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Abstract 

Present work focuses on time-dependent rheological behaviour of bacterial cellulose (BC) 
hydrogel. Due to its ideal biocompatibility, BC hydrogel could be employed in biomedical 
applications. Considering the complexity of loading conditions in human body environment, 
time-dependent behaviour under relevant conditions should be understood. BC specimens are 
produced by Gluconacetobacter xylinus ATCC 53582 at static-culture conditions. 
Time-dependent behaviour of specimens at several stress levels is experimentally determined by 
uniaxial tensile creep tests. We use fraction-exponential operators to model the rheological 
behaviour. Such a representation allows combination of good accuracy in analytical description 
of viscoelastic behaviour of real materials and simplicity in solving boundary value problems. 
The obtained material parameters allow us to identify time-dependent behaviour of BC hydrogel 
at high stress level with sufficient accuracy.  
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1. Introduction 

Bacterial cellulose (BC) hydrogel (FIG. 1a) is known for its excellent biocompatibility (Shi et al., 
2014). It makes BC hydrogels a potential material for various bioengineering applications, such 
as implant replacement of human tissues (Malm et al., 2012; Wang et al., 2010; Zang et al., 
2015), encasement for tissue regeneration (Bäckdahl et al., 2006; Bäckdahl et al., 2008; Gibas 
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and Janik, 2010; Kowalska-Ludwicka et al., 2013), etc. From a structural point of view, BC 
hydrogel is a typical nonwoven bio-material. It consists of high-crystalline (70~80%, Klemm et 
al., 2006) long nanofibres that are randomly distributed in its radial-transverse plane (FIG. 1b). 
Fibrous layers with some cross-links form a multi-layer structure in the out-of-plane direction 
(FIG. 1c). Such a fibrous scaffold with high porosity (~99 vol%) is capable to hold a large 
amount of interstitial water, forming the hydrogel. The growing interest to BC is not only thanks 
to its excellent biological properties but also because of attractive mechanical properties of BC 
nanofibres (Guhados et al., 2005). BC fibre-reinforced bio-composites with optimized 
mechanical properties have found various applications for artificial tissues, such as a BC/fibrin 
composite for artificial bloody vessel (Brown et al., 2012). 

A matrix of the BC composite is usually acts as a damper in loading-bearing processes; therefore, 
the BC hydrogel or the composite based on it demonstrates viscoelastic behaviour. Since BC is 
exposed to complex loading conditions of human-body environment, it is extremely important to 
characterize its viscoelastic properties in an explicit analytical form. Brown et al. (2011, 2012) 
quantified elastic and viscoelastic properties of a BC fibre-reinforced bio-composite with tensile 
and cyclic creep tests, demonstrating its suitability as a potential implant for artificial blood 
vessels. Nimeskern et al. (2013) evaluated viscoelastic properties of BCs with various cellulose 
contents by means of stress-relaxation indentation; then, comparing the obtained data with those 
for ear cartilage. It was demonstrated that BC could be used as ear-cartilage replacement. 
Accurate prediction of viscoelastic behaviour using an appropriate theoretical approach is 
necessary for optimization of mechanical performance of BC under application-relevant 
conditions. A spring/dashpot combination model is often used to depict creep and 
stress-relaxation behaviour. Kim et al. (2008) used a model formed by parallel spring-dashpot 
combinations and a dashpot in series to describe cyclic creep behaviour of cellulose 
electro-active paper at various temperatures. Frensemeier et al. (2010) used the Burgers 
viscoelastic model that accounts for water release to decreibe a visocelastic response of a BC 
hydrogel. Lopez-Sanchez et al. (2014) studied viscoelastic behaviour of a BC hydrogel with a 
linear transversely isotropic poroelastic model based on its compression response to loading with 
various strain rates. 

The use of oversimplified spring/dashpot combinations is caused by the fact that a standard 
approach to solve problems of viscoelasticity is based on elasticity-viscoelasticity 
correspondence principle (see, for example, Christensen, 1982). The problem is formulated in a 
Fourier or Laplace domain, treated as the elastic one, and then, an inverse transform gives the 
desired viscoelastic solution. The main challenge in this approach is obtaining analytical 
formulas for the inverse transform. It can be achieved only for some particular cases 
corresponding to various combinations of springs and dashpots. Note, however, that the 
governing relations of viscoelasticity (as all other relations of this kind) are of a 
phenomenological nature – they are chosen to match experimental data obtained in standard tests 
on creep and relaxation. Unfortunately, simplest models describing combinations of springs and 



dashpots are not sufficiently flexible to match experimental data for real materials while more 
complex ones do not allow analytical expressions for inverse Fourier or Laplace transforms 
appearing in the solution. 

An alternative description of viscoelastic behaviour was proposed by Scott Blair and Coppen 
(1939, 1943) and Rabotnov (1948). They suggested using fraction-exponential operators that, on 
the one hand, can describe experimental data of real materials with sufficient accuracy and, on 
the other hand, allow analytical Laplace transformations. Recently, the use of these 
fraction-exponential operators attracted attention of researchers in the area of solid mechanics 
(especially mechanics of heterogeneous materials) again; the respective detailed discussion can 
be found, for instance, in the book of Podlubny (1998). A connection between 
fraction-exponential operators and various simplistic models involving combinations of dashpots 
and springs was analysed in the work of Di Paola and Zingales (2012). Applications of 
fraction-exponential operators to various heterogeneous viscoelastic materials are discussed in 
Levin and Sevostianov (2005), Sevostianov and Levin (2015) and Sevostianov et al. (2015) . In 
this paper, a fraction-exponential model is employed to describe a time-dependent behaviour of 
the BC hydrogel. Tensile creep tests at various stress levels were performed to quantify its 
mechanical behaviour. A numerical procedure was developed in MATLAB to recover the model 
parameters from the experimental data. 

2. Fraction exponential operators 

To describe viscoelastic properties of the material, a most general form of the respective governing 
equation is used in the form of Stieltjes convolution: 
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where ijε  and klσ  are the strain and the stress tensors, respectively, ijklS  is a fourth rank 

tensor of instantaneous elastic compliance and ( )tKijkl  is time-dependent forth-rank tensor 

(creep kernel) satisfying the fading-memory principle: ( )
∞→

→
t

ijkl tK 0 . It is assumed that volume 

changes during deformation are purely elastic. Then, for an isotropic material, expression (1) can 
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0K  is the bulk elastic modulus of the material, 0µ  is instantaneous shear modulus, and creep 
kernel ( )τ−τJ  satisfies the fading memory principle. To model this kernel, we follow Scott 
Blair and Coppen (1939, 1943) and Rabotnov (1948) who independently proposed to use 
fraction-exponential functions for this goal in the form: 
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As mentioned in the introduction, this representation allows analytical expression for an inverse 
Laplace transform in solving boundary-value problems, and, at the same time it is sufficiently 
general to match experimental data with good accuracy. To satisfy the fading memory principle, 
the following restrictions on the parameters entering (4) have to be satisfied: 

0<β ;  01 ≤<− α                 (5) 

An operator with such a kernel acts on a unit function as follows: 

( ) ( )[ ]111, 1
1

* −=⋅ +
+

α
αα β

β
β tt MЭ                (6) 

where ( )zaM  is the Mittag-Leffler function:  

( ) ( )∑
∞

= +
=

0 1n

n

a na
zz

Γ
M                   (7) 

The Mittag-Leffler function monotonically decreases from 1 to 0 so that  
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For an isotropic material, shear operators of creep and relaxation can be written using 
fraction-exponential kernel (5) as 
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These formulas clarify the physical meaning of parameter β  - it is inverse of the relaxation 
time τ  in power α+1  taken with negative sign: 
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It is also seen from (9) and (8) that  
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where ∞µ  is the shear modulus at ∞→t  and 0µ  is instantaneous shear modulus. Since in 

the processes of creep and relaxation shear modulus is decreasing function of time ( ∞≥ µµ0 ), 
we have 

0<< λβ                      (12) 

Thus, viscoelastic behaviour of a material is described by four parameters: 0µ , α , β  (or τ ), 
and λ  (or ∞µ ). Connection between fraction-exponential operator was discussed by 
Rabotnov (1977). When 0=α  in (4) - (10), one can write 
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where the kernel of the operator is reduced to the ordinary exponential function te β− . In this 
case it describes the properties of the “standard” viscoelastic material represented by a 
combination of two springs with stiffness 1E  and 2E  and a dashpot of viscosity η :  
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The parameters of this model are expressed via λµ ,0  and β  as follows 
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The Laplace transform of the fraction-exponential kernel has the following form:  
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Thus, if elastic solution can be represented as a rational function of parameter α−= 1px , its 
inverse Laplace transform can be obtained analytically in an explicit form.  

3. Material and method 

3.1. Synthesis of bacterial cellulose hydrogel  

Gluconacetobacter xylinum (ATCC53582) was used for bio-synthesis of the studied BC 
hydrogel. The bacterium was cultured in a Hestrin and Schramm (HS) medium, which was 
composed of 2 wt.% glucose, 0.5 wt.% yeast extract, 0.5 wt.% peptone, 0.27 wt.% disodium 
phosphate, and 0.15 wt.% citric acid. After incubating statically for 7 days at 30°C, resulting in 
thickness of the BC hydrogel in the range approximately from 3 mm to 5 mm, the BC hydrogel 
was dipped into deionized (DI) water for 2 days, and then steamed by boiling in a 1 wt.% NaOH 
solution for 30 mins to eliminate bacteria and proteins. Afterwards, the samples of BC hydrogels 
(FIG.1a) were purified by washing in DI water until their pH value approached 7, and then, were 
stored in DI water at 4°C. 

3.2. Creep tests 

Dog-bone-shape specimens for creep tests were cut with a custom-made die based on dimensions 
from ASTM-Standard 638-10 (FIG. 2a). Then, they were subjected to in-aqua tensile creep in a 
force-controlled mode employing a universal testing machine (Instron 3366, Instron, USA). A 
BioBuls system (Instron 3130-100 BioPuls Bath, Instron, USA) provided aqueous testing 
environment with constant temperature of 37.0 ±1.0°C (FIG. 2b). A pre-loading of 0.05 N was 
set in tests. Specimens were first stretched to 50%, 60%, 70% and 80% of ultimate stress (1.43 
MPa), and then stress was hold for 1.5 hrs. A 100 N load cell (2530 Series Low-profile Static 
Load Cell, Instron, USA) and a crosshead displacement sensor were used to measure the force 
and displacement, respectively, with data acquisition frequency of 1 Hz. 

3.3. Assessment of fraction-exponential parameters 

A dedicated numerical procedure to fit the experimental data using a fraction-exponential 
approach was developed. The implementation of Mittag-Leffler function  Μ  available at 
MATLAB CENTRAL was used to approximate a stress-strain relation (obtained as a 
combination of equations (6) and (9)): 
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The magnitude of 0µ  was found as ( )0
1

0 ε
µ = . Values of the remaining parameters - 

λβα  αnd ,,  - were approximated with a nonlinear least-square method. In our case, this was 
performed using a MATLAB lsqnonlin function with initial guesses of −0.5,−0.1, and −
0.0005 respectively. The accuracy of the approximation was calculated with Resnorm 𝑅𝑅 that is 
𝑙𝑙2-norm of fit to present the accuracy of curve fitting, defining as,  

( ) ( )[ ]2∑ −= ttR FE εε                 (18) 

where ( )tEε  is the experimental strain data, ( )tFε  is the derived function. The desired 
accuracy of this approximation was set to be 0.0001. 

4. Results and Discussion 

The experimentally determined creep (strain-time) curves at stress levels of 50%, 60%, 70% and 
80% of ultimate strength 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 are shown in FIG. 3. The fraction-exponential model with four 
material parameters was developed only to describe the time-dependent behaviour; thus, the 
plots presented in FIG. 3 omit the pre-creep domain. A non-linear time-dependent behaviour was 
observed for all the applied stress levels. Specimens demonstrated typical creep behaviour: after 
some 1000 s, a secondary-creep period was initiated. At the studied highest stress level (80% of ), 
at around 4500 s corresponding to the strain magnitude of around 70.5%, an increase in the creep 
strain started to accelerate, manifesting a transition to a tertiary creep. That is caused by 
significant microstructural changes accumulated during the deformation process to such 
advanced levels of stretching that might be accompanied by failure of some nanofibres, leading 
to local stress concentration. 

On the basis of physical meanings of parameters used in the fraction-exponential formalism, the 
developed numerical fitting procedure provided the best fit for the experimental data employing 
terms of fraction-exponential operators. A comparison of the obtained experimental results with 
fraction-exponential approximations with various sets of parameters for each stress level is 
shown in FIG. 4. The determined parameters with respective levels of Resnorm for each stress 
level are summarized in TABLE 1. Apparently, the determined parameters meet the basic 
requirements of the fraction-exponential operators ( 01 ≤<− α , 0<< λβ ). Resnorm (fit 
accuracy) was calculated to be less than 0.0001. As a result, the fitting curves show an excellent 
agreement with experimental data for both primary and secondary creep, demonstrating that the 
fraction-exponential model is suitable to describe the time-dependent rheological behaviour of 
BC hydrogel. 



Obviously, it is desirable to have constant values of fraction-exponential parameters for a 
specific material, independent of the load magnitude, but the studied BC hydrogel demonstrated 
stress-sensitivity of them. Since the obtained parameters in TABLE 1 do not show large 
difference, at the next stage of the analysis a single set of parameters, providing a. Then, we a 
best fit for experimental data for all the stress levels, was determined using the developed 
MATLAB procedure. This single set is presented in TABLE 2 alongside the Resnorm 
magnitudes for the studied stresses; the respective plots are shown in FIG. 5. The error level of 
the theoretical approximation is around 10%, not suitable for many practical cases. A comparison 
of analytical and experimental curves in FIG. 5 suggests that these differences are mainly due to 
separation between the initial points of these two types of curves. 

As shown in FIG. 6, due to fibre engagement in a load-bearing process with growing stretching, 
the microstructure of BC hydrogel changes with increasing stress level. This includes changes in 
orientation distribution of fibres, their local volume fraction, porosity and interaction between 
fibres and water (Astley et al., 2003; Frensemeier et al., 2010; Miao and Hamad, 2013), resulting 
in a material stiffening process. Hence, the tensile creep behaviour of the BC hydrogel should 
vary with the increased stress level. In the fraction-exponential model, the parameter of 0µ  
represents the instantaneous shear modus, positively correlating to the stiffness of BC specimens. 
Thereby, it substantially increases with increasing stress. In the numerical fitting procedure, 0µ  
was determined at the initial point of the experimental creep data (𝑡𝑡 = 0). It increased with the 
increased stress levels (TABLE 1), coinciding with a notion of its physical meaning – material 
stiffening. So, at the next stage of the analysis, the same values of 0µ  in TABLE 1 were used to 
define a single set of other three parameters of the fraction-exponential formalism: λ , α  and 
β  with a best fit for all stress levels, as shown in FIG. 7. The determined parameters are 
summarized in TABLE 3 together with respective Resnorm Values. Apparently, the latter is less 
than 10-2, demonstrating sufficient accuracy of the developed fraction-exponential model in 
description of the creep behaviour of BC hydrogel. It is interesting to note that in such an 
approximation, the dependence of the instantaneous shear modulus 0µ  on the level of creep 
stress is practically linear (FIG. 8).   

5. Conclusions 

The time-dependent rheological behaviour of the bacterial cellulose hydrogel is assessed with the 
uniaxial tensile creep tests performed at various stress levels, up to 80% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈. The experimental 
analysis was accompanied by an analytical study employing a fraction-exponential formalism for 
rheological behaviour used to model the creep data for the studied BC hydrogel. Such formalism 
is especially important for development of analytical tools (including numerical, e.g. 
finite-element schemes) for solving boundary value problems for viscoelastic materials, arising 
in biomedical applications. Both the primary and the secondary creep are described with 
sufficient accuracy at stress levels ranging from 50% to 80% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈, relevant for many practical 



cases. The physical meaning of the determined material parameters involved in the model is 
discussed. The developed numerical procedure allows definition of the magnitudes of 
fraction-exponential parameters. When applied to creep at each stress level, it provides a highly 
accurate approximation of experimental data. A more suitable for numerical analysis approaches 
can be based on a single set of three parameters together with an instantaneous shear modulus, 
changing linearly with the level of creep stress. The latter reflects a physical mechanism of 
material stiffening caused by fibre reorientation under axial stretching. 
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Figures  

 

FIG. 1: (a) Disk sample of wet BC hydrogel’s. SEM images of BC hydrogel shows a random 
distribution of cellulose fibres in the radial-transverse plane (b) and multiple-layer structure with 
some links between layers along out-of-plane direction(c). (d) Schematic diagram of radial, 
transverse and out-of-plane directions. 

 

FIG. 2: (a) Dog-bone-shape specimen with dimensions suggested by ASTM 638-10 standard for 
tensile creep tests cut with a custom-made die. (b) Instron BioPuls system providing aqueous 
testing condition at constant temperature of 37.0 ±1.0°C 



 
FIG. 3: Evolution of strain with increased time shows typical creep behaviour of BC hydrogel (3 
specimens for each level of stresses) at various stress levels: (a) 50% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈; (b) 60% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈; (c) 
70% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈; (d) 80% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈. 

 
FIG. 4: The fraction-exponential model is sensitive enough to describe the creep behaviour of 
BC hydrogel. The numerical fit curves with various parameters show perfect agreement with 
experimental ones at various stress levels: (a) 50% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈; (b) 60% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈; (c) 70% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈; (d) 80% 
𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈. 



 
FIG. 5: The fraction-exponential model with constant parameters shows large errors at stress 
levels of 50% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (a), 60% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (b), 70% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (c) and 80% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (d), mainly due to the 
separation between the initial points of the experimental and numerical curves. 

 
FIG. 6: A schematic diagram of microstructural change at increased stress levels ranging from 50% 
𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 to 80% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈, indicating a process of fibre rearrangement resulting in material stiffening.  



 
FIG. 7: The fraction-exponential model with various 𝜇𝜇0 and constant λ, 𝛼𝛼 and 𝛽𝛽 for stress 
levels shows sufficient accuracy with the experimental data for stress levels of 50% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (a), 60% 
𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (b), 70% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (c) and 80% 𝜎𝜎𝑈𝑈𝑈𝑈𝑈𝑈 (d), indicating the possibility to use the developed 
model for description of creep behaviour of the studied BC hydrogel. 

 

 
 

FIG. 8: Evolution of instantaneous shear modulus 𝜇𝜇0 with stress level, indicating material 
stiffening coinciding with fibre-rearrangement theory.  



Table  

TABLE 1: Determined fraction-exponential parameters of various 𝜇𝜇0 , λ , 𝛼𝛼  and β , and 
Resnorm R for each stress levels 

 

 

TABLE 2: Determined fraction-exponential parameters of constant 𝜇𝜇0 , λ , 𝛼𝛼  and β , and 
Resnorm R for each stress levels 

 

 

TABLE 3: Determined fraction-exponential parameters of various 𝜇𝜇0, and constant λ, 𝛼𝛼 and β, 
and Resnorm R for each stress levels 
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