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In many industrial applications, thick-walled cylindrical components are subjected to high pressure and/or tem-
perature. During the operation the cylinder wall may undergo elastic—plastic deformation. This paper presents
plane-stress and plane-strain thermo-elastic-plastic stress analyses of thick-walled cylinders subjected to a radial
thermal gradient. A three-dimensional finite element method (3D FEM) analysis of the thermo-elastic—plastic
stresses in thick-walled cylinder is also carried out. The 3D FEM results are compared with the analytical plane
stress and the generalized plane strain analyses in order to study the validity of these models on the basis of
length to wall-thickness ratio of cylinders. The plane stress and generalized plane strain analyses are based on
the Tresca yield criterion and associated flow rule. The strain hardening behavior of the material of the cylinder
is taken into account. It is observed that for the length to wall thickness ratio of more than 6, the generalized
plane strain analysis can provide sufficiently accurate results. Similarly, for the length to wall thickness ratio of
less than 0.5, plane stress analysis can be used. When the length to wall thickness ratio is more than 0.5 but less

Thermal stress

than 6, a three-dimensional analysis is needed.
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1. Introduction

The thick-walled cylinders subjected to pressures and temperatures
find several applications, e.g., in chemical industries and nuclear power
plants. In most of the cases, the design attempts to keep the stresses in
the cylinders within elastic limits. However, it is always better to carry
out an elastic—plastic analysis in order to get an idea about safety in case
of untoward situations. Moreover, in an autofrettage process, the plastic
deformation is deliberately produced to induce compressive stresses in
the inner side of the cylinder. There are also examples where plastic
deformation is permitted by design. Thus, the elastic—plastic analysis of
the thick-walled cylinders is an attractive research area.

Elastic-plastic deformation of thick-walled cylinders due to internal
pressure loading is well recognized and has been investigated by many
researchers. Many analytical solutions are available for stress, strains
and displacement fields during the elastic—plastic deformation of cylin-
ders. An early analysis of elastic—plastic deformation in thick tubes was
carried out by Hill et al. [1] assuming non-hardening material, Tresca
yield criterion and plane strain condition. Gao [2] developed a closed
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form analytical solution for the elastic—plastic stress, strain and displace-
ments of an internally pressurized thick-walled cylinders under plane
stress condition using Hencky’s deformation theory and von Mises yield
criterion. Durban [3], Gao [4], and Bonn and Haupt [5] investigated
large elastic—plastic deformations of thick-walled cylindrical tube under
internal pressure. An analytical solution for stress, strain and displace-
ments in thick cylinder subjected to internal pressure was developed
by Gao [6] using strain gradient plasticity theory. An analytical solu-
tion for elastic—plastic stresses considering the Bauschinger effect and
Tresca yield criterion in thick-walled cylindrical vessel made of elastic
linear-hardening material was given by Darijani et al. [7].

The classical solution for thermo-elastic stresses in thick-walled
cylindrical bodies under steady state temperature distribution due to
temperature gradient is well known. However, only a few papers treat
the thermo-elastic-plastic analysis of thick-walled cylinders analyti-
cally. Bland [8] carried out an elastic—plastic analysis of thick-walled
tubes of work hardening material subjected to internal and external
pressures with outer and inner surfaces maintained at different temper-
atures. He considered that yielding took place only on the inner side of
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Nomenclature

inner radius of cylinder

outer radius of cylinder

interface radii

Young’s modulus of elasticity

hardening coefficient

strain hardening exponent

radius of cylinder

temperature at the inner wall of cylinder
temperature at the outer wall of cylinder
radial displacement

coefficient of thermal expansion

£ total radial strain

cdef

Q:Qﬁpﬂﬂzxm

) total hoop strain

£ constant axial strain

£, eg, € elastic radial, hoop and axial strain
e, sg, e? plastic radial, hoop and axial strain
ggq equivalent plastic strain

v Poisson’s ratio

o, radial stress

oy hoop stress

oy axial stress

Oeq equivalent stress

oy yield stress

the cylinder leading to the formation of an inner plastic zone. Wong and
Simionescu [9] developed an elastic—plastic analytical model of thick-
walled tube subjected to internal heating and pressure assuming small
displacements, plane strain condition and the yield criterion of Tresca
without strain hardening. They did not consider the case in which there
are outer and inner plastic zones with an intermediate elastic zone. The
thermo-elastic-plastic deformation of tubes with inner plastic and outer
elastic zones due to internal heat generation was investigated by Or¢an
and Eraslan [10] considering the temperature-dependent mechanical
and thermal properties. Sadeghian and Toussi [11] carried out an ax-
isymmetric thermo-elastic—plastic stress analysis in cylindrical vessels
made of functionally graded material. The stress analysis of a function-
ally graded thick-walled hyperelastic spherical vessel subjected to inter-
nal and external pressure was carried out by Anani and Rahimi [12],
albeit without considering thermal stresses. Some papers in the litera-
ture deal with the thermo-elastic—plastic analysis of solid cylinders and
spherical vessels. Orcan [13] carried out a thermo-elastic—plastic analy-
sis of elastic-perfectly plastic cylindrical rod with uniform internal heat
generation for generalized plane strain condition based on Tresca yield
criterion. He considered the case of two plastic zones separated by an
elastic zone. Cowper [14], Johnson and Mellor [15], and Darijani et al.
[16] analyzed the elastic—plastic stresses in thick-walled hollow sphere
under steady state radial temperature gradient. In a recent paper, Zare
and Darijani [17] studied elastic—plastic stresses in a thick-walled cylin-
der rotating at a very large angular velocity.

In general, a thick-walled cylinder may undergo simultaneous plastic
deformations emanating from both inner and outer walls under the con-
dition of high thermal gradient. This case was analyzed by Kamal and
Dixit [18,19] for a hollow disk and cylinder assuming plane stress and
generalized plane strain conditions, respectively. The analyses are based
on Tresca yield criterion and its associated flow rule. The effect of strain
hardening was considered in the plane stress model [18]. However, the
generalized plane strain model [19] did not include the strain harden-
ing, although the theoretical results matched well with the experiments
[20].

In this work, the generalized plane strain model of Kamal and Dixit
[19] is extended to incorporate the effect of strain-hardening. The strain-
hardening during plastic deformation is assumed to follow Ludwik’s
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hardening law. The plane stress and generalized plane strain models can-
not predict the dimension-range in which the respective assumptions are
justified. Hence, a three-dimensional finite element method (3D FEM)
analysis is carried out in order to define the applicability of the analyt-
ical models. A criterion based on the length to wall thickness ratio of
the cylinders is developed to assess the validity of the plane stress and
generalized plane strain assumptions. During the analysis, it is assumed
that the maximum temperature induced in the cylinder is well below
the recrystallization temperature of the material. Hence, it is appropri-
ate to treat the mechanical and thermal properties of the material as
temperature-independent.

2. Problem definition

A thick-walled cylinder with inner radius a and outer radius b is con-
sidered. The inner wall is subjected to a temperature T, and the outer
wall is subjected to a temperature T; such that T, > T,. The thermo-
elastic—plastic stress analyses of a short cylinder (hollow circular disk)
using the assumption of plane stress (¢, =0) incorporating strain hard-
ening was carried out in [18]. Another analytical model based on a gen-
eralized plane-strain condition (¢, = constant) applicable for long cylin-
ders is available in [19]. However, the generalized plane-strain model
did not include the effect of strain hardening. In the present work, the
thermo-elastic—plastic stress analysis in the cylinder under the general-
ized plane-strain assumption is presented incorporating the strain hard-
ening in Section 3. The material is assumed to follow the Ludwik’s hard-
ening law given by [21]:

=oy +K(eh,)", 6

where oy is the yield stress in uniaxial tension or compression, o4 (>0y)
is the equivalent stress, egq is the equivalent plastic strain, K is the hard-
ening coefficient and n is the strain hardening exponent. A steady-state
temperature distribution in the cylinder under a radial temperature dif-
ference (T}, — T,) is given by [22]:

In ( L )
a

In ( U )
a

To test the validity of plane stress and generalized plane strain as-

sumptions, a 3D FEM analysis is carried out for different length to wall
thickness ratios of cylinder.

O'eq

T,

2)

T=T,+ (T, - (@)

3. Generalized-plane-strain analytical model considering strain
hardening

Under the condition of generalized plane strain condition
(e, =¢g=constant), the thermo-elastic stresses in the cylinder are
given by the equations provided in [23], when the cylinder is subjected
to a sufficiently low temperature. At the inner radius the yielding of the
material of the cylinder begins according to the Tresca criterion given

by

oy —0,=ko

e 0z—0,=kio

eq (3)
where o, is given by the Ludwik’s hardening law (Eq. (1)). Beyond the
inner radial position, the cylinder yields as per the Tresca yield criterion:

0, —0, =k |0

“)

By substituting the thermo-elastic stresses in Eq. (3) at r=a, and
taking oq = oy, the temperature difference required for the initiation of
yielding at the inner radius can be obtained.

When the material of the cylinder yields as per the Tresca yield cri-
terion, during first stage of elastic—plastic deformation the wall of the
cylinder consists of three zones—plastic zone I (a <r <c), plastic zone II
(c £r<d), and elastic zone (d <r <b). During the second stage of elasto-
plastic deformation, the cylinder wall gets divided into five zones—two
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Fig. 1. Elastic and plastic zones in cylindrical segment during elastic—plastic deformation
(generalized-plane-strain).

inner plastic zones: plastic zone I (a <r<c) and plastic zone Il (c <r<d),
an intermediate elastic zone: d <r<e and two outer plastic zones: plas-
tic zone III (f <r<b) and plastic zone IV (e <r<f). The two consecutive
plastic zones in the cylinder correspond to two different sides of Tresca
yield locus. The general geometry of the cylinder during elastic—plastic
deformation is shown schematically in Fig. 1. In the following subsec-
tions the stresses and plastic strain fields in the first and second stage of
elastic—plastic deformation are obtained by incorporating strain hard-
ening using Ludwik’s hardening law.

3.1. First stage of elastic—plastic deformation

The stresses and plastic strains in all the three zones during the first
stage of elastic—plastic deformation are obtained in a similar manner
as described in Kamal and Dixit [19]. The stresses in the elastic zone,
d<r<b are provided in [19]. However, the stresses and strains in the
plastic zone get modified due to the incorporation of strain-hardening
following the Ludwik’s hardening law. The resulting fields of stresses
and strains in the plastic zones I, a<r<c and II, c <r<d are obtained
as follows:

Plastic zone I, a<r<c:

Using Eq. (3) in the stress equilibrium equation [19], the radial, hoop
and axial stresses in the plastic zone I are obtained as

(qu)n

r

dry + Cj, (5)

(e)"

r

,
c, =k16Y1nr+k1K/
a

B
6p = UZ=k10Y(1+1nr)+k1K(e’;q)"+k1K/ dry + G;. (©6)
a

Using the condition of plastic incompressibility, the strain-
displacement relation and the generalized Hooke’s law, the expression
for the radial displacement, the total hoop and radial strains can be ob-
tained [19]. The plastic parts of the hoop, radial and axial strains are
obtained by subtracting the elastic parts from the total strain compo-
nents. They are given by

1-2v|1 2k K [T n
sg =— [E(klaylnr+c3)+r—2/a rl(eé’q) dr,
r(eh)" 3k, K [T 2 (e2,)"
—k1K/ (et)” dry + —— r2/ (cc0)

a r r a a

3-2v 1—-v 1
T kioy - Tle(e” )" + =T,

eq 2
iU Ay

2m(2) e R

dr; }drz]

O]

3
a) T2) Tt
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(e¢)"

r

n
26K (7 3k, K [ r2 (&)
-— / r (egq)ndrl -— / r2/ dr; pdr,
r a r a a r

7-6 1

r
e = 122 l(klaylnr+C3)+2k1K/
E |2 g

dry

v 2(1—\/)
+g koy + =% k]K(s’C’q)"+§aTa
a(Ty, —T,) Mmooy 1 G
R n(5)43) -

21n(§)

_ r ()"
& =gy — ! Ezv{klaylnr+C3+k1K/ () drl}
a r

—aT, - a(T, - T,) - )
In ( = )
a
The equivalent plastic strain g, is given by
2
qu = gsfjef}, (10)

where efj denotes the component of the plastic part of the strain tensor.
Plastic zone II, c <r<d:
Using the Tresca yield criterion (Eq. (4)) and its associated flow rule
along with the strain compatibility [19], the elastic—plastic radial and
hoop stresses are obtained as

— C5r‘]+‘/2(1_v)+C6r‘1‘\/2“‘v)+ kioy

or -1
ler‘HVz(l‘”{l—v+V\/2(1—v)} r
+ / rl’m(sgq)ndrl
23201 =) .

kyKr1= 2(]_V>{1—v—\/\/2(1—v)} ,
- / VD (2 Y dr,
c

2¢/2(1—v)
par, | Fa(r,-1,) (%)
v-1) 2v-1) ln(g>
2Ea(T, - T,) Ea(T,-T,) Ee,

_(2v—1)21n(§)_(zv_l)ln(g)_@v—l)’ an

oy = C5\/2(1——vr\/m_] - CeV/2(1 — vyr V2T (2]3%
KKV = V200 -y v /3= 1) |
" 24/2(1=v)
X/rrl_m(egq)"drl
¢
ki K+4/2(1 - v)r’m’l{l —v— vm}
' e
X/r rl\m(eé’q)ndrl + vle(egq)"
¢
EaT,  Ea(T,-T,)n ( ) 2Ea(T, - T,) Eg,

QIS | 2%

METE) @v-1) ln(> (2v—1)21n(§)_(2v-1)'

(12)
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The expression for ¢, can be obtained from the Tresca criterion given
by Eq. (4).

Using the Tresca associated flow rule, the plastic part of the hoop
strain in the plastic zone is obtained as zero implying &’ = —£%. In this
zone, the plastic strains are given by

e = —¢l = %r’”vz(l"’){l V=20 = v)}
+%r"_v2(l_v){l —-v+vy2(1 - v)}
kg Kr VI -y BT =) {1 = v+ /20 -0 |

2420 = VE
o]

ler_l_ 2(1=v) {1 - v+vm}{l -V- V\/M}

+

2(1 = vE
/ V2(1-v) ) drl
T, - T,
+(1—v2)"17’<(ggq)"+ “(h—T) A+v) (13)

W(zv—l)’

The constants C5 and Cg are determined by using the continuity of
radial stresses and plastic strains at the elastic—plastic interface. The
continuity of radial stresses at the interface of the plastic zones I and II
provides the constant C; and the continuity of plastic hoop strain pro-
vides the constant C4. The constant axial strain ¢ is obtained by using
the free-end condition, i.e., making the resultant of the axial stresses
zero.

To evaluate the unknown boundary radii, ¢ and d, a numerical
procedure needs to be used. The procedure involves an iterative ap-
proach to estimate the values of ¢ and d. The initial estimates for ¢
and d can be obtained from non-hardening case (K=0) by using the
boundary conditions of vanishing radial stress at the inner radius and
g Pesnel o Wlstiezorel) g~ ¢ and solving them using FSOLVE func-
tion in MATLAB® The initial guess value of €7, oq is taken as zero every-
where in the plastic zones I and II. With these values of ¢ and d, the
values of sz, e? and sg are updated in Eqs. (7)—(9) for plastic zone 1.
Eq. (10) provides the updated values of e‘e’q at any radial position in the
plastic zone 1. Similarly, using Eq. (13), the values of £’ at different ra-
dial positions in the plastic zone II are updated. The updated values of
ee”q at different radial positions in the plastic zone II are obtained from
Eq. (10). These values of equivalent plastic strain are used to obtain the
updated components of plastic strain. From these components, the val-
ues of &/, are updated further for fixed ¢ and d in both the plastic zones.
This procedure is repeated till the convergence in egq is achieved. The in-
tegral terms involved in the expressions can be evaluated numerically by
using two-Gauss-point formula. Now, using the converged values ofeeq,
the boundary conditions of vanishing radial stress at the inner radius
andag(p]asmmem = Z(plas"c 1 at r=c are solved again to get the new es-
timates of ¢ and d. If these new estimates of ¢ and d are same as the
previously estimated values of ¢ and d the procedure is stopped, other-
wise the whole procedure is repeated till the convergence for ¢ and d is
achieved.

3.2. Second stage of elastic—plastic deformation

In the second stage of elastic—plastic deformation, the outer plastic
zone, i.e., plastic zone III (f <r <b), develops in the wall of the cylinder
according to the Tresca yield criterion given by

6y — 0, = —k|6eq, 0, —0,=—ki0g (14)

Another plastic zone, i.e., plastic zone IV (e <r <f) develops simulta-
neously along with the plastic zone III as per the Tresca yield criterion:
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09 — 0, = —k{0cq. (15)

The stress and strain expressions for the plastic zones I and II dur-
ing the second stage of elastic—plastic deformation are same as in the
case of first stage of elastic—plastic deformation. However, the constants
C3, C4, C5 and Cg change due to change of continuity conditions. The
stress solutions in the intermediate elastic zone are available in Ref.
[19]. The equations for stresses and plastic strains incorporating the
Ludwik’s hardening law in the plastic zones III and IV are obtained as
follows:

Plastic zone III, f<r<b:

Using the Tresca yield criterion (Eq. (14)) and the stress equilibrium
equation, the radial, hoop and axial stresses are given by

n

drl +Cy,

(P )"
K(egq)"—klk/f (6;‘:)

The plastic parts of the hoop, radial and axial strains are obtained in
a similar way as described in Section 3.1 and are given by

0, = —koyInr—k, K/ (16)

oy =0, =—kjoy(1+Inr)— dri+C;.  (17)

1-2v|1 2k K
65 =z [2( —kjoylnr) — —— ; rl(egq)"drl
3k,K [T 2 (ely)"
1~ ry dry pdr,
r f f i
3— 1-v 1
+—= 4E Ykioy + kIK(egq)"+§aTa
al(T, —T, C,
+M{ln<£)_§}_lgo+_8’ (18)
21n (%) a/ 20 27 n
a
n
1-2v|1 " (edy)
el = 5 [§(C7—klaylnr) 2k 1</ n dr,
WK [T g, KK eby)"
+ r (eeq) r dr; pdr,
f ry
7 —6v 2(1=v) 1
1E kioy — le(qu)n+§aTa
al(T, —-T, C,
M{]n(5>+§}_150__87 (19)
2mn(2) a/ 20 27 r
a
p n
1-2v (edq) 1—v
P =gy — —— k 1 C, — kK d k
£, £ E { 10y Inr+Cy 1 A " ry + = 10y
1 h’(g)
n
(by)" —aT, —a(T, - T,) = (20)
ln(;)
Plastic zone IV, e<r<f:
Using Eq. (15) in stress equilibrium equation, the radial stress is
given by
Ea(T, -T, 2
= g ST L () L) ()]
Qv-1) 21 v)ln( ) Q2v-1) a 2 2d? a
1 o2 1 r Ee, " (‘qu)’7
+{—2v_1<l+ﬁ>+§—ln(z>}klay+(1_2v)—k,l</e S,
(21)

Knowing the expression for ¢,, the expression for ¢, can be obtained
from Eq. (15). The Tresca associated flow rule indicates that the axial
strain in the plastic zone IV is wholly elastic. Hence, the axial stress
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Table 1

Material properties of aluminum.
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Yield stress, oy Modulus of Poisson’s ratio, v Coefficient of Mass density, p Thermal Specific heat, c,
(MPa) elasticity, E thermal expansion, a (kg/m?) conductivity, k J/kg. K)
(GPa) (/°C) (W/m. K)
50.3 69 0.30 22.2x1076 2700 205 900
component can be obtained by using the generalized Hooke’s law [19].
The resulting expression for axial stress is given by 50 " T T T " T .
50—~ radial stress | ]
_ [ N ——=hoop stress |1
o= Eo_g Eeli=T) a2 {n(D)+1-2) o | s
z _ a _ 2 30+ N 4
@v=1 2(1 =v)In ( ) @v-D 4 2 4 [ Plastic N " 1
= 20 e ~ Elastic zone
r r &
+2vln(—)—2]n(—>] g
e a z
2v e? r Eeg @ .
+ 1+ — —2vln(—> kioy + ——— 2
{2v—1< 2d2> e [TV T (1 =2v) B
r (Eeq n n
_2vk1K/ dry — vk K (e0)"- (22)
e
The plastic part of the hoop strain, £/ (= —¢) is given by T2 13 1 15 16 17 15 10 20
Radial position (mm)
a(T, - T, ko
sg = —< a) (v2—1)+(1—v2) IEY (a)
20 - (2)
2 r
+4L2k1K/ r2 drl dr, 70 —— e .
r e e 60 N radial stress E
= 3 ===hoop stress
212 r K 50F NN P -
+—k K r dr; + —_— N = ='*axial stress
Ptk [ () o+ (1 =) S ()" ]
2 r(en)" S0p % \'\ ’ ]
_2v ZIK / £eq dr, + C_29 23) g 20k 5 || & \\ i, FElastic zone vl m ]
e T r 2 10} o ——— | ]
) ) ) ) § 0 / Samll \\\ \,\‘ — ]
The constants Cy and Cg are obtained by employing the continuity 4 N %
i . . . - ) . & -10} ~ .
condition of radial stresses and radial plastic strains at the elastic—plastic 2 ig S %,
- - - . - . 20F LN .
interface radius d. The constant C5 is obtained by using continuity of ra- 4 \\\'\,\
dial stresses at r=c. The continuity condition of the plastic hoop strains . fc 4 il 1
at r=c provides the constant C,. To obtain the constant C,, continuity 50 \\-:‘zh__
50k -
of the radial stresses at r=f can be employed. The constants Cq and Cg - ) ) ) ) ) ) )
can be obtained by using the boundary conditions of continuity of the o 1cd 13 14 15 16 17 18e¢ [ 20
Radial position (mm)

plastic part of the hoop strains at the interface radii e and f, respectively.
The constant axial strain ¢, in the second stage of elastic—plastic defor-
mation can be obtained by using the free-end condition. The interface
radii ¢, d, e and f are obtained in a manner similar to that described in
Section 3.1.

4. Numerical simulations

In this section, numerical simulations with the plane-stress and
generalized-plane-strain models are carried out for a typical cylinder.
The objective is to compare the solutions for stresses and plastic strains
of these two models under a radial thermal gradient. An aluminum cylin-
der with a=10mm and b = 20 mm is considered. The material properties
of aluminum are provided in Table 1.

The hardening coefficient K and strain hardening exponent n for the
cylinder are taken as 58.18 MPa and 0.482 [18]. The temperature dif-
ference required to initiate the yielding at the inner wall of the cylin-
der is obtained as 53.66 °C for plane stress model and 37.56 °C for gen-
eralized plane strain model. The simulation is carried out for a tem-
perature difference, (T, — T,) =75 °C. With this temperature gradient
mechanical and thermal properties do not vary much [24]. The inner
wall is assumed to be at T, =25 °C. According to plane stress model,
for (T, — T,) =75 °C, the cylinder undergoes first stage of elastic—plastic
deformation with an inner plastic zone propagating outwards up to a ra-
dius ¢=11.0121 mm. However, as per generalized plane strain model,
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(b)

Fig. 2. Elastic—plastic stresses in aluminum cylinder: (a) plane-stress, (b) generalized-
plane-strain.

the cylinder undergoes second stage of elastic—plastic deformation di-
viding the cylinder wall into two inner-plastic, two outer-plastic and an
intermediate-elastic zone. At the inner wall, plastic zone I propagates
outwards to a radius ¢ =11.4973 mm and plastic zone II propagates out-
wards to a radius d =12.0215 mm. A plastic zone III propagates inwards
from the outer radius to a radius f=19.0966 mm and plastic zone IV
propagates inwards to a radius e=18.3296 mm.

The elastic—plastic stresses generated in different zones of the cylin-
der for plane stress and generalized plane strain conditions are shown
along a radial path in Fig. 2. It is observed from Fig. 2(a) that for plane
stress case, the maximum value of hoop stress in the cylinder is gener-
ated at the inner radius of the cylinder and is tensile in nature. Fig. 2(b)
shows that the maximum value of hoop stress exists at the interface
radius ¢ and the maximum value of axial stress exists at the interface
radius d as per generalized plane strain model. The magnitudes of ra-
dial stresses along the radial path are smaller for plane stress as well as
generalized plane strain model.
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Fig. 3. Plastic strain distribution in aluminum cylinder: (a) plane-stress, (b) generalized-
plane-strain.

11 ¢ d 13 20

The plastic parts of radial, hoop and axial strains produced in the
cylinder are obtained for both plane stress and generalized plane strain
models (Fig. 3). It is observed from Fig. 3(a) that the plastic parts
of strains are numerically very small for plane stress case. However,
Fig. 3(b) shows that for generalized plane strain case, although the plas-
tic parts of strains are larger in magnitude as compared to plane stress
case, their magnitudes are still small (of the order of 10~3). Thus, the
magnitude of equivalent plastic strain generated in the cylinder is also
not very substantial. As the value of equivalent stress o, in the plas-
tic zone for yielding depends on the equivalent plastic strain, here the
value of ¢¢q will not deviate much from cy. The maximum deviation
of 6¢q from oy is only 2% for the plane stress condition and 4.87% for
the generalized plane strain condition. The maximum equivalent plastic
strain occurs at the inner radius.

When the temperature difference (T}, —T,) is removed, i.e., when
the cylinder is cooled to room temperature, the residual stresses are set
up in the wall of the cylinder. Considering the unloading process to be
completely elastic, the residual stresses can be obtained by subtract-
ing the thermo-elastic stresses [21] from the respective stress equations
of elastic—plastic zones. The resulting residual stress distribution in the
cylinder for the plane stress and the generalized plane strain condition
is shown in Fig. 4. It is observed from Fig. 4(a) and (b) that the com-
pressive residual hoop stresses are generated at and around the inner
radius of the cylinder. For the same temperature difference, the gen-
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Fig. 4. Residual stress distribution in aluminum cylinder: (a) plane-stress, (b) generalized-

plane-strain.

eralized plane strain model predicts larger magnitude of compressive
residual hoop stress at the inner radius. Fig. 4(b) shows that for gener-
alized plane strain condition the axial residual stresses generated at and
around the inner radius of the cylinder are also compressive. The com-
pressive residual stresses at and around the inner radius of the cylinder
helps in reducing the net maximum stress produced in the cylinder in
the next loading stage. This amounts to increase the load carrying ca-
pacity of the cylinder. The magnitudes of tensile hoop and axial stresses
are small at and around the outer wall of the cylinder.

5. Three-dimensional finite-element modeling of elastic plastic
stresses in thick cylinders due to temperature gradient

From the numerical simulations of both the plane stress and gen-
eralized plane strain analytical models, it is not clear which model is
valid for a particular length of the cylinder. To assess the validity of the
analytical models, a 3D FEM analysis using ABAQUS 6.10 package is
carried out. A homogeneous thick-walled hollow cylinder with inner ra-
dius a and outer radius b is considered. The inner wall is subjected to a
temperature T, and the outer wall is subjected to a temperature T}, such
that Ty, > T,. The problem is solved using ABAQUS standard code. Under
the radial temperature difference, (T, — T,), the steady state condition
is assumed in ABAQUS standard simulation. The strain hardening of the
material during plastic deformation is considered. For comparison of the
FEM results with the plane-stress and generalized-plane-strain models,
the analytical solution developed in [18] and the stress solution devel-
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Table 2
Mesh sensitivity analysis.
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Mesh Number of elements in Maximum value of Screentime (s)

Radial direction Circumferential Axial direction Radial stress Hoop stress Axial stress

direction (MPa) (MPa) (MPa)

Mesh 1 6 4 25 20.61 48.71 58.20 2
Mesh 2 12 4 25 11.45 59.50 58.04 5
Mesh 3 24 4 25 10.48 62.40 58.00 16
Mesh 4 48 4 25 10.58 63.14 57.99 34
Mesh 5 24 8 25 12.39 59.71 58.34 35
Mesh 6 24 16 25 12.63 61.07 59.18 247
Mesh 7 24 32 25 12.74 62.24 61.28 926
Mesh 8 24 64 25 12.90 62.90 62.29 2959
Mesh 9 24 32 50 12.74 62.76 61.21 3664
Mesh 10 24 32 100 12.73 62.93 61.19 4346

Mesh 9 indicated in the boldfaced is the optimum mesh.

Table 3

Comparison of stresses between 3D FEM and analytical models.

L/(b-a) L, norm of error in stresses L, norm of error in stresses between
between FEM and plane stress (MPa) ~ FEM and generalized plane strain (MPa)
o, ) Oy (% Oy Oy

10 5.5849 26.7094 134.5956 2.4418 4.3992 2.5369

8 5.5148 27.3775 136.0487 2.5578 4.7597 2.7440

6 5.9687 29.4939 137.3141 2.4754 7.6960 4.1740

5 7.4358 28.3009 133.9557 4.9296 8.7777 11.7016

4 7.8224 40.6167 112.6305 3.8787 31.2258 24.3158

2 4.6443 36.8936 30.4968 4.9293 43.5744 110.0771

1 3.4278 5.1446 3.6140 8.2861 33.3531 135.7536

0.5 2.7080 3.7979 1.3881 7.1190 33.2992 136.0458

The boldfaced values correspond to the cases in which all stress components show less than 10%

error.

oped in Section 3 are used. The detailed analysis of 3D FEM is presented
in the following subsections.

5.1. 3D finite-element modeling

A 3D FEM model for analysing thermo-elastic—plastic stresses in the
cylinder under the radial temperature difference was developed using
commercial finite element package ABAQUS 6.10. A coupled thermo-
mechanical approach is used to obtain the steady-state thermal stress so-
lutions in ABAQUS/Standard. In thermal autofrettage process, the cylin-
der is subjected to non-homogeneous elastic—plastic deformation due to
radial thermal gradient between the outer and inner wall of the cylin-
der. Hence, for the stress solution in thermal autofrettage process, cou-
pled temperature-displacement elements of ABAQUS/Standard [25] are
used. The part considered for the 3D FEM analysis is a thick-walled solid
extruded cylinder with open ends.

5.2. Material properties

An aluminum cylinder is considered. The inner and outer radii of the
cylinder are taken as 10 mm and 20 mm, respectively. The temperature
difference across the wall thickness of the cylinder is taken as 75 °C.
The thermal stress analysis during the thermal loading and unloading of
cylinder for different lengths is carried out. The mechanical and thermal
properties of aluminum are presented in Table 1. The model used von
Mises criterion with isotropic hardening.

5.3. Boundary conditions and mesh generation

The thermal stresses in the cylinder are induced due to the radial
thermal gradient across the wall thickness. For analyzing the thermal
stress, the Dirichlet temperature boundary conditions are specified at
the inner and outer surfaces of the cylinder. The temperature of the
inner surface is prescribed as T, =25 °C and that of the outer surface is
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0 u,~0

Fig. 5. Schematic of 3D part in ABAQUS along with the boundary conditions.

prescribed as T =100 °C. At each node, there are three translational de-
grees of freedom, viz., radial displacement u,, circumferential displace-
ment u, and axial displacement u,. In the analysis, the circumferential
displacement, u, vanishes. This implies that the rotation in the circum-
ferential direction is constrained, but the cylinder is free to expand axi-
ally and radially. A schematic of the 3D part in ABAQUS along with the
thermal and displacement boundary conditions is shown in Fig. 5.

An eight-node continuum C3D8T thermally coupled brick, trilinear
displacement and temperature element is used to generate the mesh
on the cylinder. The meshed cylinder is shown in Fig. 6. Although the
cylinder is modeled as open-ended, the axial stresses are produced in it
due to the thermal gradient. When the inner surface of the cylinder is
at a temperature lower than that of the outer surface, the tendency to
expand in the axial direction is less in the vicinity of the inner surface
than in the vicinity of the outer one. This causes tensile axial stresses on
the inner side and compressive axial stresses at the outer side. However,
the resultant axial force due to these stresses is zero.
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Fig. 6. Cylindrical geometry with typical C3D8T element.

5.4. Mesh sensitivity analysis

A mesh sensitivity analysis is carried out in order to select an
appropriate mesh size. The mesh sensitivity analysis is presented in
Table 2 based on the maximum values of radial, hoop and axial stresses
generated in the cylinder. The length of the cylinder was taken as
100 mm. It is observed from Table 2 that the Mesh 9 with 24 elements
in the radial direction, 32 elements in the circumferential direction and
50 elements in the axial direction leads to the convergent mesh. This
mesh has a total of 38,400 elements. Mesh 9 provides less than 1% de-
viation in the solution in comparison to Mesh 8 and Mesh 10. Hence, it
is considered as the optimum mesh. The thermo-elastic—plastic stresses
generated in the cylinder are analyzed varying the length of the cylinder
using Mesh 9. A comparative study with the plane stress and generalized
plain strain models is presented for different length to wall-thickness ra-
tios of the cylinder in Section 5.5.

5.5. Comparison of 3D finite element elastic—plastic thermal stresses with
plane-stress and generalized-plane-strain models for different length to wall
thickness ratios of cylinder

The 3D FEM simulations are carried out for different length to wall
thickness ratios of the cylinder and the results are compared with ana-
lytical plane stress and generalized plane strain model. The present FEM
analysis is carried out in 2.40-GHz processor and 2.60-GB random-access
memory (RAM) ACER PC and it takes about 1 h of screen time. However,
the analytical models provide the solution in less than 10 min. The com-
parison of radial, hoop and axial stresses between 3D FEM and analytical
models along the radial path for different length to wall thickness ratio
is shown in Table 3 using L, norm of error in stresses. The stresses along
a radial path from the 3D ABAQUS finite element model are obtained
considering a radial path at the mid-length of the cylinder. The stresses
along a radial path at the edges become sufficiently low in FEM model
and are not taken into account for the analysis.

It is observed from Table 3 that L, norm of error in stresses between
3D FEM and generalized plane strain are reasonably small when the
length to wall thickness ratio of the cylinder is greater than or equal
to 6. Thus, the generalized plane strain model is well established for
L/(b—a)>6. It is also observed from Table 3 that when L/(b—a)<1,
the L, norm of error between 3D FEM and plane stress becomes smaller.
This shows that the plane stress analytical model is valid for length to
wall thickness ratio, L/(b—a) <1. The comparison of 3D finite element
solutions with the generalized plane strain model for L/(b—a)=10 is
shown in Fig. 7(a). Fig. 7(b) shows the comparison of 3D finite element
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Fig.7. Comparison of elastic—plastic stresses between 3D FEM and (a) generalized-plane-
strain for L/(b—a) =10, (b) plane-stress for L/(b—a)=0.5 in aluminum cylinder.

results with the plane stress model for L/(b — a) = 0.5 in aluminum cylin-
der.

5.6. Residual stress solutions

The whole cylinder is cooled to room temperature (25°C) by im-
posing the cooling boundary condition in ABAQUS/Standard. This gen-
erates the residual stresses in the cylinder. The finite element resid-
ual stresses in the cylinder are obtained along a radial path at the
mid-length. The results for long and short cylinders are depicted in
Fig. 8 along with the predictions of generalized plane strain model for
L/(b—a)=10 and plane stress model for L/(b— a)=0.5. It is observed
that the finite element predictions of the residual stresses are in close
agreement with the analytical models.

6. Conclusions

The main objective of this work is to compare thermo-elastic—plastic
plane-stress and generalized-plane-strain analyses with 3D FEM simula-
tions. For the plane-stress analysis, the model of Kamal and Dixit [18] is
used. For the generalized-plane-strain analysis, the model of Kamal and
Dixit [19] is extended to incorporate the effect of strain hardening. The
FEM results are compared with the analytical solutions for different
length to wall thickness ratio, L/(b—a), of the cylinder. The compar-
ison suggests the applicability of the developed analytical models on
the basis of L/(b — a) ratio of the cylinder. The generalized plane strain
analytical model provides realistic solution for L/(b—a) > 6. Thus, this
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Fig. 8. Comparison of residual stresses between 3D FEM and (a) generalized-plane-strain
for L/(b—a) =10, (b) plane-stress for L/(b—a)=0.5 in aluminum cylinder.

model is suitable for long cylinders such as gun barrels, pressure vessels
and thick pipes subjected to thermal gradient. The plane stress analyti-
cal model provides good results for very short cylinders (thin disks) such
as fastener holes with L/(b—a) <1. It is to be noted that the CPU time
required is much more in case of FEM analysis compared to the solution
obtained by analytical models. Thus, the analytical models have their
own importance mainly due to computational efficiency. The validity
of the plane-stress and the generalized-plane-strain assumptions is in-
ferred based on the same material model and the fixed b/a ratio. This
study highlights that for L/(b — a) ratio between 1 and 6, a 3D analysis
is required. For other types of cylinder, the range of L/(b — a) requiring
3D analysis may differ. It will be interesting to carry out a similar study
for a number of cylinder geometries, loading conditions and material
model formulations, and develop a generalized criterion for the validity
of each model.
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