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Abstract. On a smoothly stratified space, we identify intersection cohomology of any
given perversity with an associated weighted L2 cohomology for iterated fibred cusp metrics
on the smooth stratum.

Résumé. Sur une variété stratifiée admettant une résolution par une variété à coins fibrés,
on identifie la cohomologie d’intersection, pour une perversité donnée, avec la cohomologie
L2 à poids d’une métrique à cusps fibrés itérée définie sur la strate lisse.

The Hodge theorem for smooth compact manifolds establishes an important link between
two analytic invariants of a manifold, the vector space of (L2) harmonic forms over the man-
ifold and the (L2) cohomology, and a topological invariant of the manifold, the cohomology
with real coefficients, calculated using cellular, simplicial or smooth deRham theory. In the
1980’s Cheeger, together with Goresky and MacPherson [4], [5], discovered that this impor-
tant link extends to a subset of pseudomanifolds called Witt spaces, where the relationship
is between L2 cohomology with respect to an (incomplete) iterated conical metric and the
(unique) middle perversity intersection cohomology, again with real coefficients, see also [12],
[2] and [1].

The purpose of this paper is to show that by considering instead a natural class of complete
metrics called iterated fibred cusp metrics, one can circumvent the analytical difficulties due
to the incompleteness of iterated conical metrics, opening in this way a simpler and more
direct route towards a description of intersection cohomology in terms of harmonic forms.
More precisely, for any smoothly stratified space, X, we obtain a Hodge theorem identifying
the intersection cohomology of X of a given perversity with a weighted L2 cohomology of the
regular set X \ Xsing, endowed with a complete iterated fibred cusp metric which near the
singular strata has hyperbolic cusp type behaviour on the link. The Kodaira decomposition
theorem tells us that when the weighted L2 cohomology with respect to some metric is
finite dimensional, it is isomorphic to the space of weighted L2 harmonic forms, so as a
consequence, we also get an isomorphism to the space of weighted L2 harmonic forms for
this metric. By reference to the theory of Hilbert complexes, see [3], we additionally obtain
the corollary that the weighted Hodge Laplacian associated to such a metric and weight
is Fredholm as an unbounded operator on the space of weighted L2 differential forms. In
particular, when X is a Witt space, we show that the unweighted L2 cohomology on X
with respect to a complete iterated fibred cusp metric is isomorphic to the (unique) middle
perversity intersection cohomology of X.

Our Hodge theorem can be seen as a natural generalization, from the setting of smooth
Kähler manifolds to the singular Witt setting, the result by Timmerscheidt in which the
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L2 cohomology of the complement of a normal crossings divisor in a Kähler manifold, en-
dowed with a particular complete metric, is shown to be isomorphic to the cohomology of
its (smooth) compactification (contained in an appendix to [8]). Our results also have an
intersection with the Zucker conjecture, proved by Saper and Stern, and independently by
Looijenga, which says that the L2 cohomology of a Hermitian locally symmetric space is
isomorphic to the middle perversity intersection cohomology of its Borel-Bailey compacti-
fication [13]. All of these results have in common that the metric in question is complete,
and near each compactifying stratum, has some generalised hyperbolic cusp type behaviour.
Furthermore, in our theorem, as in the result of Timmerscheidt and in the Zucker conjecture,
the L2 cohomology is finite dimensional due to the vanishing of some cohomology classes that
arise in its calculation. For general iterated fibred cusp metrics, without the Witt condition,
the L2 cohomology will be infinite dimensional. In this case, harder analytic results are
required to prove a Hodge theorem. This was carried out in the case of one singular stratum
in [11], where the first author and her collaborators proved that the space of L2 harmonic
forms for a manifold with fibration boundary, endowed with a fibred cusp metric (the base
case for iterated fibred cusp metrics), is isomorphic to the image of lower middle perversity
intersection cohomology in upper middle perversity intersection cohomology of its fibrewise
compactification, see also [9] for a recent generalization of this result to some manifolds with
foliated boundary.

First let us recall what is meant by weighted L2 harmonic forms and the weighted L2

cohomology over a manifold M with respect to a metric g and a weight w. A weighted L2

space for any metric g and positive weight function w on M is a space of forms:

L2Ω∗(M, g,w) := {ω ∈ Ω∗(M) |
∫
M

||w−1ω||2gdvolg <∞}.

Here || · ||g is the pointwise metric on the space of differential forms over M induced by the
metric on M . This may be completed to a Hilbert space with respect to the inner product

〈ω, η〉g,w = 〈w−1ω,w−1η〉g,
where the inner product on the right is the standard L2 inner product on differential forms
over M for the metric g.

Let d represent the de Rham differential on smooth forms over M and δg,w represent its
formal adjoint with respect to 〈·, ·〉g,w. Then Dg,w := d+δg,w is an elliptic differential operator
on the space of smooth forms over M . If w = 1, the elements of the kernel of Dg,w that lie
in L2 are the standard space of L2 harmonic forms over (M, g). More generally, we denote
the space of weighted L2 harmonic forms on (M, g) by:

H∗L2(M, g,w) :=
{
ω ∈ L2Ω∗(M, g,w) | Dg,wω = 0

}
.

The weighted L2 cohomology of a complete manifold may be computed from its complex
of weighted L2 forms:

· · · d // L2
dΩ

k−1(M, g,w)
d // L2

dΩ
k(M, g,w)

d // L2
dΩ

k+1(M, g,w)
d // · · · ,

where

L2
dΩ

k−1(M, g,w) = {ω ∈ L2Ωk(M, g,w) ; dω ∈ L2Ωk+1(M, g,w)}.
That is, the L2-cohomology is given by

L2Hk(M, g,w) := {ω ∈ L2Ωk(M, g,w) ; dω = 0}/{dη ; η ∈ L2
dΩ

k(M, g,w)}.
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It is standard that the space L2Ω∗(M, g,w) does not depend sensitively on g and w, but
only on g up to quasi-isometry, where g and g′ are quasi-isometric if for all p ∈ M and
v, w ∈ TpM ,

1

c
gp(v, w) ≤ g′p(v, w) ≤ cgp(v, w)

for some uniform constant c > 0. Similarly, two weight functions give the same weighted L2

space if they are equivalent weights in the sense that

1

c
w(p) ≤ w′(p) ≤ cw(p)

for all p ∈ M and some uniform constant c > 0. Since the operator d does not depend on
either g or w, this implies in turn that L2Hk(M, g,w) only depends on g up to quasi-isometry
and on w up to equivalence of weight functions.

Next let us recall some facts about smoothly stratified spaces and their resolutions as
manifolds with corners. Let X be a smoothly stratified space in the sense of [1], see also [14]

and [7]. There is a resolution of X by a manifold with fibred corners, q : M̃ → X, where q is
a diffeomorphism from the interior of M to the regular stratum of X, and is a fiber bundle
qi : Hi → Si over some singular stratum when restricted to the interior of each boundary
hypersurface of M . The fiber, Fi, of qi is in turn a resolution of the link Li of the stratum
Si ⊂ X.

Recall that the (open) singular strata, Si of X satisfy a partial order relationship, whereby
we write Si ≤ Sj if Si ⊂ Sj, and this partial order lifts to a partial order on boundary
hypersurfaces. The depth of a stratum Si is the maximum number of strata that lie above
it in the partial order relationship. The link of any stratum in X has strictly lower depth
than X, which permits recursive arguments on depth.

There exists on M̃ a collection of positive functions xi that define the hypersurfaces, Hi

of M̃ and descend to a collection of functions on X (which we refer to by the same notation)
that define the singular strata Si. These may be chosen so that for each p ∈ Si, there exists
a neighborhood U ⊂ X of p and a smoothly stratified map φU of the form

φU : U ∼= C1(Li)× V,
where V is an open ball in the Euclidean space whose image under the homeomorphism is
compactly contained in Si, Li is a smoothly stratified space, and

C1(Li) = [0, 1)x′i × Li/{0} × Li
is the cone over Li. We say U is a regular neighborhood of p in X. Such an associated set
of stratum defining functions and neighborhoods is called a set of iteratively defined “control
data”. The space X may be covered by a finite number of such neighbourhoods. On such a
neighborhood, x′i = xi◦φ−1U . Furthermore, by [7, Lemma 1.4], we can assume that each other
stratum defining function xj is in this neighborhood factorizes through φU and projection
onto a stratum defining function on Li (constant on V ) if Si ⊂ Sj or a positive function
uniformly bounded away from zero otherwise. Those xj factorizing through Li then form
corresponding stratum defining functions on Li (see [7]).

We can now define the metrics we will consider on M := X \Xsing = M̃ \ ∂M̃ .

Definition 1. A quasi iterated fibred cusp metric is defined inductively on the depth of
X to be a complete Riemannian metric g on the regular set M of X such that for any p ∈ Xsing



4 EUGÉNIE HUNSICKER AND FRÉDÉRIC ROCHON

and any regular neighborhood U = C1(L)×V of p, the restriction of g to U = U \ (U ∩Xsing)
is quasi isometric to a metric of the form

(1) gU =
dx2

x2
+ gV + x2gL,

where gV is a Riemannian metric on V and gL is a quasi iterated fibred cusp metric on the
interior L of L.

We make two notes about these metrics. First of all, if we rearrange and change coordinates
in (1), letting r = − log(x) ∈ (ε,∞), we find that the metric takes on the more familiar
generalised hyperbolic cusp form on fibres:

gU = dr2 + e−2rgL + gV .

Second, we note that the iterated fibred cusp metrics of [7] constitute a special case of quasi
iterated fibred cusp metrics. In fact, quasi iterated fibred cusp metrics could alternatively be
defined as complete Riemannian metrics on the regular set M of X that are quasi-isometric to
iterated fibred cusp metrics. Since the the L2 cohomology on a Riemannian manifold depends
only on the quasi-isometry class of the metric, considering this larger class of metrics leads to
no extra difficulties. This also means that, when calculating the L2 cohomology on a regular
neighborhood U , we are free to consider a model metric as in Equation (1).

We may now state our result.

Theorem 2. Let g be a quasi iterated fibred cusp metric on the interior M of a smoothly
stratified space, X, and let {xi}ni=1 denote the set of boundary defining functions on the

resolution M̃ of X given by a choice of iterated control data. Let p be a perversity, 0 < ε < 1
2
,

and define the weight function wp = xi11 · · ·xinn , where ij = p(cj) − (cj − 3)/2 + ε when the
stratum Sj corresponding to the function xj has codimension cj. Then the weighted L2

cohomology of (M, g) with respect to the weight function wp and the space of wp-weighted L2

harmonic forms are naturally isomorphic to the intersection cohomology of X of perversity
p:

H∗L2(M, g,wp) ∼= L2H∗(M, g,wp) ∼= IH∗p(X).

Moreover, d and its formal adjoint have closed range.

Before we begin the proof, we recall that we can turn the weighted L2 complex of forms
over M into a complex of sheaves over X as follows. Over each regular neighborhood U in
X, we define the complex of weighted L2-forms associated to the iterated fibred cusp metric
g by:

· · · d // L2
dΩ

k−1(U , g,w)
d // L2

dΩ
k(U , g,w)

d // L2
dΩ

k+1(U , g,w)
d // · · · ,

where
L2
dΩ

k−1(U , g,w) = {ω ∈ L2Ωk(U , g,w) ; dω ∈ L2Ωk+1(U , g,w)}
and U = U ∩M . This gives a complex of presheaves on X,

· · · d // wL2
dΩ

k−1 d // wL2
dΩ

k d // wL2
dΩ

k+1 d // · · · .

These pre-sheaves may be sheafified to form the complex of sheaves that we also denote
wL2

dΩ
k on X. Before proving our main theorem, the following result will be useful.

Lemma 3. For all k ∈ N0, the sheaf wL2
dΩ

k on X is fine.
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Proof. We need to show that the sheaf HomZ(wL2
dΩ

k,wL2
dΩ

k) admits partitions of unity.
Let {U i} be an open cover of X by open sets in M and regular neighborhoods in X. Since
X is compact, we can assume that this cover contains finitely many open sets. By slightly
shrinking each of the U i, we can get another cover {W i} of the same form, where W i ⊂ U i
for each i. For each U i contained in M , we can then consider a smooth nonnegative function
ρi ∈ C∞c (U i) such that ρi is nowhere zero on W i ⊂ U i. When U i is a regular neighborhood
of a point pi ∈ ∂M of the form

U i = C1(Li)× Vi,

we can take a nonnegative function ρi ∈ C0c (U i) with ρi nowhere zero on W i to be of the
form ρi = π∗i φi for some φi ∈ C∞c ([0, 1) × Vi), where πi : C1(L) × Vi → [0, 1)x × Vi is the
obvious projection. In this way, we have that dρi ∈ L∞Ω1(M, g). This means the functions
ψi = ρi∑

j ρj
form a partition of unity for the sheaf HomZ(wL2

dΩ
k,wL2

dΩ
k).

�

We can now prove Theorem 2.

Proof. We proceed by induction on the depth of X. If X has depth zero, the weight function
may be taken as constant and the result follows from the standard Hodge theorem on compact
manifolds, since all positive weights give the same weighted cohomology. Suppose now that
X has depth d and that the theorem holds for all spaces of depth less than d and perversities
on these spaces. Given a point p in S ⊂ X \M , where S has codimension c, we can find a
regular neighborhood U of X of the form

U = C1(L)× V,

where V is an open ball in the Euclidean space and L is a smoothly stratified space of depth
less than d. If gL is an iterated fibred cusp metric on the interior L of L and gV is a choice
of Riemannian metric on V , then the metric

gU =
dx2

x2
+ gV + x2gL

is an iterated fibered cusp metric on U = U \ (U ∩Xsing). In particular, gU is quasi-isometric
to the restriction of g on U , so we can use gU instead of g to compute the L2-cohomology
of U . Further, the weight function in this neighbourhood is equivalent to one of the form
wp(x, v, s) = xijw′p(s), where w′(s) is a weight function on the link, L, corresponding to the
same perversity.

Now, by our induction hypothesis, the exterior differential d on (L, gL) has closed range,
so we can apply the Kunnëth formula of Zucker [15, Corollary 2.34] to the metric gU , which
gives,

L2Hk(U , g,w) =
1⊕
i=0

WHi((0, 1),
dx2

x2
, k − i− `

2
+ ij)⊗ L2Hk−i(L, gL,w

′),

where ` = dimL and

WHi((0, 1),
dx2

x2
, a) =

{ω ∈ xaL2Ωi((0, 1), dx
2

x2
) | dω = 0}

{dη | η ∈ xaL2Ωi−1((0, 1), dx
2

x2
) dη ∈ xaL2Ωi((0, 1), dx

2

x2
)}
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is the weighted L2-cohomology on the interval (0, 1) with metric dx2

x2
and weight xa as de-

fined in [11, (12)]. Now, we have that WH1((0, 1), dx
2

x2
, a) = {0} for a 6= 0 and is infinite

dimensional when a = 0 (which can never happen by our choice of w), while

WH0((0, 1),
dx2

x2
, a) =

{
{0}, a ≥ 0,
R, a < 0.

On the other hand, by our induction hypothesis, L2H∗(L, gL,w
′) ∼= IH∗p(L). Thus we obtain

that

L2Hk(U) =

{
IHk

p(L), k < cj − 2− p(cj)− ε,
{0}, k ≥ cj − 2− p(cj)− ε.

Because k is an integer, this can be rewritten as

L2Hk(U) =

{
IHk

p(L), k < cj − 2− p(cj),
{0}, k ≥ cj − 2− p(cj).

Since p ∈ X \M was arbitrary, we can conclude by [11, Proposition 1] that there is a natural
isomorphism

L2H∗(M, g,w) ∼= IH∗p(X).

Since IH∗p(X) is finite dimensional, this means that, the ranges of d and its formal adjoint
δg,w are closed. From the Kodaira decomposition theorem [6, §32, Théorème 24, p.165]

L2Ωk(M, g) = Hk
L2(M, g,w)⊕ dC∞c (M ; Λk−1(T ∗M))⊕ δg,wC∞c (M ; Λk+1(T ∗M)),

we therefore conclude as in [11, § 2.1] that the space of L2 harmonic forms H∗L2(M, g,w) is
naturally identified with L2H∗(M, g,w). �

In particular, if X is a Witt space, we can consider unweighted L2 cohomology and get:

Theorem 4. Let g be a quasi iterated fibred cusp metric on the interior M of a smoothly
stratified Witt space, X. Then the L2 cohomology of (M, g) and the space of L2 harmonic
forms are naturally isomorphic to the middle perversity intersection cohomology of X:

H∗L2(M, g) ∼= L2H∗(M, g) ∼= IH∗m(X).

Moreover, d and its formal adjoint have closed range.

Proof. The proof is identical to the one above, except we need to check that the unweighted
cohomology is never infinite dimensional. This would occur if we get the weight a = 0 arising
in a term of the form

WH1((0, 1),
dx2

x2
, k − i− `

2
)⊗ L2Hk−i(L, gL),

where the second term in the product is nontrivial. However, by our induction hypothesis,

L2H∗(L, gL) ∼= IH∗m(L). In particular, the Witt condition then implies that L2H
`
2 (L, gL) =

{0} if ` is even, so this can never occur. �

This easily leads to the following consequences for the signature operator.

Corollary 5. Let g be a quasi iterated fibred cusp metric on the interior M of a smoothly
stratified Witt space X. Then the associated signature operator Dg = d+ δg is Fredholm with
index given by

ind(D) = sgn(IH∗m(X)).
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Proof. First note that in the Witt setting, the finite dimensionality of L2H∗(M, g) is equiva-
lent through the standard theory of Hilbert complexes, c.f. [3] to the Fredholm property for
the associated Gauss-Bonnet operator, Dg. As in the case of closed oriented manifolds, the
signature operator is the restriction of the Gauss Bonnet operator to a map between self-
dual and anti-self dual forms. Thus the Fredholm property for this operator follows from the
Fredholm result for the Gauss Bonnet operator. Further, as in the closed oriented setting,
the index of the signature operator when it is Fredholm is the same as the signature of the
intersection pairing on L2 cohomology induced by the wedge of representative forms.

Thus it is left to show that the intersection pairing on L2 cohomology corresponds under
the isomorphism to IH∗m(X) to the intersection pairing on this middle perversity intersection
cohomology. This follows from the fact that the sheaf L2

dΩ
k is a locally self-dual sheaf in the

sense of the the self-dual sheaf axioms for middle perversity intersection (co)homology from
Section 6.1 of [10]. These axioms are equivalent to the local perverse sheaf characterisation
from [11] together with an additional duality axiom: there is an isomorphism from the com-
plex of perverse sheaves, S∗ to its dual complex, D(S∗). The dual complex is characterised
up to quasi-isomorphism by the property that the local cohomology with compact supports
(in a neighbourhood U of X), H i

c(U ;S∗) is dual to the local cohomology H i(U,D(S∗)). As
the L2 sheaf is a fine sheaf, this relates only to i = 0, that is, to sections over U . The
integral of the wedge of L2 forms descends to a pairing between local cohomology and local
cohomology with compact supports by the usual argument. Because the L2 pairing is given
by < ω, η >=

∫
ω ∧ ∗η, and because this pairing is non degenerate, we have that the wedge

pairing is also non degenerate as a pairing on local cohomology, and thus induces the required
duality. Thus the L2 sheaf is a self-dual perverse sheaf with respect to the pairing induced by
wedge of forms, which generalises the product pairing on cohomology in the regular stratum.
The intersection pairing on intersection cohomology is uniquely derived up to isomorphism
from the self-dual sheaf axiomatic characterisation using an inductive process starting with
the product pairing in the regular stratum. Thus this further implies that the wedge pairing
of L2 forms corresponds to the intersection pairing in intersection cohomology as required.

�

References

[1] P. Albin, E. Leichtnam, R. Mazzeo, and P. Piazza, The signature package on Witt spaces, Annales
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