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ABSTRACT 

Analytical theories were developed for studying post-local buckling-driven delamination of thin 
layer materials under in-plane compressive stresses which can arise from externally applied mechani-
cal loads, thermal stresses due to mismatch of coefficients of thermal expansion between the thin layer 
material and the thick substrates, the intercalation stresses due to electrochemical lithiation and deli-
thiation, and etc. The development was based on three mixed mode partition theories. They are Euler 
beam or classical plate, Timoshenko beam or shear deformable plate [1-5] and 2D-elasticity [6-8] the-
ories. Independent experimental tests [9] show that, in general, the analytical partitions based on the 
Euler beam or classical plate theory predicts the propagation behaviour very well and much better than 
the partitions based on the Timoshenko beam and 2D-elasticity theories. 

1 INTRODUCTION 

Thin layer/substrate composite material systems are commonly seen in many engineering applica-
tions, such as thermal barrier coating system in aero engines, erosion resistance coating system in oil 
transportation pipes, thin film electrodes in batteries, and etc. The thin layer is often sustain substantial 
in-plane residual stresses in service condition, such as mechanical stresses due to release of pre-strains 
in the substrate, thermal stresses due to mismatch of thermal expansion coefficients, intercalation 
stresses in thin film electrodes [10] due to electrochemical lithiation and delithiation, and other diffu-
sion induced stresses. The compressive residual stresses can cause buckling-driven delamination 
which has to be considered for reliable design of such thin layer/substrate composite material systems. 
The study aims to develop analytical theories to predict the buckling driven delamination behaviour of 
thin layer/substrate composite material systems under in-plane compressive stresses. 

2 THEORY 

Fig. 1 illustrates two typical buckling driven delaminations of thin layer materials, which are often 
used in experimental tests to determine the fracture toughness of the film/substrate interfaces and also 
often occur in practice. The thin layer materials are under in-plane compressive stresses which can 
arise from externally applied mechanical stresses, thermal stresses due to mismatch of coefficients of 
thermal expansion between the thin layer material and the thick substrates, the intercalation stresses 
due to electrochemical lithiation and delithiation, and etc. The present work focuses at the buckling 
driven delamination with straight edges as shown in Fig. 1(a), which can be readily extended to study 
the buckling driven delamination with circular edge as shown in Fig. 1(b). 
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 (a) (b) 

Figure 1: Buckling driven delamination of thin layer materials (a) with straight edges and (b) with cir-
cular edge. 

The buckled mode shape of the delamination with straight edges in Fig. 1 (a) is assumed to be [11] 
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where   is the correction factor for the quality of the clamped end condition at the crack tip B, which 
equals to 1 when the thickness h  of the thin layer material is very small in comparison with the thick-
ness of the substrate, and A , BR  are the amplitude and half buckling width, respectively. The energy 

release rates (ERR) IG  and IIG  at the crack tip B are determined in the following as they control the 
delamination propagation behaviour. 

2.1 Euler beam or classical plate partitions  

According to Euler beam or classical plate partition theory [1-5], the ERR partitions are given as 
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where   ,  and   ,  are the two sets of orthogonal pure modes which are 
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BM1  and BeN1  are the crack tip bending moment and effective axial force per unit width, respectively. 

The parameter   is given as 
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E , h , sE and sh are the Young’s modulus of the thin layer materials, the thickness of the thin layer, 
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the Young’s modulus of the substrate material and the thickness of the substrate, respectively. When 
hhs /  is very big, the parameter   approaches to 1. For convenience, the partitions are also given 

below in terms of the critical buckling strain c  and the residual compressive strain 0 . 
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where the critical local-buckling strain c  is 
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and the additional compressive strain beyond c  is  

 ca   0  (11) 

0  is residual compressive strain. It can be produced by externally applied mechanical strain, thermal 
strain due to mismatch of coefficients of thermal expansion between the thin layer material and the 
thick substrates, the intercalation stain due to electrochemical lithiation and delithiation, and etc. The 

parameter c  is close to 1 for large hhs / . Note that when      32 ca c , the crack tip 

normal stress becomes compressive, and so IEG  is taken to be zero with GGIIE  . 

2.2 Timoshenko beam or shear deformable plate partitions 

According Timoshenko beam or shear deformable plate partition theory [1-5], the ERR partitions 
are 
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where 
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In terms of the critical buckling strain c  and the additional compressive strain a , they become 
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Again note that when      32 ca c , the crack tip normal stress becomes compressive, and 
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so ITG  is taken to be zero with GGIIT  . 

2.3 2D elasticity partitions 

By ignoring the material mismatch the 2D elasticity partition theory [6-8] gives the following parti-
tions 
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where 

   







hhDD 
 450.4

,
697.2

, 22  (20) 

 
 

  32

22

2

6

697.2450.412

697.212450.4

Eh
c DI 





  (21) 

 
 

  32

22

2

6

697.2450.412

450.412697.2

Eh
c DII 





  (22) 

In terms of the critical buckling strain c  and the additional compressive strain a , they become 
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Again note that when      3450.4 ca c , the crack tip normal stress becomes compressive, 

and so the DIG 2  is taken to be zero and GG DII 2 . 

3 EXPERIMENTAL ASSESSMENTS 

In this Section experimental results are used to assess which above ERR partitions gives the best 
predictions for the mechanical behaviour of buckling driven delamination. A linear failure criterion 
was used for the relatively low interface fracture toughness in consideration. Fig. 2 shows the compar-
ison between the analytical predictions and experimental test [9] for case 1 specimen. The thickness of 
the thin layer is 0.518 mm and the thickness of the substrate is 2.072 mm. It is seen that the two beam 
partition theories predict the propagation behavior very well and much better than the 2D elasticity 
partition theory does. The delamination propagation is indeed the pure mode II propagation predicted 
by the two beam partition theories. It is now clear that the 2D elasticity partition theory does not pro-
vide the right partition for predicting the propagation behaviour of buckling-driven delamination for 
Case 1. The question of which beam partition theory provides the right partitions when the propaga-
tion is not pure mode II, however, still needs to be answered. Fig. 3 shows the comparison between the 
analytical predictions and experimental test [9] for case 2 specimen. The thickness of the thin layer is 
0.508 mm and the thickness of the substrate is 2.032 mm. It is observed that the analytical theory 
based on the classical partition theory predicts the propagation behaviour very well and much better 
than the analytical theories based on the shear deformable and 2D-elasticity partition theories. 
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Figure 2: Compression force per unit width F  vs. upper-surface mid-span strain sc  for case 1 speci-

men. 

 

Figure 3: Compression force per unit width F  (N/mm) vs. upper-surface mid-span strain sc . 

4 CONCLUSIONS 

Mechanical models have been developed for studying buckling driven delamination of thin layer 
materials under in plane compressive stress arising from mechanical, thermal and electrochemical ac-
tions. In both test cases, the thin layers have macroscopic thicknesses. The Euler beam or classical 
plate partition theory [1-5] predicts the delamination behaviour very well due to the global nature of 
the theory. Whilst the Timoshenko beam or shear deformable plate and 2D elasticity partition theories 
perform less well due to their local nature. 
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