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Abstract

The averaging method provides a powerful tool for studying evolu-
tion in near-integrable systems. Existence of separatrices in the phase
space of the underlying integrable system is an obstacle for applica-
tion of standard results that justify using of averaging. We establish
estimates that allow to use averaging method when the underlying in-
tegrable system is a system with one rotating phase, and the evolution
leads to separatrix crossings.

1 Introduction

An averaging method (see, e.g., [5]) is a powerful tool for study a long-term
evolution in systems which are small perturbations of integrable systems.
Many applications of this method are for one-frequency systems (also called
systems with one fast rotating phase). In these cases in the phase space of
the corresponding unperturbed system there is a domain foliated by closed
trajectories - invariant circles. Averaging of perturbations over these cir-
cles provides a closed system for an approximate description of perturbed
dynamics in this domain. Typically, in systems under consideration there
are several such domains. These domains are bounded by surfaces on which
this foliation has singularities. Classical results justifying averaging method
[5] guarantee its applicability for description of evolution not too close to
these separating surfaces. However, it is rather typical that evolution leads



Figure 1: Phase portrait of a pendulum.

to crossing of these surfaces. The goal of this paper is to provide justifica-
tion of a modified version of the averaging method for description of such an
evolution.

A paradigmatic example of problems considered in this paper is a pen-
dulum under the action of perturbations, e.g., of a small friction, a small
constant torque, and a slow change of its length. An unperturbed pendulum
could be in one of three regimes of motion: it could rotate in one or other
direction, or oscillate. In the phase portrait of the pendulum these three
regimes are demarcated by separatrices (Fig. 1). Motion of the pendulum
evolves slowly under the action of perturbations. In the process of this evo-
lution the pendulum can change the regime of its motion. In the phase plane
the phase point crosses an instant separatrix of the unperturbed pendulum.
Evolution of energy far from the separatrix can be described by the averaging
method. Classical results justifying this method [5] are not applicable in the
case of crossings of a separatrix. Moreover, this crossing leads to a remark-
able probabilistic scattering. Initial data for different outcomes of separatrix
crossings are mixed, and it is reasonable to consider each outcome as a ran-
dom event with a definite probability. This probabilistic approach was first
described in a similar problem in [21] and then independently in [14].

A natural way to describe evolution in the considered system is to use
averaging method up to arrival to the separatrix, to calculate probabilities
of capture into different domains at the separatrix, and to use the averag-
ing method starting from the separatrix in the domain in which the system
continues its evolution. In the current paper we justify such an approach
for a rather wide class of one-frequency systems that change a qualitative



character of their motion in the process of evolution. The obtained estimates
of the accuracy of the averaging method are sharp.

Part of results of this paper was announced (without proofs) in [26] (see
also [4], Subsection 6.1.10) on the basis of estimates in [25].

2 Averaging method and averaging theorem
for the separatrix crossing

In this section an averaging theorem is formulated that justifies the averaging
method for description of the separatrix crossing. The proof is based on
propositions given in Sections 3, 4, 5. There are probability phenomena
due to separatrix crossing. Hence the recipe of the averaging method here
includes calculations of the corresponding probabilities, and the averaging
theorem justifies these calculations. All considerations are for systems of the
form (2.1) below. We explain in the Appendix relation of this form to the
general form of one-frequency systems with separatrix crossings.

2.1 Outline of the problem

We consider systems described by differential equations of the form

. OF . oF :
q = a—p+€fl,p——a—q+€f2,2—€f37 (21)

E = E(p7Q7Z)7 fz = f’i(pvq"zvs)ai = 1a2737 (pa Q) € RQaz € Rl_2 .

Here € > 0 is a small parameter characterising the rate of evolution. For
e =0, z = const we have an unperturbed system for p, g, which is a Hamilto-
nian system with one degree of freedom. The function F is an unperturbed
Hamiltonian, and the functions e f; are the perturbations. It is supposed,
that there are separatrices in the phase portrait of the unperturbed system
Fig. 2. In the course of evolution the projection of the phase point onto the
plane (p, q) crosses a separatrix.

Far from the separatrices instead of (p, ¢) it is possible to use the variables
h = E and ¢, where ¢ is “the angle” (from the pair “action-angle” variables
2] of the unperturbed system). Then for A, z, p we get the perturbed system
having the standard form of system with one rotating phase [5]: in this
system h, z are called slow variables, ¢ is the rotating phase. 1t is a classical



Figure 2: Phase portrait of the unperturbed system.

result that the averaged with respect to ¢ system describes the evolution of
h, z far from separatrices with accuracy O(e) during the time interval of order
1/e. At the separatrices the frequency of the unperturbed motion vanishes,
and also the equations in variables h,z,p have singularities. In a region that
includes a separatrix, the conditions of the classical theorem about accuracy
of the averaging [5] fail and the applicability of the averaging method for the
description of the evolution near the separatrices requires a justification.

Separatrix crossing leads to probability phenomena [1, 14, 15, 21]. As a
simple example let as consider the motion of a particle in one dimension in
double-well potential, Fig. 3a, perturbed by a small, of order ¢, dissipation
[1]. Phase portrait of the perturbed system is shown in Fig. 3b, where the
initial conditions for the capture into the region, surrounded by the right
separatrix loop, are shaded. The shaded strips far from the saddle have
width of order € and form a spiral with a step of order €. Therefore small, of
order g, change of the initial conditions can change the result of evolution. As
the initial conditions are always known only with some finite accuracy, the
deterministic approach to the problem fails when ¢ — 0. But it is possible
to define in some natural way and to calculate the probabilities of capture
into different regions after the separatrix crossing [1].

For systems of such types, a procedure of an approximate description of
the evolution consists of using the averaged system up to the separatrix and
calculation of the probability of capture into one or another region on the
separatrix. It will be seen, that for majority of initial conditions this pro-
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Figure 3: a) Double-well potential. b) Effect of a small friction.

cedure describes the behaviour of the slow variables with accuracy O(elne)
during time of order 1/e. The measure of the “bad” set of initial conditions,
for which this description is not valid, tends to 0 faster, than any given power
of € as ¢ — 0. The general formula for the probability of the capture into
one or another region (in the sense of definition in [1]) also will be proved.

2.2 Formulation of Hypotheses

System (2.1) is considered for (p,q,2) € D,| € |< 1, where D is a bounded
domain in R!, &; = const. We denote B the projection of D onto z-space,
and G' = G(z) the section of D by the two-dimensional plane z = const. It is
supposed that each domain G(z) C R? is composed of the whole trajectories
of the unperturbed system. It is supposed that the following assumptions
are satisfied.

A. The function E is of smoothness C3, and the functions f; are of
smoothness C? with respect to p,q,z. Functions f; have one continuous
derivative with respect to ¢.

B. For 2z € B the phase portrait of the unperturbed system in the domain
G(z) has the form shown in Fig. 2. The unstable stationary point C' is a
non-degenerate saddle point. The separatrices {1 = [;(z) and Iy = l5(2) divide
the unperturbed phase portrait into three regions G, = G,(z), v = 1,2,3.



In what follows we assume that the Hamiltonian £ is normalised in such a
way, that £ = 0 at the saddle point C', and therefore, on the separatrices.
Then E > 0 in the region G5, E < 0 in the regions G; and G,. We denote
I3 =101 Ul.

C. Introduce quantities

[ (DE, OE . OE , B
61/(2) - i(@qfl + 3pf2 + 8Zf3>dt7 V_1727 (22>

@3(2) = @1(2’) -+ @2(2) .

Integrals in (2.2) are calculated along the unperturbed separatrices parametrized
by the time ¢ of the unperturbed motion; f? = fi(p,q,2,0),7 = 1,2,3.
Integrals (2.2) are improper, because the motion along a separatrix takes
infinite time. Our normalisation of E guarantees the convergence of the in-
tegrals as it is proved at the end of this section. We assume that the values
0,, v = 1,2,3 are different from zero. In what follows, for certainty, the
values ©,, v = 1,2, 3 are supposed to be positive.

Let us explain the meaning of the condition C. In the region G, for small
|E| > ¢, in the perturbed motion, a phase point makes rounds that are close
to the unperturbed separatrix [,. The change of the value of F during one
such round is close to the value —£©,, . Therefore, for phase points with small
|E|, condition C ensures an approach the separatrix in the region G5 and a
departure from the separatrix in the regions G; and G5. The convergence of
integrals (2.2) is a corollary of the following assertion.

Lemma 2.1 The first derivatives of the function E with respect to p,q,z
vanish at the point C'.

Proof. The derivatives with respect to p,q vanish at the point C' be-
cause the point C' is an equilibrium position of the unperturbed system. Let
pc(2), qo(2) be coordinates of the point C. The Hamiltonian is normalised by
the condition E(pc(2), qc(z), z) = 0. Calculating the derivative of this equal-
ity with respect to z and taking into account that %—5 = %—f = 0 at the point C,

we get that % = (0 at the point C. U

Lemma 2.1 implies that

(0E/0a)//(OE/0p)* + (0E/0q)?, a0 = p, q, 2,



tend to finite limits as a point (p, ¢) tends to the point C' along a separatrix.
Let us use in the integrals (2.2) the arc length along the separatrix as a
new independent variable. Then integrands do not have singularities, and
therefore integrals (2.2) converge. Moreover, ©, are smooth functions of z.

2.3 Averaged system
Let us define the averaged system separately for each region G, first. Let
Y, ={(h,2): 2 € B,h=E(p,q,2),(p.q) € Gu(2)}, v =1,2,3.

The averaged in the region G, system is, by definition, the following system
of differential equations in >,:

- or ,, OF ,, O0OF ,
b= nf GoR e GB T (2.3
. € 0
2 = = dt.
=4

Here integrals are calculated along the level line E' = h of the Hamiltonian
situated in the domain G,(z). This level line is parametrized by the time
t of the unperturbed motion along it, and 7' = T'(h,z) is the period of
this motion. To write down this averaged system we calculate the rate of
changing of h = E(p,q, z) and z in the perturbed system, and then average
the obtained expressions over ¢ along the level line £ = h (for ¢ = 0 in
the arguments of f;). This averaging is equivalent to the averaging over the
angular variable ¢ discussed in Subsection 2.1.

The period T' grows proportionally to —In|A| in the principal approxi-
mation as h — 0 (see Lemma 3.3). When h = 0 it is reasonable to extent
the definition of the right hand sides of (2.3) by continuity, putting

hlheo=0, 2 |nmo=cfsc,

where f3 is the value of the function fJ at the point C. Now we can combine
three averaged systems in different regions into one “whole” averaged system.
The phase space of the “whole” averaged system is a singular manifold, glued
of three parts X1, %, and Y3 along the set {h = 0}, Fig. 4. We will call the
set {h = 0} the separatrix for the averaged system.

According to condition C, h < 0 in the averaged system for small h #0
in all regions.
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Figure 4: The phase space of the averaged system.

Definition. A solution H(7), Z(7), 7 = et, of the averaged system in
G, such that H(t) — 0, Z(1) — 2z, as 7 — 7, — 0 (for the region G3) or
T — T« + 0 ( for the regions G ) is called a solution crossing the separatriz
at the point z, at the moment 7,.

The following lemma is proved in Subsection 3.6.

Lemma 2.2 a) For any z, € B, 7., and v = 1,2,3 there ezists a unique
solution of the averaged system in G, crossing the separatriz at the point z,
at the moment 7,.

b). If zy € B, then for small enough |ho| the solution H(t), Z(T) of the
averaged system with the initial conditions H (1) = ho, Z(To) = 20 crosses
the separatriz at some moment T = T, (T. > Ty, if ho > 0 and 7. < 1o if
ho < 0).

Take any point (po, qo, 20) € D such that (pg,q0) € Gs(z). Denote hy =
E(po, qo, 20). Consider the solution (H3(7), Z3(7)) of the averaged system in
G5 with the initial condition (ho,29) at 7 = 0 (Fig. 4). Suppose that this
solution crosses the separatrix at some 7 = 7,, i.e. H3(7,) =0, Z3(7.) = z,.
According to Lemma 2.2, we can consider the solution (H,(7),Z,(7)) of
the system averaged in G, v = 1,2 with the initial condition (0, z,) at
7 = 7,. This solution is well defined for 7 close enough to 7., 7 > 7,. For an



approximate description of the behaviour of the values E, z in the perturbed
system (2.1) we use the solution (Hj, Z3) for 0 < et < 7,, and the solution
(H,, Z,) for et > 7, with v = 1 or 2, if the phase point has been captured
into the region G, after the separatrix crossing. We define for 7 < 7, the
functions H,, Z,, v = 1,2, by the relations H, (1) = H3(7), Z,(1) = Z5(7).
These functions (H,, Z,) are called the solutions of the averaged system with
the initial condition (ho, z9) at t = 0.

We attribute the probability ©,(z.)/O3(2.) to the capture into G, of the
initial point (po, qo, 20). The meaning of this definition of the probability will
be clear from the results of Subsection 2.4. The function P, defined by the
formula

P,(2) = 0,(2)/Os(2) (2.4)

will be called the probability of the capture into G,, v = 1,2, at the separa-
trix.

We will need a lemma which allows to estimate a distance between two
solutions of the averaged system with initial conditions near the separatrix.

Lemma 2.3 Let two solutions of the averaged system, (H,(7), Z,(T)) and
(H(1),Z.(1)), 0 <7 <K, be given. Suppose that for some 1y € [0, K] and
some & > 0 these solutions satisfy the following condition:

| Hy (0)| + | H,,(70)| + | Z,(70) = Z,,(70)| < 6.

If 0 is small enough, then for 0 < 7 < K the following estimate is valid:

5 = B +12000) = Z4()] < 0 (54 il o)

The proof is given in Subsection 3.6.

In what follows, the action I of the unperturbed system will be important.
The action I = I(h, z) of the unperturbed trajectory £ = h in the region G,
is the area enclosed by this trajectory, divided by 27. We have [19]

ol 1
— = —T(h 2.
=T (h2), (25)

ol 1 oE
o ——dt. 2.
0z 21 Jp_p, 0z dt (2:6)



With the aid of the formulas (2.5) and (2.6) the rate of change of I along
a trajectory of the averaged system is found to be:

dl OF OF oF
2m— = — 4 ==+ =Nt
Trdt 8\%E:h(aqfl+ apf2+azf3)
€ OF
- = —dt fodt . 2.7
T Jg=p 0z E=h ’ 27
A corollary of the formula (2.6) when h — 0 is the following useful formula
for the areas Sy o = S12(2) of the regions G 5 and the area S5 = S3(2) of the
region G U Gy:

08, OFE
S —dt,v=1,2,3. 2.8
0z ,, 0z s (28)
From (2.2) for the averaged system in the region G, we get:
. d
}lllir(l) %(271'] —S5,) =—€0,(2), v=1,2,3. (2.9)

A consequence of this equation is the above-mentioned property (see Lemma
2.2) that for solutions of the averaged system with small |h| the arrival at
the separatrix takes a finite time (in the region G35 this time is positive, in
the regions G 5 it is negative).

2.4 Estimates in the averaging method

Let a point M, = (Po, Go, 20) belong to the region D, and let —fo,@o be the
values of the action-angle variables I, ¢ at this point. The following sets are
well defined and lie in D for small enough 9:

U6 = {paq)z : |Z_20| <67|]_j0| <57|Q0_¢70| <5}7 (21())
W6 = {p7Q72 : ‘2_20‘<57‘I_[0’<5}
Denote iLO = F (po, QO, Zp). We assume that solutions of the averaged system

with initial data (hg,Z2o) are well defined for 0 < 7 < K and cross the
separatrix at some 7 = 7, 2 = Z,. Denote:

e (p(t),q(t),z(t)) the solution of the perturbed system (2.1) with initial
data (po, qo, 20) € U% at t = 0,

e h(t) = E(p(t),q(t), z(t)) the value of the Hamiltonian along this solu-
tion,

10



e hg=h(0),

e (H,,Z,), v=1,2, the solutions of the averaged system with the initial
condition (hg, zo) at 7 =0,

e 7, the moment of separatrix crossing for the solutions (H,, Z,).

The value 6 is supposed to be small enough so that the solutions (H,, Z,), v =
1,2, are well defined for 0 < 7 < K, and 7, < K. Fix any natural number
r > 2. In what follows K; (and afterwards k;,c;,d;, ;) are positive con-
stants, i.e. values independent of ¢, § and initial conditions (py, qo, 20) € W?.
The appearance of K; in some relation is equivalent to the assertion that
there exists K; satisfying this relation for small enough ¢ > 0,6 > 0,& < 62
(and similarly for other constants). The following theorem summarises the
principal features of the averaging method for separatrix-crossing orbits:

Theorem 1 There exists a representation U° = UPUUSUv with the following
properties.

L If (po, qo, 20) € U2, v = 1,2, then the behaviour of E, z in the perturbed
system is described approzimately by the solution (H,,Z,) of the averaged
system, and the following estimates hold

|h(t) — Hy(et)| + |2(t) — Zu(et)] < Ky for 0<et <, (2.11)
K2€|1I1€|
14 |In|H,(et)]|

\h(t) — Hy(et)| + |2(t) — Zu(et)] < Kie+ for 1. <et<K.

For0 < et < 7,— Kse|lne| the point (p(t), q(t)) moves in the region G3(z(t)),
while for 7, + Ksellne| < et < K it moves in the region G, (z(t)).

11 |

mes U? ~ 6,(5)
mesU%  O3(%,)

III. mesv < kse™0 'mes U°.

Here mes (+) is the standard phase volume in R! .

This theorem will be proved by means of a series of propositions established
in the following three Sections (Propositions 2.1, 2.2, 2.3).

It is natural to consider the relative measure of the set of points from a
small neighbourhood of M, that will be captured into the region G,,v =1, 2

11



for small € as the value at the point My of the probability density of capture
into G,,. This approach is formalised as follows (cf. [1]).

Definition The value at the point My of the probability density of capture
into G, ,v = 1,2, (or, for brevity, the probability of capture of My into G,)
is

~ mes U?
My) = lim li =
Qv (Mo) 530 30 mes U5

(2.12)

Corollary 2.1 The probability of capture of the point My into the region G,
1s given by the formula
0,(%,)

QV(MU) == m, V= 1,2. (2.13)

By means of the function P, defined by equation (2.4) — the probability of
the capture into G, at the separatrix — the last formula can be rewritten in
the form

Q.(My) = P,(%,), v=1,2.

Remarks

1. The formulation of the problem of separatrix-crossing has been de-
scribed in the context of an eight-figure separatrix that is being approached
by orbits of the perturbed and averaged systems. It will be clear from the
nature of the estimates in the succeeding sections, that the basic results em-
bodied in Theorem 1 can be carried over to the other geometric pictures of
separatrix-crossing that are possible in R?. In fact, the phase space need not
be R2. It could, for example, be a cylinder or a sphere. The important hy-
potheses are those demanding the non-degeneracy of the saddle equilibrium
and the non-vanishing of the numbers ©,, v = 1,2, 3 (see Appendix). These
conditions may be relaxed: they are needed only when the orbit approaches
the separatrix. During the evolution prior to that time, these conditions are
not needed. Metamorphoses of the phase portrait may take place as long
as the phase point is far from separatrices when this happens. Situations
wherein the crossing of a separatrix occurs for values of z for which ©, =0
or at which the non-degeneracy condition for the saddle fails are viewed as
degenerate, and the estimates of the averaging method will in general be

poorer in these cases. Examples of separatrix-crossing near a “newborn”
saddle are considered in [11, 16, 18, 20].

12



2. The conclusion that the error in the use of the averaging method is
O(elne), which follows from Theorem 1, cannot be improved. This follows
from asymptotic formulas for change of the adiabatic invariant at a separatrix
in Hamiltonian systems ([27], [9], [23], [24]) and also for systems perturbed
by a weak dissipation [7].

3. The assertion of the Theorem 1 remains valid if the standard volume
mes (-) is replaced by any measure in R’ that has a smooth density, inde-
pendent of e, with respect to the standard volume. The formula for the
probability given by (2.12) and (2.13) remains valid if U° is any domain with
piecewise-smooth boundary having diameter ¢ (but in this case the estimate
in the right hand side in part IT of the Theorem 1 may not be satisfied).

4. For the example of motion of a particle in one dimension in double-
well potential perturbed by a small dissipation the formula for probability is
given in [1]. The proof is contained in [§].

5. A different approach for introducing probability was suggested in
[13, 28]. White noise of order €6 was added to the right-hand side of equations
(2.1), in the case when the parameter z is absent from the problem. In this
problem, capture into one or another region becomes a genuinely random
event. Again taking the limit of the probability of capture as e — 0 (first)
and 6 — 0, one recovers the same formula for the probability as that found
in Subsection 2.4 above.

6. D.V.Anosov has suggested yet another approach for introducing prob-
ability in the considered problem®. Denote s, (gq) the measure of the set of
values ¢ € (0, o] such that My € U? for these values of &, v = 1,2. Then we
define the probability of capture of M, into G, as lim,, 0 5, (€0) /0. This
definition was not discussed in a literature. One can show that, e.g. for the
case when f; = fo = 0, f3 = const in equations (2.1) this probability is again
given by formula (2.13). It looks plausible that this is the case for the general
form of system (2.1) as well.

7. An important open question is when results of consecutive crossings
of separatrices can be considered as statistically independent. This is not
the case, for example, if (2.1) is a Hamiltonian system with slowly varying
parameter, and ©; = O, [10]. However, it looks as a reasonable hypothesis
that typically there is such an independence.

!This was a comment in a meeting of the Moscow Mathematical Society.
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2.5 Derivation of the estimates in the averaging method

In this subsection Theorem 1 is derived from several principal Propositions
describing approach the separatrix, passage through its narrow neighbour-
hood, and departure from the separatrix. These Propositions are proved
in Sections 3, 4, 5. Approach the separatrix is described by the following
assertion.

Proposition 2.1 For all initial conditions (po, qo, 20) € W and for t > 0
while Hs(et) > ki the following estimates are valid:

|h(t) — Hs(et)| + [2(t) — Zs(et)| = O(e), %Hs(gt) < h(t) < 2Hj;(et).

Departure from the separatrix in the regions G o is described by an analo-
gous assertion.

Proposition 2.2 Let a moment of time t' € [0, K/e| exist such that h(t') =
kot (p(t), 4(t)) € Gu(=(E)), v = 1,2, |t — 7| + |Z(F) = Zy(r.)| < k3.
Then for t' < t < K/e the behaviour of E,z is approzimately described by
the solution (H),,Z!) of the averaged in G, system with the initial condition
h(t'),z(t') at T = et’ as follows:

elne
1+ |In|H. (t)]|

Ih(t)— HL () | 2(6)— ZL(ct)| = O ( ) 2H,(ct) < (1) < LHL(c1)

It follows from Proposition 2.1 that there exists a moment of time t_ =
t_(po, qo, 20, €) such that at this moment h(t) = 2kje for the first time. Let
ty+ =ty (po, qo, 20, €) be the moment of time such that at this moment h(t) =
—koe for the first time at the segment [0, K/¢]. The moment of time ¢,
is defined, in general, not for all initial conditions. The following assertion
describes passage through a narrow neighbourhood of the separatrices during
the interval of time t_ <t < t,.

Proposition 2.3 There exists a representation W° = W2 U w such that
mesw = O(e") mes W° and for (po,qo, 20) € W2 the moment of time t, is
well defined and t,. = t_ + O(lne). Fort_ <t < t, and forv = 1,2 the
following estimate holds:

[h(®)] + [Hy(et)] + [2(1) = Zu(et)] = O(e) -

14



Let WS v = 1,2, be the sets of points (po,qo,20) € W2 such that
(p(t4), q(ty)) € Gu(2(t4)).

Proposition 2.4 The measure of the set W? is estimated as
mes W? = / P,(Z3(7,))dpodgodzo + O(elne 6 mes W?), v =1,2.
w?a

Here (H3(T), Z3(T)) is the solution of the averaged system with the initial con-
dition H3(0) = E(po, qo, 20), Z3(0) = 2o, and 7, is the moment of separatriz
crossing for this solution, dzy is the standart volume element in R!72.

Denote U = U N WS, v =U’Nw.

Proposition 2.5 The measure of the set U meets the estimate of part II
wn Theorem 1.

For 0 < t < t, the estimates in Theorem 1 hold due to the estimates of
Propositions 2.2 and 2.3. From these estimates we get also that it is possible
to choose t; as t' in Propositions 2.2. Then at t = ¢, the distance between
solutions (H!,Z!) and (H,,Z,) is O(e). Therefore from Lemma 2.3 and
Proposition 2.2 we get the estimates in Theorem 1 for ¢, <t < K/e. This
completes the proof of Theorem 1.

To proof Corollary 2.1 it is enough to consider a cover of U? by the union
of sets
UflJ2J3 = {p>QvZ: |Z - 2j1| <K, |I - Ij2| <K, |§0 - ¢33| < ’%}’ (2'14)

2]'1 = 20 -+ Qﬁjl, jjz = fo + 2I<Lj2, @js = @0 -+ 2/‘ij3 .

Here js, j3 are integer numbers, and j; is an integer (I—2)-dimensional vector.
Then one should apply Theorem 1 to those of sets UJ, ;, .., which intersect
U°. Now proceed to the limit first as € — 0 and then as k — 0. We get the

formula

lim mes U° = /5 P,(Z5(7))dpodgodzg
U

e—0

which implies Corollary 2.1.

15



3 Estimates of the accuracy of the averaging
method up to separatrix

In this section the proof of Proposition 2.1 is given. The proof of Proposition
2.2 is entirely analogous, and only a sketch of it is given. We use several
lemmas, which are formulated in Subsections 3.1, 3.2. This lemmas are
proven in Subsections 3.4, 3.5.

Only motion in the region G3 is considered in the principal part of this
section. Thus we will omit index v = 3 at solution (H,,Z,). The follow-
ing notation is used: I(h,z) - the value of the “action” variable for the
trajectory £ = h of the unperturbed system, j(t) = I(h(t), z(t)), J(et) =
I(H(et), Z(et)).

Below z € B—c;', (p,q,2) € D—c;" in all estimates, and the constant ¢,
is chosen in such a way that 3c; '-neighbourhood of the set {z: z = Z,(7),v =
1,2;7 € [0, K]} belongs to B, and 3¢, '-neighbourhood of the set

{(p,q,2): 2= Z,(7),E(p,q,2) = H,(7), v=1,2; 7 € [0, K}

belongs to D.

3.1 Lemmas on unperturbed motion

Let ¢ = ¢(p,q, z,¢) and ¥ = 1¥(p, q, z,€) be smooth functions, and ¢ vanish
at the saddle point C' identically with respect to z,e. Let 0 < h < 1/2,z €
B —ct.

Lemma 3.1

jf pdt = f wdt + O(hInh). (3.1)
E=h

I3

Corollary 3.1 For 0 < h < c;' the following estimate is valid:

a_E 0 a_E 0 a_E 0 o =
fEh(aqfl—i_ apfz"‘ aZf3)dt_ 63+O(hlnh)< Cy . (32)
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Lemma 3.2

W) § =0 @ ¢ pla=omm: (33
@) g vdt =00 (@) 5§ vdt=Ofuh)

(5) gh ﬁ:h edt =O(Inh);  (6) % ﬁ:h edt = O(1).

Corollary 3.2
ol 1 or 1 oE

9 _Lr_on C_o 4 Z_on A
on 2~ Ok o= 5, =0l (34)
01 I 01
oz~ O grg = Olnh). 55 =0,

Lemma 3.3 T = —2alnh + b3 + O(hlnh), where a = a(z),bs = b3(2),a =
1/wo, and wy > 0 is the eigenvalue of the saddle point C.

Corollary 3.3 T > ¢;*|Inhl.

Remark. For the period T; of the unperturbed trajectory £ = h < 0 in
the region G;,7 = 1,2, the following expansion is valid:

T; = —aln|h| + b + O(hln|hl),
where b3 = by + bs.

at = 1 1“ . .

3.2 Lemmas on perturbed motion

Let C&n = Cén(z) be the system of principal axes for the saddle point C,
oriented as it is shown in Fig. 2.

Lemma 3.5 Let at a moment of time t' the point (p(t'),q(t')) lie on the
azis Cn(z(t')) in c5 ' -neighbourhood of the point C, and cee < h(t') < ;' <
eyt 2(t'") € B—2c;t. Then there exists a moment of time t" = t'+O(In h(t'))
such that a) for t' <t <t" the solution (p(t),q(t),z(t)) is well defined, and
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the point (p(t"), q(t")) lies on the azis Cn(z(t")) in c5*-neighbourhood of the
point C; b) fort' <t <t the following estimates are satisfied:
1
h(t) = h(t') + O(e), 5h(t’) < h(t) < 2h(t),
|2(t) = 2()| + [5(t) — j(t)] = O(e n h(t")); (3.6)

c) integrals of functions 1, (see Section 3.1) along the trajectory are esti-
mated as follows:

/ Wt :7{ pdt + O(h™H(t)),
t E=h(t')

t”
/ godt:j{ @dt +O(h™Y2(t)). (3.7)
¢ E=h(t)
Here integrals in the right hand side are calculated along the unperturbed
trajectory for z = z(t'), e = 0.

Corollary 3.4

" —t = /t dt = T(h(t), z(t') +O(h™1(t)), (3.8)

) , "' (0FE .  OE, OF
h(t ) — h(t ) = —E/t/ (6_qf1 + 8_pf2 + %f?)) dt

OF , OFE , OE 0) Y -
:_57{ 2 = f) A+ [ ) dt + E2O0(hVA(H) > Zc3 e
E=h(t') <8q A dp k 0z I3 ( (') 53

Lemma 3.6 Let at a moment of time t' the conditions cee < h(t') < c;t, z(t') €
B—2c;" be satisfied. Then there exists a moment of time t" = t'+O(In h(t'))
such that fort' <t <t" the solution (p(t),q(t), z(t)) is well defined, it meets
estimates (3.6), and the point (p(t", q(t")) lies on the azis Cn(z(t")) in c5 -
neighbourhood of the point C.

3.3 Proof of Proposition 2.1

I. Let t, be the maximal moment of time at the interval [0, K /e] such that
for 0 <t < t, the following estimates hold:

(p(t),q(t), 2(t)) € D — ity h(t) > %cgl.
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For 0 <t < t, the frequency of the unperturbed motion is separated from 0
by a positive constant. Therefore, usual estimates of the averaging method
for one-frequency systems [5] are valid:

[h(t) = H(et)| + |2(t) = Z(et)| + |j(t) — J(et)] = O(e). (3.9)

Thus, for 0 <t < t* estimates of Proposition 2.1 hold, and h(t,) = ; et

The moment ¢, meets conditions of Lemma 3.6. Due to this lemma a
moment of time ¢; = ¢, + O(1) is defined such that for ¢, < ¢t < t; the
estimate (3.9) holds, and the point (p(¢1),q(t1)) lies on the axis Cn(z(t;)) in
c5 '-neighbourhood of the saddle point C.

II. Let t,. be the maximal moment of time in the interval [t;, K/¢] such
that for t; <t < t,, the following estimates hold:

(p(t), q(t), 2(£)) € D — ¢7, h(t) > coe, %H(et) < h(t) < 2H(et).  (3.10)

Lemma 3.5 allows to define moments of time ¢, ..., t,,« of consecutive arrivals
of the point (p(t), ¢(t)) at the ray Cn, where n* is the maximal number n such
that t,, < t... Denote h, = h(t,) and, analogously, z,, jn, Hn, Zp, J,. From
(3.6) we have that for t,, <t < t,,; the following estimates are satisfied:

Ih(t) = ha| = O(e), %hn < h(t) < 2hy,
|2(t) — zu| + 17 (t) — Ju| = O(eln hy,). (3.11)
Lemma 3.2 allows to estimate the right hand sides of the averaged system:
H=0(/InH), Z=0(), J=0(e).

Considering motion in the averaged system for ¢,, <t < ¢, and making use
of estimates (3.6), (3.10), we get for ¢, <t <t,4y

[H(et) — Hal=0(e),
|Z(et) — Z,|+|J(et) — Ju| = O(elnhy,). (3.12)

If n =n*, then (3.11), (3.12) hold for t,» <t < t,..
From formulas

] ] tnt1 /O] oF oFr ol
Jntl — Jn = €/tn <8h( fi+ f +Ef3)+£f3> dt
tn+1
Zn+l — Zn = 5/ fsdt,
tn
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making use of (3.3), (3.4), (3.7), (3.11), we get

Jn1 = Jn + T (hp, 20) F (i, 2n) + 520(}%1)’
Zn+1 = Zn + 5T<hna Zn)q)(hm Zn) + 520(hr_tl)7

where eF'(h, z) and e®(h, z) are right hand sides of the averaged equations
for I and z respectively:

- OE , 0E , OF , _1]{ O .
2w F(h, ) — fi :h( Sl B+ f3>dt i Goaed g
B(h,2) — % b par

In the averaged system

J=¢F(H,Z), Z=cd(H, Z).
Therefore, making use of (3.3), (3.4), (3.6), (3.12), we get

tnt1 tnt1 h-1
Jpi1 —Jn = g/ F(H,Z)dtzg/ F(Hn,Zn)dt+€2O< n >
tn tn In hn

= T (hy, 20)F(Hy,, Z,) + 20(h 1),

)
tny tny1 h1
Tt — Ly = 8/ O(H, Z)dt = 5/ O(H,, Z,)dt + 20 ( L )
. . In h,,
)

= T (hy, 2,)®(H,, Z,) +*O(h,Y).

So

Jni1 = Jn + €T (hn, 20) F(Hp, Z,) + £20(h;0),
Znir = Zyp + €T (hn, 20)®(H,, Zy,) + 20(h1).

Denote
Up = |]n - Jn| + |Zn - Zn|~

From the previous estimates by means of (3.3), (3.5), we get

Uns1 < tp + |y — HyleO (b, In™" hy,) (3.13)
+|zn — Zn|eO(n hy,) + 2O(h ).
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We have
2701 /0h =T > c;*|Inh|, 0I/0z = O(1).

Therefore, solving relation I = I(h, z) for h we get h as a function of I, z for

which
oh B 0I/0z

oh  2m 4
= O h), 52 = ~ 0I/oh

ol T
Therefore, by Lagrange’s formula,

oh , oh
= (|jn — Ju| + |20 — Za]) O(In ™" ).

= O(In"'h).

Symbol “ *” here means that derivatives are calculated at some point in the
straight line interval with endpoints (j,, z,) and (J,,, Z,,). Using this estimate
n (3.13), we get

Upi1 < [1+0(h, ' In™2 hy)] u, +20(h, ). (3.14)
Consecutive use of this relation gives

ﬁa +|O(h;  In™? hs)|] <u1 + &2 zn: |0(h;1)|) .

s=1

un-i—l S

In accordance with (3.8), ks — hep1 > 2c5'e. Therefore

262]0 D] < e?cq Zh <2080352h (hs — hsi1)

s=1 s=1
h1
< €cy / h™tdh = ecoln(hy/hpy1) = €O(In by, yq).
hn+1
1/2

In an analogous way, from the convergence of [ h™! In"2 hdh, we get
0

H (14 ¢e|lO(h; " In"? h,)|) = exp [Z In(1+4¢|O(h; ' In"2 hy)|
s=1

s=1

< exp(e Zo Tin72h,)) = 0(1).
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Using these estimates in (3.14) and taking into account that u; = O(¢), we
get forn=1,...n" — 1:

Upt+1 = |jn+1 - Jn+1| + |Zn+1 - Zn+1| = O(eln hn+1)-
From here we get with the help of (3.10), (3.11), (3.12) for t; <t <ty

)
l7(t) — J(et)] = O(eln H(et)), (3.15)
|2(t) — Z(et)] = O(elnH(et)), |h(t) — H(et)| < croe.

(

Let us choose k; = 2¢19 + ¢g. While H(et) > kje, the condition (3.10) can
not be violated. Hence, the estimates in Proposition 2.1 for h(t) are proved.

III. The estimate for z(¢) in (3.15) is less accurate, than in formulation
of Proposition 2.1. Now we will improve this estimate. Denote

(Az), = 2y —Zy, (Ah), = h
= — 8_E 04 8E _ 0 0
o = —f (GGG ) b= (= Ao

Here f3. = fsc(z) is the value of the function fJ at the saddle point C. The
integrals are calculated for z = z,,. We have an identity

¢ Z=el(fe() ~ o) + (1(p.0.2) ~ fio(2) (3.16)
T(I;, 7) ﬁzH(f?? (0.0, Z) — fSc(Z))dt + (f3(p, q.2.€) — (f3(p, 0, 2))].

Let us integrate both sides of this identity with respect to ¢ from t, to
t,+1 and estimate the right hand side making use of already established
estimates (3.15) and Lemmas 3.2, 3.3, 3.5. In the left hand side we have
(Az)pt1 — (Az),. Terms in the right hand side are

/ttnﬂ(fg?o(Z)—fé]o(Z))dt = O(eln”hy),

[ ) = et = 0,

tnt1 dt o1 dt
/tn T(H, Z) (jé:H(f??(p’qu)—fé)c(Z))dt) = b"/tn Tz O )

tnat
/t (0.0 2,2) — 2p g, 2)dt = O(lnhy).

22



Finally, we have

(A2)ir — (A2) = cby (1— /tt dt )+g20( S12)(317)

In an analogous way we get

(AR)wst — (M), = —za, (1 - /t " %) +20(h-1?). (3.18)

In accordance with (3.2), a, > c3'.

from (3.17), (3.18) that

Let us denote u, = a;'b,. It follows

(A2)ny1 = (Az)n = —[(AR)ni1 — (Ahy)]pn + 520<h 1/2)'

Consecutive use of this relation gives

n

(A2)uis = (A2) = S (AR)ys — (AR))]as +e Zo ).

Moreover,
Z[(Ah)S—H — (Ah)glps = (Ah)piapin — (AR)1p1 — Z(Ah)S(MS — fs-1)-

The definition of s, Lemma 3.2 and estimates (3.11) imply that
ts — phs—1 = O(elnhg). As (Ah),11 = O(e), (Az); = O(e), pn = O(1), so

Zn+l — Zn+l = (Az)n-i-l ‘|‘ 52 Z O 1/2 )
Integrating both sides of (3.16) with respect to time from ¢, to some ¢ €
(tn,tnr1) and estimating the right hand side, we get for t,, <t < t,.;

2(t) — Z(et) = 2z, — Zn + O(e)

(in the case when n = n* this estimate is valid for ¢,» <t < t,,). Thus, for
0 <t <t we have z(t) — Z(et) = O(e). Hence, this estimate is valid while
H(et) > kie (as the last inequality certainly holds for 0 < t < t,,). The
Proposition 2.1 is proved.
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Remark. In the proof of the last estimate representation (3.16) was
used. We can not use this representation in problems where separatrices
connect different saddle points, and at these points the function fJ(p,q, 2)
has different values. The accuracy of the description of behaviour of z in
these cases is worse than O(e) in general. This accuracy is given by the
obtained above estimate (3.15): z(t) — Z(et) = O(eIn H(et)).

IV. The proof of Proposition 2.2 is completely analogous to the given
above proof of the Proposition 2.1. But final estimates are different. The
reason is as follows. As above, in nn. I, II, we prove that

§(8) = J(et)] + |2(t) — Z(et)| = O(e) + O (g In gégé)

under assumptions of Proposition 2.2 (we will omit subscript v and super-
script “’” in the notation (H,, Z))). Here ¢’ is the initial moment of time for
the motion in Proposition 2.2. Because H (et’) ~ ¢, we have

l7(t) = J(et)| + |z(t) — Z(et)| = O(elne)

(for Proposition 2.1 there was H(et') ~ 1, and there was used the estimate
O(eln H(et)) in the right hand side of this equality). As in n. II, to estimate
|h(t) — H(et)| from here, we use Lagrange’s formula

hie) - tr(en) = (57 ) G0 = a0y -+ (5 ) (et0) - 2060

The symbol “ * 7 here indicates that derivatives are calculated at some point
in the straight line interval with endpoints (j(t), 2(¢)) and (J(et), Z(et)). As
by assumption 3|H (et)| < |h(t)| < 2|H(et)], we have

%) - %:O(lﬂlnlw(sswu)’
@) - —(gffgi)*=0(1+,1n1,H(5t)H)-

Therefore |
EIME
h(t) — H(et) =
(1) = H{et) O(1+|ln|H<et>\|)’

and this is the assertion of Proposition 2.2 concerning an accuracy of descrip-
tion of h.
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Now, the estimate of z can be improved as in n. III, and we get

elne
)~ 2ty =0 <1+ rlnrmatm) '

This is the assertion of Proposition 2.2 concerning the accuracy of description
of z.

3.4 Proofs of Lemmas on unperturbed motion
3.4.1 Preliminary estimates

Let n, ¢ be such variables that the quadratic part of the Hamiltonian near the
saddle C is fwo(z)(n* — €?), wo > 0, and the transformation (p,q) — (1, &)
is a canonical transformation containing z as a parameter. Let us denote
H(n, &, z) the Hamiltonian E expressed via 7, &, z.

Lemma 3.7 Let [£] < di', |n] < di'.

If H(n,&, z) > 0, then
n o= /2w 'H+E +O(H+ %),

OH/On = won+ On),

dy'/H+E2 < |OH/On| < don/H + €2 (3.19)
If H(n, & z) <0, then

£ = £/ 2w ' [H|+ 1?2 +O(H] +77),

OH/0E = —wi€ +0(&),

dy' M+ 02 < |OH/0E] < da/[H] + 172,

Proof.
Consider the case H > 0. The case ‘H < 0 is analogous. We have
H o= i =€)+ 00 + 007€) + O(?) + O(EY),
1+ 0m) +0() = 2wy H+E+(0n) +0()),
2 2wy ' H + £2 200 0
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From this equality we derive that

vl < v VH + 2 < |l <viVH + €2,
0 = 2wy " H + 2+ O((WVH +£2)%),

n=+1/2wy ' H + 2+ O(H + £2).

OH/n = won + O(|In|*> + |£%) = won + O(n?),

o)
dy'/H + €2 < ‘8—7;‘ < do/H + £2.

Lemma 3.7 is proved.

Corollary 3.5 a) For|¢| < d3' < di', 0 < h <dj' the equation H(n, &, 2) =
h defines a unique n = 7)(h,&,2) such that 0 < 7(h,&,2) < idy'. For
h+ &2 > 0 the function 7 is smooth and

onp 1 on  O0H/0z

— = — . 2
oh ~ Hjoy 9= OHjon (3:20)

The same equation H(n,&,z) = h defines also a unique n = 1(h, €, 2) such
that —%d;l <1 <0 with analogous properties.

b) For |n| < d3' < d;', —d;* < h <0 the equation H(n, &, 2) = h defines
a unique € = E(h,n, z) such that 0 < £(h,n,z) < 1/2dy. For |h| 4+ 1% > 0 the
function € is smooth and

o9& 1 o0& OM/0z

Oh — OH/IE Dz OHJOE

The same equation H(n,§,2) = h defines also a unique § = E(h, €, 2) such
that —%d;l < € < 0 with analogous properties.

3.4.2 Proof of Lemma 3.1

To save notation we consider the case when ¢ does not depend on ¢: ¢ =
0(p,q,2). Let 0 < h < %d;l. Denote

R(h) = ]{ @dt, R(0) = f{ odt .

ls
E=h
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1°. Split R(h) into integrals R'(h) and R”(h) over the segments of the
curve E = h, situated inside and outside of the rectangle |¢| < d3*, |n| < d;*
respectively. Split R'(h) into integrals R.(h),i = 1,2,3,4, where R.(h) is
calculated over the segment of the curve £ = h, situated into the ith quadrant
of the coordinate system C¢n. Split R(0) in the same way.

20, The integral R”(h) is calculated over the arcs separated from the
singularity (i.e. from the point C'). It is easy to check that

R'(h) = R"(0) + O(h).

30, Estimate R;(h). Let us use ¢ as an independent variable in this
integral. According to Corollary 3.5 we get

mov= [ (%) we= [* (5m),

where the subscript “ h 7 indicates that we should plug n = 7(h,&, z) into
the integrand. The function ¢ has the form

<P:045+577+902(7775a2): P2 :O<€2+n2)7 a:a(z), ﬁ:ﬁ(z)

Represent

Ri(h) — Ri(o)aoj {(8H§8n)h_ (aﬂfan)o}df (3.21)
d;l ] Vi
+ BJé [(aﬂ%n)h_ (87—[77/877>0_ dg +60/ Kﬁ’r'in/@n)h_ (87%7/7877))0} d¢
3! ] 7
) 4{&‘93}%)11_ ((aﬁ%)o_ dHO/ K@?ﬁ%)h‘ (a;/QanMdg'

Estimate the last integral in (3.21). According to Lemma 3.7, the inte-
grand in this integral is O(v/h). Therefore, this integral is O(h).

Estimate the next to last integral in (3.21). Using Lagrange’s formula
and Corollary 3.5, we get, that this integral is equal to

dg! ds*

%) ©2 B O ([ ¢ 1
[ G (o)), <= | Gy () amagan),
vh Vh
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where 0 < h, < h. By Lemma 3.7, the integrand is O((h, + £2)~'/2). There-
fore, this integral is

dzt dg?
dg g
~ 8 _ge=0n
Ve + €2 ") 3
Vh Vh
Consider the third integral in (3.21). It is equal to

Vh Vh
1 K 0 ) ) ( 0 ) ] e L/ ((xz)o = (o)
woo n+xz/, n+xz2/, woo (n+ x2)n(n+ x2)0
Here x» is a function of ), £, z; expansion of x» with respect to n, & starts with
second order terms. By Lemma 3.7, the integrand is O(\/E) The integral is,
therefore, O(h).

Estimate the second integral in (3.21). Using Lagrange’s formula and
Corollary 3.5, we get that this integral is equal to

= O(hlnh).

3 dy
Y(OESEEpE ETER
wi J \on\n+x2) n+xa g m+x2)* S

vh Vh

The integrand here is O(1/€). Therefore the second integral in (3.21) is
O(hInh).

Estimate the first integral in (3.21). It is equal to

dz?

il e e
wo ) [V H e ]

T [(enan T E - amgon - (e —omion) 1
wo 2oy H + €2 0H /Oy EloH/on  )o|

We can estimate the second integral in this expression by splitting it into two
integrals, from 0 to v/ and from v/ to ds!'. This gives that this integral is
O(hlnh). So we get

dz?
, oy @ 3 §
Rl(h)Rl(O)w00/<\/m w)di—kO(hlnh)
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Analogous estimates are valid for R}, ..., R}. In particular,

0
, iy @ § _ £
Ri(h) - Bi(0) = / (\/m |£|>d§+0(hlnh).

—1

Therefore
Ri(h) + R)(h) — R1(0) — R,(0) = O(hInh)

(we use here that the integral of an odd function over a symmetric with
respect to 0 interval is equal to 0). The same estimate holds for R} + Rj.
Taking into account the estimate for R”, we finally get

R(h) = R(0) + O(h1nh).

Lemma 3.1 is proved.

3.4.3 Proof of Lemma 3.2

To save notation we consider the case when the functions ¢, 1 do not depend
on e ¢ = @(p,q,2),¥ = ¥(p,q,z). The proof uses the same scheme, as
the proof of the Lemma 3.1 above. The part of the curve F = h, situated
outside of the neighbourhood of the point C', gives a contribution O(1) to any
integral in (3.3). In a neighbourhood of the saddle point C' we split the curve
E = h into four segments situated in four quadrants of the coordinate system
C&n. The contribution to the integral of each of these segments is estimates
in the same way. For certainty, let us consider the segment situated in the
first quadrant. The corresponding integral we denote R®, where i is the
number of the integral in the Lemma 3.2, i # 5. To estimate integrals R
we introduce £ as an independent variable in the integral and use estimates
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in Lemma 3.7 and Corollary 3.5. We have

d;?! dzt d;!

o _ [ e > _ 3(007)) ] _
R 0/(8%/877 e 0/ ) 0/0(1)dg o).
dzt dzt
2 _ ¢ N on .
RO _ O/(aH/an)hdg_o \/mdg_O(lnh).
dy? dy?
- & ] i) o ] G o) )
R = 0h/ OH/On hdﬁ—o/ on \OH/On) OH/On hdf
dz? O
1
B /h+g23/220(ﬁ)'
0
dzt

@ _ 0 ( Y )
r B az/ OH/On hdé

(o (o) ~ o (omen) ),

:/ O) e — O(nn),

—1

Il
o\w

NENT

-1
dg

0 ©
6 _— =
R 0z ((97{/8n)hd€
0

d;! dz!

(0 e d( o \OH/o:
a O/(ﬁzﬁ”ﬂ/@n n (3H/3n> a’H/@n) &= /O Jdt =0

0

In order to estimate the integral (5) in Lemma 3.2 it is useful to combine
the integrals over the segments of the curve E = h situated in a neighbour-
hood of the point C' in the 1st and 4th quadrants. Denote the corresponding
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integral R®). Then

1
H = 5”0(772 - 62) + X3(na£7z)a X3 = O(|§|3 + ‘n|3>a
P =al+ B+ pa(n,€,2), g2 =0 + 1),

d;?! d;!

o | 0 r (0 o 1
6 — = _r — I
1 = 5 | (), = | (& (o) o),
—dz! —dz?!
dz!
_ / ((5 + 0p2/0n) (won + Ox3/0n) — (a& + 1 + @a)(wo + a2)(:3/8772)) de
- (oFjon)? h
3 dy* 3 W dy*
woakde o1 . gde
- | @it | et ae | ey O
a3 ;! a3t
dzt
— / §dg
) (wo/ 2wy th + £2)3
—dg
dz?
1 1
_ d Inh) =
Wox / f ((won_{_axg/an)i ( /_2000 1h+52) ) €+O(H )
,dgl
dz?
O(1)d
_ / ¢ Ol )ds h+£2 O(Inh) = / ;LJ)F;jLO(lnh):O(lnh).
—dz! —dz?!

Combining estimates for different segments, we get estimates of Lemma 3.2.

3.4.4 Proof of Lemma 3.3
Let 0 < h < %dil. We have



Let us split T'(h) into two integrals, T7"(h) and T"(h), calculated over the
segments of the curve £ = h situated respectively inside the domain |{] <
d;', || < d3' and outside this domain. Let us, in addition, split 7"(h) into
integrals T} ,(h) and T 3(h), calculated over the segments situated in the 4th
and 1st and, respectively, in the 2nd and 3rd quadrants of the system C¢&n.
Integral T"(h) is calculated over the segments of the curve separated from
the point C'. Therefore, T7"(h) = T"(0) + O(h). To estimate T}, (h), let us
introduce ¢ as an independent variable:

dz?

/ dg
72J<h) = u/n (87{/an>h

/ dé N / wo/ 2wy th 4+ €2 — (OH/On)n
wo/ 2wy h 4 €2 wo/ 2wy th 4 €2 (OH/On)n
1 e

The integrand in the last integral remains bounded as h — 0. Acting as in the
proof of Lemma 3.1 we get that this integral can be calculated at h = 0 (i.e.
over the separatrix) with an accuracy O(hlnh). Another integral, forming a
part of T ;(h), has an explicit form:

dzt
d 1
/ : = — I+ /2 h+ &)
L woV2wy h+ €2 W —dg!
,d7
S SR I _+31n(d +\Jd5? + 2w 'h)
o Wo Wo 2 3 3 0

1 1 2
=—-—1 —1In— —1 5 :
o nh+w0 n2 5 C + ZIn(ds!) 4+ O(h)

hde.

3

(3.22)

Analogous estimate holds for T3 3(h). Combining these estimates we get the
assertion of Lemma 3.3.

The calculation of asymptotic expansion of the function 7;(h), the period
of the motion along the trajectory £ = h < 0 situated in the region G;, i =
1,2, is treated by the same method, but as independent variable near the
saddle the variable n is used. In this calculation the sum of integrals over
separatrices in asymptotic expansions of T} and 75 coincides with the sum of
integrals over separatrices for asymptotic expansion of the period of motion
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in the the region G3. The integral, which is calculated in this way, is reduced
to the same form (3.22); the only difference in that h is replaced with |Al,
and ¢ is replaced with 7. Hence the assertion of the Remark to Lemma 3.3
is valid.

3.4.5 Proof of Lemma 3.4
Let us denote 1. the value of the function ¥ at the point C'. Then

ahT 7{ vdt =5 ahT 7{(1/; be)dt (3.23)

Calculating the derivative and making use of the estimates in Lemma 3.2,
its corollary, and corollary of Lemma 3.3, we get the result of the Lemma
3.4. The transformation (3.23) can not be used in the problems where the
boundary of the domain contains several saddle points. But the result of the
lemma is valid in these cases too. Let us describe briefly the corresponding
proof. As in Lemma 3.3 we can prove expansions

T=alnh+x, x=x(h,z) =0(1), 0x/oh = O(Inh),
]{ wdt = Binh +p, g = p(h,2) = O(1), du/dh = O(nh) .

E=h
Now
91 9 0
%T]{wdt - 5 KﬁJra_Z) (alnh+x) — (Blnh + u) (O‘ a;)] —
E=h
_ %O(h_l):O(h_lln_Qh).

3.5 Proofs of Lemmas on perturbed motion

In this subsection Lemma 3.5 is proved. The proof of Lemma 3.6 is completely
analogous, and it is omitted.
In accordance with Lemma 3.2 (1)

x|dt < v,

E=h
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where

OF oF
X_X(p>Q7Z>€> - a_qfl +a_pf2+ 5.]03

Let us introduce ¢g = 3vy, ¢z = 2max(cg, cq). Denote 1(t),£(t) the values
of 1,€ at the point (p(t),q(t), 2(t)). Let cse < h(t') < ¢;*. Denote t1, the
supremum of moments of time ¢; such that for ¢ < t < #; the solution
(p(t),q(t), 2(t)) is defined and meets the conditions
3
€O < dg’s In()] < di?, 2(t) € B—ger’, (3.24)
1
§h(t’) < h(t) < 2h(t").

Denote &1, = £(t14). For t' <t < t;, we have

£ = OMH/On+ O0(e) >d—~/ h(t') + €2 +0(e) > d—,/ (t) + &2,

t—t = — < 2d, = O(Inh(t)),
/ / % t’ _|_€2
|2(t) — 2(t')] = O(eInh(t)),

a-t

£(t)
' [x|dg
e [ |x|dt <2dye | ——=——=——== | O(1)de =O(e).
/t’ X ? / /%h(t’) + &2 0/

0

=
=
|
>
~
—
A

The obtained inequalities allow to get more accurate estimate for h(t,):

61*

N t1x B % B
h(ti.) — h(t)—e/t, th_g/aﬂ/aw()(e)df_
0

€1«

(3.25)

1«
6/ (aH/ (977) A o 6/ (37-!/ on + O(e) ) B (8% /877) Al
0 =z 0 z=z(t z

e=0
By means of (3.25) we get that the integrand in the second integral is
O(e) N O(elnh(t"))
h(t') + €2 h(t) + €2
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So
61*

h(ti) —h(t') =« / (#/877) 5o de + O /\/h(t')) .

In this expression the integral is calculated over the segment of the unper-
turbed trajectory in the unperturbed motion. Therefore

1 1
[h(t) = h(t)] < evr < Seco, h(E) < hltr.) < 2h(F).

Therefore at t = t1, the conditions on z, h,n in (3.24) are satisfied as strict
inequalities. By definition of ¢, there should be £(t1.) = ds.

In the further motion the phase point evidently makes the curve that is
close to the unperturbed trajectory E = h(t'),z = z(t'), and arrives at the
segment £ = d3z*, —d;' < n < 0. Along this curve h = h(t') + O(e), 2z =
2(t'") + O(eInh(t')). Along any part of this curve the change of E with an
accuracy O(e?Ine) is equal to the integral of the function ex(p, g, z,0) over
the segment of the unperturbed trajectory and, therefore, this change does
not exceed 3evy. Therefore in this motion $h(t') < h(t) < 2h(t').

Further motion is considered in an analogous manner. The phase point
arrives first at the segment £ = —dz*, —d;* < n < 0, then it makes the curve
close to the unperturbed trajectory, arrives at the segment ¢ = —dz', 0 <
n < d;' and, finally, at a moment of time ¢ = #' + O(In h(t')) arrives at the
ray Cn having 0 < n < d;*. For t' <t <t estimates (3.6) are satisfied and
the estimate

-0 < (5;), 0-01 (), 050 = O b))

is valid (here h, € (3h(t'),2h(t')), 2. = z(t') + O(cIn h(t))).

For the function ¢(p, q, z,¢), which vanishes identically at the point C,
the integral along the motion is estimated in the same manner as above for
the function x. This gives the second estimate (3.7).

To estimate the integral along the motion of the function ¢ in (3.7), we
split it into integrals over the defined above segments of the trajectory, situ-
ated either far from or near the saddle. Integrals over the segments, situated
far from the saddle, coincide with accuracy O(elnh(t')) with integrals over
the segments of the unperturbed trajectory £ = h(t'). For the integral over

35



the segment of the perturbed trajectory with 0 < & < d3*, 1 > 0, situated
near the saddle, we have

tl* dgl d_l

) " (v
0/ W_O/ <8H/877+O(6))E:h((f)> dg_o/ (aﬂ/a?)fi?é‘? b

e=0

—1
dS

Y Y
* / (87—[/877 + O(e) ) E:h((t)) B <a7-[/an> Ejh((t/’)) ds .
0 t z=z(t

= e=0

Taking into account already proved estimates (3.6) and Lemma 3.7, we esti-
mate the integrand in the last integral as

O(e) O(elnh(t"))
() + €77 R + e

The integral of this function is O(e/h(t")). Therefore

/wdt / (a%lian)’f h(t,') + O(g/Rh(t)).

e=0

The integral in the right hand side is just the integral of ¥ along the unper-
turbed trajectory E = h(t'),z = z(t') when ¢ = 0. The integrals of ¢ along
other segments of the trajectory near the saddle are estimated in analogous
manner. Combining these estimates we get the first estimate (3.7).

3.6 Proofs of Lemmas on averaged system

In this subsection the proofs of Lemmas 2.2 and 2.3 on the motion in averaged
system are given. These proofs are based on Lemmas on unperturbed motion
in Subsection 3.1.

3.6.1 Proof of Lemma 2.2

a) Existence of the solution with initial condition h = 0,z = z, at 7 = 7,
follows from the standard existence theorem for ODEs (see, e.g., [17], p. 21)
as the right hand side of the averaged system is continuous.
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To prove a uniqueness let us suppose that there are two solutions,
(HV(7), ZW(7)) and (HP (1), Z? (7)), say in the region G3 (i.e. 7 < T.),
crossing the separatrix at 7 = 7,, 2 = 2,. Denote JO(7) = I(H (1), 20 (1)),
i =1,2. Denote u(1) = |(J@(7)—JV(1)|+|(Z?(7)—ZW(7)|. Suppose that
(T ) # 0 for some Ty, < 7. Then u(7) # 0 for 7. < 7 < 7, (in the opposite
case we have a contradiction with the standard uniqueness theorem). We
may assume that H@(r,,) < 1/2,i = 1,2. From the formulas for the right
hand side of the averaged equations for z,J, (2.3), (2.7) and from Lemmas
3.1 - 3.4 we get that for 7,, < 7 < 74

du(T) 1
=0 ,
dr (H*(T) In® H, (7’)) u(r)
where H,(7) = min{HM (1), H®(7)}. Therefore for 7, € (7., 7.) wWe have

Tk

e =ty ( [0 (b o

71

But according to the averaged equation for h (2.3), estimate (3.2), and
Lemma 3.2 we have

(@) A
dt <viY/InHD.
Therefore
Tk 1/2
1
/o( i )dT:() /d—f; — o)
H.(1)In” H.(T) hln“h
T 0
and
U(tw) = U(11)O(1) . (3.26)

But U(my) — 0 as 77 — 7. Therefore U(7.) = 0 in contradiction with our
hypothesis. The uniqueness is proved.

b) Assertion b) of the Lemma 2.2 is an evident corollary of formula (2.7)
and condition (2.2), as it was discussed at the end of Subsection 2.3.

3.6.2 Proof of Lemma 2.3

We will omit index “v” at solutions (H,,Z,) and (H,, Z!). There exists a
moment of the slow time 7y > 79, 7o = 7o + O(d In ) such that

—1/15 < H(fo) < —(5, —1/15 < Hl(fo) < —0.
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Making use of the formula

T

E=h

= hol2)+ 3 (8 o) (3.27)

we get that
Z(79) — Z'(7) = O(0).
For 19 < 7 < 7y we have
|H ()| + [H'(T)| +|Z(7) = Z'(7)| = O(3). (3.28)
Therefore, the estimates of Lemma 2.3 are valid for 7o < 7 < 7. Denote

J(r) = I(H(7),Z(7)), J'(r)=1(H(1),Z'(7)),
U(r) = ) =J ()] +12(r) = Z'(7)].

Then U(7y) = O(61nd).
Exactly as in (3.26), we get that U(7) = O(U(7)) for 7o < 7 < K. So

J(r) — J'(r)] = O(6 ), |Z(r) — Z'(r)| = 05 1n). (3.29)

From here we get that

H(r) = B(7)] < 2100

, 3.30
T T |B.(7)] (3.30)

where H,(7) lies between H(7) and H'(T).
Let us consider two cases: H(7) > —2190|Ind| and H(7) < —2156|Ind|.
If H(1) > —2150|1Ind|, then, from (3.30), H'(7) > —wed|Ind|, H.(1) >
—150|Ind| and
|H(T) — H'(1)] = O(9). (3.31)

If H(T) < —2156|Iné|, then, from (3.30), 1|H(7)| < |H'(7)| < 2|H(7)],
$|H(7)| < |H.(7)| < 2|H(7)| and, therefore,

H(7) - H'(r)| = O (1 . ﬁszH) . (3.32)

In view of (3.28), (3.31), (3.32) we get for 7o <7 < K

, 5 1n g|
)= 170 =0 (5 + )
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i.e. the estimate of Lemma 2.3 for |H(7) — H'(7)|.

Now we should improve the estimate (3.29) for Z. From equality (3.27),
considered for Z(7) and Z'(7), Lemma 3.4, and (3.29), (3.30), making use of
Lagrange formula, we get for 7o < 7 < Ty + v5

d
dt

Gz =2 =0z-2)+0 (H <T>(ir1§|6ﬂ <r>\) ’

where H,(7) lies between H(7) and H'(7).
From here we get for 7o <7 < 7+ 3"

)|
Z(r)~Z'(r) = O(8)+0 / 7 Mliflag o7 | =0®+o / 5}1?52?
. | In o]
|Z(1) = Z'(T)] = O ((5 + m) . (3.33)
We know that for 75 + v5 < 7 < K the following estimate is valid:
|Z(7) — Z'(1)] = O(d1In ). (3.34)

In view of (3.28), (3.33), (3.34) we have for 7o <7 < K

/ B 5] In o]
Z(7) = Z'(7)| = O (5+ 1+\ln\H(T)H)'

Lemma 2.3 is proved.

4 Passage through a narrow vicinity of sepa-
ratrices

In this section Proposition 2.3 of Subsection 2.5 is proved.
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Figure 5: New coordinates.

4.1 Preliminary transformation

Below in all estimates z € B — ¢; ', where the constant c; is chosen in such
a way that 3c;'-neighbourhood of the set {z: z = Z,(7), v = 1,2; 7 €
[0, K]} belongs to B, and 3c;'-neighbourhood of the set {(p,q,2): z =
Z,(7), E(p,q,2) = H,(7), v = 1,2; 7 € [0, K]} belongs to D. In some
neighbourhood of the point C' we can introduce new coordinates z, y instead
of p,q in such a way that the equations * = 0 and y = 0 define separatri-
ces as it is shown in Fig. 5, and 9(p,q)/0(y,Z)|, = 1 (we do not need the
transformation (p,q) — (y,Z) be symplectic). In the new coordinates the
function E has the form

E = —wyyz(1+ O(ly| + |z|)), wo=wo(2) > 02_1.

Lemma 4.1 For z € B —c;', |g| < ¢3%, 17| < ¢3! there exists a smooth

transformation of variables F': y,x,z — §, &,z such that y =y + O(¢e), T =
x4+ 0(g), and in the variables y,x the perturbed motion is described by equa-
tions

T =—wor(l+ 0+ |z|+1y]), v=woy(l+ O+ |z|+ |y|)).

This Lemma is a direct corollary of a theorem by N. Fenichel (see [12],
Theorem 11.1). Coordinates of such type as y, x here are often called Fenichel’s
coordinates.

Lemma 4.1 allows to define in the domain || < ¢35, |Z| < c3* the trans-
formation of variables F': y,x — p,q depending on z as a parameter. The
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Figure 6: The square K.

inverse transformation F~': p,q — y,z is defined in the c; '-neighbourhood
of the point C' in the plane ¢, p.

4.2 Lemmas on perturbed motion

Consider in the plane x,y a square K = {z,y: |z| < 2c6v/2, |y| < 2c6v/%, }.
The constant cg is chosen below in Lemma 4.2 and Subsection 4.3. Let
a1, ...a be sides of this square, the numeration of the sides corresponds to
Fig. 6. Denote K = K(z) = FIK], & = ai(z) = Flay], i = 1,...,4. For
a point (p(t),q(t)), that belongs to c; -neighbourhood of the point C, we
denote (y(t),x(t)) = F~(p(t),q(t)). The following two Lemmas show that
points that started to move at sides of the square K far from its corners
and not too close to the z-axis, will return to the sides of K. In Fig. 7 the
trajectories I and II correspond to Lemmas 4.2 and 4.3, respectively.

Lemma 4.2 If z2(t) € B —2¢;", (p(t'),q(t)) € as(2(t)),i = 1,3, |z(t)| <
ce\/€, then there exists a moment of time t” such that

("), q(t")) € Gpir (2(")), " —t' = O(Ine), h(¥) — h(t") > e

Remark. If we increase the value of the constant cg, it would result in
increasing of values of the constants c;, 7 > 7. The constant c¢; can be
chosen independently of cg.
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Figure 7: Trajectories I and II.

Lemma 4.3 Let z(t') € B=2c;', (p(t'), q(t')) € aa(z(t'))Uau(2(t)), |y(t)| >
g™ where 11 is any given in advance positive number. If (p(t'),q(t")) €
ao(z(t')), y(t') > e™, then there exists a moment of time t" such that

(p(t"), q(t")) € an(=(t")).

In analogous way,

if (p(t),q(t)) € aa(2(t), y(t') < —e™, then (p(t"), q(t")) € as(=(t")),
if (p(t), q(t) € au(z(t)), y(t') > ™, then (p(t"),q(t")) € an(=(t")),
if (p(t),q(t) € au(z(t)), y(t') < —e™, then (p(t"), q(t")) € as(z(t"))
In all cases t" —t' = O(Ine), h(t") — h(t') = O(£%/?)

The following assertion shows that a phase point that stared to move
from a diagonal of the square K not too close to the origin of the coordinate
system will arrive to a side of K.

Lemma 4.4 If z(t') € B—2c7Y, (p(t),q(t)) € K(2(t)), y(t') = —z(t') > ¢,
then there exists a moment of time t” such that

("), q(t") € G (2(t")), " —t = O(Ine), h(t") — h(t') = O(*?).

42



Solutions of the averaged system with initial conditions from W?° at 7 = 0
cross the separatrix at 7,z such that |7 — 7| < ¢gd, |z — 24| < cod. Consider
the surface A in the space x,y, z:

A ={z,y,z: x| = 2c6v/e, |2 — 2| < 2¢90, |y| <™}

Let A be the image of this surface under the map z,y, z — p, q, z. Denote =
the set in the space p, ¢, z sweept by A during the shift along the trajectories
of the perturbed system (2.1) for time ¢t € (—7. — 2cgd, —7« + 2¢s6) before the
first arrival to the boundary of the region D — ¢; .

Lemma 4.5
mes Z = O(¢" 2 mes W?).

These Lemmas are proved in Subsections 4.4.2, 4.4.3

4.3 Proof of Proposition 2.3

Define 7 = r + 1/2, where r is the integer number introduced before the
formulation of Theorem 1. Introduce w = W° NZE, W2 = W°\ w, where =
is defined at the end of Subsection 4.2. According to Lemma 4.5 mesw =
O(e"mes W?). Consider motion of a phase point (p(t), q(t), z(t)) that starts
in W2 at the moment of time ¢t = 0. In accordance with Proposition 2.1 the
moment of time ¢_ is defined such that h(t_) = 2k;e. Then there exists a
moment of time ¢’ preceding ¢_ such that the point (p(¢"),¢(¢")) lies in the
c; '-neighbourhood of the saddle C for z = z(¢"), and y(t' ) = —z(t") > 0,
cse < h(t") < 2cse. The proof of the last assertion is completely analogous
to the proofs of Lemmas 3.5, 3.6 and is omitted here.

Now let us choose the constant cg that defines the size of the square
IC in Subsection 4.2 (here we use the Remark to Lemma 4.2, which allows
to increase the value of ¢g). Choose ¢g such that in the segments a; and
a3 the inequality —2kse < E < 4cze implies the inequality || < g4/ for
z € B —c;'. In the segments a; and as according to Lemma 4.1 we have
|E| = 2woce/E || + O(e3/?), wy > c;'. Choose ¢2 > 4cy max(2cs, ky). Then
for |z| > ¢/ we have |E| > max(4cse, 2ks). So, this choice of ¢g meets our
condition. It is easy to check that under the same choice of ¢g the inequality
|E| > 2cs¢ is satisfied on the line 2 = —y outside of K.

Let us return to the motion of the point (p(t),q(t), 2(t)). It is evident
that y(t') > ¢ (otherwise h(t') = O(g?) < cs¢). In accordance with Lemma
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4.4 there exists a moment of time t” =t +O(Ine) such that (p(t”),q(t")) €
a1 (z(t")) and h(t”) = h(t") + O(e¥/?). In particular Lcse < h(t”) < 3ese
and, therefore, |x(t”)| < cg/¢ due to the choice of ¢g. Now Lemmas 4.2,
4.3 allow, while their hypotheses are satisfied, to definite inductively the
moments of time ¢, of consecutive arrivals of our phase point to the sides
Ay or as of the square; t; = t”. In accordance with Lemmas 4.2, 4.3,
h(ts) — h(tsy1) > %c;le. As |E| < ¢104/2 in the square K, so s < 4crcyg. As
tsp1—ts = O(Ine), so z(t;) — 2(t;) = O(Ine) and, therefore, z(t;) € B—32c;".
If |z(ts)| < c64/2, then the moment of time ¢5,1 do exists (here we use the
following: because of the choice of initial conditions and the definition of the
set w, the hypothesis |y| > €™ of Lemma 4.3 can not be violated). But the
sequence {ts} should be finite: s < 4czeq9. Therefore, there exists a number
s, such that |z(ts,)] > cgv/e. Then because of the choice of ¢g it should be
h(ts,) < —koe. By continuity there exists a moment of time t, € (¢_,ts,)
such that h(ty) = —koe, as it was stated in Proposition 2.3.

Estimate h(t), H,(ct),2(t), Z,(et) for t= < t < t.. For t € (t_,t;)
we have h(t) = O(e) by definitions of t_,t,. As H,(et_) = O(e), t, —
t_ = O(lne) and, in correspondence with estimates of Lemmas 3.2, 3.3,
H, = O(¢/In|H,|) for H, # 0, so H,(ct) = O(e) for t € (t_,t;). As
5 =0(¢e),Z, = 0(e), so for t € (t_,t,) we have

2(t) — Z,(et) = O(elne).
Improve the last estimate. From identity (3.16) we get
=2, =e0(|z — Z,|) + 01/ In|H,|) + f(p, q, 2) — for(2) + O(£?),

where f9, is the value of the function f9(p,q,z) at the point C. Calculate
integrals of the left and right sides of this relation with respect to time from
ts to some t € (ts,ts11). Making use of already established estimates for
H, z-—7, we get

2(t) = Z(et) = z(ts) = Zu(ets) + O(e) + E/t (f5(p,a,2) = fso(2))dt.

The integrand in the last integral vanishes at the point C. Analogously to
Lemma 3.5, this integral is O(1). Therefore, for ¢ € (ts,ts:1) we have

2() = Zy(et) = () — Zy(ets) + O(e).
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Analogous estimate holds for ¢t; <t <it_. As s < 4c¢7¢e and, in accordance
with Proposition 2.1, z(t_)—Z,(et_) = O(g), so z(t)—Z,(et) = O(e) fort_ <
t <t,. This was the assertion of Proposition 2.3.

Remark. In the proof of the last estimate the representation (3.16) was
used. We can not use this representation in problems, where separatrices
connect different saddle points, and at these points the function fJ(p,q, 2)
has different values. The accuracy of description of z in these cases is, in
general, given by proved above estimate z(t) — Z,(et) = O(elne) (see also
Remark at the end of Subsection 3.3, part III).

4.4 Proofs of Lemmas on motion in a narrow vicinity
of separatrices

4.4.1 Proof of Lemma 4.2

Let, for certainty, (p(t'),q(t')) € @i(z(t')). Then for any choice of cg there
exists a moment of time t" > ¢/, ¢’ = ' + O(lne) such that the point
(p(t"), q(t")) lies in the c;'-neighbourhood of the saddle C, and |x(t")| =
2c6\/€, h(t") = h(t') — £0y(2(t")) + O(c*?). The proof of this assertion is
analogous to the proof of Lemma 3.5, and we omit it. Last estimate shows, in
particular, that ¢;'e < h(t') — h(t") < dye, where ¢; and d; do not depend on
choice of ¢g. As h(t') = O(e), so h(t") = O(e) and, therefore, y(t") = O( /2).
Now

h(t/) = —2w006\/2x(t') + 0(53/2),
h(t") = —2wocev/ey(t") + O(e3/?).
From here Bt — h(t")
") —x(t) = ————= +O(e).
ot~ att) = LMD 4 o
Choose ¢ > djcy. Then
d102 \/g

") — alt)] < 525+ 0E) < JeuvE +Ofe) < corE.

Therefore, if |2(t')| < cgv/2, then |y(t”)| < 2cg+/c. This means that (p(t”), ¢(t")) €
ao(z(t")). This was the assertion of the Lemma 4.2.
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4.4.2 Proofs of Lemmas 4.3, 4.4

Let, for certainty, (p(t'),q(t')) € aa(z(t')), y(t') > ™. Denote t” the supre-
mum of the moments of time ¢ such that for ¢’ < ¢ < ¢ the following conditions
hold:

Lo <) < 2vF. (A1)

2(t) € B—ct, —2cev/e < w(t) < 2c6v/E + ¢, 5

According to Lemma 4.1, for ' < ¢t < ¢ we have y > %02_ y. Therefore
" —t' = O(Ine) and 2(t") € B — 2¢;". Then, again in correspondence with
Lemma 4.1, on the segment x = 2cg\/€, |y| < 2c6y/€ we have & < —cgc, 'V/Z.
On the segment x = —2c+\/2, |y| < 2¢6+/€ we have i > cgc; '1/2. Therefore,
for ¢ < t < t” conditions for z(¢) in (4.1) hold as strict inequalities, and
|2(t")| < 2c6v/2. In correspondence with the estimate § > 1c;'y we have
y(t") > €™. As at the moment ¢ = ¢” the phase point should arrive to the
boundary of the domain defined in (4.1), there exists the only possibility:
Y(t") = 200/%, e, (p(t"), q(t")) € iy (=(2")).

In accordance with Lemma 4.1 for ¢’ <t < t” we have

h(t) = —wo(=()y(t)z(t) + O(*?), %(wo(Z(t))y(t)w(t)) =0 +|z* + [yl*) -

Therefore, h(t") — h(t') = O(c*?), and this was the assertion of Lemma 4.3.
The proof of Lemma 4.4 follows the same lines.

4.4.3 Proof of Lemma 4.5

Denote A ot the time-t schift of the set A along trajectories of the perturbed
system (2.1). Denote A o [ay,as] = Ute[alm]]\ ot. Assume for simplicity of
explanation that A o [~K/e,0] € D (it is easy to avoid this restriction by
considering only the part of the set A o [—K /e, 0] which does not leave D).
For the set = we have

= = <[\o {_T* ; 2685, ik J; 2685}) N (D —ch).

Consider Zy = A o [—d;',0]. For small enough d;! the points of this set
lie in B — :2;01—1 with respect to z and in %cf—neighbourhood of the saddle
point C' with respect to (p,q). Therefore the set =y can be considered in the

46



variables z,y, z of Lemma 4.1. As in these variables the phase flux through
A is O(e"1*1/25'=2), so the phase volume of the set Z is O(e"1T/2§'=2), if the
volume element is dxdydz. As the Jacobian of the transformation x,y, z —
P, q, z is O(1), so the same estimate of the phase volume is valid if the volume
element is dpdqdz. Consider now sets

Z; = Zoo(—jdih),

A P (LR 071 Y
€ €

We have mes =; = O(mes Z), as the divergence of the right hand side of
system (2.1) is O(g), and so the distortion of the phase volume in this system
during the time O(1/e) does not exceed O(1) times. As = C U; =;, we get
mes = = O(e"~Y26'71) = O(e"~2mes W?). Lemma 4.5 is proved.

5 Calculation of measures captured into dif-
ferent regions at the separatrix

In this section Propositions 2.4 and 2.5 of Subsection 2.5 are proved.

5.1 Preliminary constructions

Denote I = I(v, z, h) the value of the action variable for the trajectory £ = h
of the unperturbed system in the region GG, v = 1,2,3. Since in each of the
regions GG, the dependence of I on h is monotonous, we can rewrite in any
G, the averaged system (2.3) as a system of differential equations for I, z.
Making use of gluing of solutions of averaged system at the separatrix (see
Subsection 2.3), we can consider the averaged system with respect to the
variable v = (v, z,I). Separatrix crossing leads to a jump of values v and
I. Denote g](7y) the shift of the point v for slow time 7 = et along the
trajectory of such averaged system, g¥(v) = 7, and index “1” indicates that
the solutions with ¥ = 3 and v = 1 are glued at the separatrix. Denote
W =W?° W,=W¢ a=(pq,z). Let II(-) be the standard projection from
the a-space to the 7-space; II(«) = . Denote

[ =MW}, I =g [[], W =171y,
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We will denote points from I', 'K W, WK as 4% 4% a® = (p°,¢°, 20), o =

(p™, ¢, 2) respectively.

5.2 Proof of the Proposition 2.4

Denote g'(«) the time-t shift of a point « = (p,q, z) along the trajectory
of system (2.1). Consider g'(aff) for o® € WE. Estimates in Propositions
2.1, 2.2, 2.3 were proved for initial conditions from W. Analogous estimates
are valid for initial conditions from W, if we consider the motion in reverse
direction in time. From this we get the following assertion: there exists a
set w; C W&, mes w; = O(e"6'!), such that for initial conditions o €
WE\ wy the behaviour of h, z along g*(aff), —Ke <t <0, is described with
an accuracy O(elne) by the solution of averaged system glued of solutions
in G; and G3 (passage from G to Gy is impossible for o € W&\ wy).
It follows from these estimates that there exists a set W'E C W[ such
that g~ X< [W/5] € W, mes (WF \ W) = O(elne §2). Denote W] =
g % W], The definition of W, implies that

Wll QW\W2:W1UU}
A standard calculation of change of a phase volume along a motion gives us

Ke™1
/ Ofr  O0f2  Ofs K K K
_ _ o 912 93 . (5.1
mes W] /exp € / (aq + ap + 9, dt | dp™dq™dz (5.1)
0

K
wi

Here the outer integral is calculated with respect to initial (or, better to say,
“final”) conditions from the set W/®. The inner integral is calculated with
respect to time along a solution of system (2.1) with given “final” condition.
In the integral with respect to time it is reasonable to replace exact solution
with the averaged one g; " (v%), and to estimate the accuracy of this approx-
imation. The result is described by the following Lemma, which is proved in
Subsection 5.4.1.
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Lemma 5.1 For o' € Wi the following estimate holds:

Ke—1

K

0 0 0

5/ (a—j;l+a—f—l—a—‘§) dt:/}"(v)d7'+0(51ne),
0 0

where 7 = g, 7(v), ¥ =1II(a"),

_ L (o ofy | Of3

Y

The integral with index v = (v, Z, J) is calculated along the level line of the
Hamiltonian E in the region G,(z), and the “action” for this level line is
equal to J. The parameter along the level line is time t of the unperturbed
motion, T is the period of this motion.

Making use of Lemma 5.1 we get

K
mes W, = / exp | — /.F("y)dT dp™dg"dz" + O(elne 6'2).
WI/K 0

Replace domain of integration Wl’K with W/ in the last expression. This
gives an additional error O(elne §-2). We get

K
mes W] = / exp —/F(ﬁ)dT dp®dg®dz" + O(elne 6'72).
Wi 0
In the last expression we can use action-angle variables JX, o instead of

p¥, ¢® as independent variables. As integrand does not depend on ¢¥, we
get

K

mes W, = 27r/exp — /f("y)dT dJ5dz" + O(elne §72).
rk 0

Let us make in the outer integral the transformation of variables (J&, 2)

(J°,2%) by means of the formula gf (7°) = 7, where 1° = (3,29, J°), ~*
(1,25, JK). We get

[

mes (W) = QW/QQ,K(’)/O)dJDdZO +O(elne 6'72),
T
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where

K
B oJx K
0y _ _ ’ — 57(A0
Qo (7") = exp O/-F('V)dT a(Jo, 20) Y=g1(7")

Lemma 5.2

Qo (7") = Pi(z) = ©1(2.)/Os(24),
where z, = 2.(7°) is the value of z at the moment of the separatriz crossing
for the solution of averaged system gj(7°).

This Lemma is proved in Subsection 5.4.2.

Because of Lemma 5.2

mes W = 27r/P1(z*)dJ0dzo + O(elne §72). (5.2)
T
As W] C W) Uw and mes w = O(g" 6'1), so
mes W, < mes W, + O(s" §'71).

In completely analogous way, but for the index v = 2, we get that there
exists a set W) C W5 U w such that

mes W, = ZW/PQ(Z*)dJOdZOJrO(slns 572, (5.3)
r
mes Wj < mes Wy 4+ O(e" §71).

Consider relations

mes W[ < mes Wy + O(e" 671, (5.4)
mes W, < mes Wy + O(e" 671,
mes Wi + mes Wy =mes W+ O(e" 6" 1),

mes W] + mes W, =mes W 4 O(clne §72).

To get the last equality, it is enough to add (5.2) and (5.3), and to take into
account that P, + P, = 1. From (5.4) we get

mes Wi = mes W —mes Wy 4+ O("6'") = mes W] + mes Wj — mes Wy + O(clned'?)

< mes W]+ O(glne §72),
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and, on the other hand,
mes W, > mes W] + O(¢" §'71).

Therefore we get

mes Wi, = mes W/ + O(clne 6'72%) = 27?/]31(2*) dJ’dz" + O(elne 6'7%) =

T

= /Pl(z*)olpoalqoolz0 +O(elne 6'72),

w

and analogous expression for Ws. Proposition 2.4 is proved.

5.3 Proof of Proposition 2.5

Let I, p mod 27 be the action-angle variables of the system with Hamiltonian
E in a neighbourhood of the set W°. Consider in system (2.1) variable ¢
as a new time. For [,z we get a nonautonomous system of [ — 1 equations.
Consider for this system extended phase space with space variables I, z,
and a new time ¥: d/dp = 1. Now for ¢, I, z we have

(p,:l, ],:€f4, Z,:€f5.

Here “prime” denotes derivative with respect to ¥, f; = fi(p,I,z,€), j =
4,5, are smooth functions. Denote u” the operator of the shift along the
trajectories of this system during the time ¢). Consider the sequence of the

sets
uw?*(U°%), s=0,1,...N —1,N = [r/4].

Only adjoining sets in this sequence can intersect each other. The measure
of any such intersection is O(£6'"!). Making use of the fact that the shift
along the trajectories of this system during the time O(1) distorts measure
only with a coefficient 1 + O(¢), we get

N-1
mes U u?**(U°) = NmesU° + O(e6'2). (5.5)

s=0
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Analogous reasoning for sets U, v = 1,2, gives the estimate

N-1
mes U u***(U°) = N mes U’ + O(e6'2).
s=0
Then
N-1
mes (W°A U u?(U%)) = O(e6'% + ),
s=0
N-1
mes (WA U u**(U2)) = O(e6'% 4 &Y.
s=0

Here it is taken into account that u”(U2) N W?° C W2 U w;
of symmetric difference of sets. From (5.5) - (5.7) we get

1
mes U° = v mes W 4 O(e6 = + 6111,

1
mes U? =  [nes W+ O(e' ™ + 6,

mes U2 mes W2
mes U%  mes W9

+ow+§)

From here and from the result of Proposition 2.4 we get

mes U ©,(2,) el lne|
LA Olé .
mes U?  O3(Z,) * ( * J

This was the assertion of Proposition 2.5.

(5.7)

A is the symbol

5.4 Proofs of Lemmas on measure estimates

5.4.1 Proof of Lemma 5.1

Denote

B _Ofi  Ofs  Ofs o
X =x(p,q,2,€) = 9 + o +t5 X =x(p, q,

We have
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5 / xdt = ¢ / Xdt + O(e) (5.8)

0 0
¢ ¢ Ke—1
= 5/X0dt+8/xodt+5 / dt + O(¢),
0 t_ '

where ¢ and ¢/, are the moments of the time analogous to the moments
t_, t, introduced in Subsection 2.5, but for initial conditions from W{. As
t” —t, = O(lne), so the second term in the right hand side of the last
equality is O(elne).

For 0 <t < #'_ we will consider motion round by round, as it was done
in Section 3. Suppose for simplicity of the exposition that during any round
the phase point crosses the ray Cn just one time, and that the motion takes
place in the region |E| < 1/2. Denote t; < t2 < ... < ty the successive
moments of the crossing of Cn, t; € (0,t'_). According to Lemma 3.5 and
its Corollary, we have

tit1
3 0 € 0 2 —1 -1

—— dt = ——+———— dt h=(t;) In"" h(t;)) .
o | U T SO0 T )

t; E‘Zh(ti)

(5.9)
According to Propositions 2.1 - 2.3
elne
it = Hule)] + 1ete) — Zia)] =0 (o) (5.10)

% Hi(t) < h(t:) < 2H\(t,).

From (5.9), (5.10), making use of Lemma 3.4 and estimate (4) of Lemma 3.2
we get

tit1

2
e 0 5 0 e?lne )
- dt = dt + O .
aﬂ—a/x T(H\(1), Z(5) f X Qumwﬂﬁn

t; E=H, (tz)
z2=71 (tz)
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Let us multiplay the left and right hand sides of this equality by
tit1 —t; = O(InH(t;)) and sum up the obtained estimates. Taking into
account that t; = O(1), ty =t + O(Ine), we get

¢
" N

5/XOdt - 21: T(H1(ti; Zy(t:)) ( j{ Xt ) et — 1) + Ofene).

0 = E=H, (tz)
z2=7Z1 (tl)

The sum in the right hand side can be represented as an integral with an
accuracy O(elne). Therefore, we have

tl

5/X0dt:/}"(ﬁ)d7+0(alna),
0

0

where 7, is the moment of the separatrix crossing in the averaged system. In
the analogous way

Ket
/ xdt = /]-" )dr + O(elne).

Results of Lemma 5.1 follow from these estimates and (5.8).

5.4.2 Proof of Lemma 5.2

Let 73 and 7, be any numbers such that 0 < 73 < 7, < 74 < K. Here
7, = 7(7") is the moment of the separatrix crossing for g7(7°). Denote

g (") =1 = (3,20, J9), g1 (%) =41V = (1,21, J0).

Each of values 4%, 73, 41 K defines all others. These values can be defined
also through 7, z,. Denote

T B(JW, 20
Qryr = exp —/J-"(v)df DI L) (5.11)

Similarly define € ,, and €2, k. Then
QO,K - Q077'3Q7'377'IQ7'17K :
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Lemma 5.3 90,73 = 1, Qn,K =1.

This Lemma is proved in Subsection 5.4.3.

Corollary 5.1 Qg =, ;.

Now let 73 and 7y tend to 7. The first multiplier in (5.11) tends to 1.
Therefore

1) (1) 1 (1) (3) .(3)
Qo = lim 00, 27) _ i —G(J i )/ lim —8(J % )

= — L = ]
7537*+06(J(3 23) T1*>££l+0 O(Tx, 24) m1o7—0  O(Ty, 24)
T1 Tx

Let us calculate these limits. Denote F' and ® the right hand sides of the
averaged equations for I and z respectively. Then

T1 T1
1
JO = 2—31(2*) +/Fd7, 2 = 2, —I—/<I>d7'.
T

Integrals here are calculated along the solution of the averaged system g7 (1),
and S = S1(z) is the area of the region G(z). Making use of the formulas
for the right hand sides of averaged system (2.3), (2.7), we get

oJW , 1 OF 0

71%1££l+0 87'* - T1£££1+0F - % @1(2*) + % 8_dt f3c ’
lh

9zM ' 0
le)gl+0 aT* - nEITElJrO (b - _f3c’

aJM 1 95, OF
=140 Oz, 21 0z, 0z

l1
92
= 1;o.

im
=740 0z,

Here 1;_5 is the unit (I — 2) x (I —2) matrix; f5. is the value of the function
12 at the saddle point C' for z = z,. Making use of these relations, we get

M @) o)) 0 OE
i, 2 (e (g200) ). n et

=m0 (T, 24) 0
3¢ 1l—2
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Similarly,
D(J®, By 1
lim —————= = —
m—=7e—0  O(Ty, 24) 27

@3(2*) .

Finally we have
QQK = @1(2*)/@3(Z*> .
This was the assertion of Lemma 5.2.

5.4.3 Proof of Lemma 5.3

To avoid long calculations with derivatives we will use known results about
the averaging method. Denote I'y a neighbourhood of the point (3, 2%, J9)
such that g7(vy) does not cross the separatrix for 0 < 7 < 7 and v € T.
Let Wy = II71(Ty), where II is the standard projection from p, ¢, z-space to
v = (v,z,J)-space. The reasoning of the Subsection 5.1 shows that there
exists a set Wy € W, such that

mes Wy’ = mes Wy + O(e),
mes Wy = QW/QO,TSdJOdzO—l—O(a).

To
From here
mes W, — 27r/Qo7T3dJ0dz0 = O(e).
Lo
As the left hand side does not depend on ¢, so

mes Wy = QW/QOVTSdJOdZO = /Qovmdpodqodzo.
Fo WO

Therefore ), = 1. Similarly, €, x = 1. Lemma 5.3 is proved.

5.5 A rule for calculation of probabilities

A heuristic reasoning of [14, 21], which leads to the formulas of Section 2 for
probabilities of capture into different regions, is exposed in this subsection.
This reasoning can be used as, in some sense, a rule, as it allows to calculate
probabilities in general case of systems of form (2.1), for other than in Fig.
2 types of phase portraits. This reasoning is justified by Proposition 5.1 of
this subsection.
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5.5.1 A scheme of calculation of probabilities

The following reasoning does not pretend to be rigorous. A corresponding
rigorous assertion is formulated at the end of this subsection. Let Cén =

C&n(z) be the system of principal axes for the saddle point C' oriented as
in Fig. 2. Let a phase point (p(t),q(t)) start moving at a moment of time
t =t with z = 2/, E = k' from the ray Cn. Denote ©, = ©,(z"). The point
(p(t),q(t)) first makes a curve I, which is close to l3(z). At the end of this
curve

dE dE
E=hr"=nW —dt =~ h' —dt = h' —0,.
+/dt +/dt €04
1 l2

If 0 < b/ < eOy, then h” < 0, i.e. the phase point is captured into the region
Go. If W' > €04, then in further motion the phase point makes a curve [},
which is close to 1;(2’). At the end of this curve £ = " ~ h' — (01 +0,). If
€0y < W' < £(©1+0,), then A" < 0, i.e. the phase point is captured into the
region Gy. If b’ > €(0; 4+ O3), then " > 0, i.e. the phase point comes back
to Cn. Introduce intervals sy = (602, (01 + 02)), 30 = (0,604,), 53 =
(e(©1 +©3),00), 5, = 3,(2'). In accordance with the previous explanation,
points with A" € 3¢5 will come back to Cn and after several rounds will arrive
to 2 U s5p. Points with b/ € s, v = 1,2, will be captured into G,. The
measure of the subset of U°, which will be captured into G,,, is proportional
to the length of the interval s, (2,) (because the majority of points from U°
have z ~ 2, when cross Cn for the last time, and the phase flux through s,
is equal in the principal approximation to the length of s,). Thus

. length 7, O, (2.
Q. (o) = 5 1) N
length 3¢ + length s ©1(2,) + O2(2,)

The following assertion corresponds to the previous reasoning.

Proposition 5.1 Let at a moment of time t' a point (p(t'),q(t")) lie on the
aris Cn(2') in ks '-neighbourhood of the point C, and 2’ € B — k;*, W =
E(p(t),q(t'),z(t"). Introduce intervals (Fig. 8)

%/1 = (6@2 + k’5€3/2, 8(@1 + @2) — k’583/2),
%; = (1{3563/2, 8@2 — k‘5€3/2),
iy = (e(61+60y) + kse¥? kgt
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to Gz to Gy still in G

Figure 8: For calculation of probabilities.

Then the following holds.

19 If i € »,, v =1,2 then the phase point does not cross Cn again for
t > t'. There ezistst, = t'+O0(In¢e) such that (p(t,),q(t,)) € G,(z(t,)), h(t,) =
—k2€.

20, If W € 5d,, then there exists t3 > t' such that (p(t3), q(t3)) € Cn(z(t3)), ' —
h(tg) > k;lg.

Remarks.

1. Constant ky was introduced in Proposition 2.1.

2. Making use of Proposition 5.1 it is possible to prove formula for the
probability (2.13). It is possible to prove also the result analogous to Propo-
sition 2.4 but with more rough estimate: O(,/¢) instead of O(elne).

3. The proof of the formula for the probability in previous sections uses
essentially that separatrices divide phase space into three regions. But some-
times, because of an additional symmetry of the problem, a system has sev-
eral saddle points connected by separatrices, and in these cases phase space
can be divided into four or more regions (see, for example, [22]). Formulas
for probabilities for these cases can be obtained by means of a reasoning,
analogous to that used at the beginning of this section. These formulas can
be justified by means of an assertion analogous to Proposition 5.1.

5.5.2 Proof of Proposition 5.1

Let us restrict ourselves by proving of assertion 1° for v = 2. The proofs of
other assertions are completely analogous. Denote

E

OF 0 OF
X =x(p,q,z¢) = a_qfl + 8_pf2 + afs-
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Choose any k4 such that B — k; ! is not empty. For 2 € B — %k; ! we have

j{ Ix|dt < ¢ .
l2

We may assume that the quadratic part of the Hamiltonian E near the saddle
point C' in the variables 7, £ has the form fwy(2)(n? — £2), wy > 0. Denote

r=(E—n)/V2, y=(€+n)/V2 (cf. Fig. 7). Let ¥ = U(y,x,z) be the
Hamiltonian F, expressed through y, x, z:

U = —woyr + O(ly|* + [2]*) .

Lemma 5.4 Let z € B— k', |z| <di', |yl <di'. If ly| > |z|, then

ov

a—m = —WwoyY -+ O(yz) .
If ly| <|z|, then

ov

oy — wor +0().

The proof is evident.

Corollary 5.2 For 0 < |y| < dy' < di', |h| < d3*, |z| <y the equation
U(y,x,2) = h defines a unique x = %(y, h, z) such that |z| < d;'. Function
Z 18 smooth and

oF 1 0F  0U/o:

oh ~ 0V/ox’ 0z  0V/0x
For 0 < |z| < dy*, |h| < d3', |y| < |z| the equation ¥ = h defines in the
analogous manner y = g(z, h, z).

Denote y(t), z(t) the values of y,x at the point p(t), q(t), z(t). We have
y(t') = —x(t') > 0. Let £¥/2 < h(t') < £05(2"). Denote t;, the supremum of
moments of time ¢; > t' such that for ¢’ <t < t; the solution p(t), ¢(t), z(¢)
is defined and meets the conditions

3
lz(t)] < dit, 0<vy(t) <dy', 2(t) € B— Zkf : (5.12)
(@O > =), y(t) >
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(the set of such #; is not empty, as y(t') > —&(t') ). Denote y1. = y(t14).
For ¢/ <t < ¢, we have

y o= woy+0( Oe) > 'y, (5.13)

tie —t = /—<02/—<02 y;*):O(lne),

2(t) —z(t") = O(elne),
y(t) y(t)
: xldy
|h(t) = h(t)] < e[ |x|ldt <ce | Z=—=¢ [ O(l)dy=0(e).
Y
y(t') y(t')
The obtained inequalities show that at the moment of time ¢, all conditions
n (5.12) but the inequality y(t) < d;' are satisfied with some margins.
Therefore y(t,,) = dy .
The obtained inequalities allow to give more accurate estimate of h(ty,):

t1x d2_1

/ xdy

h(tn) — h(t)—s/xdt—s 90 /0r 1 00

4 y(t')

dy * dy*

=< [ (ow) st | | (G050 ) scser~ (57 ) s 0

oV /0x ) E= 0V /0x + O(e) ) E=h(t) ov/oz ) £=0

y(t') Z_:o y(t') z=2(t) =0

By means of (5.12), Lemma 5.4 and its Corollary, the integrand in the second
integral for y > /z is estimated as

o) ol

For £7/® < y < /¢ the integrands in both integrals are O(1). Therefore

dy?

hty) —h(t') = —& O/ ( aq;;a ) ry . dy+O0(?).

e=0

Here the integral is calculated over a segment of the unperturbed separatrix.
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In the further motion the phase point makes a curve situated in O(e In¢)-
neighbourhood of the unperturbed separatrix for z = 2’ and arrives at the
segment v = d, ', ly| < d;' at a moment of time t,, = t;, + O(1) having
E = O(g). The change of F along this curve with an accuracy O(e?Ine¢) is
equal to the integral of function ex(p, ¢, 2’,0) along the corresponding part
of the unperturbed separatrix.

Then, through the time O(ln¢), at some moment of time 3., the phase
point arrives either at the ray x = y+c3e > 0 or at the ray x = —y+c3e > 0.
The motion for t € (ta., t3.) is considered in completely analogous way to that
for ' <t < t;,. The change of E with an accuracy O(£*?) is equal to the
integral of ex(p, q, 2/, 0) along the segment of the unperturbed separatrix with
0 <z <dy?', |yl <di'. Therefore h(ts,) = h(t') — e0,(2') + O(%/?).

If

kse®? < h(t') < €04(2) — kse®?,

then 1 ]
—&7@2(2,) + 5/{3583/2 < h(tg*) < —51{3583/2

Therefore at the moment of time t3, the phase point lies in the region
Ga(2(t3.)). Condition h(tz,) < —3kse¥? and Lemma 5.4 allow to estimate
7 from below by a value of order £3/%. Making use of this estimate we can
show that at a moment of time t” = t5, + O(c'/*) the phase point arrives at
the ray C¢ having h(t") = O(e), h(t") < —1kse®/2.

Further motion is considered in an analogous manner. While —kye <
h(t) < 2cie the phase point moves round by round making curves near the
unperturbed separatrix l5. One round takes time O(lne), the value of E
during one round decays by €0,(2') 4+ O(£%?) > ¢5 *e. Therefore, there exists
a moment of time ¢, = t' + O(ln¢) such that h(t,) = —kqe, (p(t,),q(t,)) €
G,(z(t,)). This is the assertion of Proposition 5.1.

Acknowledgment. The author is thankful to N.R.Lebovitz for com-
ments, discussions, and help, to A.Bolsinov for advices on integrable systems.
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A Appendix. Perturbations of polyintegrable
systems and separatrix crosings

The goal of this Appendix is to give a general description of the problem
of separatrix crossing in single-frequency systems and to demonstrate, that
under rather general assumptions the study of this problem can be reduced
to study of separatrix crossing in system (2.1). The exposition here follows
mainly [4], Subsection 6.1.10.

A natural framework for studying one-frequency averaging is the frame-
work of perturbations of polyintegrable superintegrable (also called Nambu)
systems 2. In this problem the equations of motion have the form

t=v(r,e), *€DCR, 0<e<1, wv(r,e)=nro(x)+vi(z,e). (A1)

Here D is a bounded domain in R!. We assume that the unperturbed (e = 0)
system is polyintegrable, i.e. it has [ — 1 smooth first integrals Hy, ..., H;_1
which are independent almost everywhere in D. We assume that the domain
D contains, together with each point, also the entire connected component
of the common level set (a level line) of the integrals passing through this
point. Then a level line on which the first integrals are independent is a
smooth closed curve. In any domain filled by such level lines system (A.1)
can be reduced to the standard form of a system with one rotating phase.

To introduce a framework for separatrix crossing we assume that:

a) the rank of the Jacobi matrix of the map H : D — R!™! given by H(x) =
(Hy(z),...,H—1(x)) is equal to [ — 1 everywhere but on a smooth | — 2
dimensional surface, where it equals to [ — 2 ;

b) at each point, where the rank equals [ —2, the restriction of one of integrals
onto the joint level of other integrals has a non-degenerate critical point;

c) at equilibrium positions of the unperturbed system (A.1) two eigenvalues
are non-zero real numbers (the other eigenvalues are equal to 0 because of
the existence of the integrals).

Then points, where the rank of the map H equals [ — 2, coincide with
equilibria of system (A.1) for e = 0, the sum of non-zero eigenvalues equals
0 for such an equilibrium. We call separatrices the common level lines that
pass through these points as well as a union of such level lines. Under the
action of the perturbation phase points can cross separatrices.

2See [3] for description of properties of polyintegrable systems.
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Assume that functions Hq, ..., H;,_ are independent on separatrices. The
values 21, ..., z_o of these functions from some ball in R"~2 can be taken as
new variables. Joint levels of these functions form [ — 2-parametric family of
2-dimensional surfaces S,, z = (z1, ..., z,_2). Unperturbed dynamics on each
of these surfaces is described by a Hamiltonian system with one degree of
freedom for which the restriction £ of the function H;_; onto this surface is
Hamilton’s function, but the symplectic structure may be non-canonical. The
phase portrait of each of these systems contains a saddle point and passing
through it separatrices. In a neighbourhood of separatrices the phase portrait
has the same form as in Fig. 2 and can be considered as a portrait in R2.
(Notice that this does not depend on topology of S,. For example, the phase
portrait of the pendulum, Fig. 1, should be considered on a cylinder, but
a neighbourhood of separatrices can be put in R? as a neighbourhood of
separatrices of the form shown in Fig. 2.)

Let p, g be Cartesian coordinates in R?. In these coordinates, in a neigh-
bourhood of separatrices, the symplectic structure has a form u(p, q, 2)dpAdyg,
w(p,q,z) # 0. Define in a neighbourhood of separatrices a function p =
(P, q, z) such that dp/dp = u(p,q,z). In the variables p,q the symplectic
structure takes the canonical form dp A dg, and equation (A.1) takes the
form (2.1). Thus, the results in Subsection 2.4 for system (2.1) describe also
separatrix crossing for (A.1).

One can also consider separatrix crossings directly for perturbations of a
polyintegrable system. The phase space of the averaged system is the set of
common level lines of the integrals of the unperturbed system, which has the
natural structure of a manifold with singularities [6] (singularities correspond
to a separatrix). The averaged system approximately describes the evolution
of the slow variables - values of the integrals of the unperturbed system. The
probabilities of falling into different domains after a separatrix crossing are
expressed in terms of ratios of the quantities

Oi(z) = — 7{ (ﬁl(z)% +...+ ﬁll(z)ag;_l) vz, 0)dt,

1i(2)

where 2z parametrises the surface of singular points (“saddles”) of the un-
perturbed system, f; are coefficients such that the expression inside the
parentheses in the integrand vanishes at singular points, and l; = [;(2) is
a separatrix.
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