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Abstract. In the present paper we explore the response of a half-plane indented by a tilted flat punch 

with sharp corners in the context of couple-stress elasticity theory. Contact conditions arise in a 

number of modern engineering applications ranging from structural and geotechnical engineering to 

micro and nanotechnology. As the contact scales reduce progressively the effects of the 

microstructure upon the macroscopic material response cannot be ignored. The generalized 

continuum theory of couple-stress elasticity introduces characteristic material lengths in order to 

describe the pertinent scale effects that emerge from the underlying material microstructure. The 

problem under investigation is interesting for three reasons: Firstly, the indentor’s geometry is simple 

so that benchmark results may be extracted. Secondly, important deterioration of the macroscopic 

results may emerge in the case that a tilting moment is applied on the indentor inadvertently or in the 

case that the flat punch itself is not self-aligning so that asymmetrical contact pressure distributions 

arise on the contact faces. Thirdly, the voluntary application of a tilting moment on the flat punch 

during an experiment gives rise to potential capabilities of the flat punch for the determination of the 

material microstructural characteristic lengths. The solution methodology is based on singular 

integral equations which have resulted from a treatment of the mixed boundary value problems via 

integral transforms and generalized functions. The results show significant departure from the 

predictions of classical elasticity revealing that valuable information may be deducted from the 

indentation of a tilted punch of a microstructured solid. 
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1. Introduction 

Contact situations occur in a multitude of engineering applications ranging from mechanical 

and civil engineering to materials science. Many structures are founded in reinforced concrete 

footings or pads buried at relatively shallow depths beneath the ground surface and large scale 

contacts take place between the footings and the deformable ground. On the other hand, small scale 

contacts appear in nano-indentation tests in the area of mechanical engineering and/or material 

science.  

In an ideal contact situation between two bodies, either within the context of civil engineering 

where the footing essentially acts as an indentor that lies upon a deformable body (i.e. the ground) or 

within the spirit of an indentation experiment where the flat surface of the underlying material is 

mounted perpendicular to the tip of the indentor, the indentor touches the surface of the material and 

penetration is performed. The details of such penetration may be interpreted in terms of the stress 

distribution below the indentor and subsequently the stress distribution within the bodies in contact, 

the surface displacements, the contact site, etc. Such analysis is crucial for design purposes in 

geotechnical and footing engineering, or in the case of material characterization through indentation 

tests. 

During contact conditions, size effects can be dominant especially when the contact size (that 

is the contact area) is comparable to the material microstructure. However, it is well known that the 

classical continuum theory possesses no intrinsic length scale and thus fail to predict the scale effects 

observed experimentally in indentation problems with geometric lengths comparable to the lengths 

of the material microstructure (e.g. Fleck and Hutchinson, 2001). This discrepancy between the 

classical theoretical predictions and experimental results is found more pronounced for materials 

with a coarse-grain structure. In fact, the macroscopical behavior of most microstructured materials 

with non-homogeneous microstructure, like ceramics, composites, cellular materials, foams, 

masonry, bone tissues, glassy and semi-crystalline polymers, is strongly influenced by the 

microstructural characteristic lengths, especially in the presence of large stress (or strain) gradients 

(Maranganti and Sharma 2007). 

In order to study the size effects observed during indentation of microstructured materials two 

different approaches may be followed. The first one consists of taking into account the distinct 

morphology of the material through discrete modelling and incorporating directly the details of the 

material microstructure. This approach, although very detailed and accurate, suffers since the 

computational cost becomes increasingly high with increasing material complexity. The alternative is 

the use of a generalized continuum theory that smears out the material microstructure by enriching 
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the classical continuum with additional material characteristic length scales extending, thus, the 

range of applicability of the ’continuum’ concept in an effort to bridge the gap between classical 

continuum theories and atomic-lattice theories. This approach is very effective since it can be 

incorporated efficiently into large computations but of course lacks the detailed description of a 

discrete representation and treats the microstructural length in an average sense. Discrete modelling 

of the material microstructure during indentation has been carried in the context of classical 

continuum theories (see e.g. Chen et al., 2004; Stupkiewicz, 2007; Fleck and Zisis, 2010; Zisis and 

Fleck, 2010), whereas phenomenological approaches based on generalized continua have also been 

extensively followed (Muki and Sternberg, 1965; Poole et al., 1996; Begley and Hutchinson, 1998; 

Nix and Gao, 1998; Shu and Fleck, 1998; Wei and Hutchinson, 2003; Zisis et al., 2014). 

The physical relevance of the material length scales as introduced through generalized 

continuum theories has been the subject of numerous theoretical and experimental studies. Chen et 

al. (1998) developed a continuum model for cellular materials and concluded that the continuum 

description of these materials obeys a gradient elasticity theory of the couple-stress type. In the latter 

study, the intrinsic material length was naturally identified with the cell size. Furthermore, regarding 

cellular solids, Tekoglu and Onck (2008) compared the analytical results of various gradient type 

generalized continuum theories with the computational results of discrete models through a range of 

basic boundary value problems based on Voronoi representations of cellular microstructures. The 

analysis that was performed, strictly within the elastic regime, assessed the capabilities of 

generalized continuum theories in capturing size effects in cellular solids and connected the cell size 

with the microstructural length-scale. Additionally, recent studies by Bigoni and Drugan (2007), and 

Bacca et al. (2013) provided an account of the determination of the couple-stress moduli via 

homogenization of heterogeneous materials. Moreover, Shodja et al. (2013) utilizing ab initio DFT 

calculations evaluated the characteristic material lengths of the gradient elasticity theory for several 

fcc and bcc metal crystals. 

One of the most effective generalized continuum theories has proved to be that of couple-

stress elasticity, also known as Cosserat theory with constrained rotations (Mindlin and Tiersten, 

1962; Toupin, 1964). In the context of couple-stress elasticity, the strain-energy density and the 

resulting constitutive relations involve, besides the usual infinitesimal strains, certain strain gradients 

known as the rotation gradients. The generalized stress-strain relations for the isotropic case include, 

in addition to the conventional pair of elastic constants, two new elastic constants, one of which is 

expressible in terms of a material parameter   that has dimension of [length]. The presence of this 
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length parameter, in turn, implies that the modified theory encompasses the analytical possibility of 

size effects, which are absent in the classical theory. 

Even though, purely elastic indentation of materials is hard to achieve in practice (Larsson et 

al., 1996), elasticity can be of interest in particular cases of indentation. In fact, as it was shown by 

Han and Nikolov (2007), there are polymers that exhibit significant size effects during indentation 

also in the elastic regime. More specifically, indentation experiments with a Berkovich indentor 

carried out on heterochain polymers such as polycarbonate (PC), epoxy, polyethylene terephthalate 

(PET) and polyamide 66 or nylon66 (PP66), showed an increased hardness with decreasing 

indentation depths. Furthermore, Han and Nikolov (2007) reported that the depth at which the 

hardness starts to increase depends strongly, in the elastic deformation regime, upon the type of the 

polymer under consideration. In particular, they reported that the hardness at small indentation 

depths (or small contact areas) can increase from 0% to as much as 300%. 

In the present paper, we explore the response of a half-plane indented by a tilted flat punch 

with sharp corners in the context of couple-stress elasticity theory. The same problem was initially 

studied by Sackfield et al. (2001) in the context of classical elasticity. Here, we extend their work 

and generalize their results for the case of a microstructured elastic material. The problem under 

investigation is of both theoretical and practical importance. From the theoretical point of view the 

indentor’s geometry is very simple so that benchmark results may be extracted. From the practical 

point of view even with nominally symmetrical contacts there is a possible effect of a relative 

indentor’s rotation as a result of an applied moment or an undesirable geometrical asymmetry. Non-

symmetrical contact conditions may occur in materials science applications (i.e. indentation tests) 

when for example the properties of a material are extracted through the indentation technique. 

Similar asymmetries can also be found in large scale contact situations in civil engineering and in 

geotechnical applications where the footings essentially act as rigid indentors of the ground. If the 

tilting moment appears on the indentor inadvertently (possibly through the application of an offset 

force), then important deterioration of the contact results may emerge and significant macroscopic 

errors may occur. On the other hand, when a tilting moment on a flat punch is voluntarily applied, 

during for example an indentation experiment for material properties extraction, it gives rise to 

potential advantages regarding the capabilities of the flat punch, for the identification of the influence 

of the length scale effect through simple procedures (Lakes et al., 1985). 
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2. Basic equations of couple-stress elasticity in plane-strain 

In this section, we recall briefly the main features of the equilibrium theory of plane strain 

within the linearized couple-stress theory of homogeneous and isotropic elastic solids. Detailed 

presentations of the couple-stress theory can be found in the fundamental papers of Mindlin and 

Tiersten (1962), and Koiter (1964). An exposition of the theory under plane-strain conditions was 

given in the work by Muki and Sternberg (1965), and more recently by Gourgiotis and Piccolroaz 

(2014) in the elastodynamic case including micro-inertial effects.  

For a body that occupies a domain in the  ,x y -plane under conditions of plane-strain, the 

equations of equilibrium in the absence of body forces and body moments reduce to 

 

0yxxx

x y

 
 

 
,      0xy yy

x y

  
 

 
,     0yzxz

xy yx

mm

x y
 


   

 
, (1) 

 

where ( , , ,xx xy yx yy    ) and ( ,xz yzm m ) are the non-vanishing components of the (asymmetric) stress 

and couple-stress tensors, respectively. The complete solution of Eqs. (1) admits the following 

representation in terms of two sufficiently smooth stress functions  ,x y    and  ,x y  

(Mindlin, 1963) 

 

2 2

2xx y x y
    

 
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,  
2 2

2yy x x y
    

 
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, 

2 2

2xy x y y
    

  
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,  
2 2

2yx x y x
    

  
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, (2) 

 

and 

 

xzm
x





,  yzm
y





. (3) 

 

Accordingly, the displacement field assumes the general form 

 

 ,x xu u x y ,    ,y yu u x y ,   0 .zu   (4) 
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The governing kinematic relations in the framework of the geometrically linear theory then become 

 

x
xx

u

x
 




,  y
yy

u

y






,  
1

2
y x

xy yx

u u

x y
 

 
     

, (5) 

1

2
y x

u u

x y


 
    

,  xz x

 



,  yz y

 



, (6) 

 

where   is the usual strain tensor,   is the rotation, and  ,xz yz   are the non-vanishing 

components of the curvature tensor (i.e. the gradient of rotation) expressed in dimensions of [length]-

1.  

For a homogeneous and isotropic couple-stress material the constitutive equations furnish 

 

   1
2xx xx xx yy            ,    1

2yy yy xx yy           , 

   1
4xy xy yx     , (7) 

 

and 

 

  124xz xzm 


  ,     124yz yzm 


  , (8) 

 

where  ,  , and  , stand for the shear modulus, Poisson’s ratio, and the characteristic material 

length of couple-stress theory, respectively (Mindlin and Tiersten, 1962). 

Further, substitution of Eqs. (2) and (3) into (7) and (8) results in the compatibility equations 

for the Mindlin’s stress functions 

 

   2 2 2 22 1
x y


  

          
  , (9) 

   2 2 2 22 1
y x

            
  , (10) 

 

from which, in turn, we obtain the following uncoupled partial differential equations 
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4Φ 0  , (11) 

2 2 4Ψ Ψ 0    . (12) 

 

Note that as the quantities  , Ψ x  , and Ψ y   tend to zero, the above representation passes over 

into the classical Airy’s representation.  

Finally, combining Eqs. (2)-(7), one can obtain the following relations expressing the 

displacement gradients in terms of the Mindlin’s stress functions 

 

2 2
2

2

1

2
xu

x y x y



     

         
, (13) 

2 2
2

2

1

2
yu

y x x y



     

         
, (14) 

2 2 2

2 2

1
2

2
yx

uu

y x x y x y
        

           
. (15) 

 

3. Formulation of the contact problem and boundary conditions 

The contact problem of a rigid indentor pressed into the surface of an elastic half-plane is 

now investigated. The body is governed by the equations of couple-stress elasticity and a Cartesian 

coordinate system Oxyz  is attached at the center line of the geometry, as shown in Figure 1. A load 

P  is applied to the indentor which, in the plane strain case, has dimensions of [force][length]-1. 

It is assumed that the punch has a flat base of width 2b  and sharp square corners; it is 

sufficiently long in the z -direction so that plane strain conditions prevail. Since the punch is rigid, 

the surface of the elastic solid must remain flat where it is in contact with the punch. The punch is 

tilted counterclockwise under the application of a load P  which is shifted from the center line by a 

positive distance e  (eccentricity). The problem may then be accordingly considered as the equivalent 

of a punch subjected to a normal load P  and a moment M Pe  . Depending on the magnitude of 

the applied moment, complete or receding type of contact may occur (Figure 1). In the case of 

complete contact, the contact region consists of the points:   , : , 0D x y b x b y      and the 

contact width is 2c b . In the case receding contact, the contact region consists of the points: 
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  , : , 0D x y b x a y      and the contact width is c a b  , with a b . Note that in all 

cases,  

 

      

b b

P
e

y

x
φ

     

b

P
e

y

x

φ

a

 

                       (a)                                                                                    (b) 

Figure 1: The tilted punch under (a) complete contact; the contact width is 2c b  (b  is the half 

width of the flat punch), and (b) receding contact; the contact width is c a b  .  

 

For the points lying within the contact region x D  after loading, we have the following 

general geometrical boundary condition 

 

yu x   , (16) 

 

where,   is the angle of inclination of the tilted punch which is sufficiently small for the linear small 

strain elasticity to applicable, and   is a positive constant acting as a measure of the absolute 

approach of the contacting bodies. Furthermore, the following traction boundary conditions hold for 

a frictionless and smooth type of contact (Shu and Fleck, 1998; Zisis et al. 2014) 

 

( , 0) 0yy x      for    x D  , (17) 

( , 0) 0yx x      for    x    , (18) 

( , 0)=0yzm x     for   x    , (19) 

 



 

 

10 

 

which are accompanied by the auxiliary conditions 

 

   ,0yyD D
x dx p x dx P    , (20) 

 

and 

 

   ,0yyD D
x xdx p x xdx M    , (21) 

 

where   0p x   is the pressure below the indentor, P  is the applied load, and M  is the applied 

moment. Moreover, since the indented surface is an unbounded region, the above boundary 

conditions must be supplemented by the regularity conditions at infinity 

 

0ij  ,  0ijm      as     1 22 2R x y   . (22) 

 

4. Singular integral equation approach 

The plane-strain contact problem is attacked with the aid of the Fourier transform on the basis 

of the stress function formulation summarized earlier. The direct Fourier transform and its inverse 

are defined as follows 

 

ˆ( ) ( ) i xf f x e dx



      ,    

1 ˆ( ) ( )
2

i xf x f e d 


 


   , (23) 

 

where  1 2
1i   . 

Transforming the governing equations (11) and (12) with (23)1 provides a pair of fourth order 

ODEs with constant coefficients whose solution is immediate. The constants that emerge may be 

subsequently be evaluated from the transform of Eqs (9) and (10) in conjunction with the 

transformed boundary conditions (17)-(19). Since the procedure just outlined is strictly analogous to 

that employed in Zisis et al. (2014), we may omit the details of the analysis and cite directly the 

results obtained. In particular, the transformed stress functions assume now the following form 
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       222
ˆ

4 1
Φ̂ , 1

ye
py

y  


   




 
  

   
, (24) 

 
 

     
2

2 2

2

ˆ
4 1

4 1
Ψ̂ ,

y yi e e
py

  


 








 

    
   





, (25) 

 

where    1 22 2       and  p̂   is the transformed pressure distribution below the indentor 

which, taking also into account Eq. (17), can be written as 

 

   ˆ i x

D
p x e dp x   . (26) 

 

Finally, in view of (13)-(15), the displacements in the transformed domain become 

 

 
2

2
2

ˆˆ1 ˆˆ 1
2x

d d
u i i

dy dy
  


  

     
 

, 

   
3

2 3
2 3

ˆ ˆ1 ˆˆ 1 2
2y

d d
u i

dy dy
   


  

      
 

. (27) 

 

Our objective now is the determination of the contact-stress distribution ( )p x  under the 

indentor and the determination of the pertinent contact width when appropriate. For the solution of 

the mixed boundary value problem, we employ the method of singular integral equations. In classical 

elasticity, the general procedure of reducing mixed boundary value problems to singular integral 

equations is given, e.g., by Erdogan (1978), Hills and Nowell (1994). An application of the technique 

within the context of couple-stress elasticity for plane-strain contact problems can be found in Zisis 

et al. (2014). 

The definition of the inverse Fourier transform in (23) together with the second of (27) lead to 

following equation 

 

   
3

2 3
3

ˆ ˆ1 Φ Φ ˆ1 2
2 2

y ixdu i d d
i e d

dx dy dy
    

 







  
       

   





, (28) 
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which, by using the expressions for the stress functions (24) and (25) at 0y   and bearing in mind 

Eq. (26), yields 

 

 
     

22

11

2 4 1
y i t

D

ixi
e d

du
p t e dt

dx
 


  


     










 
     






. (29) 

 

Further, employing the displacement boundary condition in (16) and reversing the order of 

integration in (29), the problem is reduced to the following integral equation 

 

   
D

p t K x t dt    ,    x D  (30) 

 

where the kernel  K x t  is defined as 

 

      
0

sin x dx t tK g  


   , (31) 

 

with 

 

   
   2 2

1

4 1
g

 



   




  
. (32) 

 

It is worth noting that passing to the limit as 0  in Eq. (30), one recovers the integral equation 

that governs the respective contact problem in classical elasticity.  

For the solution of the integral equation (30), it is expedient to separate the kernel to its 

singular and regular parts. To this purpose, we examine the asymptotic behavior of the function 

 g   as    by using the Abel–Tauber theorem. In particular, noting that 

    1
lim

3 2
g g



 



  


, the function ( )g   is decomposed as 

 

       g g g g         , (33) 
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and, accordingly, the kernel  K x t  becomes 

 

             
singular part regular part

0 0
sin sinxK x t g gt d x tg d     

 

         
   

                          
 
   1 1

3 2
x t

x t
N





 


 


, (34) 

where 
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, (35) 

 

is a regular square-integrable kernel. 

To this end, the following normalizations are adopted 

 

 
2

a b
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
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2

a b
t s d


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2
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
,    

2

a b
q


 . (36) 

 

with ( ) ( )d a b a b   . Accordingly, the governing singular integral equation for the pressure under 

the indentor assumes the following form 
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where the normalized regular kernel is defined now as 
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with  1 22 2q    . Note that the first integral in the integral equation (37) is interpreted in the 

Cauchy principal value (CPV) sense. In fact, the CPV integral in Eq. (37) dominates the regular 

kernel and therefore determines the nature of the singularity of the pressure  p s  at the endpoints of 

the contact region 1r   . Therefore, guided also by the results concerning the modification of stress 

singularities in the presence of couple stresses (Muki and Sternberg, 1965; Zisis et al. 2014), a 

general solution for the pressure distribution admits the representation 

 

     ( , )

0
j j

j

p s w s B P s 




   ,    1s   , (39) 

 

where  ( , )
jP s   are the Jacobi polynomials orthogonal to the weight function  

 

     1 1w s s s
     ,    (  1 , 1    , 1s  ) .  (40) 

 

with 1 2   , 1 2    , and  ,   arbitrary integers. The parameters  ,   depend 

upon the type of contact (complete or receding).  

Employing now the well-known Gauss-Jacobi integration formulas for singular CPV 

integrals (Szegö, 1939; Erdogan et al., 1973; Hills et al., 1993), the integral equation (37) is reduced 

to a system of algebraic relations; viz., 
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where k      is the index of the singular integral equation (37), and 

 

       
1 ( , )

1

1
j jQ r r sw s P s N ds 
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   . (42) 

 

Furthermore, the auxiliary conditions (20) and (21) read 
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   
1

1

2P
p s ds

a b


 ,       
 

1

21

4 2M P b a
p s sds

a b

 


 . (43) 

 

Two cases are now considered. In the first case, the applied moment is relatively small so that 

the contact is expected to be complete across the face of the punch ( 2c b , a b ). In the second 

case, the applied moment is sufficiently high, causing one corner of the punch to lift out of contact, 

and therefore for the contact extremity to be positioned at some point along the punch face (c a b 

, a b ) – see Figure 1b. 

 

4.1 Complete contact 

In this case, the pressure is singular at both ends of the contact width. Therefore, the weight 

function in Eq. (40) becomes:     1 221w s s


   (i.e. 1/ 2    ). In addition, the auxiliary 

conditions (43) are simplified to the following form 
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1
( )

P
p s ds

b
 ,   

1

21
( )

M
p s s ds

b
 , (44) 

 

which, taking into account (39), imply that 

 

0

P
B

b
  ,   1 2

4M
B

b
 . (45) 

 

Note that in complete contact the regular integral in (42) is evaluated using the standard Gauss-

Chebyshev quadrature method. 

The system of equations (41) is solved by truncating the series at j n  and using a 

collocation technique with collocation points chosen as the roots of the second kind Chebyshev 

polynomial  nU r , viz.   cos 1jr j n   with 1,2,...,j n . In this way, a system of n  linear 

algebraic equations is formed that enables us to evaluate the remaining n  unknowns: the 1n   

coefficients jB  ( 2, ...,j n ) and the unknown tilt angle  . 
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4.2 Transition from complete to receding contact 

In order to define the critical moment crM  at which the contact type changes from complete 

to receding, we use the same collocation scheme as in Section 4.1 combined with the additional 

condition that the pressure at the right end point of the indentor width ( 1r  ) is equal to zero. In this 

way, a system of 1n   linear algebraic equations is formed that enables us to evaluate the remaining 

1n   coefficients jB  ( 2, ...,j n ), the tilt angle  , and the critical moment crM . 

 

4.3 Receding contact 

In this case, the pressure is zero at the right end of the contact area, so that 1 / 2   and 

1/ 2   . Accordingly, the weight function becomes:      1 2 1 2
1 1w s s s

    and the auxiliary 

conditions are given in Eqs. (43), which, in view of (39), imply that 

 

 0

2P
B

a b



 ,    

  
 1 2

4 4 3M P b a
B

a b

 



. (46) 

 

The system of equations in (41) is now solved by using a collocation method with collocation points 

chosen as the roots of the Jacobi polynomial  ( 1 2,1 2)
1nP r
 , viz.     cos 2 1 2 3jr j n    with 

1,2,..., 1j n  . Here, in order to derive results for constant ratio b , we consider the contact 

length a  as a prescribed quantity and let the eccentricity e  to float. The resulting 1n   linear 

algebraic equations are then utilized in conjunction with Eqs. (46) to evaluate the coefficients jB , the 

tilt angle  , and the unknown eccentricity e . 

 

5. Results and discussion 

The discussion of the results obtained for the problem of the tilted flat punch under conditions 

of complete and receding contact is now in order. In what follows, special focus will be given to the 

effect of the ratio / b  (normalized characteristic length) and the Poisson’s ratio   upon the contact 

pressure distribution  p x , the contact width c , and the tilt angle  . It is noted that although our 

results are presented in terms of the dimensionless ratio / b , the normalization 2 /q c   (Eq.(36)4) 

could alternatively be adopted. In fact, the ratio q  occurs naturally in the formulation of the integral 

equation (37), however, for practical applications the normalization / b  is more suitable since it 
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involves the known geometrical characteristics of the indentor and the characteristic length of the 

couple-stress material. 

 

5.1 Effect of the normalized characteristic length upon the contact pressure distribution 

In Figure 2, we present selected characteristic pressure distributions below the indentor 

resulting from the application of the load P  at various normalized eccentricities e b  from the center 

of the punch. Results are shown for the cases of classical elasticity  / 0b   and couple-stress 

elasticity for a material with / 0.5b   and for two Poisson’s ratios namely, 0   and 0.5  . We 

begin by reporting some general results that correspond to the case of 0e b   - the ‘standard’ flat 

punch indentation problem where no tilt is applied. As it has been shown by Muki and Sternberg 

(1967) and Zisis et al. (2014), when / b  increases from zero the pressure distribution curves depart 

from and then again approach the classical elasticity result. 

As the load is translated from the center line of the punch  0e b   the pressure distribution 

curves change qualitatively. At 0.5e b   and independently of the Poisson’s ratio, the pressure 

distribution attained for the classical elasticity case (red line) suggests that the punch is at the limit 

between the complete and the receding contact regime. In this case, the classical pressure at the right 

corner of the punch reduces to zero while at the left corner it remains square-root singular. However, 

the pressure distribution that corresponds to the couple-stress elasticity case shows that the flat punch 

is still in complete contact for a material with 0.5b  . Further increase of the load eccentricity 

implies that the contact characteristics change from complete to receding also in the couple-stress 

elasticity case. Note that, unlike the classical elasticity case, the limit eccentricity lime  between 

complete to receding contact depends now, in addition to contact half-width b  , upon the Poisson’s 

ratio   and the characteristic material length  . Nonetheless, the limit eccentricity in couple-stress 

elasticity is independent of the magnitude of the load P , as in the classical theory (Sackfield et al. 

2001). For example, when 0   and 0.5b   the limit eccentricity is 0.61lime b . At this 

eccentricity, the contact region below the indentor for the classical elasticity case is equal to 

1.59c b  (recall that 2c b  is the complete contact width). Larger values of eccentricity would 

produce receding contact conditions both in classical and in couple-stress theory and the contact 

widths would progressively reduce. This reduction is more pronounced for larger values of the 

Poisson’s ratio. However, it should be mentioned that the difference in the extent of the receding 

contact region in couple-stress elasticity and in classical elasticity reduces as 1e b  . The response 
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is qualitatively similar to the case of an incompressible material  0.5   and for this reason no 

separate comment is required.  

The above results imply that for the same eccentricity, greater resistance against the reduction 

of the contact width is observed when couple-stress effects are taken into account. 

 

    

           (a)                                                                                 (b) 

Figure 2: The normalized pressure distribution  c p x P  as a function of the normalized distance 

x b  from the left corner of the indentor. Results are shown for two different Poisson’s ratios (a) 
0   and (b) 0 5.  . 

 

5.2 Effect of the normalized characteristic length and the Poisson’s ratio upon the limit eccentricity 

and the limit tilt angle 

As it was shown by Sackfield et al. (2001) in the context of classical elasticity, if the force is 

positioned at a distance e  from the punch center with 2e b , a complete contact of fixed extend 

will occur. In the case of couple-stress elasticity, the corresponding results become more complicated 

since the limit value of the load eccentricity between complete and receding contact varies also with 

the characteristic length   of the material.  

The dependence of the limit value of the normalized load eccentricity lim lim
clas.e e  ( 0.5lim

clase b ) 

upon the normalized characteristic length b  is shown in Figure 3a. Interestingly, this dependence 

is not monotonous. In fact, it is observed that for very small values of the ratio b  (that is when the 

geometrical characteristics of the indentor are much larger than the material microstructure) the 
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response may be adequately described by the classical elasticity solution. As the ratio b  increases, 

the limit eccentricity exhibits a steep increase reaching a bounded maximum value at 0.5b   

independently of the Poisson’s ratio. For 0   the maximum normalized limit eccentricity is 

1 22lim lim
clas.e e . , while for 0.5   the corresponding value is 1 13lim lim

clas.e e . . As b  increases 

further, the limit eccentricity decreases monotonically and for 10b   the classical elasticity results 

are essentially recovered.  

The dependence of the limit value of the normalized tilt angle lim b P   with respect to the 

normalized characteristic length b  is shown in Figure 3b. The classical limit value of the tilt angle 

is 1(1 )( )lim
clas P b      (Sackfield et al., 2001). It is observed that for 0b   (dashed line), the 

classical elasticity results are recovered. For increasing b  the limit tilt angle decreases 

monotonically compared to the classical elasticity results and tends asymptotically to the values: 0.1  

for 0  , and 0.07  for 0.5  , respectively. 

 

     

              (a)                                                                           (b) 

Figure 3: The normalized limit (a) eccentricity lim lim
clas.e e  and (b) tilt angle lim b P  , between 

normal and receding contact as a function of the normalized characteristic length b . 
 

 

In light of the above, it is concluded that when the microstructure of the material is 

comparable to the width of the indentor an increased eccentricity (i.e. increased moment) with 

respect to classical elasticity is needed for the transition from complete to receding contact. On the 
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other hand, the corresponding limit tilt angle decreases significantly compared to the classical 

elasticity result. 

Moreover, Figure 4 illustrates the dependence of the normalized limit eccentricity lim lim
clas.e e  

and the normalized limit tilt angle lim b P   upon the Poisson’s ratio, respectively. In classical 

elasticity, the limit eccentricity does not depend upon the Poisson’s ratio, while the limit tilt angle 

has a linear dependence upon  . On the other hand, in couple-stress elasticity it is observed that for 

increasing Poisson’s ratio the limit eccentricity decreases, for fixed values of b  (Fig. 4a). The 

maximum eccentricity is always attained at the value 0.5b   (envelope curve). Indeed, as b  

increases, the ratio lim lim
clas.e e  departs from unity (dashed line in Fig. 4a) approaching the envelope 

curve. As b  increases further, the limit eccentricity in couple-stress elasticity approaches again the 

classical limit. Finally, regarding the limit tilt angle, a monotonous decrease is observed with respect 

to the classical elasticity result for increasing   and b  (Fig. 4b). 

 

  

             (a)                                                                              (b) 
 

Figure 4: The normalized (a) limit eccentricity lim lim
clase e  and (b) limit tilt angle lim b P   as a 

function of the Poisson’s ratio  . Results are shown for selected values of b . 
 
 

The results of this section are summarized in Figures 5a and 5b where the dimensionless level 

sets of the limit eccentricity and the limit tilt angle are shown with respect to the Poisson’s ratio   

and the microstructural ratio b . From these plots one can directly extract the limit eccentricity and 
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the limit tilt angle for different levels of incompressibility and microstructural length scales. 

Conversely, given the width of the indentor 2b , the Poisson’s ratio  , and the limit value of the 

eccentricity lime  or the limit tilt angle lim , one can extract information about the characteristic 

microstructural length  . 

 

   

             (a)                                                                              (b) 
 

Figure 5: Dimensionless level sets of (a) the limit eccentricity lim lim
clase e , and (b) the limit tilt angle 

lim b P   as a function of the Poisson’s ratio   and the microstructural ratio b . 
 
 

5.3 Effect of the normalized eccentricity upon normalized tilt angle 

Another important feature of the problem is the effect of the normalized eccentricity e b  

(note that here the eccentricity is normalized with the contact half-width b ) upon the normalized tilt 

angle b P . In Figure 6, this effect is analyzed for two different Poisson’s ratios and a set of 

values of the ratio b  ranging from 0b   (classical elasticity) to 1b  . It is shown that initially 

the contact is complete (light grey zone) and as the eccentricity of the applied load increases the 

contact becomes receding (dark grey zone) depending upon the ratio b . The boundary between 

complete and receding contact is designated in the Figure 6 as ‘limit from complete to receding 

contact’ (red line). It is readily observed that the tilt angles predicted by the classical elasticity are 

larger than those attained when couple-stress effects are considered for fixed load eccentricities. This 

finding implies that when couple-stress effects are taken into account a stiffer response is observed in 

terms of the tilt angle   compared to the classical elasticity results. In the same figure, one should 
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note that the limit eccentricity for the transition from complete to receding contact, in the case of 

couple-stress elasticity, strongly depends upon the ratio b  and the Poisson’s ratio  . Nonetheless, 

regardless of the ratio b  as 1e b  , all the curves converge to each other (i.e. the dark shaded 

region gradually narrows) for all Poisson’s ratios. This essentially suggests that the tilt angle   for 

large load eccentricities is independent of the microstructural length. 

 

Complete contact

Receding contact

limit from complete
to receding contact

   

Complete contact

Receding contact

limit from complete
to receding contact

 

            (a)                                                                              (b) 

Figure 6: The normalized tilt angle b P  as a function of the normalized eccentricity e b . 
Results are shown for two different Poisson’s ratios (a) 0   and (b) 0 5.  . 

 

 

5.4 Effect of the normalized eccentricity upon the normalized total contact area 

The dependence of the total contact width upon the normalized eccentricity e b and the 

characteristic length b  is investigated now for complete and receding contact conditions. The 

results are summarized in Figures 7a and 7b corresponding to Poisson’s ratios 0   and 0.5  , 

respectively. In the classical elasticity case ( 0b  ) the receding contact width c  depends only 

upon the eccentricity of the applied load. In particular, when 0.5e b , the contact is complete 

independently of the Poisson’s ratio and the magnitude of the applied load, and, thus, the normalized 

contact width 2c b  attains a constant value equal to unity. Further increase of the eccentricity 

suggests a linear reduction, 4( )c b e  , of the contact region (Sackfield et al. 2001). On the other 

hand, for a couple-stress material the contact width c  depends not only upon the eccentricity of the 
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applied load but also upon the microstructural ratio b , and the Poisson’s ratio  . However, as in 

the classical elasticity case, the contact width is independent of the magnitude of the applied load P . 

For a material with 0   and 0.5b   the contact is complete up to 0.61e b , beyond this limit 

the contact becomes receding and the contact width decreases in a nonlinear manner. The response is 

qualitatively similar for the case of Poisson’s ratio 0.5  . 

 

 

limit from complete
to receding contact

     

limit from complete
to receding contact

 

          (a)                                                                               (b) 

Figure 7: The normalized contact width 2c b  as a function of the normalized eccentricity e b . 
Results are shown for two different Poisson’s ratios (a) 0   and (b) 0.5  . 

 

 

6. Conclusions 

In the present study, a general solution has been derived for the two-dimensional plane strain 

tilted flat punch problem within the framework of the generalized continuum theory of couple-stress 

elasticity. This theory introduces a characteristic material length in order to describe the pertinent 

scale effects that emerge from the underlying microstructure and is capable of modeling complex 

microstructured materials. Our approach was based on singular integral equations which have 

resulted from a treatment of the mixed boundary value problems via integral transforms and 

generalized functions. The present results exhibit significant departure from the predictions of 

classical elasticity. In particular the following results were obtained: 
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 In couple-stress elasticity the limit value of the load eccentricity lime  between complete and 

receding contact strongly depends upon the Poisson’s ratio and the micromechanical length  . 

This is in marked contrast with the classical elasticity case where the limit eccentricity is always

0.5lim
clase b , independently of the Poisson’s ratio. In both theories the limit value of the load 

eccentricity lime  is independent of the magnitude of the applied load. 

 The limit eccentricity lime  is always increased when couple-stress effects are taken into account. 

The dependence between the limit eccentricity lime  and the indent size b  is not monotonous, 

while the maximum limit eccentricity occurs for a material with 0.5b  , regardless the value of 

the Poisson’s ratio. This implies that when the microstructure of the material is comparable to the 

width of the indentor an increased eccentricity (i.e. a larger moment M compared to the classical 

elasticity result) is in need for the transition from complete to receding contact. 

 The incorporation of the micromechanical internal length into the constitutive equations through 

couple-stress elasticity suggests a stiffer response in terms of the tilt angle   when compared to 

the classical elasticity results. The tilt angle decreases both for increasing Poisson’s ratio as well 

as increasing b . 

 In couple-stress elasticity, the receding contact width c  depends upon the load eccentricity e  (as 

in the classical theory), the microstructural ratio b , and the Poisson’s ratio  . However, in both 

theories the contact width c  is independent of the magnitude of the applied load. On the other 

hand, in contrast to the classical elasticity case, the reduction of the contact region in the receding 

contact regime is not a linear function of the load eccentricity. 
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