors can be computed using computer algebra. Then

Theorem 3.1 [29] The vanishing of the Haantjes tensor (for any value of o, 8,7, &, 3,7)

is a necessary condition for the integrability of the quasilinear system (3.4).

This necessary condition, in most cases, turns out to be sufficient.

3.1.1 The example of dKP equation

Let us apply the method of hydrodynamic reductions to dKP equation
Up = Uly + Wy, Wy = Uy

written in a hydrodynamic form. Let us look for solutions in the form u = u(R', ..., R"),

w=w(R',..., R"), where the Riemann invariants R’ satisfy (3.5)

R, = i(R)R.,  Ri=N(R)R..

Y

Substituting this ansatz into dKP we obtain
Ow = p'dzu, No—u— ()" =0,

where from the compatibility conditions 0;0;w = 9;0,w, we have

il 8,119
o — g, (3.11)
W — wo— i’

0,~8ju =

Also the commutativity condition R}, = Rj, leads to

, oiu
A L 3.12
J /"L] — /’LZ ( )




CHAPTER 3. QUASILINEAR PARTIAL DIFFERENTIAL EQUATIONS IN 2+1D 40

Substituting the last equation into (3.11) gives the system for u(R) and p’(R) (the Gibbons-
Tsarev system),

8]‘1/,

4 oud;u
Ot = — 7 90 =2 L 3.13
L ! (1 — pi)? 7 (3.13)

The consistency of this system is equivalent to the existence of infinitely many hydrody-
namic reductions (3.5) of dKP. For the general solution of this system, one should prescribe
2n functions of a single variable as the Goursat data along the R'-axes, precisely p‘(R') and
u(RY). As the last system is invariant under reparametrisation f*(R’) — R’ where f* are
arbitrary functions of their arguments, the parametric freedom reduces to n functions of a
single variable. A general solution of the system (3.5) given by the generalized hodograph
method, brings extra n arbitrary functions to the parametric freedom of a n-phase solution

u(R', ..., R") of the dKP equation.

3.2 Dispersive deformations of integrable dispersion-
less systems

Given a dispersionless system, we want to reconstruct dispersive terms. This can be done
by requiring that all hydrodynamic reductions of the dispersionless system are inherited
by its dispersive counterpart [31, 32].
In general, we proceed as follows: consider the (2 + 1)-dimensional hydrodynamic type
system (3.4)

A(u)uy, + B(u)uy + C(u)u, =0,
where v = (u!,...,u™)" is an m-component column vector of dependent variables, and

A, B,C are square m x m matrices. Following the method of hydrodynamic reductions

described in the previous section, we seek multi-phase solutions of the form
u(z,y,t) = u(R', ..., R")

where R'(z,y,t) satisfy a pair of commuting (1 + 1)-dimensional hydrodynamic type sys-
tems

R, =/ (R)R;,, R;=N(R)R,.

)
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We now seek a k-th order dispersive deformation of equation (3.4) of the form
Alu)uy + Bu)uy + C(wug +e(...) + () -+ () +-- =0, (3.14)

where terms in the brackets are m x m matrices, whose entries are homogeneous differential
polynomials in the x- and y-derivatives of u, of order k+1. Coefficients of these polynomials
are allowed to be arbitrary functions of u. Then, we require that multi-phase solutions can

be deformed accordingly,
uw=u(R',...,R") 4+ euy + - - + "uy, + O(*) (3.15)

where u; are assumed to be homogeneous polynomials of degree i in the z-derivatives of

RVs. Similarly, hydrodynamic reductions can be deformed as

R, = i'(R)R. + eay + - + €*aj, + O("*1),

A (3.16)
Ri = N(R)R. + €by + -+ - + €"by + O(F).

where ay, by, are assumed to be homogeneous polynomials of degree k+1 in the z-derivatives

of R”s. Substituting (3.15) into (3.14), and using (3.16) along with the consistency con-

ditions R}, = R!

> one arrives at a complicated set of relations, allowing one to uniquely

reconstruct dispersive terms in (3.14).

Remark. In most cases, we can get the necessary classification results working with one-
component reductions only so, for our purposes, we will be using only those throughout
this thesis. This is because although one-component reductions are not enough to provide
results for dispersionless equations (all dispersionless equations possess one-component

reductions), they turn out to be sufficient when working with deformations.

In this chapter, we want to review a particular class of equations, namely equations of
type
Up = Py + Puy + nwy, Wy = Uy,
which where thoroughly studied in [32]. Using the method of hydrodynamic reductions

we find that one-component reductions are of the form v = R, w = w(R), where R(z,y, 1)
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satisfies a pair of Hopf-type equations

Ry, = pR., Ry = (o +¢pu+np*)Ra,

with p being an arbitrary function of R, w’ = p and A = ¢+ u+nu? being the dispersion
relation. For these equations, we seek a third order (in z—,y— derivatives) dispersive

deformation of the form

U = Py + uy +mw, + () + €., -

Wy = Uy,

2 are homogeneous differential polynomials in the z- and y-

where the terms at € and €
derivatives of u and w of the order two and three, respectively, whose coefficients are
allowed to be arbitrary functions of u and w. Following the methodology described above,
we require that one-phase solutions can be deformed accordingly,
u=u(R)+ eus + -+ €Muy + O(e™),
(3.18)
w=w(R) + ew; + -+ €"wy + O(e™),
where u;, w; are assumed to be homogeneous polynomials of degree 7 in the z-derivatives of
R’s (thus, both R,, and R? have degree two, etc). Expansions (3.18) are invariant under
Miura-type transformations of the form R — R + er; + €2ry + ..., where 7; denote terms
which are polynomial of degree i in the x-derivatives of R’s. These transformations can
be used to simplify calculations. For instance in our case of one-phase solutions we can

assume that u remains undeformed, i.e u = R [23]. Also, the hydrodynamic reductions

can be deformed as

R, = uR, +eca; + -+ €"a,, + O(™),
! (3.19)
Ry = (p+Yp+nu>) Ry + €by + -+ + €™byy, + O(e™T).
with a;,b; being homogeneous polynomials of degree ¢ + 1 in the x-derivatives of R’s.
Substituting (3.18) into (3.17), and using (3.19) along with the consistency conditions

Ry, = Ry, we can reconstruct dispersive terms in (3.17). This procedure is required to

work for arbitrary u: whenever one obtains a differential polynomial in g which has to
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vanish due to the consistency conditions, all its coefficients have to be set equal to zero

independently.

Remark. The reconstruction procedure does not necessarily lead to a unique dispersive
extension. One and the same dispersionless system may possess essentially non-equivalent
dispersive extensions. A simple example illustrating this (see section 3.5), is the disper-
sionless equation

u = (uw)y, Wy = Uy,

which leads to two non-equivalent dispersive extensions, namely Veselov-Novikov (VN) and

modified Veselov-Novikov (mVN) equation respectively:
up = (Uw),+€tyy,, Wy = Uy,

3u?
2
up = (uw),+e (uyy — 4uy>y’ W, = Uy

3.2.1 The example of KP equation

Consider KP equation written in the form
Up = Uy + Wy + ezumx, Wy = Uy.
The dispersionless KP equation,
Up = Uly + Wy, Wy = Uy,

possesses one-phase solutions of the form v = R, w = w(R), with R(x,y,t) satisfying the

equations
Ry = lijccy Rt = (M2 + R)va (320)

where p(R) is an arbitrary function, w’ = p and A = p?+ R. Then, applying the procedure

described above, one obtains the following deformed one-phase solutions

u=R, w=w(R)+é <u'Rm - ;(u” — (u')?’)Ri) + O(e*), (3.21)
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and the deformed equations (3.20) take the form [31]
R, =uR,
e (W R+ 30" = ()R +0()
R, =(u* + R)R,

+ & (2t + 1) Rag + (" = p(0)> + (12 /2)R2) +O(e),

where all coefficients are uniquely determined by p. This means that KP equation can be

(3.22)

decoupled into a pair of (14 1)-dimensional equations (3.22) in infinitely many ways, since
i is arbitrary. Note that only one component reductions were used, although KP equation

is known to possess infinitely many n-component reductions for arbitrary n [38, 52].

3.3 Linearly degenerate systems

As mentioned earlier, our method applies to dispersionless systems whose dispersion rela-
tion, i.e det(A+uB+\C) = 0, defines an irreducible curve (is not factorisable). Moreover,
we exclude from our studies systems which are totally linearly degenerate. Our theory of
hydrodynamic reductions does not apply to those equations, and they need to be treated
in a different way.

Consider a quasilinear system

w + A(u)u, =0,

where u = (u',...,u") is the vector of dependent variables, A is an n X n matrix, and x,t

are independent variables.

Definition 7 [33] A matriz A is said to be linearly degenerate if its eigenvalues, assumed
real and distinct, are constant in the direction of the corresponding eigenvectors. Explicitly,
Le X' = 0, no summation, where Lei is the Lie derivative of the eigenvalue X' in the

direction of the corresponding eigenvector &°.

Remark. There exists a simple invariant criterion of linear degeneracy which does not

appeal to eigenvalues/eigenvectors [25]. Introducing the characteristic polynomial of A,

det(N — A(u)) = \" + fLla) N+ fo(w) N2+ -+ fo(u),
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we write down the following covector

VAAY Y 4 VHA 2 4. 4 VS, (3.23)
where V is the gradient, Vf = (%, ey %), and A" denotes k-th power of the matrix

A.
Proposition [25] The system u; + A(u)u, = 0 is weakly nonlinear if and only if the

covector (3.23) is identically zero.

In order to show how linear degeneracy conditions are obtained, we discuss an example
in the 2 x 2 case, and then extend it from (1 + 1) to (2 + 1) dimensions. We refer to [33]

for more details. Consider a system of the form
up = fw)ug, w = g(u)w,. (3.24)

Equations (3.24) can be rewritten in a matrix form U; = LU,, where U = (u,w) is a

column vector and the matrix L is given by

The characteristic polynomial is given by
det(L — NI) = N> — tr L\ + detL,

with trL = f(w) + g(u) and detl. = f(w)g(u). Then, for this two-component, 1 + 1

dimensional system, condition (3.23) simplifies to
(VtrL)L = VdetL. (3.25)

It is very easy to check that condition (3.25) is satisfied for system (3.24). Indeed

0
(fu + Gus fu + Gw) é = (fug + fGu, fwg + fGw)-
g

In the (2 4 1)-dimensional case things are quite similar: a PDE is said to be linearly

degenerate, if all its traveling wave reductions to two dimensions are linearly degenerate.
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Consider, for example, the equations
U = QU + YUy + Twy, Wy = uy, (3.26)
which can be rewritten in the matrix form
AU, + BU, +CU, = 0, (3.27)
where U = (u,w) and matrices A, B and C' are given by

-1 0 0 T
A — y B = SO s C = w
0 0 0 —1 1 0
We seek travelling wave solutions, namely we assume that U = (u, w) = (u(&, 1), w(&,n)),
with & =z +mt, n =y + kt, and m, k = const. Then equation (3.27) takes the form
A(mU; + kU,) + BU; + CU, = 0,
or

Ue = (B +mA)"(C + kAU,

Now condition (3.25) must be satisfied for the matrix

Y=k T
L=(B+mA) (C+kA)=|%™ 7
-1 0
This leads to the following constraints
,lvz)u + Py = 07 Pu = Oa Tw = 07 Tu + ww = 0. (328)

When all equations above are satisfied simultaneously then the original system is considered
to be linearly degenerate. In other words, expressions (3.28), that appear as denominators

in the deformation procedure, are required not to be all simultaneously zero.

3.4 Dispersionless Lax pairs

All dispersionless integrable systems possess the so-called dispersionless Lax pairs [91].

The dispersionless Lax pair is a pair of equations

S, = G(Ss,u), S, = F(Sa,u), (3.29)
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here v = (u!,...,u™), which imply the original equation via the consistency condition

Sty — yt-
Example 3.1. The pair of equations
1 1
Sy:§S£+U, St:§S§—|—uSI—i—w,
when we check the consistency condition Sy, = Sy, yields dKP equation

Up = Uy + Wy, Wy = Uy.

Example 3.2. The pair
e’ S, = u, S, = —e% 4w,
yields the dispersionless Toda equation

Up = UW,y, Wy = Uy.

The function S(x,y,t) is called scalar pseudo-potential. Dependence of the functions
F and G on S, may be nonlinear. The problem of finding an appropriate quantisation of
the corresponding dispersionless Lax pairs, was also addressed in [91].

Normally, during the classification procedure, we do not assume the existence of Lax
pairs from the beginning, but it is something which can be obtained by direct computation
once the results are obtained.

Moreover, dispersionless Lax pairs can be used to classify dispersionless limits. This
will become more clear in the following sections where, for a certain class of equations,
we will derive the same result using both the method of hydrodynamic reductions and the

method introduced by using Lax pairs.

3.4.1 Classification of integrable dispersionless equations via Lax
pairs

Here, we explain how Lax pairs can be used to classify integrable dispersionless limits.

The first step is to impose from the beginning the structure of the Lax pair with arbitrary
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coefficients. Then, as we will see, one can straightforwardly derive the list of integrable
dispersionless equations, by requiring that the compatibility condition of the Lax pair is
satisfied. The only information used throughout this process is the original equation itself
and its dispersion relation. Moreover, this method is not only fast, but it immediately
excludes the non-deformable cases that may occur.

The equations of interest in this chapter are of third order (in x—,y— derivatives of

u,v,w). This means that they possess Lax pairs of the form
F(Sg, Sy,u) =0, Sy =G(S;, Sy, u,v,w), (3.30)

with F' quadratic and G cubic in S,;,S,. Similarly, if we were interested in fifth order
equations, then F would be cubic and G of fifth order in S,, S, (see [73]). Now, back in
our case, the the fact that I’ is quadratic in S, implies that there are only three types of
pairs that need to be studied:

Type I: S, = A(u)S2 + B(u)S, + C(u), with A(u) # 0.

Type II: S, = A(u)S, + B(u) + Sxi(g)(u)’ with  C(u) # 0.
Type III: S} = A(u)S,S, + B(u)S; 4+ C(u)S, + D(u)S, + E(u),
with nondegeneracy condition 4BE + BD? + A%2E — C? — ACD # 0. This nondegeneracy

condition is obtained by requiring that the determinant of the coefficient matrix is nonzero.
The second equation, for all types, is of the form
St = 1Sy + 43525, + 43S, 5% + asS, + a5S: + a6S: Sy + a7 S; + asSy + a9Sy + a0,

where a;, i =1,...,10 are arbitrary functions of u,v and w.

In the following section, this method will be used on particular classes of equations. We
follow the same procedure every time: we first state the hydrodynamic type system under
consideration, we take the Lax pair, and compute the compatibility condition Sy = Sy, in
each case. From this condition, we obtain the precise form of the Lax pair, and hence the

resulting integrable, dispersionless equations.
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3.5 Classification of integrable equations with one non-
locality

In this section we consider a class of third order integrable dispersive equations with one

simple nonlocality of the form
Uy = Uy + Yuy +nw, + () + (L), we = uy, (3.31)

where ¢, 1, depend on the scalar field u(x,y,t) and the nonlocal variable w(x,y,t). The
terms at € and €2 are homogeneous differential polynomials of order two and three respec-
tively in the z— and y— derivatives of v and w, with coefficients being arbitrary functions
of u and w.

This is a very important problem since the well-known examples of KP, Gardner and
Veselov-Novikov equations belong in this class. A detailed analysis of this problem, in-
cluding proofs and calculations can be found in [28, 32].

First, we review some basic facts of this problem. We state the integrability conditions

of the dispersionless system
U = PUy + YUy + NWy, Wy = Uy (3.32)

and then, we discuss the resulting classification theorem for the dispersive equations (3.31).
This classification was obtained using the method of deformations of hydrodynamic reduc-
tions, that we already introduced. Also, using the method of Lax pairs, we will show how
to classify integrable dispersionless equations within this class and, namely, obtain exactly

the dispersionless equations that are listed in the classification theorem.

3.5.1 Integrability conditions of the dispersionless system

Given an equation of the form (3.31), the corresponding dispersionless limit is (3.32)

Up = PUy + 7vbuy + nwy, Wy = Uy,
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and can be rewritten in matrix form (3.4) as follows:

—1 0 U 1 0 U Y U
/e N N /e n/e o
0 0 w 01 w —1 0 w

t T Yy

The integrability conditions reduce to a system of second order partial differential equations
for the coefficients ¢, ¢) and 1, which can be derived from the general integrability conditions

for 2 x 2 systems of hydrodynamic type in 2 4+ 1 dimensions as obtained in [28]:
_ _QOEU + %Sﬁw - 2¢w§0u

uu T

n
NP
Spuw - )
n
 NwPw
Soww - 9
n
2/) _ _¢w¢w + ¢u¢w - 2901117]11 + 27]w90u
uu n )
Yuw = Wp“, (3.33)
n
N Pw
¢ww = )
n
Thw w T @Z)u
Nuw = — (SD )7
n
Nl
77uw - )
n
.
Nww = —;
n

we assume 7 # 0: this is equivalent to the requirement that the dispersion relation of the
system (3.32) defines an irreducible curve since the condition det(AA + B + uC') = 0 is
equivalent to A = ¢ + 1u +nu®. The system (3.33) is in involution and straightforward to
solve. First of all, the equations for 7 imply that, up to translations and rescalings, n = 1,
n =worn=e"h(u). All three possibilities are considered but it is proved [32] that the
third case of n = €“h(u) cannot arise as a dispersionless limit of an integrable equation.
Notice that ¢ and v are defined up to additive constants which can always be set equal to
zero via linear transformations of the initial equation (3.32). Moreover, the system (3.33)

is form-invariant under transformations of the form

T=x—38Yy, Y=y, U=u, W=w-+ su.
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All classification results are formulated modulo this equivalence.

3.5.2 Classification result of dispersive equations

Once system (3.33) is solved for the functions ¢, and 1 one can apply the deformation

scheme described in section 3.2 to obtain the following

Theorem 3.2 [32] The following equations provide a complete list of integrable equations

of the form (8.31) with n # 0, whose dispersionless limit is linearly nondegenerate:

K P equation U = Uy + wy—l—ezumx,
mK P equation up = (w — u?/2)u, + wy—keQumx,
2
Gardner equation u = (fw — ?UQ + ou)u, + wy—|—€2umx,
VN equation up = (uw),+€*yy,,
| ) 3 uy
mV N equation u = (uw)y+e | uy, — 1]
u
v
. e /1
HD equation Up = —2Wly + UWy—— <) ;
u u Trxr
. 4] e /1
deformed HD equation Up = Uy — 2Wly + UWy—— () ,
Uu U \U/ zzz
Equation Ej uy = (Bw + f*u*)u, — 3Buu, + w, + €[B*(u) — Bu, B*(u)),
4
Equation Eg up = 552u3ux + (w — 3Bu*)uy, + vw, + €[B*(u) — Bu, B*(u)],

where B = puD, — D,, f=const, §=const (and w, = u,).

Dispersionless limits of these equations possess a Lax pair of the form

F(S;,S,,u) =0,
(5, By ) (3.34)
Sy = G(Sg, Sy, u, w),

where F' is quadratic and G is cubic in S;,S,. These Lax pairs are represented in the

following table
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FEquation | Dispersionless limit Dispersionless Lax pair
KP Up = Uy + Wy Sy:%S§+u
Wy = Uy St:%Sg—i-uSI—l—w
mK P uy = (w —u?/2)u, + w, Sy =152+ usS,
Wy =, Sy =353+ uS2 + (w+u?/2)S,
Gardner = (Bw — u + ou)u, + w, Sy =852+ (Bu— %)S
Wy = Uy = 455 + 2 ( )
(wﬂ + 225 —ud + @)Sx
VN u = (uw), Sy =u/Sy
Wy = u, St:g—f—ﬁu:‘
mV N u = (uw), Sy =u/S,
Wy = Uy St:%—ﬁu?’
HD up = —2wuy + uw, Sy = S2/u?
Wy = Uy St:—QwS2 —l—%%
dHD U = u%um — 2wuy + uw, Sy = Sj;’\
Wy = Uy Sy = —QUJS“;LJ{)‘ + %ngﬁsz
Es u = (Bw + f*u?)u, — 3Puu, + w, S, = BuS? + 1
wy = u, Sy = BPuPSS — S} 4 BwS,
Es up = 3%, + (w — 3u?)uy + uwy | SpSy = PfuS? + &
w, = u, Sy = BudS? — S3 + LutS, +ws,

Again, 3, § are arbitrary constants and A = 36/4.

eters has been eliminated through transformations

S = kS + lz + my + nt + su,

Further dependence on extra param-

k,l,m,n,s = const.

Note that VN and mVN equations have the same dispersionless limit, also HD equation can
be obtained from the deformed HD when § = 0, and mKP can be obtained from Gardner
equation with the choice § =1, = 0.
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3.5.3 Classification via Lax pairs

Here, we will re-derive the classification results discussed above using the alternative ap-
proach of Lax pairs. Recall the hydrodynamic type equations with one nonlocality (3.32)
have the form

U = PUy + YUy + NWy, Wy = Uy,

where 17 # 0, and the procedure described in Section 3.4.1: the equations possess Lax pairs

of the form

F(S:,Sy,u) =0, S=G(Ss,Sy,u,w),

with I being quadratic in S;, Sy. This implies three different types for the first equation,

while the second equation, for all types, is of the form
Sy = alS;:’ + CLQS%Sy + CL‘g,SISE + a4S§’ + a5S§ + agSySy + a7S§ + agSy + agSy + aio,

where a;, ¢ =1,...,10 are arbitrary functions of v and w. Using the equivalence group
of this system, results of this method lead to the the dispersionless equations of Theorem

3.2. Indeed:

Type I: S, = A(u)S2 + B(u)S, + C(u), with A(u) # 0.

The consistency condition, Sy = Sy, leads to

Case 1: A'(u) # 0. Then S, = 55% + % which leads to the deformed HD equation and
when 6 = 0 to the HD equation.

Case 2a: A'(u) = 0and B'(u) # 0. Then S, = S2+(Bu+9)S, which leads to the Gardner
equation and when § = 0,5 = 1 to the modified KP equation.

Case 2b: A'(u) = 0 and B'(u) = 0. Then S, = S? + u which corresponds to the dKP

equation.

Type II: S, = A(u)S, + B(u) + 5555, with  C(u) #0.

From the consistency condition we obtain D(u) = constant and
Case 1: A'(u) # 0. Then either S, = uS, + g which leads to the second new equation

Fg or Sy = uS, + 5 which leads to the first new equation Ej.
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Case 2a: A'(u) = 0 and B’(u) # 0. In this case there are no examples because the
condition CnB’ = 0 which appears can not be satisfied.
Case 2b: A'(u) = 0 and B'(u) = 0. Then S, = g* which corresponds to the VN and

mVN equations.
Type I11: S? = A(u)S,Sy + B(u)S; + C(u)S; + D(u)S, + E(u),

with 4BE + BD? + A2E — % — ACD #0 (x). Then

Case 1: A(u)? +4B(u) # 0. In this case E(u) = 1(r*(A(u)® + 4B(u)) — D(u)?), C(u) =
s(r(A(u)? + 4B(u)) — A(u)D(u)) and D(u) = rA(u) + 0, where r,§ are constants. But
then condition (k) is not satisfied.

Case 2a: A(u)?> + 4B(u) = 0 and 2C(u) + A(u)D(u) = 0. In this case there are no
equations because the condition (*) is not satisfied.

Case 2b: A(u)?+4B(u) = 0 and 2C(u)+ A(u)D(u) # 0. In this case E(u) = 1(s(2C(u) +
A(u)D(u)) — D(u)?) and D(u) = $A(u) + 6 , where s, are constants. It turns out that
2C(u) + A(u)D(u) must be a non-zero constant, which leads to A(u)D(u) = constant

and after further calculations we obtain that A(u) = constant. But then all coefficients

A(u), B(u),C(u), D(u), E(u) are also constants, so there is no equation in this case either.

3.6 Classification of integrable equations with two non-
localities

In this section, the aim is to study a class of hydrodynamic type equations with two

nonlocalities of the form
Uy = QU + Py + nw, + v, + () + (),
Wy = Uy, (3.35)
vp = fu, w)y,

in the same way as it was done for the equations with one nonlocality in the previous sec-

tion. Here ¢, 4, n, T are functions of u, v and w, and the terms at € and €? are homogeneous
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differential polynomials of order two and three respectively in the z— and y— derivatives
of u,v and w.

For this class, we focus on the corresponding dispersionless system
Uy = ¢ux+¢uy+77wy+70ya Wy = Uy, Uy = f(uaw)y'

We start by listing the integrability conditions of this system, but, in order to classify
integrable dispersionless equations, we don’t use the method of hydrodynamic reductions.
Instead, we use the Lax pairs approach, where the resulting equations are higher flows of
the dispersionless KP, Gardner and HD hierarchies. Also, we consider a similar class of

equations with a slightly different second nonlocality, of type
U = QUy + YUy +nwy + TV, Wy =y, Uy = f(u,w),,

where classification via Lax pairs leads to commuting flows of the dispersionless VN hier-

archy.

3.6.1 Integrability conditions of the dispersionless system
The corresponding dispersionless limit of equations (3.35) is
Up = PUy + YUy + Nwy + Ty,
Wy = Uy, (336)
vy = fu,w),.
Rewriting (3.36) in the matrix form
AU+ B(U)U, +C(U)U, =0, (3.37)

where U = (u, v, w), then from the dispersion relation D(u, \) = det(AA + B 4+ uC) =0
we find that

A=+ + 120+ 7)) + 12T fo (3.38)
The requirement that the dispersion relation defines an irreducible cubic implies 7f,, # 0.

The integrability conditions can be easily obtained from the Haantjes criterion, using

computer algebra, as illustrated in figure 3.1 below.
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Stepl. Define the variables z, v, w.

1= u[l] = u;
uf[2] = v;
uf[3] =w;

Step2. Define the matrices A(u), B(a), Cu) (Cis denoted by C1):

n4= A := {{-1, 0, 0}, {0, 0, 0}, {0, 0, 0}}
A // MatrixForm

B:= {{¢[u[l], u[2], uw[3]], O, O}, {0, 0, -2}, {0, -1, 0}}

B // MatrixForm

Cl := {{#[ull],u[2], u[3]], z[u[l], w[2], u[3]], n[ul[l], ul2], u[3]]},
{1, 0, 0}, {D[E[u[1], u[3]], u[1]], O, D[E[u[1l], u[3]], u[3]]}}

Cl // MatrixForm

Step3. Define the matrix V' = vj,- =(A4d+ By (uA+C), where A, i are arbitrary constants:

Inf10}= V¥ := {Inverse[AA+B]).{(u A +Cl)
V // MatrixForm

Step4. Define Nijehnus Tensor of the matrix . Then print the results for 4, 7, k=1, 2, 3.

inf12)= NT[1 , § ., k_ ] :=
Fullsimplify[Sum[(V[[p, 3]] DIV[[i, k]], u[p]]-V[[p, k]] D[V[[i, 3]1], ulp]] -
VI[i, p]] (D[V[[p, kK11, ul[3]] -DI[V[[p, 311, ulk]]l})), {p, 1, 3}]]
inf12):= Do[Print [StringForm["i= **, j= *', k= **, NT= **", i, j, k, NT[1i, ], K]]]~-
{i,1, 3}, {J, 1, 3}, {k;, 1, 3}]

Step5. Define Haantjes Tensor. Then print the results for 4, 7, k=1, 2, 3.
nf4= HT[i , j_, k_] :=FullSimplify]

Sun[NT[i, p, r] V[[p, 311 V[[r, kX]] -NT[p, j, r] V[[i, p]] V[[r, k]] - NT[p, I, k]
V[[i, P11 VI[r, 311 +NT[p, 3, k] V[[1, ¥]]1 V[[r, p1], (P, 1, 3}, {r, 1, 3}]]

ni15= Do[Print [StringForm["i= **, j= **, k= **, HT= **", i, j, k, HT[i, i, k111,
e 1o 33 L3¢ L0 3} LK 2:3)]

Step6. From the equations derive the integrability conditions by requiring that the components of
the Haantjes tensor varush identically.

Figure 3.1: Computation of the components of Haantjes tensor.

This leads to a system of ten equations for the unknown functions ¢, ¢, n, 7 and f

Ty = 0,

Tw = Mo,
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wa’w = fwTwa
Tfuw = fme
NTw — T(nw + fuTw — 2fw¢v) =0,
T2fuu + 2wa¢’u — Ty + NTy = 07
(3.39)
Tquu — Ny + 20Ty + Ty + T fu®y — 270, = 0,
(n7 + 7—2fu)¢w — (7 fu+ 772)¢v - 7—2.fw¢u =0,
(772 + anu)fuu + fw(n¢w + 2nfu¢v - 77¢u + wa¢u - Tfugbw) = 07

N7 fuu = Nfuw®o + 0fu(tho = 270) = 7 fu(bw — 200) + T fu(20wtha) = 0,

where we have taken into account the condition 7f, # 0.

In order to classify integrable hydrodynamic type equations of the form discussed above
we have to solve the integrability conditions. This solution leads to a number of equations
which may arise as dispersionless limits of integrable soliton equations. Then one has to
reconstruct dispersive terms using the method of deformations [32]. Although one could
proceed with the solution of system (3.39), this leads to an exhaustive number of cases,
where most of them in the end will not be deformable. Therefore, we will use the approach

based on Lax pairs, which will eliminate non-deformable cases from the very beginning.

3.6.2 Classification via Lax pairs

Recall the hydrodynamic type equations with two nonlocalities (3.36),

U = pug + Puy + nwy, + Uy,
Wy = Uy,
vy = fu,w),y,
where 7 f,, # 0, and the procedure described in Section 3.4.1. The equations possess Lax

pairs of the form

F(Sg, Sy,u) =0, Sy =G(S;, Sy, u,v,w),
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with F' being quadratic in S, S,. This implies three different types for the first equation.

The second equation, for all types, is of the form
Si = a155 4 a2S3S, + 35S, + asS, + asS; + a6 Sy + a7 S, + asSy + agSy + ayo,

where a;, @ =1,...,10 are arbitrary functions of u, v and w. Using the equivalence group
of this system we can prove that only type I Lax pairs give results, and these results are
higher flows of dispersionless KP, mKP, Gardner, HD and deformed HD equations. It is
important to note that the equations in this case are exactly the commuting flows that will

be found in section 3.8 (where the equations for the higher flows will be given explicitly).

Indeed

Type I: S, = A(u)S2+ B(u)S, + C(u), with A(u) # 0.

Then the consistency condition, S, = S, leads to

Case 1: A'(u) # 0. Then S, = 2,52+ % which leads to the higher deformed HD equation
and when § = 0 to the HD equation.

Case 2a: A'(u) =0 and B'(u) # 0. Then S, = 5%+ (Bu+ 0)S, which leads to the higher
Gardner equation and when 6 = 0,5 = 1 to the higher modified KP equation.

Case 2b: A'(u) = 0 and B'(u) = 0. Then S, = S? + u which corresponds to the higher
dKP equation.

Type II: S, = A(u)S, + B(u) + Sﬁ%)(u), with  C(u) # 0.

From the consistency condition we obtain D(u) = constant and

Case 1: A'(u) # 0. Then V(u) = dA'(u) and C(u)A'(u) + A(u)C’(u) = 0 but also
C(u)*7 f,C'(u) = 0. This leads to C’(u) = 0 which means that A’(u) = 0, so there is no
equation in this case.

Case 2a: A'(u) = 0 and B'(u) # 0. In this case there are no equations because the
condition C(u)?7f,B'(u) = 0 that appears can not be satisfied.

Case 2b: A'(u) = 0 and B’(u) = 0. There are no equations here either because the
condition C(u)?7 f,C'(u) = 0 that appears can only be satisfied if A(u), B(u),C(u) are all

constants.
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Type I11: S? = A(u)S,Sy + B(u)S; + C(u)S; + D(u)S, + E(u),
with 4BE + BD? + A2E — C2 — ACD #0 (%). Then
Case 1: A(u)? +4B(u) # 0. In this case E(u) = r?(A(u)? + 4B(u)) — $D(u)?, C(u) =
r(A(u)? +4B(u)) — 3A(u)D(u) and D(u) = 2rA(u) + 0, where r,§ are constants. But then
condition (%) is not satisfied.
Case 2a: A(u)?> + 4B(u) = 0 and 2C(u) + A(u)D(u) = 0. In this case there are no
equations because the condition (*) is not satisfied.
Case 2b: A(u)?> 4+ 4B(u) = 0 and 2C(u) + A(u)D(u) # 0. In this case E(u) = s(2C(u) +
A(u)D(u)) — $D(u)* and D(u) = 2sA(u) + & , where s, are constants. It turns out that
2C(u) + A(u)D(u) must be a non-zero constant, which leads to A(u)D(u) = constant and
consequently to A(u) = constant. But then all coefficients A(u), B(u),C(u), D(u), E(u)

are constants, so there is no equation in this case either.

3.6.3 Classification via Lax pairs: A different second nonlocality

We consider again a class of hydrodynamic type equations with two nonlocalities like (3.36)

but now in the second nonlocality we interchange the variables z and y

Uy = PUy + YUy + Ny + TV,
Wy = Uy,
vy = flu,w)y,
where n, 7 f, # 0. We can prove that, for those equations, only type II Lax pairs give results

and these results are commuting flows of the dispersionless VN equation. Explicitly, the

equation for the commuting flows is
u = =21 Ay + m(vw), + 7 (uv),,
Wy = Uy,

vy = (Ku + Aw),,
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where 7,71, k, A are constants, and arises as a compatibility condition of the Lax pair

u
=g
S = —Ln S 4 (mo— Au)S, 4
= ——KT TIV — AU)Sy — = ===
t 3 1Py 1 77159& 3S§

Indeed

Type I: S, = A(u)S2+ B(u)S, + C(u), with A(u) # 0.

The consistency condition, Sy = Sy, leads to

Case 1: A'(u) # 0. Then the condition 7f,A’(u) = 0 has to be satisfied, which is not
possible.

Case 2a: A'(u) =0 and B'(u) # 0. But then 7f,B'(u) = 0 which is not possible.

Case 2b: A'(u) = 0 and B’(u) = 0. Then 7C"(u) = 0 which yields that A(u), B(u), C(u)

are all constants.

Type IT: S, = A(u)S, + B(u) + g, with C(u) # 0,

From the consistency condition we obtain the following

Case 1: A(u) # 0. Then either A’(u) # 0 which leads to C®7f,A’(u) = 0 and cannot
be satisfied or A’(u) = 0 which in the end implies that A(u), B(u),C(u), D(u) are all
constants. So there is no equation in this case.

Case 2a: A(u) =0 and B’(u) # 0. Which leads to a contradiction, namely B’(u) = 0.
Case 2b: A(u) = 0 and B'(u) = 0. Then either C’(u) = 0 which means that A(u), B(u),
C(u), D(u) are all constants or C’(u) # 0 which eventually leads to S, = ¢*, with ¢ = const,

and to the commuting flow of Veselov-Novikov equation.
Type I11: S? = A(u)S,Sy + B(u)S; + C(u)S; + D(u)S, + E(u),

with 4BE + BD?* + A*’E — C* — ACD #0 (x). Then
Case 1: A(u)? +4B(u) # 0. In this case E(u) = s(A(u)? + 4B(u)) — 1D(u)?, C(u) =
r(A(u)?+4B(u)) — 3A(u)D(u) and D(u) = 2rA(u) + 0, where r, § are constants. But then

r? = s which violates the condition (x).

Case 2a: A(u)?> + 4B(u) = 0 and 2C(u) + A(u)D(u) = 0. In this case there are no

equations because the condition (%) is not satisfied.
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Case 2b: A(u)? +4B(u) = 0 and 2C(u) + A(u)D(u) # 0. In this case E(u) = s(2C(u) +
A(u)D(u)) — $D(u)? and D(u) = 4rA(u) + 2/‘0((5)5 , where r,s,§ are constants. All the

subcases that arise lead to the result that A(u), B(u), C(u), D(u), E(u) must be constants,

so there is no equation in this case either.

3.7 Classification of integrable equations with nested
nonlocalities

In this section, we extend the problem by adding nonlocalities to the equation. We perform
classification using Lax pairs, and briefly mention the results when three, four and five
nonlocalities are added to the problem. In the case of these nested nonlocalities, the result
is higher flows of dispersionless KP, Gardner and HD equations, when we have three and

four nonlocalities, while there exists no integrable equation, in the case of five nonlocalities.

Three nonlocalities

Consider the class of hydrodynamic type equations of the form

Up = PUg + YUy + nwy + Ty + (Py,
Wy = Uy,
(3.40)
vy = f(u,w),,
Pz = g(U, v, w)y'
where o, 1, n, T, ( are functions of u, v, w and p. The condition that the dispersion relation
is irreducible, implies that ( f,,g, # 0. Using the Lax pairs to classify equations of the form

(3.40), we can prove that only type I Lax pairs give results, so
S, = A(u)S? + B(u)S, + C(u),
St = CLGSg + a5S§ + G4S§ + agsi + G/QSi + ale + ap.

Then these results are again higher flows of dispersionless KP, Gardner and HD equations,

as we had in the classification of equations with two nonlocalities.
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Four nonlocalities

Following the above scheme we add one extra nonlocality and we consider dispersionless

hydrodynamic type equations with four nonlocalities,
Uy = Py +Puy + nwy + 70y + Cpy + Eqy,
Wy = Uy,
vz = [ (u, w)y, (3.41)
Pe = g(u, Uﬂv”)ya

Gz = h(u7 v, wap)yv
where @, 1, n, 7, (, £ are functions of u, v, w, p and ¢ and the dispersion relation implies that

gf wgvhp 7& 0.
Still the result we obtain is higher flows of dispersionless KP, Gardner and HD equa-

tions.

Five nonlocalities

If we add a fifth nonlocality to the equations (3.41) above,
Uy = Qg + Py + nwy + 7y + (py + Eqy + vy,
Wy = Uy,
v = fu, w)y, (3.42)
s = g(u, v, w),,
Ga = h(u, v, w,p)y,

e = k(u,v,w,p,q)y,
where ¢, 9,0, 7,(, &, v functions of w,v,w,p,q,r and vf,g,hyk, # 0 from the dispersion

relation, then it is proved that there exists no equation in the classification list.

3.8 Commuting flows

In this last section, we are interested in finding commuting flows of the integrable dis-

persionless equations (3.32) and system (3.36). Due to the fact that those two classes of
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equations possess Lax pairs with the same structure this can be done as follows: Introduce

the Lax pair whose first equation is given by
F(Sg, Sy, u) =0, (3.43)

where F' is quadratic in S,, Sy, (in fact F' will be the S, expression of the Lax pair, of
the nine integrable dispersionless equations listed in theorem [32]), and define the second

equation to be of the form

St = alez + GQS§Sy + angSz + a453 + a5S§ + agSySy + a7S§ + agSy + agSy + ag
(3.44)
where a;, ¢ =1,...,10 are arbitrary functions of u,v and w. The consistency condition
Syr = Sty, must be satisfied modulo (3.43) and the system (3.36). This condition leads to

a number of constraints on the functions a;, p, ¥, n, 7 and f.

Theorem 3.3 Commuting flows of the integrable dispersionless equations (3.32) and sys-
tem (8.36), turn out to be higher flows of dispersionless KP, mKP, Gardner, HD and
deformed HD equations.

Particularly,

dKP equation. The Lax pair takes the form
1
S, = =52 +u,
2
Sr = ¢S4 k1S3 + 4cuS? + (4ew + 3uky) S, + deu® + vt + 3wk,
while the resulting equations are
up = (Tw + 3ku)u, + 2utu, + 3kw, + TV,
Wy = Uy,
Uy = Wy,

where k| = const, 7 = 4c = const, and 7 f,, = 4c # 0.
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Dispersionless Gardner equation. The Lax pair is

Sy:SﬁJr(Bu—B) s

Sr =S+ (2Bcu + kq)S? + <cw5 + cuB + cud + zuﬁkg) S2 4 (Zcu255—|—

cud? 3 5.9 3 1 N N
5T 0BT + Su By + Judky + (2cup® + 4¢d + 3k, + 2cup?) ) S,

and the resulting equations are

Ur = PUy + @Zjuy + nwy + TUy,

Wy = Uy,

cw  cu?pB
Ve = | 5= — )
2T 4T ’

where ko = const, 7 = ¢/2 = const, [3,§ are constants, 7f, = ¢/2 # 0, and the unknown

functions ¢, 1, n are given by

1 6¢d
n=7 (20uﬁ+c—l—3k2>

g
362 36k
@b:c(wﬁ uﬁ +u5+262>+ 25
3cud? b 36%ky
_ 2 2 92
g0—2cw5—1cuﬂ(5+ % 253—1—1)574- wﬁkQ——uﬁkQ—l— uékz I

The choice 6 = 0,8 = 1 leads to the commuting flow of the mKP equation.

Dispersionless deformed Harry-Dym equation. The Lax pair is given by

S+ A
Sy = o
Sy = iSif n ks — 2cw S;Z’ N deww? + de) — 3uPwks — 4uon Sﬁ—i—
u? u3 2u?
—2cw\ + Nk 1
cw—+351 + — (4w’ A + 2eA? — 3utwks — 4uPv ),
ud 2u?
and the resulting flows are
Aks —2 4de 1
Up = MUI + (dew? — 3wky — dvT + - — —u(8cw — 3k3)wy + Tuvy,
u? 2u? 4
Wy = Uy,

(cuw>
Vg = | 5 )
2T Jy
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where 7, ¢, ks are constants, and Tuf, = (¢/2)u® # 0. The choice A = 0 leads to the

commuting flow of HD equation.

This scheme is invariant under translations and scalings of u,v,w and S and linear

transformations which preserve the structure of equations (3.36)
T=x—sy, g=vy, U=u, W=w+su, V=v+sf(u,w),

here s = const. Modulo this equivalence, one can eliminate 7,c, ki, ko, k3, the arbitrary

constants, that appear in the equations.

3.8.1 Commuting flows of the dKP equation

As an example, we will find commuting flows of dKP equation and the integrable disper-
sionless equations with two, three and four nonlocalities, which were introduced earlier.

Consider again KP equation written in the form
Up = ULy + Wy + 62umx, Wy = Uy,
The corresponding dispersionless limit
Up = Uy + Wy, Wy = Uy-
possesses the Lax pair
Lo L s

Now since dKP equation and the hydrodynamic type equations with two, three and
four nonlocalities, possess Lax pairs with the same structure, namely one quadratic and
one cubic in S, S,, we can apply the procedure described in section 3.4.1 with the Lax

pair of the form

1
Sy = 55’5 +U7

S, = agSS + a3 S + ay St + azSE + agS2 + a1 S, + ag
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where a;, ¢ = 0,...,6 are arbitrary functions of w,v,w,p and ¢, depending on which

equation we consider.

The results can be summarized as follows: dKP equation and its commuting flows can

be obtained from the Lax pair
2 (3.46)

ST = 3m3KP3 +4m4KP4—|—5m5KP5 +6m6KP6

where mg, my4, ms, mg are arbitrary constants and
1
KPy = gSi’ + uS, + w,

1
KP, = ZSi+uS§+wS$+v+u2,

2

1 3
KP5:ES§+uS§’+wS§+ (v—l—;) Sy + p + 2uw,

KPs = ésﬁ +uSy +wS2 + (v +2u?)S2 + (p+ 3uw) S, + ¢ + 2uv + w? + gu?’.
When we set mg = ms = my = 0 and mg # 0 in (3.46) then we obtain the Lax pair for
dKP equation (3.45).

For the cases described below, the constants m; that appear in the Lax pair have been
removed from the equations, using the corresponding equivalence group, i.e. Galilean trans-
formations, scalings and translations of the dependent variables and also transformations

of the form S — A\S + pu, here A, u are constants.

Equations with two nonlocalities

When we set mg = ms = 0 in (3.46) then
1
S, = =52 +u,
2
S, = mySt+msS> + dumyS? 4 (3ums + dwmy)S, + 4vmy + 3maw + duPmy
where my # 0, and corresponds to the hydrodynamic type equation with two nonlocalities
Ur = WUy + 2Ully + vy,
Wy = Uy,

Uy = Wy.
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Equations with three nonlocalities

In the case that mg = 0 then from (3.46) we get
1
Sy = §S§ + u,

S, = msS2 + mySs + (m3 + dums)S2 + (dumy + Swms)S2 + (3ums + 4wmy+

15u’ms

+ 5ums) S, + dmyv + Spms + 3wms + 4uPmy + 10uwms,
where my # 0, which corresponds to the hydrodynamic type equation with three nonlo-

calities
3 5
ur = v+ iu Uy + 2Wuy + 2uwy + py,

Wy = Uy,

Equations with four nonlocalities
Finally, when all the constants in (3.46) are nonzero we obtain
L o
Sy = 582 + u,

S, =mgSS +msS° + (my + 6umg)Ss + (ms + Sums + 6wme)SE + (dumy + Swms+-

15u?ms

12umg + 6vm6)5§ + <3um3 + dwmy + + 5vms + 6pmg + 18uwm6> S+

3wms + 4u’my + dvmy + Spmy + 10uwms + 6gme + Sudmeg + 12uvmg + 6w’me,
where mg # 0, which corresponds to the hydrodynamic type equation with four nonlocal-

ities
u, = (p + 3uw)u, + 2(v + 2u®)uy, + 2ww, + 2uv, + gy,

Wy = Uy,
Vy = wy,

1
Pz = (U —+ §U2)y,
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Chapter 4

Differential-Difference equations in

241D

In this chapter we address the problem of classifying integrable differential-difference equa-
tions in 2+1 dimensions with one/two discrete variables. We consider equations of the
general form

u = Fu,w), (4.1)

where u(x,y,t) is a scalar field, w(zx,y,t) is the nonlocal variable, and F is a differen-
tial /difference operator in the independent variables x and y. The explicit form of w and
F will be specified in what follows, but it is important to note that all the nonlocalities
considered in this chapter reduce to w, = u, in the dispersionless limit ¢ — 0.

We use the following standard notation for the e-shift operators

Tmf($7y):f(‘r+67y)7 ij(x,y):f(x—e,y),

and the forward /backward discrete derivatives

T, —1 1-1T;
Aw: ) Ai’: >
€ €

same for T, Ty, A, Ay.
In section 4.1 we list some examples of integrable equations of the type (4.1) which were

previously known. In section 4.2 we briefly remind the nondegeneracy conditions that need
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to be met in order to obtain the classification results. Then, in section 4.3, we apply the
method of hydrodynamic reductions and dispersive deformations of dispersionless limits
as it was explained in the previous chapter by using the example of Toda equation, while
in the final section 4.4, we present the classification results for various classes of equations
generalising the intermediate long wave and Toda type equations. Among the classes that
were studied, we first present some classification results, in the case that the nonlocalities
are expressed in terms of pseudo-differential operators. Namely, in section 4.4.1, we present

the classification of nonlocalities of the form
U = PUy + Yuy + 7w, +nwy,  wy = A(0y)uy,
and, in section 4.4.2, the classification of nonlocalities of the form
Up = QU + YUy + TWy +Nwy,  ew, = A(Oy, Oy)uy.

In the remaining sections (4.4.3-4.4.6), we classify the following type of equations, which
are named after the type of nonlocality that is considered:

the Intermediate Long Wave (type 1)

T, +1
ut:cpug;—l—zﬁuy—i-Twz+nwy+e(...)+62(...), Ayw = 5 Uy,
the Intermediate Long Wave (type 2)
T, +1
ut = wuy + nwy + fAIg + ijq7 Axw e 2 uy7

the Toda type
u = pu, + fALg + Ay, wy = Ayu,
and the Fully discrete type
u = fALg + hlzk + pAyq + riys, ANyw = Ay,

where functions f, g, h, k,p,q and ¢, ¥, n, 7 depend on u,w. For all the equations here we
present their corresponding Lax pair. It is important to note that we don’t assume the
existence of the Lax pair from the beginning, but it is something that follows from direct
computations after we obtain the classification results. In Appendix B, we illustrate this
computation, using a particular example. All results in this chapter were obtained in joint

work with Prof E. V. Ferapontov and Dr V. Novikov [34].
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4.1 Examples

There exist various known differential-difference equations in 2+1 dimensions, which have

appeared in equivalent form in the literature. Let us recall some of them. The equation

el,+1
Up = Uy + Wy, wziT—luy’

appeared in [16] as a differential-difference analogue of the KP equation, see also [80]. It
can be viewed as a 2 + 1 dimensional integrable version of the intermediate long wave

equation [92]. Another example is

) € eT,+1
up = uuy + (uw), + 15 Wy w = 5T — Ty

which can be viewed as a differential-difference version of the Veselov-Novikov equation,

and appeared previously in [75]. Note that in both examples above, the nonlocal equation

eTp+1
2T, —1

Tp+1
2

w = u,, can be equivalently written as A,w = u,. One of the most important

examples is the well-known Toda equation [63]
u = uAgyw, wy = Ayu,

and also the equation

u = (o + B)Age®, w, = Ayu,

which is equivalent to the Volterra chain or the Toda chain when o # 0 or av = 0 respectively

[78]. Also, in an equivalent form, the equation

uy = /o — Pev (ew_“Ay\/a — fe?v + Ng(e "o — 662“)) VAN TIEWAWTA

appeared as the 2 + 1 dimensional analogue of the modified Volterra lattice [88]. In what
follows we show how all these examples can be obtained and we also list a number of

equations, that to the best of our knowledge, appear to be new.

4.2 Nondegeneracy conditions

All equations discussed here possess dispersionless limits of the form

Up = PU; + wuy + NWy, Wg = Uy, (4'2)
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where the functions ¢, and 1 depend on uw and w. Integrable dispersionless systems of
the form (4.2), were discussed already in chapter 3. These limits will be assumed to be
nondegenerate in the following sense:

(i) The coefficient 7 is nonzero: this is equivalent to the requirement that the corresponding
dispersion relation, A(R) = ¢ + ¥u(R) + nu(R)?, defines an irreducible conic.

(ii) The dispersionless limit (4.2) is not totally linearly degenerate. Recall that totally

linearly degenerate systems are characterised by the relations [32]
M =0, Yuw+mu=0, Yu+Pu=0, ¢u=0.
A simple example of a totally linearly degenerate system is the linear system,
Up = Wy, Wy = Uy.

Dispersive deformations of degenerate systems do not inherit hydrodynamic reductions,
at least not in the sense explained here, and require a different approach which is beyond
the scope of this thesis. We point out that most of the integrable examples of interest are

nondegenerate, or can be brought into a nondegenerate form.

4.3 The method of hydrodynamic reductions
Recall that we consider equations of the form (4.1),
Uy = F(U, UJ),

where F' is a differential/difference operator in the variables z and y. Now since the right
hand side of this equation can be expressed as an infinite series in €, (as we will see later
when F' will be specified), this means that we can use the hydrodynamic reductions and
the dispersive deformations of dispersionless limits essentially by following the pattern
outlined in chapter 3. In order to illustrate our approach we will use the 2+1 version of
Toda equation and present the classification scheme using a more general class of Toda-type

equations.
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4.3.1 The example of Toda equation

Consider the 241 dimensional Toda equation written in the form
u = ulgw, wy = Ayu.

Expanding the right hand sides using Taylor’s formula one obtains

Uy € +62 N
T Wy Wy T Wyyy T
u 2 6
4.3
ik (4.3
wx:uy+§uyy+€uyyy+....

Recall that A; = (T; — 1) /e, with T; = %, The corresponding dispersionless limit results
upon setting € = 0O:

U = Uwy, Wy = Uy (4.4)

This dispersionless system admits exact solutions of the form

where R(x,y,t) satisfies the pair of Hopf-type equations,
R, = uR,,  R;=[’RR,. (4.6)

Here p(R) is an arbitrary function, and w’ = p. Solutions of this type are known as
one-phase solutions (or planar simple waves, or one-component hydrodynamic reductions).
One can show that both solutions (4.5) and reductions (4.6) of the dispersionless system

can be deformed into solutions and reductions for the full Toda equation in the form
u=R, w = w(R) + ew R, + (wyRyy + w3R2) + O(€%), (4.7)

and

Ry :/LR:C + 62(a1Rx:m: + a2R$R$$ + OZgRi) + 0(64)7 (4 )
8
Rt :/L2RRQ; + 62(61Rmzz + /BQR:ERI:E + 63R2) + O<64)7

where w;, oy, §; are certain functions of R. We point out that, modulo the Miura group

R — R+eri+€e*r’+. .., where r; are i—th order polynomials in z derivatives of R [23], the
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relation u = R can be assumed undeformed. Furthermore, one can show that odd order
e-corrections in the equations (4.8) (but not (4.7)) must vanish identically. Substituting
(4.7) into (4.3), using (4.8) and the compatibility condition R, = R;,, one can explicitly
calculate all coefficients in (4.7) and (4.8) in terms of p and its derivatives by collecting

terms at different powers of € [31]. This gives

2

1
2/17

1
wy == p1* (2p + Ryl')

12
(R () (2 — Ry) + p* (111 + Ry"))

wy, =

_1
24

a =112Ru2u’,

0 =35 B ((W)F (44— Ru) + 2",
=214R (311" (2p = Ry + p*u®) |

51 =5 Bt (u + 2By,

50 = Bur (R4 (Uja = 2Rp) + 432 (390 + Bit")),

1
By =15 R (R (W) (2= Ryt) 4 8RS+ p () (11 = 3R ) i (440" + R ) )

w3

ag

etc. We point out that this calculation is an entirely algebraic procedure. Thus, all
one-phase solutions of the dispersionless system are ‘inherited” by the original dispersive
equation, at least to the order O(e?): it is still an open problem to prove their inheritance
to all orders in the deformation parameter e. It is important for the integrability, that
this works for arbitrary p(R). The requirement of the inheritance of all hydrodynamic
reductions of the dispersionless limit by the full dispersive equation is very restrictive
(even to the order O(e?) ), and can be used as an efficient classification criterion in the
search for integrable equations. In all examples considered so far, the existence of such
deformations to the order ¢! was already sufficient for integrability (in many cases, even

the order €? was enough), and implied the existence of conventional Lax pairs.
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4.3.2 The example of Toda-type equations

We can now illustrate the classification scheme using a class of Toda-type equations of the
form
w = fAzg, wy,=ADyu,
where f(u,w) and g(u,w) are two arbitrary functions. The corresponding dispersionless
limit,
Uy = fgz,m Wy = Uy, (4-9)

admits exact solutions of the form
u=R, w = w(R), (4.10)
where R(x,y,t) satisfies the pair of Hopf-type equations,

R, =Ry,  Ri= f(gupt+ gupi®)Re. (4.11)

Again, pu(R) is an arbitrary function, and w’ = p. Imposing the requirement that all one-
phase solutions of the corresponding dispersionless limit are inherited by the full dispersive
equation, we obtain very strong constraints for the functions f and g. Indeed, at the order

€ we get the system

gu:07 fufw:()u fu; (fgww—l-gwfw) =0.

The case f, =0, g, = 0 leads to an equation whose dispersionless limit

ur = f(w)g'(whwy, — we = uy,

is totally linearly degenerate, hence this case must be excluded. So at order € we already

have that g, = 0, f, = 0. At the order € one obtains two additional constraints:

"

f'w) =0, g"(w)* =g (w)g (w)=0.
These are two simple second order ordinary differential equations that modulo elementary
changes of variables lead to the cases f(u) = u, g(w) = w and f(u) = au+ 3, g(w) = €ev,
which correspond to the Toda and Volterra chains, respectively (see section 3.5). Note that
all these constraints appear at the order €2, and are already sufficient for the integrability,

implying the existence of Lax pairs.
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4.4 Classification Results

Here we present various results which were obtained using the classification scheme de-
scribed above. First, in the first two sections (4.4.1, 4.4.2), we look at the classification of
nonlocalities in the case of shifts in one/two directions where the equation is local. More

precisely, the classification of nonlocalities of the form w, = A(0,)u,

Uy = PUg + wuy + Tw, + NWy,
w, = A(0y)u, = (1 + €ad, + €802 + 792 + '50L + .. uy,

here a, 3,7, 4, ... are constants, and the classification of nonlocalities of the form w, =
A0y, 0y)uy
U = Py + YUy + Twy + nwy,
ewy = A0y, 0)uy = (€0y + € (..) + () + .. ),
where the coefficients at €* are polynomials in d,, 9, of degree k.
In the remaining sections (4.4.3-4.4.6), we classify certain classes of equations which
are named after the type of nonlocality that is considered. Namely,

the Intermediate Long Wave (type 1)

U = QUy + Yuy + Twy + 1w, + el )+ E(LL),  Dyw= S
the Intermediate Long Wave (type 2)
T, +1
up = Yuy +nwy + fALg+plzq,  Dpw = Uy,

the Toda type
up = puy + fAyg + plyg, w, = Ayu,

and finally the Fully discrete type
u = fALg + hDzk 4+ pAyqg + rlys, Nyw = Dy,

where functions f, g, h, k,p,q and ¢,¥,n, 7 depend on u,w. For all examples we calculate
the corresponding dispersionless Lax pair based on Zakharov’s idea that all integrable dis-

persionless systems posses a dispersionless Lax pair. Once these are computed we find the
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corresponding dispersive Lax pair by a suitable quantisation of the dispersionless Lax pair.
Dispersionless and dispersive Lax pairs are related through the transformation 1 = e/,
Classification results are presented modulo Galilean transformations, and transformations

of the form v — au+ b, w — aw + c.

4.4.1 Classification of nonlocalities of the form w, = A(9,)u,

Here we consider equations of the form
Up = PUy + YUy + TW, + Ny, (4.12)
with the nonlocality w, = A(0,)u,, where A is a constant-coefficient pseudo-differential
operator of the form
A=1+ead, + 802 + 792 + '501 + ..., (4.13)

here o, 3,7, 0, ... are constants. Again in the limit € — 0 the nonlocality becomes w, = u,.
It can be proven that all odd terms in (4.13) vanish, while all the constants appearing

in the even terms depend on 3 as follows

w, = (1+ B2 — €

x

52 263
4384 + €6§a§ + ... )Uy.
Thus we obtain the following result

Theorem 4.1 There exists only one possible nonlocality of the form (4.13) for equations

(4.12) and this nonlocality is the intermediate long wave type nonlocality

el,+1
W= — Uy,
2T, — 1"
Indeed
v — g Lt €2+ed+ SR+ SR+ .. _1+§8x+§8§+%8§+...u
T T Y

Uy = Oy 2 €3 Uy = € €2 €3
2T, —1 2 €0, + 502+ S0+ ... 1+ 50, + G024 503 + ...
and expanding the last fraction using
1

_1_ 2 _ 4 O(sY),
1T s+s° =5+ 0(s%)

we obtain

62
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IS L S S
we = (14 50, = 50+ 500050 -,
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4.4.2 Classification of nonlocalities of the form w, = A(9,,0,)u,

Here we classify integrable equations of the same form as before,
u = Puy + Yuy + Tw, + Ny, (4.14)

where ¢,1, 7 and n depend on u,w, but now the nonlocality w is defined as w, =
A(0y,0y)uy or ew, = Bu where B is a constant-coefficient pseudo-differential operator
of the form

B=¢d, +e(.)+e()+ ..,

so that in the dispersionless limit one gets w, = u,. Here the coefficient at €* is a polynomial
in 0., 0, of degree k. For instance, the Toda equation from section 4.3 can be written in
the equivalent form

u = uwy,  wy = (0, DyAg)u.

Indeed one can set w — 0 'Ajw to recover the familiar form of the Toda equation.

The result is the following

Theorem 4.2 The examples below constitute a complete list of integrable equations of the

form (4.14) with the nonlocality ew, = Bu

U = uuy, + wy, Dpw = TI;— 1uy, (4.15)
w = (w+ae)u, +wy, Dyw = Tx; 1uy, (4.16)
U = uwy, w, = (0, Dy Ag)u, (4.17)
u = e wy, w, = (8, Ay Dg)u, (4.18)
w = " (wy —uy), Wy = Uy, + 0, (0y — 0,)*u + O(e*), (4.19)

For the first two equations (4.15) and (4.16) the nonlocality is that of the intermediate
long wave type, equation (4.17) can be brought to the Toda form, while last equation’s

nonlocality, (4.19)

64

wy =ty + €0,(9; — 8,)’u— £0,(0, — 9,92 + 20,0, - 2}) + O(c"),
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needs further investigation, as we were not able to write it in a closed form, and it is
the only case that the pseudo differential operator involves derivatives in both x and y

directions.

4.4.3 Intermediate Long Wave nonlocality (type 1)

First we classify integrable equations of the form

U = QU + Yuy + 7w, +nw, +e(.) + (), (4.20)

Te+1
2

where w is the nonlocality of the intermediate long wave type, A w = Uy, Or, equiv-

eTz+1
2T,—1

alently, w = u,. Here dots denote terms which are homogeneous polynomials of
degree two and three in the z- and y-derivatives of u and w, whose coefficients are allowed
to be functions of v and w. One can show that all e-terms, as well as all terms containing

derivatives with respect to z, in particular ¢ and 7, must vanish identically.

Theorem 4.3 The following examples constitute a complete list of integrable equations of

the form (4.20) with the nonlocality of intermediate long wave type:

U = ULy + Wy, (4.21)
uw = (w+ae)u, + wy, (4.22)
2
€
u = wluy, + (uw), + 13w (4.23)
€ 3u;
u = vlu, + (uw), + 5 <uyy — Zﬂy K (4.24)

Sketch of the proof of Theorem 4.3:

The proof follows the method outlined in section 4.3. In order to be able to reproduce the
classification list, one should work with the Mathematica program given in Appendix A.

Equation (4.20) is

Uy = Py + Yuy + Tw, + nwy + €F(u, w) + €G(u, w),

€ €2 _ € €2
ww_’_iwmz—i_gwxzm—i_—Uy—i_iu:ry—i_zu:mvy—i_a
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where F'(u,w) is a homogeneous polynomial of degree two in the z- and y-derivatives of
w and w, while G(u,w) is a homogeneous polynomial of degree three in these derivatives.

The coefficients of these polynomials, f;, g;, are functions of u,w. In fact the polynomials

can be simplified by expressing derivatives of w through the nonlocality w = %%ﬂuy The

corresponding dispersionless limit is
Ut = PUgy + YUy + TWy +NWy, Wy = Uy,

This limit possesses exact solutions of the form v = R(zx,y,t), w = w(R(x,y,t)) where R

solves a pair of commuting equations,
Ry = p(R)Rs, Ry = (p+ u(R) (¥ +7) + i (R)n) Ry, (4.25)

here p(R) = w'(R) is an arbitrary function. The dispersionless equation is non degenerate

(in the sense described in section 4.2), when 1 # 0 and the relations
N =0, Yu+Tw+m=0, Yu+ttu+7.=0, ©,=0. (4.26)

are not satisfied simultaneously. We require that all reductions (4.25) can be deformed

into formal solutions of the original equation (4.20)
u=R, w = w(R) + ew R, + (wyRyy + w3R2) + O(€%),

and
R, =piR, + (a1 Ruzw + a2 Re Ruy + a3 R2) + O(€*),
Rt :[L2RR30 + Ez(ﬁle:cx + BZRxRxac + 53Ri) + O<E4)’

where w;, ;, §; are functions of R. Substituting the deformed solutions and reductions in
the original equation (4.20), using the compatibility condition R,, = R, we obtain the
following results:

At order € we get a system of 15 equations which, when solved, leads to either that all
coefficients f;(u,w) = 0 or that the equation satisfies the linearly degenerate relations
(4.26). Thus, at this order the result is that F'(u,w) = 0. At the next order ¢* we have a

system of 36 equations, that leads to two essential branches. The first branch is when all
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coefficients of the polynomial G(u,w) are zero. This basically means that the equation is

in hydrodynamic form. The solution of the system of the 36 equations yields

Ty = Thw = Oa T = 07 Pu = Puw = 07 ¢ww - O, 77Z1uw = O, 7_/l/)uu - ¢u¢w =0

hence n(u, w) = n(const), p(u, w) = p(const) and ¥ (u, w) = 1 (u)+wibe, with 1y = const,
and 9y (u) satisfying the second order ODE —19t); (u) + nipf(u) = 0. The solution of this
ODE leads to two cases:

an vz,
e =0 1(u) = cru+ e, or e #£ 0, @/,l(u):;nenz to
2

Up to scalings and translations of the dependent variables u,w we obtain the equations
(4.21) and (4.22) from the theorem. The second branch at order €* is when at least one of
the coefficients of the polynomial G(u,w) is non-zero. Similarly, solving the system of 36
equations we can prove that all terms containing derivatives with respect to x must vanish
identically, and after scalings and translations of the dependent variables obtain the last
two equations of the Theorem, (4.23) and (4.24).

We note that it is sufficient to perform calculations up to the order €

, and also that at
this stage all the terms in the deformed solutions and reductions are given explicitly, in

terms of the arbitrary function p(R) and its derivatives. |

Although the first two equations are of the first order, they should be viewed as dispersive:
the dispersion is contained in the equation for nonlocality. The equation (4.21), which can

be written in the form
el,+1
o, — 1w

first appeared in [16] as a differential-difference analogue of the KP equation, see also [80]

Up = Uly +

(we point out that its dispersionless limit does not coincide with that of KP). It can also
be viewed as a 2+ 1 dimensional integrable version of the intermediate long wave equation
[92]. The equation (4.23) is a differential-difference version of the Veselov-Novikov equation
discussed in [75]. The last example can be viewed as a differential-difference version of the
modified Veselov-Novikov equation. To the best of our knowledge, equations (4.22) and

(4.24) are new.
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Lax pairs, dispersionless limits and dispersionless Lax pairs for the equations from

Theorem 4.3 are provided in the table below (note that equations (4.23) and (4.24) have

coinciding dispersionless limits/Lax pairs).

Here and in what follows, Lax pairs were

obtained by the quantisation of dispersionless Lax pairs as discussed in [91]. First of all,

using the method of hydrodynamic reductions, we produce every time the list of integrable

equations. Then, we consider the dispersionless limits of these equations and compute the

dispersionless Lax pairs. Finally, bearing in mind that ¢ = /¢, we quantise this Lax pair

appropriately, to obtain the Lax pair of the initial differential-difference equation.

Eqn | Lax pair Disp/less limit Disp/less Lax pair
(4.21) | Ty = e, — urh U = uuy, + wy, e’r =S, —u
ey = %wyy + (w — Guy )1 Wy = Uy Sy = %Sj +w
(4.22) | Tpp = ee "y, — ) uy = (w + ae)u, +w, | 5 =e 'S, —
Y = 5y + (W — Guy)Yy Wg = Uy St = 155 +wS
(4.23) | (T, — D)y = —2u(T, + 1)y | wp = u’uy, + (uw) :ij;}sy = —2u
Yr = ﬁwyyy + (W = Guy )ty Wy = Uy St %S;’ + w5,
(4.24) | (T — Dby = 54T, — Db— | wp = u?uy + (uw) ZZI}S@J = —2u
2u(T, + 1)1/1 Wy = Uy Sy = 1550 + wS,
Yy = %wyyy ( )wy
%(wy - %“yyW’

Remark. Equations (4.21) and (4.22) are related by a (rather non-trivial) gauge trans-

formation. Let us begin with the dispersionless limit of (4.22),

Ut =

(w+ ae")uy, + wy,

Wy = Uy,
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with the corresponding Lax pair
Sy = 152 S, Sz — g7ug
t—§y+w y, €T =e 5, —a.

Let h be a potential such that w = h,, w = h,. One can verify that the new variables

U =w+ ae*, W =h — “’72, S = S + h satisfy the dispersionless equation (4.21),
Up = Uy + Wy, Wy = Uy,
along with the corresponding Lax pair
G leo | - S G ~
St:§Sy+w, e’ =5, — 1,

thus establishing the required link at the dispersionless level (it is sufficient to perform
this calculation at the level of Lax pairs: the equations for @,w will be automatic). The

dispersive version of this construction is as follows. We take the equation (4.22),

" el, +1
Ut = (w+a€ >Uy +Wy, w = iﬁuy’

with the corresponding Lax pair
€ € u
¢t = §¢yy + (w - §uy)¢y7 Taﬂb = €€ % - Oﬁb-

Let H be a potential such that v = %H, w = Tﬁ;l H,. One can verify that the new

2 ~
variables @ = H, + oe", W = H; — % +SetAFH,, = efl/e)y satisfy the equation (4.21),

o e+ 1
Ut :uuy—i-wy, w = §ﬁuy,

with the corresponding Lax pair

~ 2 ~ ~ ~ ~
ey = G + (@ = S0)0, T = e, - a.

NN e

Again, it is sufficient to perform this calculation at the level of Lax pairs. Due to the
complexity of this transformation we prefer to keep both equations in the list of Theorem

4.3 as separate cases.
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4.4.4 Intermediate Long Wave nonlocality (type 2)

Another interesting class of equations with the nonlocality of intermediate long wave type
is
u = Yuy + nwy + fArg + pDag, (4.27)

szluy, and ¥, n, f, g, p, q are functions of u and w.

where A, w =

Theorem 4.4 The following examples constitute a complete list of integrable equations of

the form (4.27) with the nonlocality of intermediate long wave type:

U = Ully + Wy,

w = (w+ ae)u, +wy,

u = wuy +wy + Am;AfeQ“, (4.28)
u = wuy +wy + (D, + Dz)e. (4.29)

The proof of this theorem follows the procedure described in Theorem 4.3 and is omit-

ted.

Here the first two equations are the same as in Theorem 4.3h, the third example first
appeared in [60], while the fourth is apparently new. Lax pairs, dispersionless limits and

dispersionless Lax pairs for equations from Theorem 4.4 are provided in the table below:

Eqgn | Lax pair Dispersionless | Dispersionless
limat Lax pair

(4.28) | epy, = (The")Tptp + 6UT577/) up = 2e%uy+ S, = 2€e" cosh S,
epy = LeTo(UFTuT2y)  LeUFTa)u2y)y wuy, + w, S, = e?“sinh 25, +
T (we*) T + we® 561/1 Wy = Uy 2we" cosh S,

(4.29) | eyp, = e (T + Tﬂ/)) up = 2eu,+ Sy = 2e"cosh S,
ey = LeUFTuT2y — Le(HTouT2y 4 wu, + w, S; = e**sinh 25, +
we(Typ + Ts) + ge“[(AI + Az)etY | wy = uy, 2we* cosh S,

Note that equations (4.28) and (4.29) have coinciding dispersionless limits.



CHAPTER 4. DIFFERENTIAL-DIFFERENCE EQUATIONS IN 2+1D 84

4.4.5 Toda type nonlocality

In this section we classify integrable equations of the form
U = pug + A9 + Ly, (4.30)

where the nonlocality w is defined as w, = Ayu, and ¢, f, g, p, ¢ are functions of u and w.

Theorem 4.5 The following examples constitute a complete list of integrable equations of

the form (4.30) with the nonlocality of Toda type:

u = ulgw, (4.31)
uw = (au+ B)Agze", (4.32)
W= AN+ VD), (433

here o, 8 = const.

We skip the details of the proof, as it follows the procedure described in Theorem 4.3.

Equation (4.31) is the 2+1 dimensional Toda equation, which can also be written in the
form (Inu), = AyAyu, while equation (4.32) is equivalent to the Volterra chain when
a # 0, or to the Toda chain when o = 0. Lax pairs, dispersionless limits and dispersionless
Lax pairs for the equations from Theorem 4.5 are provided in the table at the end of this

subsection.

Remark. One can show that there exist no nondegenerate integrable equations of the

form

u = nwy + fAg + plaq,

where the nonlocality w is defined as A,w = u,, and 7, f, g, p, ¢ are functions of u and w.
Indeed, the integrability requirement implies the condition n = 0, which corresponds to

degenerate systems.
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Eqn | Lax pair Disp/less limit Disp/less Lax pair
(4.31) | €Ly = wp U = uwy, eSS, =u
ey = =Typ + (Tyw)y Wy = Uy Sp=—e%+uw

(4.32) | €T, = (aTyu + B)Y — (T,u) Ty | up = (au + B)evw, | €S, = au+ B —ue

ey = =Ty + aevy Wy = Uy S; = —e¥ed + qe?

(4.33) | €LY, = €y/ % e — (Tyu) Ty up = eu, +uew, | €S, =S, —ue’ —u
—Julyu Wy = Uy Sy = e"sinh S,
ethy = 3eTyp — S(Tye®) Tyt

4.4.6 Fully discrete type nonlocality
In this last section we classify integrable equations of the form
up = fArg + hDzk +pAyq +rlys, (4.34)

where the nonlocality w is defined as A,w = Ayu, and the functions f,g,h,k,p,q,7,s

depend on v and w.

Theorem 4.6 The following examples constitute a complete list of integrable equations of

the form (4.34) with the fully discrete nonlocality:

w = uly(u—w), (4.35)
w = ulDy+ Ajw, (4.36)
w = (e + B)Agye ", (4.37)
up = (ae" + B)(Dy + Dy)e®, (4.38)
w o= o= gen (Ao per g Aer T a = gem)) . (439)

here «, 3 = const.
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The proof follows the procedure described in Theorem 4.3 and is omitted.

In equivalent form, equation (4.39) is known as the 2 4+ 1 dimensional analogue of the

modified Volterra lattice [88]. Lax pairs, dispersionless limits and dispersionless Lax pairs

for the equations from Theorem 4.6 are provided in the table below:

Egn | Lax pair Dispersionless limit Disp/less Lax pair
(4.35) | T,Typ = =T,p + (Tyuw) T | we = uluy, — wy) et = yede — e5v
ey =Ty —wy Wy = Uy Sy =e% —w
(4.36) | T. T, = T,p — urp up = u(uy + wy) eSS = e —y
ehy = Tyb + (Tyw)rp Wy = Uy Sp=e% +w
(4.37) | Typ = ﬁTW + ﬁlﬁ u = (a+ Be")e ™ (uy —w,) | e = e“(i—r;z:rl
€Tz = —ee Py — Wy = Uy e S, = —e S, —
ae YT + Be "y ae e % 4 Bev
e U w - —eteSz
(4.38) | Tytp = =55 Toth + 5o | we = (ae” + B)e(uy +w,) | e % = =cehl
€Ty = ee Py — Wy = Uy eSS, = e S, —
B(Txew)Taﬂ/} - a(Txewa ﬁewesz — ae”
(4.39) | T.T,w = §(Tye ") T,o+ u = a(e "), — B(ev), eSSy = %e‘“eSH—
Ty(e™ "/ a—pBe2v u —u
O (T — ) |y = g eres — 1
E'th = B(Tgew)Tgw — Oze“’ y’QZ) St = ﬁe e_Sy_
ae?eS

Remark 1. The continuum limit of the modified Volterra lattice (4.39) in x—direction,

namely x — hx, u — hu and h — 0, gives the Toda-type lattice (4.33). Similarly, in the

same limit equations (4.35) and (4.36) give the Toda equation (4.31), while the remaining
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two, (4.37) and (4.38), lead to the equation (4.32) with o = 0.

Remark 2. We point out that there exist other types of integrable equations with the
nonlocality A,w = Ayu, which are not covered by Theorem 4.6. One of such examples is

the first flow of the discrete modified Veselov-Novikov hierarchy constructed in [90],

up = \/—(TQAQCGQW)(A,;e—Qw), Dpw = Ajyu.
This equation is not of the form (4.34), furthermore, its dispersionless limit is degenerate:

Up = 2Wg, Wy = Uy.
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Chapter 5

Discrete equations in 3D

In this chapter, we are considering discrete 3D equations and address the problem of clas-
sification of such integrable equations, within various particularly interesting subclasses.
The method of deformations of hydrodynamic reductions, as introduced in the previous
chapters, can be applied in the same way: we require that hydrodynamic reductions of the
corresponding dispersionless limits are ‘inherited” by the discrete equations, and the only
constraint is that of the nondegeneracy of the dispersionless limit. This method proposes
a novel approach to the classification of integrable discrete equations in 3D, a problem
which, until now, was treated via the multidimensional consistency [5, 86]. Multidimen-
sional consistency is an extension of the 3D-consistency approach, which was proposed
independently by the authors of [10, 70], for the classification of discrete equations in 2D.

They considered equations on quad-graphs,
Q(ua Tlua T2u7 T12u; a, b) = 07

here a,b € C, and the fields u, Tiu, Tou, T1ou can be attached to the vertices of a square.
If the equation above can be generalised in a consistent way on the faces of a cube, then
it is said to be 3D-consistent. Similarly, for discrete equations in 3D [5], classification is
performed based on the consistency around the 4D cube. It is important to note that our
approach to the integrability in 3D is essentially intrinsic: it applies directly to a given
equation, and does not require its embedding into a compatible hierarchy living in a higher

dimensional space.
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The main observation is that various 3D difference equations can be obtained as ‘naive’
discretisations of second order quasilinear PDEs, by simply replacing partial derivatives
0 by discrete derivatives A. Although this recipe should by no means preserve the in-
tegrability in general, it does apply to a whole range of interesting examples. Thus, the

dispersionless PDE
(w1 — ug)urz + (uz — ur)usz + (ug — ug)ugs = 0,
[59], gives rise to the lattice KP equation [16, 68, 67],
(Aqu — Dou) Ajou + (Agu — Aqju) Aqsu 4+ (Dgu — Azu)Agzu = 0.
Similarly, the dispersionless PDE
o (102 ) 4 0y (10 22) 05 (1 22) =0
U9 us Uy

results in the Schwarzian KP equation [11, 12, 19, 53, 68],

AN (ln iiZ) + Ay (ln i;Z) + Ag (ln ijZ) =

Notation is similar to the one introduced in Chapter 4, so in what follows u(z!, 22, 2%)

is a function of three (continuous) variables. We use subscripts for partial derivatives
of u with respect to the independent variables z: w; = Ui, Ujj = Ugizi, 0; = Oy, etc.

Forward /backward e-shifts and discrete derivatives in x’-direction are denoted T}, T; and

AN, A;, respectively: A; = Tie_l, N; = 1%2 We also use multi-index notation for multiple

shifts/derivatives: T;; = TiT;, A = Az, ete.

In section 5.1 we list various well-known examples of discrete integrable 3D equations,
which we call Hirota-type, and we give their A-representation. The reason for this repre-
sentation is that their dispersionless limits become more clearly seen. A brief summary of
the method of deformations of hydrodynamic reductions is described in section 5.2. The
two subsequent sections are devoted to the study of two interesting subclasses of equa-
tions that were considered. More precisely, in section 5.4, we provide a classification of

Integrable discrete conservation laws of the form

A1f + Agg + Aggh = O7
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where f, g, h are functions of Aju, Asu, Azu and in section 5.4 we classify
Discrete integrable quasilinear equations of the form
3

> fi Diju=0,

ij=1
where f;; are again functions of Aju, Aqu, Agu. We also study differential-difference de-
generations of the above. In the last section, 5.6, we perform some numerical simulations
using Mathematica. Choosing a certain discrete equation we compare its solution with the
solution of the corresponding dispersionless equation and we show how the phenomenon of
a dispersive shock wave appears. In fact this phenomenon can be observed in very simple
equations and such an example is given in the end of the section. All results of this chapter

were obtained in a joint work with Prof E. V. Ferapontov and Dr V. Novikov [35].

5.1 A-forms of discrete integrable equations

Below we list A-forms of various 3D discrete integrable equations which have been dis-
cussed in the literature. The advantage of A-representation is that the corresponding
dispersionless limits become more clearly seen. Although these equations have appeared
under different names, most of them are related via various gauge/Miura/Béacklund type
transformations. It is verified that all equations listed below inherit hydrodynamic reduc-

tions of their dispersionless limits, at least to the order €2.
Hirota equation [45]:
oy TiT + BTl + AT37T5m = 0.
Dividing by 72 and setting 7 = ¢*/¢* we can rewrite it in the form
aet 1t 4 Betat 4 ettt = (),

Its dispersionless limit is

aet 4 fet?? + ye' = (.
Hirota-Miwa equation [65]:

OéTlTngT -+ /BTQTT13T -+ ’)/TgTTlQT =0.
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2 . . .
u/€ e can rewrite it in the form

Dividing by 11717137 /7 and setting 7 = e
ebBY 4 Bel13t 4 yeti2t = (),

Its dispersionless limit is

ae"® 4 Be"t? 4 ye'? = 0.
Gauge-invariant Hirota equation, or Y-system [56, 89]:
TovTyw (14 Tyw)(1 + T3v)

Tl (14 Tw) (1 + Tiv)’
Taking log of both sides we obtain

(Dgs — LAqp)Inv = (Agz — A7) In(1 +0).
Setting v = e" we get
Agy u= A1 [u—1In(e" +1)] + Agz [In(e” + 1)],
its dispersionless limit is

uge = [u—In(e" + 1)]1; + [In(e" + 1)]s3.

Lattice KP equation [16, 68, 67]:
(Thu — Tou)Tiou + (Tsu — Thu)Tisu + (Tou — Tsu)Tezu = 0.
In equivalent form,
(Aqu — Dgu) Ajou + (Agu — ANqu) Aqzu 4+ (Dgu — Agu)Ngzu = 0.
Its dispersionless limit is

(ug — ug)ure + (ug — uy)urg + (ug — ug)ugg = 0.

Schwarzian KP equation [11, 12, 19, 53, 68]:

(To N u) (T3 00u) (T1 Asu) = (ToAsu) (Ts A u) (Ty Aqu).
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Taking log of both sides we obtain

ASU A1“ AQU/
ANH B! No (1 AVE ! =0.

Its dispersionless limit is

ug(ug — up)ura + uz(ug — ug)ugg + ug (us — ug)ugs = 0.
Lattice spin equation [69]:
<T127' B 1> (T137' B 1> <T237' B 1) _ (T127' B 1> <T137' B 1) <T237' B 1> ‘
T2 T T1 T T3 T T1 T T3 T T2 T

On multiplication by T17157T37 it reduces to the Schwarzian KP equation. An alternative

representation can be obtained by taking log of both sides and setting 7 = e*/¢. This gives

eAgu o eAlu o eAgu -1
Allnm +A21Hm —|—A31Hm = 0.
Its dispersionless limit is
euz _ eu1 eu1 _ €u3 €U3 _ Lu2 O
(v = Do =1 T (e = e = )P T e Des - P T

Sine-Gordon equation [53]:
(Ty sin Aqu) (T3 sin Agu) (T sin Agu) = (T sin Agu) (15 sin Aqu) (T sin Aqu).
Taking log of both sides we obtain
sin Asu sin A\qu sin Aqu
ASH ! Ny (1 A (1 =0.
! (nsinA2u> t 5 (nsinAgu) t 5 (nsinﬁlu

Its dispersionless limit is

(cot ug — cotug )uig + (cot ug — cot uz)ugz + (cot uz — cot ug)ugz = 0.

This example is nothing but trigonometric version of the lattice spin equation.

Lattice mKP equation [69]:

T3 — T n Tiom — TosT 4 TosT — 1137 _

0.
T17' TQT T37'
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Setting 7 = e*/¢ we obtain
Al(eAgu . eAgu) + AQ(eAlu . 6A3u) + A?)(eAgu o €A1u>
its dispersionless limit is

(€™ — €™ )ury + (" — e )urg + (€ — €™ ugz = 0.

Toda equation [55, 89]:

oIy TTor + BT + YT 157103 = 0.
Dividing by Ty7Ts7 and setting 7 = %/ < we get

0 + Betizt | yelau—tiutbay _ ()

its dispersionless limit is

o+ Be'2 4 yets Tt — (),
Lattice Toda equation [69]:
(T — T3)
Setting 7 = e%/¢ we get
Aq(e22) — Ng(e21) + Ag(e™ — e22%) = 0,
its dispersionless limit is

(€' — e )ujg + e ugg — €"?ugg = 0.

Lattice mToda equation [69]:

(T13T 1> <T237' B 1) B (TmT B 1> <T237' B 1)
TlT TgT N TlT TQT )

Taking log of both sides and setting 7 = /¢ we get

Asu

(&
Al In —
eAgu

1
. NoIn(e®s" — 1) + Agln(e®?* — 1) = 0.

=0,
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Its dispersionless limit is

e4? ey evs — g2

n 2T G e (e2 —1)(ems — 1

U3 = 0.
)

Toda equation for rotation coefficients [17]:

This equation appeared in the theory of Laplace transformations of discrete quadrilateral

nets. Setting 7 = e%/¢ we obtain
A2(€A1u) = (Al — A3)€A2u+A§u'

Its dispersionless limit is

U2+U3(

u
eu;g=e U1 + U1z — Uz — Ug3).

One more version of the Toda equation [11]:

1 1
TisT + odom = TiT13T < + ) .
T Tt
Setting 7 = e~"/¢ we obtain
AgeAiu = a(EAﬁ AN AQ)&AW_AQU,

Its dispersionless limit is

€u1U13 + Oé(iu3_u2 (U13 + U923 — U112 — u22) = 0.

Schwarzian Toda equation [11, 12]:
(T1 A5u) (To (A1 4+ Ds)u) (TsA5u) = (Asu)(T5(D1 + Dz)u) (T Dqu).

Taking log of both sides we obtain

ArIn Agu+ (D — Az) In(Ay + As)u+ Aszln Asu — Ay In Aqu + E In (1 - ei””) = 0.
€ 2U
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Its dispersionless limit is

Uz

(w1 + ug — ug)urg — Ura — Uz + Uz = 0.
Ujus

BKP equation in Miwa form [65, 71]:
OéTlTngT + 6T2’7'T13T + ’}/T3TT127' + 57'T1237' =0.

This equation can be interpreted as the permutability theorem of Moutard transformations

[71]. Dividing by Ty7Ty7Ty7 /7 and setting 7 = e*/<* we get
el + 66A13u + ’76A12u +4 ecB123utBazutDazutDizu _ ()
Its dispersionless limit is

el Bems + ,yemz + Jetzstuistuiz _ (.

BKP equation in Hirota form [65]:
DT + BT T5T + AT57T5T 4 01193715337 = 0.
Dividing by 72 and setting 7 = /<" we get
QeBiit 4 Belart 4 ~elart | §eclBimu-Bimw+S _
where
S = (Dagu + Doggu + Dgzu) + (Ligu + Aqau) + (Dizu + Dizu) + (Dazu + Dagu).

Its dispersionless limit is

et 4 Beum + ,yeuss + et tuzztuss+2uiz+2uis+2uzs 0.

Schwarzian BKP equation [54, 72, 86]:

(Tlu - TQU)(Tlggu - Tgu) - (T13U - ngu)(Tlgu — U)

(TQU — Tgu)(ngu — Tlu) (Tmu — Tlgu) (T23U — u) '
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Taking log of both sides we get

Ag In EAlgu -+ Alu —+ AQU _ Al In GAggu —+ AQU + Agu‘

Aqu— Dou Asu — Nou

Its dispersionless limit is [13]:

us(u§ — U%)Ulz + UQ(U% — ug)ulg + (ug — U%)UQg =0.

It was shown in [86] that the Schwarzian BKP equation is the only nonlinearisable affine
linear discrete equation consistent around a 4D cube.

BKP version of the sine-Gordon equation [54, 72[:

sin(Thu — Tou) sin(Tiosu — Tau)  sin(Tizu — Thsu) sin(Tiou — u)

sin(Tou — Tou) sin(Tigzu — Thu)  sin(Tiou — Tizu) sin(Thsu — u)’
Taking log of both sides we get

sin(eApu 4+ Aju+ Agu) Al sin(eAgzu + Nou + Azu)
=L\

JAVY|
3 sin(Aqu — Aqu) sin(Agzu — Aqu)

Its dispersionless limit is
sin 2uz(sin? uy — sin? uy )uyy + sin 2uy(sin? uy — sin? ug)uyz+
sin 2u; (sin? uz — sin® ug)ug3 = 0.
CKP equation [48, 77]:

(TT1237' — T17T237' — TQTTlgT — T3TT127')2 =
4(T1TT27'T137'T237' + TQTT37T127'T13T + TlTTgTTlgTngT — TlTTQTTgTTlggT — TT12TT13TT237').

Multiplying by [7/(T17TyrT57)]? and setting 7 = €*/<* we obtain

(66A123U+A23U+A13U+A12U ZAS- AU VAN E L €A12U)2 —

— €

4<€A13U+A23u + €A1QU+A13U + 6A12U+A23u _ 66A123U+A23U+A13U+A12u _ €A23U+A13U+A12U).
Its dispersionless limit is

(eu23+u13+u12 — eY23 _ o3 _ eu12)2 — 4(€u13+u23 + €u12+u13 + €U12+U23 _ 26“23+u13+u12>.



CHAPTER 5. DISCRETE EQUATIONS IN 3D 97

It is remarkable that this dispersionless equation decouples into the product of four dis-

persionless BKP-type equations: setting u = 2v we obtain

(6023+013+v12 + ev23 + ev1s + ev12)(6023+013+v12 — eV _ ol13 + 6012) X

(€v23+v13+012 _ evzs + €v13 _ evlz)<€v23+v13+v12 + €U23 _ e’UlS _ 6012) = 0.

One can show that hydrodynamic reductions of each BKP-branch of the dispersionless
equation are inherited by the full CKP equation. Multidimensional consistency of the
CKP equation, interpreted as the Cayley hyperdeterminant, was established in [87, 18].

An alternative form of the CKP equation was proposed earlier in [48].

5.2 Method of dispersive deformations

As already mentioned, this method applies to dispersive equations possessing a nondegener-
ate dispersionless limit, and is based on the requirement that all hydrodynamic reductions
of the dispersionless limit are ‘inherited’” by the full difference equation, at least to some
finite order in the deformation parameter € [31, 32, 34, 46]. Our experience suggests that
in most cases it is sufficient to perform calculations up to the order €2, the necessary con-
ditions for integrability obtained at this stage usually prove to be sufficient, and imply
the existence of conventional Lax pairs, etc. Let us illustrate this approach by classifying

integrable discrete wave-type equations of the form
D = Doz f(u) = By glu) =0, (5.1)

where f and g are functions to be determined. Using expansions of the form

(¢~ (1 - )

2
€
Ny = :8§+Eaf+...,

€

we can represent (5.1) as an infinite series in ¢,

2

Ut — f(u)m - g(u)yy + %[Utttt - f(u)x:m:x - g(u)yyyy] +---=0.

The corresponding dispersionless limit € — 0 results in the quasilinear wave-type equation

Uy — f(U)ge — g(u)yy = 0. (5.2)
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This equation possesses exact solutions of the form v = R(x,y,t) where R solves a pair of
Hopf-type equations,
R, =AR)R,, R,=p(R)R,,

with the characteristic speeds A\, p satisfying the dispersion relation A\* = f’ + ¢'u?. So-
lutions of this type are known as one-phase hydrodynamic reductions, or planar simple
waves. Let us require that all such reductions can be deformed into formal solutions of the

original equation (5.1) as follows:

Ry = (R Ry +e(..)+(..) +...,
(5.3)

Ri=MNR)R,+e(...)+e(..)+...,

here dots at €* denote terms which are polynomial in the z-derivatives of R of the order
k + 1. The relation u = R(x,y,t) remains undeformed, this can always be assumed modulo
Miura-type transformations of the form R — R+ er +e?ry +.... We emphasise that such
deformations are required to exist for any function u(R). Direct calculation demonstrates
that all terms of the order e vanish identically, while at the order €2 we get the following

constraints for f and ¢:

f// +g// =0, g//(f/ _ 1) _ g/f// =0, f//2<1 + 2f/) _ f/(f/ + 1)f/// —0.

Without any loss of generality one can set f(u) = u—In(e“+1), g(u) = In(e“+1), resulting

in the difference equation
DN u—Dgz [u—In(e" +1)] — Ay [In(e” +1)] =0, (5.4)

which is yet another equivalent form of the Hirota equation, known as the ‘gauge-invariant
form’ [89], or the ‘Y-system’, see section 5.1 (we refer to [56] for a review of its applications).

Its dispersionless limit,

g — [u—1In(e* + 1)]4e — [In(e" + 1)],, =0, (5.5)
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appeared recently in the classification of integrable equations possessing the ‘central quadric

ansatz’ [26]. In this case the expansions (5.3) take the explicit form

R, = u(R) Ry + €*(a1 Ryzy + a2 Ryn Ry + azR3) + O(e*),

Ry = MR) Ry + €2(b1 Ryze + baRyu Ry + b3 R3) + O(e?),

where
_ 1 2 I
ai —E (,u - 1) I
) (12 = 1) e (2 + 2pp'e® + 2 — 1)
1= )

24 (R +1)% X\
etc. The remaining coefficients a;, b; have a far more complicated structure, however, all

of them are rational expressions in p and its derivatives. Note that higher powers of A can

. . . . . . 2 1 eR 2
be eliminated via the dispersion relation \* = — il o

5.3 Nondegeneracy conditions

We have already mentioned that the method of dispersive deformations applies to 3D

equations with a nondegenerate dispersionless limit. In general, this means that, see [14,

33],

e the principal symbol of the dispersionless equation defines an irreducible algebraic

curve, and
e the dispersionless equation is not linearly degenerate.

To be more specific, let us restrict to quasilinear PDEs of the form
3
> fij(ug)ug; =0, (5.6)
ij=1
that arise as dispersionless limits for most of the examples discussed in this chapter; here the
coefficients f;; depend on first-order derivatives u;, only. In this case the first nondegeneracy

condition is equivalent to det f;; # 0 (it is required for the applicability of the method of
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hydrodynamic reductions). This is because, upon setting u; = a, us = b, u3 = ¢, from their

compatibility conditions we have
g — bl, as = Cq, b3 = Ca, (57)
and equation (5.6) takes the form

fiia1 + fazba + fszcs + fioas + fizas + fazbs = 0.

Recall that for the method of hydrodynamic reductions, we seek solutions a = a(R),b =
b(R),c = c¢(R), where R satisfies the pair Ry = u(R) Ry, R3 = A(R)R;. Substituting these

solutions in the compatibility conditions (5.7), we obtain

and from the equation one obtains the dispertion relation

DX\, i) = fi1 + faopt® + Fs3X® + fropt + fizA + fash =0,

which is irreducible, when the determinant of the coefficient matrix is nonzero.
To define the second nondegeneracy condition for this class of equations, recall the concept
of linearly degenerate equations. These are characterised by the identity

Awfipy = etz
where Oy = Oy,, © = (1,92, @3) is a covector, and brackets denote complete symmetrisa-
tion in 4, j, k € {1,2,3}. Explicitly, this gives ten relations:

O fi1 = o1fi1, Oafao = pafaa, Osfss = @3fas,

O f11 + 201 fi2 = pafi1 + 21 f12, 01 fae + 202 f12 = p1faz + 202 f12,
Osf11 + 201 fi3 = w3 fi1 + 201 f13, O1fss + 203 f13 = ¥1f33 + 23 f13,
Oa f33 + 203 fo3 = Yo faz + 203 fa3, O3 far + 202 fo3 = 3 faz + 22 fo3,

O1 faz + Oz f13 + O3 fr2 = @1 faz + 2 fis + @3 fia.
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On elimination of ¢’s, these conditions give rise to seven first-order differential constraints
for f;; alone. The conditions of linear degeneracy appear as denominators in the com-
putation of dispersive corrections (to be precise, the denominator is a polynomial whose
coefficients are conditions of linear degeneracy; it vanishes identically if and only if the
equation is linearly degenerate).

In order to obtain these conditions, one proceeds as follows: Taking travelling wave
reductions, of the form u(zy, 9, 23) = (&, n) + axy + fas + yas where &€ = x1 + Awg, n =
x9 + pxs, and a, 3,7, A, i are arbitrary constants, we can reduce equation (5.6) to a 2D
equation,

2
> fij(ur, uz)ug; = 0.

ij=1
Setting a = uy, b = ug, we can rewrite this equation in a hydrodynamic form and, hence,
following the same procedure as the one described in chapter 3. The linearly degeneracy
relations obtained, are required to be satisfied for any travelling wave reduction. Also,
both nondegeneracy conditions are satisfied (possibly, after a change of variables) for all

known examples of integrable PDEs in 3D.

Remark. Linearly degenerate PDEs are quite exceptional from the point of view of
solvability of the Cauchy problem: for these PDEs the gradient catastrophe, typical for
genuinely nonlinear equations, does not occur, which implies global existence results for an
open set of initial data. The reason for this is that linear degeneracy is closely related to

the null conditions of Klainerman known in the theory of second-order quasilinear PDEs.

5.4 Discrete conservation laws
In this section we classify integrable equations of the form

where f, g, h are functions of Aju, Aqu, Asu only. The dispersionless limit,

3
> fij(ug) uiy =0,

ij=1
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is assumed to be nondegenerate, as described in the previous section, 5.3. The classification
is performed modulo transformations of the form u — au + o;2¢, as well as relabelling of

the independent variables z‘.

Theorem 5.1 Integrable discrete conservation laws are naturally grouped into seven three-

parameter families,

al + BJ +~K =0,

where a, B, are arbitrary constants, while I, .J, K denote left hand sides of three linearly
independent discrete conservation laws of the seven octahedron-type equations listed below.

In each case we give explicit forms of I, J, K, as well as the underlying octahedron equation.

Case 1.
Conservation Laws Octahedron equation
= by ) = Bt 11 ()
J = Nje 838 4+ A\ (eA“‘*AS“ - e*A?’“) =0 (setting T = e“/e)
K =X,y (Agu —1In(1— 6A1“)> +
+A3 (ln(l —ef1) — Alu) =0
Case 2.
Conservation Laws Octahedron equation

]—AglnA1u+A31n( u):
J = ArInDgu+ Agln (51— 1) =
K = A (825 — Ajuigu) +

+09 (Dqubsgu — BLE) =0

T12UT13U + TQUTQgU + T1UT3U
= leungu + TluTlgu + TQUTgu

Case 3. Generalised lattice Toda (depending on a parameter «)

Conservation Laws Octahedron equation

subcase v # 0

J = Al(eAzu—Agu_{_aefAsu) _AQ(EAlu—A3u+a6—A3u) =0 | Lz + TioT + L2 TosT

T3t Tot TotT3T
= Boln (e + o) + O (In s — Agu) =0 | Bar 4 QT 4 T
K=A:In (eAQu + a) + A3 (ln Aef?iuf;u - Alu) =0 (setting T = e~%/<)
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subcase oo = ()

[ = AleAQU_ABU _ A2€A1U—A3u — O

J = DNolqu+ As(In(l — eB2u=21%) — Apu) = 0
K= AlefAzu _ AQefAlu + A3(67A1u _ 67A2u> =0

lattice Toda equation
(T~ T3) 2 = (T, — Ty) "
(setting T = e~%/¢)

Case 4. Lattice KP

Conservation Laws

Octahedron equation

I=N20((As3u)? — (Dgu)?) + Da((Aqu)?

= (L5u)?) + A3((A2u)® = (Agu)?) =0
J = A1 In(Aszu — Dou) — AzIn(Dgu — Aju) =0
K = AgIn(Aju — Agu) — AszIn(Dou — ANyju) =0

(Thu—Touw)Tou+(Tsu—"Tiu)Ti3u
—|—(T2’U, — T3U)T23U =0

Case 5. Lattice mKP

Conservation Laws

Octahedron equation

J=~A1In (eAf’“ - eAW) — ANsln (6A3“ - eAW) =0

K =/A3ln (eA?’“ — eA”‘) — Azln (eAQ“ — eAlu) =0

_ Nou _ ,A3u Asu _ Nu Nu S Nou) Ti317—TioT TioT—Th3T
I =N (e em3") + No(e e~y + Ag(e e~2") =0 T

T23T7T137‘ —
+Dar=lar =

setting T = e/¢
g

Case 6. Schwarzian KP

Conservation Laws

Octahedron equation

I:Azln(l—ﬁ—ﬁ)—ﬁgln(ﬁ—f‘z—l):o
J:Agln(l—ﬁ—;g)—ﬁlln(ﬁ—zg—l):o
K =AM (1-452) - Ayln (52 —1) =0

(To N u) (T3 0u) (T Asu)
= (TQAE}U) (T3A1u) (Tl AQU)

Case 7. Lattice spin

Conservation Laws

Octahedron equation

Hyperbolic version

lattice-spin equation

_ sinh Asu sinh Aqu sinh Agu TioT T3 TozT
I= Al In sinhA2u+A2 In sinhA3u+A3 In sinh Aqu 0 ( Tor 1 T 1 T3T 1
. sinh(Agu—Asu) - sinh(Aju—Agu) _ (T AT TozT
J = Al In sinh Asu A?’ In sinh Asu =0 - \TiT 1 TsT 1 Tot 1
o sinh(Agu—Aju) sinh(Aju—Aou) . _ J2u/e
K = DpIn =700 — AgIn =5 0= = 0| (setting 7= e*4/¢)
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Trigonometric version

Sine-Gordon equation

[ = A Insndsu | A sindau | Ay sinbou (T sin Aqu) (T sin Agu) (717 sin Agu)

sin Agu sin Agu sin Aju
o sin(Agu—Aszu) sin(Aju—Aou) o . . .
J = Al In T sindgu A3 In T sindou 0 = (TQ sin Agu) <T3 S111 AlU) (Tl S1n AQ’U/)
K — A2 In sm(Algu—Alu) . AS In sm(A.lu—Agu) -0
sin Aqu sin Aqu

Remark. Although cases 1, 2 do not bear any special name, the corresponding equations
can be obtained as degenerations from cases 3-7. Furthermore, they are contained in the
classification of [5].

Proof of Theorem 5.1:

The dispersionless limit of (5.8) is a quasilinear conservation law

alf + 829 + 83h = O, (59)

where f,g,h are functions of the variables a = u;, b = us, ¢ = uz. Requiring that
all one-phase reductions of the dispersionless equation (5.9) are inherited by the discrete
equation (5.8) we obtain a set of differential constraints for f, g, h, which are the necessary

conditions for integrability. Thus, at the order ¢ we get

fo+ Ga+ fe+ha+ge+hy=0. (5.10)

fa:gb:hc:O7

The first set of these relations implies that the dispersionless limit is equivalent to the
second order PDE

FU12 + Gu13 + HU23 = 0, (511)

where F' = f,+ g4, G = fe+ha, H = g.+ hy. Note that, by virtue of (5.10), the coefficients
F,G, H satisty the additional constraint F'+ G + H = 0. It follows from [14] that, up to

a non-zero factor, any integrable equation of this type is equivalent to

[p(ur) = q(uz)jurz + [r(us) — p(ur)juss + [q(uz) — r(us)luss = 0, (5.12)
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where the functions p(a), q(b), r(c) satisfy the integrability conditions

¢ = (q —p' | ¢=r' p}’)::’) ’ (5.13)

Our further strategy can be summarised as follows:

Step 1.

Step 2.

Step 3.

Step 4.

First, we solve equations (5.13). Modulo unessential translations and rescalings this
leads to seven quasilinear integrable equations of the form (5.12), see the details

below.

Next, for all of the seven equations found at step 1, we calculate first order conserva-
tion laws. It was demonstrated in [14] that any integrable second order quasilinear
PDE possesses exactly four conservation laws of the form (5.9) (the converse state-

ment is not true).

Taking linear combinations of the four conservation laws in each of the above seven
cases, and replacing partial derivatives uy, us, uz by discrete derivatives Aju, ANqu, Asu,
we obtain discrete equations (5.8) which, at this stage, are the candidates for inte-

grability.

Applying the e*-integrability conditions (see Appendix C), we obtain constraints for
the coefficients of linear combinations. It turns out that only linear combinations of
three (out of four) conservation laws pass the integrability test. In what follows, we
present conservation laws in such a way that the first three are the ones that pass
the integrability test, while the fourth one doesn’t. Each triplet of conservation laws
corresponds to one and the same discrete integrable equation of octahedron type. In
other words, there are overall seven discrete integrable equations of octahedron type,
each of them possesses three conservation laws, and linear combinations thereof give

all integrable examples of the form (5.8).
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Let us proceed to the solution of the system (5.13). There are three essentially different
cases to consider, depending on how many functions among p, ¢, are constant (the case
when all of them are constant corresponds to linear equations). Some of these cases have
additional subcases. These correspond to the seven cases of Theorem 5.1, in the same
order as they appear below (note that the labelling below is different, dictated by the logic

of the classification procedure).

Case 1: ¢ and r are distinct constants. Without any loss of generality one can set
q =1, r = —1. In this case the equations for ¢ and r will be satisfied identically, while the
equation for p takes the form p” = 2pp?/(p* — 1). Modulo unessential scaling parameters

this gives p = (1 4 €“1)/(1 — e*1), resulting in the PDE
e g — ugz + (1 — " )ugg = 0.
This equation possesses four conservation laws:
01" + 03 (6“’2_“1 — 6“2) =0,

616_“3 + 82 (Gul_u3 — €—u3) = O,

Os (uz —In(1 — ")) 4+ 05 (In(1 — ™) —uy) =0,

(31 (uzu3> . (92 <U12u3 oy ln(l . eul) o Li2(€u1)> +

2
03 <u21 — u12u2 —up In(l — ") — Lig(e“1)> =0,

where Lis is the dilogarithm function, Lis(z) = — [ In(1=2) g, Applying steps 3 and 4,

z
one can show that discrete versions of the first three conservation laws correspond to the

discrete equation

e(Tlulegu)/e + €(T12u7T23u)/e — 6(Tlungu)/e + 6(TQU*T23U,)/E.

Setting 7 = e%/€ it can be rewritten as
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Case 2: r is constant. Without any loss of generality one can set » = 0. In this case the

above system of ODEs for p and ¢ takes the form

3

_ ’ ’ 7
pQ+%_% q_

/

3
|
Rwy
+
< R
|
SIES

~
LS

Subtraction of these equations and the separation of variables leads, modulo unessential
rescalings, to the two different subcases.

subcase 2a: p = 1/uy, ¢ = 1/us. The corresponding PDE is
(U2 — up)u12 — uguyz + urtigy = 0.
It possesses four conservation laws:

321nu1 —1—83111 (1 — UQ> :O,

U

811an +831n <Ul — 1> = O,
Ug

o0 (u% — QUQUS) + 0y (2u1u3 — uf) =0,

2 3 2 3 2 _ 2
o (—32 + u%ug - u2u§> + 0y (gl - U%Ug + u1u§> + 03 <u1u23u1uz> = 0.

Applying steps 3 and 4, one can show that discrete versions of the first three conservation

laws correspond to the discrete equation

T12UT13U + TQUT23U, + T1UT3U = T12UT23U + TluTlgu + TQUTgU.

subcase 2b: p=1/(e" + ), ¢ =1/(e"* + ), a = const. The corresponding PDE is
(e —e"Jurz — (" + a)uiz + ("' + a)ugz = 0.
If a # 0 it possesses the following four conservation laws:

O1(e"7" + ae™™) — Oh(e" ™™ + ae™™) =0,

el — e'?
Oy In (e o (In = — ) =0,
b 1In (e" + o) + O3 N,

el — e
oy In (e o (I = — i) =0,
L In ("2 + a) + 05 N,



CHAPTER 5. DISCRETE EQUATIONS IN 3D 108

u u2 ul u1
(’31 (2162 In (e + OC) -+ 2L22 <—e> — UgUg) + 82 (U1U3 — 2u1 In (6 i 04) — 2L22 (_€>>
« (0% (0% (0%

Ul u2
—|—83 (Ug—U1UQ+2(U2—U1>ln (1—6’“17“2) + 2uy In (6 +Oé) —2u21n (e +Oé)
(0%

«
+2Lh(—€)—2Lw<—e)—2L@(wlwﬁ)—0,
(6% [0

while when o = 0 the conservation laws take the form:

U2 —Us Ul —Us
0127 — Jpe™ ™" = (),

Oouy + O3(In(1 — €“27"1) —uy) =0,
Ore " — Oge™ ™ 4 O3(e™™ — e "2) =0,
O (U3 —ugusz)+0s (uyus—u?)+0s (u% — ugtg + 2 (uy — ug) In (1 — e“l_“2> — 2Ly (e“l_m)) = 0.
Applying steps 3 and 4 to the subcase a # 0, one can show that discrete versions of the
first three conservation laws correspond to the discrete equation
(Tsu=Tosw)/e | o(Tru=Tizu)/e y o o(ToutTsu=Tizu—Tosu)/c _

6(T3U—T13’u,)/5 + e(Tlu—Tlgu)/e + ae(T1u+T3u—T12u—T13u

Setting 7 = e~%/¢, this equation can be rewritten as

T23’7‘ T12T T12TT237' T127' T13T T127—T137—
a = Gf .
T37' TQT TQ’TTg’T TlT T37’ T17'T37'

The special case a = 0 leads to the lattice Toda equation,

TQ T

T

TlT

(Ty — T3) = (T» — T3)7;

see section 5.1.

Case 3: none of p, ¢, are constant. In this case we can separate the variables in (5.13)
as follows. Dividing equations (5.13) by p/, ¢/, r’ respectively, and adding the first two of

them we obtain

P +d"d =20 =)/ (p—a).
Multiplying both sides by p — ¢ and applying the operator 9,0, we obtain (p”/p') =
2ap', (¢"/q') = 2aq', a = const. Thus, p"/p' =2ap+ p1, ¢"/¢ = 2aq + 52. Substituting
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these expressions back into the above relation we obtain that p’ and ¢’ must be (the same)

quadratic polynomials in p and ¢, respectively. Ultimately,
PV=ap’ +Bp+r, ¢ =ad’+Bg+y, v =ar’+ B+,

Modulo unessential translations and rescalings, this leads to the four subcases.

subcase 3a: p = u;, ¢ = us, r = uz. The corresponding PDE is
(ug — up)ure + (g — ug)usg + (us — ug)ugs = 0.
It possesses four conservation laws:
O (uz — u3) + Og(uf — u3) + Os(us — u3) =0,

alf)l 1I1(U3 - Ug) + 04282 ln(u1 - U3) + 01363 IH(UQ - Ul) = 0,
3 3 3 2 2

us — us UgUZ — U ud — ud usu? — uiu Us — U ULUS5 — UTU
81<332+23223+32 133—1-31231—1—5’3 2314_12212:0,

where aq, as, ag are constants satisfying aq + as + a3 = 0. Applying steps 3 and 4, one can

show that discrete versions of the first three conservation laws correspond to the discrete

equation

(Thu — Tou)Tiou + (Tu — Thu)Tisu + (Tou — Tyu) Thzu = 0,
which is known as the lattice KP equation (see section 5.1).
subcase 3b: p =e"', g =e"?, r = e"3. The corresponding PDE is
("' — e")ujp + (" — e"ugz + (e"? — €**)ugz = 0.
It possesses four conservation laws:
O1(e"? — ") + Dy(e™® — ") + D3(e™ — e"2) =0,
OpIn (" —e"?) — Jyln (" — ") =0,
Orln (" —e") — O3ln (" — ") =0,
) <u2u3 —uj +2(ug —uz — 1) In (1 — 6“2_“3) + 2Lig (6“2_“3>) -
Oa (u§ —uyuz + 2 (uz3 —ug + 1) In (1 — e“l_“3) — 2L, (e”l_u3)> +

83 (u1u2 — ug -2 (u1 — u2) +2 (ul — u2> In (1 _ eu1*u2) + 2Ly (€u17u2>) —0.



CHAPTER 5. DISCRETE EQUATIONS IN 3D 110

Again, applying steps 3 and 4, one can show that discrete versions of the first three

conservation laws correspond to the discrete equation

_Tiu Ti3u Tiou _Tou Tiou Togzu _ T3u Togu Ti3u
e e (e —e i )te T (e —ec )te (e —e < )=0.

Setting 7 = e%/¢, this takes the form

T137' — T127' i T12’7' — T237' 1 T237' — T137'
TlT TQT T3T

:O,

which is known as the lattice mKP equation (see section 5.1).

subcase 3c: p=1/uy, ¢ =1/uy, r = 1/us. The corresponding PDE is
us(ug — ug)ur2 + ug(uy — ug)urs + ug(uz — ug)ugg = 0.

It possesses four conservation laws:

8, In (1—“3> — 85In (“2—1) — 0,
Uy 1
831H(]_—U1> —01111(%—1) :0,
U2 U2
alln(1—“2> —821n<u1—1) =0,
us us

81 (ugu;; — UQU%) + 82 (u§u1 — u;;u%) + 83 (’U/%UQ — ulug) =0.

Applying steps 3 and 4, one can show that discrete versions of the first three conservation

laws correspond to the discrete equation
(T2A1U) (TgAQU) (T1A3U) = (TQAgU) (TgAl'LL) (TlAQU),

known as the Schwarzian KP equation (see section 5.1).

subcase 3d: p = cothuy, ¢ = cothuy, 7 = cothusz (one can also take the trigonometric

version coth — cot). The corresponding PDE is
(cothug — cothuy)uys + (cothuy — coth ug)ugs + (coth ug — coth ug)ugg = 0.

It possesses four conservation laws:

sinh us sinh 1, sinh us
- + 82 In — + 83 In —
sinh wus sinh us sinh u,

81 In

=0,
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sinh(ug — u3) sinh(u; — uz)

01 — 051 =0

1 ik Us 3 T ginh Us ’

9, 1n sinhFu3 —uy) oyl sinh'(ul — Us) o,
sinh 1, sinh v

sinh(ug — u3) + (2us— 1)In sinh(ug — u3)+

o <—2u§ + 2uouz — 2usg In :
sinh ug

sinh uo

Liy(€*?) — Liy(e®) — Lin(e*™27"))) +

sinh(ug — uy)
1—2ug)ln —————
+ ug) In sinh u3

sinh(ug — uq)

0o <2u§ —2uquz + (2u; — 1) In Soho
1

Lig (™) + Lig(e®) + L@'Q(eﬁwl—us))) I

sinh(u; — ug) sinh(u; — us)

+ (1 —2uy)In

sinh v

O3 <—2u§ + 2uius + 2us In -
sinh wuo

Liy(e™™) — Lia(€*?) — Lin(e*™ "))} = 0.

Applying steps 3 and 4, one can show that discrete versions of the first three conservation

laws correspond to the discrete equation
(62(T12u7T2u)/6 _ 1)(62(T13u7T1u)/6 _ 1)<€2(T23u7T3u)/6 _ 1) —

(62(T12u—T1u)/e o 1)(62(T13u—T3u)/e o 1)(62(T23u—T2u)/e . 1).
Setting 7 = e?%/¢ it can be rewritten as
<T127' _ 1> (T137' B 1> <T237' B 1) _ (T127' B 1> <T137' _ 1) <T237' _ 1>7
Tg T T1 T T3 T T1 T T3 T T2 T

which is known as the lattice spin equation (see section 5.1). In the trigonometric case,

one can show that discrete versions of the conservation laws

sin usg sin uq Sin uo

(91111 N +821H N —|—831n ; :0,
sin uy sin us sin g
8, 1n sin(@ —uz) 8 In Sin(l‘tl — Ug) o,
SN Ug S11 Uo
8, 1n sin(qg —uy) oyl sin(uy — ug) o,

sin uq sin uq

correspond to the discrete Sine-Gordon equation,

(T sin Aqu) (T sin Agu) (T sin Azu) = (Ty sin Asu) (T sin Aqu) (7 sin Aqu).
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This finishes the proof of Theorem 5.1. |

Remark. It was observed in [59] that the Lagrangians L(u, Thu, Tou; aq, as) of 2D discrete
integrable equations of the ABS type [4] satisfy the closure relations

AlL(u, TQU, Tg’u, a9, Oég) -+ AQL(U, Tg’u, Tlu, asg, Oél> + AgL(U, Tlu, TQ’U, aq, 0[2) = O, (514)

which can be interpreted as 3D discrete conservation laws. For instance, the @); case

corresponds to the Lagrangian

A A
L(u, Tyu, Tou; on, ) = ap In (1 - A;Z) —aln <Ajz a 1) '

Remarkably, the corresponding closure relation (5.14), viewed as a single 3D equation,
turns out to be integrable (subcase 6 of Theorem 5.1). Note that the constraint oy = g =

as reduces (5.14) to the Schwarzian KP equation,

ASU Alu Azu .
Al (111 A2u> + AQ (111 A3u> + Ag <ln A1u> = O

On the contrary, closure relations corresponding to the Lagrangians containing the dilog-

arithm Liy fail the ¢* integrability test. We refer to [5] for further connections between

ABS equations and 3D integrable equations of octahedron type.

5.4.1 Two discrete and one continuous variables.

In this subsection we classify conservative equations of the form

where f, g, h are functions of Aju, Asu,u3. Again, nondegeneracy of the dispersionless

limit is assumed. Our classification result is as follows:

Theorem 5.2 Integrable equations of the form (5.15) are grouped into seven three-parameter
families,

ol + BJ +~K =0,
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where a, B,y are arbitrary constants, while 1, J, K denote left hand sides of three linearly
independent semi-discrete conservation laws of the seven differential-difference equations
listed below. In each case we give explicit forms of I,J, K, as well as the underlying

differential-difference equation.

Case 1.
Conservation Laws Differential-difference eqn
I = A1€A2u — 83€A2u_A1u =0
J = Dgug + Do (€2 —uz) =0 i
K = AN u3+2D, (2€A1UU3 — 2P u%) —0s (26A1“> =0 | (setting v =€/, 05 — 10;)

Case 2.
Conservation Laws Differential-difference equation
I =N (e”?% —u3) + d51n (eAlu - eAW) =0
J = Ny(e”1 — ug) + 05 1n (eAlu — eAQu) =0 Tipv = olee 4 TQ”T};’f):%ZTZ”:‘
K = N\ (e222% — 2eP2%y3 + u2) + Ng(2e21%uz— (setting v = €"/*, 05 — 10s)
21 — 2) + 05(2e52% — 2e51%) = ()

Case 3.
Conservation Laws Differential-difference equation
I = A1(€A2uU3) - ageAzu =0
J = Ng(e B1%uz) + dze 214 = 0 % = % (setting v = /)
K= Al(A2u+lnu5) — AQ lnu3 =0
Case 4.
Conservation Laws Differential-difference equation
I = AQ (Aqu) - 83 ll’l(Al'U) =0
J = Al In us + AQ In (%) =0 (Tlgu - TQU)T1U3 = (Tlu — U)TQU?,
K = A (2ugNou) + 03 ((Au)? — 20 1ul\qu) = 0
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Case 5.

Conservation Laws

Differential-difference equation

T =A ( Aguu3) +83( Nau—AN1u _€A2u> =0
J = A11DU3+A21D(1 eAlu) =0

K = AQ ( AI“) + 83 (hl(]_ — 6A1u) Al’U) =0

’U(Tlg'l} — TQU)T1U3 =
Tl’U(Tl’U — U)T2U3
(setting v = e“/¢)

Case 6.

Conservation Laws

Differential-difference equation

I=ArIn(22%) 4+ Ayln (1) =0
J=00(42) +0sIn (1 42) =0
K =0y (42) +0sIn (1 - 424) =0

(TQAl’LL) (AQU)Tlng =
(TIAQU/) <A1U>TQU3

Case 7.

Conservation Laws

Differential-difference equation

= Ay (Smh8ar) — A, I (Sfae) — g
J = A1 (ugcoth Aqu) + Ay ln (M)

sinh Asu

sinh Aqu

=0
K = AQ <U3 coth Alu) + 83 In (M) =0

(T3 sinh Aju)(sinh Agqu)Tug =
(Tl sinh AQU) (sinh AIU)TQUB

Remark. See the proof below for Lax pairs of the above differential-difference equations.

Proof of Theorem 5.2:

The proof is parallel to that of Theorem 5.1. The dispersionless limit of (5.15) is again

a quasilinear conservation law of the form (5.9),

81f+8gg+83h—

where f, g, h are functions of the variables a = u;, b = us, ¢ = uz. Requiring that all one-

phase reductions of the dispersionless equation are inherited by the differential-difference

equation (5.15), we obtain a set of differential constraints for f, g, h, which are the necessary

conditions for integrability. Thus, at the order € we get

fa:gb:hczoa fc+ha+gc+hbzoa

(5.16)
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note the difference with Theorem 5.1. The first set of these relations implies that the

quasilinear conservation law is equivalent to the second order equation
FU12 + Gu13 + HU23 = 0,

where F' = f,+g,, G = fe+ha, H = g.+ hy. Note that, by virtue of (5.16), the coefficients
F,G, H satisfy the additional constraint G + H = 0. It follows from [14] that, up to a

non-zero factor, any integrable equation of this type is equivalent to

[p(u1) — q(uz)]urz + 7 (us)urz — r(uz)ugs =0, (5.17)
where the functions p(a), g(b), r(c) satisfy the integrability conditions

P=p (L +(p-a)k),

= (= (- )2). (5.18)
A Ly

T

Our further strategy is the same as in Theorem 5.1, namely:

Step 1. First, we solve equations (5.18). Modulo unessential translations and rescalings this

leads to seven quasilinear integrable equations of the form (5.17).

Step 2. For all of the seven equations found at step 1, we calculate first order conservation

laws (there will be four of them in each case).

Step 3. Taking linear combinations of the four conservation laws, and replacing uq,us by

Step 4. Applying the €

Aqu, Aqu (keeping ug as it is), we obtain differential-difference equations (5.15) which

are the candidates for integrability.

Zintegrability test, we find that only linear combinations of three

conservation laws (out of four) pass the integrability test. Below we list conservation
laws in such a way that the first three are the ones that pass the integrability test,
while the fourth one doesn’t. Moreover, each triplet of conservation laws corresponds

to one and the same differential-difference equation.
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Let us begin with the solution of system (5.18). The analysis leads to seven essentially
different cases, which correspond to cases 1-7 of Theorem 5.2 in the same order as they
appear below. First of all, the equation for r implies that there are two essentially different

cases: r = 1 and r = 1/c.
Case 1: r = 1. Then equations (5.18) simplify to

p// _ p/p/ B q/ q// _ /p/ B q/

p—q’ p—q
There are two subcases depending on how many functions among p, ¢ are constant.

subcase la: ¢ is constant (the case p=const is similar). Without any loss of generality
one can set ¢ = 0. Modulo unessential translations and rescalings this leads to p = e,
resulting in the PDE

e uyg + ug — ugg = 0.

This equation possesses four conservation laws:
01e"? — 0ze"? " =0,
Ovus + 0 (6" — uz) =0,
Ou3 + Oy (2u36“1 —e?" — u%) — 05 (2e") =0,
01 (ugusz) + 0y (2ure™ — 2™ — uqug) + 03 (u% — U1UQ> = 0.

Applying steps 3 and 4, we can show that semi-discrete versions of the first three conser-

vation laws correspond to the differential-difference equation
e(Tzu=Teu)/e _ o(Tru—w)fe L T — Thus = 0, (5.19)
which possesses the Lax pair
Typ = TP/ (Typ 4 o), ethy = —eT/< (T + ).
Setting v = €/ and 93 — 105, we can rewrite (5.19) in the form

Tiov  Tiv Tiv Ty
12+13_1_|_23

Tov T v Tov
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subcase 1b: both p and ¢ are non-constant. Modulo unessential translations and rescal-
ings, the elementary separation of variables gives p = e, ¢ = €. The corresponding PDE
is

(6“1 — 6u2>U12 + U3 — Ug3 = 0
It possesses four conservation laws:

O1(e" —ug) + d31n (e" — e"2) = 0,
Op(e™ —ug) + 031n (e" — e"?) = 0,
O1(e*2 — 2e"uz + u3) + 0a(2e"“ uz — ™' — u3) + 03(2e"* — 2e") = 0,
01 (—2e"2ug + ugug + 2€"?) 4+ 09 (2™ uy — uqug — 2€™) +
3 (U1U2 —uj + 2 (u; — ug)In (1 — 6”1’“2) + 2Lis (6“17“2» =0.

Applying steps 3 and 4, we can show that semi-discrete versions of the first three conser-

vation laws correspond to the differential-difference equation

e(Tau=Tau)/e _ o(Tizu=Twu)/e o o(Tou—u)fe _ o(Tu=u)/e L — Thys = 0. (5.20)
Equation (5.20) possesses the Lax pair

TQ@Z} _ e(Tlu—Tgu)/e T1¢ + (1 . e(Tlu_TQU)/G)w’ Ew?, _ 6(T1u—u)/e(T1,¢} o w)

Note that this case has been recorded before. Setting v = e*/¢ and 05 — %83, we obtain

the equation

Tﬂ)TgU + T2UT1U3 — T1UT2U3

Tiov —
120 v Tov — Tv

which has appeared in the context of discrete evolutions of plane curves [3].

Case 2: r = 1/c. In this case the equations for p and ¢ simplify to

P —q P —q
p”—p’< —(p—q)>, q”—q’< +(p—q) .

p—9q pP—q

There are several subcases depending on how many functions among p, ¢ are constant.
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subcase 2a: both p and ¢ are constant. The corresponding PDE is

1
U + — (w13 — ug3) = 0.
Uus

It possesses four conservation laws:
81(6u2U3) — 836“2 = 0,

82(6_”1u3) + 836_u1 = 0,
81(uQ + In Ug) — 82 In Uz = O,
01 (ugus + 2ug) + Oy (ugus — 2usz) — d3 (ugug) = 0.

Applying steps 3 and 4, we can show that semi-discrete versions of the first three conser-

vation laws correspond to the differential-difference equation

Tyus (Th12u—Tyu—Toutu)/
= e(Tzu-Tu=Toutu)/e 5.21
Toag —° (5.21)

This equation possesses the Lax pair

Ty = —eT=0/e (Typ — o), ez = —uz(Tot) — o).

Setting v = e%/¢ we can rewrite (5.21) as

UT12U . T1UT2U3
Tlv n T1U3 .

subcase 2b: ¢ is constant (the case p=const is similar). Without any loss of generality
one can set ¢ = 0. The equation for p takes the form p” = p/p — pp/, which integrates
to p’/p + p = «. There are further subcases depending on the value of the integration

constant «.

subcase 2b(i): a = 0. Then one can take p = 1/a, which results in the PDE

1
—U1p + —(u13 — Usz) = 0.
Uy Uusg

It possesses four conservation laws:

GQ(U3/U1> - 83 lnu1 = 0,
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(91 1HU3 + 82 In (ul/U3) = O,

01 (2ugug) + 05 (u% — 2u1u2) =0,

uu 2u3
(91 (ugu;:,) — 82 ( 1 3) + 03 (U%Ug — ugul — 1) = 0.

3 9

Applying steps 3 and 4, we can show that semi-discrete versions of the first three conser-

vation laws correspond to the differential-difference equation
(Tlgu — TQU)T1U3 = (Tlu — U)TgUg. (522)

This equation possesses the Lax pair

(Thu — u)

Ty = I T+, ey = —uzTr.

subcase 2b(ii): « # 0 (without any loss of generality one can set & = 1). Then one has

p=e*/(e* — 1), which corresponds to the PDE

R ) =0
u —\Uu — U = U.
g — a2 (s — 2

It possesses four conservation laws:

01 (uze"?) 4+ 05(e™™ — ") = 0,

1— e
811nu3—0—821n( ¢ ):0,

us

0: <1 fiul) + 03 (In(1 —e") —u1) =0,

Ul ujus (e +1 uf — ugu u o (¥
81< 223+u3>+82 (12(3651_1))_U3>+a3 <1212_“11n(1_6 Y= Lin(e 1)> -

Applying steps 3 and 4, we can show that semi-discrete versions of the first three conser-

vation laws correspond to the differential-difference equation
(1 — eTze=Tow)/e) Ty = (1 — T/ Ty, (5.23)
which possesses the Lax pair

Ty = (1 — D=/ Ty — eMumnlegy  ehy = ugTorh + ugth.
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Setting v = e*/¢ we can rewrite equation (5.23) in the form

U(T12U — TQU)TlUg = T1U(T1U — ’U)TQ’Ug.

subcase 2c: both p and ¢ are non-constant. Subtracting the ODEs for p and ¢ from
cach other and separating the variables gives p’ = o — p?, ¢ = o — ¢*. There are further

subcases depending on the value of the integration constant a.

subcase 2c¢(i): @ = 0. Then one can take p = 1/a, ¢ = 1/b, which results in the PDE

1 1 1
( — > U1o + u*(um — ug3) = 0.

Uy U2 3

It possesses four conservation laws:

61 In (W) + 82 In <U5> == O,

3 Uy
81 <US> +831Il (1 - U1> = 0,
Uo U2
82 <’U/3> —|—831n (1 - u2> B O,
Uy Uy
81 (U%Ug) — 82 (u%u;g) + 83 (U%Ug — Ugul) = 0.

Applying steps 3 and 4, we can show that semi-discrete versions of the first three conser-

vation laws correspond to the differential-difference equation
(Tgﬁlu)(AQU)TﬂLg == (Tlﬁgu)(Alu)Tgui;, (524)

which appeared in [12]. Equation (5.24) possesses the Lax pair

Alu Alu . us
AQU AQU) w’ 67703 N AQU

subcase 2c(ii): o # 0 (we will consider the hyperbolic case a = 1; the trigonometric case

le =

Ty + (1 - (To) — ).

a = —1 is similar). Then one can take p = cotha, ¢ = cothb, which results in the PDE
(COth Up — coth 'LL2) U192 + 7(U13 — UQg) =0.
us

It possesses four conservation laws:

o, ln <sinhu2> PN (sinhm) _0,

us us
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(e —
01 (uz cothug) + 0y In (sm(ulug)> -0,
sinh uy

sinh v

82 (Ug coth Ul) + 83 In (Sll'lh<ul_UQ)> = O,

01 (4us(1 — cothug — ug coth ug)) 4+ 9o (4ujug coth ug )+
O3 (4u1 — 2u5 — 12uy + 2(u; — uy — 2) In (1 — 62“1*2“2) +2(uy — ug)In (1 - 62“2*2“1) +
4(ug + 1) In (1 - 62“2) —2u;In ((1 —e 21 — 62“1)) + Liy (6_2“1) — Liy (62“1) +

Lis (62“1—2“2) 1 2L, (62“2) — Liy (62"2—2“1)) —0.

Applying steps 3 and 4, we can show that semi-discrete versions of the first three conser-

vation laws correspond to the differential-difference equation
(T3 sinh Aju)(sinh Agu)Tius = (T sinh Agu) (sinh Aju) Thus, (5.25)
which possesses the following Lax pair:

62A2u -1 62A1u _ 62A2u 2U3
This finishes the proof of Theorem 5.2. |

5.4.2 One discrete and two continuous variables.

One can show that there exist no nondegenerate integrable equations of the form
Arf 4 029 + 03h =0,

where f, g, h are functions of Aju, us, us.

5.5 Discrete second order quasilinear equations

Here we present the result of classification of integrable equations of the form

23: fu(Au)AUu = 0,

3,7=1
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where f;; are functions of Aju, Ayu, Agu only. These equations can be viewed as discreti-

sations of second order quasilinear PDEs
3

> fij(ur)ug; =0,
ij=1

whose integrability was investigated in [14].

Theorem 5.3 There exists a unique nondegenerate discrete second order quasilinear equa-

tion in 3D, known as the lattice KP equation,
(Alu — AQU)AlQU/ + (Agu - Alu)Algu + (AQU — AgU)AQgU = 0.

In different contexts and equivalent forms, it has appeared in [16, 68, 67]. The proof is

similar to that of Theorem 5.1, and will be omitted.

5.5.1 Two discrete and one continuous variables
The classification of semi-discrete integrable equations of the form

Judbnu+ fralpu+ foalosu + fisiuz + fazAous + fzuzs = 0,
where the coefficients f;; are functions of Aju, Aqu, ug, gives the following result:

Theorem 5.4 There exists a unique nondegenerate second order equation of the above

type, known as the semi-discrete Toda lattice,
(Alu — AQU)AlQU/ — A1U3 -+ AQUg = 0.

It has appeared before in [3, 58]. Again, we skip the details of calculations.

5.5.2 Omne discrete and two continuous variables

One can show that there exist no nondegenerate semi-discrete integrable equations of the

form
fulnu+ fralgug + faouge + frslDius + fazues + fasugs =0,

where the coefficients f;; are functions of Aju, ug, us.



CHAPTER 5. DISCRETE EQUATIONS IN 3D 123

5.6 Numerical simulations

In this section we present some results of numerical simulations comparing solutions for

the gauge-invariant form of Hirota equation (5.4),
At — DNyz [u—1In(e" +1)] — Ay [In(e” +1)] =0,
and its dispersionless limit (5.5),
g — [u—1In(e* + 1) — [In(e" + 1)],, =0,

obtained using Mathematica. We choose the following Cauchy data:
Disrete equation (5.4): u(z,y,0) = 3e~ @) u(z,y, —e) = 3e~ " +v7),
Dispersionless equation (5.5): u(z,y,0) = 3 @), (x,y, 0) = 0.

According to Klainerman’s theory [49], there exists a number of conditions, the so-called
null conditions, which, when satisfied, establish global existence results for nonlinear wave
PDEs. In fact, these conditions are automatically satisfied in the case of linearly degenerate
systems (which are excluded from our study). Moreover, the smaller the initial (Cauchy)
data that one chooses for a given equation, the longer the solution remains smooth, (see
also [6, 15, 47]).

In Figure 5.1 we plot the numerical solution of the dispersionless equation (5.5) for ¢ =
0,4, 8. As equation (5.5) does not satisfy the null conditions of Klainerman [49], according

to the general theory this solution is expected to break down in finite time.

Figure 5.1: Numerical solution of the dispersionless equation (5.5) for ¢t = 0,4, 8, showing

the onset of breaking.
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On the contrary, solutions to the dispersive regularisation (5.4) (which can be viewed as a

difference scheme) do not break down. Indeed, (5.4) can be rewritten in the form
u(t+e)=—ult—e)+ (Tp + T5)(u — In(e" + 1)) + (T, + Tj) In(e* + 1),

which allows the computation of u(t + €) once u and u(t — €) are known. Figures 5.2, 5.3
and 5.4 illustrate the solution for different values of € at ¢ = 0,4, 8. As € becomes smaller,
one can see the formation of a dispersive shock wave in Figure 5.5 (see [50] for a detailed

numerical study of this phenomenon for the KP equation).

> AR 4

Figure 5.2: Numerical solution of the discrete equation (5.4) for e = 2 and ¢ = 0,4, 8.

VoD

Figure 5.3: Numerical solution of the discrete equation (5.4) for e =1 and t = 0,4, 8.

o AR AR 4

Figure 5.4: Numerical solution of the discrete equation (5.4) for e = 1/8 and ¢t = 0,4, 8.
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As € — 0, solutions of the discrete equation tend to solutions of the dispersionless
limit until the breakdown occurs. At the breaking point, one can see the formation of a

dispersive shock wave, see Figure 5.4.

Figure 5.5: Formation of a dispersive shock wave in the numerical solution of the discrete

equation (5.4) for e = 1/8 (left) and € = 1/16 (right), at ¢t = 8.

There are very few results on dispersive shock waves in 2+1 dimensions (see [50, 51] for a
detailed numerical investigation of this phenomenon for the KP and DS equations). This
is primarily due to the computational complexity of problems involving rapid oscillations.
On the contrary, in the discrete example discussed here one does not require dedicated
numerical methods to observe the formation of a dispersive shock wave: this is achieved

by simply iterating an explicit recurrence relation.

An example from 2D.
We now perform the same computation for a simpler example in two dimensions. Consider
the Hopf equation,

up + uuy =0, (5.26)

and the following discretisation
Tiu — Tru 4+ u(Tyu — Tzu) = 0. (5.27)

Note that in order to obtain a dispersive equation we consider the naive discretisation

0; — /\; — /\;, rather than 9; — /\;. The latter would lead to a dissipative equation,
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where the phenomenon of formation of a dispersive shock wave would not be observed.
Equation (5.27) is not integrable anymore, but exhibits the same numerical features as the
gauge-invariant form of Hirota equation (5.4).

We choose the following Cauchy data:
Disrete equation (5.27): u(z,0) = 0.5, u(x, —¢) = 0.5e*".
Dispersionless equation (5.26): u(z,0) = 0.5¢™*".

In Figure 5.6 we plot the numerical solution of the dispersionless equation (5.26) for t =
0,1,2,2.5. Breakdown occurs between 2 <t < 2,5 and at this point Mathematica’s built

in programme becomes unreliable.

AR AU AUy as

Figure 5.6: Numerical solution of the dispersionless equation (5.26) for ¢ = 0, 1,2, 2.5,

showing the onset of breaking.

On the other hand, solutions to the dispersive regularisation (5.27) do not break down.

Indeed, the discrete equation can be rewritten in the form
u(z,t+e) =u(x,t —e) —u(x, t)(Ty + Tr)u(z, t),

which allows the computation of u(x,t+¢€) once u(x,t) and u(x,t—¢) are known. The next
series of Figures, 5.7—5.11, illustrate the solution for different values of € at t = 0,1, 2, 2.5.
As € becomes smaller, one can observe that solutions of the discrete equation tend to
solutions of the dispersionless equation until the breakdown occurs. At the breaking point,

one can see the formation of a dispersive shock wave.
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Figure 5.7: Numerical solution of the discrete equation (5.27) fore = 1/2andt = 0,1, 2, 2.5.

AL AN A AL

Figure 5.8: Numerical solution of the discrete equation (5.27) fore = 1/4and t = 0,1, 2, 2.5.

Figure 5.9: Numerical solution of the discrete equation (5.27) fore = 1/8 and t = 0, 1, 2, 2.5.

AL AN o A

Figure 5.10: Numerical solution of the discrete equation (5.27) for ¢ = 1/20 and ¢ =
0,1,2,2.5.
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AL AN o A

Figure 5.11: Numerical solution of the discrete equation (5.27) for ¢ = 1/40 and t =
0,1,2,2.5. Before the breakdown, solutions tend to the solutions of the dispersionless

equation.

A detailed study of the Hopf equation and its semi-discrete analogue is given in [39].
The authors discretise the equation in the z-variable, keeping ¢ continuous, and using
the Runge-Kutta method they perform numerical experiments, that illustrate oscillatory

behaviour of the semi-discrete equation.
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Chapter 6

Concluding remarks

In the theory of multidimensional integrable systems, we restricted ourselves to three di-
mensions. We used a novel approach to the integrability of (2 + 1)-dimensional differential
equations, which is basically an effective perturbative technique, based on the method
of dispersive deformations of hydrodynamic reductions. We reviewed the method for a
variety of quasilinear PDEs. Then, we successfully extended the method to the case of
differential-difference equations in 2 + 1 dimensions, obtaining classification results for
classes of equations generalising the Intermediate long wave, and Toda type equations. We
also considered fully discrete equations in 3D, providing a new approach to the problem
of classification of such equations which, until now, were treated via the multidimensional
consistency approach. Finally, we illustrated the formation of dispersive shock waves,
through a numerical study of the gauge-invariant form of the Hirota equation.

The study of three-dimensional systems can be continued in several directions. Among

others, the following problems are of interest:

e prove the existence of e—deformations at any order. This is the theoretical justifica-

tion that the perturbative approach works at all orders of the deformation parameter;

e our classification method requires the study of the corresponding dispersionless equa-
tion first. This means that the equation is initially put in a continuous frame, and

then, by deforming the hydrodynamic reductions, it is lifted to the discrete level.
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Translation of our approach to a purely discrete language would be of interest and

would enable us to relate it with the multidimensional consistency approach;

e our observation of dispersive shock waves in 3D should be further investigated. Re-
sults in this direction have been obtained by Klein, [50, 51]. Constructing analytic
solutions of systems, that tend to break down in finite time at a point, combined with
the numerical study, can lead to the development of the general theory of dispersive

shock waves in higher dimensions;

e linearly degenerate systems are excluded from our studies. Our theory of hydrody-
namic reductions does not apply to those equations and they need to be treated in

a different way;

e we would like to construct exact solutions, like N-soliton, elliptic solutions, Backlund
transformations, of discrete equations in 3D, as it was done for Hirota equation by

Hirota, Nimmo, Kuniba, Zabrodin, etc. (see for example [45, 79, 56, 89]);

e it would also be interesting to investigate discrete Painlevé reductions of integrable
discrete (or dispersive) equations. Steps in this direction, in the case of dispersionless
systems, have been made in the works by Dunajski and Tod [24], and Ferapontov,
Huard and Zhang in [26]. We would like to explore whether something similar can

be done for discrete equations;

Finally, the fact that the method of hydrodynamic reductions can be applied directly
to a given equation, enables us to study the integrability of a variety of (semi-)discrete
models in 3D, and produce classification lists. Thus, one only needs to detect suitable

classes of equations for this purpose.
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Appendix A

Classification Program

Most of the theorems of this thesis are proved using the method of hydrodynamic reductions
and dispersive deformations of dispersionless systems. For the application of the method,
we use computer algebra. Here we give the Mathematica program that was used to perform
classification and hence produce the lists of integrable equations. This is the general
program, and minor modifications may be required, depending on the initial form of the

equation.

Define €. Start rurming the programme for € = 1.
Quit
emax = 1;

Unprotect [Power] ;
e’n :=0/;n>»enax

Protect [Power] ;
® (A) Preliminaries
Define derivatives.

imax = 20;

DX[exp ] := Block[{i, res}, rea = 0;

Do[rea = res+ R[1+1] D[exp, R[11], {i, O, imax}]; res]:
DXN[exp , n ] :=Block[{i, res}, res = exp;

If[n> 0, Do[res =DX[resa], {i, 1, n}], None]; res];
Off [General::zpelll]; Off[General::spell];
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Dy[exp ] := Block[{i, res = 0}, Do[If[Tel3tring[D[exp, R[1]]] # "O0",
rea = rea +D[exp, R[1]] DEN[Ry, 1], None], {i, 0, imax}]: res]:
DT[exp ] := Block[{i, res = 0}, Do[If[Teltring[D[exp, R[1]]] # "O",

rea = rea+D[exp, R[1]] DEN[Rt, 1], None], {i, 0, imax}]: res]:
Define uix, y. t) = R, the expressions for R, (x, y, 1), R(x, y, nandw(x, y, 1), if necessary.
r=R[0];

Ry = u[r] R[1] +e {al[r] R[2] +a2[r] R[1]"2) +

€”2 (b1[r] R[3] +b2[r] R[1] R[2] +b3[r] R[1]"3) +&”3 (cl[r] R[4] +
¢2[r] R[1] R[3] +e3[r] R[2] "2+ c4[r] R[1] "2R[2] +cb[r] R[1] "4) +

€”4 (d1[r] R[5] +d2[r] R[1] R[4] +d3[r] R[2] R[3] +d4[r] R[1] "2 R[3] +
d5[r] R[1]1 R[2] "2 +d6[r] R[1] "3 R[2] +d7[r] R[1]"5) +

€”E {(el[r] R[6] +e2[r] R[1] R[E] +e3[r] R[2] R[4] +e4[r] R[3] "2+
e5[r] R[1] "2R[4] +e6[r] R[1] R[2] R[3] +e7[r] R[2] "3 +eB[r] R[1] "3 R[3] +
e9[r] R[1] “2R[2] "2 +el0[r] R[1]1"4 R[2] +ell[r] R[1]76) +

€™6 (f1[r] R[7] + £2[r] R[1] R[6] + £3[r] R[2] R[5] + f4[r] R[3] R[4] +
f5[r] R[1] ®2R[5] + £6[r] R[1] R[2] R[4] + £7[r] R[1] R[3] "2+
f8[r] R[2] "2 R[3] + £9[r] R[1] "3 R[4] + £10[r] R[1] "2 R[2] R[3] +
f11[r] R[1] R[2] "3 + f12[r] R[1] "4 R[3] +
£f13[r] R[1] *3R[2] "2+ f14[r] R[1] "5 R[2] + £15[r] R[1] *7):

Rt = A[r] R[1] +e (Al[r] R[2] +A2[r] R[1]™2) +

€”2 (B1l[r] R[3] +B2[r] R[1] R[2] +B3[r] R[1]"3) +e™3 (C1[r] R[4] +
Cc2[r] R[1] R[3] + C3[r] R[2] "2+ C4[r] R[1] "2 R[2] +C5[r] R[1] “4) +

€”4 (D1[r] R[5] +D2[r] R[1] R[4] +D3[r] R[2] R[3] +D4[r] R[1] "2 R[3] +
D5[r] R[1] R[2] "2+ D6[r] R[1] "3 R[2] +D7[r] R[1]"5) +

€5 (E1[r] R[6] + E2[r] R[1] R[5] + E3[r] R[2] R[4] + E4[r] R[3] "2+
ES[r] R[1] "2 R[4] +E6[r] R[1] R[2] R[3] +E7[r] R[2] "3 +E8[r] R[1] "3 R[3] +
E9[r] R[1] "2 R[2]“2+E10[r] R[1] 4 R[2] +E11[r] R[1]"6) +

€”6 (F1[r] R[7] +F2[r] R[1] R[6] + F3[r] R[2] R[5] + F4[r] R[3] R[4] +
F5[r] R[1] "2 R[5] + F6[r] R[1] R[2] R[4] +F7[r] R[1] R[3] "2+
FB[r] R[2] "2 R[3] + F9[r] R[1] “3 R[4] +F10[r] R[1] "2 R[2] R[3] +
F11[r] R[1] R[2] "3 +F12[r] R[1] "4 R[3] +
F13[r] R[1] 3 R[2] "2 +F14([r] R[1] "5 R[2] +F15[r] R[1]"7);

us=r;
w=W[r] +ewl[r] R[1]+€"2 (w2[r] R[2] +wW3[r] R[1] "2} +
€™3 (wa[r] R[3] +w5([r] R[1] R[2] +w6[r] R[1] *3) +&™4 (w7[r] R[4] +
wB[r] R[1] R[3] +w9[r] R[2] “2+wl10[r] R[1] "2 R[2] +wll[r] R[1] "4) +
e™5 (wl2[r] R[5] +w13[r] R[1] R[4] +wl4[r] R[2] R[3] +w15[r] R[1] "2 R[3] +
wl6[r] R[1] R[2]72+wl7[r] R[1] "3 R[2] +w1B[r] R[1]"5) +
€6 (wl9[r] R[6] +w20[r] R[1] R[5] +w21[r] R[2] R[4] +w22[r] R[3] "2 +
w23[r] R[1] "2 R[4] +w24[r] R[1] R[2] R[3] +w25[r] R[2] "3 +w26[r] R[1] "3
R[3] +w27[r] R[1] “2R[2] "2 +w2B[r] R[1] "4 R[2] +w29[r] R[1] “6);
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Define 4(R), and the dispersionrelation A(f?). Since the nonlocalities considered, in the limit € = 0 go to wy = u,, we have
H(R) = W °(R), and the formula of A(R) depends on the initial equation.

ulix ] := Wx]
Alx_] := Expand["input dispersion relation here"]
Define all terms that appear in the equation. For example wy, uy, tyy, . fr. ¥y, Yy, eto.

wy = Expand [Normal [Series[Dy[w], {e, 0, emax}]]]:
uy = Dy[u]:;

uyy = Expand [Dy[uy]]:

ut = Expand [Normal [Series[DT[u], {e, 0, emax}]]];

fx = Expand [Normal [Series [DX[f[u]], {&€, 0, emax}]]]:
¥y = Expand [Normal [Seriesa[Dy[¥[u, w]], {&€, 0, emax}]]]:
Yyy = Expand [Normal [Series [Dy[dy], {e, 0, emax}]]1];:

Input the formula for the equation (eq), the nonlocality (nonloc) and the compatibility condition R, = R;, {comp)

nonloc = Expand [

2
€ €

"input formula of nonlocality here. E.g (wx-uy-— uyy-— uyyy-. ..)“];
2 6

eq = Expand [Normal |
Series["input the equaticon here. E.g {ut- ¢[u,wljux - [u,w] wy-...)}",
{e, 0, emax}]]] // Factor;

comp = Expand [DT[Ry] - Dy [Rt]] // Factor;

8 (B) Termsate

Collect coefficients of R[2], R[1]* (order 2 in the derivatives) i the nonlocality, set them equal to O and then solve for
a2(R), wl(R)

Factor[nonloa]

Solve[Coefficient[nonloc, R[l]z] =0, a2[r]] /. {R[0] » x}
Solve[Coefficient[nonloc, R[2]] =0, wl[r]] /. {R[0] » x}

a2[x ] := "write down the result for az"
wlfx ] :

"write down the result for wl"

Collect coefficients of R[2], R[1]* (crder 2) inthe equation, set them equal to 0 and then solve for A2(R), Al(R)
Factor[edq]
Solve[Coefficient[eq, R[l]z] =0, A2[r]] /. {R[0] » x}
Solve[Coefficient[eq, R[2]] == 0, Al[xr]] /. {R[0] -» x}

A2[x ] :="write down the result for A2"

Al[x ] :="write down the result for Al"
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Collect coefficients of R[3], R[1]R[2], R[1]® (crder 3), set them equal to O and then solve wrt al(R).

Factor[conp] ;

kk0 = Factor[Coefficient [comp, R[3]]]
kkl = Factor[Coefficient [comp, R[1] R[2]]]
kk2 = Factor[Coefficient[comp, R[1]3]]

Solvelkkl =0, al[r]] // Factor
al[x ] := "write down the result for al"

From the remaining relation (1d2) we obtain a system (sys). We collect ceefficients of " TR[0]], # "TR[0]], and so on, and
set them equal to 0 (since #(R) 18 an arbitrary function for the method). This way we create the resulting system of mtegrabil
ity conditions (IC), we count and sort the equations of this system from the simplest to the most complicated, and eventually
solve them.

aya = Numerator [Factor[kk2]]:

SetAttributes[killfactor, Listable];
killfactor[a
killfactor[a

* ] :=a;

* 1 :=1/; MemberQ[factorlist, a];
killfactor[a ] :=1 /; MemberQ[factorlist, a];
killfactor[a ] := a;

killfactor[a b ] :=killfacter[a] killfactor[b];
killfactor[a ] :=1 /; IntegerQ[al;

killfactor([0] :=0;

IC = Complement [Flatten[CoefficientLi st[Numerator[sys] i
{wir[o11, wr[rR[0]], W [R[O]], W [R[O]], W [R[0]], W' [R[0]1}]],
{0}] 7. {W[R[O]] >y} /. {R[O] » x}:

IC = Union[killfactor[Complement [Factor[IC], {0}]]]+
IC = Sort[IC, LeafCount[#1l] < LeafCount [H2] &]:
Length[IC]

factorlisast =

{"list here gquantities that cannot be zerc due to dispersion relation"}

jj = killfactor[Factor[IC[[1]]]]

Write down the results, and then go back to the begiming and repeat the procedure for emax = 2.
Namely, go back to (A) and run prelimmaries. From (B) run only the results for al, a2, wl, Al, A2. Then go to (C).

m (C) Terms at ¢2

Collect coefficients of R[3], R[11R[2], R[1F (crder 3) in the nonlocality, set them equal to O and then salve for
b3(R), w3(R), w2(R).
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Factor[nonloc]

B3[x ] :="write down the result for b3"
w2[x ] := "write down the result for w2"

wi[x ] :

"write down the result for wi"

Collect coefficients of R[3], R[1]1R[2], R[1T (order 3) in the equation, set them equal to 0 and then solve for
BiR), i=1,2, 3.

Factor[eq]

Bl[x ] :="write down the result for Bi1"
B2[x ] :="write down the result for B2"

Bi[x ] :="write down the result for B3"

Collect coefficients of R[4], R[2]*, R[11*R[2], R[1]* (order 4), set them equal to 0 and then solve wrt b1(R), b2(R).

Factor [comp] ;

kkl = Factor[Coefficient[comp, R[l]4] ];
kk2 = Factor[Coefficient[comp, R[1]2 R[Z]]];
kk3 = Factor[Coefficient[comp, R[2]2] ];
kk4 = Factor[Coefficient[comp, R[1] R[3]]1]:
kkb = Factor[Coefficient[comp, R[4]]]:

bl[x ] :="write down the result for bil"

b2[x ] :="write down the result for ba"

From the remaimng nonzero relation (kl4), obtain a system (sys) and the mtegrability conditions (IC) repeating the procedure
described in (B).
Write down the results, and then go back to the begmmng and run the programme for emax =3, 4, ete, following the same

procedure.



136

Appendix B

Computation of Lax pairs

Here we illustrate the computation of dispersionless and dispersive Lax pairs, using a

particular example. Consider the integrable equation (4.32)
u = (o + B)Age®, w, = Ayu, (B.1)
which was obtained in theorem 4.5 in chapter 4. Its dispersionless limit is
u = (au + B)e"w,, Wy = Uy

In order to find the Lax pair of the differential-difference equation, we first need to derive

the corresponding dispersionless Lax pair. This Lax pair is of the form

Sy = F(u,w,S,),
Sy = G(u,w, S;).

Calculating the compatibility condition S,; = Sy, results in

Fouy + Fywe + Fe(Guuy + Guw,) = Guuy + Guwy + GeFyuy, 1S

Sz,
or

F, =0,

FeG, = G¢F,,

G, = FeGL,

Gy = (au+ p)e’F,.
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The solution of the system above gives

F:1n<au+5>
E4+u )’

e
= €+u(a£_6)7

where the extra constants that appear in these formulas have been scaled. Thus

or

Sy’ = au+ f — ue,

S, = ae® — eVe.

Now, there is no algorithmic way to quantise the Lax pair. We know that 1) = e/,
which means that we can quantise the terms containing S, but normally we have to guess
the form of the coefficients that appear in front. Then, these coefficients can be specified
by requiring that the compatibility condition is satisfied, modulo the original equation.

Let us try the following quantisation

€Tyr = (au+ B)Y — uly,
ey = ae"p — T ).
Computing the compatibility condition 0,7} (ey;) = 0;(eT'y1), ), modulo the relations (B.2),

(B.2)

we obtain

1
w, = —(u — Tyu)
€

T7,—1
Ut = (ozu—i—ﬁ) ye ewa

which is similar to equation (B.1), but not the same. Making the change u — T,u, we
obtain exactly the initial differential-difference equation we are interested in. Therefore,

the Lax pair is of the form

€Ty, = (aTyu + B) — (Tyu)Tyy,
ey = ae™p — e Tya.
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—integrability conditions

The integrability conditions, at order €2, of equation (5.8) are

haa+hab+gac_fbb _haa+gac+fbc+gcc haaa+haab
ga+fb ha+fc haa+hab
2 (hab + Gac) = hav — fob — foe — Gee
+ =0,
hy + ge
_haa+gac+fbc+gcc hab+fbb+fbc_gcc gacc+gccc+
ha + fc hb + gc Gac + Gee
+ 2(gac+fbc) - haa - hab — YJac — fbb —0
ga+fb 7
haa + hab + Gac — foo | hab + foo + foe — Gee | Joob + fobe
+
9o+ fo hy + ge Joo + foc
2(hab+fbc) — Naa _gac_fbc_gcc o
- =0,
ha + fe
. haa +hab+gac - fbb _haa +gac+fbc+gcc haab . hab+fbb+fbc+gcc -0
9a + fo ha + fe hap hy + ge ’
haa+hab+gac*fbb haa+gac+fbc+gcc YJaac hab+fbb+fbc+gcc o
+ 4 Jooe _ —0,
9a + fo ha + fe YGac hy + ge
haa+hab+gac_fbb haa+gac+fbc+gcc hab+fbb+fbc_gcc fbbc _
- - 4 e _ g,
9a + fo ha + fe hy + ge Joe
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