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Abstract — In switched-flux permanent magnet (SFPM) 
machines, the 6th-harmonic back electromotive force (EMF) is 
dominant, whilst the 3rd-harmonic back-EMF is much smaller. 
This paper proposes several new position estimation methods for 
sensorless control based on the 6th-harmonic back-EMF. Firstly, 
by detecting the zero-crossings of the 6th-harmonic back-EMF 
with/without eliminating the influence of the 3rd-harmonic back 
EMF, the related rotor positions can be determined precisely at 
these zero-crossings. However, since the intermediate rotor 
positions need to be determined by linear interpretation between 
two zero-crossings, it only exhibits excellent performance under 
steady state. Furthermore, the continuous rotor position can be 
estimated from the proposed new observer by utilizing the 
combined signals of 6th-harmonic back-EMF and flux-linkage, 
together with a synchronous reference frame filter (SRFF) and 
harmonic elimination. Experimental validation show that (a) by 
eliminating the 3rd-harmonic back-EMF effect, the accuracy of 
the proposed 6th-harmonic back-EMF zero-crossings detection 
method can be improved, (b) SRFF is effective to minimize the 
influence of non-constant amplitudes of the 6th-harmonic back-
EMF and flux-linkage, (c) the comparison between the 
fundamental, the 3rd-harmonic back-EMF and the proposed 
method are presented in order to highlight the effectiveness of 
proposed control strategy under different operating conditions. 
 

Keywords — harmonic back-EMF, high-resolution rotor 
position estimator, permanent magnet machine, SFPM machine, 
sensorless control, switched flux. 

I. INTRODUCTION 

Permanent magnet (PM) machines have been widely 
employed in many industrial applications due to high torque 
density, power density, and efficiency. In order to achieve 
high control performance and minimize the current harmonics 
and torque ripples, a high resolution vector controlled method 
which requires accurate rotor position information has to be 
implemented. Hence, many high performance sensorless-
based control techniques have been considered, including the 
methods utilizing the back-EMF or the machine saliency to 
detect the rotor position information [1]-[5]. Back-EMF based 
sensorless control techniques can be categorised as integration 
of back-EMF which is PM excitation flux-linkage [6]-[8], 
zero-crossings of fundamental back-EMF [2][9], and harmonic 
back-EMF i.e. third order of harmonic components [10]-[14]. 

However, for some PM synchronous machines, the 3rd-
harmonic back-EMF does not exist or very small. Hence, the 
proposed method in this paper for extracting the harmonic 
back-EMF is specifically developed for some particular 

machines such as SFPM machines in which the 3rd- and 6th-
harmonic back-EMFs exist. By comparison, the 6th-harmonic 
back-EMF in the prototype 12/10 stator/rotor pole SFPM 
machine is dominant and can be used for the sensorless 
control operation. Besides, it has similar principle as the 
method based on the 3rd-harmonic back-EMF [11][14]. 

In terms of the rotor position estimation, the integration of 
6th-harmonic back-EMF, i.e. the 6th-harmonic flux-linkage, is 
utilized. By detecting the zero-crossings of the 6th-harmonic 
flux-linkage with/without eliminating the influence of the 3rd-
harmonic back-EMF, the rotor position can be accurately 
estimated. However, the performance at steady state can only 
be guaranteed, and the degradation occurs at dynamic state 
due to the sharp change of estimated rotor position. In order to 
enhance the accuracy of rotor position estimation, the 
continuous rotor position can be obtained from the proposed 
new observer by utilizing the combined signals of 6th-hrmonic 
back-EMF and flux-linkage as the reference input signals, 
together with a synchronous reference frame filter (SRFF) and 
harmonic compensation. The experimental comparison 
amongst the fundamental, the 3rd-harmonic back-EMF and 
the proposed method will be given for highlighting the 
effectiveness of proposed control strategy. Furthermore, the 
experiments will be carried out under different operating 
conditions, i.e. steady and dynamic states with/without 
compensation. 

II. CONFIGURATION OF SFPM MACHINE AND BACK-EMF 

ANALYSIS 

For the prototype SFPM machine under investigation, it is 
comprised of four series-connected winding coils for each 
phase, i.e. coils A1-A4 for phase A and the same for phase B 
and C as shown in Fig.1. The back-EMF waveforms induced 
in the different winding configurations are analyzed in order to 
investigate the harmonic components in the back-EMFs. 

 
Fig. 1.  Topology of SFPM machine. 
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The back-EMF waveforms for each of the two pairs of 
diametrically opposite coil combination, namely A1A3 and 
A2A4 are shown in Fig. 2 (a), together with the resultant back-
EMF waveform when the two pairs of coil combination are 
connected in series. It clearly shows that the back-EMF 
waveforms for the two pairs of coil combination A1A3 and 
A2A4 are asymmetric and non-sinusoidal. Both back-EMF 
waveforms are rich of the harmonics, i.e. 2nd, 4th and 6th 
harmonics, which also include odd harmonics with small 
amplitudes according to the Discrete Fourier Transform (DFT) 
analysis shown in Fig. 2 (b). However, when the two pairs of 
perpendicularly disposed coil combination A1A3 and A2A4 
are connected in series, the harmonics is cancelled. Therefore, 
the resultant phase back-EMF is essentially sinusoidal, as can 
be seen in Fig. 2 (a). 
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(a) Measured back-EMFs 
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(b) DFT analysis 

Fig. 2.  Phase A back-EMFs based on different winding configurations. 

III. DETECTION OF SIXTH HARMONIC BACK-EMF AND 

THIRD HARMONIC CANCELLATION 

Considering the machine windings are Y-connected, the 
fundamental phase back-EMF may include some un-known 
orders of harmonic, which can be easily sensed. Then, the Y-
connected resistance network is required [11]. The neutral 
point “n” of Y-connected stator windings and the central point 
“s1” and “s2” of Y-connected resistance networks in Fig. 3 are 
employed to measure the harmonic back-EMFs. 

 
Fig. 3.  Detection of harmonic back-EMFs. 

Based on the Fourier analysis, the sum of three-phase 
voltage equation can be derived as 
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where uan, ubn and ucn are the three-phase voltage. ea_1&3+2&4, 
eb_1&3+2&4 and ec_1&3+2&4 are the phase A, B and C back-EMF. 
Then, the average of the sum of three phase back-EMFs can 
be expressed as 

( )1 / 3s n an bn cnu u u u= + +   (2) 

where us1n is the harmonic back-EMF irrespective of the 
operational mode of the PMSM.  
According to (1) and (2), a triplen harmonics as described in 
(3) is measured between the central point “s1” of the first 
resistance network and the machine neutral point “n”, from 
which the harmonic back-EMF of us1n can be obtained as 
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Similarly, the harmonic back-EMF of us2n is measured 
between the machine winding neutral point “n” and the central 
point “s2” of the second resistance network, which can be 
derived as 
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where us2n represents the harmonic back-EMF measuring from 
the winding coil 2 connecting with winding coil 4. uan_2&4, 
ubn_2&4 and ucn_2&4 are the phase voltage of the winding coil 2 
connecting with winding coil 4. ea_2&4, eb_2&4 and ec_2&4 present 
the back-EMF of the winding coil 2 connecting with winding 
coil 4. 

In Fig. 4, the harmonic back-EMF waveforms are measured. 
More specifically, the amplitude of us2n is obviously bigger 
than that of us1n. It shows that the 6th harmonic component in 
us2n is dominant and can utilize for the rotor position 
estimation. However, it is also found that us2n includes a large 
3rd harmonic component which may affect the control 
operation, and needs to be further eliminated. 

Additionally, Figs. 4 (a) show that the amplitudes of 
harmonic back-EMF of us1n and us2n are relatively small, and 
may include some low frequency noise or DC offset. Hence, 
they can be amplified to a significant level as shown in Fig. 4 
(b) by a Texas Instrument TL074 operational amplifier in 
order to increase the control stability. 

As mentioned, the large 3rd harmonic component is included 
in us2n. Thus, the 3rd-harmonic component measured from us1n 
can be used to reduce the influence of 3rd harmonic on us2n as 
its amplitude is twice, which can be derived as 
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In order to minimize the influence of 3rd harmonic on us2n, a 
simple method is proposed, and can be re-expressed as 

( )*
2 1 6 _ 2&42 / 2s n s ns nu u u e= − ≈   (7) 
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(a) DFT analysis - Original 
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Fig. 4.  Measured harmonic back-EMFs analysis. 

In Fig. 5, the 3rd harmonic component effect on us2n is 
analyzed, and has significantly been reduced in us2n. Moreover, 
it can be anticipated that if the influence of the 3rd harmonic on 
us2n can completely be eliminated by the proposed method; the 
more accurate rotor position estimation will be achieved. 
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Fig. 5.  Influence of third harmonic on back-EMF of us2n. 

IV. EXISTING BACK-EMFS BASED ROTOR POSITION 

ESTIMATIONS 

A. Rotor Position Estimation Based on Fundamental Back-
EMF 

The most commonly used method for sensorless control in 
medium and high speed ranges is the fundamental back-EMF 
based observer [6][7]. The algorithm of the fundamental back-
EMF technique according to [15], can be expressed as 
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d
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where pmψ , u and i are the PM flux linkage, terminal voltage 

and measured current, respectively. Rs is the stator resistance 
and Ls is the winding inductance. θr is referred as the electrical 
rotor position. However, the only issue for the fundamental 
method is the sensitivity of parameters which need to be 
accurate otherwise the accuracy of the rotor position 
estimation will be degraded. 

B. Rotor Position Estimation Based on Third-Harmonic 
Back-EMF 

Another back-EMF based method is to utilize the harmonic 
back-EMF for the rotor position estimation, such as the 3rd-
harmonic back-EMF [11][12][14].  

 According to [11][14], the initial rotor position θ0 of each 
half-cycle between two zero-crossings could be known. Then, 
the estimated rotor position can be calculated by simple 
integration as 

0 00 0

/ 3t t

r
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t

πθ θ ω θ= + = +        (12) 

where ωr in (12) is the average machine speed which can be 
calculated from the time cycle of zero-crossings, whilst Δtc is 
the time interval of position estimation. However, for this 
method, the estimated rotor position will only be accurate 
under steady-state and inaccurate during dynamic transient. 

V.   PROPOSED SIXTH HARMONIC BACK-EMF BASED 

ROTOR POSITION ESTIMATIONS 

A. Rotor Position Estimation Based on Integration and Zero 
Crossings Detection 

In Fig. 6, the initial rotor position θ0 is calculated from the 
integration of *

2s nu  which is the 6th-harmonic flux-linkage of 

ψsn comparing with the electrical rotor position θr.  

-2
-1
0
1
2
3
4
5
6
7
8

-400
-320
-240
-160

-80
0

80
160
240
320
400

0 0.02 0.04 0.06 0.08 0.1

Vo
lta

ge
 (V

)

Ro
to

r p
os

iti
on

 (D
eg

.)

Time (s)

Theta_0 Actual position Ua

 
Fig. 6.  Rotor positions with phase A terminal voltage, 100 r/min. 

The terminal voltage ua is required for detecting the first 
related rotor position of zero-crossings of ψsn which is π/12. 
When the first related rotor position is obtained, the following 
discrete positions can also be located, which are π/4, 5π/12, 
7π/12, 3π/4, 11π/12, 13π/12, 5π/4, 17π/12, 19π/12, 7π/4 and 
23π/12. The integration and zero-crossings based rotor 
position estimator is described in Fig. 7. 
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Fig. 7.  Integration and zero-crossings based rotor position estimations. 



Since the zero-crossings of the 6th-harmonic flux-linkage 
are related to the rotor positions, each cycle between two zero-
crossings can be located in order to detect the initial rotor 
position θ0. Then, the estimated rotor position θ e

r
 can be 

calculated by integration [11][14] as 

0 0

t e
r

e

r
dtθ θ ω= +    (13) 

where e
rω  is the estimated speed that calculates from the time 

duration between the zero-crossings of ψsn and current, and 
usually the average speed between the last two zero-crossings 
of ψsn, i.e. 

/ 6e
r

dt

πω =    (14) 

where td is referred as the time interval of the previous half 
cycle between two zero-crossings of ψsn. 

The rotor position estimation at steady-state can exhibit 
high accuracy estimation since the speed is constant. However, 
during dynamic transient state, the sharp change is happened 
and will deteriorate the performance due to the inaccurate 
speed variation, e.g. causing current distortion and torque 
pulsating. Hence, the phase-locked loop (PLL) based position 
observer is employed to avoid this issue, but the operation is 
still limited due to the influence of non-constant amplitude. 

B. Proposed Rotor Position Estimation Based on the Sixth-
Harmonic Back-EMF 

As mentioned before, if the 3rd harmonic component in us2n 
is completely cancelled, the calculated *

2s nu  will mainly be 

the 6th-harmonic back-EMF. Hence, its integration, i.e. the 
6th-harmonic flux-linkage ψsn will be a continuous sinusoidal 
signal with constant amplitude, and are used as the reference 
input signals for the proposed observer. A compensation 
scheme i.e. SRFF [4] as described in Fig. 8 together with a 
3rd-harmonic compensation and novel rotor position 
estimation shown in Fig. 9 are proposed to reduce the error in 
the rotor position estimation. 
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Fig. 8.  Model of synchronous reference frame filter. 

 
Fig. 9.  Proposed observer with non-constant compensation scheme. 

In SRFF, the high-pass filter (HPF) is chosen to eliminate 
the harmonics. It is basically based on the two signals. One is 
(7) which can be rewritten as 

( ) ( )*
2 6 _ 2&4sin sin 6s n ap r u ap ru K t e Kω ϕ θ= + + = ×  (15) 

where Kap, ωr and φn are the amplitude, angular speed and 
initial phase angle of the 6th-harmonic back-EMF, and its 
integration ψsn which can be expressed as 

( )cos 6sn ap rAψ θ= − ×   (16) 

where Aap is the amplitude of ψsn. The effectiveness of the 
non-constant compensation scheme is validated as shown in 
Fig. 10. Clearly, the 6th-harmonic flux-linkage and the unified 
6th-harmonic back-EMF with non-constant amplitude have 
significantly been improved. 
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Fig. 10.  Measured sixth-harmonic flux-linkage and unified sixth-harmonic 
back-EMF with proposed compensation scheme. 

After compensation, the 6th-harmonic flux-linkage become 
a continuous signal with constant amplitude, which can be 
represented as 

( )* cos 6sn p rAψ θ= − ×    (17) 

where Ap is the amplitude of *
snψ . Ap varies with different 

temperature of PM. It should be detected in every cycle in 
order to avoid the amplitude changing. Besides, the assistant 

signal of *
2s nu , its amplitude is related to rotor position and 

varying with the rotor speed ω e
r , can be unified to Ap, which is 

rewritten as 

( ) ( )**
2 6 sin 6 sin 6p

s n r p re
r

K
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ω
= × = ×  (18) 

where ω e
r  is the estimated speed response and Kp is the unify-

value of the 6th-harmonic back-EMF. In order to obtain the 
continuous rotor position from (17) and (18), the PLL 
observer is employed which was first published in [16]. The 
close-loop transfer function between the actual and estimated 
rotor position information can be expressed as 
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Equation (19) represents as a simple standard second-order 
control system. The values of kp and ki of PI controller can 
easily be determined and on-line adjusted. By applying the 
PLL observer together with the aid of SRFF, the high accuracy 
of continuous rotor position estimation can be achieved at both 
steady and dynamic states. 

VI. EXPERIMENTAL RESULTS 

In order to demonstrate the effectiveness of the 6th-
harmonic back-EMF based sensorless control operation, both 
steady and dynamic performances have been carried out on the 
prototype machine as shown in Fig.11, whose parameters are 
listed in Table I. 



 
Fig. 11.  12/10 stator/rotor pole SFPM prototype machine. 

TABLE I  
PARAMETERS OF SFPM PROTOTYPE MACHINE 

Quantity Value Unit 
Rated torque 2.7 Nm 
Rated speed 400 r/min 

Stator pole number 12  
Rotor pole number 10  

d-axis inductance, Ld 0.277 mH 
q-axis inductance, Lq 0.339 mH 

 

A. Evaluation of Proposed Rotor Position Estimations 
Based on the Sixth-Harmonic Back-EMF 

The estimated rotor positions based on integration, zero-
crossings detection, and proposed method, at a constant speed 
of 100r/min, are shown in Fig. 12. Meanwhile, the comparison 
of position-tracking behavior, at a constant speed of 100 r/min, 
is shown in Fig. 13. It shows the proposed method exhibits 
lower position estimation error and better performance. 
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(a) Estimated position based on integration 
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(b) Estimated position based on zero-crossings detection 

-15
0
15
30
45
60
75
90
105
120
135

-400
-320
-240
-160

-80
0

80
160
240
320
400

0 0.02 0.04 0.06 0.08 0.1 Po
si

tio
n 

er
ro

r (
D

eg
.)

Ro
to

r p
os

iti
on

 (D
eg

.)

Time (s)

Estimated position Actual position
Position error

 
(c) Estimated position based on proposed method 

Fig. 12.  Rotor position estimation at steady state, 100 r/min. 

In Fig. 14, the dynamic performance of speed step-response 
from 50 r/min to 100 r/min is demonstrated. Figs. 14 (a) and 
(b) show that the rotor speeds calculated from the integration 
and zero-crossings detection have larger estimation errors 
during the speed step-change due to the unstable estimation of 
twelve accurate rotor positions. On the other hand, a good 
speed response by the proposed method is achieved as shown 
in Fig. 14 (c). 
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Fig. 13.  Comparison of rotor position estimations, 100 r/min. 
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(a) Estimated speed based on integration 
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(b) Estimated speed based on zero-crossings detection 
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(c) Estimated speed based on proposed method 

Fig. 14.  Rotor speed estimation at dynamic-state, 50-100 r/min. 
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(a) Estimated position based on integration 
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(b) Estimated position based on zero-crossings detection 
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(c) Estimated position based on proposed method 

Fig. 15.  Rotor position estimation at dynamic-state, 50-100 r/min. 



Similarly, the dynamic performances shown in Figs. 15 (a) 
and (b) have large errors due to sharp changes of estimated 
rotor position and inaccurate speed estimation. Fig. 15 (c) 
shows the estimated position error is significantly reduced by 
the proposed method. Although the estimated position error 
reaches up to ±10 deg. during the transient process, the 
estimation error can still be limited to ±5 deg. at steady state. 
Fig. 16 shows the performance from standstill to 100 r/min. 
The sensorless control stage is switched in at 0.37s. During the 
speed increasing period, the estimated error is finally reduced 
and the estimated speed tracks well to the actual speed. 
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Fig. 16.  Speed-step responses, from zero to 100 r/min, by proposed method. 

B. Rotor Position Estimations Based on Different Back-
EMF Based Methods 

The comparison of rotor position estimations based on 
different back-EMFs based method is shown in Fig. 17. By 
analyzing the estimated position errors under the same testing 
condition, the estimation accuracies in the fundamental back-
EMF and the 3rd-harmonic back-EMF based methods have 
not performed as good as the proposed method due to 
influence of cross-coupling magnetic saturation [17]. 
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Fig. 17.  Comparison of different back-EMF based methods, 100 r/min. 

VII. CONCLUSION 

This paper proposes the 6th-harmonic back-EMF based 
sensorless control strategy since its amplitude is bigger and 
dominant, whilst the 3rd-harmonic is relatively small which 
may easily fail in the rotor position estimation. 

Considering the 3rd-harmonic and non-constant effects, the 
proposed observer together with the harmonic elimination and 
SRFF by utilizing the combined signals of the 6th-harmonic 
back-EMF and flux-linkage, the continuous rotor position is 
therefore obtained, and the high accuracy of rotor position 

estimation is achieved at different operating conditions. 
Furthermore, comparing with the fundamental and the 3rd-

harmonic back-EMF based techniques, the proposed method 
has better performance due to less influence of cross-coupling 
magnetic saturation, but it still has limit in the low speed 
region as any flux linkages or back-EMF based methods. 
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