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Abstract. Consider the Wronskians of the classical Hermite polynomials
H;, 1 (x):=Wr(H;(x), Hg (x), ..., Hg, (X)), [€Z=o\tki,....kn},

where k; =A; +n—i,i=1,....,n and A= (X,...,%,) is a partition. Goémez-Ullate et
al. showed that for a special class of partitions the corresponding polynomials are orthog-
onal and dense among all polynomials with respect to a certain inner product, but in
contrast to the usual case have some degrees missing (so-called exceptional orthogonal
polynomials). We generalise their results to all partitions by considering complex contours
of integration and non-positive Hermitian products. The corresponding polynomials are
orthogonal and dense in a finite-codimensional subspace of C[x] satisfying certain quasi-
invariance conditions. A Laurent version of exceptional orthogonal polynomials, related to
monodromy-free trigonometric Schrodinger operators, is also presented.

Mathematics Subject Classification. 33C47 (81Q05).

Keywords. exceptional orthogonal polynomials, quasi-invariance, trivial monodromy,
Darboux transformations.

1. Introduction

Consider polynomials p,(x) € R[x] of degrees n=0, 1, ..., satisfying the orthogo-
nality relation

(Pms Pn) =8mn&n,

where the inner product of polynomials is defined by a real integral

b
(P, q) :=/ p(x)g(x)w(x)dx (1)
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for some positive weight function w. Suppose that there exists a second-order dif-
ferential operator

T=A( )d—2+B( )i-i-c( )
AW TP T

having these polynomials as eigenvectors:
Tpn(x)zEnpn(x), n=0,1,....

A classical result due to Bochner [3] says that in that case the sequence of poly-
nomials p,(x), n €Zs=o, must coincide (up to a linear change of x) with one of the
systems of classical orthogonal polynomials of Hermite, Laguerre or Jacobi.

Goémez-Ullate, Kamran and Milson [11] considered the following variation of
Bochner’s question. Let us assume now that in the previous considerations n
belongs to a certain proper subset S CZsxq such that Z>¢\S is finite. To make this
non-trivial they added the following density condition: the linear span U =(p,:n€
S) of the corresponding polynomials must be dense in R[x] in the sense that if
(p, pn)=0 for all ne S then p=0. In that case the sequence p,(x), n€ S is called
a system of exceptional orthogonal polynomials.

The main example of such polynomials are exceptional Hermite polynomials [12]
having the Wronskian form

Hy 1 (x) :=Wr(H(x), Hg, (x), ..., H, (x)), 1€Zso\{ki, ..., kn}, (2
where H(x) are classical Hermite polynomials, A =(Xq,...,1,) is a double parti-
tion and

ki=Ai+n—i, i=1,...,n.
The double partitions have the very special form

A= = (L1, [0 142, 142, -« ks K

where = (uy, 12, ..., ux) 1s another partition with n =2k (see [8]). According to
Krein and Adler [1] this guarantees that the corresponding Wronskian

Wi (x) = Wr(Hy, (x), ..., Hg, (x)) 3)

has no zeroes on the real line and thus determines a non-singular weight
function

w(x)= W;z(x)e_xz. 4)

The geometry of the complex zeroes of the corresponding Wronskians is quite
interesting and was studied by Felder et al. in [§].

One of the goals of our paper is to find a proper interpretation of the excep-
tional Hermite polynomials (2) for all partitions A. As we will see, this will
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naturally lead us to the notion of gquasi-invariance, which appeared in the the-
ory of monodromy-free Schridinger operators, going back to Picard and Darboux
and more recently revisited by Duistermaat and Griinbaum [7]. In certain classes
such operators were explicitly described in terms of Wronskians in [4,7,10,15].
Grinevich and Novikov studied the spectral properties of these and more general
singular finite-gap operators and emphasised the important link with the theory of
Pontrjagin spaces (see [14] and references therein). Our paper can be considered
as dealing with the implications of all these results for the theory of exceptional
orthogonal polynomials.

More precisely, we first complexify the picture by considering the vector space
V =C[z] and replace the inner product (1) by a Hermitian product of the form

(p.q) :=/Cp(z)é(z)w(z)dz, (5)

where ¢(z) :=q(z) is the Schwarz conjugate of the polynomial ¢(z), C c C is a
contour in the complex domain and w(z) is a complex weight function. The con-
dition that this product is Hermitian implies certain restrictions on the contour
C and function w(z) (see Section 2). It also requires certain restrictions on the
set of polynomials for which the product is well defined. As it turned out, such
polynomials form a subspace U C V of finite codimension defined by some quasi-
invariance conditions. Similarly to [11] we say that the polynomials p,(z), n €S,
form a system of complex exceptional orthogonal polynomials if their linear span is
a subspace of U that is dense in U in the sense that (p, p,) =0 for all n€ S, implies
that p=0.

We will show that the Wronskians (2) satisfy these criteria for every partition A
and a suitable choice of C with w given by (4). For a double partition A we can
take as a contour C the real line with U =V and recover the results by Gomez-
Ullate et al. [12].

Note that the corresponding Hermitian form is positive definite only for double
partitions, otherwise we always have polynomials with negative norms. The appear-
ance of negative norms for singular potentials was first emphasised by Grinevich
and Novikov [14].

We also consider the Laurent version of our approach. Some Laurent versions
of orthogonal polynomials are already known in the literature (see e.g. [6] and ref-
erences therein), but our approach is different since it is not based on the Gram—
Schmidt procedure. Similarly, it does not fit into the theory of orthogonal polyno-
mials on the unit circle initiated by Szego6 [18], who considered the case of usual
polynomials.

Consider the Laurent polynomials A = C[z,z~'] and the following complex
bilinear form on A:

1 dz
(P, Q)=—2 j{ P(2)0(z)—,
Tt Jc Z
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where C={z€C:|z|=1} is the unit circle. The standard basis 7", n € Z, satisfies the
Laurent orthogonality relation

", 2 =810, k1€

We consider more general forms
1 dz
(P, Q)ZT]{ P(2)Q(@)w(z)—, (6)
Tl Cu Z

where C,, is the circle defined by |z|]=pu and w(z)= W (z)~2, with W(z) some Lau-
rent polynomial. For this form to be well defined, we need to assume that P, Q
belong to a suitable subspace of quasi-invariants 2 C A of finite codimension.

Let K be a finite subset of N. Suppose that P, € A, n € Z, satisfy the Laurent
orthogonality relation

(P, P)=bkq1,0hk, k1€, (7

but P, is proportional to P_, for n € K, which implies that the corresponding
h, =0, and thus P, is orthogonal to all Py, k €Z. If the minimal complex Euclid-
ean extension of the linear span of P,, n€Z, coincides with the subspace of quasi-
invariants 2, then we call them exceptional Laurent orthogonal polynomials. The
need to consider such an extension is the novelty of the Laurent case, which is
related to the fact that the corresponding form is degenerate on the linear span
of P,, neZ.

We present an example of such polynomials corresponding to the trigonometric

monodromy-free Schrodinger operators [4]. Namely, for any set « ={kj,...,k,} of
distinct natural numbers k; > k> >--- >k, >0 and any choice of complex parame-
ters a=(ay, ..., a,), ar € C\{0}, we define the Laurent polynomials
Dy, (ar; 2) Dy, (az; 2) e Dy, (an; 2) 7
D®y (a;;z)  D®i(ariz) -+ D (an;z) DI
PK,a;l(Z) = . . A . . (8)
D'"®y (a1;2) D"®p,(az) -+ D'"®p(an;z) D'

where ®x(a;z)=az"+a1z7%, keN and D=zd%.

When parameters q; satisfy the condition |ax|=1 for all k=1, ...n we introduce
a Hermitian form on a certain subspace of quasi-invariant Laurent polynomials
Z,.c and show that the minimal Hermitian extension of the linear span of Py ./,
1 €7, coincides with the subspace of quasi-invariants 2, and is dense in Z; c.

2. Complex Exceptional Hermite Polynomials

In this section, we consider the polynomials H, ;, as defined in (2), for general
partitions, i.e. we do not require that A is a double partition. We shall refer to
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these polynomials as complex exceptional Hermite polynomial or CEHPs for short.
Although these polynomials have real coefficients for the partitions which are not
double it is natural to consider them as elements of the complex Hermitian vector
space because the contour of integration in (5) is complex.

We begin by recalling how H, ; are obtained by a sequence of Darboux transfor-
mations from the classical Hermite polynomial H;. The starting point is the clas-
sical fact that the functions

W@ =H@e 2, 1elzy 9)
have the eigenfunction property

d2
flﬁzz_%jLZz%:@lJrl)‘ﬂlv zeC,

and satisfy the boundary conditions

li =
Re zgnioo 1//1 (Z) 0

(for any fixed value of Imz). We will choose the normalisation of Hermite poly-
nomials such that the highest coefficient of Hj(z) is 2/ and all the coefficients are
integer:

Hy=1, H =2z, Hy=4z>—2, Hy=8z>— 12z, Hy=16z*—4872+12,....

As is well known, after n consecutive Darboux transformations at the levels k,, <

ky—1 <---<ky, where k; =X; +n—1i,i=1,...,n, one arrives at the Schrodinger
operator
R% @ @ 1 2 1
A:_d_zz_zd_zz( og Wr(Yig,, ..., ¥w,)) +2°, (10)

which satisfies the intertwining relation
Dy oL =% 09D, (11

where the intertwining operator %, acts according to

Wr(y, Yy - Yik,)
@ =
34 WY, Yk,

see e.g. [1,5]. It follows that the functions

%l:Wr(!/fz,lﬁkl,m,Wn)
’ Wr (Vs oo Yky)

have the eigenfunction property

)

s l¢lky, ... k), (12)

Lo = QL4+ Dy .
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Substituting (9) in (12) and using the general property Wr(gfi,...,gfn) =
g"Wr(f1,..., fu), one finds that

—z2/2

: (13)

where H, ; are given by (2).
By a direct computation, it is readily inferred that H, ; is an eigenfunction of
the operator

d? Wi\ d W/ W
Th=———+2 ) — —* 427 14
- dZ2+ ( + )dZ (WA+ WA) ( )
with eigenvalue 2(I —n).

EXAMPLE 1. Consider the special case A = (1), which corresponds to the
Schrodinger operator

2 2
‘z(l):_d_z m 2(log(2ze z /2))
d? 2
:—F'FZ + +2

Already in this simple example, we obtain eigenfunctions (12) with a singularity
on the real line (at z=0). Indeed, this can be seen explicitly by writing out the
first exceptional Hermite polynomials Hjyx = Wr(y, ¥1) and the corresponding

few eigenfunctions ¥ 1y x = W
Huo=1, W(l),0=%e_22/2,
Hy2=—Q2+42%), Yy =— 222,
H(l),3=—16z3, I/f(l),3=—16z2e*12/2,
Hipa=12(1+42% —42h), Y4 = 2OHEAD 212,
H,s =642°(5—22%), Y(1).s = 6422 (5— 2:%)e=7/2,

2 264,06
Hpy 6= —40(3 4 1822 = 3674 +828), ) 6 = — ROHIST 362748 o222,

2

More generally, using the fact that

Wr (Y241, Y1) (—2) =—Wr(¥41, ¥1)(z), [€N,

as well as the fact that each classical Hermite polynomial Hy(z), I € Z>g, has a
non-zero constant term, it is readily seen that ;) ;(x) is regular on the whole real
line if and only if / €Z>o\{1} is odd. The eigenvalues of the first few eigenfunctions
are given in Figure 1, where open and filled circles indicate that the correspond-
ing eigenfunctions are singular and non-singular, respectively. In addition, the cross
represents the eigenvalue removed by the Darboux transformation.
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1 3 5 7 9 11 13

Figure 1. The eigenvalues of the first few eigenfunctions for A=(1).

Note that in the theory of quantum Calogero-Moser systems (of which this
example is the simplest case) only non-singular solutions are considered (see e.g.

[16]).

We will now use the fact that &, is obtained as the composition of first-order
intertwining operators. To be more specific, let us introduce the short-hand nota-
tion

WI’I‘! :Wr(wkmv ] wkn)v Wm(w) =WI‘(W, wkmv s wkn)9
(where it is convenient to allow m=n+1 and set #,.1 =1, #,11(¢) =), and

recall the standard identity

d d
Wm—IWm(w):Wm—l(W)an_Wmayﬂm—l(w)’ m>1.

Then it is readily verified that

PD,=Djo---0oDy0---0D,, (15)
with
d d W )
=———|lo . 16
" dz dz( ngH (16)
For our purposes, a key notion is that of trivial monodromy, see e.g. [19]. A
Schrodinger operator . = —d?/dz> + u(z), whose potential u is a meromorphic

function of z, is said to have trivial monodromy if all solutions of its eigenvalue
equation

LY ()=EY(2) (17)

are meromorphic in z for all E.

We recall that every monodromy-free Schrodinger operator . with a quadrati-
cally increasing rational potential is of the form (10) for some partition A. The fact
that each Schrodinger operator ., has trivial monodromy is easily seen. Indeed,
in the special case u(z) =2z all eigenfunctions are entire, and trivial monodromy is
preserved under (rational) Darboux transformations. The converse result is due to
Oblomkov [15].

Duistermaat and Griinbaum [7] obtained local conditions for trivial mon-
odromy. Specifically, in a neighbourhood of a pole z=z; the potential u(z) must
have a Laurent series expansion of the form

u(z) = Z cr(z—z)",

r>-2
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with

c_r=m;(m; +1) for some m; €N,
and

C2j-1 =0, Vj=0,1,...,m;.

In addition, every eigenfunction ¢ has a Laurent series expansion of the form

YR =@E—z)" D d(z—z),

r=0
with

drj_1=0, Vj=1,...,m;.

We proceed to consider the implications for the CEHPs H; ;. Let Z;, be the set
of zeros z; € C of the Wronskian W) (z) with multiplicities m; € N. In addition, we
need the subset Z}\{ C Z, obtained by restriction to z; € R. We say that a meromor-
phic function v (z) is quasi-invariant at the point z=z; with multiplicity m; e N if
it satisfies the following two conditions:

(1) ¥(2)(z—z)™ is analytic at z=z;,
(2) W@ (z—z)")3 =D . =0, for all j=1,...,m;.

The second condition can be rewritten as
Y (0i(2)=(=D""¥ () +o((z —z)™),

where o;(z) =2z; —z is the reflection with respect to z;. This explains the terminol-
ogy.
Introducing the subspace

6_12/2

Wi.(2)

is quasi-invariant at z=z;, Vz; €Z, ¢,

Oy = [P eClz]:¥(2):=p(2)

it follows from the above that the C-linear span
U= (Hy.1:1€ oMk, .. k)

belongs to Q. From Proposition 5.3 in [12], we recall that the codimension of ),
in C[z] is equal to |A]. On the other hand, |A| is the degree of W,(z), and there-
fore the number of quasi-invariance conditions that any p € 9, should satisfy. This
yields the converse inclusion, and thus the following result.

PROPOSITION 1. The C-linear span of CEHPs coincides with polynomial quasi-
invariants:

Uy, = Q.
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Using the fact that the operator 7 [cf. (14)] preserves U, a different charac-
terisation of this subspace was deduced in Proposition 5.4 in [I12]: a polynomial
p €C[z] is an element of U, if only if

2W, (p' —2zp) — W, p e (W)),

where (W,) denotes the ideal generated by W,. That this divisibility condition is
necessary is clear from the form of the singular part of 7; and that it is sufficient
follows from a direct count of the number of linear conditions it imposes on a
polynomial p € C[z].

Whenever A is not a double partition, the Wronskian W, (z) will have one or
more real zeros [1], so that the weight function (4) is no longer non-singular on
the real line. A formula for the precise number of real zeros was recently obtained
in [13]. To resolve the problem with singularities, we replace the standard contour
R by a shifted contour C =i& +R and consider a corresponding Hermitian product
(5). As will become clear below, to ensure that the product is Hermitian we need

to restrict attention to the following subspace of quasi-invariant polynomials:
6—22/2

Wi.(2)

ARr= [p eClz]:¥(2):=p)

is quasi-invariant at z=z;, Vz; € ZF] .
By counting quasi-invariance conditions, we obtain the next proposition.
PROPOSITION 2. The codimension of Q; in QR is |A| _ZzieZ§ m;.
We are now ready for the main definition of this section.

DEFINITION 1. Let £ €R be such that
0<|&l<|Im z|, Vz € Z)\Z\. (18)

Then, we define a sesquilinear product (-,-) on Q, g by setting

_2
eZ

W2(2)

<p,q)=/ P(2)q(2) dz, p.qeQir. (19)
iE+R

Now we will show that the product does not depend on the specific choice of &.
We find it worth stressing that this important property relies on our restriction to
the subspace 9, r.

PROPOSITION 3. For any p,q € Qy r, the value of (p,q) is independent of & e R
provided condition (18) is satisfied.

Proof. Let I¢ denote the integral in the right-hand side of (19). By Cauchy’s the-
orem, it suffices to show that Iz — I_¢ =0 for some £ satisfying (18). From the
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residue theorem, we deduce that the difference between the two integrals is pro-
portional to

2
D Res (p(z)q(z) T ))

i €Z;, ]R

We claim that each of these residues vanish. In fact, we have the following more
general result.

LEMMA 1. If ¥, ¢ are quasi-invariant at z=z;, with any multiplicity m; €N, then

B:ezs» (Vv (2¢(2) =

Indeed, it follows from Condition (2) above that

(W(Z)¢(Z)(Z _ Z[,)Zm,-)(2mi71) }

Zmifl 2m _ 1 o . .
=3 (e woe-am)
j=0 ~ 7
=0.

O
It is now straightforward to show that Definition 1 yields a Hermitian product.

PROPOSITION 4. The sesquilinear product {-,-) is Hermitian:

(p.q)={q,p), Vp,qeQyr.

Proof. In what follows, we find it convenient to use the notation

and use a subscript to indicate the choice of & in (19). Since the classical Hermite
polynomials have real coefficients, it is evident from (3) that w(z) = w(z). Hence,
we have the following equalities:

(P.q)s =/Rp(i‘§ +x)q(i§ +x)w(i§ +x)dx

=/ p(—ié+x)q(—i& +x)w(—i& +x)dx
R
= (qv p)—é

Combined with Proposition 3, this yields the asserted hermiticity property. O
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We recall that the classical Hermite polynomials H;(x) satisfy the orthogonality
relation

/Hj(x)Hz(x)e_xzdx=8j1211!ﬁ, J 1 €Z=y. (20)
R

Combining this fact with the factorisation (15) of the intertwining operator %,
it is now readily established by induction on the length n of A that the CEHPs
H, ;(x) are orthogonal with respect to the Hermitian form (-,-) (cf. [12]).

THEOREM 1. The CEHPs H, ; satisfy the orthogonality relation

n
(. j, Hy) =872 1 [ 20 —k),  Ji1€Z20\K1, - k). (1)

m=1
Proof. The assertion clearly holds true for n =0, with the empty product taken
to be equal to one. Introducing the partition

=2y A,

we have

(Hy.j» H,\,1>=/ R(Dnﬁx,j)(Z)(DHﬁx,[)(Z)dZ-
J’_

i&
Since #,, =#y,, the (formal) adjoint of D; is given by

V4
pi=—S _ % (10g 2L).
1= dx dx(Og%)

The factorisation
DTDl =$X—2k1 —1
thus entails that
<H)‘vj’ HA,I) = 2(l — k1)<H')';]’ Hx,l>'

This completes the induction step, and the theorem is proved. O

Remark 1. Since (-,-) is Hermitian, each squared norm (p, p), p € Q, g, is real,
but need not to be positive. In fact, if the partition is not double, there is always a
finite set of polynomials with negative squared norm, which can be easily identified
using formula (21). For example, setting A =(1) in (21), we see that (H(y;, H(1),1) <
0 if and only if /=0. Grinevich and Novikov [14] pointed out a similar fact in a
finite-gap case.
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We conclude this section by showing that the linear span U, is dense in Q; r in
the sense that

(p, H).1)=0, VleZso\{k1, ..., kn} = p=0.

By Proposition 1, we can formulate the result as follows.
THEOREM 2. The subspace Q, is dense in Q) p.

Proof. Suppose that p € Q, r is such that
(p.q)=0, VqeQ,.
Introducing the polynomials
$.1@) =W @QH (), €L,

which clearly belong to the subspace Q,, we obtain
0=(p,qr.1) =/ P(Z)FI[ (Z)e_zzdz, Vi€ Zsxo.
iE+R

Since the integrand is entire, we can take the limit & — 0. Then expanding p in
terms of the classical Hermite polynomials A, it follows immediately from (20)
that p=0. O

Remark 2. 1f we assume that A is a double partition, then we recover orthogonality
and completeness results from [12] (see Propositions 5.7, 5.8). Indeed, to recover
the former it is enough to note that the weight function (4) is guaranteed to be
non-singular on the real line, so that we can take the limit £ — 0 in (19); and the
latter follows from the observation that we have 9, r=Clz].

3. Exceptional Laurent Orthogonal Polynomials

In this section, we generalise our approach to the space of Laurent polynomials
A =Clz,z"'] using the trigonometric monodromy-free Schrodinger operators [4],
which play an important role in the theory of Huygens’ principle [2].

More specifically, we consider the Laurent polynomials Py .., as defined in (8).
Due to the results of Theorem 3 and Proposition 6 we call Py 4.1, [ €Z, exceptional
Laurent orthogonal polynomials (ELOPs).

3.1. THE GENERAL CASE

In this first subsection, we allow any choice of complex parameters a=(ay, ..., d,),
ar € C\{0}.
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We start from the elementary fact that the exponential functions
ej(x)=exp(ilx), [€Z,
have the eigenfunction property

_ dZe 2
Le = K_l
Note that instead of usual unit circle R/277Z we consider its complex version —
cylinder C/2n7Z. 1t is natural from the trivial monodromy point of view, see [4].
Sequences of Darboux transformations at the levels 0 <k, <k, <--- <k are
now parameterised by n complex parameters 6 = (6y,...,60,), 6k € C. Specifically,
introducing the functions

e;, xeC/2nZ.

¢kj(0j,x)=2cos(ij+6j), j=1,...,n, (22)

the resulting Schrodinger operator takes the form

d? d?
ZK=—@—2@(10ng(¢kl,~--,¢kn)), (23)
where x ={ky, ..., k,}. Furthermore, letting &, act by
Wr (o, ¢iys ..., Gk,)
@K¢= = k]
WI‘((]ﬁk1 e O,

the intertwining relation (11) holds true, and the functions

Wr(er, oy .-, Px,)

Dre.0:1 = , leZ, 24
T T Wr(dny - k) @4
have the eigenfunction property

gx‘pf(,l =l2¢l(,l'
We note that at each level k;, j=1,...,n, the multiplicity is reduced from two to

one. Indeed, by (22)—(24) and linearity of the Wronskian, we have the relation
exp(i€;)Pi.k; (x) +exp(—ib)de,—k; (x)=0, j=1,...,n.

To establish the precise connection between the functions ¢,; and the ELOPs
P, 4.1 given by (8), we change variable to

z=exp(ix)
and fix the values of the parameters a = (ay, ..., a,) according to

ar =exp(ify) eC\{0}, k=1,...,n.
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Then, it is readily seen that

G011 (X) = Pe a1 ()W a(2) 71,

with Py 4.;(z) given by (8) and

Dy, (a1; 2) Dy, (az; 2) a Dy, (an; 2)
D®y (ar; 2) D®y, (az; z) a D®y, (an; z)
WK,H ()= . . . . s (25)
D" & (ai;z) D'y (aiz) - DVl (ans2)

where D =zd/dz and

Oy (a; 2) =azk +a" 775,
Furthermore, a direct computation reveals that P, ,.; is an eigenfunction of the
operator

DWi.4 D*Wie.a

T,=D*-2 <D+
‘ Wea Wea

with eigenvalue /2.

EXAMPLE 2. In the particular case x ={1} the corresponding Schrédinger oper-
ator is given by

2 2
o 2aa
d? 2
[E— + _—
dx?2  cos2(x+6)

Ly =— log(2cos(x +61)))

When expressed in terms of the variable z and the parameter a;, the first few
exceptional Laurent polynomials Pyjy,.; defined by (8) and the corresponding
eigenfunctions ®y1y4.1 = Py1y,q:1/P1, [ €Z are given by

1_-1

Piyao=az—a; 'z, Piny.a0= ai:a—ili—l
P(1y,a:—1=2ay, D1},4,—1= alz+;11 -
L
Piy.a1 =—2a; D)4 :_#,
Puya—2=ay le- +3alz s Piya— —%
Piyaz=a12° +3a; 'z, q){l},a;z:—%.

From these explicit formulae, it is evident that P ,,—1 and P41, as well as
®y1},a:—1 and Py, 4.1, are linearly dependent. Moreover, the definition of @y} 4
clearly entails that each such eigenfunction is singular at z==i/aj.
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We note that, upon setting

Wm :wr(d)kmv ce 7¢)kn)s

the intertwining operator %, factorises according to (15), (16). Just as in the Her-
mite case, it follows that each Schrodinger operator .Z, has trivial monodromy.
Moreover, every monodromy-free trigonometric Schrodinger operator is of the
form (23); see [4].

Let Z, be the set of zeros z; € C of the function W, ,(z) with multiplicities m; €
N and X, be the corresponding set consisting of x; such that exp(ix;)=z;, zj €
Z, (we drop the dependence on « in the notations for brevity in the rest of this
section).

Introduce the subspace

2 ={PeA:D(x):=(P/W,)(exp(ix)) is quasi-invariant at all x; € X, }.
It follows from the trivial monodromy property that
Ue:=(Pe1:l€Z)C 2.

However, in contrast to Hermite case (see Proposition 1), the converse inclusion
does not hold. Instead, we have the following result.

PROPOSITION 5. The codimension of U, in 2, is n.
Proof. From (8), we deduce that

n
Pei(@)=2""det V(I ki, ... k) [ & +1d.,
j=1

where
n
lel=>"ki,
i=1

l.d. stands for terms of lower degree and V is the Vandermonde matrix

o] o Um
Viag,...,om)= .
m—1 m—1 m—1
of o) o

Since det V(l, k1, ...,k,)=0 if and only if I =ky,...,k,, it follows that the degree
sequence

I ={deg P(2): P €Uy}
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stabilises at kj + |«| + 1 in the sense that [ € IF for all [ >k + |«|+ 1. Applying
the same line of reasoning to the Laurent polynomials P, _;(1/z), we find that the
same statement holds true for

I-={degP(z" 1 :Peld}).

Among the ELOPs P,; with |I| <k;+|«|+ 1, a maximal set of linearly independent
Laurent polynomials is given by

lefky,. ...k, JU{0, £1, ..., £k, — D}U{EKk, + 1),..., £(ky—1 — 1)}
U---Uftka +1), ..., £k — D).
The cardinality of this index set equals
n+2k, —14+2ky—1 —ky— 1)+ -4+2k1 —ky— 1) =2k; —n+1.
Observing that
2k1 +2|k| 4+ 1= 2k —n+1)=2|x| +n,

we conclude that the codimension of U, in A is 2|«|+n.
On the other hand, counting quasi-invariance conditions, we find that the codi-
mension of 2, in A equals 2|«| and so the assertion follows. O

Remark 3. In contrast to the case of usual polynomials there are several defini-
tions of the degree of a Laurent polynomial, but none of them are convenient
for our purposes. Let us define the L-degree LdegP of a Laurent polynomial P =

?:pcizi with ¢, #0,¢, #0 as g if g>—p, and p if g <—p. If g=—p the L-
degree is not well-defined since it could be both p and ¢. Under these assumptions

Ldeg Pej=|x|+1,1eN\k, LdegP.;=—|k|+1, =1 eN\«,
otherwise it is not well-defined. Note that the polynomials P, and P _x; with

undefined L-degrees are linearly dependent.

Next, we consider a particular complex bilinear form on 2., given by (6)
with W = W,, and establish corresponding Laurent orthogonality relations. A
related Fourier theory for more general algebro-geometric operators was studied by
Grinevich and Novikov in [14].

DEFINITION 2. Let u€R.g be such that
w#zil, Yz € Zy. (26)

Then, we define a complex bilinear form (-, ) on 2, by setting

1 d
(P, Q)=T]{ P(Z)Q(Z)W[z(z)—z, P, Qe 2, (27)
1 Cu Z
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where

C,={zeC:|z|=pu}. (28)

Substituting z=exp(ix) and following the line of reasoning used in the proof of
Lemma 3, we readily find that the product is well-defined in the sense that it does
not depend on the choice of u. More precisely, we have the following lemma.

LEMMA 2. For any P, Q € 2y, the value of (P, Q) is independent of ueR.q pro-
vided (26) is satisfied.

We are now ready to state and prove the first of the main results in this section,
which may be viewed as a natural analog of Theorem 1.

THEOREM 3. The ELOPs Py satisfy the Laurent orthogonality relation
n
(Pejs Pen)=8j410 [ | P —kp),  j.1€.
m=1

Proof. Just as in the proof of Theorem 1, we note that the assertion holds true
for n=0, and proceed by induction on the length n of «. Letting k¥ = (ka, ..., k),
we have

1 2
(Prj PK,J)ZE/O (D1¢e,j) (x)(D1¢z.1) (x)dx.

Making use of the factorisation
DDy =% —k3, (29)

with

the (formal) adjoint of Dj, we deduce
(Pe.js Pet) = =KD (Pe.j, Pe),

which completes the induction step. O

Remark 4. Having started from an eigenvalue problem with doubly degenerate
eigenvalues, we have that (P, P, —1) =0 for some of the ELOPs P, ;. More specif-
ically, it is evident from the theorem that this is the case if and only if [ = £k,
m=1,...,n.
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Expanding on the result of Proposition 5, we proceed to establish the precise
relationship between U, and 2. We begin with a general definition.

Let V be a vector space over C. Then V is called complex Euclidean space if it
is equipped with a non-degenerate bilinear form B:V®V — C.

DEFINITION 3. Let W CV be a subspace of complex Euclidean space V. We say
that V is a minimal complex Euclidean extension of W if

dim (ker B|w) =codimy W.

For any linear space W and bilinear form B with non-trivial kernel
K :=ker B,

it is readily verified that there is a unique (up to isomorphisms) minimal com-
plex Euclidean extension V O W. Letting K* denote the dual space of K, it can
be realised as follows:

V=K®K*®W/K,
with the extension of B determined by
(ki + ki +wi, ky+ ko +wa) > ka(ky) + ki (k) + B(wy, wa),

where ki, k» € K, ki, k€ K* and wy, wy € W. Moreover, for each basis ki, ..., k, €
K, there is a unique basis ki, ..., k, € K* such that (k;, k;)=4;.

EXAMPLE 3. Suppose that B|wy =0, so that each vector w e W is isotropic. Then
we have

VEWae W,
with

B(wi + Wy, wy+ o) =wa(wy) +wi(w2), wi,waeW, Wy, wreW™

As demonstrated by the following proposition, the inclusion U, C 2, provides a
concrete example of a minimal complex Euclidean extension in the sense of Defi-
nition 3.

PROPOSITION 6. 2, is the minimal complex Euclidean extension of U,.

Proof- From Theorem 3 we infer that

ker(" ')|Z/{,(:<PK,]<J‘ :j:l, ’n>
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(Note the linear relations a; Pek; —i—aj_lPK,_kj =0.) Since ELOPs P, ; corresponding
to different values of /2, and hence different eigenvalues, are linearly independent,
it follows that

dim (ker(-, -)[¢s, ) =n.

Recalling Proposition 5, we see that it remains only to verify that (-,-) is non-
degenerate on 2,. Observing that

W ()7l € 2., VjeL,

we have

1 d
(PW )z ) = —— f P =
2mi Cu Z

which clearly is non-zero for all non-zero P € 2,, and suitable [ € Z. O

3.2. THE HERMITIAN CASE

In the case when all 6; are real or, equivalently, when parameters a = (ay, ..., d,)
satisfy

lael =1, k=1,....n, (30)

we can introduce the Hermitian structure as follows.
Note that in this case the weight function w(z) =W, (z)~2 is invariant under the
antilinear involution

P'(x):=P(1/3), PeA, 31)
which will play much the same role as the Schwartz conjugate did in the Hermite
case. In fact, observing that (DP)"=—DPT and that CDZ = ®;, we can deduce from
(25) that

W@ =(=D)""DPWe @), k={ki..... ka}. (32)
In addition, the zero set Z, becomes invariant under the involution z — 1/z, i.e.

zi€Zy = 1/z;€Z,,

and, since z=1/z whenever |z] =1, we have that

We@Wi@) =W, lzl=1. (33)
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Letting Z,(C:{z,- €Z:|z|]=1} and X,]E:{xj cexp(ixj)=zj, z; eZKC}C]R, we intro-
duce the following subspace of quasi-invariant Laurent polynomials:

Dc= {P eA:P(x):=(P/W,)(exp(ix)) is quasi-invariant at all x; e XEQ} .
From (32), it is straightforward to infer that
2=, 2 =2,

which allows us to define a natural sesquilinear product on 2 c.

DEFINITION 4. Assuming that (30) holds true, we introduce

V= min |z|,
Zi€Zy
|zi|>1

and let ©eR.o be such that
1 <max(u, 1/n) <v. (34)
Then, we define a sesquilinear product (-, -); on 2, ¢ by setting

1 . _1d
(P, Q>L=77§ PO QW @W ) '=, P.0e2.c. (35)
Tl CIL Z

Again, the product does not depend on the specific choice of wu.

LEMMA 3. For any P, Q€ 2, c, the value of (P, Q) is independent of neR.
provided (34) is satisfied.

By adapting the proof of Proposition 4, we can use the lemma to show that Def-
inition 4 yields a Hermitian product.

PROPOSITION 7. The sesquilinear product {-,-); is Hermitian:

(Pv Q>L=<Q’ P)Lv VP’ Qeo@K,C-

Proof. Using the notation

w(@) =1/ W (W] (2)
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and using a subscript to indicate the choice of u in (35), we deduce the following
equalities:

1 - . .
(P, Q)L’“:E/O P(pe'®) Qe ) w(pe'?)dg

2
L / P(ue ) Q(utel)w(u=1ei?)dg
2w 0
Z(Qv P)L,u,*lv

and so hermiticity follows from Lemma 3. O

Moreover, the proof of Theorem 3 is readily adapted to yield the following
orthogonality result.

THEOREM 4. Assuming that (30) holds true, the ELOPs Py satisfy the orthogo-
nality relation

(Pe.j Pe) = ,1H<k2—12 €. (36)

Proof. Taking z=-exp(ix) in the integral in (35) and observing that (cf. (32))
Wi (=x) = (=)=t D2oy (),

we establish the equalities

2

1 I
(Pe,js Pel)L= g (D197, ;) (x)(D1¢z,1) (—x)dx
T Jo

21

1 -
=—5- [ ;0D Digen) (—x)dx.
7 Jo

Appealing to the factorisation (29), we thus obtain the relation
(Pe.js Pt = (i —1)(Pe,j, Pei)L,

and the assertion follows by induction on n. O

After replacing the bilinear form B by a Hermitian sesquilinear form %, Defini-
tion 3 as well as the succeeding discussion applies with minor changes also in the
present situation. Specifically, we say that V is a minimal Hermitian extension of
W if

dim (ker hlw) =codimy W.

Then, we have the following analog of Theorem 2.
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THEOREM 5. The subspace 2, which is the minimal Hermitian extension of Uy,
is dense in 2y c.

Proof. Suppose that P € 2, ¢ is such that
(P, Q) =0, VQe2,.
Since the Laurent polynomials
Qe =We@W ()7, €L,

clearly are contained in 2, we have that

1 d
0=(P, Qri)L=7— P(z)zl—z, vieZ.
2mi Cy Z

Taking the limit ©— 1 and using the property that

| dz
— * = =810 kel
2mi lz]=1 Z
we conclude that P =0. 0

Remark 5. Tt is known from the soliton theory that for every non-empty set « and
any choice of real 6; the corresponding potential always has singularities on the
real line. This means that in the Laurent case we do not have non-trivial regular
examples (unlike Hermite case with double partitions).

4. Concluding Remarks

We have discussed two complex versions of the exceptional orthogonal polynomi-
als, related to two classes of monodromy-free Schrodinger operators. We would like
to emphasise two novelties compared to the original approach of Gémez-Ullate et
al. [11,12].

First, in order to define the inner product in general we have to reduce the space
of polynomials to the subspace of quasi-invariants, which has a finite codimension.
The only exception is the Hermite case with double partitions considered in [12].

Second, in the Laurent case the space of quasi-invariants is not generated by the
corresponding exceptional Laurent polynomials, so we need to consider the mini-
mal complex Euclidean extension.

In the rational case with sextic growth at infinity there are some partial results
[10], which lead to finite sets of orthogonal polynomials of the same degree. It
would be interesting to analyse this situation in view of a recent very interesting
paper by Felder and Willwacher [9].
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It would be interesting also to see what happens with exceptional orthogonal
polynomials in the multidimensional case. One can use the monodromy-free gener-
alised Calogero—Moser operators, playing an important role in the theory of Huy-
gens principle [4]. We plan to address this elsewhere soon.
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