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Abstract Absolute and convective instabilities in a non-local model that arises in the analysis of thin-film 
flows over flat or corrugated walls in the presence of an applied electric field are discussed. Electrified liquid 
films arise, for example, in coating processes where liquid films are deposited onto a target surfaces with a 
view to producing an evenly coating layer. In practice, the target surface, or substrate, may be irregular in 
shape and feature corrugations or indentations. This may lead to non-uniformities in the thickness of the 
coating layer. Attempts to mitigate film-surface irregularities can be made using, for example, electric fields. 
We analyse the stability of such thin-film flows and show that if the amplitude of the wall corrugations 
and/or the strength of the applied electric field is increased the convectively unstable flow undergoes a 
transition to an absolutely unstable flow.  
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1. Introduction 
 
   Liquid-film flow down a flat or corrugated 
substrate has been the subject of active 
research in recent decades due to its numerous 
applications and due to its complexity. 
Industrial applications include for example 
heat and mass transfer devices and coating 
technologies (e.g. Weinstein and Ruschak, 
2004).  
   When a liquid film flows down a corru-
gated wall, its surface deforms in response to 
the corrugations. On one hand, this may be a 
desirable feature, for example, for heat and 
mass transfer application (e.g. Park and 
Nosoko, 2003). On the other hand, in coating 
applications, it may be necessary to obtain a 
uniform coating layer and to avoid waviness of 
the interface. 
   Numerous theoretical attempts have been 
made to analyse film flow over topography 
(e.g. Tougou, 1978; Malamataris and Bonto-
zoglou, 1999; Trifonov, 2004; Wierschem et 
al., 2008) and there have been numerous 
experimental investigations for film flows over 

sinusoidal and rectangular topographies (e.g. 
Wierschem et al., 2003; Decré and Baret, 
2003; Argyriadi et al., 2006). More recent 
experiments of Cao et al. (2013) have 
uncovered novel instabilities in the form of 
global modes. The existence of global modes 
in reduced model equations has been 
confirmed by Tseluiko et al. (2013). 
   To manipulate the flow of a liquid film, an 
electric field may be used. Electric fields have 
been proposed, for example, to prevent 
leakage of coolant in cooling applications (e.g. 
Bankoff et al., 2002; Griffing et al., 2006; Kim 
et al., 1994), to promote micromixing (e.g. 
Oddy et al., 2001) and for pattern creation (e.g. 
Schaffer, 2000). An electric field may act 
either to smooth out or to promote 
irregularities on the film surface. For example, 
Tseluiko and Papageorgiou (2006) analysed 
the perfect-conductor film flow down and 
inclined plane in the presence of an applied 
electric field and showed that the electric field 
has destabilizing effect and promotes 
complicated interfacial dynamics. Tseluiko et 
al. (2008a,2008b,2009,2011) electrified film 
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Fig. 1. Gravity-driven flow of a liquid film down a 
wavy wall in the presence of an electric field. 
 
flow down rectangular topographies and 
showed, for instance, that an electric field, 
when applied to film flow over a downward 
step, can be used to eliminate the capillary 
ridge that develops right above the step (see 
Kalliadasis et al., 2000).  
   In the present paper, we focus on the 
stability analysis of non-electrified and electri-
fied film flow down a wavy wall, and, in 
addition analyse the nature of instability.  
   The rest of the paper is organised as 
follows. In Section 2, we introduce the long-
wave model. In Section 3, we formulate the 
linear stability problem. Section 4 is devoted 
to results. Finally, in Section 5, we present 
conclusions. 
 
2. Model Equation 
 
   We consider gravity-driven flow of a liq-
uid film down a wavy periodic wall which is 
inclined at an angle θ to the horizontal. We 
introduce Cartesian coordinates (x,z) with the 
x-axis pointing in the direction of the flow, as 
shown in figure 1. We assume that the film is 
additionally subjected to an electric field that 
acts in the positive z-direction with strength Es 
sufficiently far from the film. It is assumed 
that the liquid film is a perfect conductor and 
the air above the film is a perfect dielectric. As 
a model, we consider the following long-wave 
equation (see Tseluiko and Blyth 2009): 

ht + qx = 0,             (1) 

where h(x,t) denotes the film thickness q(x,t) is 
the flow rate given by 

q = 2
3
h3 + 8R

15
h6hx −

2cotθ
3

h3(h+ s)x

+
1
3C

h3(h+ s)xxx +
2W
3
h3H [hxx + sxx ],

 (2) 

where s(x) is the topography shape. The last 
term represents the effect of the imposed 
electric field and is derived by solving the 
harmonic problem for the electric potential in 
the air (see Tseluiko and Papageorgiou 2006), 
and the symbol H denotes the Hilbert 
transform operator  

H [ f ](x) = 1
π
PV f (y)

y− x
dy

−∞

∞
∫ ,      (3) 

where PV denotes the principal value of the 
integral. The dimensionless parameters are the 
Reynolds number R, the capillary number C 
and the electric Weber number W that are 
defined by 

R = ρhsUs

µ
, C = µUs

γ
, W =

εEs
2hs

2µUs

,   (4) 

where ρ is the liquid film density, µ is the 
dynamics viscosity, γ is the surface tension 
coefficient and ε is the air permittivity. Also, 
hs is the typical film thickness and 
Us = ρghs

2 sinθ / 2µ  is the surface speed of a 
Nusselt flat film of thickness hs flowing down 
a flat plate at an angle θ to the horizontal. Note 
that the dimensionless parameters are defined 
based on the Nusselt surface speed but not on 
the mean speed as is also often done in the 
literature. In experiments, typically the flow 
rate Q is imposed, and in such a case the 
Nusselt film thickness and the surface velocity 
are given by 

hs =
3µQ
ρgsinθ
!

"
#

$

%
&

1/3

, Us =
3Q
2hs
.     (5) 

It will be convenient to note that 
C = (R2/3 sin1/3θ ) / (21/3K ),  where 

K =
γρ1/3

g1/3µ 4/3
           (7) 

is the Kapitza number, which depends only on 
the physical properties of the liquid. 
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3. Steady-state Solutions 
 
   We will consider the topography of a 
sinusoidal shape given by 

s(x) = Acos(π x / L),         (8) 

where A is the dimensionless amplitude and L 
is the dimensionless half-period of the wall. A 
steady-state solution h0(x) of half-period Lc = 
nL satisfies the equation 

q0 =
2
3
h0
3 +
8R
15

h0
6h0 x −

2cotθ
3

h0
3(h0 + s)x

+
1
3C

h0
3(h0 + s)xxx +

2W
3
h0
3H [h0 xx + sxx ],

 (9) 

where q0 is a constant. We consider two scena-
rios. In the first scenario, we fix the volume of 
fluid in one period, in which case we impose 
the integral condition (1 / 2L) h0 dx−Lc

Lc∫ =1.  

Alternatively, this can be thought of as fixing 
the average film thickness. In the second 
scenario, we instead fix the flow rate in the 
film, and in particular we set q0 = 2/3, where q0 
is obtained by replacing h by h0 in (2). Note 
that for a flat wall taking q0 = 2/3 corresponds 
to a flat Nusselt film of unit dimensionless 
thickness. We obtain steady-state solutions 
using a spectral numerical scheme based on 
representing spatial derivatives using Fast 
Fourier Transform algorithm and utilizing 
Newton iterations to obtain solutions from 
initial guesses.   
 
4. Linear Stability Analysis 
 
   Our primary concern will be to analyse the 
linear stability of steady state solutions to the 
model equation (1). To this end, we next de-
rive a linearised form of this equation on the 
assumption that any deviations from a given 
steady state solution are only small. Suppose 
that h0(x) represents a steady-state solution. 
We write h = h0(x) + η(x,t), where η is a small 
perturbation. Substituting this ansatz into (1) 
and linearising, we obtain 

ηt = Lη,             (10) 

where L is the linear integro-differential oper-

ator with periodic coefficients, 

Lη = −(b0η + b1ηx + b2H [ηxx ]+ b3ηxxx )x,  (11) 

where 

b0 = 2h0
2 +
16R
5
h0
5h0 x − (2cotθ )h0

2 (h0 + s)xxx

+ 2Wh0
2H [h0 xx + sxx ], (12)

b1 =
8R
15

h0
6 −
2cotθ
3

h0
3, (13)

b2 =
2W
3
h0
3, (14)

b3 =
1
3C

h0
3. (15)

 

   Although in our analysis we assume that 
both the wall topography s(x) and the steady 
state solution h0(x) are periodic functions, it 
will be crucial to our discussion to realise that 
the perturbation η(x,t) is not restricted to the 
class of spatially-periodic functions. The flow 
stability depends on the spectrum of the opera-
tor L, which is denoted by σ(L). If part of the 
spectrum belongs to the right half of the com-
plex plane, the solution is linearly unstable, 
and perturbations will grow in time. Other-
wise, if the spectrum belongs to the left half-
plane, the solution is linearly unstable. 
   In addition, if the electric-field term is ab-
sent, the governing equation is local and the 
nature of instability can be analysed. A con-
venient and elegant way to do this is by utilis-
ing the exponentially-weighted-spaces ap-
proach (e.g. Sandstede and Scheel, 2000). We 
define space La

2  with the inner product 

La
2 = { f : eax f ∈ L2},        (16) 

where a is a real constant. It can be shown that 
studying the spectrum of L in La

2  is equiva-
lent to studying the spectrum of the following 
modified operator in the usual L2 -space: 

La f = e
axL (e−ax f )

= [b3( fxxx −3afxx +3a
2 fx − a

3 f )]x
− ab3( fxxx −3afxx +3a

2 fx − a
3 f )

+[b1( fx − af )]x − b1( fx − af )
+ (b0 f )x − ab0 f ,

 (17) 
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Fig. 2. (a) L2-norm of steady-state solutions in depen-
dence on the wall amplitude A when the wall half-pe-
riod is L = 50. The solid line shows the branch of 2L-pe-
riodic solutions. The dashed line shows the branch of 
subharmonic solutions of period 4L. Labels 1, 2, and 3 
indicate solutions for A = 2.5 that are shown in panel (b). 
  
where b0, b1, and b3 are defined in (11), (12), 
and (14), respectively. If for some a it is pos-
sible to shift the spectrum of the modified op-
erator to the left half-plane, then the solution is 
convectively unstable. Otherwise, the solution 
is absolutely unstable and propagates both up-
stream and downstream. The point spectrum of 
this operator is empty (see, for example, Sand-
stede, 2002, §3.4.2). To compute the essential 
spectrum, we use the Floquet-Bloch theory 
and obtain that the spectrum of La is given by 

σ (La ) = σ (La,k )
k∈[−π /(2L ),π /(2L )]
 ,     (18) 

where 

La,k[ f ]= e
(a−ik )xL[e−(a−ik )x f ]= La−ik[ f ].  (19) 

It should be noted that for the non-local model 
with the electric-field term the exponentially-
weighted-spaces approach is not applicable 
since the Hilbert transform term is only de-
fined on the Schwartz class of tempered distri-
butions, which does not include exponentially 
growing functions. Therefore, in such a case, 

we analyse the nature of instability numerical-
ly (as will be explained below). 
 
5. Results 
 
   In this section, we study the effect of wall 
corrugations on the stability of film flow using 
the methods described above. Our aim is to 
compute the steady solution for a given set of 
parameter values and then to calculate the 
essential spectrum of La to determine the 
stability characteristics of the steady flow. To 
provide a focus for our discussion, we will 
describe results for a specific fluid, namely, 
we will consider water, for which the Kapitza 
number is K ≈ 3364.5. Also, we will fix the 
wall inclination angle to be π/4. 
 
5.1. Flows with no electric field 
 
   Figure 2(a) shows the bifurcation diagram 
for steady solutions for flow of water down a 
wavy wall of dimensionless half-period L = 
50. The wall amplitude A is chosen as the 
control parameter and the L2-norm ||h0||2 is 
chosen as the measure of the solutions. The 
primary branch of solutions is shown by a 
solid line. It is interesting to note that there 
exist subharmonic solutions which have the 
period twice that of the wall, and which 
bifurcate from the primary branch at A = Ab = 
3.4769 (see Tseluiko et al., 2013 for more 
details). The branch of subharmonic solutions 
is shown by a dotted line in Fig. 2(a). It can be 
observed that this branch has a turning point. 
Both the primary and the subharmonic branch 
terminate at the points where the minima of 
the film thicknesses reach zero. The solution 
profiles corresponding to labeled points 1, 2 
and 3 are shown in Fig. 2(b). 
   The stability computations for the primary 
branch show that the solutions become 
unstable at the wall amplitude A =3.4765 that 
is less than the value Ab at which the 
subharmonic branch bifurcates. Before the 
instability onset, a gap in the spectrum 
appears, i.e. the spectrum consists of an 
isolated loop passing through zero with the 



4th Micro and Nano Flows Conference 
UCL, London, UK, 7-10 September 2014 

- 5 - 

0 5 10 15 20 25 301

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

A0

R cr
it

 

 

W0=0
W0=10
W0=20

 
Fig. 3. Dependence of the critical Reynolds number on 
the wall amplitude A0 for water (K = 3364.5) when θ = 
π/4 and L0 = 150 for W0 =0, 10 and 20 (solid, dashed, 
and dash-dotted lines, respectively). The wall shape is 
sinusoidal.  
 
remaining part of the spectrum being located 
to the left of this loop. Beyond the instability 
threshold, part of the spectrum moves to the 
right half-plane. For even larger values of A, 
the whole loop belongs to the right half-plane. 
Also, we find that for 3.4765 < A <3.4767 the 
instability is convective, but it becomes abso-
lute for larger values of A, i.e. for larger values 
of the wall amplitude there is always part of 
the spectrum of the modified operator La that 
belongs to the right half of the complex plane. 
As far as the subharmonic branch is con-
cerned, we find that its solutions are absolutely 
unstable. 
   It should be noted that we find 
qualitatively similar results for the case of the 
fixed flow rate, namely, we find that there can 
exist branches of subharmonic solutions and 
the instability can change from convective to 
absolute. The main difference is that for the 
fixed flow rate case the branches do not 
terminate. 
  
5.2. Electrified flow 
 
   It can be easily verified that the electric 
field is always linearly destabilising for the 
case of a flat wall. To analyse stability of 
electrified flow over a wavy wall, we compute 
the essential spectrum of the operator L given 
by (11) by again invoking the Floquet-Bloch 
theory. Since we would ultimately wish to 
compare our results with experiments, it will 

be convenient to note that the dimensionless 
wall amplitude and period can be written as 

€ 

A =
A0 sin

1/ 3θ
R1/ 3

, L =
L0 sin

1/ 3θ
R1/ 3

,    (20) 

where 

€ 

A0 =
˜ A ρ2 / 3g1/ 3

21/ 3 µ2 / 3 , L0 =
˜ L ρ2 / 3g1/ 3

21/ 3 µ2 / 3 ,    (21) 

and 

€ 

˜ A  and 

€ 

˜ L  denote the dimensional wall 
amplitude and half-period, respectively. We 
note that A0 and L0 are independent of the 
Reynolds number and the inclination angle. 
We therefore choose to work with these pa-
rameters, when discussing the dependence of 
the critical Reynolds number on the wall am-
plitude. This permits us to vary the flow pa-
rameters but still refer to the same fluid and 
the same wall geometry. In addition, we note 
that  

W =
W0

R1/3 sin2/3θ
,          (22) 

where 

W0 =
εEs

2

21/3ρ1/3g2/3µ 2/3
.        (23) 

The parameter W0 depends only on the 
physical properties of the liquid, the 
permittivity of the surrounding air and the 
strength of the applied electric field. 
   Figure 3 shows the dependence of the crit-
ical Reynolds number on the dimensionless 
wall amplitude, A0, for water (when K = 
3364.5) for L = 150. The results were obtained 
for the fixed volume case. The solid, dashed 
and dot-dashed lines correspond to W0 = 0, 10, 
and 20, respectively. It can be observed that 
initially, for sufficiently small values of the 
wall amplitude, the electric field is destabilis-
ing in the sense that the dashed line corre-
sponding to W0 = 10 lies below the solid one 
corresponding to W0 = 0, and the dot-dashed 
line corresponding to W0 = 20 lies below the 
dashed one. Also, without the electric field, the 
critical Reynolds number initially increases 
with the wall amplitude, whereas in the pres-
ence of the electric field, the critical Reynolds 
number may initially decrease, then 



4th Micro and Nano Flows Conference 
UCL, London, UK, 7-10 September 2014 

- 6 - 

0 2 4 6 8 10150

160

170

180

190

200

210

220

A

W0

absolute
instability

convective
instability

 
Fig. 4. Absolute and convective instability for electri-
fied flow of water (K = 3364.5) at R = (5/4) cot θ down 
a wall of dimensionless period L = 100 inclined at an 
angle θ = π/4. The results are shown in the (A,W0)-plane. 
The region above the solid line corresponds to absolu-
tely unstable flows. The region below the solid line cor-
responds to convectively unstable flows.  
 
increase and then decrease again. We also find 
that the electric field may have a stabilising 
effect on the flow in the sense that for some 
values of the wall amplitude and the Reynolds 
number, the non-electrified flow is unstable, 
but the corresponding electrified flow is stable. 
Indeed, it can be seen that beyond some wall 
amplitude the dashed and the dot-dashed lines 
lie above the solid one. 
   Finally, we discuss absolute and convec-
tive instabilities of electrified film flow. As 
was noted above, the exponentially-weighted-
spaces approach is not applicable for the non-
local equation modelling such a flow. We 
therefore analyse this numerically. We choose 
θ = π/4 and set the Reynolds number at its crit-
ical value for a flat wall, namely R = (5/4) cotθ 
= 5/4. We fix L = 100 and compute steady so-
lutions for various values of the A and W0. We 
also assume that the flow rate is fixed, q0 = 
2/3. The linearised equation (10) is solved nu-
merically using FFTs for spatial derivatives 
with the initial condition η(x,0) = δ(x + L). 
(Numerically, this is achieved by requiring 
that the FFT coefficients of the initial condi-
tions are all equal to 1.) The instability is con-
cluded to be convective if the solution ap-
proaches zero in time at a fixed x location; 
otherwise, the instability is absolute. The re-
sults are shown in Fig. 4. For sufficiently small 
wall amplitudes, a stronger electric field (as 

compared to the flat wall case) is required to 
switch the dynamics from the convectively 
unstable regime to the absolutely unstable re-
gime. For sufficiently large values of the wall 
amplitude, the critical electric field parameter 
W0 which marks the division between absolute 
from convective instability is a monotonically 
decaying function of the wall amplitude A. 
 
6 Conclusions 
 
   We have analysed gravity-driven liquid 
film flow down inclined corrugated walls in 
the presence of an electric field. We used a 
Benney-type long-wave model equation. We 
computed various solution branches and 
demonstrated that there exist subharmonic and 
quasi-periodic solutions. We analysed the 
stability of the solutions and found that the 
topography can stabilise or destabilise the flow 
depending on the wall period and amplitude. 
In addition we found that the flow can undergo 
the transition to absolute instability, in 
agreement with recent experimental results of 
Cao et al. (2012). We compared our results 
with time-dependent simulations and found 
good agreement. In addition, we found that the 
effect of the imposed electric field depends on 
the wall amplitude. For small wall amplitudes, 
we found that the electric field has a 
destabilising effect on the flow. However, if 
the wall amplitude in sufficiently large, we 
find that the electric field can have a 
stabilising effect on the flow. We also found 
that a convectively unstable flow down a wavy 
wall can undergo the transition to absolute 
instability, if the strength of the applied 
electric field becomes sufficiently large. 
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