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I 

Abstract 

The work presented in this thesis is concerned with the appli

cation of the finite element technique to solve general lubrication 

problems. Incompressible isothermal condition has been considered 

as a first step towards the lubricant film investigation. 

Fluid finite elements of triangular and rectangular planform 

have then been developed and incorporated in a computer program 

especially developed for a finite element analysis. Although the 

elements are primarily two dimensional in the film region, it is 

possible to allow for a variation in th~ thickness of an oil film 

within an element. Other parameters affecting the lubricant such 

as shear. forces,. body forces, inertia forces, squeezing velocities 

and diffusion velocities can also be varied at each node. These 

elements have been extensively tested by considering standard lubri

cation problems such as squeesing pad, slider bearing and step 

bearing and the results obtained are shown to be anexreilent,;·.agree

ment with those derived from theoretical solutions. 

The analysis has then been extended to study the behaviour 

of the oil film between rotating annular discs where it is known 

that grooving on the disc affects the pressure distribution. The 

results indicate that grooving reduces the.disc engaging time 

and that· the engaging speed determined by surface velocity in the 

z direction is shown to be higher in radially grooved discs than 

in spirally. grooved discs at a given squeezing pressure. 
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1. Introduction 

• The analysts of lubrication problems with a view to reduction of 

friction losses occurring between relatively moving surfaces have 

occupied researcher's attention for a long time. These problems can 

be recognized in almost all mechanisms which have moving parts and 

as such their investigation and study is important. These investi-

gations have assumed added significance lately due to the energy 

crisis since the reduction of friction losses contributes greatly .to 

energy savings. 

Another aspect of lubrication analysis is the determination of 

ways of obtaining higher friction forces and friction torques between 

lubricated surfaces in wet clutches and brake discs. In this case 

friction has a positive influence in the engaging actions of the 

surfaces during operation of wet friction devices. 

Behaviour of a lubricant film can be explained by the basic 

theory of Reynolds equation with ideal assumptions such as the 

lubricant is incompressible, isothermal and behaves as a Newtonian 

fluid and that the film thickness is known. Some simple standard 

problems can be solved theoretically, however, the solution of 

Reynolds equation for the analysis of general lubrication problems 

requires the use of numerical procedures such as the finite differ-

ence method and the finite element method. Furthermore, in practice, 

most applications encounter irregular configurations in geometry, 

arbitrary boundary conditions and varying film properties. Most 

of these difficulties can be overcome by the use of the finite element 

technique. 
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The work presented in this thesis is concerned with the applicaion 

of the finite element technique to lubrication problems including 

friction discs. Incompressible isothermal condition has been 

considered as a first step towards the lubricant film investigation. 

The starting point is the solution of generalized Reynolds equation 

as stated by Huebner (11) which includes various effects such as 

shear force, body force, squeeze action and diffusion effect. The 

inertia effect and detailed consideration of the diffusion effect 

have been additionally included in order that rotating disc problems 

can be investigated. 

Fluid finite elements of both triangular and rectangular plan-

form have been developed and have been incorporated in a computer 

program especially formulated for the presented analysis. Although 

the elements are prima~ily two dimensional in the film region ,. 

analysis, thickness of the oil film can be varied within an element. 

Other parameters affecting the lubricant such as shear, body and 

inertia forces, squeeze and diffusion velocities can also be varied 

at each node. 

These elements have been extensively tested by their application 

to classical lubrication problems such as squeezing square pad, 

slider and step bearings and the results derived have been compared 

with theoretical solutions. The computed results are shown to give 

good agreement with the theoretical solutions in all the cases that 

have been studied. 

The analysis has been extended to the study of the behaviour of 

the oil film between rotating circular discs with flat surfaces as 

such results will be applicable to oil immersed brakes and clutches. 
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The effect of inertia forces has also been considered in this analysis. 

Another aspect of wet type clutches which is of interest is 

the effect of oil grooves on the disc surface on the behaviour of 

the clutches. Experimental investigations indicate that grooves 

greatly affect the dynamic coefficient of friction. However. only 

a few analytical studies have been carried out in this field so far. 

In the present work radial and spiral groove arrangements have been 

investigated to determine the pressure distributions of wet clutches. 
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2. Literature Survey 

2.1 General Lubrication Analysis Using finite ~lement Technique 

OWing to the development of computer technology, numerical 

analyses of fluid film lubrication problems have rapidly progressed. 

Recently the finite element technique has been successfully applied 

for the solution of Reynolds equation based on classical variational 

principles. This has come about partly by virtue of ease of the 

application to cater for arbitrary boundary conditions and partly, 

by the ease of handling complex geometric configurations. Variations 

in field properties such as changes of film thickness that occur in 

bearing pockets and oil grooves, and also the effects of external 

pressures can all be investigated by this type of the analysis. 

Approximate solutions of incompressible isothermal lubrication 

problems using the variational principle was obtained by Bays( 1 ). 

His analysis is based on the following assumptions: 

1. Film thickness is small compared to other system dimensions. 

2. Viscosity is assumed to be constant. 

3. Reynolds number is assumed to be small consequently the flow is 

~ a,ssumed to .be .. 1aminar. 

Based on these assumptions, the following theorem was derived 

"Of all the possible fluid motions within a region which are 

compatible with the equation of continuity and the prescribed 

boundary conditions, that motion which minimized the excess of the 

energy dissipation over twice the rate at which the work is being 

done 'by the specified surface tractions on the boundary, will be 

the true steady-state motion". Using this theorem, Hays presented 

the following function to be minimized: 
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I =; Jf h3VpVp + lJUU}A + 2 ipen ds' 
.12lJ h 

A S 

Subject to the following boundary conditions: 

1. A specified constant pressure along the boundary or 

2. If the pressure is not constant then the volume flow normal 

to the boundary must be zero and the normal pressure gradient 

across the boundary must satisfy the equation, 

6lJ 
Vp =-U 

h' 
on S 

Subsequently the pressure distribution was assumed to be expressed 

in the form of an infinite series given by the equation 

y + [ 
n=l 

00 

~(Sin(ny»(anm·sin(mx) 
m=l 

By determining the coefficients anm, bnm which minimize the 

function I, Reynolds equation was solved. This approach was used to 

analyze the hydrodynamic behaviour of the finite width journal bearing 

and many valuable results were presented to determine such quantities 

as load capacity, moment, coefficient of friction, side flow, minimum 

.film height and power loss. Hays further studied the characteristics 

of a finite width journal bearing under a cyciic sinusoidal load 

( 2). Rectangular pad problems with flat and curved surfaces were' 

also investigated by the same auther ( 3 ), and results showed 

that the effects of curvature only become important as the film 

thickness decreases,and this may reduce the squeeze film capacity of 

the plate by several orders of magnitude. 
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Moore ( 4 ) experimentally verified Hays theoretical results 

for a flat rectangular pad and has developed an approximate analysis 

of the pressure distribution on a pad bearing consisting of two 

inclined plates. However, both studies assume that the boundary 

flow is zero. 

An approximate hydrodynamic analysis based on variational 

principles has been presented by Tipei ( 5 ), though, again the 

limitation of the flow boundary condition is also evident in this 

work. 

This restriction on boundary conditions has since been Qver-

come by the application of finite element techniques. Reddi ( 6 ) 

applied the finite element technique to solve incompressible 

lubrication problems, and has investigated the effects of squeeze 

and shear action forces within the fluid. He stated the variational 

principle for an incompressible fluid to include the non-zero flow 

boundary condition. Advantage was then taken of the important 

assumption made in the application of the finite element technique; 

that the state of the field variable within an element may be 

described by values of the unknown variable at a finite number 

of nodes located on the boundary of an element. This implies that 

in lubrication problems, the pressure distribution in an element 

may be expressed in terms of unknown pressures.at· the nodes in the 

element. Reddi has used the triangular element for this analysis 

and assumed a pressure distribution of the form given below 

where f,(x,y) are interpolation functions and aJ' are related to the 
1 . 

unknown pressures at the element nodes. The interpolation function 
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was chosen such that p(x,y) satisfies the following conditions: 

1. fi is continuous within an element; 

2. pressure along any inter-element boundary should be specified 

completely by nodal pressures on that boundary; 

3. constant pressure state is included; 

4. unifor.m pressure gradient is included; 

5. a linear transformation of the coordinate system must not change 

the pressure representation within the element • 

. This method was used to investigate the squeeze pad, slider 

bearing and step bearing problems and the results were compared with 

other theoretical solutions. Simple triangular elements and composite 

quadrilateral elements were used, and no special treatment was 

required to account for the sudden change in film thickness. These 

predicted results were found to be in good agreement with those 

obtained from classical analyses. Reddi then extended the finite 

element technique to analyze the compressible fluid lubrication 

problems using quadrilateral elements ( 7). Calculations of the 

fluid matrices were achieved by means of Gaussian integration. 

Wada, Hayashi and Migita ( 8 ),( 9 ), have derived the solutions 

of infinite and finite width bearing problems using an assumed 

pressure distribution which is expressed by a high order algebraic 

equation.· They have examined the effects of taking a number of 

coefficients in the pressure function for rotating journal bearing 

problems and have cuncluded that accurate results can be obtained by 

using only the first few elements of the high order algebraic equation. 

Allan ( 10 ) has examined the characteristics of journal bearing 

with externally pressured oil pockets, using an iterative method to 
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to determine the oil pressures and the flows through oil pockets. 

In this work it is shown that the finite element technique is a 

powerful and flexible method capable of handling any bearing surface 

and that the use of simple triangular e'lements . is. adequate to 

illustrate the approach and provide useful results. Allan has also 

presented full details of the computer program required to solve 

journal bearing problems. 

Recent works have been concentrated mainly on the generalization 

of the finite element technique for the analysis of lubrication 

problems. A detailed explanation of solution procedure of a 

triangular squeezing pad problem has been developed by Booker and 

Huebner ( 11 ), to handle effects such as shear stress, squeeze 

action, body force, lubricant expansion due to heating and diffusion 

through the pad. The functional which must be minimized for the 

incompressible isothermal lubrication problems is given by the 

equation 

1 [[ Ph3 - P
2
h 3 -J ~ dh dn I = --lip - phU - -- B lip + ~+ h-£..+ 

A 24lJ 12lJ dt dt pv~J dA 

+J (phun) p ds 
Sq 

Despite various flow action effects being taken into account 

in this analysis the consideration of the diffusion effect is in-

complete and also the inertia forces are assumed to be negligible 

when compared with shear and pressure forces. 

Huebner (12 ) has further extended this method to analyze 

thermo-hydrodynamic lubrication problems. The weighted residuals 
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associated with Galerkin's criterion is used to solve the thermal 

energy equation which describes the temperature distribution in the 

lubricant film. An iterative procedure is applied to obtain self

consistent pressure and temperature distribution results. The 

importance of including thermal effects in the hydrodynamic analysis 

has been discussed by Huebner who has concluded that the use of an 

isothermal analysis may lead to overestimates of calculated values 

of the bearing load capacity and coefficient of friction. 

Stafford ( 13 ) has carried out a modification of the method 

and has contributed to the existing suit of finite· element sub

routines known as PAFEC ( 14). Isoparametric elements are used 

and the integrations of the system matrices are achieved by the 

Gaussian method. The effects of body force, inertia and diffusion 

are neglected in his analysis which was also extended to include 

the effect of structual distortion on the film by using an iterative 

approach. 

The effect of pad deformation on bearing performance has been 

studied by Jain, Sinhasan and Singh ( 15 ) using a three dimensional 

finite element technique. The pressure field in the fluid film 

region is determined by the simultaneous solution of Reynolds 

equation and the relevant elasticity equations using an iterative 

approach. 

Allaire, Nicholas and Gunter ( 16 ) have developed a systematic 

matrix approach using finite elements to minimize the bandwidth of 

the resulting algebraic equations. Also they have established an 

optimum method for dividing the bearing area into elements. Their 

error analysis indicates that the division of the bearing surface 
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into elements is of great importance and that the alignment of 

the diagonal sides of triangular elements to the expected direction 

of the pressure gradient provides more accurate results for the same 

number of elements used. The significance of variable grid spacing 

was also pointed out by the authors in order to reduce errors in the 

results. 

Das and Dancer ( 17 ) have presented an analysis of the oil 

flow and its frictional behaviour in diesel engine bearings. Various 

factors influencing the bearing performance have been investigated 

by the finite element method based on steady state lubrication theory. 

It is shown that the coefficient of friction and oil flow are 

dependent upon the basic geometric proportions such as the length, 

diameter, clearance etc. of the bearing. Results also indicate 

that engine load and manufacturing variations such as taper and 

misalignment have little influence on bearing performance. 

An analysis of the non-Newtonian fluid effects in a finite 

width journal bearing using the finite element technique has been 

developed by Tayal, Stinhasan and Singh ( 18 ). The non-linear 

behaviour of the fluid was investigated by modifying the viscosity 

term at each stage of an iteration process. 

2.2 Porous Region Analysis 

Porous materials are widely used as bearing surfaces and clutch 

disc facings, and many analyses have been made to predict the 

characteristics of the porous region. It is assumed that the oil 

film region satisfies the Reynolds equation and the flow in the 

porous region satifies the Laplace or Poisson equation in which 
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are substituted Darcy's law of porous media flow. The problem is 

solved by coupling these equations with the associated boundary 

conditions. Darcy's law gives the following expressions for the 

flow in the porous region 

= _ .!. dp u 
U dX 

v = 

= ~ dp 
w - lia; 

and if these equations are substituted in the continuity equation 

in the porous region, the governing Laplace or Poisson equation is 

obtained. Various assumptions and simplifications have been made 

by many investigators to solve these equations. 

Wu 19) has investigated analytically the squeeze film behav-

iour of a porous annular disc approaching a plain disc of the same 

dimensions by the use of Fourier-Bessel expansions. The assumptions 

made in the analysis were·as follows: 

1. The porous facing has uniform thickness and permeability. 

2. The fluid is incompressible and has constant properties. 

3. The no-slip condition is applicable to all liquid-solid 

interfaces. Results were presented giving the pressure 

distribution, load-carrying capacity and film thickness 

as the plates come into contact. 

In this problem only part of the fluid will be squeezed out 

and the remaining part will flow out through the porous medium. 
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The combined effect of these two actions will reduce the pressure 

in the fluid film compared with that reached in a non-porous medium. 

WU also concludes that porous effects are influenced by not only 

the permeability of material but also by the film thickness. Later 

Wu also studied the effect of including rotational inertia in the 

analysis ( 20). The effects of rotational inertia are shown to 

further· reduce the film pressure and load carrying capacity and also 

to shorten the time required for reducing the film thickness. Wu 

has further applied the same approach as used for discs to study . 

rectangular squeeze pad problems ( 21 ). 

Disc problems have also been analyzed by Ting (22 ) who used an 

expression for the average pressure through the thickness of porous 

region and assumed that the mean pressures in the film and porous 

regions are equal at any radius for ·small values of thickness. 

Good agreement· between the results evaluated by the simplified method 

and the Fourier-Bessel solutions are reported. 

Another simplification applied to the integration of Laplace's 

equation has been made by Prakash and Vij ( 23 ) to examine squeeze 

film effects in circular, annular, elliptic and rectangular porous 

plates. 

The squeeze ,film behaviour in an inclined porous slider bearing 

has been investigated by Bhat and Patel ( 24 ) and the cause of a 

porous composite slider bearing by Puri and Patel ( 25). The 

analysis adopted by Prakash et al. has been extended to these studies. 

Results show that the response time for a composite slider bearing is 

greater than that for an inclined slider bearing. 

In most disc problems the surfaces have been assumed to be flat, 



13 

but in practice, owing to elastic, thermal and uneven wear effects, 

modifications to the analysis are required to allow for plate 

distortion. Vora and Bhat ( 26 ), Gupta and Vora ( 27 ) have 

considered the effects of curvature of surfaces in their analysis 

of a squeeze film action between porous rotating circular plates. 

Expressions for the pressure and load carrying capacity of the 

disc are given in the form of exponential series. Again results 

obtained by the authors show that the effect of rotating fluid 

inertia is to reduce the load capacity. 

Prakash and Tiwari ( 28 ) have analyzed the effects of surface 

roughness on the squeeze film action between rotating porous discs. 

They assume that the film thickness can be expressed by a combination 

of nominal film thickness and deviation of height from the nominal 

level. Their results indicate that the circumferential roughness 

increases while the radial roughness decreases the load carrying 

capacity at constant roughness values. 

Application of the finite element technique to the analysis of· 

porous regions in a variety of lubrication problems has been 

demonstrated by several workers. Rohde and Oh (29 ) have applied 

the technique to journal bearing problems with a compressible 

lubricant. They assumed the flow in the porous region only to be 

across its thickness, an assumption which is valid for a very thin 

porous'reg;;.on ca'se·;·'· Eidelberg Cand Booker ( 30) ·have presented the 

.:·tec:nnique ·fo>' the analysis6£..csqueeu. f'i.lins.:to take.·into·acc6unt· 

three dimensional flow in the ·filit>-:ahd porous regions. Their analysis 

·is :based:·""'· thE,· .. fol:lnwing coupling condition,s and.:boimdary conditions: 
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1. The diffusion velocity in the film region interface is equal to 

the velocity normal to the surface in porous region, thus the 

model flow at the interface is zero. 

2. Pressure in porous region is the same as the fluid film pressure 

at the interface. 

3. The surrounding pressure is zero. 

4. The flow at all the internal nodes is zero. 

The simplest elements such as triangular elements and tetrahedra 

elements are used in the idealization of the film region and the 

porous region respectively. Applications have been made to solve 

problems involving irregular geometrical configurations and different 

material properties. 

Malik, Sinhasan and Chandra ( 31 ) have recently reported the 

analysis of porous step bearings using rectangular and hexahedral 

quadratic elements. The effects of tangential velocity slip ignored 

previously ( 29 ), 30 ) have been taken into account in their 

results predicting load carrying capacity and coefficient of friction. 

2.3 Disc Problem Analysis 

The behaviour of the fluid film between annular discs has been 

examined both theoretically and experimentally by many investigators. 

Archibald ( 32 ) has analyzed squeezing flow problems such as 

spherical bearings and circular plates. Jackson ( 33 ) has used an 

iterative procedure to solve the continuity and radial momentum 

equations to provide a better approximation of inertia effects that 

occur in the fluid film. Rotating conditions were also considered 

by AlIen and McKillop ( 34 ) in their analysis of the problem, of 
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normal approach of two annular surfaces, one of which is rotating 

with respect to the other. Consideration of centrifugal forces 

acting on the fluid was based upon the assumption of Couette flow 

in the tangential direction. 

As a conclusion they have stated that the theoretical results 

showed that the only effect of rotation on an ideal squeeze film 

between parallel surface, is due to the centrifugal forces, which 

tends to increase the rate of approach of the two surfaces. The 

authors have also presented some empirical results using various 

kinds of fluid and good agreements with theoretical results have 

been obtained in some cases. 

Ludwig ( 35 ) has analyzed the engagement characteristics of 

wet type clutches mathematically and experimentally. He found that 

the grooving pattern on the plates had a pronounced effect on the 

dynamic coefficient of friction and that the spiral grooves produced 

a higher friction than radial grooves. WU ( 36 ) has developed 

a model to simulate the engagement characteristics of a single pair 

of wet type clutch plates used in automatic transmissions. The 

equations are based on those derived from his previous studies ( 19 ), 

( 20). Expressions that enable calculation of such quantities as 

film thickness, transmitted torque, interface temperature, heat gener-
; 

ation rate and engine speed have been presented. Utilizing such 

calculation Wu has shown that viscous shear forces can produce 

significant.amount of the clutch torque transmitted during the 

squeezing motion and that most of the energy is dissipated during 

the squeeze film region. Results also indicate that the permeability 

parameter and porous facing thickness ratio are of great importance 
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in engagement. The effect of surface irregularities and gr~oving 

effects were neglected in Wu's analysis. El-Serbiny and Newcomb 

( 37 ) have described a general model to simulate the engagement 

characteristics of a wet type friction clutch using the finite 

element technique. Oil groove effects and the heat generated 

by viscous shear are taken into account in their analysis of single 

and repeated engagements. The predicted effects of frictional 

behaviour agreed with trends observed from practical investigation. 

Porosity effects in the clutch materials were ignored in this 

analysis. 

In the present work inertia effects have been included in a 

finite element analysis of the rotating disc problems when radial 

and spiral grooves are incorporated in one disc surface. 

Before consideration of this and other problems a theoretical 

developrne~t of the generalized Reynolds equation is presented in 

Chapter 3. A solution to this equation using a finite element 

analysis is then incorporated into a computer program as outlined 

in Chapter 4. 
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3. Theoretical DeVelopment 

3.1. Reynolds Equation 

The derivation of the generalized Reynolds equation for incom-

pressible isothermal steady state lubrication problems is based on 

the following assumptions: 

1. The pressure throughout the film thickness remains constant. 

2. The curvature of the bearing surface is large compared to the 

oil film thickness. 

3. No slip between the bearing surface and adjacent layers of 

fluid film. 

4. The lubricant is considered to be a Newtonian fluid. 

5. The fluid flow is laminar. 

6. The viscosity is temperature dependent. 

The geometry and coordinate system· for a fluid film and corre-

spending surfaces is shown in FIG.l. 

Reynolds equation is derived from the consideration of the 

fluid continuity of flow and the equilibrium of a fluid element. 

An infinitely small element of fluid of sides dx, dy and dz 

is shown in FIG.2. The fluid velocities on all the faces of the 

element and in the orthogonal direction x, y and z are assumed to 

be constant. 

The incoming volume flow rate is given by the equation 

u dy dz + v dx dz + w dx dy (3.1) 

and the out flow rate by 

au 
( u + ax dx)dydz + ( v 

av 
+ ay dy)dxdz + 

aw 
(. w + dZ dz)dxdy (3.2) 
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From the continuity of flow, the net flow rate must be zero, which 

leads to the following relationship, 

dU + dV + dW = 0 
dX dY dZ 

(3.3) 

Next consider a column of fluid of sides dx, dy and height h as 

shown in FIG.3. The fluid influx and efflux rates per unit width 

are shown in the figure. 

Volume flow in x direction Influx qxdy 

dq 
Efflux (qx + ~dX)dY 

Volume flow in y direction Influx qydx 

dq 
Efflux (qy + ~ dy)dx 

In the Z direction, if the velocities of the lower and upper surfaces 

of the column are Wo and w1 respectively, the increase in volume can 

be expressed as 

Using the condition of continuity of flow, the following relationship 

is obtained, 

dqx 
+~dx)dy 

dx 

dq 
+ (qy + .:..2dy)dx 

dY 

Cancelling (dxdy) which is arbitrary and non-zero gives 

(3.4 ) 

If the upper surface is permeable, the last, term of eqn. (3.4) (wl-wO) 

can be explained by the squeeze and diffusion actions onthe fluid then 



where 

ah 
- + vd at 
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(3.5) 

ah 
at : the rate of change of height of the column, namely 

squeeze velocity 

vd : diffusion velocity 

Substituting eqn.(3.5) in eqn.(3.4), the following expression is 

obtained 

~+ 
ay 

(3.6) 

Finally consider the equilibrium of a fluid element as shown 

in FIG.~. In this case, the forces consist of viscous shear stresses, 

body forces and fluid pressure, and resolving in the direction of the 

x axis gives the equation 

pdydz + 

which reduces to 

Similarly in the direction of the y axis 

= 
ap 
dY 

In the z direction the pressure gradient is assumed to be zero. 

dP = 0 
dZ 

According to the Newton's law of viscisity 

(3.7) 

(3.8) 

(3.9) 



20 

= 11 
dU 

Txy dZ 
(3.10) 

T = dV 
11-yz dZ 

(3.11) 

Susti tuting .eqns (3.10) .and (3.11) into (3.7) and (3.8) the following 

relationships are given 

dP 2..( dU (3.12) ax-= 11 -) + Bx dZ dZ 

dP = 2..( dV) + B (3.13) 11-
dY dZ dZ y 

The velocity gradient is obtained by integrating eqn.(3.12) with 

respect to z. 

dU . 1 r. 
dZ = jJ\( dP lZ -) Z -

dX 0 

C . 
B dz)+-1 

x 11 

Integrating again gives 

u = 'dp{z ~dz _ 
dX ) 0 11 lz 

1 JZ JZ C - Bxdzdz + -.l dz + C2 0110011 

(3.14) 

(3.15) 

The constants of integration Cl and C2 are determined by the applica

tion of the following boundary conditions 

u = Up v = V1 , w = W1 at Z = 0 (3.16) 

u = U2 , v = V2 , w = W2 at Z = h (3.17) 

p = P(x,y) (3.18) 

where P(x,y) is a specified function on a non-vanishing segment of 

the boundary. 

Application of the boundary condition (3.16) to eqn.(3.15) yields 

(3.19) 



Using boundary condition· (3.17) and the value of C2 

where 

1 

Aa 

Jh 1 
A = -dz o j.l , 

a 
Al = Jh -=-dz 

a j.l 
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(3.20 ) 

Substituting values of Cl and C2 into eqn. (3.15), the velocity 

component is obtained as follows 

u = ap (JZ 
ax a 

Z 
-dz 

j.l 
_.::J... -dZ) A jZ 1 

Aa a j.l 

where 

Similarly in the y direction 

a JZ Z 
v = a~ 0 j.l dz 

A JZ 1 -1 -dz 
Aa a j.l 

where 

= .!. JZ .!. dz (Jh .!. Z By 
Aa j.l j.l 0 
00. 

- UlJZ 1 
-dz 

Aa a j.l 
(3.21) 

(3.22) 

Jz lfZ dZd~- oU 0 

The velocity in the Z direction, w can be obtained by substituting 

eqns.(3.2l).and (3.22) into the continuity eqn.(3.3) and is as follows 

Jz a 
w = - 0 a~ dz -J: av dz 

ay 

where Wl is the magnitude of the velocity w at Z = o. 

(3.23) 

The average velocities in the x and y directions can be expressed 

as 



u = ~ f udz 
o 

and the volume flows as 

qx = h· ii = J: u dz 

h 

qy = h·v = Jo v dz 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

Substituting these values in the continuity eqn. (3.6), the following 

expression is obtained 

(3.28) 

Substituting the values of velocities from eqn.(3.2l) and (3.22) in 

the above expression, the generalized Reynolds equation in vector 

form is obtained 

where 

- VG V 

a V =-+ ax ay 

G = Jh fZ ~ dZdZ-.~1 Jh r ~ dzdz 
o 0 a oJo 

A A 

t.U = ( U2 - U1 ) i + ( V2 - VI ) j 

A2 = lfh f
Z 

ldzdz 
Aa 0 0 II 

(3.29) 

22 
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3.2 Incompressible Isothermal Lubrication 

In this section development of the incompressible form of the 

Reynolds equation is presented. The viscosity of the lubricant is 

assumed to .be constant. Then eqn.(3.15) can be expressed as 

u =-~ Z dz 1 d fZ 
U dX 0 

(3.30) 

The body forces are expressed by averaged values in z direction to 

simplify the analysis 

Bmx(X,y) 
= ~J: Bx dz 

= ~J: 
(3.31) 

Bmy(X,y) By dz 

Using these averaged values for the body forces in eqn.(3.30), the 

following form can be obtained 

(3.32) 

Applying the boundary conditions (3.16) and (3.17), the velocity 

component of the fluid in incompressible condition is given in the 

equation 

z(z-h) ( dP _ 
Bmx) 

z . 
u = + - (U -U ) + Ul 2U dX h 2 1 (3.33) 

Similarly 

z(z-h) ( dP _ 
Bmy) 

z 
VI) v = +- (V - + VI 

2U dY h 2 
(3.34) 
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The corresponding volume flows are 

=J: 
_~(l'e._ 

Bmx) 
h Ul + U2 ) (3.35) qx u dz = +-( 

12]J ax 2 

= J: h 3 ap h 
qy v dz = - -(-- Bmy) +-( VI + V2 ) (3.36) 

12]J ay 2 

The volume flow gradients are obtained by differen~iating eqns.(3.35) 

and (3.36) with regard to x and y 

Clqx = 1 Cl h 3 ap _ 
Bmx 

) + 2. [h(U1+ U2 )] ---( 
ax 12]J ax ax Clx 2 

(3.37) 

a~~ = 
1 2. (h3 ap _ 

l2]J ay ay Bmy 
) + ~[h(Vl+ V2 )J 

ay 2 
(3.38) 

Finally substituting these gradients in eqn.(3.28), the generalized 

Reynolds equation for incompressible isothermal steady state is 

obtained in the form 

where 

u = 

h3 Clp )J = 
Cly. 

+_1_(2..(h 3 B )+ 
12]J ax fiX 

, V= 

2. ( hii ) + 2. ( hv ) 
ax ay 

(3.39) 

This Reynolds equation is solved with boundary conditions such that 

along part of the boudary Sp shown in FIG.8., the pressure is 

specified by 

p = P(x,y) on (3.40 ) 
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and along the remainder of the boundary Sq' the volume flow per 

unit boundary length is specified by. 

on (3.41 ) 

3.3 Inclusion of the Centrifugal Force in the Generalized Reynolds 

Equation 

Normally inertia effects in fluids are of little significance 

and as such are neglected in Reynolds equation. Since in this 

project, discs are to be analyzed and Reynoldsequation is applied 

to disc problems, the inertia effects are of interest and the theory 

has been extended to inclide these. 

A typical arrangement is shown in FIG.5·, where the lower surface 

has an angular velocity of W1 and the upper surface has an angular 

velocity of W2 • The centrifugal force per unit volume is . 

(3.42) 

Assuming that the angular velocity varies linearly with height 

W = Woz + w1 (3.43) 

where 

W2 - W 
Wo = 1 

h 

The centrifugal force can now be expressed as 

(3.44) 

The average centrifugal forces are given by the. equations 



= ..! Jh C dz 
h f 

o 

Pr r 
= --L(W h 

3hwo 0 
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(3.45) 

And the average centrifugal forces in x and y direction are as follows 

Cfmx = Qr cosEl G W h 3 Wl~ 3hWo 0 
+ Wl ) - (3.46) 

Cfmy pr sinEl t Woh + w)3 W 3J = 1 - 1 
3hWo 

(3.47) 

Considering the equilibrium of a fluid element 

(3.48) 

ap = dTyz 
ay az + Bmy + Cfmy (3.49) 

Proceeding as before and using continuity equation. Reynolds equation 

including the inertia terms is obtained as follows 

1 [a 3 
+"12U ~(h Cfmx) (3.50) 
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3.4 Application to Porous Annular Discs 

The flow field in the porous region of a disc is governed by 

the Laplace equation which is coupled to the Reynolds equation 

governing the film region. In the film region, the pressure distri

bution can be expressed in a two dimensional form as before. However, 

in the porous region of the disc, the pressure chanqes across the 

thickness and accordingly a three dimensional approach has to be 

made. A three dimensional finite element technique would be suitable 

for the solution of the three dimensional Laplace equation and would 

overcome the complicated surface configuration. 

As a primary analysis, a simplified investigation of the porous 

region is presented here. The investigation is confined to squeezing 

pads, one of which has a porous facing. This model has been adopted, 

because it is nearest to automotive applications such as clutch plates 

and oil immersed disc brakes. The model under consideration is shown 

in FIG.6. 

The analysis is based on the following assumptions: 

I. The porous facing has constant permeability. 

2. The pressure in surrounding field is zero. 

3. Squeezing action on the fluid is the most dominant effect and 

other effects are neglected. 

These assumptions are in addition to those applicable .to the film 

region. 

The fluid velocities for a porous region can be derived from 

Darcy's law ( 38 ). 



v = _.! ap 
1.1 ay 

~ ap 
w = - ii az 

The three dimensional continuity equation can be expressed as 

follows ( 39) 

. 
V ( pv) + A 

ap 
at = 0 

where 

A .A ..... 

10 = ui + vj + wk 

A = porosity 

Using Darcy's equation (3.51), the continuity equation becomes 

V( P~ Vp)= A ap 
1.1 at 

The associated boundary conditions between the film region and 

porous region are 

A 

= U(x,y,h) n 

} at h = h 
p(x,y) = p(x,y,h) 

where 

A 

n = unit normal vector to a boundary surface 

28 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 
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Also the boundary conditions between the porous region and the 

surrounding field are given by 

p = 0 on boundary S ) (3.56) . 
0 boundary p = on S 

A 

1U = (x,y,h) n = 0 on h = H (3.57 ) 

3.5 Friction Force, Friction Torque and Load Carrying Capacity 

of Bearings and Discs. 

The theory developed so far can be extended to assess the 

performance of bearings and discs in so far as their load and torque 

carrying capacity is concerned. Friction forces and torques indicate 

the power loss for bearings. However for discs these values are 

more significant because they govern their engagement capacity. 

The load carrying capacity L can be expressed as 

L = f p(x,y) dA 
A 

and the frictiqn forces by 

=f 
A 

T I dA x z=O,h 

where A is the area concerned. 

(3.58) 

(3.59) 

(3.60) 



From eqns. (3.10) and (3.11) the shear stresses are 

au 
\.1-

dZ 

ov , = \.1-
y oz 
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and the velocity gradients are derived from eqns. (3.33) and (3.34) 

Ou (2z-h) ( .£E. _ 
Bmx- Cfmx ) + 

(U2- U1 ) 
-= 
oz 2\.1 ox h 

(3.61) 

ov (2z-h) ( op _ 
Bmy - Cfmy ) 

(V2-:- V1) 
-= 
oz 2\.1 oy + h 

(3.62) 

Substituting these values into eqns.(3.10) and (3.11), the compcnents 

shear stresses are nOW expressed as 

'x = 
(2z-h) ( op _ B - Cfrnx ) +l!.U 

2 ox rnx h 
(3.63) 

(2z-h) 00 B - Cfmy ) + .H..v 'y ( ----
2 oy my h 

(3.64) 

where 

U = U2:- U1 V = V2- V1 , 

The shear stresses for the lower surface., z = 0 are given by the ' 

equations 

h op 
Brnx - Cfrnx ) +.!!..U - 'xl = -- (--

2 ox h 
(3.65) 

h oP _ 
+ .!!..V .- 'y1 = --( B - C ) 

2 oy my fmy h 
(3.66) 
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and the shear stresses for the upper surface, z = h by 

h dP 
- Bmx- Cfmx ) +1:.u (3.67) Tx2 =-( 

2 dX h 

Ty2 
h dP 

Bmy- Cfmy ) + 1:. V (3.68) =-( --
2 dy h 

The friction forces are obtained by substituting eqns.(3.67) and(3.68) 

into eqns.(3.59) and (3.60) 

r h dP _ 
Brnx - C ) -1:. u dA Fx1 = -( 

2 dX frnx h A 
(3.69) 

Fx2 = ~ 
h dP 
-(--
2 dX 

Bmx- Cfrnx ) +1:. U 
h 

dA (3.70) 

{ h dp 
Bmy- Cfmy) -2!..v dA Fy1 = dy -2 h 

(3.71) 

fA 

h dP - B - C ) +.!!..v dA Fy2 = -( 
2 dy my fmy h 

(3.72) 

For disc problems, determination of friction torque is required 

as a measure of their performance. The torque field for a disc is 

shown in FIG.7. The friction torque of the area 6A is expressed as 

r (Tx sin e + Ty cos e ) 6A (3.74) 

The total friction torques of the lower and upper surfaces can be 

obtained by integrating eqn. (3.73) over the appropriate area and 

take the form 

=J 
A 

r (Tx sin e + Ty cos e ) dA 
1- 1 

sin e + T cos e ) dA 
Y2 

(3.74) 

(3.75) 
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4. Application of The Finite Element Technique 

4.1 Variational Principles 

The generalized Reynolds equation (3.50) describes the behaViour 

of film lubrication when the film thickness and other variables such 

as body forces, surface velocities, centrifugal forces, squeezing 

velocities and the diffusion velocities together with appropriate 

boundary pressure and flow conditions (3.40), (3.41) are known. 

Variational principles can be applied for the solution of this 

equation. 

The integral I is. a functional which has independent variables 

x, y and unknown function p(x,y). 

constant (4.1) 

Variational calculus is. used for the determination of function p 

which minimizes I(p). 

Let the function 

* p = p + ET)(X) 

where E is an arbitrary parameter and T)(x) is a continuous .function 

having zero values on the boundaries. In order that function I(p) 

* be a minimum at p = p , the following conditions must be satisfied 

~l =0 
dE =0 

qI 

dE' ~ 0 
=0 

(4.2) 
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substituting eqn.(4.2) into (4.1) a Euler - Lagrange form of equation 

is obtained, 

Cl (ClFJ Cl (elF) elF 
- dX dP[ ay ap/ ap = 0 (4.3) 

The function p that minimizes this functional satisfies the Reynolds 

equation (3.50) and the boundary conditions (3.40) and (3.41) i./;, 

given by the equation 

4.2 Development of Fluidity Matrices 

The finite element technique has been applied for the determiation 

of an approximate pressure distribution in a two dimensional field. 

Initjally the field under consideration is subdivided into smaller 

elements having a finite number of nodes. Approximate interpolation 

functions are chosen to express pressure and other variable variations 

within these elements. These functions satisfy the boundary continuity 

, criteria. 

The approximate variation of various variables can be expressed 

as 

r 

p = N {pI = L Ni'x,y) Pi 
i=l 

( 4.5) 



r 
Ux N lUx} = I N.(x, y)U

X
• 

i=l ' , 

r 
Uy = N {Uy} = I Ni(x,y)Un i=l 

r 
Bmx = N {Bmx} = I Ni(x,y)Bmx . 

i=l l. 

i=l 
~ N. (x,y)B L ~ mYi 

Cfmx = N {Cfrnx} = f 
i=l 

dh 
= 

dt 

= 

r dh 
I Ni(x,y) atl.. 

i=l 

r 

i=l 
~ N. (x,y) Vd 
L 1. i 
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(4.6) 

The field values (4.5) and (4.6) are substituted. into the functional 

of eqn.(4.4) which is then minimized with respect to the nodal 

pressure Pi of the element 

i = 1, 2, ••.... r (4.7) 



and considering the whole domain 

substituting (4.5) and (4.6) into (4.4) each derivatives of p 

becomes 

dp dP 
'Vp = - +

dx ay 

d 2 2 
'Vp'Vp = (L) + (d P ) ax ay 

l
r aN. r 

= L ~ P~.[ L 
·=1 oX ~ j=1 

and on differentiation with respect to Pi' 

Thus equation (4.8) can be expressed, using the fluidity matrices 

and nodal values as follows 
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(4.9) 



wher'e matrices [K:€I' [:<'uJ, (KU~'···· are of size rxr 

and matrices {p} • {U,). {Uy}.· ••• are of size r. 1 

Pressure 

Shear 

Body force: 

Centrifugal 

force 

Squeeze 

Diffusion: 

Flow: 

-f r1~~( aNi dN j dN. aN. J 
KPij = + _l.~) dA 

dX dX dy ay 
A 

K = 1 h 
d'li Nj dA UX· . ()x l.J A 

=J h 
dN. 

K -1 N. dA U
Yij A ay J 

K = - --l. N. dA f h3 aN. 

BmYij A 12U ay J 

Kh• = J
A 

Nl.. N). dA 
ij ). 

.. = K 
""Vd. . lii)· 

l.) 
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(4.10) 

(4.11) 

where qi is the outward flow across the boundary Si associated 

with the node i . The half-boundary Si is either side o( the node 

as shown in FIG.B. 
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Equation (4.9) can be solved provided n. nodal pressures and 
. 1 

flm1s of the rest of the nodes ( N - nil are both known. All other 

nodal forcing values such as body forces, must also be known in order 

to solve this equation. 

Equation (4.9) can be expressed in matrix form as 

(4.12) 

These matrices can be partitioned and rearranged as follows into 

known and unknown value matrices 

{:~} (4.13) 

Equation (4.13) can then be subdivided into two separate matrix 

equations 

(4.14) 

(4.15) 

Rearranging eqn.{4.14) gives the following equations 

{QI} = rPIJ {PI} 

{PI} = rpI~ -1{QI} (4.16) 

where 

{QI} = {ql} - K {P2} + K {all + K {a2} Pl2 all al2 
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Since all nodal pressures become known from eqn.{4.16), these can 

be substituted into eqn.{4.1S) to obtain the corresponding flows. 

Once the nodal pressure at each node has been determined, the 

component flows (flows in an element) can be obtained by applying the 

pressures to the original equation{4.7). 

4.2.1 Development of Fluidity Matrices fo'f'Triangular Elements 

In this project the triangular element system is presented as a 

primary development of F.E.Technique for lubrication problems. 

The elements are connected at the nodes which are located on the 

corners of triangles as shown in FIG.8, and are assumed to have linear 

variation of states. This variation is represented by a linear inter-

polation polynominal of the form 

(4.11) 

The constants ai' b i and ci are chosen so that Ni = 1 at node i 

and Ni = 0 at the other two nodes: that is 

ai = (xiYk - xkYi) / 2A 

bi = (Yi - Yk) / 2A (4.1S) 

ci = (xk - Xj) / 2A 

where 

1 xi Yi 
I 

A =- 1 Yj = (area of a triangle) 
2 Xj 

I xk Yk 



The pressure distribution p can be expressed as 

p = ! N.(x,y).p. 
i=l 1 1 

= ! (a.+b.x+c.y) .p. 
i=l 1 1 1 1 

The other £ield values are de£ined in a similar manner. The film 

thickness variation can also be expressed by using an interpolation 

function such as 

h = N {h} = I 
i=l 

N. (x,y)h. 
1 1 

The £luidity matrices are then described as £ollows. Since 

the derivations o£ N in eqn.(4.l0) can be expressed as 

and 

aN. aN. 
_1 --.J.. 
ax ax 

aN. aN. 
+ __ 1 --.J.. = 

ay ay (b.b. + c.c.) = 
1 J 1 J 

const 

Hence the pressure matrix assumes the £ollowing £orm 

K- = - -2-12 (b.b. + c~cJ.) fA {Nlhl + N2h2 + N3
h3)3 dA -1'. . )J 1 J • 

1J 

The integrated result of interpolation functions over the area o£ 

a triangular element is presented by Zienkiewicz (4) and is as 

£ollows 
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(4.19) 

(4.20) 
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(4.21) 

Accordingly the fluidity matrix is given by the following expression 

(4.22) 

Other fluidity matrices can be expressed in a similar manner by the 

equations 

bi 
3 

K =- L hk (l-K'i kj ) 
Ux · . 24 k=l 1J 

(4.23) 

c. 3 
K UYij 

=_1 L h (1+t\.) 
24 k=l k J 

(4.24) 

b. 
K = 1 

G 
Brnxij 1440 \l 

(4.25) 

K = 
c i 

G BmYij 1440 \l 
(4.26) 

(4.27) 

(4.28) 

1 
KJi .. = - -A (1 + <\J') 

1J 12 
(4.29) 

(4.30) 
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where 

(\j = 1 when i= j 

°ij = 0 when ir! j 

G =q h~q J + 2h2q h) + hJ I hJ + 2h h h 
~=1 ~lk=l kJ J Lk=l ~ J Lk=l ~ 1 2 3 

4.2.2 Development of Fluidity Matrices of Rectangular Elements 

In this derivation of fluidity matrix a different type of 

natural coordinate system has been used. FIG.9 shows the two coordi-

nate systems. The Cartesian coordinates are expressed in terms of 

the natural coordinate as follows 

x = ~ ~l-S)(l-t)Xl + (l+s)(1-t)x2 · 

+ (1+S)(1+tix3 + (l-S)(l+t)X,;] 

(4.31) 

y = ~ EI-S)(l-t)Yl + (l+s)(1-t)Y2 

+ (1+s)(1+t)Y3 + (l-S)(l+t)y,;] 

and the interpolation function for a linear rectangular· element .is 

1 
N].. (x,y) = - (l+ss. )(l+tt.) 4 ]. ]. 

Hence the pressure distribution can be described as 

p= 
4 1 . 
.[ -(l+ss.)(l+tt.)p· 
i=l 4 ]. ].]. 

(4.32) 

(4.33) 
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Transformation of the coordinates from Cartesian to natural is carried 

out as follows 

Also 

ON aN as aN at -=- -+--ax as ax at ax 

aN = dN 
ay as 

ay 
as at -=--
ax IJI 

_ ax 

as at 
ay =~ 

~+dNdt 
ay dt ay 

dxdy = IJ Idsdt 

(4.34) 

(4.35) 

where J is the determinant of the Jacobian matrix [J) given by 

ax ay 
as as 

[J) = 

dX ay, 
at at 

Eqns. (4.34) and (4.35) can be expressed as 

aN = 1 aN dY aN ay 
ax jJj ( as at - at as ) (4.36) 

aN -1 aN ax aN ay 
ay = jJj ( a; at - at as (4.37) 



The derivatives of N in eqn.(4.l0) can now be expressed as 

aN. aN
j _l. 

ax ax 

ay _ aNi 

at at 

From eqn.(4.3l) and eqn.(4.32) 

aNi s. 

as 
= T (l+tti) 

aNi t. 
= ~ (l+sSi) 

at 4 

also 

OX ..!....{ (x -x ) + (x3-x4 )} -= 
as 4 2 1 

dX 1 
(X3-x2 )} -= - {(x -x ) + 

at 4 4 1 

ay = 1 
+ (Y3-Y4)} 4" {(Y2-Yl) 

as 

ay = 1 
(Y3-Y2)} - {(y -y ) + 

at 4 4 1 

Hence the determinant IJ I becomes 

1 J 1= OX ay _ ax ay 
as at at as 

= a 1a 4 - a2a 4 

Rearranging eqns.(4.38) and (4.39) 

ay) ( 
as 

= a l 

= a 2 

= a 3 

= a 4 

aN. ay aN. 
---1 _ - --.J 
as at at 

1l) 
as 

ax ) 
as 
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(4.38) 

(4.39) 

(4.40) 
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(4.41) 

If the film thickness and viscosity are constant, the integration 

of eqn.(4.10) takes the following form after substituting eqns.(4.40) 

and (4.41), 

h 3 aNi aNi 
12]J (ax ax 

aN· aN· + __ l. _J ) 
ay ay dA 

= ___ ...;.h:....
3 
__ (1 f 1 lia4s . (l+tt. )-a

3
t. (1+ss.)} 

192]J IJIIJ~_l -1 l. l. l. l. 

{a
4
s. (l+tt. )-a3t. (1+ss.) }+{a2s. (l+tt. )-alt. (l+ss.)} 

J J J J l. l. l. l. 

This expression can be simplified by expressing it as a sum of the 

following terms 

dsdt 
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Integrating these terms, the following results are obtained 

2 2 1 
A = 4si Sj(a2+ a4 )("3t i tj+l) 

2 2 1 
B = 4ti t j (a1+ a3)(-s.s .+1) 3 l. ) 

(4.42) 

C = -4sitj(ala2+a3a4) 

D = -4sjti(ala2+a3a4) 

The fluidity matrix therefore becomes 

- h 3 
--'-'-- (A+B+C+D) 
192]l /J I (4.43) 

Similarly, other fluidity matrices for the rectangular element 

can be expressed as 

h 1 1 
KU = --=;{ s.a2(-t. t .+1) - t.a1(-s. s .+l)} 

Yij 4 l. 3 l. ) l. 3 l. ) 

h 3 1 1 
K =-- {s.a4 (-t.t.+l) - t.a3(-s.s.+1)} 

Brnxij 48]l l. 3l.) l. 3l.) 

h
3 

1 t.a1 (!s·S.+1)} K = -'-- {s.a2 (-t.t .+1) + 
BmYij 48]l l. 3l.) l. 3l..) 

(4.44) 

K = K 
CfmXij Brnx ij 

K 
. Cfmij = K 

BmYij 
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If the film thickness is variable in an element, it is assumed 

that the thickness can also be expressed using the interpolation 

function Ni' as follows 

4 

h = L Ni(X,y) hi 
i=1 

4 
= .!.. L 

4 i=1 

The matrix in this case is given by the equation 

1 
= - (A'+B'+C'+D') 

192]J IJI 

where 

1 1 
A' = sisj(a~+ a~) i f h3 (1+tti ) (l+ttj) dsdt 

-1 -1 

1 1 
B' = titj(a~+ a~)j[ j[ h3 (1+SSi )(1+ss j ) dsdt 

-1 -1 

C' = -sitj(a1a2-a3a4)i1 f1 h3 (l+SSj)(l+tt j ) dsdt 
-1 -1 

D' = -Sjti(a1a2-a3a4)11 f1 h 3(1+ss.)(1+tt.) dsdt 
~ J 

-1 -1 

(4.45) 

(4.46) 

Substituting eqn.(4.45) into eqn.(4.46) and rearranging terms, the 

quantities A' to D' can be expressed in the form 



where 

4 4 . 2 
B' = 4t.t.(a1+ 

~ J a3) L L 
~=1 m=l 

4 

L 
m=l 

4 4 

D' = -48 j t i (a1a 2- a3a4)~~1 m~l 

t = t t t 
11 ~ m n 

t12 = t t + t t + \t~ ~m mn 

t = t~ + tm + t 
13 n 

8 = 888 
11 ~ m n 

8 = 8~8m + 8 8 + 8n8~ 12 m n 

8.13 = 8~ + 8m 
+ 8 

n 

t = t11 tj + (t
11

+ t t.)t. 
21 12 J ~ 

t = (t + t13t j) + (t
13

+ t
j
)\ 

22 12 

8
21 

= 8 
11

s t (811+ S128 j)si 

s22 = (sl/ S13S j) + (8 + s.)s. 
13 J ~ 

Similarly other matrices are derived as 

sa4

G 
;"! 

= i 4 L (2: s s +l){2:.(t t +t t +t t )+1~ 
16 ~=1 3 ~ j 3 ~ i i j j ~ 

ti a 3 4 1 1 
- 16 L r(3t t.+1){-3(s S.+S.8.+S.S )+1~ ~=1 L' ~ J ~ ~ ~ J J ~ :.J 
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(4.48) 



.. here 

K Uy .. ~J 

= S s.+1){l3 (t ut.+t.t.+t.to)+l}] 
Ji.J ",11JJ'" 

4 ~-1 1 ] I (-3 t o t.+1){-3(sos,+s,s,+s,s )+1} 
R,=1 " J ,,~1 J J R, 

1 4 4 4 
IL = 768 I I L (s, a4s23t24 - t, a3s24t 23) 
-llrnxij ).J £=1 m=l n=l • • 

- IJI 1 1 
K.. = 4 (-3 s.s.+1)(-3 t.t.+1) -n.. ~J ~J 

~J 

1 1 s23 = -5 s s s s.+ -3 (5 5 +s 5 +5 5.+S.S ) + 1 
R,mnJ R,m mn nJ JJi. 

525 = 5 0 S S + Sr.S S. + SoS S. + SoS S + 
"mn ",m1 "mJ "ni 

1 1 t 23 = -5 t t t t'+'-
3 

(t t +t t +t t.+t.t.) + 1 
R,mnJ R,m mn nJ J" 

t25 = t, t t + t, t t. + t, t t. + tot t. + ••• 
. "mn ",m1 "mJ "n1 
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(4.49) 

(4.50) 

(4.51) 

(4.52) 

(4.53) 



4.3 Analysis of The Porous Region 

Tne pressure dist~ibution for a surface .ith a porous region 

can be found by solving equation (4.9) together .ith the Laplace 

equation (3.53) and the associated boundary conditions (3.54)-(3.57). 

Fig.10 shows the finite element idealization of a porous region. 

By expressing the diffusion term [K J.{vd } as the nodal 
vd 

diffusion flow {q'} in equation (4.9) and by expressing the fluidity 

matrix terms [KaJ {a}, except the pressure term, the rearranged form 

of the equation is obtained 
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(4.54) 

The Laplace equation (3.53) is solved in a similar manner to the 

Reynold's equation using variational principles. The functional to 

be minimized is given by 

r(p) 
= In (~ <;'p<;,p)al'l + In u.pan + ls Q pdS 

Hence 

ar 0 i = 1,2, .... ,N ap. = 
l. 

The pressure distribution as before is assumed to be linear within 

an element. For the analysis of the three dimensional porous region 

tetrahedral elements are used. For these elements the pressure 

distribution is expressed as 

p = lM.! {p} = 
4 
I 

i=l 
M· (x,y,z).p. 

l. . l. 

M. = al.. + b.x + c.y + d.z 
1. 1 1. 1. 

(4.55) 

(4.56) 

(4.57) 

(4.58) 
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where 

al bl cl dl 
1 1 1 1 

a2 
b2 c2 d2 xl x2 x3 x

4 
= adj 

a
3 

b
3 

c d
3 Yl Y2 Y3 Y4 3 

a4 b4 c4 d4 zl z2 z3 z4 

1 xl Yl zl 

1 x2 Y2 z2 
6v = = 6 (Volume of the tetrahedron 

1 x Y3 
-z defined by nodes 1,2,3,4.) 

3 3 

1 "4 Y4 z4 

substituting eqn.(4.51) into eqn.(4.56) 

aM. 4 (raM.l JaM. 4 (raMil )-
+ ay lj~l LatJ (p} + az 1 j~l La1J<P} . 

+ J M. I (M.){u}dfl + J QN.dS = 0 
n l. j=l J S l. 

(4.59) 

Using the interpolation function (4.58) with eqn.(4.59) and the integration 

formula (40) 

J !&~MYdll = n 1 J-lt (a+8+y+3) ! 6v 

The flow equation for a porous region is obtained as follows 

(4.60) 

(4.61) 

an 



·.,rhere 

_ MV ( 
K = " b. b. + P. . ~ 1 J 

1J 

Q N.ds 
1 

4 

c·c. + d.d.) 
1 J 1 J 

(on sur:faces) 

E [Mj]{U}dl"l 
j=l 

To couple the analysis pertaining to the :film and porous region 
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conditions. e~uations (4.54) and (4.61) are reordered and partitioned 

into submatrices as follovs 

lOll 
KU K12 

~:) \:) q2J 
= 

K21 K22 

"here ~l' PI' ~~ sha:e nodes vith the :film region. The associated 

boundary condition (3.54) gives the :folloving relationship :for the 

flov 

{'I'} + {q~J = {D} 

The pressures at the common boundary o:f the :film and the porous 

regions (3.55) is given by 

The matrix equation (4.62) can be revritten as 

(4.62) 

(4.63) 

(4.64) 

(4.65) 

(4.66) 

• 
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S~uations (4.54), (4.63), (4.64) and (4.65) yield 

(4.67) 

and combining eqn.(4.67) and eqn.(4.66) the folloving result is obtained 

Equation (4.68) can be expressed in a simplified form as 

This equation can be solved in the same vay as that described in 

Section 4.2. 

4.4 Determination of the Load Carrying Capacity of Bearings, 

Friction Force and Friction Torque 

The load carrying capacity of. bearings Le "as vritten in the 

form of an integral (3. 5~ in Section 3.5. The calculation can by 

finalized by substituting the pressure values (4.5) into equation 

(3. ss) 

J 
r 

Le = E N. (x,y)p. <lA 
A i=l ~ ~ 

For the triangular element, the interpolation function is 

N.(x,y) = a. + b.x + c.y 
.~ ~ ~ ~ 

and using the integration formulae 

(4.68) 

(4.69) 
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the load carrying capacity for the triar~ar element can be expressed 

as 
1 3 

Le = -3 ALP. 
. i=l J. 

(4.70) 

Similarly the load carrying capacity Le for a rectangular element is 

given by 

4 
L p. 

i=l J. 
(4.71) 

Total load carrJing capacity of the domain is 

E 
L = I Le 

e=l 
(E number of elements) (4.72) . 

The' friction forces in an' element are given by eqns.(3.69) - (3.72). 

Substituting the pressure and other field values from eqns.(4.5), (4.6) 

into eqns.(3.~9) - (3.72), the friction forces in the form of an 

interpolation function and nodal values can be obtained as follows: 

1 J' r r aN. 1 J r, r 
- -2 (I N.h )( I --.?- p.)dA - -2 (L N.h.)( L N.Brnx·)dA 

A i=l J. r j=l oX J A i=l J. J. j=l J J 

1 J r r J - -2 (I N.h.)( L N.Cfrnx·)dA + IJ 
A i=l J. J. j=l J J A 

r 
L N .U. 

,j=l J J dA 
r 
L N .h. 

i=l J. J. 

1 J r r aN. 1 r r r 
= -2 (L N. h. ) ( I -.,J. p.)dA + -2 (IN. h. )( IN . Bm" .)dA 

A . -1 J. 1 " ox J J A . J. 1 . .J J J.- J=l J.=1 J=I' 
r 
IN.u. 

r j'lJ J dA 

JAfN.h. 
. J. J. 
J.=1 

(4.73) 

(4.74) 



1 J r raN. 1 J r r 
FY2 = -2 (LN.h·)(L ~ p.)dA + -2 (LN.h·)(LN.B,ny.)dA 

A 
• 1 1 . ay J A . 1 1 . J J 
1=1 J =1 '=1 J~ 

f t.N. V • 
1 J r;: f J j.,J J +"2 (LN.h.)(t.N. Cf·)dA+1J r dA 

A i=f 1 j=l my':! A IN.h. 
i=11 1 

To sioplify the integration of the last term an average thickness h is 

used in place of LN.h .• 
1 1 
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(4.75) 

(4.76) 

For the triangular element, SUbstituting the interpolation function 

(4.17) into e~ns.(4.73) - (4.76), the friction forces derived are 

1 3 A 3 
Fx = - - L b.p. - 7' L 

1 12 i=l 1 1 0 i=l 

1 3 
= 12 Lc.p . . 1 1 

1=1 

For the rectangular element, SUbstituting the interpolation function 

(4.77) 

(4.32) into eqns.(4.73) - (4.76), and using transformations (4.31) - (4.37) 

the friction forces for a rectangular element can be expressed as 



where 

,,;, " 

CIOI = 2l J I{(cl c8 +} C4C1t +} (C3CIO +} C2C9)} 

CI02 = 2I J I{(CI CI2 +} C4C15 ) +} (C3Cl4 +} C2CI3 )} 

C
I03 

= 11 I.:!. 1 I u. 
h i=l ~ 

I I I I I 
CI04 = 2 J {(ClBS +3 C4BI1 ) + 3 (C3BlO + 3 C2B9)} 

cI05 = 2I J I{(CI BI2 + } C4B15 ) + ~ (C3Bl4 +} C2BI3 )} 

clo6 = Illil ill Vi 

I 4 
Cl ="4 I h. 

i=l ~ 

I 4 
C2 = "4 I s.t.h. 

i=ll.~l. 

I 4 
C3 = -4 L s.h. . l. 1 

l.=1 

I 4 
C4 = "4 I t.h. 

i=l l. l. 
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(4.18) 



4 

Cs = %I Prnx· 
i= 1 ~ 

4 

= % ? Cfrro<;. 
1=1 

4 

C13 - t I s.t. Cfrnx· 
i=l 1 ~ ~ 

1 4 
C14 = 11 L si Cfrnx . 

i=l ~ 

1 4 
C15 = 11 It. CfrnX . 

i=l 1 ~ 

1 4 
B13 = 11 L s.t. Cfro . 

i=l 1 1 y~ 

1 4 
B14 = 11 L s; Cfrny, 

i=l 1 ~ 

1 4 
B15 = 11 L ti 

i=l 

This leads to the determination of friction forces in an element. 
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Further more the total friction forces are obtained by summing these 

values over the domain area, as follovs 

E 

F = L F 
TXl i=l Xli 

E 

F = I F 
TX2 i=l X2i 

E 
(4.79) 

F = L F 
TYl i=l Yli 

E 
F - I F TY2 -. Y2. 

~=l ~ 

For the ,rotational disc problems the evaluation of friction tor~ue 

becomes necessary, since it is a measure of the disc performance. 



The friction torque T for an element as shown in FIG.7 is 
e 

given by 
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(4.80) 

the coordinates of the point Care 

1 n 
x =- I Xi c n i=l 

n 

Yc =1.. I y. 
n i=l l. 

where the coordinates of each node in the element 

n number of nodes in the element 

and the radius r can be expressed as 

r = (x; + Y~ )' (4.81) 

By substituting eqn.(4.81) into eqn.(4.80) the elemental torque is 

given by the following expression 

(4.82) 

The total friction torque TT is then calculated by summing the 

elemental torques over the domain area and is found to be 

(4.83) 

where E number of elements in the domain area 
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4.5 Development of the Computer Program 

In this section listings of the computer program developed for 

the lubrication analysis is presented. The program was written in 

standard FORTRAN for the PRIME 400 Computer of Loughborough Univer

sity of Technology. 

4.5.1 Flow Charts 

The computer program developed in this work consists of sev~ral 

subroutines. FIG.Il contains the main flow chart required in the 

calculations and the subroutine system is listed in FIG.12. The 

purpose of each subroutine is also presented in TABLE.l, and details 

of the important subroutines are shown in FIG.13 to 17. The complete 

program is presented from page 1:3·6·' onwards. 
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4.5.2 Data input 

As a guide for using the program, details of input data are 

presented here. 

1. RESULT ; Are details of calculations needed? I YES I or [}jQ]. 

2. OXlR Coordinate system Cartesian or polar coordinate?IXYlorlpol 

3. UNIT1i Only when polar coordinate is used, input the unit of angle. 

IDEGlorl RAn 1 

4. IUNIT2 ; Which velocity unit is used, XY or angular vel. ? 

Input 1 for XY, or 2 for angular vel •• 

5. TEST NAME ; Restricted to 80 characters , I 
6.' ELEMENT DETAIlS; Input NCDE, NODES, NELE, NNEL. D ODD 

where NCDE : Number of dimension (two-dimension:2) 

NODES: Total number cf nodes· 

NELE : Total number of elements 

NNEL : Number of nodes per element 

7. DENVIS ; Is density and viscosity constant throughout the system? 

IYES 1 or 0iQ] 

8. INPUT DENSITY AND VISCDSITY OF EACH ELEMENT 
, " 1 CJ ., 1 ;:...., ---'1 

. ELEMENT No. ELEMENT TYPE NNEL DENSITY VISCDSITY 

(example) 1 3 3 1.0E-10 1.0 

2 3 3 1.3E-9 1.7 

3 3 3 1.1E-10 1.0 

( ELEMENT TYPE ) 

3 : triangular 

4 : rectangular 

9. INPUT NODE No. AND THICKNESS OF FIlM Kr EACH NODE 

ELEMENT No. NODE No. THICKNESS OF FIlM 
, I 095353 0999-

(note) Change in thickness is discribed in the change of upper 

surface, therefore lower surface is treated flat. 



10. LTYPE ; Choose the type of mesh generation. IT] or rn or DJ 
where 
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LTYPE 1 Circular or sector shape system meshed uniformly 

'0 ~ 
LTYPE 2 Parallelogram shape system meshed equally 

LTYPE 3 Arbitrary shape system 

11. Only when LTYPE = ,..;1,-_-; 
, I ..... , ..,.-;---' 
. R R' 

1 2 

(~~)' (outer ) 
l:"~diu?0 

N=4 

eh 
1 

(
angle Of) (angle of) 
system division 

N 

number of 
(division ) 

through radius 

when circular shape is . 
used, input (360-8') for 8j 

12. Only when LTYPE = 2 
I I ,..------. 

X1'Y1 X2'Y2 X3,Y3 X4,Y4 

(X4)4)~.......,.-r-r-r1(X3'Y3) 

N2=3J-,L-;,+-/-,f/ 
(X1 , Y1 \'..t'-~~N1..1.=:-6£-t--'-:/-; 

13. Only when LTYPE = 3 
, I 

ELEMENr No. x , Y 

(ex. ) 1 2.0 1.0 
2 1.5 1.0 
3 1.0 1.0 . 
0< . 

(NELE) 

14. OOONDARY mIDITICN NQ and NP 

where 
NQ : Number of nodes where flow values are known as boundary 

conditions 
NP : Number of nodes where pressure is known as a boundary 

condition 
(note. NQ +NP = NODES 
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15. BC ; Are values of boundary conditions same throughout the whole 

system ? 

16. Only when BC = YES , input the numbers of node where pressures 

are known as boundary condition 

(ex.) 1 2 4 6 7 

Then input the values of boundary conditions 

I 
value of flow value of pressure 

17. Only when BC = NO , input BC type and value at each node 

NODE No. 
(ex.) 1 2 

2 1 
3 2 

BC TYPE 

0.0 
0.0 
1.0 

VALUE OF BC 

(BC TYPE) 
1 : flow is known 
2 : pressure is known 

18. BCA ; Are flow action values (shear action, body force etc) same 

throughout the system? I YES I or []QJ 

19. BCAC ; Input the values of flow actions at each node 

I IDDDDDDDOc;JO 
NODE No. OXl UX2 UYl UY2 BXl BX2 BYl BY2 * Vd 

wher~l : velocity of lOwer surface in X-direction . 
UX2 : velocity of upper surface in X-direction 
UYl : velocity of lower surface in Y-direction 
UY2 : velocity of upper surface in Y-direction 
EXl : body force of lower surface in X-direction * : squeeze velocity in Z-direction 
vd : diffusion velocity in porous surface 

. when ~ar veloc~s us,' I~onnat is a. s follows 
I '- LlD r:o::&l UhQJ D L....j 0 go 
NODE No. (1)1 (1)2 0.0 0.0 EXl BX2 BYl. BY2 at vd 

where 
001 : angular velocity of lower surface 
002 : angular velocity of upper surface 
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5. Application to Standard Lubrication Problems 

The validation of the finite element analysis outlined in 

Chapter 4 was established by its application to standard lubrication 

problems and making a comparison with the results obtained from 

analytical solutions of Reynolds equation. These finite element 

idealizations and the associated software were used to solve such 

problems as the rectangular squeezing pad, slider bearing, step 

bearing etc. The squeezing rectanguler pad problem was first inves-

tigated to determine the accuracy of including the squeezing effect 

in the analysis and afterwards the slider bearing and step bearing 

problems were considered to deal with lubricated surfaces of both 

infinite and finite width. 

For all the analyses discussed in this chapter, the film 

viscosity is taken as 

u = 0.102 kg· sec / m' 

5.1 Rectangular Squeezing Pad 

5.1.1 Theoretical Analysis 

The geometry of a r~ctangular pad is shown in FIG. IS and the 

pressure distribution in such pads has been determined by the 

solution of Reynolds equation using variational techniques ( 3 ). 

The pressure on the pad surface can be expressed by the equation 

uA' ah 00 00 

p = ~ at ) \' _ Bk~ sin k<!> cos 9 
1(,g;-1'3~5,··· 

(5.1) 
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where 

7TX 
<I> = 

A 

9 = 2:1. 
B 

= 1,3,5, ... co 

and the corresponding load carrying capacity is obtained by inte-

grating the pressure over the area to give the infinite series 

(5.2) 

5.1.2 Finite Element Model and Results 

A finite element model was developed for the determination of 

pressure distribution in the pad. Owing to the symmetry of the 

bearing, only a quarter of the pad was idealized. Triangular flu·id 

finite elements were used for this idealization which are shown as 

(a) to (e) in FIG.19. The properties of the pad and fluid used in 

the calculation were as follows 

A = 1.0 m 

B = 1.0 m 
, 

R = 1.0 

jJ = 0.102 • -5 10 kg. sec / mm' (viscosity) 

h = 0.01 mm (film thickness) 

Clh 
10 mm / at = sec (squeezing velocity) 
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The circumferential pressure was assumed to be zero in this case. 

The pressure distribution in the pad at y = 0.0 along the 

direction and along the diagonal as predicted by the theoretical 

approach and the finite element method are shown in FIG's 20,21 

and 22. The effect of the finite element mesh size on the conver~ 

gence of results is shown in TABLE 2 for the maximum pressure and 

TABLE 3 for the load carrying capacity of the pad. In spite of 

the assumption of linear pressure within the elements, very satis~ 

factory agreement between the two approaches was obtained as is 

obvious from the figures. The maximum error obtained was of the 

order of 6.20 % when using 8 elements. It appears that the 

maximum pressure at the midpoint is overestimated for the coarse~ 

mesh elements. This is to be expected because of the nature of the 

formulation. However these results can be considerably improved to 

give less than 1 % error by utilizing a finer finite element mesh. 

5.2 Infinite width Slider Bearing 

5.2.1 Theoretical Analysis 

As one of the various analyses of standard lubrication problems, 

the case of an infinite width slider bearing shown in FIG.23 is 

studied in this section. The properties of the bearing and the 

fluid used in this analysis are as follows 

B = 0.5 m 

h = 
0 

1.0 x 10~5 m 

U = ~15.0 m / sec (velocity) x 
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~ = 0.102 kg sec / m' (viscosity) 

The pressure distribution has been given in many references ( 38 ), 

( 39 ), and can be expressed in the form 

(5.3) 

where 

.!.{ 2 m + 2 1+ 1 1 
K = 

P x 2 + m m -2(2+m)(1+m~)2 (1 + m-) 
B B 

h - h 
m = 0 

h 
0 

Again the corresponding load carrying capacity is obtained by 

integrating the pressure over the plate area of unit width and is 

given by the equation 

(5.4) 

and the friction force at the two bearing surfaces is expressed by 

the equation 

~u !l.og ( 1 + m ) + W mho 
Fh = B • , (at h=h ) 

he m 2 B 
(5.5) 

_ ~U B !l.og• (1 + m) Wm hQ h=O) Fo = (at 
h m 2 B 

0 
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5.2.2 Finite Element Model and Results 

Finite element layouts of a slider bearing are shown as (a) 

to (c) in FIG.24. Number of elements w~~ chosen to be 20, 60 and 

240 respectively in order to examine the effects of the mesh size 

on the convergence of results. The calculation is made by specify

ing zero oil flow in the y direction as the width in y direction 

is assumed to be infinite and the circumferential pressure is 

assumed to be zero. The effect of graded mesh is also studied in 

this section using 20. triangular elements. The graded mesh patterns 

are shown in TABLE 8. Five patterns of grading are studied. 

The results of pressure distribution are shown in TABLE 4 and 

these values are also compared with those derived from the theoret

ical solution and another finite element solution ( 13). The 

percentage errors in the pressures at different values of x are 

also given in TABLE 5 and it can be seen that if the number of 

elements is around 20 the percentage error is less than 1 %. 

The magnitude of errors of load carrying values and friction forces 

are presented in TABLEs 6 and 7 and again accurate results are 

obtained when the number of elements is approximately 20. The 

effect of the grading of meshes is also examined and the results 

are shown in. TABLE 8. Five grading patterns were decided as 

follows 

(a) regular mesh 

(b) converged mesh around the area where maximum 

pressure is assumed to be obtained and roughly 

meshed in other area 
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(c): converged more intensely around the area of maximum pressure 

from the result of (b) 

(d): converged more intensely from the result of (c) 

(e): converged more intensely from the result of (d) 

It can be seen from the results in TABLE 8 that the grading 09 meshes 

is extremely effective method of getting more accurate results using a 

certain elements. The percentage error of pressure in grading pattern 

(c) is less than 3 % while that of regular meshing pattern (a) is 12 %. 

However, extreme convergence of gra4ing mesh gives poorer accuracy which 

can be seen in the results of patterns (d) and (e). 

5.3 Step Bearing 

The significance of the finite element analysis of a step bearing 

lies in its ability to study the effects of abrupt changes in the film 

thickness, which leads to the investigation of the effect of oil grooves 

of discs on the moving su~faces. The configuration of groove surfaces 

can be assumed to be the combination of two step bearings whose geometry 

is illustrated in FIG.25. 

5.3.1 Infinite Width Step Bearing 

The theoretical solutions of an infinite width step bearing (40) 

to predict the pressure distribution in the two flow regions are given 

by the equations 

p* 
(I) : p = x region OlOX&C1 ) 

cl 

= 
p* 

(c2-x) region (n) : ) p c1~x~c2 c - cl 2 

(5.6) 

where 

= maximum pre~sure 
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and the corresponding load carrying capacity per unit width can be 

determined from the relationship 

5.3.2 

1 
L =-P c 

2 02 

Finite Width Step Bearing 

(5.7) 

Theoretical solutions of the pressure distributions are obtained 

by using a Fourier sine series expansion ( 40 ) and is described in 

series form as 

where 

co 

[ 

P nTIZ n1TX 
p =. D sin -0 sinh -0 

. h n1Tc1 S1n __ 

n=1,3,S.1? 

n1Tz . h sin-- S1n 
b 

region (l) (5.8) 

, region (Il) (5.9) 

The corresponding load carrying capacity of the bearing is given by 

the equation 

co L 2 n1TC 
n1T(cZ- Cl) _ 

1J 
= 2 b Pn [ cosh? - 1 cosh 

L + b (5.10) 
2 2 • h n 1T Cl sinh n 1T( c 2- Cl) n 1T s~n 

n=1,3,S··· b b 



5.3.3 Finite Element Models and Results 

Bearing size and film properties used in this analysis were 

taken as follows 

Cl = 0.5 m 

c2 = 0.6 m 

b = 1.1 m (for a finite width bearing) 

hl = 1.7 x 10-5 m 

h2 = 1.0 x 10 -5 m 

U = 15.0 m/sec 
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and the element layouts used in this bearing analysis are shown as 

(a) to (c) in FIG.26. 

Results of the pressure distribution of an infinite width 

bearing are shown graphically in FIG.27 and since the pressure of 

an infinite width bearing linearly distributed in the x direction, 

the computed results show good agreement with these obtained 

theoretically. 

Results of a finite width step bearing are also presented in 

FIG.28 and these results show that as finite element mesh size::. 

approaches that taken in FIG.26 (c) the pressure distribution is 

within two or three percent of that calculated from the theoretical 

solution. 

In summarizing the above the finite element technique is particularly 

amenable for the solution"of lubrication problems and is a very 

versatile tool as it is capable of dealing with complex geometrical 

shapes' that cannot be readily solved by conventional analytical 

methods. 
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6. Application to Annular Disc Problems 

The finite element technique developed in this work was applied 

to the annular disc problems as a first step to studying the perfor-

mance of oil-immersed brakes. 

Most investigations ( 32 ),( 33 ),( 34 ),( 35 ),( 36 ) and ( 37 ) of 

the behaviour of an oil film between discs consider rotating and 

squeezing effects between flat surfaces. However, most brake discs 

used in practice have grooves cut in on the surfaces in order to 

supply cooling oil efficiently over the surfaces especially during 

long brake applications. Various kinds of grooving patterns have 

been experimented with but most popular are radial and spiral grooves. 

The effects of the grooves on the hydrodynamic behaviour have been 

studied by only a few investigators ( 35 ),( 37 ), and little 

details of the pressure distribution on the grooved surfaces have 

been presented. 

Extending our knowledge'of the flow behaviour between rotating 

discs is the purpose of this chapter which is divided into two 

sections. In the first section characteristics of the film between 

flat discs have been examined and results have been compared with 

the theoretical solutions, and in the second section the effects of 

grooves on the pressure distribution have been studied. Typical 
~o.f~~1'1IS 

radial and spiral groove" were chosen for this investigation. 

" 

6.1 Behaviour of the Film between Flat Discs 

6.1.1 ,Theoretical Analysis 
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FIG.29 shows the geometry of a disc. The pressure distribution 

of the fluid film between such two flat discs with rotating and 

squeezing motions has been investigated both theoretically and 

experimentally ( 34 ), and the derivative of the pressure has been 

expressed in the form 

ap 
;rr= 

ah 
6]1 at 
---"-( r 

with boundary conditions 

p = 0 at 

where 

2 

- ro ) + 0.3 pu/ r 
r 

ro denotes a radius of flow separation. 

(6.1) 

(6.2) 

Integrating eqn (6.1) with regard to r enables the pressure distri-

bution to be determined from the equation 

p = 

ah 
at 2 

3]1-3-+ 0.15P!ll 
h 

6]1 E.h. at 2 --..:..;=- ro Jl.oglrl + c 
h' 

(6.3) 

The radius of flow .separation ro can be obtained by substituting 

the boundary conditions (6.2) into eqn(6.3) and 

( 0.5 + 0.025 (6.4) 

Also the integration constant c is obtained by substituting eqns. 

(6.2) and (6.4) into eqn.(6.3) so that 

c = 

3 ah 
]1 at" 

+ 
h

3 r~J (6.5) 



A maximum pressure is calculated at dp ar = 0 and 

Pmax = 
dh 
dt 2 

3U-3- + 0.15pw ) 
h 

*2 
r 

6U £h. 
_--,d,-t::.. r o' tog /r */ + c 

h 3 
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(6.6) 

where * dP r is the radius where ar = 0 and *2 d r is expresse as 

6U dh 2 !6U dh 
r * 2 = --h..:~:..:t=- r;; (--h~~-t- + (6.7) 

Calculations have been made using the above equation where the 

properties of the discs and the fluid are taken as follows 

r 1 = 1.0 m 

r 2 = 2.0 m 

h = 1.0, 0.5 mm 

U = 1.0 kg sec / m' 

dh 
dt = -1.0 m / sec 

W = 0.0 , 1.0 , 2.0 , 3.0 , 4.0 rad / sec 

6.1.2 Finite Element Model and Results 

Two types-of finite element layout shown in FIG.30 and FIG.31 

have been used for the analyses of disc problems. 

A 60 degree sector shown in FIG.30 can be applied to the non-

rotating disc problems, however, when the discs rotate, neither oil 

pressure nor oil flow can be determined at the boundaries denoted 

by the edge nodes ( numbered 1,2,3,4,5,31,32,33,34,35). The 

pressures have to be calculated at those nodes. And at the.node 2 

in FIG.30 for example, the flow q2 is expressed as follows 



q2 = ( q2 in the element El) + ( q2 in the element E2) 

+ (q2in the element E3 ) 
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as each flow in each element at node 2 can not be specified, total 

flow at node 2 q2 remains unknown. However, at node 7, the total 

flow q7 can be expressed as follows 

q7 = (q7 in the element E2 ) + (q7 in E3 )+(q7 in E4 ) 

+(q7 in Eg) + (q7 in EIO ) + (q7 in Ell) 

= 0 

so the boundary condition can be specified as q7 = O. When 

applying symmetrical abbreviation to the element layout this 

kind of consideration has to be included 

Results of both non-rotating and rotating discs with flat 

surfaces are presented in FIG.32. 

For the squeeze motion analysis both the theoretical result 

and that given by the finite element method show a very good 

agreement at low speeds of rotation, the effect of inertia appears 

to be rather larger at high rotational speeds. 

6.2 Behaviour of the Film between Grooved Discs 

Many groove patterns, some of which are presented in FIG.33, 

have been practically used for brake and clutch discs. Radial, 

spiral and waffle patterns are largely adopted both for paper-



cornposited discs and for sintered alloy discs. However, in many 

cases the depth and size of the groove configurations have been 

chosen on the basis of experimental investigations. 
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The finite element technique developed in this work can readily 

be applied to investigate the pressure distribution of the film 

between grooved discs. Two typical groove patterns, namely, radial 

and spOral patterns have been chosen for this investigation. Finite 

element idealizations for these patterns using 320 triangular 

elements are shown in FIG.34, and FIG.35. General data for the 

calculation are given below. 

inside radius of a disc = 1.0 m 

outside radius of a disc = 2.0 m 

depth of groove = 0.5 mm 

film thickness = 1.0 mm 

viscosity = 1.0 kg 

squeezing speed = -1.0 m 

angular velocities = 0.0 , 

sec / 2 m 

/ sec 

1.0 rad / sec 

These values are chosen to enable a comparison to be made with· 

results of the flat surface disc problem analyzed in the previous 

section. 

Calculated results of pressure distributions are presented in 

FIGS.36 to 43. FIGS.36 and 37 show the effects of groove pattern 

to the pressure distribution of discs with simple squeezing motion 

and complex squeezing and rotating motions respectively. FIGS.38 

and 39 show the effects of rotating motion on radially and spirally 

grooved discs respectively. The contour diagrams of the pressure 
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distribution of radially grooved discs are shown in FIGS.40 and 41, 

and those of spirally grooved discs are shown in FIGS.42 and 43. 

These four figures are presented in order that the distortion of 

the pressure distribution throughout the disc surface should be 

understood. 

Results of pressure distributions, that is, variation of pressure 

with 6, of radially and spirally grooved discs during single squeez

ing motion compared with the results of the grooveless disc are 

shown in FIG.36. Maximum pressures are seen at the center of disc 

facings and minimum pressures are seen at the center of grooves. 

It is found that grooves on the disc surface reduce the pressure 

greatly and that radial grooves cause a higher maximum pressure, a 

lower minimum pressure and more drastic change of the pressure over 

the surface than spiral grooves which give a more even pressure over 

the surface. 

Pressure distributions during squeezing and rotating motions 

are presented in FIG.37. These curves indicate that the pressure 

decreases because of the centrifugal force and grooves affect the 

drop of pressures more than flat surface. The maximum pressure 

decreases in the radially grooved discs with increase of rotating 

speed. Differences between maximum and minimum pressures become : :.-

greate~ in both radially and spirally grooved discs when discs rotate. 

In the radially grooved disc the pressure at the groove is lower 

since the length of the groove is shorter and the width of the groove 

in the oil flow direction is wider, both of which reduce the resistance 

to flow pass more in radial groove than in spiral groove. 
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Rearrangement of results in accordance with the rotating motion 

effect on radially grooved disc is shown in FIG.38 and that on 

spirally grooved disc is shown in FIG.39. It is more clearly seen 

that the effect of the rotating motion reduces both maximum and 

minimum pressures in radially grooved discs, however, in spirally 

grooved discs the maximum pressure keeps the same level but only 

minimum pressure reduces. 

FIGS.38 and 39 also indicate that the positions of peak pressures 

are moved in the circumferential direction in accordance with the 

rotating motion. The peak points move about three degrees in 

radially grooved discs, while ten degrees in spirally grooved discs. 

Each value of calculated maximum and minimum pressures is 

presented in TABLE.9. It is found that grooves on the disc surface 

reduce the pressure greatly to about 80 % of that of the flat 

surface and the effect of totating motion on pressure distributions 

is greater when using grooved discs. 

The distortion of the 'pressure distribution due to the pattern 

of grooves and the rotating motion throughout the disc surface can 

be understood more clearly by using contour plots which are shown in 

FIGS.40 to 43. By comparing FIG.40 and FIG.41, it is found that the 

pressure distributes very ~imply and with less distortion on radially 

grooved discs, and that the points of maximum pressure move only in 

circumferential direction and not in radial direction when discs 

rotate. 

Contours of the pressure distribution of the spirally grooved 

discs shown in FIGS.42 and 43 indicate that spiral grooves cause 

the greater distortion of pressure, distribution than radial grooves. 

The points of maximum pressure are also found to move only in the 
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circumferential direction when discs rotate. 

It is of great interest that the pressure gradient at the area 

Ap shown in FIG.43 is very large while this phenomenon is not found 

in the result of radially grooved discs in FIG.4l. This indicates 

that in spiral grooves pressure goes down to the atmospheric pressure 

even inside the grooves. Contour diagrams are very useful figures 

for researchers ~o understand the overall pressure distribution of 

complicated configurations. 
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7. Conclusions 

A finite element application to lubrication problems which 

includes rotating annular discs has been successfully developed. 

Although limited to incompressible isothermal conditions, the 

solution of the generalized Reynolds equation developed in this 

work includes various effects such as shear force, body force, 

squeeze and diffusion effects. Furthermore, inertia effects have 

also been considered as these are essential when investigating disc 

problems. Thickness of the oil film can be varied within an element, 

which overcomes irregular configurations of the film thickness such 

as grooving. 

The finite element technique has been validated by solving 

standard lubrication problems such as squeezing pad, slider bearing 

and step bearing. The comparison with the theoretical results 

presented in ch~pter 5 shows very satisfactory agreements between 

two methods. The increasingly finer grading of meshes generally 

provides a better accuracy and this has also been established in 

this work. 

The results of flat disc problems show that the finite element 

technique developed here can be a powerful tool for the investigation 

of clutch disc problems, however, irregular configuration of surfaces 

such as groovings requires the finite element idealization of the 

whole disc instead of considering symmetrical sections of the disc. 

The inertia effect is found to be greater than theoretical results 

which are based on the assumption of the Couette flow in the tangen

tial direction. 

, 
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The investigation of the grooved disc problems by using the 

finite element technique presented in chapter 6 leads to the 

following conclusions. 

1. Radial grooves cause higher pressure and greater pressure 

gradients than spiral grooves. 

2. Rotating motion affects the oil film pressure more in 

radially grooved surfaces than in spirally grooved surfaces. 

The pressure decreases more rapidly in radiallY grooved 

discs than in spirally grooved discs as the discs increase 

in speed. This indicates that the engaging speed, which 

is represented by the surface velocity in z direction, 

is higher in radially grooved discs than in spirally grooved 

discs for a given squeezing pressure. 

As for future research, wider and more intensive investigations 

of discs are worthwhile for the analyses of brake discs. Also the 

iterative calculation will enable the thermal analyses of dynamic 

engaging characteristics of wet type clutch discs to be made. 
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FIG. 1 Geanetry and coordinate system for a fluid film and 

corresponding surfaces. 
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FIG.2 Continuity of' flow of a fluid element. 
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FIG.3 Continuity of flow of a column of fluid. 
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FIG.4 Equilibrium of a fluid element. 
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FIG.5 Description of Centrifugal force action. 
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FIG.6 Geometry of a porous system. 
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FIG.8 Lubricant domain and F.E. idealization. 
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FRICTION FORCE AND FRICTION TORQUE 

[PRINT RESULTS/ 

C END ) 

FIG.11 MAIN FLOWCHART 
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1 COOR I I PREAD 1 

J 
MAIN 

I MTKPF MTKUX3 MTKUX4 
I I MTKUY3 MTKUY4 

1 1 MTKBX3 '-- MTKBX4 
IMTKP31 IMTKP4J MTKBY3 MTKBY4 

-' l MTKH3 MTKH4 
I I 

1 PRINT 1 IPRINT 1 I PRINT 1 PRINT 1 

OUTPUT I 

1 MB02A CHANGEI 

1- SOLVE 

. I CFORCE FRETURNI 
; 

1 FFORCE 

I PMATP MTKVD PFLOW I 

-I 
J L 

I PMATFLI IPACTJ 

FIG. 12 SUBROUTINE SYSTEM 
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TABLE 1 List of routines 

. 

RCUI'INE PORPOSE 

Ml'KPF General pressure matrix routine 

Ml'KP Pressure matrix routine 

MTKP3 for triangular element 

MI'KP4 for rectangular element 

Ml'KUX X-direction shear action matrix routine 

MI'KUX3 for triangular element 

Ml'KUX4 for rectangular element 

MTKUY Y-direction shear action matrix routine 

Ml'KUY3 for triangular element 

Ml'KUY4 for rectangular element 

MTKBX X-direction body force action matrix routine 

MTKBX3 for triangular element 

MTKBX4 for rectangular element 

MI'KBY Y-direction body force action matrix routine 

Ml'KBY3 for triangular element 

MrKBY4 for rectangular element 

Ml'KH Squeeze action matrix routine 

MrKH3 for triangular element 

MTKH4 for rectangular element 

SOLVE Routine for solving the system equation(4.12),(4.69) 
and for the calculation of friction forces, torques 
arid: load capacity 

PRINT Routine for listing of the global matrix 

axJR Routine for arranging the coordinate system fron 
various type of input 

MB02A····· Routine for calculating the inverse of an matrix 

CFORCE . Routine for the calculation of centrifugal forces 

FroRCE Routine for the calculation of friction forces and 
torques 

output Routine for printing pressures, flows and other flow I 

'-
variables . 

MI'KVD .... General routine for porous region analysis 

PREI\D . Routine for reading input for porous analysis 

PMATP Pressure matrix routine for porous region 
I 

PMATFL Other fluidity matrix routine for porous region 

PFIill Routine for arranging boundary conditions for porous I 
region 

PAcr Routine for arranging fluidity action values for 
porous region 

mANGE Routine for changing the system fran film to porous . 

. FR'IURN Routine for returning the system fron porous to film .. 
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(START) 

IALL INITIAL VALUES = 0.0 I 

<CARTESIAN CXXlRDINATE ? 
no 

yes 

11 
I XII) = GCDE(K) 

Y(I) = GCDE(K+NODES) 
I~(I) = GCDE(K) 11 
ANG(I) = GCDE(K+NODES) 

no 
< UNITl =DEG ? . 

~/yes 

ANG=(3.1415/180.0)·ANG I 

.. 
LA(I,J) = X(I) ·Y(J) 1 X(I)=RAD(I)·coS(ANG(I» 

Y(I)=RAD(I)·sin(ANG(I» 

I 
r-

(NNEL=2? 
no 

NNEL=3? 
no 

NNEL=4? 
no 

STOP) 
wes wes ljIyes 

11 CALL MTKP2U 11 CALL MTKP3 tI 11 CALL MTKP411 

I .\1( J 
.. , 

/ PRINT RESULT MKP / 
; 

11 CALL PRIN'I!.. (PRINTMTKP) U: . 

~ 
(RElURN 

FIG. 13 SUBROUTINE MTKPF 
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(START} 

I SEr INITIAL VALUES I 

~ 
I CALCllLATION OF A, B, C 

/ PRINT A B, C / 

~ 
KP = B(I)B(J) + C(I)C(J) 
TH1 = TH1 + TH(I)TH(J) 

\ 

TH2 = TH(1)TH(2)TH(3) 
CALCllLATION OF. ELEMENT THICKNESS 
CALaJLATION OF ELEMENT AREA 

\ 

< VIS F 0.0 ? ERROR MESSAGEL. S'IOPJ 

~ 
( AREA " 0.0 ? ERROR MESSAGEi--IS'IOPj 

\ 

L CALCllLATION OF CNST(LE) I 

jPRINT AREA(LE), THICK(LE), CNST(LE) / 

1I 

CALCULATION OF MA'ffiIX 
MKP(I,J) = CNST·KP 
MTKP = MTKP + MKP 

, 

I} 

FIG.14 SUBROUTINE MTKP3 
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(START J 

11 CALL CNST411 Calculation of 
common constants 

jPRINT CONSTANTSj 

\ 

IS THICKNESS CONSTANT no 
*1 

WITHIN AN ELEMENT ? 
yes 

~ 
(TERM C21#O.O? no TERM C22~O.O? no 

-.]res ~es 
CALL TERMA CALL TERMA1 CALL TERMA3 
CALL TERMB CALL TERMB1 CALL TERMB3 
CALL TERMC CALL TERMC1 CALL TERMC3 

I I 
\ 

LCALCULATION OF TERM DI 
J, 

MKP1 = A+B,-C,-D 
MKP = CNST'MKP1 
MTKP = MTKP+MKP 

(RETURN 

FIG. 15 SUBROUTINE MTKP4 
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*1 

;( 

TERM C21 f,. 0.0 ? )no ( TERM,C22 f,. 0.0 ?) no 
yes l yes 

CALL TRMA· CALL TRMA1 CALL TRMA2 
CALL TRMB CALL TRMB1 CALL TRMB2 
CALL TRMC CALL TRMC1' CALL TRMC2 

'l! 
I CALaJLATIOO OF TERM (THICK) **3 I 

t 
L ASSEMBLY OF TERMS A,B,C I 

no t 
L,M,N = 4 ? 

h es 

CALaJLATIOO OF TERM D 

t 
CALaJLATIOO OF MATRICES 

MKP, Ml'KP 

t 
(REIURN) 

FIG.15 SUBRO!JTINE Ml'KP4 (continued) 
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(START) 

CALCULATE bi,Ci,di, 

" AND~\lOCUME'OF ELEMENT 

/ ·PRINT bi,ci,di,V / 

CALCULATE MATRIX 

Ipi' BY EQN. (4.61 ) 
) ' 

AT EACH ELEMENT 

! PRINT KPij AT EACH ELEMENT/ 

ASSEMBLE LOCAL MATRICES INTO 
GLOBAL MATRIX . 

CHANGE FILM REGION FLUIDITY MATRICES 
TO THE WHOLE DOMAIN REGION MATRICES 

CHANGE NODE NO. OF FLOW ACTIONS AND 
BOUNDARY CONDITIONS OF FILM REGION 
INTO THE WHOLE DOMAIN NODE NO. 

/ PRINT RESULTS OF NEW FLUIDITY MATRICE~ 
ACTION VALUES, AND BOUNDARY CONDITIONS 

( END ) 

FIG. 16 SUBROUTINE MTKVD 
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START) 
).. 

T 
CALCULATE FLOW VALUES 

UX. UY • BX, ••••• 

NO 
(r=NODES? 

YES 

/PRINT FLOW VALUES / 

(IF NO 
END) NQ+NP=NODES/ -,ERROR MESSAGE 

YES 

CLASSIFY ALL NODES INTO 
Q-KNOWN NODES AND P-KNOWN NODES 

DEFINE ALL'THE BOUNDARY CONDITION 
VALUES AS EITHER Q OR P, AND 
MAKE BOUNDARY CONDITION MATRICES 

ALL Q VALUE~ YES CALCULATE RIGHT HAND 
KNOWN? SIDE OF EQN. ( 

NO 

YES ALL P VALUES 11 CALL MB02A 11 , KNOWN? W 

lCALCULATE RIGHT HAND I CALCULATE PRESSURES 
SIDE OF EQN. ( )l0 AT EACH NODE 

(RETURN 1 (RETURN) 

FIG. 1 7 SUBROUTINE SOLVE 
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1 

DEVIDE EACH FLOW MATRIX INTO 
SUB-MATRICES CONSIST OF NODES 
WHICH HAVE KNOWN P AND Q IN 
EQN. ( 

IICAf .. r.. MB02A 11 

FIND UNKNOWN PRESSURE VALUES 
BY SOLVING EQN.( 

; 

OBTAIN CORRESPONDING FLOWS 
BY SOLVING EQN.( 

11 CALL MB02AII 

I CALCULATE FRICTION TORQUEl 

, 
1 CALCULATE ELEMENT FLOWS 1 

(RETURN) 

FIG.17 SUBROUTINE SOLVE (continued) 
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(a) 

(b) 

(c) 

(d) 

1'\ I"- I'. I" 1"\ I" 1"-I'. I'. '" 1'\ 1'\ 1'\ f'\ 1'\ 1'\ 1'\ 1'\ 1'\ f'\. 
!\- i' K i' " 1'\ 1'\ " 1'\ f'\. 

" i' i' i' '" 1'\ i' i' 1'\ f\.. 
(e) 1'\ I" [\; K I'. [\; [\; I'. K 1'\ 

1'\ I" " i' f'.. " " i' 1'\ " :" I" I" " f'.. " " I'. I'. I'. 1'\ I" I" I'. I" I" I" 1'\ '" " f'.. " 1"-1'\ J'- '\. " '\. I'\. I'\. '" 1"-1"-'" ,'" " " 1"-i' 
FIG. 19 Finite element layouts of a rectangular pad. 
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TABLE.2 Maximum pressure values for .rectangular squeezing pad 

at (x,y) = (0.0 , 0.0) 

Exact 
Methods ~~i' Finite Element Technique 

Solution 

N~Lof e ements 8 18 32 50 200 

Pressure 9.5625 9.328' 9.3178 9.1614 9.0626 

% Errors +6.20 +3.60 +3.48 +1.75 +0.65 

TABLE.3 Percentage errors of load carrying capacities 

of rectangular saueezing pad 

Methods Finite Element Technique 

9.0041 

Exact 

110 

J 
(ref. 3) 

~~i' 
.... NO~t: Solution 

8 18 32 50 200 - -

Load 
carrying 4.6990 4.4996 4.4346 4.3778 4.3262 4.3017 
·eapacitv 

. 

% Errors 9.23 4.60 3.09 1.77 0.57 
. 
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FIG. 23 Geometry of a slider bearing 
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VI/I/livll 11 I1 1/ I1 [,-' li 11 1/ V I;V l/v 1/ 

(c) 
V 1/ v V V 1/ V VI/ 1/ V 11 11 1/ 11 iI V I/k' IL 
V V V / ,; 11 11 / /,/ 11 / 11 1/ ,; iI V IL IL 
IL IL IL I V V V / /1/ I 1/ / IL / 1,( ,( lL illL 
IL li IL / V V V I ilV iI l[' / lL' v IL / lL VL 
I1 v V I V V V / /v / / I V / / / V V/ 

• 

FIG.24 Finite element layouts of a slider bearing. 
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TABLE. 4 Pressure profiles for infinitely wide slider bearing 

(reqular meshes) 

Number of Element in Flow Direction 
x E)Gct 

(m) <>-.1 ...... LUB6 PAme (ref. [ 13 )) 

5 10 20 50 5 10 20 30 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
0.05 14552.2 ------ 13868.0 14384.0 14527.0 13901.8 14530.4 14548.0 14549.2 

0.10 16557.1 14614.0 15952.0 16417.0 16534.0 16395.8 16540.1 16553.5 16554.3 

0.15 15091.2 14631.0 14994.0 15074.0 14952.6 15079.1 15088.4 15088.9 

0.20 12671.3 11628.0 12331.0 12607.0 12660.0 12594.7 12663.0 12669.2 12669.6 

0.25 10105.7 - " 9854.6 10066.0 10098.0 10051.8 10100.0 10104.2 10104.5 

0.30 7665.3 7169.8 74E!£).7 76Z7.4 7659.6 7630.6 7661.5 7664.3 7664.5 

0.35 5432.8 -- 5344.5 5408.6 5429.1 5411.0 5430.4 5432.2 5432.3 

0.40 3420.9 3235.3 3396.5 3406.9 3418.8 3408.1 3419.5 3420.5 3420.6 

0.45 1616.9 -- 1594.3 1610.7 1616.0 1611.7 1616.3 1616.7 1616.8 

0.50 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

TABLE.5 Percentage error of pressure values fram the exact solution 

(regular meshes) 

Number of Element in Flow Direction 
x Exact 

LUB6 PAme (ref. [ 13 l) 
(m) Solution 

5 10 20 50 5 10 20 30 
0.0 0.0 - " 

0.05 14552.2 -- 4.70 1.16 0.17 4.47" 0.15 0.03 0.02 

0.10 16557.1 11.74 3.65 0.85 0.14 0.97 0.10 0.02 0.02 

0.15 15091.2 -- 3.05 0.64 0.11 0.92 0.08 0.02 0.02 

0.20 12671.3 8.23 2.69 0.51 0.09 0.60 0.07 0.02 0.01 

0.25 10105.7 -- 2.48 0.39 0.08 0.53 0.06 0.01 0.01 

0.30 7665.3 6.46 2.41 0.49 0.07 0.45 0.05 0.01 0.01 

0.35 5432.8 - 1.63 0.45 0.07 0.40 0.04 0.01 0.00 

0.4C 3420.9 5.43 0.71 0.41 0.06 0.37 0.04 0.01 0.00 

0.4:' 1616.9 -- 1.39 _ 0.38 0.06 0.32 0.04 0.01 0.00 

0.0 0.0 -- -- -- -- -- -- -- --
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TABLE. 6 Percentage erro:rs of load ca=ing capacities frcm the 

exact solution 

~~i' Finite Element Technique Exact 
-.methods 

~ of 
Solution 

5 10 20 50 
ementS (ref. [38 ]) 

I.03.d t 
carrying 7 0.3667 0.4221 0.4415 0.4467 0.4468 x 107 
capacity(x10 ) 

% Error 17.93 5.54 1.20 0.03 

TABLE. 7 Percentage errors of friction force values frcm 

the exact solution 

~ 
Finite Element Technique Exact 

Solution 
o of 
elements 5 10 20 50 

upper 

;;urface 
3340 •. 18 3340.18 3369.96 3369,62 3383.49 

Frictio 
force 

lower 
3353.73 surface3340.32 3340.32 3337.63 3338.97 

upper 
1.28 1.28 0.40 0.41 

surface 
% Error 

lower 
surface 0.40 0.40 0.48 0.44 

I 

. , 
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.TABLE.S Canparison of errors of various graded-mesh elements 

Values and -

1\ 
Percentage Errors from t.'1e 

. Exact Solution'Values 
Graded Meshes 

Maximum Load Friction 
Pressure i~g Force 

I~~~I~I 
14614.0 0.3667xlo' 3340.18 

(a) (11.74%) (17.93) ( 1 .28) 

I~~I 
15239.2 0.3962 3349.66 

(b) (7.96) (11.33) (1.00) 

~?]~~I' 
16081.9 0.4199 3351.69 

( c) ( 2.87 ) (6~02) (0.94) 

~I~I 
15802.1 0.4181 3345.93 

(d) (4.56) (6.41 ) (1.11) 

~~I 
15058.7 0.3944 3301.27 

(e) ( 9.05) (11.72) (2.43) 

Exact 

Solution 
16557.1 0.4468xlO7 3383.49 
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FIG.25 Geometry of a step. bearing 
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(a) 

(b) 

(C) 

FIG.26 Finite element layouts of a step bearing. 
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FIG.29 Geometry of discs. 
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_FIG.) 1 Finite element layout of a rotating disk 
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__ -Ca) radial (I) (b) radial (II) 

(c) _ spiral (~) double spiral 

"" 1'\ 
1,\ 

I 1/ " \ 

\ I' / 

"\ / 

...... ,.. 

.le) waffle (f) radial (I) +---cirCUmferential 

FIG. 33 Examples of groove patterns 
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FIG.34 Finite element layout of a radial grooved disk 
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FIG.35 
Finite element layout of a spiral grooved disk 
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r1 = 1.0 m 
r, = 2.0 m 

127 

depth of groove = 0.5 mm 
film thickness = 1.0 mm 
squeezing speed = -1.0 m/sec 
angle velocity = 0.0 rad/sec 

upper disc 

LI!ffvII;/lIIIIIJr.!+(III/JIIIIIf!-VJ///1 
::."; :'.:::"'::.:~"'.: ::.::';:'>. ':, .. :':-:.:'~ .'.:. :'~ ',.:,oil filrri:::·.;;::·:.:.~.'.·:: 
'1)7// // Illl III //111 I IlllO Ill!!ll/ll 11 
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grooveless I 
spiral groove 
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FIG.36 Pressure distribution between grooved discs (at r=1.Sm) 



r1 = LO m 
r, = 2.0 m 

128 

depth of groove = 0.5 mm 
film thickness = 1.0 m m 
squeezing speed =-1.0 m/sec 
angle velocity -= 1.0 rad/sec 

w, >- upper disc 
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FIG.37 Pressure distribution between grooved disc 
with rotation (at r =1 .Sm) 
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129 

groove pattern = radial 
rl = 1. 0 m 
r. = 2.0 m 
depth of groove = 0.5 mm 
film thickness = 1.0 mm 
squeezing speed =-1.0 m/sec 
angle velocity = 0 , 1.0 rad/sec 

w. >- upper disc 
~//!!J'iL/!~I/////l//!~///I// 
~:;.: .. ::,:'~';":.,.': .... : '.':.:: '::: .. ': ';'::':/. ·.:-:·.oil film' .. ::.:·;·:,.: 

l/1111l111117 1117111111111111/117111 
2 0 lower disc 
,----~--~--~~~~~~--~ 

= 0.0 

. ~ 1 ,0 ,-..,,// -1--

LU 
0:: 
Q.;, 

0,5 

o 

I 

20 40 60 80 100 120 
ANGLE e 

FIG.38 Pressure distribution of radial grooved disc (at r=l.Sm) 
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groove pattern = spiral 
q = 1.0 m 
r. = 2.0 m 

130 

depth of groove = 0.5 mm 
film thickness = 1.0 mm 
squeezing speed =-1.0 m/sec 
angle velocity = 0 , 1.0 rad/sec 

w. upper disc 

Lft-:':Y//// // //I/rf-&./lIII/III,&Hf// 1/1/ 
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FIG. 39 Pressure distribution of spiral grooved disc (at r=1.5m) 
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TABLE. 9 Maxirrrum, minimum pressures of grooved discs and flat disc 

at the radius r = ".5 m 

I~ 
Effect of Grooves 

Patterns 
Radial Spiral Flat (percentage change) 

Motions Pressures Radial Spiral 

Maximum 
Pressure 1.25 1.17 .~ 82 % 77% 

1.52 

Squeezing Minimum 
0.91 1.02 60 % 67 % Pressure 

Max.-Min. 0.34 0.15 0.0 -- --

Maximum 1.15 1.17 i 79% 81 % 

Squeezing 1;45 

+ Minimum 0.70 0.85 48 % 59 % 
Rotating 

Max.-Min. 0.45 0.37 0.0 -- --

Effect of Maximum -0.1 0.0 

Rotating -0.07 
Minimum -0.21 -0.17 

Motion 
change Of) Max.-Min. 0.11 0.22 --pressure 
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8I'!I.FEl3 .1983 SEC CCt1PLETED FOR IA.'\GE CALCUIATION 136 
C ,-------------- ----C 
C C 
C LL C uu uu OBBBBBBB 66 
C IL C uu uu BB BB 60 
C IL C uu uu BB BB 66 
C IL C uu uu BBBBBBBBB 666666 
C IL C uu uu BB BB 06 66 
C IL C uuu uuu BB BB 66 66 
C rr,r.r.ru,r. C uuuuuu BBB!lBBBBBB 666666 
C C 
C C 
C ********************************************************************* C 
C ** ** C 
C ** THE APPLICATION OF FINITE ELEMENT HElHOD 'ID IllBRICATION ** C 
C ** ** C 
C ********************************************************************* C 
C C 
C 'mo DIMENSION F.E.M. FOR IllBRICATION PROBID1S PRXR.'I!! N1\l,lE ••• IllB6 C 
C:------------- ------- ---------------{C 
C-(~lcNmCIATURE)------------------c 

C C 
C C 
C Il:OE : NJ. OF COORDINATE C 
C NNEL : NJ. OF NJDE PER ~ C 
C NELE 'IDmL IP. OF ELEMENl' C 
C mps(I,l) ~IDlT SE(UENCE CDUtlTER (LE) C 
C mps(I,2): ELEMENl' TYPE CODE C 
C { 3= TRIANGUIAR ELErIDlT J C 
C { 4=QUADRIIATERAL ELEMEtolT J C 
C { 5=PI'IRI\LLEI.(X;RI\M, RECI'l\NGLZ J C 
C mps (I, 3) IP. OF NJDES PER ELEr1ENI' (NNEL) C 
C mps(I,4) 00. OF !ll\.TA ITE21 C 
C SECPR(I, 1) FUJID FIDI DENSITY (DEn) C 
C SECPR (I, 2 ) FUJID Fill,1 VISCOSITY (VIS) C 
C "rn(LE ,tJNEL) : FUJID FIDI "rnICKNESS C 
C ; NNOD tPDAL NJ. C 
C NDF TYPE OF KNOIN VALUE C 
C { 1 : FlDi, VAIDE J C 
C { 2 : PRESSURE VALUE} C 
C C 
C 0C\1L KNO'1N VALUE OF FlDII OR PRESSURE C 
C BCAC(I,l) SHEAR ACTION IN X-DIR&."'I'IOJ : (UXl) C 
C {IDt1ER SURFACE VELOCITY (H=0. (;l) J C 
C /l>J!fJI.AA VE:UX:ITY OF TIlE u::x.1E!l. SURFACE\ C 
C \WHEt> USlllG IDNIT2=2 / C 
C C 
C PCAC(I,2) SHEAR ACTION IN X-DIRECTION: (UX2) C 
C {UPPER SURFACE VELOCITY (H=H ) J C 
C /PNJI.M>. VEL. OF "mE UPPER SURFACE \ C 
C \\llilN USll1G TIlNIT2=2 / C 
C C 
C OCAC(I,3) SHEAR ACTION mY-DIRECTION (UYl) C 
C (Cl. '" IN roIA.'\ COORDllJATE) C 
C BCl\.C(I,4) SHEAR AcrION IN Y-DIREC'I'ION (UY2) C 
C ("'. '" m roIAR COORDTIJATE) C 
C OCAC(I,5): BODY FORCE ACI'ION m X--DIRECTION (BXl) C 
C BCl\.C(I,6) BODY FORCE ACI'IOtJ m X-DIRECTION (BX2) C 
C BCl\.C(I,7) , • BODY FORCE AcrION IN Y-DIRllCTION (BYl) C 
C BCl\.C (I, 8) BODY FORCE ACTION IN Y -DIIL."CTION (BY2) C 
C BCl\.C(I,9) SQJEEZE ACTION (H) C 
C BCl\.C(I,10) DIFFUSION ACTIotT (VD) C 
C NODES 'ICTAL ID. OP t~DES C 
C CFX(I) CEtlTRIFUGAL FORCE IN X-DIRECTIOU C 
C CFY(I) CENTRIFUGAL FORCE m Y-DIREcrIO~l C 
C C 
C c 
C-------------------------------------------------------c 
C 



C 
C 
C 
C 
C 
C 
C 

C 
C 

C----------- C 
C C 
C MAm PROGRAM C 
C C 
C--------------~ 

IMPLICIT REAL*8(A-I-l,!1,o-Z) 
INI'EGER R,I1 

CCI;'M::l1/BL.'{J./ NCOE, mm:S,NErE,NNEL, NP ,NQ,NME(400, 4), mKlD(400); 
1 NDF(4'l0), IBPS(40'l, 4) ,SECPR(400, 4) ,DEtT, 'IH(4013, 4), VIS, 
2 GCLCO(40'2l, 2) ,GCOE(800) ,BCVL(400) ,BCAC(400,l13), 
3 A(4,4) ,M(400,4) ,B(400, 4) ,C(4Cl0, 4) ,AREA(400) ,W,ClX)R, 
4 RESULT, UNIT1, IUNIT2 

C.'a1M<lT/BIK2/Ml'KP(200, 200) ,MKP(2013, 2'210) ,MTKPl(2013, 20'21) ,MP(400, 4, 4) 
COMMCN/DLKJ/MTKUX(2013,200),MKUX(40'l,4,4) 
C.'a1MCN/BIK4/!.fI'KUY( 2130, 20l'l) ,MKUY (40('1, 4, 4 ) 
CCM1CN/BIK5/MI'KB.,{ (20l'l, 20'l) ,MKBX (4""', 4, 4 ) 
C.'a'M::l1/BIK6/MTKBY(2130,21313),MKBY(400,4,4) 
CCtlln1/BIK7 /MI'KH (2013, 2130) ,HKH (40l'l, 4, 4 ) 
C.'a1MCN/BIKS/MI'KVD(?00, 2(0) ,!1KVD(4130, 4, 4) 
C.'a,t1QT/BI.K9/Q(400) ,P(4'l1J) ,Qm,oour,wW,QEL(400, 4) 
C.'a~m/BIKl13/TEST 
a:M-1CN/BIKl3/DELTA(4,4) 
C.'a1!1CN/BIKl4/ CFX(400) ,CFY(400) 
C.'af1CN/BIK23/NDQ(400) ,NDP(400) 

C--RJ?AD INPur mm 
R=S 
W=6 
WRITE (6, Wl'l0) 

10130 FORMAT('DO IDU NEED 'ID PRINT '!HE lETAILS OF C1\I.CULATIONS,', 
1 'YES ••• OR ••• m ... OR ••• XX (XX : ONLY THE FnlAL RESULT) ') 

READ(S,1100) RESULT 
WRITE(6,1011) RESULT 

11311 FORMAT (lH+, '1'100, ' , ,A4) 
113qll'iRITE(6,10132) ---
1002 FORt1AT('CfmsE '!HE COORDINATE SYSTEM. , 

1/" ••• ~mICE ••• cnl.y When the polar coordinate is used,', 
2/' the centrifugal force will.):le =nsidered •• ', 
3 ' /'IF IDU USE X-Y CXXlRDnIATE ••••••••• PLEASE ~ IN :XY', 
4 / 'IF IDU USE roL1\R COORDINATE •••••••• PLEASE KEY m : ro ' ) 

READ(S,l1013) COOR 
WRITE(6,1l'l12) COOR 

.1'2112 FORMAT(lH+,T55,' ',A3) 
IF(OOOR.tlE. 'XY' faOID 1004 
IDNIT2=1 

• G:)'ro10139 
1004 IF(COOR.NE. 'ro') co 'ID 1001 

WRITE(6,1005) 
1005 FORMAT(' ClDOSE 'lIlE UNIT OF. ANGLE. ' , 

1 .:/,'IF IDU USE UNIT J:JEGREE.: ••• PLEASE KEY m'DEG', , 
2 ,/,' IFIDU USE UNIT RADIAU ••••• PLEASE KEY m 'RAD") 

READ(S,1l00) UnITl 
I'iRITE(6, 1(13) UNITl 

1013 FOR/1AT(Uf+,T48,' , ,A3) 
l'IRITE(6, 1007) ---

1007 FOR/1.,\T( 'lffiCH V"...u:x:;ITY DO IDU USE, X-Y VEL.OR h"'!GUI.'\R.' , 
1 /' IF X-Y VEL •••••• PLEASE KSY-L'" 1 ' , 
2 /'IF ANGULAR VEL •• PLEASE K2Y-Ul 2') 

READ(5,1008) IUNIT2 
1"108 FOJ.<1.1AT(Il) 

NRlTE(6,1014) ruNIT2 
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C 
C---READ ELEMENT PROPERl'IES 

10'1'9 ~IRITE(6, 6) 
6 ~RMAT(III,'Calculation Start.', 
111, 'READING TEST I<1lHE ') 

READ(R,1010) TEST 
WRITE(6,10) 

10 FOI1!1AT( 'READn~ ~J:OE,NODES,I1ELE,NNEL') 
READ(R, *) NCOE, N:lDES, NELE, tlNEL 
WRITE (6, 30) 

30 FOI1!~('READING IBPS(I,J),SECPR(I,K)') 
READ(R,1101'1) DENVIS 
IF (DENVIS • EQ. 'YES') GO 'ID 21 
DO 20 I=I,NELE 

20 READ(R, *) (IBPS(I,J) ,J=I, 4), (SECPR(I,K) ,K=I, 2) 
GO 'ID 51 

21 READ(R,*) (IBPS(I,J),J=I,4),(SECPR(I,K),K=I,2) 
DO 22 I=2,NEIE 
SECPR(I,I)=SECPR(l,l) 
SECPR(I,2)=SECPR(1,2) 

. DO 22 J=I,4 
IBPS(I,J)=IBPS(l,J) 

22 co..'fi'INUE 
511IRITE(G,59.1) • 
50 FO~( 'READING IBPS(I,I).NME(I,J) ,'IH(I,K)') 

DO 40 I=l,NEIE 
40 READ(R, *) IBPS(I,l), (~1ME(I,J) ,.J=l,NNEL), (TH(I,K) ,K=I,:NNEL) 

C--READ a::oDINATES OF N:lDES 

C 
C 

IF(a::oR.NE. 'po') 00 'ID 73 
71 WRITE (6, 72) 
72 FORl1AT ( 'READING lGELCO (I ,J) , , 

1 ' m POLER a::oRDINATE' ) 
GO 'ID 74 

73 llRITE(6,70) 
70 FORl1AT ( 'P.EADING I, GELCO (I ,J) , ) 
74 READ(5,*) LTYPE 

IF(LTYPE.EQ.l) GO 'ID 61 
DO 60 I=I,NODES 

60 READ(R, *) I, (GEIill(I,J) ,J=I,N::::OE) 
GO 'ID 65 

61 READ (5 , *) RAl,RA2,'IHITlU,'IHITI'.2,ND 
IX! 62 I=I,N:lDES 
NA=I+:.ID 
NB=(I-l)/NA 
GELCO(I,l)=RAl+(I-I-NA*NB)* (PA2-RAl)/ND 
GELCO(I,2)=THITA2*NB 

62 CONTINUE 
65 llOD=2*NODES 

DO 75 L=1,N:lD 
GCOE(L)=0.0 

75 CONTINUE 
DO 80 I=I,llEIE 

DO 80 J=l,NNEL 
DO 80 K=I,NODES 

IF(NME(I,J) .EQ.K) GO 'ID 9"1 
G:) 'ID 8'2' 

90 GCOE(K)=GELCO(K,I) 
GCOE(K~~ODES)~TCO(K,2) 

m CONTlllUE 
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(1--READ BOUNDARY CCNDITIONS 

C 
l'IRlTE(6,901) 

901 FORMAT ( 'READllTG HQ,NP') 
READ(R, *) NQ,NP 
WRITE(5,9CJ2) 

902 FORMAT ( 'READ BC . YES OR NO ') 
READ(S, 1100) BC 

• WRITE(6, 91) 
91 FORMAT('READING l1NOD(I),NDF(I),BCVL(I)') 

IF(BC.EQ. 'YES') GO 'ID 906 
DO 92 1=1, IDDES 

92 READ(R, *) NtlOD(1) ,NDF(1) ,BCVL(I) 
J=IJ 
K=IJ 
DO 905 1=1,~1ODES 
1F(NDF(1).i~.1) GO 'ID 904 
K=l<+l 
NIXl(K)={~TOD(1) 
Q) 'ID 905 

904 J=J+l 
NDP(J)=NtTOD(1) 

905 CClN'I'nlUE 
Q) 'ID 911 

906 READ(S,*) (NDP(1),1=1,NP) 
K=0 
DO 9(1)7 1=1,IDDES 
N1'TOD(1)=1 
NDF(1)=2 
DO 908 J=1,NP 
IF(1.EQ.NDP(J)) GO 'ID 907 

908 CalTINUE 
K=K+1 
NIXl(K)=1 
NDF(1)=1 

907 CCNI'INUE 
READ ( 5 , *) BCVLP, BCVLQ 
DO 909 1=1,lTP 
BCVL (tIDP (! ) ) =BCVLP 

909 CCNI'lllUE 
DO 910 1=1,!lQ 
BCVL (lIDO (I ) ) =BCIlW 

9113 COOl'nlUE 
911 WRITE (6 ,93 ) 

93 FORM ( 'READllTG NI'TOD (I ), BCAC (I, J) , ) 
READ(R,1100) ~ 
IF(~.EQ. 'YES') GO 'ID 98 
DO 94 1=1,IDDES 

94 READ(R,*) NNOD(1) , (~C(I,J),J=1,10) 
GO 'ID 96 

98 READ(R,*) NNOD(1),(~C(l,J),J=1,10) 
DO 99 1=2,NODES 
DO 99 J=1,10 
~C(I,J)=~C(1,J) 

99 CQ1'l'INUE 
1010 FORllAT(A80) 
1100 FORMAT(A3) 

C 
C---l'IRITE 'lIiE TITLE MID INPUI' ffiTA TO CHECK 
C 
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C 
C---1'IRITE 'I!1E TITLF: MID lllPUI' mTA 'ID QiECK 
c 

96 1'IRITE(W, 1(3) 
130 FORMAT(///////////////////////, 

1/,2X, ·CCCCCCCCCCCCCCCCCCCCCC:ecc:co.::COXCCCC:co.::COXCCCC:ccc 
2/,2X,'C',48X, 'e', 
3/,2X,'C '!HE APPLICATION GP F.E.M. 'ID 'I!1E IlJBRICATION C', 
4/,2X, 'C' ,48X, 'c', 
5/ ,2X, 'cccccccccccccccccccccccccccccccccccccccccccccccc' ) 
~'IRITE(1'1,101) TEST 

101 FORMATC//,'TI!Sr NAME ... • ,3X,JlB0) 
"IF(RESULT.NE. 'YES') GO 'IQ 106 
vIRITE (W, 105 ) 

1915 FOPMATC//,2X, ·CCCCCCCCCCCCCCCC· ,/,2X, ·C· ,14X, 'C', 
1/,2X,'C lNPUI' mTA C', 
2/,2X, ·C· ,14X, ·C· ,/ ,2X, ·CCCCCCCCCCCCCCCC·) 
WRITE (vi, 2001) TEST 

2.031 FOP!!'Kr C/ / ,AB3) 
I-IRITE (l-I, 2332) NCOE, NODES, NEIE, NNEL 

2.032 FOOlAT(415) 
NN=NELE 
IF(OOtMs.m.·YES·) NN=1 
00 2033 I=I,NN 

2333 WRITE(W,2'.'134) (1BPS(1,J) ,J=I,4), (SECPR(I,K) ,K=I, 2) 
2034 FOPMAT(415,2E10.3) 

IF(NNEL.m.4) GO 'IQ 3'.'110 
00 20'.'15 I=I,!lELE 

2305 WRITE(l-l, 20(6) IBPS (1,1), (~lME(I,J) ,J=I,tlNEL), (TH(1, K), K=I, llNEL) 
2w-!6FORllAT(I4, 2X, 314, 3FI0.5) 

GO 'IQ 3013 
3313 00 3311 I=I,tlELE 
3011 \'IRITE(I~, 3012) IBPS(I, 1), (tlME(I,J) ,J=I,NNEL), (TH(I,K) ,K=l,NNEL) 
3012 FORMAT(14,2X,414,4F13.5) 
3013 00 2007 1=1, N:>1J"'...5 -
2007 1'IRITE(l'l, 2"108) I, (GELCO(I,J) ,J=1,N:OE) 
2008 FOOlAT(14,2X,2F10.5) 

00 2.009 1=I,mDEs 
20'.'19 WRITE(W, 2'.'113) NtlOD(I) ,NDF(1) ,BCVL(I) 
2316 FORMAT(214,2X,F10.5) 

N:>D=t'lODES 
IF(OC,lI..EX:).·YES·) NOD=1 
00 2011 I=I,N:>D 

2311 WRITE(W,2012) NNOD(1) , (OCAC(1,J) ,J=I, 10) 
2012 F001AT(I4,10(2X,F6.3» 

WRITE(W, 2313) trQ,NP 
2313 FORMAT(2I4) 

1'.'16 WRITE(W,1l0) 
113 FOPMATC/,/, 'EInlENT UJ.· ,3X, ·E1 .. 'I'YPE· ,3X, 'NODE N:>.', 

1 14X, • FID1 'lliICKNESS') 
IF(NNEL.EQ.4) GO 'IQ 121 

" 00 120 1=1,NEU: 
123 ~'IRITE(\I, 130) 1BPS (1,1) ,IBPS(I, 2) ,(Nt1E(1,J) ,J=l,NNEL), 

1 (TH(I,K),K=I,NtlEL) 
133 FORllAT(lli ,5X,13,7X,12,4~,3I4,3(3X,EI0.3» 

GO 'IQ 123 
121 WIUTE(1i,122) IBPS(I, 1), IBPS(1, 2), (Nt1E(1,J) ,J=I,NNEL), 

1 (TH(1,K) ,K=I,NtlEL) 
122 FORl1AT(lH ,5X,I3,7X,I2,4X,4I4,4(3X,EI0.3» 
123 IF(CCOR.EQ. 'PO') GO 'IQ 141 
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123 IF(a:oR.EQ. 'po') GO 'ID 141 
~mlTE(W,l40) 

140 FOPJfAT(/./, 'COORDINATE ARRAY OF NODAL POINT', 
1//,9X, 'NODE NJ.' ,3X, 'X-COORDINATE' ,2X, 'Y-COORDTIlATE') 

GO 'ID 143 
141 WRITE (1'1, 142) 
142 FOPJfAT(/ /, 'COORDINATE JoJ>.RAY OF NODAL mINT' , 

1 // ,9X, 'NODE NO.' ,9X, 'RADIAL' ,8)(, 'ANGLE') 
143 [X) 15121 l=l,NODES 
150 WRITE(W,169J) 1,GCOE(1) ,GCOE(I+NODES) 
16121 FORMAT(LH .12X,13,6X,El9J.3,SX,E10.3) 

lVRITE «1,161 ) 
161 FOPJfAT(/ / / • 'THE FnM PROPERI'1ES' , 

1//,@(, 'ELEMENT NO.' ,10X, 'DEN' ,12X, 'VIS' ) 
IF(D~MS.EQ. 'Y"'....3') GO 'ID 164 
00 162 1=l,NEIE 

162 WRITE(l'1,163) I, (SECPR(1,K),K=1,2) 
163 FOPJfAT(lH ,12X,13,lX,2(SlC,El0.3» 

00 'ID 169 
164 WRITE(W,lG5) NEIE,(SECPR(1,K),K=1,2) 
165 FO~(/8X,'l -, ,14,lX,2(SX,El9J.3» 
169 lVRITE(W,170) NQ,NP 
17:'1 FO~'lM(/ / / /, • I --------'--:1' , 

1/, 'I BOUND.'\RY a::NDITION VAlllE I' • 
2/,'1 --1', 
3//, 'NO=' ,13,SX, 'NP=' ,I3, 
4//. 'BCVL TYPE 1 : FW.i VA11JE (Q)', 
5/,@{, 'TYPE 2: PRESSURE (p)', 
6//, lX, 'NODE' ,4X, 'TYPE', 1X, 'BCVL') 
00 175 1=l,NODES 

,175 lVRITE(W,18111) NNOD(1),NDF(1),BCVL(1) 
100 FORMAT(LH ,lX, I3, 4)(, I3, 3X, E19J. 3) 

IF(1UNIT2.EQ.2) GO 'ID 1181 
IVRITE(W, 181) 

181 FOPJ'lM(//,'C',21('-'),'C',/'C VAlllES OF ACI'IONS C', 
1 /, 'c' ,21( '-') I 'C',/ ,me, 'UXl'9X, 'UX2' ,9X, 'DYl' ,9X, 'UY2' I 

2 9X, 'BXl' ,9X,'BX2' ,9X, 'BYl' ,9X,'BY2') 
00 'ID 1183 ' 

1181 WRITE(W,1182) 
1182 FOPJfAT(/ /, 'VAIlJl"....3 OF ACTIONS', 

1 /,10X, 'Wl' ,l0X, 'W2' ,9X, '-' ,9X, '-', 
2· 9X, 'BXl. I 19X, 'BX2 I ,9X, 'BYl' ,9X, 'BY2') 

1183 NOD=NODES 
IF(ECA.EQ. 'YEs') NOD=l 
00 182 1=l,NOD 

182 l1R1TE(W,l83) NNOD(1), (OCAC(1,J),J=1,8) 
183 FORr·fAT(I3, 8(2.'<, E1P.1. 3» 

WRITE(W, 187) , 
187 FOPJfAT(/ ,1lX, 'H' ,1lX, 'vD') 

00 188 1=1 , NOD 
183IVRITE(lV,189) NNOD(1),(0CAC(1,J),J=9,10) 
189 FOPJ'lM(13,2(3X,El0.3» 

WRITE(6,190) 
190 FORHKf(/, 'Finished Reading and \'lriting Input Data') 

C ' 

C 

00 30121 1=l,NNEL 
00 300 J=l,NNEI. 
ffiLTA( 1,J)=0. 91 
DELTA(1,1)=1.0 

300 CCNI'INUE 
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c 

c 

C 

c 

c 

CAlL MT!<PF 
I'IRITE(1,191) 

IF('1NEL-3.9J) 410,420),430 
410 m ID 500 
420 CALL MTKlJX3 

WRITE (1, 192) 
CALL MT!<UY3 
WRITE(1,193) 
CAIi HI'KBX3 
WRITE(l,l94) 
CALL Ml'KBY3 
WRITE(l,195) 
CALL MTKH3 
NRlTE(l,l96) 
CALL MTRVD3 
WRITE(l,197) 
m TO 450 

430 CALL, MmJX4 
WRITE(l,192) 
CALL MI'KlJY 4 
WRITE(l,193 ) 
CALL !1I'KBX4 
mrrrn(l,l94) 
CALL ~fI'KBY4 
WRITE(l,195) 
CALL MTKH4 
WRITE(l,l96) 
CALL ~fI'KVD4 
WRITE(1,197) 

4521 CALL roLVe 
\"mrTE(l,198) 
CALL 00I'ru:r 
IOOTE (1, 199 ) 
m TO 500 

191 FO..~1AT(· [ Finished Calculation of !1I'KPP ]') 
192 FORMAT ( • [ Finished calculation of !1I'KUXF ]') 
193 FOR!W(' [ Finished Calculation of !1I'KUYF ].) 
194 FORMAT ( • [ Finished Calculation of MI'KBXF ].) 
195 FOR!1AT(' [ Finished Calculation of HI'KBYF ]') 
196 FORM.''.T(· [ Finished Calculation of Hl'KHF ].) 
197 FORMAT ( • [ Finished Calculation of MI'KVDF ].) 
198 FO~!AT(' [ Finished Calculation of SOLVE ]. ) 
199 FO~ ( • [ Finished Calculation of 0UI'ru:r ].) 

5021100TE(l,200) 
200 FO~!AT ( • Your calculation has been finished.') 

c 
c 

CALL EXIT 
mD 

142 



SUBHOUTINE MrKPF 
c 
C--*** THIS SUBHOurTh'E MAKES MATRIX OF PPZSSUHE **** 
C 

C 
CC 

lMPLICrr REAL*8(A-H,M,0-Z) 
lllTEGER W 

CCtI'lCN/BIKlI NCOE,NODES,NELE,NNEL,NP,~Q,I1ME(4t'!0, 4) ,NNOD(400) , 
1 NDF(40OJ),IBPS(400,4),SECPR(400,4),~~,TH(400,4),VIS, 
2 GEUXl(400,2) ,GCOE(800) ,BCVL(4"l0) ,BCAC(400,10), 
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3 A( 4,4) ,M(40'1J, 4) ,B( 400,4) ,C( 400,4) ,l'<REA( 400) ,l'l,CCCR, 

C 

4 HESULT ,UUTI, IUNIT2 
. CCM1CN/EIl\2/MrKP (200, 200) ,11KP(2OJ~, 20(3) ,MI'KPl(200, 20(3) ,MP(400,4,4) 
CCt1MCN/BU<l5/X(4) ,Y(4) 
DIMENSION FAD(4013) ,ANG(400) 

WRI'I'E (W, 50) 
50 FOFMKr(/ 1 1 1 1 1 ,2X, 'C!XI:I:fX.CC~' ,I ,2X, 'c' ,l5X, 'C', 

1/,2X, 'c CAI.CUl:.I\.TION C', 
2/,2X, 'c' ,l5X, 'c' ,I ,2X, '~cr::.c.cccxx:;c') 
liRITE(W, 100) 

LCJ0 FOPl,lAT(/II'I' ,45('-'), 'I', 
11, 'I 1. CAI.CUl:.I\.TION OF ELEt-lENI' PRESSURE MATRIX I', 
21, 'I' ,45 ( '-' ) , 'I' 11) 

C--LET ALL llUTIAL WillJES ZERO. 
IX) 140 l=l,NNEL 
FAD(I)=0.0 
AH3(l)=0.CJ 
X(I)=0.13 
Y(l)=0.OJ 
00 140 LE=I,NELE 
B(LE,l)="!.0 
C(LE,l)=0.0 
M(LE,l)=0.!'J 
00 140 J';l,NtlEL 
A(l,J)="l."l 

140 CON'!'llmE' 
00 150 l=l,NODES 
00 150 J=l,IlODES 
MKP(l,J)=0.0 
MI'KI? (I, J)='J. 0 

1513 CCtl'I'INUE 
00 200 LE=l,NELE 
IF (RESULT. NE. 'YES') GO 'TO 201 
vlRI'I'E (W, 160) LE 

1601 FOFMl\.T(/ f/2X, 'ELm1EN'I' NO.', 13) 
C--i\RRAl>lGEl1ENI'. OF CCCRDINATE 

201 IF (CCCR. EO. 'ro') GO 'TO 221 
00 220 I=l,~lEL 
XCI )=GCOE(Nl1E(LE, I» 
Y(I)=GCOE(~(LE,I)+t~ODES) 
IF (RESULT .tlE. 'YES') GO 'TO 220 
WRITE(H,21OJ) ~1E(LE,Il.X(Il.Y(I) 

2113 FOR/lAT(l!! ,6X,'NODE NO.',13,3X,'(X,Y)= (',2(3X,El"l.3),' )') 
220 CCl'1I'lllUE 

GO 'TO 227 
221 00 226 1=1, NtlEL 

FAD(l )=GCOE (Nl-IE (LE , I» 
A!~(I)=GCOE(me(LE, I)+:'lODES) 
AN=ANG(I) 
IF (UHITl.SQ. 'mc') GO 'TO 222 



IF(UtUTl.EQ. 'DEG') <Xl 'IQ 222 
IF(UtITTl. EO. 'RAn') <Xl 'IQ 223 

222 ANG(I)=3.141592654/18~.0*ANG(1) 
223 X(1)=RAD(1)*IlCC6(AUG(1» 

Y(1 )=RAD(1)*DSIN(ANG(1» 
1F(RESULT.m:.'YES') GC> 'IQ 226 
WRITE (,1, 225) NME(LE, I), mITT1, RAn(1) ,AN, X(1), Y(1) 

225 FORMAT(6X, 'NODE ID.' ,13, 3X, '(RAn,ANG(' ,A3, '»= (' ,E10.3, 
1 lX,EiO.3,')' ,3X,'(X,Y)= (' ,E1Q.3,IX,El0.3,' )') 

226 CctlTItlUE 
C--OUOlIATIo!! OF A(1,J) 

227 DO 230 I=l,NNEL 
DO 230 J=l,NNEL 
A(1,J)=X(I )*Y(J) 

. 230 CCNI'IllUE 
C 
C---CllLCUIATION OF PRESSURE MATI'-IX tlTYl' OF AIL TYP"'.B OF EillHENT 

IF(NNEL. EQ~ 2) <Xl 'IQ 1 
IF (tlNEL. EQ. 3) <Xl 'IQ 2 
IF(NNEL.EQ.4) GO 'IQ 3 
HRITE (1, 12(0) 

1200 FORMAT(/'ERP.OR ••• PLEASE USE NNEL=2,3 OR 4 ~fISE ' 

C 

1 'CALCULATION CANNor BC roNE. ' ) 
CALL EXIT 

1 G) 'IQ 240 
2 CALL tfI'KP3 (LE) 

<Xl 'IQ 240 
3 CALL MTKP4 (LE) 

ill 'IO 240 

C--P!UNl' 'IHE RESULT OF Ml'KI? 
240 IF(RESULT.m:. 'YES') GO 'IQ 200 

WRITE(H,1000 ) 
1000 FORMAT(4X, 'ELEHENl' PRESSURE MATRIX') 

DO 250 I=l,NNEL 
250 WRITE(H,1100) «NME(LE,I) ,NI'lE(LE,J) ,MKI?(Nl-lE(LE, I), 

1 NME(LE,J») ,J=l,NtlEL) 
1100 FORrlAT(6X,4('I1KP(' ,I2,I3,IX, ')=' ,El0.3,2X» 

C . 

C 

C 

C 

200 CCNl'INUE 

IF(RESULT.EQ. 'lO(') <Xl 'IQ 270 
WRITE(W, 260) 

260 FORM..'\.T(///'I',38('-'), 'I', 
1/, 'I 2. RESULT OF GLOBAL MATRL,{ (MTKP) I', 
2/,'1' ,38('-'),'1' ,//) 

CALL PRINT (NODES ,MTKP, w) 

270 RETURN 
llID 

.' 
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SUBRourINE 1m<P3(LE) 
C 
C 'lHIS RJurINE IS 'ID CALCUI.,\TE PRESSURE I'~TRIX HTKP 
C OF TRII\NGLE ELE11ENI' 
C 

C 
C 

C 

ll-IPLICIT REAL*8(A-H,K,H,o-Z) 
lllTEGER W 
<XM1W/BU<l/NCOE, mDES ,NELE,NNEr.., NP, NO, Nl-1E( 4'110,4) ,NNOD (400) , 

1 NDF(4<l0) ,IBPS (4'11"', 4) ,SECPR(4OJ0, 4) ,ref, 'lH(400, 4) ,VIS, 
2 GELCO(400,2),GOOE(800),BCVL(400),BCAC(~0,10), 
3 A(4,4) ,M(400,4) ,B(400,4) ,C(400,4) ,AREA(400) ,lv,COOR, 
4 RESULT,UNITl,IDITT2 
CCM1CN/BLK2/~1I'KP(20q, 200) ,MKP(200, 200) ,m'KPl (200, 200) ,MP(4t'0,4,4) 
C<M1CI'T /BIKl5 Ix (4) , Y (4 ) 
DIMENSIW KP (4, 4) ,CNST (4001) , 'lHICKl (400 ) 

M(LE,I)=A(2,3)-A(3,2) 
1l~(LE,2)=A(3,1)-A(l,3) 
M(LE,3)=A(I,2)-A(2,1) 
B(LE,I)=Y(2)-Y(3) 
B(LE,2)=Y(3)-Y(1) 
B(LE,3)=Y(I)-Y(2) 
C(LE,I)=X(3)-X(2) 
C(LE,2)=X(I)-X(3) 
C(LE, 3)=X(2 )-X(l) 
IF (RESllLT .NE. 'YES') GO 'ID 35 
WRITE(I1,10) 

10 FORIlAT(4X, 'CONSTANl' A,B,C') 
IX) 20 I=I,NNEL 

20 \-IP.ITE (W, 30) LE, I,M(LE, I) ,LE, I,B(LE, I). LE, I, C(LE, I) 
30 FOR!1AT(lH ,5X, 'A(' ,12,12, ')=' ,EI0.3,5X, 'B(' ,12,12, ')=', 

1 E10. 3, 5X, 'C(' ,12,12,' )=' ,E10.3) 

C EIEMEllT PRESSllRE HATRIX KP CAIDJ[ATION 
C 
C C.''U.CUIAT1ON OF HKP 

C 

35 AREA(LE)=0.0 
QlST(LE)=0.OI 
DEN=;SECPR(LE,1 ) 
VIS=;SECPR (LE, 2 ) 
THICKl (LE)=0. 0 
THl=0.0 
TH2=1.OI 
00 591 I=I,NtlEL 
00 5'11 J=l,~lNEL 
KP(1,J)=(B(LE,I)*B(LE,J»+(C(LE,1)*C(LE,J» 
THl=THl+TH(LE,I)**2.0*TH(LE,J) 

50 CCNI'INUr;: 
'lH2='I'li (LE , 1) *TH(LE, 2 )*T"d (LE , 3) 
THICKl (LE )=THl-tTH2 
AR=«A(l,2)+A(2,3)+A(3,1»-(A(2,1)+A(3,2)+A(I,3»)/2.0 
AREA(LE )=DABS (AR) 

IF(VIS.NE.OJ.OJ) GO 'ID 55 
~VRITE(l, 51) 
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C 

\'1RITE(1, 51) 
GO 'ID 100 

55 IF (AREA(IE) .NE.0."!) GO 'ID 56 
~;PJTE.(l, 52) 
GO 'ID 100 

56 CffiT (LE)=(-l. 0)*DEN*THICKl (LE)/(480.0*VIS*AREA(LE» 
IF (RESULT .NE. 'YES') GO 'ID 65 

• I'IRITE(I-l, 6~) AREA(IE) ,'IHICKl(LE) ,Ct5T(IE) 
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60 FORt·lAT(/,4X, 'ARElI.(LE)=' ,ElIJ.3,3X, 'THICKl(IE)=' ,El0.3, 
1 4X, 'CtlST(LE)=' ,El"!.3) 

65 DJ 70 I=l,NODES 
DJ 70 J=l,NODES 
IlKP(I,J)=OI."! 

70 CONTINUE 

C~'\ICULATION OF ELEI1EllT Mll.THIX ~lKP, AND ASSllffiLY Mll.TRIX MTKP 
DJ 80 I=l,NNEL 

C 

IX) 80 J=l,NNEL 
IN=tll1E (LE , I) 
IN=t'IME(LE,J) 
~(m,JN)=CffiT(LE)*KP(I,J) 
11P(LE, I,J)=t1KP(n~,JN) 
Ml'KP (ill, IN )=MTKP (nI, IN)4MKP (IN, IN) 

80 CONTINUE 

51 FORMAT('ERROR: As VIS="I.o?f, QlST(LE) will be infinite.', 
l'Please check the value of VIS.') 

52 FOPllAT( 'ERROR: As AREA(LE)=0.0 CtlST(LE) becanes infinite.', 
1 'Please check the value of A.l1EA(LE).') 

100 R..."'l'lJRU 
UID 
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SUBROUI'INE !1I'KP4 (LE ) 
C 
C---T"rlIS murINE IS 'ID cn.u:tlL1\.TE 'IRE PRESSURE ~1i\TRIX IITKP OF QUADRllA'!'ERAL E:LD-lEN 

IMPLIcrr REIIL*S(A-H,I1,o-Z) 

C 

INTEGER W 
aM-1CN/BIKl/ NCOE,NODES, NELE,NNEL, HP, NQ,~ME(400, 4) ,NNOD(40(J), 

1 NDF(400), IBPS(4011J, 4) ,SECPR(40::l, 4) ,DEl!, 'IH(400, 4), VIS, 
2 GELCO (400, 2) , ceOE (800) , R."VL (4"11'1) ,IJCAC ( 400, 10 ) , 

.3 A(4, 4) ,AA.(4091,4) ,B(400,4) ,C(40OJ, 4) ,AREA(40"1) ,W,COOR, 
4 RESULT,UNIT1,IUNIT2 

CQof1c:N/BIl<2/MI'KP (29101, 2.091) ,HKP (2013,200) ,MTKPl (~011J, 200) ,HP (4'113,4,4) 
CCM1ar/BIKl5/X(4) ,Y(4) 
COlMCN/BIKl6/T(4) ,5(4) 
CCM1CN/BLKl7/'IHICK4(400) 
CCM1CN/BIKl.8/C1(4Wn ,C2(4OJ0) ,C3 (4001) ,C4(400).C6(4CJ1i1) ,C8(400) 
DnIDlSIOtTTA(4, 4) ,TB(4, 4), TC(4, 4), TD(4, 4) ,MKP1 (4, 4) 

C--cALCUlATION OF E1\CH CONST."Nl' VAIDE 
C 

C 

C1\IL Q1ST4(X, Y,A,IE,CCl,CC2, CC3,CC4, CC6,CC8, 
1 C1OJ,CII,C12,C13,CI4,C1S,C16,CI7,C18,C19, 
2 C21,C22,C23,C40,C41,.~,T,S) 

Cl (LE)=CCl 
C2(LE)=CC2 
C3(LE)=CC3 
C4(LE)=CC4 
C6(LE)=CC6 
C8(LE)=CC8 
DEN=SECPR (LE , 1) 
VIS=S"'..cPR (LE , 2) 
WRITE (11, 100) LE 

100 FOR1AT(j//, 'LE=' ,I2,/) 
C 
C 
C-'---c.~TION OF EACH 'l'l!.HI1 A,B,C,D 
C 
C-- 1 1'IHEN 'I!iI~lESS IS CONSTANr WITHIN AN ELEMEtl'r 
C 
C 

C 

C1\IL TImC(2, 2, 2, rrcA) 
C1\IL TI!TEC(2, 2, 2, ITGB) 
C1\IL lllTEC(2,2,2,rrcc) 
C1\IL TImC(2, 2, 2,rrCO) 
C1\IL TImG(2, 2, 2, rrGE) 

WRITE (W, LOll) C21, C40, C21, C41 
101 FOR1AT(//, 'C21,C40,C21,C41 ',/,4(EI0.3,3X» 

HRlTE(W, 102) ITGA, ITGB, ITCC, ITCD, rrGE 
102 FOPMAT(j/,'ITGA ITCB ITGC ITCD ITCE',/5(El.0.3,3X» 

. CCNST=(-l. 01) *DEN*TH (LE , 1)/(12. 0*VIS) 
DO 11 I=I,4 
DO 11 J=I,4 

. IF(IBPS(LE,2).EQ.5) CO 'ID 15 
IF(C21.EQ.OJ.0) co 'ID 14 

c---ROurnlES FOR GENERAL GUADRIIATERAL ELEMENI' 
C1\IL·TERMA(CI0,C11,CI2,C21,C22,C23,C40,C41,T,S,TA,N) 
C1\IL TERl13(C13,C14,C1S,C21,C22,C23, C40,C41,T, S, TB,I'l) 
C1\IL TERMC(Cl('!,C17 ,C18,C19,C21,C22, C23 , C4"1,C41 , T, S, TC, 1-1) 
GO 'ID 16 

C 
14 IF(C22.EQ.0.0) co 'ID 15 



14 IF(C22.EQ.0.0) GO 10 15 
C--ROurlNES FDR TRCII'EZItlM ELEtIDlT 

C 

~lL TERMAl(CI0,Cll,CI2,C22,C23,T,S,~) 
CALL TERMBl(CI3,CI5,C22,C23,T,S,TB) 
CALL TERMCl(LE,TH,CIQ,CI7,CI8,CI9,C22,C23,T,S,Te) 
GO 10 16 

C--ROurINES FDR RECTANGLE AND PARAlLEIDGRAM ELEHl'llTS 
15 CALL ~~(CI0,CI7.,C23,T,S,~) 

. C~ ~~(CI3,CI5,C23,S,T,TB) 
CALL Tm!C3(CI0,CI7 ,CI8,CI9,C23,T, S,Te) 

C-- C!\ICUI.ATION OF 'I'ERl'1 D 
16 TD(J,I)=TC(I,J) 

C-- CAICULATION OF MKP AND GIDBMl~TRIX MTKP 
nT=NME(LE,I) 

C 

IN=t'lME (LE, J) 
MKPl(I,J)=TA(I,J)+TB(I,J)-Te(I,J)-TD(I,J) 
MKP (IN,JN)=::CNST*MKPl (I, J) 
MP(LE,I,J)=MKP(IN,JN) 
UI'KP (m, IN )=t-frKP (IN, IN)-IMKl? (IN, Jll) 

11 C'2lTINUE 

IF(RESULT.NE.'YES') GO 10 12 
C 
C--PRlllT 'lEE RESULT OF MKP,t1TKP 

WRITE (11, 7) ill, TH (ill, 1 ) ,DEtT, VIS ,~lST 
7 FORllAT(/ / 'E!EMENr 00.=' ,15,/, 5X, 'THICK4, !:El, VIS , CCNST , , 

1 /,SK,4(EI0.3,2X» 
00 6 1=1,4 
WRITE (IV, 9) TA(I, J), 'lB(I,J), Te(I, J) ,TO(I, J),~!KPl (I, J) 

9FORIlAT('A B C D MKPl',/,5(EI0.3,3X» 
6 CCNTTIlUE 

12 P.!':I'!JTIN 
END 
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SUBROurINE MI'KUX3 149 

C 
C--TllIS SUBROurINE HAKES HIITRIX OF SII!!:AR ACI'IOt! IN X-DlRECITON 
C 

C 
C 

C 

nlPLIClT REI\L*3 (A-H, 11, o-Z) 
INTEGER W 

CCM1CN/BIKl/ NCOE,N:lDES,NEIE,NNEL,NP,NQ,NME(4001, 4) ,NNOD(401'J), 
. 1 ND~(4Ol.0), IBPS(400, 4) ,SECPR(400,4) ,IEN,'IH(400, 4), VIS, 

2 GELCO(4Ol0,2) ,cr..oE(8Ol0) ,BCVL(4J'I0) ,BCAC(4Ol0,l"'), 
3 A(4, 4) ,M(40f'J, 4) ,B(40(-1, 4) ,C(400,4) ,AREA(400) ,W,CCOR, 
4 RESULT,UNIT1,IUNIT2 
C<M1<N /BIK3 /1fI'KUX (2010', 21'10) ,HKUX (400, 4, 4) 
CCM1<N/BIKl1/'IHICK2(400,4) 
CCM-ICN/BIKl3/DELTA(4,4) 

C---LET AIL INITIAL VAlllES ZERO. 
IX) 100 I=l,tllDES 
DO 1010 J=l, moos 
MTKDX(I,J)=0.0 

1001 CCl'1TnlUE 
DO 200 I= I, moos 
IF(OCAC(I,l) .NE.0.0) roro 300l 

200 IF(BCAC(I,2).NE.01.0) roro 300 
RETURN 

30'" IVIUTE (Iv, 800) 
C--c.l\I.CillATION OF EIEHEllT HIITRIX IIKIJX AND GLDBI\L HIITRIX 11TKUX 

DO 7001 IE=l,NELE 
DO 500 I=l,NNEL 
DO 5Ol0 J=l,NNEL 
TRCK""'.0 
DO 400 K=l,NNEL 
THCK=THCK+TH(LE,K)*(l.0+DELTA(K,J» 

400 CONTINUE 
'lHICK2 (LE,J)=Tl-K:K 
nT=~'ME (LE , I ) 
IN;!:~lE (LE, J) 
MKIlX(IE, I,J)=DEll*THICK2 (IE,J)*B(LE, I) /24.0 
MTKDX (nT, IN )=MTKIJX(:rN, IN )-H1KUX (LE , I, J) 

500 CONTnlUE 
C 
C--PRmr 'ITlE RESULT 

C 

C 

IF (RESULT .NE. 'YES') GO 'IQ 700 
WRlTE(U,600) LE 

600 FORI1AT( 'MKlJX I1ATRIX EIHllllT ID.' ,12) 
IX) 610 I=l,NNEL 

610 WRlTE(ll, 620) «LE ,NME (LE , I) ,Nr1E(LE,J) ,MKlJX(IE, I,J» ,J=l,NNEL) 
620 FOPMAT(3X, 3( 'MKlJX(' ,I3, ' , ' ,12, ' , ' ,I3, IX, ' )=' ,E10. 3, 2X)) 
700 ccurnlUE 

IF(RESULT.m. 'XX') GO TO 100'" 
801'1 F0ru1AT(/ / / /5X, 43 (' -' ), 

1/,5X, 'I RESULT OF SHEAR JlCI'ION ~1ATRIX (MTKUX) I', 
2/, 5X, 43 (' -'» 
WRITE (lV, 90"1) 

900 F~~T(//,31('-'), 
1 /, 'I TOTAL GLDEAL !1I\TR!X HTKUX I ' , 
2 /,31('-'» 

CI\lL PRINT (NODES ,11TKIJX, W) 

10"10 R..."TURtl 
END 



SUBROUI'INE MTK!JY3 
C 
C---T'"rlIS SUBROUl'lllE MAKES MATRIX OF SHEAR ACI'ION IN Y-DIRECTION 
C 

IMPLICIT R&\L*9(A-H,M,Q-Z) 
lllTEGER IV . 
<XM1CN/BIl<l/ tlCOE, NJDES, tlELE, NNEL, NP, 00, tNE (400,4) ,NNOD (4"10) , 

1 NDF(400), IBPS(400, 4), SECPR(400, 4) ,DEt~,'lH(400, 4), VIS, 
2 GELCO(400, 2) ,GCOE(B00) ,BCVL(4"!0) ,BCAC(400,10), 

150 

3 A(4, 4) ,M(4"10,4) ,B(40f'J, 4) ,C(400, 4) ,AREA(400) ,11,000R, 

C 

4 RESULT,UNITl,IUNIT2 
CCM1ClT/BIK4/MrI\IJY(200, 200) ,11illY(400, 4, 4) 
CCM1CN/BIl<l1/'lHICK2 (400, 4 ) 
C:'M1CN/BIl<l3 /DELTA( 4,4) 

C--LET ALL mITIAL VAIJJES ZERO. 
00 IfJ0 I=l,NJDES 
00 100 J=l,OODES 
MrI(UY(r,J)='J. ", 

100 CCNrINUE 
00 200 I=l,IXlDES 
IF(IUNIT2.EQ.2) GO 'ID 101 
IF(BCAC(I, 3) .tlE.0.0) GO'IO 300 
IF(BCAC(I,4) .tlE.0. ('!) GO'IO 300 

101 IF(BCAC(I, 1) .!lE.O.0) GO 'ID 300 
IF(BCAC(I, 2) .NE.0.0) GO 'ID 300 

200 Can'INUE 
RETUR."I 

300 WRITE (H, 800 ) 
C--"...AIJ::UI:ATICN OF ELEMENT MATRIX MKUY AlID GLOBAL ~lATRIX MTl\IJY 

00 700 LE=1,NELE 
00 500 I=l,NNEL 
00 500 J=l,NNEL 
THCK='2I.0 
00 400 K=1, NtlEL 
THCK=rHCK-!'l'H(LE,K)*( 1. 0ffiELTA(K, J» 

400 CctlTWUE 
'lHICK2 (LE"T)='TIICK 
IN=NME (LE, I) 
JN~1E(LE,J) 

MKIJY(LE, I,J)=DEN*TITICK2 (LE,J)*C(LE, I) /24. '" 
MTruY(m, IN)=MTKUY(IN,JN)+Ml\IJY(LE, I, ,r) 

50.0 CONTINUE 
C : 
C--PRlllT 'IRE RESULT 

C 

IF (RESULT .NE. 'YES') GO 'ID 700 
1'IRITE (IV, <500) LE 

600 FORMAT('MKUY MATRIX ELEMEllT NJ.' ,12) 
DO 61'" I=1,NNEL 

610 WRITE (W, 620) «LE,NME(LE, I) ,NME(LE,J) ,HKUY(LE,I,J» ,J=l,NNEL) 
620 FORI-lAT(3X, 3( 'MKUY(' ,13, ' " ,12, ' , ' ,13, lX, ' )=' ,El0.3, 2X)) 
700 CCllTINUE: 

IF(RESULT.EQ. 'XX') GO 'ID 1000 
800 FO~1AT(////5X,37('-'), 

1/,5X, 'I RESULT OF GLOBAL ~lATRIX (~fI'KUY) I', 
2/ ,5X, 37 ( , - ' ) ) 

WRITE (H, 9"10) 
9"10 FOHtlAT{/ /,25 (' -' ), 

1/' [ TOI'AL GLOB.\L MATRIX I', 
2/,25 ( '-' )) 

CiUL PRlllT(NODES,I1TlZUY','tI) 
1~00 RI:I'URN 

ElID 



SUBP..ourI:NE HTKBX3 
C 
C---TIUS StlBP.DUI'INE MAKES 11.'\.TRIX OF BCDY FORCS ACI'ION 
C-- m X-DIREcrION 
C 

C 

n1PLICIT REl'L*8 (A-H, M, o-Z) 
nl'I'EGER l'I 

cct-t1CN/BIKl/ NCOE ,NJDSS, NELE, NNEL, NP, NQ, !Im( 400,4) ,NNOD (400) , 
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1 NDF( 400) ,IBPS(400, 4), SECPR(400, 4) ,IDJ, lli(40'?1, 4), VIS, 

C 

2 GELCO(400, 2) ,OCOE(800) ,BCVL(4Cl0) ,BCAC(400, 1"'), 
3 A(4,4) ,M(400, 4) ,B(400, 4) ,C(400, 4) ,JlRF'.A(400) ,W,COOR, 
4 RESULT, UNIT1, IUNIT2 
caMCN/BIK5/~fl'KBX(200, 2(10) ,!1I<BX(400, 4, 4) 
COMMOI/BU<l2/THICK3(400,4) 

C--LET AIL INITIAL VAIDES ZERO. 
[X) 100 I=l,IDDES 
[X) 10'1 J=l,tDDES 
MTKBX(I,J)=0.0 

100 C<NI'INUE 
ID '.00 1=l,IDDES 
IF(BCAC(1, 5) .NE.0.0) GOTO 300 
IF(B'"'..AC(1,6) .NE.0.0) GOTO 300 
IF(IllNIT2.~lE.2) GO 'ID 200 
IF(OCAC(1,1).tlE.0.0) GO 'IQ 300 
IF(OCAC(1, 2) .NE."'.0) GO 'ID 300 

200 C<NI'INUE 
RETURN 

300 WRITE (1'1, 700) 
C 
C--J" .. ALCUr...'\TION OF ELEImIT' MATRIX ~lI<BX AN!) GLOBAL !1ATRIX ~ITKI3X 

ID 600 LE=l,NELE 

C 

G1=TH(LE,1)+TH(LE,2)+TH(LE,3) 
G2=TH(LE,1)**2+TH(LE,2)**2+TH(LE,3)**2 
G3=TH(LE,1)*TH(~,2)*TH(LE,3) 
ID 400 1=l,NNEL , 
ID 400 J=l,~1NEL 
IH~(LE,1) 
IN=~l}IE(LE,J) 
THICK3 (LE ,J)=G1 *G2+2. 0*G1 * (TH (LE,J) **2 )+G2*TH(LE ,J)+2. 0*G3 
VISCOS=vrS*1440.0 
MKBX(LE, I, J)=DEN*TIUCK3 (LE, J)*B(LE, I) /VIscos 
MTKBX(m, JU)=MTK3X (m, JrJ)+11I<BX(LE , 1,J) 

400 C<NI'INUE ' 

c--ppnrr TIlE RESULT 

C 

IF (RE..C;ULT • NE. 'YES ') GO 'IQ 600 
WRITE (W, 500) LE 

5910 FORr-1AT ( '!1I<BX M!\'TRIX ELEIIDrr N::>.' ,12) 
ID 5UI 1=l,NNEL 

510 \1RITE(H, 520) «LE,NME(LE, I) ,NME(LE,J) ,HKJ3X (LE , I,J)) ,J=l,NNEL) 
520 FORMAT(3X,3('MKBX(' ,13,',' ,12,',' ,I3,L,{, ')=' ,E1'1.3,2X» 
600 corrnm 

IF(P.ESULT.EQ. 'XX') GO 'ID 10'10 
700 FORr-1AT(/ / / /5X, 'I' ,44( '-'), 'I', 

1/ , 'Sl{, 'I RESULT OF JlODY FORCE 11ATRIX (EX) I ' , 
2/, 'Sl{, 'I' ,44 (' -' ), 'I') 
HRlTE(I'f,800) 

000 FOR!1AT(/ /, 31(' -' ), 
1 ! , ' I 'IOTAL GWAL MATRIX MTI<BX I', 
2 /,31('-'» 

CAIL PRINT (NODES, MTI<BX, H) 
19100 RETlJRN 

E'.oJD 



SUBROI1rINE MTI<BY3 152 
C 
C--T1IIS SUBROI1rINE !lAKES MATRIX OF !lCDY FORCE A...."l'ION 
C-- m Y-DIRECTION 
C 

C 

C 

IHPLIcrr REAL*8 (A--!I.H. o-Z) 
nlTEmR H 

CCMm /BJ.1<J.. / NCOE. tJODES .NELE • NNEL. NP • NQ. NME (400. 4) • NtlOD (400) • 
1 NDF(400).IBPS(400.4).SECPR(400.4).DEN.TH(4OJ0.4).VIS. 
2 GELCO(400. 2) .OCOE(000) • BCVL (4"10) • BCAC (4"1"1. 10) • 
3 A(4. 4) .AA(400. 4) .B(400.4) .C(400.4) .AREA(400) .vl.COOR. 
4 RESULT .!NIT1. IUNIT2 

CCM1CN/BI.K6/11l.'KBY(200. 200) .~1KBY(400.4. 4) 
CO<MCN/BJ.1<J..2/THICKJ (4(.10.4) 

C--LET AIL INITIAL VAUlES ZEP-O. 
00 l00 I=1.mDES 
00 1193 J=1.NODES 
~ITKBY(I.J)="I. 0 

103 CCNI'lllUE: 
DJ 2010J I=1.NJDES 
IF(BCAC(I. 7) .NE.0.0) OOTO 300 
IF(BCAC(I.A) .NE.OJ.0) GOI'O 300 
IF(IUNIT2.m:.2) GO 'IQ 200 
IF(BCAC(I.1).NE.0.0) GO 'IQ 300 
IF(BCAC(I. 2) .tiEJ,."') GO 'IQ 300 

200 CCNI'INUE 
RETURN 

300 WRITE (W. 700) 
DJ 600 LE=1.NELE 
G1=TH(LE.1)+TH(LE.2)+TH(LE.3) 
G2=TH(LE.1 ) **2iTH (LE. 2)**2iTH(LE.3 )**2 
G3=TH(LE. 1)*TH(LE.2)*TH(LE. 3) 
00 400 I=1.NNEL 
DJ 400 J=1.NNEL 
m=NME(LE.I) 
IN=NME(LE.J) 
THICKJ(LE.J)=G1*G2+2.0*G1*(TH(LE.J)**2)+G2*TH(LE.J)+2.0*G3 
VISCOS=vrS*1~.0 
~Y(LE. I. J)=DEN*THICKJ (LE.J)*C(LE. I) /VIscoo 
~m<BY(nl.JN)~ITKBY(m.JN)-f{1KBY(LE. I.J) 

400 CONTINUE . 
C--PRINT 'mE RESULT 

IF (RESULT. NE •• YES .) GO 'IQ 600 
\/RITE (H. 500) LE 

503 FO~1AT ( 'I1KBY MlI.TRIX EIEMENT ID.' • 12 ) 
. 00 510 I=1.Nl'IEL 

510 WRITECW. 52(9) «LE.~M;!(LE'. I) .NM.E(LE.J) .~Y(LE.I.J» .J=1.NNEL) 
520 FORMAT(3X.3(·MKBY(·.I3.·.·.12.· .·.I3.IX.·)~·.E10.3.2X» 
600 CCNl'INUE 

. IF(RESULT.EQ. 'XX') GO 'IQ 1000 
700 FORMAT(j / / /5X. ·1-------------- -I'. 

1 / • 5X •• I RESULT OF BODY FORCE Ml\..TRIX (BY) I •• 
2 /. 5X •• 1-----.. ---------------1·) 
WRITE (W •. 900) 

800 FOR!1AT ( • TOTAL GLOBAL Ml\..TRIX ~Y' ) 
CALL PRlllT(NODES.I1TK3Y. w) 

1000 RETURN 
END 



SUBRCurINE ~!I'KH3 
C 
C---TIUS SUBoournlE 111'IKES t1ATRIX OF SaJEEZE JI.cT10N 
C--*** BKH= (-1) *AREA*DEN* (1. 0+DELTA) /1?. 0 *** 
C 

C 

nn?L1CIT REAL*3(A-H,M,Q-Z) 
1NI'E= W 

CCM1m/BIKl/ NCOE, IDDES, tlELE, NUEL, NP, tlQ,~ME( 400,4) ,NNOD (400) , 
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1 NDF(400) ,IBPS(400,4) ,SECPR(400, 4), mu, 'IH(400, 4), VIS, 

C 

2 GEI..."O(400, 2) ,GCOE(800) ,BCVL(400) ,BCAC(400, 10), 
3 A(4,4) ,M(40OJ,4) ,B(400, 4) ,C(400, 4) ,AREA(400) ,W,COOR, 
4 RESULT, ~UTl, IUNIT2 

CCM1CU/BI1<7/r1I'KH(200, 200) ,HKH(400, 4, 4) 
CCM1CU/BIKl3/DELTA(4,4) 

C--IEl' AIL nUTIAL VAlllES ZERO. 
ID 100 1=I,IDDES 
ID 1'210 J=I,IDOOS 
MI'KH(1,J)=0.0 

100 CONTINUE 
ID 200 1=1,1:0005 

200 1F(ECAC(1,9).tlE.0.0) GOTO 300 
RETT..mU 

300 HR1TE (Il, 7(0) 
C---cALCULAT1ON OF EIElIDlT ~1ATRIX Mill AND GIDSAL !1ATRIX !1TKH 

ID 600 LE=I, NEI.E 
ID 400 1=I,NNEL 
ID 400 J=I,NNEL 
m=NME(LE, I) 
JN~JME(LE,J) 

MKH(LE,1,J)=-1.0*AREA(LE)*D~r*(I.0+DELTA(1,J»/12.0 
MI'KH(m, IN)=HI'KH (m,JN)-ttlKH (LE, I, J) 

400 CCNI'nlUE 
C 
C---PRINT 'll-IE RESULT 

C 

IF (RESULT. NE. 'YES') GO 'ID 600 
HRITE(H,5q0) LE 

500 FORMAT ( 'MKH MATRIX ELEMillT ID.' ,12) 
ID 510 1=I,NNEL 

510 ,.,RITE(iV,520) ((LE,NME(LE, I), NME(LE,J) ,MKH(LE, 1,J)) ,J=I,NNEL) 
520 FORMAT(3X,3('MKH(' ,13,',' ,12,',' ,13,lX, ')=' ,EI0.3,2X» 
600 CCNI'INUE 

IF(RESULT.EQ. 'XX') GO 'ID 1000 
700 F~fATU//'1', 33('-'),'1', 

1/, 'I RESULT OF 8C.UEEZE MATRIX (nrKH) I', 
2/, 'I' ,33 (' -' ) , 'I' ) 
HR1TE (iV, 800) 

800 FO~fATU/,30('-'), 
1 / , 'I 'IOI'AL GIDSAL I1ATRIX!1TKH I ' , 
2 /,30('-')) 

CALL P:illlT (NODES, MI'KH, vI) 
1000 REI'lJRN 

END 



SUBRClUI'INE Ml"&JD3 
C 
C--THIIS SUBRClUI'nlE MAKES MATRIX OF DIFFUSION ACTION 
C-----{~(-1.0)*AREA*DEtT*(1.0+DELTA)/12.0 
C 

D1PLICIT REAL*8(A-H,M,o-Z) 
nlTEma w 
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cr::M4rN/BIKl/ NCOE,tDDES,NELE,NNEL,~lP,U2,~1E(400, 4) ,NNOD(400) , 

C 

1 NDF(4"10) ,mps (400,4) ,SECPR(400,4) ,DEN, 'lH(100, 3), VIS, 
2 GELCO(400, 2) ,OCOE(800) ,BCVL(400) ,BCAC(400,10), 
3 A( 4,4) ,M(400,4) ,B( 400,4) ,C(4010, 4) ,AREA.( 400) ,li,CCOR, 
4 RESULT, allT1, IUNIT2 
Ca~m/BIK8/Ml'KVD(200, 200) ,MKVD(4010, 4, 4) 
C~m/BIKl3/DELTA(4,4) 

C--IEl' AIL nllTIAL VAIIlES ZERO. 
ro 100 I=l,tDDES 
ro 100 J=1,IDDES 
MTKVD(I,J)="I.0 

100 CCNI'INUE 
ro 200 I=l,IDDES 

2010 IF(ECAC(I,10).NE.0.0) GOTO 300 
REl'URN 

300 ,/RITE (H, 7(0) 
C---"..AI.Cl1LATION <F Er.EH~lT t1ATRIX 11KVD AND GWll1',I, I1A.TRIX I1TKVD 

ro 600 LE=1, NELE 
ro 400 I=1,l'ltTEL 
ro 400 J= 1, NNEL 
IN=Nr1E(LE,I) 
JN~lME(LE,J) 
DELTA( I,J)="I. 0 
DELTA(I,I)=1.0 

. MKVD (LE , I,J)=-1.0*ARFA(LE)*o:o:N*(I.0+DELTA(I,J» /12. (;) 
11TKVD(nl,JU)=MTKVD (IN, IN)+MKVD(LE, I,J) 

400 CCNrINUE 
C 
C--PRllIT 'lIlE RESULT 

C 

IF(RESULT .NE:. 'YES') 00 TO 600 
lVRITE(W,500) LE 

500 FORMAT ( 'MKVD I1ATRIX ELEMJ:NT to.' ,12) 
ro SlrJ I=1,NtTEL 

510 "mrm(H, 520) «LE,N11E(LE, I) ,~(LE,J) ,I1KVD(LE,I,J» ,J=1,tlNEL) 
520 FORMAT (3X, 3 ('I1KVD(' ,13, ' , ' ,12, ' , ' ,I3;L'C, ' )=' ,El0. 3, 2X» 
600 CCNrINUE: 

IF(RESULT.EQ. 'XX') 00 TO 1.0100 
700 F001A.T(j / / /5X, 'I' ,43(' -'), 'I' , 

1/,5X, 'I RESULT OF GWBAL M)',TRIX (1fi'l{VD) I', 
2/,5X, 'I' ,43 (' -' ) , 'I') 
WRITE (W, 8f'I0) 

800 FORt1AT(j / ,31 (' -'), 
1 / , ' I 'IOl'AL GWBAL I1ATRIX I1TKVD I ' , 
2 /,31{'-'» 

CAlL PRINT (NODES, HTKVD ,IV) 
1000 REI'URN 

El'ID 



SUBROUI'1NE MI'KUX4 
C 
C---Tl-lIS rourmE IS 10 CALCULI\TE THE: 1·1A.TRIX H'I'l<IJX 

1I-lPL1CIT REAL*8 (A-H,I!, o-Z) 
:ThlTEGER N 
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CQ1I1aT/IlIKl~ICOE,OODE:S,NELE,mlEL,NP,NQ,NI-lE:(400, 4) ,NNOD(400),. 

C 

C 

1 NDP(400), 1BPS (400,4) ,SECPR(400, 4) ,!:EN, 'IH( 400,4), VIS, 
2 GE:LCO(400, 2) ,GCOE:(800) ,ECVL(400) ,BCAC(4"10, 10), 
3 A( 4,4) ,M(400, 4) ,B(400, 4) ,C(400, 4) ,!\REA( 4"'0), 1'1,OXlR, 
4 RESULT, UTITl, IUTIT2 

C<M1aT /BIK3 /11TKUX (200, 2(0) ,MKlJX (400, 4, 4 ) 
CO~!CN/BIKl6/T(4) ,S(4) 
CQ!MCN/BIKl7/'ll-lICK4(400) 
C0.f1CN/IlIKlS/Cl(400) ,C2(400) ,C3(400) ,C4(400) ,C6(400) ,C8(400) 

DO 10 1=I,HJDES 
DO 10 J=I,tDDES 
MTKlJX(1,J)=0.0 

10 CCNI'lNUE 
. DO 1 1=I,OODES 

IF(OCAC(1,I).NE.0.0) GO 'ID 5 
1F(OCAC(1, 2) ,NE."I.0) GO 'ID 5 

1 C<NTnlUE 
RE:I'URN 

5 WRITE(Vl,100) 
100 FORMAT(////5X,'*******************************************' I 

1 /, 5X, '** RESULT OF SHEAR ACTION t1A.TRIX (I·ITKUX) **', 
2 I,SK,'*******************************************') 

C--c.'U...."ULAT1ON OF MI'lIX AND MTKlJX 
DO 30 IE=I,NErE 
CCl'1S'l'=DEN*TI-lICK4 (LE) /36.0 
DO 20 1=1,4 . 
DO 20 J=I,4 
II1~(IE,1) 
IN=NllE (LE, J) 
Bl=S(1)*(T(1)*T(J)+3.0)*(C3(LE)*S(J)+3.0*C8(LE» 
B2=T(1)*(S(1)*S(J)+3.0)*(C3(LE)*T(J)+3.0*C4(LE» 
MKIlX(LE, I, J)=CCNST* (BI-B2) 
MTKlJX (IN, JlT)=HTKUX (II1, IN)-IMKlJX (LE, I, J) 

CCCCC--THIS PARr IS IDT YE:!' CCMPLETED -----~CCCCCCCCCCCCCCC 
C' eAU.. TERl1U3 (T, S, 'IH,IE, DEN,C3, C4, C8,MKUX) 
C: DO 20 1;'1,4 
C' DO 20 J=I,4 
C m=m-lE (LE , I ) 
C IN=:1l1E(LE,J) 
C . I1TKlJX (m, J/1) =!1TKTJX (II1, Jl'I)-IMKlJX (LE, I, j) 
crnnDxaupxcrn~nDxannxcrnn~an~ccc~ 

20 Cc:NTnlUE 
IF (RESULT. NE. 'YES ') GO 'ID 301 
IvIUTE(H,110) LE 

110 FOPJ.1AT (/ / / 'FJ:ElffiIT t1A.TRIX MKUX./ , 2X, ELEImIT 00. ' ,12) 
DO 120 I=I,NNEL 

. 120 HRlTE(W, 130) «LE,NME(IE, 1).U1E(LE,J).MKUX(LE, I,J)) ,J=I,NNEL) 
130 Fa?11AT(3X,4('MKIlX(' ,13,',' ,12,',' ,13,IX, ')=' ,EI0.3,2X)) 

30 CCNTINUE 
IF (RESULT • 00. 'XX') (',() ID 150 
1'1RITE(1I,140) 

140 FOPJ.1AT (/ / / 'TOTAL GLOBl'L t1A.TRIX r!TKllX' ) 
C 

CALL PRIITT (,IOO2S, IfI'KUX. 1-1) 
C 
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SUBROUI'INE M'INJY 4 
C 
C--TIlIS rournIE IS 'ID C1\I.CUIATE 'IRE MATRICES OF t1KUY JI.ND t1'IWJY 

IMPLICIT REAL*8(A-H,M,o-Z) 

C 

C 

nlTEG::R W 
CCt·1MCN/BI1<l~rCOE,NODES, NELE,NNEL, NP ,NQ,~1E(400, 4) ,l-lNOD (400), . 

1 ~IDF(400),IBPS(400,4),SECPR(400,4),DP.N,TH(400,4),VIS, 
2 GEU:0(400, 2) ,(7-;OE(800) ,BCVL(4"'0) ,BCAC(400.10), 
3 A(4, 4) ,M(400, 4) ,B(400,4) ,C(4OJ0,4) ,AREA(400) "",coon, 
4 RESULT, UNIT1, ruUT2 
QOMMag/BIl(4/MU!1JY(20OJ,200),MKUY(400 ,4,4) 
CCt-t1CN/BI1<l6/T(4), S (4) 
CCMlag/BI1<l7 /'IHICK4( 400) 
OOMMag/BLKlB/C1(400) ,C2(400) ,C3 (400) ,C4(400) ,C6(400) ,C8(400) 

DO 10 I=1,t'ODES 
DO 10 J=1,NJDES 
llTKUY(I,J)=0.0 

10crnrn1UE 
ID 1 I=l,t'ODES 
IF(IUNIT2.EQ.2) GO 'ID 11 
IF(OCAC(I, 3) .NE.!'!.0) GO 'ID 5 
IF(0CAC(I,4) .NE."!.0) GO 'ID 5 

11 IF(BCAC(I, 1) .tlE."'.0) GO 'ID 5 
IF(BCAC(1, 2) .tlE. 0 .0) GO 'ID 5 

1 Crnrll'lUE: 
RF.:l'URN 

5 WRITE(W,100) 
100 Faru~T(///,SX/'******************************************t, 

1 /, 5X, '**RESULT OF SHEAR ACTION MATRIX (lfI'J<1JY) **', 
2 /,SK,'******************************************') 

C--cAICULATION OF 11KUY AND M'INJY 
DO 30 LE=l,NELE 
C1'IIL TERMU3(T ,S,TH,LE,DEN ,C1,C;:O.,C6,MKUY) 
DO 20 1=1,4 
DO 20 J=1,4 
ll'l=tlME (LE, I ) 
IN=!'IIIE(LE ,J) 
Ml'KlJY (IN, JU )=llTKUY (ll'l, IN)¥.1KUY (LE, I, J) 

20CCNTn1UE 
. IF(RESULT.NE. 'YES') GO 'ID 30 

\'/RITE(W,110) LE 
110 FOOfJAT(///''f?:1EI,f!:Nr l1ll.TRIX MKUY./,2X,ELEMENl' ID.' ,12) 

DO 120 I=l,NNEL 
120 WRITE(I'/,130) «U:,N'IE(LE, I) ,NME(LE,J) ,MKUY (LE , I,J» ,J=1,NNEL) 
130 FORMAT(3X,4( 'MKUY(' ,13, ' , ' ,12, ' " ,13, lX, ' )=;' ,El0.3, 2X» 

30 CCNTnIDE 
WRITE (W, 140) 

140 FOOfJAT (/ / / ''IUl'AL GLOB.~ tlATRIX MTI1JY' ) 
C 

C 
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SUBRD!JrWE 11TKBX4 
C 
C--TlUS rournlE IS ID Cl\I.CUU\TE THE 11.l\TRIX 0 MI'KBX 

D1PLICIT RE.'\L*8(A-H,11,o-Z) 

C 

C 

INTEGER Iv 
CCMMW/BIKl/NCOE,NODES,NELE,mlEL,tlP,NQ,!ME(400, 4) ,NNOD(4C'!0), . 

1 NDF(400), IBPS(400, 4) ,SECPR(400,4) ,mt-r,'lH(400, 4) ,VIS, 
2 GEL..'"O(400, 2) ,OCOE(800) ,BCVL(400) ,BCAC(400, 10), 
3 A(4, 4) ,AA(400, 4) ,B(400,4) ,C(40eJ, 4) ,AREA(400) ,W,COOR, 
4 RESULT,utlITl,IUNIT2 

CCM1<N /BI1<5/HI'K'3X (200, 2(0) ,MKBX (4010, 4, 4) 
C<M1a1/BIKl6/T(4) ,S(4) 
~/BIKl7/'lHICK4(400) 
CCM-ICN/BIKlS/CI (400) ,C2(4001) ,C3 (400) ,C4(400) ,C6(400) ,C8(40I11) 

IX) 10 I=I,NJDES 
IX) 10 J=l,NODES 
MTKBX(I,J)=0.fl 

10 CCNrlllUE 
IX) 1 I=I,IDDES 
IF(ECAC(I,5) .NE.0.OJ) m ID 5 
IF(ECAC(I,6) .tlE.0.0) m 'ID 5 
IF(IUllIT2.NE.2) m ID 1 
IF(ECAC(I, 1) .NE.0.!'!) CD 'ID 5 
IF(ECAC(I, 2) .tlE.0.0) m 'ID 5 

1 CCtITmUE 
RETUR."1 

5 lifRITE(H,100) LE 
100 FORMAT(///,SX,'****************************************', 

1 /,5X, '** RESULT OF BODY FORCE MATRIX (MI'KBX)**', 
2 I,SK,'****************************************') 

C--C!\I.CULATION OF MKBX AND M'I'KBX 
DO 30 LE=I, ~1ELE 
CAlL TER1B3 (T, S,'lH,IE,C3,C4,C8, DEN, VIS,MKB.X) 
DO 20 I=I,4 
DO 20 J=I, 4 
IN=c~1E(LE, I) 
IN=UME(LE,J) 
MTKBX(IN ,Jtl)=MTKBX(IN,JN)-tt1KBX (LE , I, J) 

20CCNrINUE 
IF(RESULT.NE. 'YES') m ID 30 
IlRITE(H,110) 

110 FOFMAT('EI..EME!IT MATRIX MKBX/2X, ELEMENT NJ.' ,I2) 
DO 120 I=I,NNEL 

120 IifRITE(W, 130) «LE,NME(LE,I) ,~(LE,J),I1KBX(LE, I,J» ,J=I,mlEL) 
130 FORl·lAT(3X,4('MKBX(' ,I3,',' ,I2,',' ,I3,lX, ')=',EIC'!.3,?J{)) 

30 CCl'lTI)J()E 
I'ffiITE(ll,140) 

140 FOPMAT(/ // 'TCfI'AL GLOBAL llATRIX 11TKBX') 
C 

C 
CALL PRINT(i~DES,MTKBX,W) 

RETURll 
EMl 



SUBRDllI'nlE MTKBY4 
C 
C--THIS murINE IS ID CALCULATE MKBY AND MTKBY 

IMPLICIT REAL*8(A-H,M,o-Z) 
INTEGER W 
CCU·lrn /BIKl /UCOE, NJDES, NELE, NNEL, NP, NQ, NME (400, 4) ,NNOD (4130 ) , 
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l' ~IDF(400), I8PS(400, 4) ,SECPR(400,4), CEl:l, 'IH(4q0,41. VIS, 

C 

2 GEL.."O(40I'j, 2) ,a::OE(81'j0) ,BCVL(400) ,l3CI\C(40I'j,10), 
3 A(4, 4) ,M(400, 4) ,B(400,4) ,C(4!'I0, 4) ,AHEA(400) ,N,CCOR, 
4 RESULT,UNITl,IUNIT2 

Caf1rn/BIK6/MI'KBY(20C1 , 2013) ,MKBY(4Gl0, 4, 4) 
Cat1rn/BIKl6/T(4) ,5(4) 
CCMMal/BIKl7/'IHICK4(400) 
Call1aT/BIKI8/CI(400) ,C2(400) ,C3(400) ,C4(401'j) ,C6(400) ,C8(400) 

ro 10 I=I,OOOOS 
ro 10 J=I,t:lJDES 
M'I'KBY(I,J)=0.q 

10CrnT~ 

ro 1 I=I,NOOOS 
IF{OCAC(I, 7) .tlE.C'I.0) GO ID 5 
IF{0CAC(I,8).NE.0.CI) GO ID 5 
IF{IUNIT2.NE.2) 00 ID 1 
IF{ECAC(I,I).NE.0.0) GO ID 5 
IF(OCAC(I, 2) .NE.0.0) GO ID 5 

1 CrnTTITUE 
REI'URN 

5 lmITE (t'l, 100) 
100 Faru~T(///,5X,'***************************************', 

1 /, 5X, '** RESULT OF BODY FORCE MATRIX MTKBY **' , 
2 /,5X,'***************************************') 

DO 30 LE=I,NELE ; 
CAIL TERMB3(S,T, 'IH,IE,Cl,C6,C2,rEN, VIS;MKBY) 
ro 20 1=1,4 
DO 20 J=I,4 
nT~1ME (LE, I ) 
JN~1ME(LE,J) 
Ml'KBY(m, IN)=MTKBy(m,JU)-IMYBY(LE, I,J) 

20 CCNTINUE 
IF(RESULT.r.lE.'YES') GO ID 30 
WRITE(lV,l1l'j) LE 

110 FORHAT ( 'ELEMENT t1ATRIX MKBY EJ:E!.lENT 00. ',12 ) 
ro 120 I=I,NNEL 

120 WRITE(W, 1313) «LE,Nt1E(LE,I) ,NME(LE,J) ,~1KBY(LE,I,J)) ,J=I,);JNEL) 
130 FOmllIT(3X, 4( 'clKBY(' ,13, ' , ' ,I2, ' , ' ,I3, IX, ' )=' ,El0. 3, ?X)) 

30 CCNI'ItTUE 
HRIT.E(W, 140) 

140 Fm1AT( 'TOTAL GWB."L t1ATRIX I1TKBY') 
C 



SUBROurINE MI'I<H4 
C 
C--THIS ROurWE IS 'ID CAI.CUJ:ATI:: !1!<I-l AND MI'I<H OF CUADRIL,\TERAL 

C 

n1PLICrr REAL*O(A-H,M,Q-Z) . 
INTEGER \J 
cct1MCl'1/BI1<l/NCOE,IDDES,tlELE,NNEL, NP, NQ, NHE(41313, 4) ,NNOD(400) , 

1 NDF(4qq) ,IBPS(400,4) ,SECPR(400,4) ,DEN, m(¥'1f), 4), VIS, 
2 GEU::O(400, 2) ,GCOE(B00) ,BCVL(4013) ,BCAC(400, 1"'), 
3 A(4, 4) ,M(4"1"1,4) ,8(400, 4) ,C(400,4) ,ARE.'\(400) ,W,COOR, 
4 RESULT,UNITl,IUNIT2 

CCM1m/BI1<7 /MI'I<H(20!'l,200) ,11KH(400, 4, 4) 
CCMlm/BI1<l6/T(4) ,S(4) 
CCMlm/BI1<lB/Cl(40"') ,C2(400) ,C3(400) ,C4(4q0) ,C6(40fl) ,CB(400) 

DJ 10 I=l,IDDF..s 
DJ 10 J=l, U:)DES 

. MI'I<H(I,J)=0.0 
19.1 CCNI'INUE 

DJ 1 I=l,tDDES 
IF(0CAC(I,9) .NE.0.0) GO 'ID 5 

1 CCl'lTINUE 
RETURN 

5 \'1RITE(W, 100) 
1013 FOFNATC///,'SX,44('*'), 

1 / ,'SX, '** RESULT OF S(UEEZE ACTION !·lATRIX HTKH**' , 
2 /,'SX,44('*'» 

C--cAI.CULA."'ION OF I1KH AND MTl'J:-l 
DJ 30 IE=l,NELE 
DJ 20 I=l,NNEL 
DJ 2'" J=l,NNEL 
m=NME(IE,I) 
IN=:-lME(IE,J) 
T1='1'(I)tT(J) 
'1'2='1'(1 )*T(J) 
Sl=S(I)+S(J) 
S2=S(I)*S(J) 
C21~1 (IE) *CB (LE )--C3 (LE) *C6 (LE) 
C22~2 (LE )*C3 (LE )--Cl (LE) *C4(LE) 
C23~2 (IE )*CB (LE )--C4 (LE) *C6 (LE) 
C24=2.fl*(T2*C22/3.0+C22) 
C2S=2.0*(Tl*C?ltT2*C23)/3.~2.q*C23 
Hl=(-l. 0)*DEN/8. 0 
H2=(C24*Sl+C25*S2)/3.0+C2S 
MKH(LE,I,J)=Hl*H2 
MI'I<H (IN, IN)=HTKH (rn, IN)#1KH (LE, I, J) 
lffiITE(H,14) LE,I,J,Tl,T2,Sl,S2 

14 FORMAT(//,'LE,I,J,T1,T2,Sl,S2',/,I3,4X,2I4,'SX,4(FS.2,2X» 
lffiITE (vI, 11) C21, C22, C23, C24, C25 

11 FORMAT('C21,C22,C23,C24,C25, ,/,S(E:Iq.3,3X)) 
WRITE (H, 12) HI, H2 

12 FOP",IAT ('H1,H2' ,/,2 (E10. 3, 'SX)) 
20 CCNrINUE 

IF(RESULT .NE. 'Y"'....s') GO 'ID 30 
HRITE(W,110) ill 

1113 FORMAT( 'EIEr'lEllT MATRIX MKH . EI.EMJ'NT ID. ' ,12) 
DO 120 1=l,NNEL 

120 WRITE (." 130) ((LE,NME(LE, I) ,NME(LE,J) ,MKH(LE, I,.r» ,J=l, NNEL) 
130 FORloIAT(3X,4('I1KH(' ,13,',' ,12,',' ,I3,LX,' )=' ,E10.3,2X)) 

30 C~lTINUE 
WRITE(H,140) 

140 FOPJII_,\TU / / ''J.''::fffiL GIDBAL MATRIX !1TKfI' ) 
C . 

C 

C 
CAlL PRINT (NODES, ~1Tl<H, T.'1) 

~1 
. ElID 
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SUBROUTINE MI'KVD4 
C 
C---THIS ROUTINE IS 'ID CllLCULATE MKVD AND MTKVD 

nlPLICrr RElIL*8 (A-H,!l, o-Z) 

C 

C 

nlTEGER W 
<XM1CN/BU<l./NCOE,N.JDES, NELE,NNEL, NP, NQ, Nl1E(400, 4) ,mOD(400), 

1 NDF(400), IBPS(400,4) ,SECPR(400, 4) ,DEl<, 'IH(400,4) ,VIS, 
2 GELCO(400, 2) ,GCOE(800) ,BCVL(400) ,BClIC(400, lrJ), 
3 A(4, 4) ,M(40 0,4) ,B(4"11J, 4) ,C(400, 4) ,AREA(4"10) ,W,COOR, 
4 RESULT, UNITl, IUlUT2 

001t1a'1/BlK8/MI'KVD(200, 200) ,MKVD(400, 4, 4) 
CCM-lm/B1Kl6/T(4) ,S(4) 
CCl.f1m/B1Kl8/C1 (400) ,C2(400) ,C3(400) ,C4(400) ,C6(4"10) ,C8(40"1) 

DO 10 1=1, !'ODES 
DO 10 J=l,tlODES 
11TKVD(I,J)='1.0 

10 CCNITNUE 
DO 1 I=l,NODES 
IF(OCAC(I,13).tlE.0.0) GO 'ID 5 

1 CCNI'INUE 
RErtJRN 

5 HRlTE(W,1!'J0) 
100 Fn~T(//I,5K,'*************************************' I 

1 ! ,SlC, '* RESULT OF DIFUSION lICl'ION MATRIX *', 
2 /SX,I*****************************~*******t) 

C-----cAI!:UU\TION OF !-IKVD AND MT'.<ZVD 
DO 30 LE=l,NELE 
DO 20 1=1, NNEL 
DO 20 J=l,NNEL 
lll"'C1HE (LE, I ) 
IN=N11E (LE, J) 
T1='l' (I )+T (J) 
T2='l'(I )*T(J) 
Sl=S(I)+S(J) 
S2=S(I)*S(J) 
C21=Cl (LE )*C8 (LE )-C3 (LE )*C6 (LE) 
C22=C2(LE)*C3 (LE)-Cl (LE)*C4(LE) 
C23=C2 (LE)*C8 (LE)-C4(LE)*C6 (LE) 
C24=2.0*C21*(S2/3.0+1.0) 
C25=2.0/3.0*(Sl*C22+S2*C23)+2.0*C23 
VD1=(-1. 0)*DEN/8. "1 
VD2=(Tl*C24+T2*C2S)/3.0+C25 
MKVD(LE,I,J)=VD1*VD2 
I1TKVD(IN, IN)=MTKVD (IN, IN)-ttlKVD (LE , I, J) 

20 CCNTINUE 
IF(RESULT.NE. 'YES') GO 'ID 30 
WRITE(H,110) Le: 

110 FORMAT ( '11TKVD MATRIX ELEMENT m.' 12) 
DO 120 I=l,NNEL 

12'1 NRITE(H, 130) «LE,NME (LE , I) ,111E(LE,J) ,MI<VD(LE, I,J)) ,J=l,NtlEL) 
130 FORMAT(3X,4('I-IKVD(' ,13,',' ,12,',' ,I3,IX,' )=' ,E10.3,2X» 

30 CCNTINUE 
WRITE (H, 140) 

140 FmlllT Cl / /' TOTAL GIDBlIL MATRIX MTKVD' ) 
C 

C 
CALL PRINT(NODES,MTI<VD,W) 

REI'URo.'1 
END 
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SUBROUI'HlE PRINT (NODES, MTK, W) 
c 
C--- TIllS SUBROtJT'lllE IS ID PRlllT OVERAIL MATRIX 
C 

C 

ll1PLICrr REAL*3 (A-H, M, o-Z) 
. INTEGER vi 

DIHENSION JJ(200, 5) ,MTK(200, 200) 
C--DEFlliITION OF lvRITlllG FORM. 

lCi'1SE=0 
DO 200 ll1=l,NODES 
IF(5*1l1.GE.NJDES) 00 ID 250 

2'210 CCNrINUE 
250 lCASE=ll1 

IF(ICASE.EQ.l) 00 ID 550 
ItlN=ICASE-l 
DO 300 J=l,llm-
DO 300 K=l,5 
JJ(J,K)=S*(J-l)+K 

300 CCNrHlUE 
DO 500 J=l,lllN 
1'ffiITE(H,350) (JJ(J,K),K=l,5) 

350 FORMAT(lH ,l4X,5(I3,l2.'C» 
DO 400 I=l,NODES 

40"1 1'1P.ITE(H,450) I, (MTK(I,JJ(J,K» ,K=l, 5) 
450 FORMAT{lH ,3X,I3,3X,5(E10.3,4X» 
5"10 C~lUE 
550 IK=NODES-5*(ICASE-l) 

DO 560 K=l,5 
JJ(ICASE,K)=5*(ICASE-l)+K 

560 Caffl..'lUE 
l'IRITE(W,600) (JJ (ICASE; K) ,K=l, IK) 

600 FORMAT(lH ,l4.'C,5(I2,l2X» 
DO 650 I=l,IDDES 

650 1'ffiITE(W, 7"10) I, (MTK(I,JJ(ICASE,K» ,K=l, IK) 
700 FOR/lAT(lH ,3X,I3,3X,S(E10.3,4.'C» 

RE'I'URN 
END 
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SUBROTJrINE SOLVE 
C 
C TlIlS SUBROlJrINE FIND '!HE UNKNOolN VAI1JES OF !?lJ:J,ti AND PRESSURE. 
C 

C 

IMPLICIT REAL*B(A-R,M,o-Z) 
nlTEGER W 

C C----~1CMENCIATURE---- ---c 
C C C 
C C ID. OF R'la-IN P VAIIJE--NP C 
C CID. OF KNa-1N Q VAIIJE--NQ C 
C C mDE ID. OF KUa~T P -NDP C 
C C IDDE ID. OF KNam 0 -..'IDQ C 
C C ~lEl\U SURFACE VEI.CX:ITY -UX, UY C 
C C MEAN BOOY FORCE --BX, BY C 
C C C 
C C C 
C C C 
C 

COMN/BLKl/ 11COE,llODES,NEI.E,NNEL, NP,NO, NME(4010, 4) ,tN:lD(400) , 
1 NDF(400) ,mpS(4010,4) ,SECPR(400,4) ,DEN, Tli(40q,4) ,VIS, 
2 GEICO(400,2) ,GCOE(800) ,BCVL(40'11) ,BCAC(400, 10), 

162 

3 A(4,4) ,AA(400,4) ,B(409.1,4) ,C(400,4) ,AREA(400) ,W,CCOR, 

C 

4 nESULT, UNIT1, IUNIT2 
CCM1CN/BU<2/Ml.'KP(20'11, 2010) ,MKP(2001, 20(3) ,I1TKP1 (2013, 2'1101) ,MP (4010, 4,4) 
CO>MW/BIl<3/MrI<IlX(2"10, 20(}) ,MKl.lX(400, 4, 4) 
COMMW/BLK4/MTKUY(200,201eJ),MKUY(40(},4,4) 
CCM'1W /BIK5/HI'KBX (2010, 2010) ,MKBX (400, 4, 4) 
CCM1W/BLK6/1-fI'KBY(200, 200) ,HKBY(40eJ, 4, 4) 
COMMW/BLK7/HI'I<H(2001, 2'1101) ,MKH(4<I13,4,4) 
CCM1CN /BLK8/MrKVD (20'11, 200 ) ,1·lKVD (400, 4, 4) 
C01l1W/BLK9/Q(400) ,P(4"1q) ,QIN,Q)lJr, Wlv,QEL(400, 4) 
CaMW/BLKl4/ CFX(400),CFY(400) 
CCM'1<N/BU<20/UX(400) ,UY(400) ,BX(400) ,BY(4010) ,H(400), \lD(400) 
CCM1W/BLK?1/FXI,FX2,FYl,FY2,RFI,RF2,TQ1,TQ2 
~T/BLK22/TFXl,TFX2,TFY1,TFY2,TRF1,TRF2,TORQ1,TORQ2 
CCM1<l1/BLK23/NDQ (400) ,UDP (400) 
DIMl'11SION 001 (40'11) ,002 (400) ,003(400) ,004(400), 

1 005(400) ,006(4010) ,007(400) 
DIMENSION 0012 (400) ,0013 (400) ,0014(4001) ,0015(400), 

1 0016(4010) ,0017(400) 
DIMl'11SION 0021 (400) ,0022 (400) ,0023 (49.1'11 ) ,CQ24 (40'11) , 

1 0025(400),0026(4001) 
DnIDTSION 0027 (4'10) ,01 (49.1"1) ,Q2 (400) ,PI (4001) 

IP=3 
C -----------c 
C CllICUIATION OF FU:Jfl ACTION VAIDES C 
C ------c 

C 

IF(IUNIT2.EQ.2) GO TO 201 
DO lPJ I=l,IDDES 
CFX(I)=0.0 
CFY(I)=0.0 
UX(I)=-1.0I*(BCAC(I,l)-BCAC(I,2»/2.0I 
UY(I)=-1.0*(BCAC(I,3)-BCAC(I,4»/2.'1I 

10 CCNI'INUE 
00 ID 35 

20 DO 3"1 I=l,IDDES 
PJ\.D=GCOE(I) 
~OE(HUODES) 
IF(<xx)R,EQ. 'MD') GC) TO 21 
ANG=3.141592654/180,0*ANG 

21 SN=DSIN(Ac"JG) 
CS=DCOS(AN3) 
UXl=PAD*BCAC(I. 1 l*SU 
UX2:;;RAD*P.Ct"\C( I, '2 *3H 



UX2=RAD*PCAC(I,2)*sn 
UY1=RAD*BCAC(I,1)*CS 
UY2=RAD*BCAC(I,2)*CS 
UX(I )=(mG.-tJX2) 12. fl 
UY(I)=(-1.0)*(UY1~2)/2.0 

30CCNTINUE 
35 00 40 I=l,NJDES 

H(I)=PCAC(I,9) 
~(I)=PCAC(I,10) 

40CCNI'INUE 
C------------------,--------~c 
C c::AJ:CUL1\.TION OF BODY FORCES C 
C---- ,-------C 

C 

00 41 IE=I,NELE 
00 41 I=l,NtlEL 
IN~(LE,I) 
BX(IN)=(PCAC(IN, 5)+BCAC(nr, 6» 12.0 
BY(IN)=(BCAC(nr,7)+PCAC(L~,8»/2.~ 

41 CCNI'INUE 

C ---c 
C CAI.CillATION OF CEN'l'RIFU:}AL FORCE C 
C C 

C 
C 

CAlL CFORCE 
00 50 I=I,NJDES 
BX(I)=9X(I)+C?K(I) 
BY(I)=BY(I)+CFY(I) 

50 CCNTINUE 

_---' ----(C 
C PRINT AIL 'rHE FIJ:J.'l ACTIOL-q. VAIllES CAI.CUL/>u."'ED. C 
C --C 

WRlTE(W, 51) 
51 FORMATUI, 'I' ,40('-'), 'I', 

1· 1'1 FILM ACTION WillJES (MEAN VAIDES) I', 
2 1'1 rncillDmG CEi'lTRIFU3AL FORCES. I' , 
3 1'1',40('-'), 'I', 
4 115X, 'SHEAR ACTION (X-DIRECTION) •••••••••• UX', 
5 15X, 'SI1EI\R ACTION (Y-DIRECl'ION) .......... UY', 
6 15X, 'CENI'RIFffil\L FORCE (X-DIRECTION) ••••• CFX' , 
7 15X, 'CENTRIFU}AL FORCE (Y-DIRECTION) ••••• CPY' , 
8 15X, 'TOI'AL BODY FORCE (X-DIRECTION) •••••• BX (=BX+CFX)', 

'9 15'1:., 'TOrAL BODY FORCE (Y-DIRECTION) •••••• BY (=BY+CFY)', 
1 15X, 'Sa;EEZE ACTION (Z-DlRECTION) ••••••••• H' , ' 
2 15X, 'DIFFUSIOtr ACTION (Z-DIRECTION) ••••• • VD', 
1 1/,lX, 'NODE' ,6X, 'UX',l0X, 'UY' ,9X, 'CFX' ,9X, 'CFY', 
2 l"!X, 'BX' ,10X, 'BY' ,lIX, 'U l ,10X, 'VD') 
00 52 I=l,tlODES 

52 WRITE(W,53) I, UX(I) ,UY(I),CFX(I) ,CPY(I) ,BX(I) ,BY(I) ,H(I), VD(I) 
53 FORMAT(2X,I3,8(2X,E10.3» 

C~(IHlTKP(I,J)*P(J) I,J=l,tlODES 
IF(NODES.LE. (NP-tNQ» GO 'ID 7~ 
WRITE (Iv, 60) NODES, NP, NO 

6~ FORMAT(lH1./11110X, '** SOLVE 'lliE EWATIONS **' 
111,10X, 'NODES=' ,I4,10X, 'NP=' ,I4,1"'X, 'NQ=' ,14, 
211 , 10X, ,*** nlCCNSISTENT ***S'lDP***') 

S'lDP 
70 CCNTINUE 
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C 
C:--
C 

.----.------ ---c 
ClASSIFICATION OF OJ'<STRAINED NODES C 

C'----·------ ----- -< 

C 

J=0 
K=0 
00 100 I=l,NODES 
Q(I)=0.0 
P(I)=0.0 
IF(i-IDF(I) .EQ.1) GO 'ID 110 
IF(NDF(I).EQ.2) GO 'ID 120 

110 J~+l 
Q(I)=BCVL(I) 
en 'IQ 100 

120 K=K+l 
P(I)=BCVL(I) 

100 C~"l'INUE 

IX) 250 I=l,mDES 
C--LET AIL INITIAL VlilllES ZERO. 

ool(I)=0.0 
oo2(I)=0.0 
003(I)=0.0 
oo4(I)=0.fl 
oo5(I)=0.3 
oo6(I)=0.0 
007(I)=0.0 

2513 C(])'lTlllUE 
IF(NP.NE.eJ) GO 'ID 500 

C 
C C 
C CASE-I IF AIL FIDi VAliJESARE KNOqU C 
C C 

IX) 350 I=l,NODES 

C 

00 3"10 J=l,t~DES 
ool(I)=OOl(I)+MTKP(I,J)*P(J) 
002 (I )=002 (I )-IHTKlJX(I,J)*UX(J) 
003 (I )=003 (I )-tt!T!<UY(I,J)*UY(J) 
QQ4(I)=OO4(I)+MTKBX(I,J)*BX(J) 
005 (I )=005 (I )-ttm~Y(I ,J) *BY(J) 
QQ6(I )=006 (I )-IMTKH(I, J)*H(J) 
oo7(I)=OO7(I)-tt~(I,J)*VD(J) 

300 CCNI'INUE 
Q(I)=Q(I)+QQ1(I)-(QQ2(I)+QQ3(I)+QQ4(I)+QQ5(I)+QQ6(I)+QQ7(I» 

350 CCNI'INUE 

C---c.l\LCllLATE '!HE INVERSIID MATRIX OF t1I'KP. 
CALL HB02A (HI'KP,!1KP, NODES, IP) 
DO 400 I=l,NJDES 
IX) 400 J=l,mm:S 

C--TIlE t1ATRIX !1TKP HAS BEEN INVERI'ED. 

C 

P(I)=P(I)~VITKP(I,J)*Q(J) 
400 CctITL."IDE 

en 'ID 955 

5001 IF(NQ.NE.0) GO 'ID 700 
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C ---c 
C CASE-2 IF AIL P~SURE VAWES Jll'.E KNO'IN. C 
C ---c 

C 

[X) 650 I=l,tDDES 
[X) 6010 J=l,N:)DES: 
OOl(I)=QQl (I)itfr.KP(I ,J)*p(J) 
OO2(I)=QQ2(I)+MTKUX(I,J)*UX(J) 
003 (I )=QQ3 (I )it1TKUY(I,J)*UY(J) 
004(1 )=QQ4(I )+MTKBX(I,J)*BX(J) 
005(1 )=QQ5(I )itITKBY(I,J)*BY(J) 
006(1 )=QQ6(I )-IMTKH(I ,J)*H (J) 
OO7(I)=QQ7 (I)+MTKVD(I,J)*VD (J) 

600 CCNl'INUE 
0(I)=Q(I)+QQl(I)+(OO2(I)+QQ3(I)+QQ4(I)+OO5(I)+QQ6(I)+QQ7(I» 

650 CCNl'INUE 
00 'ID 955 

C:------------------ -------(c 
C CASE-3 FORM srAHDA!ID PROBIEM C 

C:------------------------------c 
C 
Cl 
C 
C 
C 

DIVIDE AIL 0 AND P nrro KNOI'IN Ql,P2 AND UNI<No:'1N 02,Pl 
1 Fn1D UNKNo:-IN VAIDE PI (I) 
01 (KNCWN)=tfr.KPll *PI (UNKNClt-lN) +lfr.KP12 *P2 (KIJO.vU) 

700 [X) 830 I=l,NQ 
C--LET AIL INITIAL VAllJES ZERO. 

001(1)=0.01 
002(1)=0.01 
0012(1)=0.0 
CQ13(I)=0.0 
0014(1)=0.0 
0015(1)=0.01 
0016(1)=0.0 
0017(1)=0.0 
CQ21(I)=0.0 
0022(1)=0.01 
0023(1)=0.0 
0024(1)=0.0 
0025(1)=0.0 
0026(1)=0.0 
0027(1)=0.0 
[X) 800 J=l,UQ 
MTKPl(I,J)=tfr.KP(NDQ(I) ,NDQ(J» 
0012(1 )=QQ12 (I)it-1TKIJX(NlXl(I) ,NDQ(J) )*UX(NDQ(J» 
0013 (I )=QQ13 (I )it1Tl<IJY(NIJQ(I) ,NCQ(J) )*UY(NDQ(J» 
0014(1 )=QQ14(I )+MTKBX(NDQ(I) ,t1LQ(J) )*BX(tlIlQ(J» 
0015(1 )=QQ15 (I )+MTKBY(tlIlQ(I) ,NDQ(J) )*BY(NDQ(J» 
0016 (I )=0016 (I )it1TKH(tlIlQ(I ) ,tlCQ(J» *H(tlIlQ(J) ) 
0017 (I )=QQ17 (I )-IMTKVD(NIJQ(I ) ,1lCQ(J) ) *VD (NIJQ(J) ) 

800 CCI'lTINUE 
001 (I)=QQ12(I)+QQ13 (I)+QQ14(I)+QQ15 (I)+QQ16(I)+QQ17 (I) 
IX) 811?! J=l,NJ? 
0021 (I )=QQ21 (I )+lfr.KP(NI:Q(I ) ,NDP(J» *P (NDP (J) ) 
0022 (I )=QQ22 (I )+l1TKUX(l'lIlQ(I) ,NOP (J) )*UX(tIDP (J» 
0023 (I )=QJ23 (I ) +l1':'KIJY (NDQ (I), NOP (J) ) *UY(NDP (J» 
0024(1 )=QJ24(I)+MTKBX(NDQ(I ) ,NOP(J) )*B.'«tIDP(J» 
0025 (I )=QQ25 (I )-h'1TKBY(UCQ(I) ,NOP(J) ) *BY(NDP(J) ) 
0026(1 )=QQ26 (I )tMTKH(tlIlQ(I) ,NDP(J» *H(NDP (J» 
0027 (I )=QQ27 (I )+llTKVD(NCQ(I) ,NDP(J) ) *VD (NDP(J) ) 

810 CCNl'INUE 
CQ2(I)=QQ21 (I)+QQ22 (I)+QQ23 (I)+QQ24(I)+QQ25(I)+QQ2G(I)+OQ27(I) 
01(I)=Q(NDQ(I»-(001(I)+QQ2(I» 

83'" . CONTlllUE 
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C2--AIL f'T.£U VAIIJES Q1 I-lII.VE BEEN Cl\I.CULATED. 
C--FlND UNKNOWN PRESSURE PI. 
C--MAKE TIN. MATRIX OF 1-1TKP1 (NCQ(I) ,NlXl(I» 

IF(UQ-1)950,840,950 

C 

840 MTKPl(I,1)=1.0/m'KP1(1,1) 
GO 'ID 850 

850 CAIL MB02A(MTKP1,MKP,UQ,IP) 
IF (RESULT .NE. 'Yl"-S') GO 'ID 8613 
WRITE(I'I',851) 

851 FORMAT(//,2X,37('C') , 
1 /,2X,'C',35X,'C', 
2 /,2X, 'c RESULT OF lNVERI'ED H?\TRIX MTKP1 C', 
3 /2X,'C',3S..{,'C', 
4 /,2X,37('C'), 
5. / / ,sx:, 'NCQ(I)') 
WRITE(H,852) (NCQ(I),l=I,NQ) 

852 FORMAT(5X,l5) 
C 

CAIL PRINT (NQ,IfI'KP1, m 
C 
C--THE MATRIX 11TI<P1 HAS BEEN INVERTED. 

8613 CCNI'INU!'! 
DO 900 l=l,t1O 
P1(l)=0.fil 
ro 900 J=I,UQ 
Pl(l)=Pl(l)~1TKPl(l,J)*Ql(J) 

9130 CCNI'INUE 
DO 901 l=l, t10 
P(UDQ(I))=Pl(l) 

901 CONTINUE 
C 
C3--AIL PRESSURE VAIllES ARE KNo;'/N lU~. 
C--THEN FIND um<NOi'/N FIDli VAIllES Q2. 
C 

DO 950 l=I,NP 
C3-1 LET AIL INITIAL VAIIJES ZERO. 

C 

Q2(l)=0.0 
0021(l)="I.0 
0022 (l)=0. 0 
QQ23(I)=0.0 
QQ24(l)=0.0 
0025 (l)=0.0 
oo26(l)=0.q 
0027(1)=0.0 

C3-2 CAIClJ[A."'ION OF Q? 
C-----Q2(l)=KP21*Pl+KP22*P2 

DO 911'1 J=1,NODES 
0021 (I )=QQ21 (I )-H1TI<P (NDP(l) ,J)*P (J) 
0022 (I)=QQ22(I )+HTKUX(NDP(l) ,J)*UX(J) 
0023 (I)=QQ23 (l)-tHTKUY(tlDP(I) ,J)*'JY(J) 
0024 (I )=QQ24 (I )-HITKBX(mlP(I) "J)*BX(J) 
0025 (I )=QQ25 (I )-ttlTKBY(NDP(I) ,J)*BY(J) 
0026 (l)=QQ26(I )-tHTKH(NDP(l) ,J)*I!(J) 
0027(1 )~27(l )#lTI<VD(HDP(l) "J)*VD(J) 

910 CctITINUE 
Q2(l)=QQ21(I)+OO22(l)+QQ23 (I)+QQ24(l)+OO25(I)+OO26(l)+OO27(I) 
Q(NDP(I ))=<22 (I) 

950 CONTINUE 
C--AIL FUH \lAlIJES H'WE BEEN C1\ICTJIA':!.'ED 
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C C1\I.CUIATION OF INllARD and Cl.]TI'IARD FID' (Qin, (Put ) C 
C'----- ,---------c 

955 QIN=0.0 
oour="l.!'l 
IX) 970 I=l,NODES 
IF(Q(I) .LT.0.0) GOTO 960 
OOur=QJUf-tQ (I ) 
00 'ID 97"1 

960 QIN=QIU-tQ (I) 
970 CCNI'INUE 

QIN';'flABS (Qill) 
C5--cAI.ClJ[ATIOH OF LOAD CAPACITY 

WI'1=0.0 
(IWI) 

C 
C 

IX) 990 LE=l,NELE 
PP=0.0 
IX) 980 I=l,Hl'lEL 
PP=PP+P (NHE(LE,I» INNEL 

980 CCUI'INUE 
Wli""J\l+PP*AREA(LE ) 

99"1 CCNI'INUE 
------------ C 

CAIA."UI.ATIOH OF FRICTION FORCE: AND 'IDRCUE. C 
C:-------------------------------~C 
C 

IX) 1"100 I=l,NODES 
IX) 1000 J=l,4 
IF(OCAC(I,J) .NE."I.0) GO 'ID 1001 

1000 CCNI'lllUE 
00 'ID 1100 

1001 liRITEN,1002) 
10'012 FOFl!:1!IT(/II, '*' ,60( '*'), '*', 

1/' * C1I.I.CUlATION OF FRIcrION FORCE AND 'IDRCUE OF E1\CH ELEMENT *' 
2 1'*' ,60 ('*'),'*') 
WPJTE(H,lI0103) 

1003 FORMAT(//,l6X, 'WIER SURFACE' ,35X, 'UPPER SURFACE', 
1 11, 'ELEMENT' ,2X, 'X-Direction' ,2X, 'Y-Direction' ,3X, 
2 'RESULTANT' ,5X, 'F.'lDRGUE' ,4X, 'X-Direction' ,2X, 'Y-Direction' , 
3 3X,' RESULTANT' ,4."'<, 'F. 'IDRCUE ' ,I, ) 
TFJG.="I.0 
TFYl=0.0 
TRF1=0.0 
TFX2=0.0 
TFY2=0.0 
TRF2=0.0 
'IDRQ1=0.0 
'IDRQ2=0.0 
IX) 1010 LE=l,NCLE 

C 
CALL FFORCE (LE) 

C 
C 'lDI'AL FP.ICTIOH FORCE CAICt.ILATION 

TFJG. =rFXl. +FXl 
TFY1=rFY1 +FYl 
TP,F1 =TRFl-ffiF1 
TFX2=TI'X2+FX2 
~-tFY2 

TRF2=TRF2-ffiF2 
IF(CCOR.NE.'PO') GO 'ID 1004 

C 
C 'IOTAL 'IDRCUE CALCULATIOn 

'IDRQ1=I'ORQl-1'I'Ql 
'IDRQ:<='IORQ2-1'I'Q2 

1004 HRlTE (lV,lI0105) LE,FXl, FYl, RPl, 'NI, FX2, FY2, RF2, TO? 
1005 FORMAT (3X, 13, 3X, A,(E10. 3, 3X), LX, 4(E1"1. 3, 3X» , 
1110 CONTlllUE 
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c-
c 

----------------------c 
CAlCUlAT10N OF ELEMEl'IT FU:1NS c 

-----<C c 
c 

IF{RESULT.'EQ.'XX') GO 'IQ 1006 
11130 00 2000 LE=I,NELE 

C 
00 2000 1=I,NNEL 

C INITIAL VAIIJES ARE ZERO 
EP=0.CI 
EUX=<'l.0 
EUYdJ.0 
BXErr--4.0 
BYEL--4.0 
lli=0.0 
EVDdJ.rf 
00 2001 J=I,NNElo 
IN=NME{LE,J) 
EP=ZPH1P{LE,1,J)*P{JU) 
E'JX=EUX-INKIlX (LE, I, J) *UX{JN) 
EUY=EUY-HlKUY{LE, I, J)*UY{J.N) 
BXEL=BXEL-H·1KBX (LE, I, J) *BX (IN) 
BYEL=BYEL+MKBY{LE,1,J)*BY{JN) 
lli=EH-tMKH {LE , 1,.J)*H{JN) 
EVD=iND-H1KVIl (LE, I, J) *VD (IN) 

2'101 ccnrJ3IUE 
QEL{LE,1)=EP+EUX+EUY+flXEL+!lYEL+'ZH+EVD 

2'100 CCNl'INUE 
IF{RESULT.EQ. 'XY') GO 'ID 1006 
WRITE{W, 201'1) 

2010 FOPMAT{j / / ,19{' *') ,/'*' ,17X, ,*, , . 
1 /,'* ELE11ENT F'IDNS *',/,'*',17X,'*',/,19{'*'» 
00 2015 LE=I, llEIE 
IF{NllEL.EQ.4) GO 'ID 2012 
r1RITE{tl, 2011) LE, (NllE(LE, I) ,1=1, 3) , (QEL {LE , 1),1=1,3) 

2011 FQ~T{j,2X, 'ELEMENT NO.' ,13,3X, 'NODE NO.' ,3(9X, '~1Q.' ,13), 
1 /19'A:, 'ELEMElJT FU:11'1' ,3(3X,El2.5» 

GO 'IQ 2015 
2012 WRITE (1'1,2013) LE, (NllE (LE , 1),1=1,4), (QEL(LE, 1),1=1,4) 
2013 FOW/IAT{j / ,.2X, 'ELEMEUr ~D. ' ,I3,/5X, 'NODE ~. ' ,4(9X, 'NO. ' ,13), 

1 /5X, 'ELEMThIT FITU' ,4(3X,El2.5» 
2015 CCNl'INUE 
L'J06.REI'URN 

END 
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C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 

cccccccccccx::cCCCCCCCCCCCCCCCCC 
C (~0~) C 
C 'IRIS ROUI'INE IS C 
C 'TO MAKE INVERSED MATRIX C 
C C 
CCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUl'INE M130~ (A, C, M, IP) 

IMPLICIT REAL*S(A-H,o-Z) 
DIMUISIOU A(200, 200) ,C(200, 2(0) 
DIMENSION D(400) ,IND(400) ,JND(400) 

NII\X=0.l'J 
DJ 2 I=I,M 
JtID(I)=I 
TIlD(I)=I 
DJ 2 J=I,M 
IF(DABS(A(I,J»-~)2,2,3 

3 N1AX=DABS(A(I,J» 
14=1 
J4=;J 

2 CCN'!'INUE 
D(I)=1.0 
M1*1-1 
DJ 11 J=I,~~1 
r=-( I<hJ)6, 6,4 

4 D(l)=-D(I) 
IS'ID=nID (J) 
ItlD(J)=I!ID(I4) 
nID (14 )=IS'TO 
DJ 5 K=I,H 
SI'O=;,\(I4, K) 
A(I4,K)=A(J ,K) 
A(J,K)=S'ro 

5 Ca'lTINUE 
6 IF(J<hJ)8,8,9 
9 D(I)~D(I) 

IS'ro=0lID (J) 
J1lD (J)=JND (J4) 
JtID(J4)=IS'TO 
DJ 12 K=I,M 
S'ID=A(K, J4) 
A(K,J4)=A(K,J) 
A(K,J)=S'ro 

12 CONTINUE 
8 l\MAX=0. 'l 

Jl=J+l 
DJ 11 '"[=Jl,M 
STO=-A(I,J)/A(J,J) 
DJ 10 K=I,M 
A(I, K)=.ZI.(I,K)+S'ro*A(J ,K) 
I?(K..,J)10,10,15 

15 IF (DABS (A(I,K» -N1A.,,{)10, 101, 17 
17 A!1AX=DABS(A(I,K» 

14=1 
J4=K 

10 CCNTIUUE 
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10 CCNrlllUE 
A(1,J)=STO 

11 CCNl'lllUE 
ro 18 1=l,l1M 
D(1+l)=D(1)*A(I,1) 

18 CctrrlllUE 
DET=p (M)*A(M,M) 
PRODl=1.0 
IF(1P-2)99,19,16 

16 PRODl=1.0!DET 
19 DO 2('1 J=l,M 

ro 21 K=l,J 
C(K,J)=0.0 

21 CCNl'lllUE 
ro 22 K~,H 
C(K,J)=A(K,J) 

22 CCNl'lllUE 
C(J,J)=1.0 
PROD=l?RODl 
ro 30 1=l,MM 
12=1:1-1 
Il=12+l 
SI'Ol=C(Il,J) 
C(1l,J)=D(1l)*STOl*PROD 
IF(DABS(STOl)-DABS(A(1l,1l»)25,25,26 

25 STO=STOl/A(Il,1l) 
ro 27 K=l,12 
C(K,J)=C(K,J)-SI'O*A(K,~l) 

27 CCNI'INUE 
PROD=l?ROD*A(1l,Il) 
OJ 'IQ 30 

26 ~(1l,1l)/SI'Ol 
ro 28 K=l,I2 
C(K,J)=A(K,1l)-STO*C(K,J) 

28 CCNl'lllUE 
Pl1OD=-PROD*STOl 

30 cctrrnlUE 
C(l,J)=D(l)*C(l,J)*PROD 

20 CCNl'lllUE 
ro 40 1=1,11 
K=IND(1) 
ro 40 J=l,11 
IMJND(J) 
A(L,K)=C(J,1) 

40CCNI'INUE 
99 CXNI'lllUE 

RETURN 
END 
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C 
C 
C 
C 
C 

C 
C 

C 

C 

SlJ!3ROU!'INE curPlr.' 

lMPLICIT REAL*3(A-!I,M,o-Z) 
lNJ.'EGER ~T 

cccccccccccccccCcccCcccccccccC 
C 'lHIS StlBROUI'INE L'3 C 
C 'ID PRll'IT cur P-ESULTS OF C 
C VARIOUS PROPERTIES C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

CO-r'OJ/BIXlI NCOE,troES,NELE,llNEL,llP, UQ,t1!-1E(400, 4) ,NNOD(40C'J), 
1 NDF(40'1) ,IBPS (400,4) ,SOCPR(400, 4) ,DEll, nJ(400, 4), VIS, 
2 GELCO(400, 2) ,GCOE(800) ,BCVL(400) ,BCAC(400, 10), 
3 A(4,4) ,M(40'1,4) ,13(400,4) ,C(400,4) ,APEA(400) ,>v,CCOR, 
4 RESULT, UNITl, IUNIT2 
CCMMrn/BI1<9/Q(400.) ,P(400) ,QIN, QJUl',vll"l,QEL(400, 4) 
CCMMU1/BLKl0/TEST 
CXM-lrn/BIXl41 CFX(400) ,CFY(400) 
CCMMCN/BLK22/TFXl, TFX2, 'IFYl, 'IFY2, '!'RPl, TRF2, 'IDRQl, 'IDRQ2 

WRITE(W,10) . 
10 FORMKr(jIIII,27('C'1,/, 'c' ,2Sl{, 'C', 

1 I, 'c RESULT OF CAI.CULl\.TION C', 
2 I, 'c' ,2Sl{, 'c' ,/27('C')) 
WRITE(W,1'10) TEST 

1013 FQRtJJKr (j I, 'Z;{, 'XlO:lOO:lOOOOOOOO(J()(J(J()(J)Q{X)Q{XXXXXXX:xXJ<:xlO:lOOOOOooo( , 
2 I, 'Z;{, 'X L RESULT OF SYSTE11 FlOi,S AND PRESSURES X' , 
4 I, 'Z;{, 'XXlC!(J()OCOOXXX!(J()O(JQ()(XXXlOOCOOOOOO<XXlC!(J()OCOO:XXXX 
511,2)(, 'TEST WIME ••• ' ,AS0, 
6111 ,'Z;{, 'NODE' ,ex, 'GLOBAL CO-:ORDINA.TES' ,13X, 'FI.CM' ,I%:, 'PRESSURE') 

IF (CCOR. m. 'PO ') GO TO 120 . 
WRITE (W, 110 ) 

110 FORMAT(2X, 'NUHBER' ,9X, 'X' ,13X, 'y' ,14X, 'Q(I)' ,9X, 'P(I)') 
GO 'ID 140 

120 IVRITE (1-1, 130) 
130 FORr1AT(2X, 'NUMBER' ,OX, 'RADIUS' ,ex, '~' ,14X, 'Q(I)' ,9X, 'P(I)') 
140 IX) 201'1 I=l,OODES 
2130 WRITE(W,30 0) I, (GELCO(I,J),J=I,N:OEl.Q(Il.P(I) 
300 FORHAT(3X,I3,Sl{,El0.3,4X,E10.3,6X,El?.5,4X,E12.5) 

I<1RITE(H,4."l0) QIN,CPUT ,~M 
400 FORMKr(/II,2X, 'XXXXXXXJO:X)QQ(', 

1 12X, 'X 2. 'IOI1IL FIJM X', 
2 12X, 'XXXXXXXJO:X)QQ(', 
3 11 ,Sl{, 'Inward Flow ••••• QL..,=' ,E12.5, 
4 1,Sl{, 'OUt~lard Flow ••• QotIt=' ,E12.5, 
5 11,'Z;{,22('X')./,'Z;{,'X 3. IDM> CAPACITY X',/2X,22('X'l, 
6 11 ,'!iX, 'I£>ad capacity ... I~I=' ,E12.5) 

IF(CCOR.EQ. 'po') GO TO 7001 
IVRITE(H,6!30) 

600 F0ru1AT (j I' END OF PRINT') 
700 IX) 750 I=l,NODES 

IF( CFX(I) .tlE. 0. 0) Cl) 'ID 800 
IF(CFY(I) .llE.0.0) Cl) TO 8130 

750 CCNI'INUE 
PRNO=1.0 
Cl) 'ID 905 

8013 I-1RITE (11, 900 ) 
900 FORl1AT(j,7X, 'CENTRIFU:3AL FORCE HAS BEEN ClllSIDERED.') 
905 IX) 9101 I=l,NJDES 
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C 

905 IX) 9LI?J I=1,IDDES 
IX) 910 J=1,4 
IF(OCAC(I,J) .NE.~.I'I) GO ID 950 

910 CCUrnlUE 
GO ID 11'11'12 

C---PRlllT 'TBE RESULT OF FRICI'IO~ FORCES AND FIUCI'ION 'TORQJES 
950 I'/RITE (W, 11?J(0) TFXl, 'IFYl, TRF1, TFX2, TFY2, TRF2 

1000 Fcr?llAT(///ZX,29('X')'/,'J){, 'X 4. TOI'AL FRICI'ION FORCE X', 
1 /,'J){,29( 'X')./ / ,16X, 'LCNER SURFACE' ,29X, 'UPPER SURFACE', 
2 / /, 4l{, 'X-Direction' ,3X, 'Y-Direction' ,3X, 'RESULTANI" , 7X, 
3 'X-Direction' ,2X, ·Y-Direction',3X, 'RESULTAtlr', 
4//,5X,3(E10.3,3X),3(3X,E10.3» 

IF (PRtO.E;}. 1. 0) GO 'TO 1002 
WRITE (W, 1(01) 'fORQ1, 'fORQ2 

1001 FOO1M(///,'J){,30('X'),/2X, 'X 5. TOI'AL FRICI'ION 'fORCUE X', 
1 /ZX,30('X').//,5X, 'TOTAL IDRCUE CN W'lER SURFACE •• TQ1=' ,El2.5, 
2 //5X, , UPPER SURFACE •• TQ2=' ,E12.5) 

1002 WRITE(W, (00) 
RETURN 
END 
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c 
c 
c 
c 
c 

C 
SUBROUI'INE CFORCE 

cccccccc ~ ~ cccccccc 
C THIS SUBROurINE IS TO C 
C CALCUIATE '!HE CENTRIFU'"'.oAL FORCES C 
C ill IDI'ATllIG PROBlEM C 
CCCCCCCC CCCCCCCC 

C 'InIS rournlE IS AVAIIJ\BIE FOR alLY TRLl\J'mJLAR ELEMENT 
C BEx::AUSE OF' '!HE TREI\'IMENr OF MASS. 
C 

C 

C 

C 

C 

IMPLICIT REAL*9(A-H,M,o-Z) 
nl'I'EGER W 

CCM1CN/IlLKl/ NCOE,mDES,NEIE ,NNEL,NP,NQ,NME (40'1, 4) ,NNOD(400) , 
1 NDF(400) ,IBPS(400, 4) ,SECPR(400,4) ,DEN, 'IH(400,4), VIS, 
2 GEICO(400, '2) ,GCOE(90"1) ,BCVL(40"1) ,BCAC(40"1,I"1), 
3 A(4,4) ,M(4"10,4) ,3(400, 4) ,C(4"1"1, 4) ,AREA(400) ,W,COOR, 
4 RESULT, UNITl, IUNIT2 
ca-lMCN/BIKl4/ CE'X(4P.10) ,CE'Y(40"1) 
DIMENSION RAD(40(1J) ,AU:> (400) ,AG(4'1"1), S(4"10) 
DIMEllSION CF(400) ,FC(40"1) ,FX(4'1'3) ,FY(4"10) 

IF(COOR.NE.'PO') 00 TO 1000 
IF(IUNIT2.NE.2) 00 TO 1.0£10 

IX) 1"1 I=I,NJDES 
IF(B:AC(I,I) .NE.'3.0) GO TO 20 
IF(0CAC(I,2).NE.0.0) GO 'ID 20 

1"1 CCNTlllUE 
RETURN 

2"1 WRITE(W,IOJ3) 
C--ALL INITIAL VAlllES ZERO 

FCX~.0 

C 

FCY=0.!'J 
IX) 30 I=I,tlODES 
CE'X(1)=0.0 
CE'Y(1)=0.0 
RAD(1)=0.0 
ANG(1)=0.0 
S(I)~.0 
FC(I)=0.0 
FX(I)=0.OJ 
FY(I)=0.0 

30 CCNTINUE 

C--AIlRANGEMENT OF COORDINATE 
DJ 40J 1=I,OODES 
RAD(1)~OE(I) 
ANG(1)=GCOE(Itl>TODES) 
IF(UNITl.EQ. 'RAD') GO TO 45 
AtIG(1 )=.'ING(I )*3 .141592654/18"1. PI 

40 CCNrINTJE 
45 IX) 50 IE=I,NEIE 

IX) 50 I=l,NNEL 
C--cAICULATION OF CENTRIFUGAL FORCE 

K=l\IME(LE,1) 
AG(K)=GCOE(K+~ODES) 
AVl=BC.'\C(K,l) 
AV2=BCAC(K,2) 
IF(AVl-AV2.EQ.0.PI) GO 'ID 601 
AV3=(AV2-AVl)/TH(LE,I) 

Fl=(AV3*TH(IE,1)+AVl)**3-AVl**3 
F2=Rl',o(K)*DEtI/ (3. "I*TH(m, I) *A.V3) 
F=Fl*F2 
GO TO 61 

6'1 F=?J\D (K) *DEN*!Wl **2 
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60 F=RAD(K)*DEN*AVl**2 
C--ASSEMBVI SI'EP 

61 FC(K)=FC(K)+F 
S(K)=S(K)+1.0 
IF(UNITl.EQ. 'DEG') GO 'IQ 62 
IF(RESULT.NE. 'YES') GO 'ID SOl 
IP(LE.GT.100) GO 'ID 50 
vIRITE(H,100) LE,K, RAD(K) ,AG(K) 

• 

100 FORMAT(/,2X, 'ELEMENT NO.=' ,13,3X, 'NODE 00.=' ,13, 
1116X., 'RADIUS=' ,El0. 3, 5X, 'AN:iLE=' ,El.l'J. 3, 'RADIAN' ) 

GO 'ID 63 
62 IF (RESULT .NE. 'yP....5') GO 'ID 50 

WRITE(H,L01) LE,K,RAD(K) ,AG(K) 
101 FORMAT(/ ,2X, 'ELEMENT NO.=' ,13, 3X, 'NODE ~O.=' ,13, 

1 116X., 'RADIUS=' ,El0.3,5X, 'Al'mE=' ,El"'. 3, 'DEG') 
63 VlRITE(H,1012) AVl,AV2,F1,F2,F 

102 FOR/1AT(6X, 'WtIER SURFACE ANGUL1\F" VEr.D::ITY •••• ' ,EI01. 3, 
1 16X., 'UPPER SURFACE Al'rnIAR VEr.D::ITY •••• ' ,E1'11. 3./1 
2 6X., 'F1=' ,E1.0.3,3X, 'F2=' ,El0.3,6X, 'CENI'RIFUJAL FORCE=' ,El0.3, 
3 4X,' ( = Fl*F2 )') 

C 

50 CO'lTINUE 
DO 70 I=l,OODES 
IF(S(I).EQ.0.0) GO 'ID 70 
FX(I )=FC(I )*DCC6 (AtG(I» 
FY(I H'C(I )*DSIN(At13(I » 
CF(I)=FC(I)/S(I) 
CFX(I)=FX(I)/s(I) 
CFY(I)=FY(I)/S(I) 

70 CO'l'I'INUE 

103 FOPMAT(//,5X., 'C--"-
1 /,5X.,'C',45X,'C', 
2 15X, 'c C.'Il.CUIATION OF CEtlTRIFmAL FORCE 
3 1 ,5X, 'c' ,l7X, ' (r1EAN FORCE VAIDE)' ,l0X, , 'C' , 

C' , 

4 15X, 'C----- ---------------------~') 
VlRITE CH, 104 ) 

104 FOFJIJKr(//2X, 'ME1\N CEN'l'RIFlJ3AL FORCE AT EII.CH NODE. 'I) 
DO 80 I=l,OODES 

80 NRITE(lV,105) I,S(I),FC(I),CFX(I),CFY(I) 
105 FORr1AT(.6X, 'nODE NO.=' ,I3,3X, 'S(I)=' ,El0.3,5X, 

1 'FC(I)=' ,E10.3,3X, 'CFX=' ,El0.3,3X, 'CFY=' ,E10.3) 
1000 REl'URN 

END 
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C 
C 
C 
C 

C 
SUBrouI'INE FFORCS(LE) 

C =S rouI'INE IS 'IQ CALCUlATE C 
C THE FRICITON roRCES AND 'IDRCUES C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

C--THIS IDTJrnlE IS 'ID CALCUIATE '!HE FRICITON roRCES AND FRICTION 'IDRQlJES 
<:: FOR TRIANGLE ELEt1lllT. 
C 

C 

CCMMCN/BIKl/NCOE,NODES ,NELE ,NNEL,NP, NQ,NME (400, 4) ,NNOD( 401'1), 
1 NDF(400), IBPS(4001,4) ,SECPR(4010,4) ,DEN,m(400, 4) ,VIS, 
2 GELCO(40fl, 2) ,GCOE(8rJlJ) ,BCVL(403) ,BCAC(4010,10), 
3 A(4,4) ,M(400,4) ,B(400, 4) ,C(400,4) ,AREA(400) ,W,CCOR, 
4 RESULT, UNITl, IUNIT2 
CCU1CN/BIK9/Q(400) ,P(4OI0) ,Qm,Will', NW,QEL(40IJ, 4) 
CCMMCN/BIKl3/DELTA(4,4) 
CCl1MaT/BIK201/UX(4010) ,UY(4fl0) ,BX(400) ,BY(400) ,H(4011J), VD (400) 
CCM1CN/BIK21/FXl,FX2, FYl, FY2, RPl, RP2, TQl, TQ2 

TXl.=0.01 
TX2=0.0 
TYl=OJ.0 
TY2=0.01 
UXl=OJ.0 
UYl=0.fl 
CX=0.01 
CY=0.0 
THICK!1=0.fl 
00 11'101 I=I,NNEL 
1l1~l!1E (LE, I ) 
TXl.=rxl.-tB(LE, I )*p (IN) 
TYl=rYl-K:(LE,I)*p(m) 
UXI=2.f1*UX(m) 
UYI=2.0*UY(m) 
UXl=UXl-tUXI 
UYl=UYI-IUYI 
T1IICKM=rHICK!li'l'H (LE, I) 
00 10011 J=I,NNEL 
JN~<ME(LE,J) 
TX2=rx2i'l'H(LE, I )*(DELTA( I,J)+1. 0)*BX(JN) 

1001 CctlTINUE 
'IHICK!1=rHICKM/3.01 
TXl.l=rxl./12.01 
TX21=rx2*AREA(LE)/6.0 
TlOl=VIS *AREA (LE ) *UXl. / ( 3 • 0*THIcrn) 
TYll=rYl/12.0 
TY21=TY2*AREA(LE)/6.0 
TY31=VIS*AREA(LE)*UYl/(3.0*THIcrn) 

C 

C 

IF(TJXl..NE.0.0) GO 'ID 120 
FXl="J.0 
FX2="J.0 
00 'ID 130 

120 FXl=(-I.f1)*(TXl.1TTX21)+TX31 
FX2=rxl.l TTX21-1'l'X31 

130 IF(UYl.NE.0.0) GO 'ID 140 
FYl=0.f1 
FY2="J.0 
00 'IQ 151'1 

1401 FYl=(-1.0)*(TYll+TY21)+TY31 
FY2=rYll+1'Y2l+1'Y31 

C----cAI0JLATION OF FRI-::rION 'IDRQ"JE 
150 RPl=OSQRT(~Al**2+FYl**2) 

RF2=osnRT(FX2**2+~I2**2) 
DJ 1002 I=I,NllEL 
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CX=GELCO(NME(LE,I),1)+CX 
CY=GELCO (N/1E (LE , I), 2)-ICY 

1002 CCtITL."JUE 
CX=OC/3.0 
CY=CY/3.Q 
TQ1=(-1.0)*CY*F.Xl+CX*FYl 
TQ2=(-1.0)*CY*FX2+CX*FY2 
RE:l'URN 
END 
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SUBROUTINE Cl'5T4(X,Y,A,LE,Cl,C2,C3,C4,C6,C8, 
1 C10,C11,C12,C13,C14,C15,C16,C17,C18,C19, 
2 C21,C22,C23,C40,C41,AREA,T,8) 

C 
C--THI8 ROUTIl'lE IS 'ID CALCUlATE TIlE <XM1CN o:::NSTAN:'S FOR MATRICES 
C-- OF PRESSURE AND Ol'HER ACI'IONS. 

C 
C 

C 

C 

n1PLICIT REAL*8(A-H,M,o-Z) 
DIMENSION X(4), Y(4) ,A(4, 4), XX(4, 4) ,YY(4, 4) ,AREA(4l'!0) ,T(4), 8 (4) 

ro 1 1=1,4 
ro 1 J=l,4 
XX(I,J)=0.0 
YY(I,J)=0.0 
XX(I,J)=X(I)-X(J) 
YY(I,J)=Y(I)-Y(J) 

1 CCNI'lllUE 
AP.EA.(LE)=0. '" 
AREAl=DABS«A(l,2)~~(2,3)+A(3,l»-(A(2,l)+A(3,2)+A(l,3») 
~S«A(l,3)+A(3,4)+A(4,l»-(A(3,l)+A(4,3)+A(l,4») 
AREA(LE )="1. 5*(A.~ +AREA2) 

Cl=(XX(3,4)-XX(2,l»/4.~ 
C2=(XX(3,4)+XX(2,l»/4.0 
C3=(YY(3 ,4)-YY(2,l» /4. OJ 
C4=(YY(3,4)+YY(2,l»/4.OJ 
C6=(XX(3,2)+XX(4,l»/4.0 
C8=(YY(3,2)+YY(4,l»/4.0 

C10=Cl*Cl+c3*C3 
Cl1=2.0* (C1*C6+C3*C8) 
C12=C6*C6+C8*C8 
C13=C10 
Cl4=2.OJ*(Cl*C2+C3*C4) 
ClS=C2*C2+c4*C4 
C16=C10 
C17=Cl*C6+C3*C8 
Cl8=C14/2.OJ 
Cl9=C2*C6+C4*C8 
C21=Cl*C8-C3*C6 
C22=C2*C3-C4*Cl 
C23=C2*C8-C4*C6 
:C40=C23+C21 
C41=C23-C21 
T(1)~1.0 
T(2)~1.0 

T(3)=1.0 
T(4)=1.0 
S(l)~l.a 

8(2)=1.0 
S(3)=1.0 
S(4)~1.0 

RETURJ:T 
END 
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SUBROurINE =lA(CI0,Cll,C12,C21,C22,C23, C40,C41, T, S,A,l'1, RESULT) 
C 
C--THIS ROurINE IS 10 CALCUlATE lliE =-1 'A' IN M1I.'I'RIX OF MKP 
C--FOR CUADRllATERIIL ELErIDIT (C21.NE.0.0) 

C 

IMPLICIT REAL*8(A-H,M,Q-Z) 
REAL*8 I'!'Gl\, 1TGB, ITGF, ITCG, ITGH 
D1MEHS10N A(4,4),T(4).S(4) 
llITEGER W 

C---cALCULATI'JN OF TERM A 
C 

C 

C 

C 

C 

CALL llITEGl\(C21,C40,C21,C41,1Tr~) 
CAlL llITEGB(C21,C40,C21,C41,ITCB) 
CAlL llITEGF(C21,C4"1,C21,C41,ITGF) 
CAlL TIITEOG(C21,C40,C21,C41,ITGG) 
CAlL llITEGf(C21,C40,C21,C41,ITGH) 

WP.ITE(Il,2) C21,C4?1,C21,C41 
2 FORMAT(//'C21,C40,C21,C41',/,4(3X,EI0.3» 

WRITE (1'1, 3) 1TGA, ITCB, ITGF, ITGG, ITGH 
3 FORtlAT(//'1TGA,ITCB,ITGF,ITGG,ITGH'/,5(EI0.3,3X» 

DO 1 1=1,4 
00 1 J=I,4 
Tl='I' (1)i'I' (J) 
T2='I'(1)*T(J) 
SI=3(1)+S(J) 
S2='3(1)*S(J) 
Al='I'2/C21 
C24=(-1.0)*Al*C22/C21 
C25=(Tl~l\l*C23)/C21 
C26=(-1.0)*C22*C24 
C27=(-1.0)*(C22*C25+C23*C24) 
C28=1. 0-C23*C25 

C31=CIq*C25+Cll*C24 
C33=C12*C25 
C34<:1"'*C26/C21 
C35=(CI0*C27+Cll*C26)/C21 
C36=(CI0*C28+Cll*C~7+C12*C26)/C21 
C37=(Cll*C28+C12*C27)/C21 
C38=C12*C28/C21 

All=32*(C31/3.0+C33)/4.0 
A21=S2/16.0 
A22=C34*1TGH+C35*1TOG+C36*ITGF+C37*1TGB+C38*1TGA 
A2--A21 *A22 
A(1,J)=.Ul+A2 
IF(RESULT.NE. 'YES') GO 10 20 
WRITE(W, 9) I,J 

9 FORMAT(/ /, 'I,J' ,/215) 
WRITE(", Iq) C1"J,C11, CI2,C21,C22,C23,C40,C41 

10 FORIlAT(/ /'TERi'l-A CIq,C11,CI2,C21,C22,C23, C40,C41 ' ,/ ,6(Elf!. 3, ?JC) ,/, 
1 2(E10. 3, 2X» 
NR1TE(H,11) C24,C25,C26,C27,C28,C31,C33,C34,C35,C36,C37,C38 

11 FO~lAT(//,'C24,C25,C26,C27,C28, C31,C33,C34,C35,C36,C37,C38 
1',/,5(EI0 .3,2X)/,7(E10.3,2X» 
WRITE (t'l, 12) All,A21,A22,A2,A(1,J) 

12 F~~T(//,'All,A21,A22,A2,A(I,J)',/,4(~lq.3,~),5X,EI0.3) 
1 CaITINUE 

2"1 R...""TIJRN 
END 
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SUBROurINE TC'NB( Cl3 ,C14,C15 ,C2l ,C22 ,C23 ,C40 ,C41, T, S,B, \'1, P.ESULT) 
C 
C--TlllS IDurINE IS '!O CALCUIATE TIlE TERM 'B' IN MATRIX MKP FOR 
C---QtlADRIIATERAL ELEMENT (C21.NE.0.0) 

I!1PLICIT REAL*8(A-H,M,Q-Z) 
REAL*B ITGA, ITG9, ITGF, ITCG, ITa! 
DI!-1EllSIOH B(4,4),T(4),5(4) 
INTEGER W 

C 
C~..AI.CillATIOH OF TERM B 
C 

C 

C 

C 

CALL INTEQ~(C21,C40,C21,C41,ITGA) 
CALL INTEGB(C21,C40,C~1,C41,ITGB) 
CALL llIrEGF(C21,C40,C21,C41,ITGF) 
CALL INTEOG(C21,C40,C?1,C41,ITGG) 
CALL I!~GH(C21,C40,C21,C41,ITGH) 

ID 1 1=1,4 
ID 1 J=1,4 
Tl=1'(I)-t'l'(J) 
T2=r(I)*T(J) 
Sl=S(I)+S(J) 
S2=S(I)*S(J) 
Bl=Cl3/C21 
C24=(-1.0)*Bl*C22/C21 
C25=(C14-Bl*C23)/C21 
C26=(-1.0)*C22*C24 
C27=(-1.0)*(C22*C25+C23*C24) 
C28=C15-<::23*C25 
C31=C24*Sl+C25*S2 
C33=e25 
C34=S2*C26/C21 
C35=(Sl*C26+S2*C27)/C21 
C36=(Sl*C27+S2*C28+C26)/C21 
C37=(Sl*C28+C27)/C21 
C38=C28/C21 

Bll=T2*(C31/3.0+C33)/4.0 
B21=C34*I~f+C35*ITGG+C36*ITGF+C37*ITGB+C38*ITGA 
B22=1'2/16.0 
B(I,J)=311+B21*B22 

IF(RESULT.NE. 'YES') 00 'ID 20 
: 1ffiITI:(W,9) I,J 

9 FORMl\T(/ /, 'I,J' ,3X, 215) 
WRITE(W,l~) C13,C14,C15,C21,C22,C23,C40,C41 

10 l'ORMAT(/ /, 'TERM-B C13,C14,C15, C21,C22,C23, C40,C41 ' , 
1 / , 6 (El"'. 3, :>le) ,/ ,2 (1l10. 3, 2X) ) 
IVRITE (W, 11) C24, C27 , C28, C31 , C33 , 

1 C34,C35,C36,C37,C38 
11 FORMAT(//,'C24,C27,C28,C31,C33',/, 

1 'C34, C35, C36, C37, C38' .! ,5 (El~. 3, 3X), / ,5 (E10. 3, 3X) ) 
lVRITE (\'/,12) Bll, !l21, B22, B( I ,J) 

12 FORt~T(//,'Bll,B21,B22,B(I,J)' ,/,3(Elf'1.3,3X),5X,E10.3) 
1 CrnrnlUE 

20 REl'URN 
END 
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SUBRJUTlNE ~1C(CI0,CI7,CIA,CI9,C21,C22,C23,C40,C41, 
1 T,S,C,H,R::;:SULT) 

C 
C---THIS rourmE IS 'ID CALCULATE 'IHE TERM 'C' IN MATRIX MKP FOR 
C--QUADRIIA'!'ERAL ELOilllT (C21. tIE. 0. 0) 

C 

C 

C 

ll-1PL1Crr REAL*3(A-H,M,Q-7.) 
REAL*8 1TGA, 1TGB, ITGF, ITCG, rrrn 
DItlEl'lS1ON T(4),S(4) ,C(4,4) 
mTEGER W 

CALL INTEGA(C21,C40,C21,C41,ITGA) 
CALL n~(C21,C40,C21,C41,ITGB) 
CALL nlTEGF ( C21, C40 , C21, C41, ITGF ) 
CAlL nlTEGG (C21, C40, C21, C41, ITGG ) 
CAlL ml'EGH (cn, C40, C21, C41, 1T<R) 

ID 1 1=1,4 
ID 1 J=I,4 
C60=C10*T(1)/C21 
C61=C17*T(1)/C21 
C62=(-1.0)*C22*C60/C21 
C63=(C10+C18*T(1)-C22*C61-C23*C60)/C21 
C64=(CI7+C19*T(1)-C23*C61)/C21 
C65=(-1.0)*C22*C62 
C66=(-I. 0) * (C22*C63+C23*C62) 
C67=C18-c22*C64-C23*C63 
C68=C19-c23*C64 
C70=C62+C63*S(J) 
C71=C64 
C72=C65*S(J)/C21 
C73=(C65+C65*S(J» /C21 
C74=(C66+C67*S(J»/C21 
C75=(C67+e68*S(J» /C21 
C76=C68/C21 

~=S(1)*T(J)*(C70/3.0+C71)/4.0 
CB1=S(1)*T(J)/16.0 
CB2=C72*1TGH+c73*1TOG+C74*1TGF+c75*1TGB+C76*1TGA 
CB=CB1*CB2 
C(1,J)=CA+CB 
IF (RESULT. NE. 'YES ') GO 'ID 20 
WRITE (Ii, 9) 1,J 

9 FOFJ1AT(j/, '1,J' ./,215) 
wnITE(lV,10) C60,C61, C62,C63,C64, C55,C66,C67 ,C68,C70,C71 ,C72, 

1 C73,C74,C75,C76 
10 FOFJ1AT(//,'TERM-C C60,C61,C62,C63,C64,C65,C66,C67,C68',/, 

1 ' C70,C71,C72,C73,C74,C75,C76, , 
2 5 (EI0. 3, 3X). / ,4(EI0. 3, 3X), /,2 (EI0. 3, 3X)) 
WRITE(H, 11) CA,CBl,CB2, CB,C(1,J) 

11 FOFJ'lAT(j /, 'CA, CBl,CB2,CB,C(I,J)' .!, 5(E10. 3, 3X» 
1 Cc:m'INUE 

20 REI'URN 

El:ID 
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C 

C 
C 

C 

C 
C 

C 

C 

SUBROUI'INE INTEGI\{A,B,C, D, INT) 

IMPLICIT REAL*B(A-H,M,o-Z) 
REAL*B n1'1', ItlT1, Th'T2 
M=AtB 
00='\-3 
CC=CtD 
DD<:-D 
It1'1'1=AA*DLOG(DABS(M»/A+BB*DLOG(D~BS(BB»/A 
Il1'1'~C*DLOG(DABS(CC» /CtDD*DLOG (DABS (DD) ) /c 
Il1T=INT1-TI1'1'2 
RETURN 

""ID 

SUBROUI'INE Il1l'EGB (A, B, C, D, INT) 

IMPLICIT REAL*B (A-!-!, H, o-Z) 
REl\L*B INT, ItlT1, Il1l'2, INT3 
M=AtB 
OO=A-B 
CC~+D 

D~-D 

Il1Tl=(B/A-D/C) 
ItlT2=AA*BB*DLOG(DABS(M/OO»/(2.0*A**2) 
INT3=CC*DD*DLOG(DABS(CC/DD»/(2.0*C**2) 
Il1T=Il1'1'1 +1£1'1'2-INT3 
RE:l'URN 
END 

SUBROurINE Il1l'EGC(A, B,C, D, INT) 

IMPLICIT REAL*8(A-I1,t1,o-Z) 
REAL*B Il1l', ItlT1, H1'1'2 

T1~1.0 

'1'2=1.0 
Xl=A*T1tB 
X2=A*T2+B 
M=A/C 
OO=B-A*D/C 
R=l\A/oo 
AR=DABS(R) 
IF(DABS(Xl)-DABS(X2» 1,2,2 

1 xt'IAX=X2 
XMIN=Xl 
GO 'IQ 3 

2 XMAX=Xl 
XMlli=X2 

3 IF(D.~S(~X)-AR) 10,20,20 
10 c.l\IL TI1TG01(M,BB,Xl,X2,INT) 

RITURN 
20 IF (D!IBS (xr.IIN) -AR) 3Q, 40, 40 
4!'1 CAIL INTG02(M,BB,Xl,X2, IllT) 

RITURN 
301 IF«Xl+X2).LT.0.0) GO ID 50 

IF(R-0.0) 60,70,70 
60 R=(-l.O)*R 
70 CALL 111TG01 (M, BB, xtlTIl, R, IllT1 ) 

CALL INTG02(M,BB,R,xtlAX,INT2) 
ro ID 1''10 

50 IF(R-0.I?I) 80,~,90 
90 R=(-1.0)*;l. 
80 CAlL Il'1TG01(M, BB, Xt1AX, R, INT1) 

CALL TI1TGf'l2(AA, BB, R,X!IIN, Il1l'2) 
lOll) E1T=U1'1'l+E1'1'2 
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C 
C 

C 
C 

C 
C 

C 

C 
C 

SUBROUI'INE INI'G01 (.,\, B,Xl,X2, INT) 
Il1PLICIT REAL*3 (A-H, 11, O-Z) 
REAL*8 INT, INT1, INT2, IllT21 , IllT22 
IlIT1=DLOG(DABS(A) )*(DLOG(DABS(X2) )-DLOG(DASS(Xl ») 
ro 1 N=1,50 
INT21=( «-1.0)*B*X2/A)**N)/(~*N) 
INT22=( «-1.0)*B*Xl/A)**N)/(n*N) 
nIT2=INT21-INT22 
INT1=INT1 +I1IT2 
IF(IllT2/INT1~'J.001) 2,2,1 

1 CaITIllUE 
2 IlIT=HlT1 

REl'URN 
em 

SUBRournlE IN'I'G02 (A,B,Xl,X2, nIT) 
IlfPLICIT REAL*8(A-H,M,o-Z) 
REAL*8 INT,INT1,INT2,INT21,IlIT22 
nIT1=(DLOG(DABS(B*X2) )**2-DLOG (DABS (B*Xl) )**2 )/2.0 
ro 1 N=1,50 
nlT21= ( ( ( -1. 0*A) / (B*X2) ) **N) / (N*H) 
nIT22=( «-1.0*A)/(B*Xl) )**N)/(~*N) 
nIT2=nIT21-INT22 
INT1=INT1 + nIT2 
IF(INT2/IllT1-0.001) 2,2,1 

1 CCNI'INUE 
2 IlIT=INT1 

REl'URN 
em 

SUBRourItlE INTEGD(A,B,C, D, Th'T) 
Il1PLICIT REAL*8(A-l-l,tI,o-z) 
REAL*8 nIT,IllT1,IllT2,INT3,IllT4 
M=,.'\+B 
BB=A-B 
CC=C-HJ 
DD=C-D 
INT1=DLOG(U~S(BB»/(C*DD)-DLOG(DASS(M»/(C*CC) 
IllT2=DLOG(Ul\BS(DD» /(C*DD)-DLOG (DABS (CC) ) /(C*CC) 
Al=(1.0-A)/(1.0+A) 
B1=(1.0-B)/(1.0+B) 
INT3=DLOG(DABS(B1) )-DLOG(DABS (Al» 
IllT4=C* (C*B-D*A) 
IllT=INTl-nIT2+lllT3/IlIT4 
REl'URN 
ElID 

SUBROurIllE INTEGE(A,B,C,D,nlT) 

Il1PLICIT REAL*9(A-H,M,o-Z) 
REAL*8 IlIT, INT1, IllT2, nIT3, nIT4 
M=A+B 
B3=A-B 
CC=C-HJ 
DD=C-D 
llITl=(DLOG(DABS(BB»/(DD*DD)-DLOG(DABS(CC»/(CC*CC»/(2.0*C) 
nIT2=A*.V (2. 0*C* (A*D-B*C) **2) 
INT3=DLOG (DABS (BB*CC/(.'\A*DD) » 
nlT4=2. 0*C* (B*C-A*D) / (A*CC*DD) 
IllT=UlT1-INT2* (ICIT3+INT4) 
RETURN 
EtID 

SU8PDU!T~~1E TIJTEG'U\,B,C,D, nlT) 
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C 

C 

C 

C 
C 
C 

C 

C 

C 

C 

C 

C 
C 
C 

C 

C 

C 

C 

C 

REAL*3 INT, INTl, TIlT2 

~~=((A**3+B**3)*DLOG(DABS(A+B»)/(3.0*A**3) 
A2=((A**3-B**3)*DLOG(DABS(A-B»)/(3.0*A**3) 
A3=2.0*(B/A)**2/3.0 
TIlTl=IU +!'I./.-A3 

Cl=((C**3+D**3)*DLOG(DABS(C+D»)/(3.0*C**3) 
C2=( (C**3-D**3 ) *DLOG (DABS (C-D ») /(3. 0*C**3) 
C3=2.0*(D/C)**2/3.0 
TIlT2=Cl+C2-C3 

TIlT=ll'ITI-INT2 
. RETURN 

1':110 

SUBROUI'INE lllTEm(A,B,C,D,INT) 

TIfPLICIT REAL*8(A-H,M,o-Z) 
REAL*3 .TIlT, TIlTl, INI'2 

All=(A**4-B**4)/(4.0*A**4) 
A12=DLOG(DABS( (A+B) /(A-B) » 
Al3=B/ (2.'1*A) 
A14=1.0/3.0+(B/A)**2 
TIlTl=IUl *Al2+!'1.13*Al4 

Cll=(C**4-D**4)/(4.0*C**4) 
C12=DLOG(DABS((C+D)/(C-D») . 
C13=D/(2.0*C) 
C14=1.0/3.0+(D/C)**2 

TIlT2=Cll*C12+C13*C14 
TIlT=TIlTl-TIlT2 

REl'URU 
END 

sUBROurmE INTEG'I(A,B,C,D,mr) 

lllPLICIT REAL*8(A-H,!1,o-Z) 
REAL*8 ~,TIlTl,TIlT2 

All=(A**S+B**S)/(S.0*A**5) 
Al2=DLOG(DABS(A+B» 
Al3=(A**S-B**S)/(S.0*A**5) 
Al4=DLOG (DABS (A-B) ) 
AlS=2. 0 *((B/A)**2/3.0+(B/A)**4)/S.0 
TIlTl=IUl*Al2+!'1.13*Al4-AlS 

Cll=(C**S+D**S)/(S.0*C**5) 
C12=DLOG(DABS(C+D» 
C13=(C**S-D**S)/(S.0*C**5) 
C14=DLOG(DABS(C-D» 
ClS=2.0*((D/C)**2/3.0+(D/C)**4)/S.0 
INT2=Cll*C12+c13*C14-ClS 
TIlT=lllTl-INT2 
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CCCCCCCCCC=!ESE murINE HAVE NOT OY'1PL...."'TED YET. CCCCCCCCCCC=CCCCC 
C 
C 

C 



C 
SllR'xrrI!.R: TRHl\l (L.~, ~I, C10, Cll, C12, C22, C:-!J, ':', S, p..) 

WPL1CIT PZ.'IL*8 (A-'l, 0-2:) 
IJI1eIS1W l\{ 4,4), T( 4). 5(4), '!H( 40'),4) 

C 
C-----cAI.CULATION CE TJ~-H\ 1'1H2'1 C21="'. Cl 
C 

C 

C 

C 
C 

C 

IX) 1 1=1,4 
IX) 1 J=I,4 
A(-r,J)="I.'.1 
TAl='1.0 
TA2=0.Qf 
TA='1.'l 
Cl='r(1)*T(J) 
C2=T(1)+T(J) 
C3=1.r1 
IX) 2 L=I,4 
IX) 2 11=1.4 
IX) 2 \-1=1,4 

Tl=T(L)*T (/1) *T (tl) 
T2='r (L) *T (11) +T (~1) *T (:.) +T (:1) *T (L) 
T3=T(L)+T(H)+T('I) 
SI=3 (L)*S (H) *S (~l) 
S2=S (L)*5 (r!) +s W) *S ("l)+S(N)*S (L) 
S3=3(L)+S(M)+3(N) 
TH1C!{=TH(LE,L)*TH(LE,N)*TIl(LE,N) 

CALL ~Gl(Cl,C2,C3,Tl,T2,T3,TA1) 
Q\LL TIJ'l'EG2 (C22,C23 ,C1"l,Cll, C12, SI, S2, S3,TA2) 
TAl "'='rA1 *TA2 
Tl\=I'Am-IIC'":\:*Tl\l:1 

2 CG:lTItlUS 
A(1,J)=S(1)*S(J)*TA/1"l24.0 

1 CC>:lT1"!UE· 
RETUPll 
END 

S'v'J3!1.OUfItE TPM31 (LS, Tri, Cl3, C14, C15 ,C22,C23, T, 5, 3) 
I!'1PL1CIT W.l\L*g (A-H, 0-2:) 
Dr.eTS10'1 B( 4,4) ,T(·1) ,5(4), 'Ill( 40"',4) 

C----Chl.ClJL.l\TION OF TERM-3 1'/HEr'1 e2l="'. 0 
C 

C 

DO 1 1=1,4 
DO 1 J=1,4 
B(1,J)='J.0 
TBl="1."l 
TB2='.0 
TB!'"!='!. '" 
TB="!. "T 
Cl=S(1)*$(J) 
C2=S(1)+S(J) 
C3=1."T 
00 2 L=1,4 
DO 2 n=I,4 
DJ 2 :1=1,4 
Tl='r (r.) *T (11) *':' (:1) 
T2=r (L) *T (rl)+T (11) *T (:I)+T (cl) *r (L) 
T3=T (L)+T(,!)+T (e!) 
SI=S(L) *$ (\ 1) *$ (u) 
52=3 (L)*S (n)+'l (11) *, ("-1)+, (::) *3 (L) 
S3=S (L) 1-3 (r~)+3 (;1) 
TIIIC:~=TII( LS, L)*71 (G:,:.1) *":'II(~E, ~n 

C\LL r:l!'SSl (C13, eg. C15, Tl. T~, T3. 'IT!) 
r:.~ T_:. rT:""":·:-;7 (-:,.., .. ", r:".: , ::1,...-.: .... , r:::, "1 , ~ .... , ;;:;, .-~~) 
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C 
C 

C 

TB= TI3-+'TI IICK*":'31 '1 
2 C(t1I'Il~ 

B(I,J)=7(I)*r(J)*Tn/1014.'1 
1 CCXlTItFE 

END 

sunrDU:'Im: TP.!-K:l (LE, 'ITI, Cl, C2,C3, C4, C22, C23, T, S, C) 
nlPLICIT R&)L*9(A~1,o-Z) 
DIHNlSION C(4,4).T(4).5(4) 

C--cAIJ:ULl\TIO" OF 'I'l'RlC 1'IHSN C21=1.0 
C 

C 
C 

C 

ro 1 I=I,4 
ro 2 J=I,4 
C(I,J)=1.0 
TCl='J.'j 
TC=0.0 
Al=Cl*r(I) 
A2=C2*T(I) 
A3=C3*:'(I)+Cl 
A4=:4*T(I)+C2 
AS=C3 
A6=C4 
ro 2 L=l,4 
00 2 :·1=1,4 
00 2 :1=1,4 
Tl=T (L)*r(~1) *T (N) 
T2=T (L) *T (N)+T U~) *T (~J)+T (,,) *r (L) 
T3=T(L)+T(M)+T(~) 
51=3 (L)*5 (11) *5 (U) 
52=S (L)*5 (11) +S (H) *5 (n)+5 (t!) *3 (L) . 
53=3 (L )+5 er·l) +S C'll 
THlC!<=1'H (LE , L)*rH (LE,I!) *TH(t:::, tl) 
c.\IL r.l':'Gll (.l\l,A2, lI-3,A4,1'.5,1I6, Tl, T2, T3, C1S, C16) 
C10=C1S*S(J) 
Cl1=C1S+C16*S(J) 
C12=C16 
c.l\LL TIITEG1 (C22, C23, Cl'1, Cll,C12, SI, S2, S3, 'It:l) 
TC='It:+TIIICI-:*TCl 

2 CCNl'INUE: 
C(I,J)=5(I)*T(J)*TC/l'124.0 

1 ca.rrnm 
RE'I'UTh.\I 
EllD 

smROUTI~ 'I'R:t\3(T, 5, TlI,ill,Cl'l,Cll, C12,C13,CI4,ClS, 
1 C17,C18,C19,C7.3,A,E,C,D) 

C-----TIIIS 5UBROurmE IS FO~ (C21=1.0,C'2='1.'1)C'\.SZ 
C----TIrrCI'J.'IESS CIlA:lGES mTIlIll Nl ETPHZlT 
C 

C 

I~~PLICIT RElIL*8 (11-'1, 0-'1:) 
DTI~lSION .\C4, 4), E(4, 4) ,C(4, 4) ,D(4, 4), T(4), S( 4) ,'m(4W", 4) 

DO 1 I=I,4 
00 1 J=I,4 
AI=1.!" 
Bl=1.C! 
C1=').'] 
A(1,J)='1.'1 
[3(I,J)="~'1 
C(I,.J)='1.'1 
D(.J,1)='1.0 
DJ , L=l,/l 
DJ 7. :1=1,4 
CO :? :r:::;l,4 
....,~ ="'"'r ~~ ~ *7' (i ,) *-:- (';) 
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C 

C 

C 

1'.,)=1. \l..J~!. \< ;/~ ~ \: j} 

81='3 (L)*S (~l) *s (:1) 
82='3 (L) *8 (1')+3 Ul) *3 (t! )+:> (:1 )*8 (L) 
83='3 (L) +5 (:1) +5 ('1) 
THICK=TII(LE,L)*TII (LE ,t·l) *TII (LE , N) 
CALL nTrJ:.G5(1,J, T, T1, T2, T3, TAl) 
CALL ~rrEG7(C10,C11,C12,8,51,82,53,TA2) 
A1~1+TH1CK*TA1~rA2 

c.'\LL TIrrEG5(1, J, 8, 51, 82, 53, 'ffi1) 
CALL ItrrEG7(C13,CI4,CI5, T, Tl, T2, T3, T.32) 
B1=31-1'l'IIICK*TBl *TB 2 

C24=C10*(T2*T(1)+Tl)+C18*T1*T(1) 
C25=C17*(T2*T(1)+T1)+C19*Tl*T(1) 
C26=C10*(T(1)+T3)+~18*(T(1)*T3+T2) 
C27=C17*(T(I)+T3)+C19*(T(I)*T3+T2) 
C28=C24/5.0+C26/3.0+C18 
C29=C25/5.0+C27/3.0+C19 
c.'IIL ItrrEG6(J, C28, C29, 5, SI, 52, 53, '[Cl) 
C1=C1+TIIICK*TC1 

2 CONTINUE 
A(I,J)=G(1)*5(J)*Al/(256.0*~23) 
B(r,J)=r(I)*T(J)*B1/(256.0*C23) 
C(I,J)=S(I)*T(J)*C1/(256.0*C23) 
D(J,I)=C(I,J) 

1 CO:lTWUS 
RE'ItJruI 
END 

C 
COCCCCCCCCCCCCCCCCCCCCCCCCOCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C TIiESE RJI.lTItES A!~E FOR QL\DRlIATCI'-lli. IllHSI'lT FITH S,,\:1E TlUC'~lES5 
C 
C 

C 

C 

ItlPLIC!,;!, REAL*3 (A~,H,o-Z) 
DTI!E:'ISION A(4,4).T(4) ,5(4) 

C---c."II.CULI\TIOU OF TE.".!'l-A 
C 

C 
C 
C 

C 

~ 

C24=<:10/C22 
C25=(<:11-<:23*C24)/C22 
C25=C12-<:23*C25 
C42=C23+::22 
C43=C23-C22 
DO 1 1=1,4 
DO 1 J=l,4 
T2=T(r)*T(J) 
S2='3(r)*S(J) 
A1=S2/S'. '1* (T2/3 • ('Lt1. 0) 
A2=2.'l*C25+C26/C22*DLOG(DABS(C42/C43» 
A(r,J)=.'\1*A2 

1 COOlTI:1lE 
RE'TImll . 

END 

SU3ROlJrDIZ =·131 (C13, C15, cn, <:23, T, 8, B) 

D1PLICIT REIIL*'3(A-H,~l,o-,,) 
DIlilllSION B(4,4),T(,1),S(4) 

C------<::'\I.CULATIW 0'3' TI'R1-3 
C 

C42=-;~3+:~2 

C43=C23--::22 
DJ 1 1:::::1, I~ 
~...., 1 ~=1 .. ~ 
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C 

C 
C 
C 

C 

C 

l'..!=_' \ 1) "~'~J J 
Sl=3 (I )+3 (J) 
S2=3(I)*S(J) 
C24='32/C22 
C25=(Sl-:23*C24)/C22 
C26= 1. 0-'::23 *C26 

131=r'2/8.n 
132=C13/3.0+(;15 
133=2. "*C25+C26/C22*DlJJG(D!\BS (C42/C43) ) 
13(I,J)=81*132*B3 

1 CCNl'IClUE 
R...""I'UR.." 

. E.'m 

SUBROUTll<E TERMC1(C10,C17,C18,C19,C22,C23,T,s,C) 

Ir·lPLICIT REAL*3 (A..!!, M, o-Z) 
DIMENSION C(4,4),T(4),S(4) 

C--c.l\I.C!J"tATION OF TE!'H C 
C 

C 
C 
C 

C 

C42=C23+C22 
C43=C23-C22 
DJ 1 I=1,4 
DJ 1 J=1,4 
C24=2.0*(C10*T(I)/3.0+C18) 
C2S=2.0*(C17*T(I)/3.0+C19) 
CAl=C24*S(J)/C22 
CA2=(C24+C2S*3(J)-cAl*C23)/C22 
CA3=C25-<:l\2*C23 
Cl=3(I)*T(J)/16.0 
C2=2.0*CA2~.3/C22*DLOG(U\ES(C42/C43» 
C(I,J)=C1*C2 

1 CONTIlm 
REl'\m!'1 
EllD 

SlJ:J!'DlJI'llJE TE!1:1A3 (C10, Cl2, C23, T, S, A) 

C--c.'UCULI\.TION OF 'l'!'.!tr1 A AND B ~q C21=0.0 C22='l.0 C!\.SE) 
C 

C 

C 
C 
C 

C 

C 

C 

Ir1PLICIT REAL*9(A-H,M,o-Z) 
DICffiNSION A(4,4) ,T(4),S(4) 

DJ 1 1=1,4 
DJ 1 J=l,4 
'1'2=1'(I)*T(J) 
S2='3(I)*S(J) 
Al=S2/(4.0*C23) 
A2=1'2/3."+1.0 
A3=C10 /3. Cl+C12 
A( I, J )=;\1 *1\2*1\3 

1 COi'JTINUE 
RE:ru::m 
END 

SrnXUrElE TEFllC3(C1'l,C17 ,C18,C19, C23, T, S, C) 

r;·l:7"L,j!(;IT R.EAL*S (r\-TI, rl, 8-2) 
DI:lf::1SIO',j C( 4,4), T(4), S(.,) 

, T~~. '.~ 
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C 
C 
C 

c 

r:2-:;=:2.'·:II't:~1 '-":-.' ( :)fJ."+';!X) 
~~~=? ~*(~1,~"(r)/3 ~+~1~) ........ _ _., '-. .....1. • • ... ... 

C1=G(I)*T(J)/(3.~*C"3) 
C2=C24*S(J)/3.~+:~S 
C( r "J)=:::l *C2 

1 co:rrrmz 
Rt:I'URN 
1:::0 

SUOR'Jurnrr.: r:·mGs (I, J IT, '1'1, '(2, "=3, lfuS) 

C--I~lTEGru\TIO~r OF (H'l'*TL) (l-1'l'*'!':'!) (1+T*":'tl) (1 +;:'*TI) (1+1'*1'J) 
C 

C 

C 

C 

C 
C 
C 

C 

I!1PLlCIT REAL*3(;',-:'I,l-!,Q-Z) 
RZ'IL*'3 l':'GS 
DTIlENSIQ,1 T(4) 

Tll='C'l *T (J )+(T1 i':'2*T (,n) *T (I) 
T12=(T2+T3*':'(J) )+(1'3+T(J) VT(l) 

ITG5=:'1l/5. ""+1'12/3. "'+1. Cl 

S'"l...:BRcurINE TI1':'EG6(J, Cl,C2, T, TIt "['2, ':"3, I~'3) 

C--P:':'E~Tro:,T OF (1+":'*1'L) (1+;:'''?1) (l+;:''*;:'ll) (1+;:'*1'J) (C1*':'+:::2) 

C 
C 

C 

C 
C 

c 

C 

c 
C 

Ii'iPLICrr PEl\L*'3 (/\-!l, r~, '')-~) 
R:3.:;L*8 I':'GG 
DI;·1E:.i'SI8?'T T (4) 

1'11=:::1*(1'1 +':'2*'': (l)) +:2*T1 *T (,7) 
~12=:],* ("-:'3+:: (.:n ; 7-'-::::'" (~""':-'I'3~ (.]» 

'C"-:,...,. 
: ...... '<..' 

ST....:13?t:UI'I:.E r. r2G"? ((:1., C'2, C3, "I', ':'1, ':22, ~3, ITS7) 

Ii1PLICrr PEl\L*3 (r,,-rI, ;.~, O-Z) 
RElIL*l ITG7 
D:U,1;;!rS::;:C~1 T (4 ) 

Tll::::;::1*r2+C~*Tl 

T12=Cl-+':2*T3K3*T2. 

l:'G7=Tll/5. '1+':'12/3. !";.K:.1 

r·E:-:'::::::::' R':"-JJ *: ( :\"-':, i '!, ')-~) 
Dl:r:::r::::7': "2(·1),~(,,~),-':':(·l--:"',l:),,~·."('~"""',"',~) 

- -~' 
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C 

C 

C 

c 
c 
c 

c 

If.}='1.G 

00 1 IFl,4 
UAl=(~(I)*T(J)+(~(I)+?(J»~(L»/3.~+1.0 
UA2=(C3*S (,] )*5 (L)+(S (,1)+,> (:,) *:::3) 13. ":+':8 
UI'_='J,'\-¥:'r1(L'::, L) *U'\1 *11'\2 
UBl=(S(I)*S(J)+(3(I)+~(J»*S(L)/3.~~I.~ 
U32=(C4*T (J )*'r (L)+(T er) +:' (:,» *(3) 13. '1+:4 
tr3=ID+3I(IE,L)*U31 ~n2 

1 CO~ITIrms 
A=1.r! 
B='1,r, 
CNSTl=S (T )*D::::1/16. 'J 
ClJS'!'2=1'(I )*DZN/16." 
A=::1S1'1 *T]:I. 

B=:tlST2*tm 
N3(ill, I, J)=I',-;3 

2 CO',ITIll:]':; 

ST ..... TIROur!!JE TE!Jl-1Y3 (~, S, T.'!J, 12, [;::::1, Cl, C2, Cf', f.P.) 

L"l'L1CIT RE!\L*3 (.'\-'1, ~1, o-~) 
DTI1rl;S1o:l T( 4),50) ,AS( 4ClI?I, 4,4) 
00 2 1=1,4 
00 2 J=I,4 
UA='1."! 
03=1.'1 
DJ 1 L=l,4 
U.\l.=(Cl * (1' (L)+~ (J) )+:::2~ (L)~ (,]) ) 13. '1+:::2 
UA2=(S(L)*(S(I)+S(J»+s(r)*s(J»)/3.~1.0 
UI31=(Cl *( S (L)+5 (J) )+:::6*S (L)*5 (,]» 13. 0+:::6 
UB2=(~(L)*(T(I)+1'(J»+T(I)~(J»/3.a+l.~ 
UA=U,'\+:'!I(IE,L)*'J.'U *'J,\2 
UB=m+711 (ill, L)*UBI *U32 

1 :::crITrru::: 
Cl13Tl=1' (I )*[l'::'l/IG. (1 

C:~T2=8(I )*DE'J/1G.'1 
A==!JTI *'0;;' 
B=C.lST2*U3 
!\'3(IE, I, J)=,\-'3 

2 CCN'I'nm 

sUBRournrr:: TE~";"{133 (:!', S, ~T, LZ, C3, C4, C8, D2'!, V!S, .".) 

:TI1PLI':!T I?E..'\L*,](A-·l,Q-~) 

D~1I:':TSIQ1:! TH( 4~}?I, 4) , T( 4), S (4) ,!~( 4r!r], 4, .. 1) 
DJ 1 1=1,4 
00 1 J=l,4 
AI:,}.'} 
Bl='J.'l 

00 2 L=l,4 
DJ 2 N=l,4 
DJ 2 "1=1,4-
TUC~=i'~!(L1:, L) *7!"T(L':: ,~'~) ""'Ta {LE, ~n 
Tl=T(L)~(n)*T(:n 
1':'="':' (:,)*? (: 1) +':' (I!) *1' ("1)+, ('1)*""(L) 
~2=T(L)H (1') F ('T) 
SI=') (!... ~ *s (~~) *!~ C,r) 
5:'=S (:.) *~, (:'H-S (; i) *S ('n +co (':) *:, (:.) 
SJ=-: (;:,. )~~ (r :)+') (.~) 
C?\lJ...J r:;r;:G5 (I, ,}, ':', ;'1, ":"::, ""J, '1'';1) 
C·,T..! .... L.;r:::::;~ (], r:J I --:::~, c·, (::1, ;::', :'''1, ';-,"\ "') 
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c 
c 
c 

C 
C 
C 

·::~ :I:iTEG·5 (.T, ~3, C>1, ~ 1:'1, ':'2, ?J, T3?) 
Bl =11 + -:1II ':!"~*":'11 *'1:':32 

2 C7IT:~7t.C 
C".J'3Tl='> (I) * (r:J:':r) / (3'172. '''VIS) 
G:3T2=": (r )*(9S.<) /( 3172. "*VIS) 
A(LS, I, ~J)='(rz, :, J)-h:~::STl *lU~1ST2*!3l 

1 CO'?l'ElU: 

SU3l'DurUE ItIT3Gl(CIIJ ,Cll, C12, Tl, T2, ':'3, r:IT1) 

C----Em:QATlotl OF (1+TI'L) (l+1"Il1) (HIT!) (CIOJ~**,+:ll ~-tC12) 
C 

C 
C 
C 

D1PLICIT ~"\L*g (A-:I, r··i, o-Z) 
Rr::IIL*'l r:lTl 
T12=Cl'1*T2-tCll~1 
T14=CIOJ+C11~r3+:12*T2 

r.IT1=~. 'J* (Tl~/5. 0+":14/3. ",+:12) 
lG-:v.>J:1 
E!:lD 

StJ'!3Rournm TITrGll (Cl, C2,C3,C4,CS,CS,Tl ,T2,~3,C15, Cl(j) 
C 
C---rITEG.'lATIO:·l OF (1+TI'L) (1+:-;::1) (HTr:1) (Cl'1T**?-tC11T+Cl'2) 
C----'>IH::::r Cl~=Cl *~+:::2 Cll=:3*S+':4 AnD C12=::S*S+:G 

C 

C 
C 

C 
C 

:C"'E?LICT!' P..2.:\L*8 (l\~J, L1, Q-Z) 

C23=:1*':'2+23*Tl 
C21=C2*T2+:4*Tl 
C22=:1+C3*T3+:O*T2 
C23=C2+:4~3+:6*T~ 

C15=2. '1*(C20/5.OJ+:22/3. "+C5) 
C16=,."*(C21/5.~+C7.312.0+CG) 
R::rt..~':J 

::::10 

ST.ID~:JurINE INTEG2(Cl, C'2, C10, ell, Cl:?, rrl, T2, ':'3, E:7I'2) 

C----r:m:G?:'\'CIO') OP (1 +1.':'L) (1 +1"!"1) (1+17:1) (Cl'JT**, +:11::+C12) I( ClT+C:2) 
C 

c 
C 

r,l?LICI:' F'..r .. ~t.L*9 (1\-:1, r1, 0-3) 
R:3.'IL*8 I:rr2 
Tl"J=:l'''*Tl/Cl 
Tll=(Cl '1*T2+:11 *Tl-1'l,)*C:C) ICl 
Tl~=(Cl 'J*T3+''::1l "'l':'+C12*Tl-::11 *C2) le1 
T13=(Cln+C11*T3+Cl~'~/-cl~*C2)/cl 
T14=(Cll+C12*T3-T13*C2)!Sl 
T15=C12-'r14*C? 
T'1=2.~*(T10/5.0+~1~/3.~+~14) 
Tr2=T15/Cl*DLOG(DP,~S«Cl+22)/(Cl-~~))) 

. Ii:IT2=~1+~~ 
r~2T 

F.::JD 

St~~.:·;~.rr:' -rr: IL;:'8~1 (Cl, =3, C4, :::1"1, ':11 , cJ.::-:, -:.-'1,°:'::, '""':'J , 
1 CJ5, 23:-" (::'7 , (.~:::?, '-::~', -::~,." (":..!l, ~:.:~, C_l], (-:.~ .. 1., "::"!.::;) 

~·······_······~·_.· •• t, 
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C 
C 
C 

C 
C 

':'1 "==::1':*71/Cl 
C21=(-1.~)*cl~*C3/Cl 
C22=(~1~*T2+Cll*T1-Tl~*C~)/Cl 
C23=(-1.0)*C3*C21/C1 
C~4=(-1.~)*(C3*C22+C4*C21)/C21 
C25=(C10*T3+C11*T~+C12*T1-C4*C22)/C1 
C26=(-1. 0 )*C3*C23/C1 
C27=(-1.0)*(C3*C24+C4·C~3)/C1 
C2S=(-1.0)*(C3*C25~4*C24)/C1 
C29=(C10*T3+c11*T2+c12*T1-C4*C25)/C1 
C3~=(-1.0)*C3*C2G/Cl 
C31=(-1.0)*(C3*C27~4*C2r,)/C1 
C32='( -1. Cl)* (C3*C28*C4*C27) /C1 
C33=(-1.1)*(C3*C29+:4*C28)/C1 
C34=(C11+C12*T3-C4*C29)/C1 
C35=(-1.1)*C3*C30 
C3"=(-1.0)*(C3*C31+C4*C3~) 
C37=(-1.0)*(C3*C32+C4*C31) 
C38=(-1.O)*(C3*C33+C4*C32) 
C39=(-1. 0 )*(C3*C34+C4*C33) 
C4'1=212-C4*C34 
C41=2.,)*C31 
C4<=?'l*C31 
C43=2.0*(C23/3.0+C32) 
C14-2.~*(C24/3.0+C33) 
C4S=2. 0*(T10/S.0+C25/3.0+C34) 
R::::'lBl'l 
E;·m 

sUI3~urnJE INTG22 (Cl,l\1,l~,2\3,A4,l\5,l',JS,A7, A9, ~l, ~2, T3, 
1 C4~IC41,C42,C43,C44,C45,C4S,C47,~43,C4q,C50,C51,C52) 

C--I::lTEm'\.TIOU OF (1+T:'L) (l+ml) (1+IT:1) (C1"'T**2+Cll'l'+C12) /( Cl'I'+C?) 
C---~·l:-IE!.T C2=.'\1*S+:\2 Cl'1=\3*S+':\4 Cll=?\5*S+.'\5 l\~~ C12=,'\7*S+·\1 

IL-1PLICY!." p.Er~*g (A-::f, ~'1,O-Z) 
C 
C 

C13='.3*1'1/C1 
Cg="\4*"!'1/C1 
C15=(-1.0)*C13*A1/C1 
C16=(n3*T2~.5~r1-C13*A2-C14*Al)/C1 
C17=(M*"!'2+?\6*T1-<:14*;.;) /C1 
C18=(-1.1)*C15*Al/C1 
C19=(-1.0)*(C1S*A2+C16~'\.1)/C1 
C2~=(~*T3+\5*1'2+A7*Tl-<:lG*A2-C17*?\1)/C1 
C21=(A4*T3~\6*T2+A8*T1-C17~\2)/C1 
C22=(-1.'1)*C18*.'\1/C1 
C23=(-1.0)*(CIG*A2+C19*r~)/c1 
C24=(-1.0)*(C19*A2+C2~*I~)/C1 
C25=(A3+!'.5*T3+:' 7*T2-<:20*:\2-C21 *l'~) IC1 
C2'5= (r,4H6*T3+\8*T2-C21 *~.2) /C1 
C17=(-1.0)*C22~\l/C1 
C28=( -1. ")*( C22*X1+C23*Al) IC1 
C29=(-1.0)*(C23*A2*C24*A1)/C1 
C30=(-1.<!)*(C24*A2+c:>5*Al)/C1 
C31=(A5+\ 7*T3-<:25 *A2-<:26 *A1 ) /C1 
C32= (}\6+1\8*T3-<:26 *.~2) IC1 
C33= (-1. 'l) *C27*.~.1 
C3'!=( -1.") * (C27*."\2+C:1:1*,\1) 
C35=(-1.")*(C28*A2+C~9*A1) 
':2':",=( -1. '1)* (C~')*.1\.~~3·!*.1\.l) 
CJ7= (-1. 'l)* (C3~*.>\~+C31 *!u) 
CJ':·:;::;\ 7-::n *;\::'-'::32*Z\1 
CJ';·=; .... ·.'"1---::~~*:~~ 
C'; .... =~. 0.*C:~7 
C41:;::;~.(.l"*C~'? 

r::~7=~. r-:*( r:l:-'/~. ,...+-:~~) 

191 



(J 

I 

.' • 3 0-31 H :,.. ;;< ;p n () .5 ~~ CJ .:1 ;,' !:j t.J ~,) j-.o I--' ,...... 
U ,,) t--' -1- - 11 jl U ....... i/ 

~ ~ I1 11 ~. :," ? ? "cJ 1\ 1\ 
~~.:.l~ 10rjl-'~' I .... + • • :..:.:;. ~ .......... V r" I--' 

'11 r-' ,).-l ~_'1 ... j I'> ~ I + 
.... - H :-) .-. 1-3 (1 I) 
• : ........ 1.)~;J:' ... "l---;-:Ji'J 
, .J .. '" ,'..) •. ~ 

;..) lJ .......... 

d _. 
.. I 

.~ I..) 
( , 
[JJ 
i..J 
;-j :; 

-, 

nnn nn 
I , , 
~:l f'F~ (f) 

l=::j 
c.. 

~ t~ CJ 

'" ~cr 
*H ~ '~ ... 0 () 

8 H ::-i H 

"" " 
,-. 

H () "J [1 
~ • b" 

~~ H 
H c) * n u) I-' (.) . Cl 

C3 
H ';.J 
1-:] '1 ~ 

0:"':: '-' 

~ 
.'.J <00 .. .~ ,) H'::'" ... 
[-l0 
GJ }.) () 

~ . ~ 
~ 

;J H 

(~ 
d 
t:J 
H .-

~ q 
~ 
;:j 
0 :.:: 
0 
',j 
,.,. 
, , 
* ,t 
,~ 

tt 
U 
() 
~ 

;;< 

nnnnnnn()nnnnnnnn 

... >-' "'(fJ 
[J] [J] @ S 8 ." '0 6 ~ g .... 

S "" H 
H H tiJ i~ 

H 

l'l 
H 

!:J H 
[.1 fj 8 0 

L) ... (J 
.;> I-' " '" ~ ~ 

" ",2: :?~ [J]i=o 
~. 1-" t-l .. "'" :,.. 

--> ~KJ :-.,1 N 
'0 A' "'. (;1 .. 01 >' . n 

~O ~W Ull-' 
~j-.o ~. (J' 
~. .:::.() O-n ... H !v :'''l.J :n. 
~. 28 ;1 () 
:~ Cl (0.> W 
~U ~. '0 • .. 0 ~n 
~1 Cr) :!1 l..J ,. 
~~ .:-.:. 1-" . 

n n 
,r,. () (n .1-10 'n N !n :v" . 
~. . Cl Cl 

Cl ~1 Vl ~;"a 
0'\ W' . n ::1 
() H-" 8 " ;10 
(J ," I-' 
I-' .... 'n . -t:;l .. 
tJ :" ," . -
[) 

cl 
(J co ,..> . 

~ 

hf:UHn(lClCl() 
~:"~: ,-.lI,nL1tntnln a ~ ~~:. lo) :J I-' ~.~ 

, fj:!'. 1\ ,'\ ,1\ il 
..z;UW(j(jnn 

fJ :+.t:.. N 1--4 I-' 
-n>fo*** 

-.;l In (l () () I) * l'l III ,::,. t..) 

~ 
~~ 

3 
f 
<l 
cn 
I-' 

'::::r 
:) 

?i 
<}, 
IV 
'Ln 

') 

i'i 
l., 
W 

?J 

~ 
'n 
'" 

,'i :ti i'i (j 
nOn() 
\;1 l.J [..J IJ 

* :+ * * (lOne) 
.,~ i:. w I--' 

;; ?i ;+, 
LJ n () * .r.". w 
() * * l..J () n 

WN 
i'i (; 
OC) 
1.11 ~ 

* * nn 
NI-' 

;t 
W 

* () 
I-' 

n 

fHlRrlR~tj 
Lnitw,,-,I-' :i'l 
:!1 t ;!!, .I\:l!. * i': 
fV ...... ~~ ...... CO() 

;t ;t "t vLt H ::J 
WlvlvNI-'!..~ 

* *++ ;:j~ VlCJ)-r;.J lv' 
WWNf.J ...... 

... * * ~"UlUl * 
WfVl\J co 
v~:t t 
~J W W 

vj ~ 
>-'1-' 

~ 

? 
~ 

"~ 

~ 

nnn 
I , , 
I 

H Ul 

~ Si 
8 eJ 

~ J' 
"l !:J H 

t:l e 
~ 

H 
;.J 
Cl ',J 

I-' ... 
j; ~ 

[J] J:: 
" ~ 
>-' · + u) G 
.1 
-" 0 ... 
I-' n 
~ 

,,, 
G) n 
'';:: l.) 
~ 

,) 

i:: ,,," 

~1 0 
* III 

* · I,) cO 

;t I-' 

'" co 
G) '" ;t · G1 
(0.> co) 

* ,1 
n ;.J 
I-' W 
Cl I-' 

* 
* 
" t, 
" u) 

* * w 

i'i 
W 

* (,) 

* * 10 

,~ 
.:> 
* .1 

(j 
'-', 

non 

nf,l l:lg 
ti . (~ -. 

n 

nnn 
(.Il V1 In 
i'J I-~ ..:) 

,Il, 11 ,11 
WWW 
'..0 \:..) -..,J 

()()() ......... 

() 

nnn()n 
J:::. ~.r. .. .tlo.!:::o 1.7 .. 0 ...... ...:-' VI 

1'1 /',,1\ ,11 ,'\ 
tJ WtJ(J· 
C' lJI,f.:. W .) ............................................ * 
(j ()()()
I-' .......... , .... n 

... 
'" IV 

I-' 
,,~ ---. 
,;1 

.f 

.) 
"J 
,~ 

'-c., 

" i~ 
'-> 
,'J 



c 

1 2'J"~I:1'"K: 

ICG1=2.~*TG2/(,\l+1.0) 
TG3=(C1 ** (:1+1 )-C"** (:1+1 ) ) I ( (:1+1 )*C1 ** (~I+l ) ) 
r::'G2=l'G3*D:.DC (D,IES (Cl "/Cll » 
I7G=E'G1 H':'G2 
Q') T.) 1'3 

C---;r.EN N IS EV:':."I c·f.lllBill 
1~'l TG1=1.1J 

TG2='l. rJ . 
t~I=(:1+2) 12 
:Xl 2 1=l,N:I 
TG1=(C2/c1 )** (2*1-2) I(Al H. 0-2.0** (I-I) ) 
TC;2:::::TGl-fJI'G2 

2 CO:lTI'fE 
1TG1=2.IJ*TG2/(Al+1.1J) 
TG3=(C1 ** (U+1 )-1<:2** (!I+ 1» I ( (l'~ +1. 0)*C1 ** (:1+1) ) 
TG4=(C1 **(11+1 )--C2** (NH» I( Cl\} +1.0)*C1 ** (11+1) ) 
1TG2=rG3*DLOG(D)\l3S(C10) ) 
ITG3=l'G4*DLDG(D~n,s(C11» 
ITC=ITG2+1TG3-1TG1 

Bor:CN 
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