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ABSTRACT. An explicit solution of the spectral problem of the non-local Schrédinger op-
erator obtained as the sum of the square root of the Laplacian and a quartic potential in
one dimension is presented. The eigenvalues are obtained as zeroes of special functions re-
lated to the fourth order Airy function, and closed formulae for the Fourier transform of the
eigenfunctions are derived. These representations allow to derive further spectral properties
such as estimates of spectral gaps, heat trace and the asymptotic distribution of eigenval-
ues, as well as a detailed analysis of the eigenfunctions. A subtle spectral effect is observed
which manifests in an exponentially tight approximation of the spectrum by the zeroes of
the dominating term in the Fourier representation of the eigenfunctions and its derivative.
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1. INTRODUCTION

In this paper our aim is to obtain explicit formulae on the spectrum and eigenfunctions of

the specific non-local Schrodinger operator
42

defined as the sum in an appropriate sense of the one-dimensional fractional Laplacian of
index % and the potential V(z) = x* acting as a multiplication operator. While for the
classical Schrodinger operator featuring the Laplacian and the same potential there are no
closed-form solutions of the eigenvalue problem, this can be obtained for the relativistic
Schrodinger operator above.

Non-local Schrodinger operators of the type
(1.2) HY =V (-A)+V

currently receive an increasing attention displaying interesting features from the perspective
of functional analysis, stochastic processes and mathematical physics, with a rich interplay
between these aspects [2, 8, 6, 10, 11, 12, 9]. Here V¥ is a so called Bernstein function,
which can be represented by the Lévy-Khintchine formula for subordinators, and V is a
Borel-measurable function acting as a multiplication operator, called potential. For a specific
choice of ¥ one obtains fractional Schrodinger operators of the form (—A+m2/ Cy)0‘/ 2_m+V,
0 < a < 2, with or without rest mass m. A basic motivation of the study of models with

*corresponding author.
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fractional Laplacians comes from models of relativistic quantum mechanics and anomalous
transport theory. Another fact that makes these operators particularly interesting is that
they are Markov generators of jump processes.

One approach to investigating the spectral properties of HY exploits the fact that (1.2) is
a perturbation of a pseudo-differential operator, and uses direct methods of analysis to derive
various spectral and regularity properties. Another approach, see [6, 7, 10, 11, 12], uses a
probabilistic language starting from the fact that non-local operators of the type ¥(—A)
generate Brownian motion sampled at random times, i.e., subordinate Brownian motions
(B S;P)tZO’ where the subordinator (S );>¢ is uniquely determined by the Bernstein function
U, see [21]. Subordinate Brownian motion is a jump Lévy process, and when V is added
to the operator, it has the effect of killing or reinforcing paths according to its sign and
magnitude. In particular, fractional Schrodinger operators with m = 0 or m > 0 generate
rotationally symmetric a-stable and relativistic a-stable processes, respectively. The two
cases differ essentially by the concentration properties of the Lévy measure of the underlying
process, which has a significant impact on some properties of eigenfunctions of the related
non-local Schrodinger operators.

In this paper we take the analytic approach, which complements our previous investigations
of non-local Schrédinger operators using a stochastic description. Although the literature in
this field is rapidly increasing, there is a shortage of a detailed understanding of examples
which can stand as benchmark cases to the general theory. Our aim in this paper is to

4 in the remainder

contribute to filling this gap and by choosing d =1, a =1 and V(z) =z
of this paper we consider the operator (1.1) in detail. There is special interest in this operator
also from a physics viewpoint in that it describes a semi-relativistic quantum particle with
no rest mass, moving in the force field of a quartic potential. Probabilistically, H is the
generator of a one-dimensional Cauchy process (isotropic 1l-stable process) with a space-
dependent killing by the potential, which can be derived by the Feynman-Kac formula and
subordination.

Using a standard argument [17, Ch. 3] it follows that the spectrum of H is purely discrete
consisting of eigenvalues 0 < A1 < Ay < A3 < ... — 00, each having finite multiplicity.
The corresponding eigenfunctions 1,9, ... are bounded continuous functions and form an
orthonormal basis in L?(R). The first eigenfunction (ground state) 1, corresponding to the
bottom of the spectrum A;, can be shown to be unique and have a strictly positive version.
Making use of recent general results, it follows by [11, Cor. 2.2] that for large enough |z| the
ground state has a polynomial decay at infinity like

11
V()| Jz|8

(1.3) Pi(z) =
Furthermore, by [11, Cor. 2.1] we have for the other eigenfunctions that
(1.4) [Yn(z)| < Cpp1(z), x€R, neN,

with a suitable constant C,,. (We note that such a pointwise ground state domination fails

to hold in general for usual Schrodinger operators, for instance, in the case of —A + z2.) An

implication of this is that the heat kernel u(t, z,y) = e~ (x, y) asymptotically factorizes and
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takes the shape of the ground state exponentially quickly in the sense that
Mu(t,z, y)
Y1(@)P1(y)

for sufficiently large ¢ and uniformly in the space variables, at a rate given by the spectral
. . —At

gap A2 — A1. In particular, we obtain that u(t, z,y) < (HEG)W for large enough ¢ > 0 and

all z,y € R.

Our goal here is to go beyond these results and derive explicit formulae on the spectrum
and eigenfunctions of H. A previous work aiming to solve explicitly the eigenvalue problem
for a specific fractional Schrodinger operator has been carried out in [18] where the operator
(—d2?/dz?)'/2 4 22, i.e., the case of a quadratic potential has been considered. In this case
the spectrum was found to be the alternating sequence given by the zeroes of the Airy

-1 < C’e_()‘r}‘l)t,

function Ai and its derivative Ai’. Also, we have obtained closed formulae for the Fourier
transform of the eigenfunctions in terms of Airy functions. These results allowed to upgrade
the general estimates on the fall-off of eigenfunctions obtained in [11] to tighter bounds and
a full asymptotic expansion, and derive detailed properties of the ground state, heat kernel,
heat trace, and spectral gaps.

The features that emerge in the case of the quartic potential differ from the quadratic case
on several counts and we observe a new phenomenon. In the quartic case we can express the
Fourier transform of the eigenfunctions in terms of special functions derived from the fourth-
order Airy function of the first kind, denoted below by Ais. Unlike in the quadratic case,
where the Fourier transforms are expressed in a single term involving the Airy function, in
the quartic case we have two. One is a highly oscillatory integral given in terms of Aiy, while
the second, which we will denote by /Avi4(y), is comparable to y~3/ 8= 22" for y > 0 and
to |y]_3/ 8eslv* for y < 0. A combination of these functions in the expression of the Fourier
transform of v,, produces a function dominated by Aiy4 even for low values of n, with a subtle
contribution from E4. The net effect is that the spectrum A, of H is located exponentially
close with increasing n to the negative zeroes i, of Aiy and Aij in an alternating order, and
1y, is exponentially well approximated by the inverse Fourier transform of Ais at argument
shifted by A,,.

We note that numerical and partially rigorous evidence supports our conjecture that this
small effect persists for the higher order anharmonic non-local oscillators (— d?/ dz?)'/2 2%,
k = 3,4,... While even for the k = 3 case the expressions rapidly become more complex, the
case formally obtained in the limit £ — oo can be put in a new light through this approach.
Note that in this limit V' becomes an infinitely deep potential well with boundaries at +1,
and the problem becomes equivalent with the non-local Dirichlet problem for (— d?/dz?)/?
in the interval (—1,1), i.e., the Cauchy process killed outside this interval. It can be expected
that studying the small spectral (non-uniform) shift observed in the present paper will lead
to further understanding of the infinite well problem for which thus far only approximate
solutions are around [16]. Our results in this direction will be further discussed elsewhere.

The remainder of this paper is organized as follows. In Section 2 we first state and then
by Fourier transform reformulate the eigenvalue problem. The so obtained ODE can then
be reduced to a fourth-order Airy equation with specific boundary conditions, and we use
suitable modifications of Aiy to express the solutions of this problem (formulae (2.10)-(2.11)).



4 SAMUEL O. DURUGO AND JOZSEF LORINCZI*

In Section 3 we identify the spectrum as the zeroes of higher transcendental functions derived
from Aiy (Theorem 3.1) and find an expression of these functions in terms of generalized
Fresnel integrals (Theorem 3.2). Using asymptotic expansions of Aig, we derive formulae
showing more explicitly the dependence of A\, on n. Next we analyze the small spectral effect
discussed above and establish exponential bounds on the differences between the spectrum
and the zeroes of Aiy and Aij (Theorem 3.5). We also obtain bounds on the full sequence
of spectral gaps Ap+1 — Ap. In a last subsection we derive the behaviour of the heat trace
around the origin, and obtain a Weyl-type law on the asymptotic behaviour of the counting
measure of the eigenvalues (Theorem 3.7, Corollary 3.8). In Section 4 we turn to discussing the
eigenfunctions. Since fourth-order Airy functions appear to be little explored in the literature,
we start by a brief presentation of their properties particularizing the results obtained in [4].
To keep the length of this paper reasonable while offering detail, we only discuss the material
which will be strictly needed here and refer for more to the given source. Next we obtain
expressions of the Fourier transforms of the eigenfunctions in terms of these special functions
(Theorem 4.5), and also prove analyticity of the eigenfunctions (Theorem 4.7). In Theorem
4.8 we analyze the small effect on the level of eigenfunctions and show that the 1, differ by
exponentially small errors from the inverse Fourier transform of the L?-normalized Ai, at
values shifted by A,. Proofs will be presented in Section 5.

2. EIGENVALUE PROBLEM FOR THE QUARTIC OSCILLATOR

Let Hy = (—d?/ da:2)1/ 2 be the square root of the Laplace operator in one dimension,
defined by

(F(=d*/da*) 2 f)(y) = [y|(Ff)(y)
with domain H'(R) = {f € L?(R) : |y|Ff € L*(R)}, where F denotes Fourier transform. H
H() = [0, OO)
In this paper we consider the fractional Schrédinger operator formally written as H =

is essentially self-adjoint on C§°(R) and Spec Hy = Specg
Hy + 2*. One way to define this operator as a self-adjoint operator with dense domain in
L?(R) is by using the Feynman-Kac formula

(f7 e_tHg)LQ(]R) = /_ f(a:)Ex[e_ fot X;ldsg(Xt)]dxa t> O) fvg € LQ(R)v

where (X¢):>0 is a one-dimensional Cauchy process, and the expectation at the right hand
side is taken with respect to the measure of this process starting from = € R?. The right
hand side can be proven to be a strongly continuous semigroup, and thus it follows by the
Hille-Yoshida theorem that H is self-adjoint and equals the form sum Hy4z?. Since our
framework here is other than using functional representation, we refer for further details to
[6, Th. 4.8]. As the potential is positive and growing to infinity, we have as a consequence of
Rellich’s theorem [17, Th. 3.20] that H has compact resolvent, in particular, Spec H C [0, c0)
is discrete, consisting of isolated eigenvalues, each of finite multiplicity. Our concern in what
follows is to determine and analyze this spectrum and the corresponding eigenfunctions.
Consider the eigenvalue equation

d2 1/2
(2‘1) <_d$2> Y + x4¢n =AY, Ypn € HI(R)a n € N.
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From relations (1.3)-(1.4) it directly follows that
(2.2) 'y, € L)(R), neN.

This implies, in particular, 1, € L'(R) for every n € N. We write ¢,(y) := (Fn)(y) =
\/% ffooo e~ Y, (x) dx, y € R, for the Fourier transform of v,,. Since

d2 1/2 1 4 1 d4
Fgz) 7=l ad EEHE = o
equation (2.1) transforms into

4
(2.3) jy4¢n<y> + (5l = A)én(y) =0, yeR

By (2.2) we have

1
< —||J:41,Z)n||1 < oo, yeR.

d4 _ 1 > 4 —ix

Furthermore, by multiplying and dividing, and using the Schwarz inequality

/_C: ()l < </_°° dy/oo (1 +y2)|¢n(y)lgdy> T V[l )

o 1+ 4% ) oo
From these two observations we have that ¢, € C*(R) N L!(R), for all n € N.
Note, moreover, that if ¢, (y) is a solution of (2.3), then so is ¢,(—y). Thus it suffices to
consider (2.3) only for y > 0, and construct odd and even solutions on the whole of R. They
respectively satisfy

(2.4) on(04) = ¢ (0+) =0, n=2,46,...
and
(2.5) ¢, (04+) = ¢/ (04+) =0, n=1,3,5,...

Our goal translates then to studying the spectrum and the eigenfunctions of H given by (2.1)
through the L! solutions of equation (2.3) satisfying the boundary conditions (2.4)-(2.5).

Let y > 0. By the change of variable y—\,, — y and using the notation ¢, (y) = ¢n(y+An),
we obtain

d4

(2.6) d—gﬁwn(y) +yen(y) = 0.
Equation (2.6) can be thought of being a higher order Airy equation. Following the termi-
nology in [13] we call the particular solution

(2.7) Aig(y) =+ /OOO cos (t;) 4 yt> dt

™

a fourth-order Airy function. These functions seem to be relatively little known in the lit-
erature and we will use Section 4.1 to presenting some of their basic properties used in this
paper, see [4] for details and a more general study.

Notice that equation (2.6) is invariant under the rotations y +— ye2l™i/5 1 ¢ 7. thus we
have four other solutions by rotation of the argument of Aiy(y), i.e.,

(2.8) Aig(ye2™/5), Alg(ye™4m/5),  Aiy(yed™/%),  Aiy(ye2 /).
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Any four of the above five solutions can be shown to have a non-vanishing Wronskian. Con-
sider

Al(y) — 6727”'/5 Ai4(y672m'/5)’ AQ(y) — 6747ri/5 Ai4(yef47ri/5)

Ag(y) — e4m’/5 Ai4(ye4”/5), A4(y) — e27ri/5 Ai4(y62m‘/5)_
Cauchy’s theorem on contour integration then gives Aiy(y) = — Zle A, (y). By taking Aiy(y)
and suitable linear combinations of A, (y) for r = 1,2,3,4, a complete set of independent

solutions to the differential equation (2.6) is given by Aiy(y) = iZle(—l)T“ A, (y) with
integral representation

A 1 *° — t_é . t5
(2.9) Aiy(y) = / [e Y75 —sin (5 + ytﬂ dt,
0

s

and Gs(y) = A1(y) +A4(y) — (A2(y) + As(y)), Galy) =1 (As(y) — Ar(y)) +1 (As(y) — Az(y))-
Since Gsg, G4 diverge as y — oo, these solutions are ruled out by the L' condition. Hence
finally we obtain that the even and odd solutions of equation (2.3) satisfying (2.4)—(2.5) are

(2.10) $2j-1(y) = c12i-1 Ala(Jy] — Maj—1) + c22j-1 AL (Y] — Noj—1)
(2.11) $2i(y) = crogsgn(y) Ala(lyl — Agj) + cazsgn(y) Ala(lyl — Agj),
for all y € R, j € N, with constant prefactors to be determined below. The above calculations
are simple and we leave the details to the reader; alternatively see [4].
3. THE SPECTRUM OF H

3.1. Identification of the spectrum. The boundary conditions (2.4)-(2.5) applied to
(2.10) and (2.11) yield for n =2,4,6,... and n = 1, 3,5,. .., respectively, that

, ~ —
(31)  det ( AA;’((_—);\Z)) %ﬁ:izi) =0 and  det ( zi/:/((—_ir;)) fff’iﬁ%) -
Define

(3:2) @i(y) == Ai()ALj(y) - AT'(n)ALu(y) and Ba(y) = A (y)AT] () — A" (y) A (y),
Then we have the following main result of this section.

Theorem 3.1.

(3.3) Spec H = {\,, n € N: Agj_1 = —ag; and Ayj = —a1;, j € N},

where a1 ; and az; are the negative real zeroes of the higher transcendental functions ®1 and
Dy, respectively, arranged in increasing order.

The following result allows to identify the eigenvalues as the zeroes of more familiar special
functions. Recall the generalised Fresnel sine and cosine integrals si(a, z) and ci(a, z) (see also
(5.5) below). The proof of this and the forthcoming results will be presented in Section 5.

Proposition 3.2. For all A > 0, we have the expressions

34 oy(-n=—— [ [hl(v) cos (;’; + Av) ~ ha(v) sin <;’; 4 )\v>] dv

T 52
2 0
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and

(3.5) Dy(—=A) = L [hg(v) Cos <U5 + )\U> — hy(v) sin <U5 + Av)] dv
272 J, 20 20 ’

where

1 2P 1 o0
hl(v) =vosl <2716> ) hQ(U) =vha <2716>

5 1 5 5 1
hs(v) := 25111%6 — 072 <27 11)6> o ha(v) = QCOS%G + 07/ %i (2, 11)6> .

3.2. Approximations of the spectrum. To have a more specific idea of the dependence
of the eigenvalues on n, we can use Proposition 3.2 to derive asymptotic relations for ®;(—X\)
and ®o(—N).

Corollary 3.3. There exists 0 < \g < 1/2 such that for every A > X\g, we have

445/4
oy b ca s (Asm T es?
(3.6) O(—N) = ;)\ e sin 5)\ + 1 +0 e
and
445/4
(37) q)Q(_A) - ;)\ €5 COSs g)\ + Z + 0 W .

Solving the equations ®1(—\,) = 0 for n = 25 and ®o(—\,) =0 forn =25 —1, j € N, the
above asymptotic relations give some more explicit expressions for the eigenvalues.

Corollary 3.4. For each n € N,

(3.8) Ap = <5(2”1g1)”>4/5 [1 +0 <n;/2ﬂ .

The next result describes the small spectral effect discussed in the Introduction, i.e., that
the eigenvalues \, differ from the zeroes of Aiy and Ai) by exponentially small terms. Define

- =25—1
(3.9) lin :_{ 4G o=
—Q; n=2j

/

; are the negative real zeroes of Aiy and Ai}, respectively, see

for j € N, where a; and «
(4.4)-(4.6) below.

Theorem 3.5. For every n € N we have that

25/4, /T (4
(3.10) |An — pin| < 7(5)%
51/10ﬁ

where v, = \/ClnC2n and cip,C2n are the normalization constants given in Theorem 4.5

belo’u}. MOT@OU@T,
m 2,5/4 7T 2
Tn = \/>)‘n 1/86 A~ \/gn 1/106 57

for all n € N.
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We note that throughout this paper the standard Landau notations are used, and f(z) ~
g(z) means f(x) = g(x)[l + o(1)], while f(z) =< g(x) means that there exist real numbers
Cy > C7 > 0 such that Cig(x) < f(x) < Cag(x).

This gives the following bounds on the sequence A, 11 — A, of spectral gaps.

Corollary 3.6. For every n € N we have that

/8 \1/5 1\ /5 T/ 8\ 1\ /5
. = S < <= (= - .
(8:11) 2 <157r> (” 2) S Ant1 = An < 5 (57r> <” 2>

3.3. Heat trace and Weyl-type theorem. Using the asymptotic expression in Corollary
3.4, we are able to derive an expression for the behaviour of the trace of the semigroup

o
Z(t) :=Tre tH = Ze*)‘”t, t>0,
n=1

in a neighbourhood of the origin.

Theorem 3.7. We have
or (2
(3.12) lim t>/4Z (t) = ﬂ.
tl0 T

A consequence of this is the following Weyl-type asymptotic formula on the distribution
of eigenvalues. Denote by
NA) :=|{n e N: X, <A}

the counting measure of the number of eigenvalues \,, of H up to level A > 0.

Corollary 3.8. We have that

. N(\) 8
(3:19) N T B

4. EXPRESSIONS AND PROPERTIES OF EIGENFUNCTIONS

4.1. Fourth-order Airy function. The fourth-order Airy function of the first kind Aiy is a
particular case of the more general class Aiy, k = 2,4,6, ..., formally defined by the integrals

1 s

where G is any infinite contour in the complex s-plane that starts at infinity in the sector
km km km

—41 —0< E(Lrg()s) < 0 — 75 and ends at infinity in the sector ;75 — ¢ < arg(s) < % +6
k—1)w

for 0 < 6 < DI cutting through the negative real semi-axis. The integral is convergent

k+1)

since Re(s — 00 as |s| — oo within |arg(s) £ 2| < 4. It is also possible to continuously

deform the contour G to align with the imaginggfl axis without altering the value of the
integral, and hence by the change of variable s = it and for k = 4, we obtain (2.7). The
function Aiy is smooth and bounded, and extends to the complex plane as an entire function,
and hence it follows directly that Aiy satisfies the higher order Airy differential equation

dk

dT/kw(y) +eye(y) = 0.



SPECTRAL PROPERTIES OF THE MASSLESS RELATIVISTIC QUARTIC OSCILLATOR 9

Since proofs involve lengthy calculations, for more details we refer to [4]; here we present
some properties of Aiy taken from here for the specific case k = 4 which are of particular
importance in this paper.

Proposition 4.1. The following expansion holds:

3 l(p) © 1\ 3
(4.1) Aig(y) = 3 A0y 3 ”1) 11

p=0

Moreover, for the derivatives we have

Tp+l | pm
cos(2 5 +2

55T (%) sin <p;17r) 7

Formula (4.1) can alternatively be expressed as the sum

(4.2) AP (0) =

for each p=10,1,2,3.

(4.3) Aiy(y Z Al(p) U, (y),

in terms of the generalized hypergeometrlc functions oFs(a, B, 7; 2), where we denote Uy (y) :=
5 5

oFs (334 -5), Uily) = oFs (3,48 -5), Ualy) = oFs (4,8, 5~ ), and Us(y) =

oFs (15,54,

Proposition 4.2. There exist constants C1,Co > 0 such that
| Aig(y)| < mm{C’le 2 Cyly|™ }, y e R.
Moreover, we have that Aiy|g+ € L*(RT) N L2(RT).

The next result gives the behaviour of Aiy and Ai) on the negative semi-axis from which
the asymptotic expansions of the negative real zeroes of Aiy(y) and Ai)(y) are derived.

Proposition 4.3. We have that

Aig(—y) = M (cos (6= T) P©) 45 (6= T) Q1)

and
Ay (=9) = g (s (6= ) RO —eos (6= T) 519
where - -
PO~ (G and O~ (DG as€ o b
and 7:0 :0 /
R(£) ~ ZO(—l)T?: and S (&) ~ ZD(—U?"?;;: as € — 400,

with € = %y5/4, and coefficients Cy, C] expressed in terms of the Bell polynomials.

Finally, we give some asymptotic expansions of the negative real zeroes of Aiy and Ai)
denoted by a,, and a,, respectively.
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Proposition 4.4. For every n € N we have

4n — 1 4n —
(4.4) an:_f<ﬁﬂmﬁ> amla;:_gC%nw3ﬁ>,
where

0.1586783204  0.03595263992  0.01511323043
(45)  f(r) ~ o (1+ e R —)

72 T4 76

(4.6) g(T) ~ 74/5 (1 —

as T — OQ.

0.05289277344  0.003797437462  0.0005042991615 )

4.2. Eigenfunctions. The Fourier transforms of the eigenfunctions of H can be expressed
in terms of fourth-order extended Airy functions. Define

(4.7) A1(€) = ALy(€) A4(€) — Aig(€) AT (€)
(4.8) Ao (€) == ATy (€) A{(€) — ATy ()AL (€)
(4.9) A3(€) == ATy (€) AT} (&) — AT{(&)AT] (€).

Theorem 4.5. The Fourier transform of the L?-normalized eigenfunctions of H is given by

c1n Alg(ly| — M) + cz,nAi4(\y] —n), n=2j—1
(410)  (Fn) (y) = B

c1nsgn(y) Ala(lyl — An) + consgn(y)Ala(lyl — An),  n =25
for ally € R and j € N, where

_ 1 ,Aviil(_/\n) =925 -1
111 N RERCRVE vy vy eIy B
(411) Clin = 1 Aty (—An) n=2j
2 Aa(Amha(—w) -
and
Al (=Xn) 9.
412 ._ f \//\nA2 A 271
(4.12) Con = Alg(fxn) e
n=2j

2 \/ Aa(=An)A3(—An)
We now proceed with further properties of the eigenfunctions %,. First we obtain a full

asymptotic expansion.

Theorem 4.6. For every j € N and N =2,3,...
N-1

(4.13) Yoj—1(x) = Z(DHI% +0 (1;211#4)

=1

N-1 '
(4.14) Vaj(@) = lZ(—D”le(?é%UO(@)
=1
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holds as x — oo, where we have that P(—\1) = \/g (Cl,l Aiy(=XAp) + cz,lfAvi4(—)\1)> , Q(=A2) =
2\/2 (01,2 AV y(=No) + CQ,QE;(—)\Q)), and for all j = 2,3,...

~(3+20)

2 .
7’()\23‘—1)—\/;(01,23'—1/*1513”[)( A2j—1) + c2,2j—1Ai, (—/\2j—1)>

2 — (4421
Q(Agj) = \/; <C1 2j—1 Alg +2l)( A2j) + c2 2;Alz(; )(_)\2]')> .

From general results on the smoothing property of the evolution semigroup e~
that the eigenfunctions are bounded and continuous functions [11]. Using the extra informa-
tion for the specific case here, we obtain stronger regularity properties.

tH we know

Theorem 4.7. For everyn € N the eigenfunction ¥, is analytic on R and has the expansion

Zq?o:o(_l)ra%()\n)x%, n=25—1
>o(—1) azrp 1 (Ma)2¥ =25

for all j € N and x € R, where

1 [2 [ ' .
ap(u) = P'\/;/o y? (an Aig(y — u) + co nAis(y — u)) dy, peN.

The following result shows another aspect of the small effect discussed before on the level
of the spectrum. Its occurrence on the level of eigenfunctions consists in the fact that the
eigenfunctions 1, are exponentially well approximated by the inverse Fourier transform of
the dominating term in (2.10)-(2.11). Write Xn(y) = 01 nAls(|ly| — pn), for which we have
Ixnll2 =1 for all n € N. Using that |1, — F 1x,| < \ﬁ f |6n(y) — xn(y)| dy, we derive a
direct estimate on the sup-norm of the difference, and another using the local cancellations
between successive eigenvalues.

Theorem 4.8. For every n € N we have
99/4
S =0,
- 57'(627”

_ 5/4
where ¢ < /T An UBe=3a" o fn_l/lo i, Moreover, for every n,p € N it follows
that

(4.16) Un —F 'xn

23/4

(4.17) / +p§/ " xn(y))dy < %J(n)

where

8C 1 71517;42 1517r/42E
J(n) = 3o + By + ot + + -2 Dy —
’ 55/431/4 T 27 T
es5/43172 _ 1 e1s5l/42 — 1 (6151/42 — 1)
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with

Ul L T _1/10_—1.8739 —1/4 4
B, =e 55/4s/4¢cy ), ~ 5 n /101 " and C,=n Com ~ 5
PR — s __2mn T
D,, = es®/*s1/42¢y  ~ \/;n1/1060‘00183” and E, =e 5/%/%cy,, ~ \/;n1/1061'4385".

From (4.17) it is seen that the 1, stay near F !y, also piecewise, i.e., inside each interval
given by the successive eigenvalues.

Finally, write x,(y) := Cy Aig(|y] — ), where C,, := 1/]| Aig(] - | — \pn)]|2 for each n € N.
Then we have

T o_ _4
n~7/20,—%n

Theorem 4.9. For alln € N

- 933/20 31/5 51/10 4
Hwn - F 1Xn”2 < 13710 r <> Bn,

where By, = n1/50 \/m - 7r 1/5)\—1/8 _2,\5/4 nl/10,—

5. PROOFS

5.1. Proof of Proposition 3.2. We only show the proof for (3 4), by a similar argument
(3.5) also follows. Let A > 0 and consider the split-up Ais(— )\)A14( A) =1I(A\)+ J(N), where

100 5 00 w
I(A) = ﬁ </_ZOO M5 dt) (/0 w2 du)
1 o] 5 o] 5
JA) == </ cos <t5 - )\t) dt> </ u?sin (u5 - Au) du) .
s 0 0

Rewriting I () as a double integral and applying the change of variables X = t+u, Y =t—u,

and

. 5
we readily obtain that I(A) = — 54z ["70. M +30 (fOOO(X +Y)%e” 16 (Y2+X?)? dY) dX. For
the second integral a similar straightforward computation gives J(A) = 0. Hence
: 3 L[ axexs ([ 92 —X(y2yx?)?
(5.1)  Ai(=N)Aiy(=N) = — / e 20 / (X +Y)%e 16 dY ) dX.
16720 )00

Next consider similarly Aif(—A)Ais(—\) = I(\) +

(),
I(\) = ﬁ (/_oo PN dt) </OOO M du>

where

and . .
~ 1 oo t oo
JN) == / t?cos [ — — At ) dt / sin [ L — Xu ) du ).
7T2 0 5 0 9
- : 5 -
We obtain [(\) = —by: [0 M H30 ( J&(X = Y)2e (X3 dY) dX and J()) = 0,
which give

— 100 5 o0
(5.2)  AIf(—=N)Aig (=) = —1612‘/ SRS </ (X — V)2 16 (Y2 HX?)? dY) dx.
T J—ico 0
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A combination of (5.1)-(5.2) gives furthermore
1 100

5
T

(5.3) By (—\) =

—100

with b(X) = [;° Ve 16V +X? qy . Computing the integral, we have

5
/OO Ye (VX% gy — 1/(><> e~ (VX gy — x—1/2p <1 X) :
0 0

2 27 16
; 5
Thus ®1(—\) = —47}21. I X12r <%, )1(—65) X+ dX, and hence
[~ 1 aX%\ 4(x° Teon
(54) @1(—)\) — _ﬁ ‘X|1/2F <2’ Z16> €Z< 20 +>\X+4Sg (X)> dx
™ —0o0
oo ) (x5 .
= —212%6/ x2r (; 21X6> A(E ) gx
T 0

.

Finally, we use the identity I' <%, %) —e7 [ci (%, X—5) —si <%, )1(765)}7 see [20], to complete

the proof for ®;(—A\) in (3.4), where
(5.5)

si(a, 2) :/ t*Lsintdt and ci(a,z2) = / t"leostdt (Re(a) <1 and Re(z) > 0)

are the generalised Fresnel sine and cosine integral functions, respectively.

5.2. Proof of Corollary 3.3. Using a steepest descent-argument we get

oy =t s (B T —5/8
(5.6) Aig(=) = =2 sin (5)\ + 7 (1+O(A ))
and
— 1
(5.7) Aig(=)) = \/?/\—3/86@5/4 (1 n O()\—5/8))
T

for every A > \¢ for some 0 < \g < 1/2. Since Ais(y) and E4(y) are analytic functions, (3.6)
and (3.7) follow by differentiation in (5.6)-(5.7). Since these calculations are lengthy but do
not use special methods, we leave the details to the reader; alternatively see [4].

5.3. Proof of Theorem 3.5. Before proceeding with the proof of Theorem 3.5 we will need
some auxiliary results. Denote £ := dd—; + |y|, so that (L — \,) ¢n(y) = 0.

Lemma 5.1. For every n € N we have

4V2T (2) e
- (= A2 < 222 5) Con
(5.8) L = pm) Ada(] - [ = An)lla S —575 cin’
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Proof. Since py, > A, for n € N, we have

(59) | ('C - /~Ln) A14(|y’ - )\n)’ = Clln| (‘C - Mn) an(y) —Cn (*C - Mn) ,A\;4(|y’ - )\n)‘
< Clln| (»C - An) ¢n(y) —Cn ('C - Nn) K/14(|y| - )\n)’
< 2L = ) Ria(ly] = M)l

Hence,

<mmt/|w—%mmm—MW@<CZ/ K Ly A>MM—M)
— 00 Cl.n 0 dy

dy.

Using that Aiy(z) =< L e 5 dt for every z € R, it follows by (5.10) that

o0

&0 2
S (t*+y—An) *%*““dd(m
Cin

<462n (‘/ tre=(W=An)t— 5dt ‘/ (y — A\n) e~ (W=An)t— 5dt>d
Wcln

To estimate the inner integral in (5.11) we write t = (u, — y)"/*u and h(u) = %5 — u, and

(5.11)  [(£— ) Aa(l- | = M < 2CQ”/OO

apply a standard calculation to obtain

(5.12) ’/OO e~ ()= dt’ < \/?\y _ Mn‘5/867¥\y7un|5/4.
2
0

Similarly, it follows that

(513) ‘/ y )\ —(y—XAn) t—i dt’ \/7|y )\ ‘5/8 —i‘y An |5/4

A combination of (5.12)-(5.13) and an apphcatlon of (5.11) gives that

. 402, _AVZ), . |5/4
G0 (L= ) Aiall | — )3 < 222 [y e ol gy
n
46271
= I I
Wcln[ 1(:“%) + Q(Hn)]
Here
An An
h1(2) ::/ (= )P/t 200 gy 12 [A SN / 20—y dy]
0 0
1 *M)&M o 4\f 5/4 7@)\2/4 1 4
S\/i[—)\ne 5 —i—/o e :| |:)\e 5 +WF5 7

and similarly

S R Y7 VYOV W LVZ B S (R T L A S S
BOw) = [ ae = e < sent ()

Thus from (5.14) we obtain

_ 4 o[ 2 (4 _aya /s
12 =) il 1= A < s 2 | o (5] — a0,
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Since the second term in the bracket is positive, the claim follows. U
Next we derive formulae for the normalization constants explicitly in terms of n.

Lemma 5.2. For all n € N, we have that

(5 15 c1 n - l n1/8 \/> —1/10 and CQn = \/z)\nl/Seg)\i/‘l N ’gnil/loeign

Proof. Recall (4.11)-(4.12) and (4.7)-(4.9) for A > 0. From (5.6)-(5.7) we obtain

\/127/\ 3/88111( PRIEE 4) (1+O()\_5/8));
T

E4(_)\) _ \/12771_)\_3/865>‘5/4 (1 + O()\_5/8)>

for every A > Ao with some 0 < \gp < 1/2. Since Aiy(y) and ’Avi4(y) are analytic functions, by
differentiating and some straightforward calculations we obtain

1 4 4
~\) = i ; 5/4 % 5/4 , T 435/4
Ao (=) < 5 {sm (5)\ 4>—|—cos <5/\ +4 5
A (_)\) N i %)\5/4 E o %)\5/4 E )\1/2 %)\5/4
3 = o COS 5 =+ 1 sin : + 1 e )

Aiy(-A) =

Using these relations, we have AAZ(—\) + AZ(—)\) < ﬁe%)“m. In particular,
-~/

L A14( An) x\/?/\;l/S for every n =1,3,5,...

\f\/)\ A2(=Xp) + A5(—)\p) 2
Similarly, we have

1 Ai4( An) \/? _1/8 (4 T\ _4,5/4
= =/ =, /8 cos 7)\2/4_’_7 e”5™  for ever n=13,5...

V2 A () + M) 2 5 4 Y

We also have that

1 4
Ao (=N A3(=A) =< yps) [Sln2 <5)\5/4 4) — cos? <5/\5/4 + Z)] AL/2eE3X

1 . 8 8y5/4
= ——sin )\5/4> AL/ 2537
472 <5

/5

In particular, setting A\ = [1%(271 — 1)%}4 , we obtain for all n = 2,4,6,..., that

1 845/4
Ag(—)\n)Ag(—)\n)v4 A %es

and thus

-~

1 Ay (=) — [Ty\-18
2 /Ao A)As(—An) \fA”

1 Alj(—An) = \/?)\1/8 sin <4)\5/4 + W) e
2 \/AQ(_)‘n)AS(_)‘n) " 5" 4

and
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The fact that A, ~ n*® proves the claim. O
Let
(5.16) Cn =1/ Ala(] - | = An)l2-

Using the identity (= Aij(z) + 2 Aij(2) Aif'(2) — [Aiﬁl’(z)]2), = Ai2(2), we have that

| Aig(| - | = M)z = (/Z As(lyl — M) dy> 1/2 _ (2 o;n A dz) 1/2

(5.17) = V2 (A AZ(=An) + [AT (= Aa)]2 — 2 AL, (=) AT (= A0) 2.

Recall that p, = —a/, for n =1,3,5,... and p, = —a, for n = 2,4,6,..., where o, and o,
are the negative real zeroes of Aiy and Ai), respectively. Using (5.16)-(5.17), we have that
518 0= Ly JOn AR+ A AP) n=2j-1

‘ "TV2 T LAY ()2 — 2AT (<) ALY (<)) T =25

for every j € N. We also recall from (5.6) that

(5.19) Ai(—)) = \/%r)\_s/s sin < A/ L 4) [1 +0 ()\—5/8)}

for every A > g given that 0 < A9 < 1/2. Using that Aiy is analytic, by differentiation in
(5.19) we obtain

NAig(~N)]2 + [AL(~N)]? = SAVAsin? (2A%4 4. T
T 5 4
and
AT~ — 2 AT () AT () < 5 AV [1 + cos? <4)\5/4 + m .

Setting again A = [5(2n — 1)7/16]*/° and using (5.18), we obtain

(520) C, = \/> n1/8 \/> —1/10’ n e N.

A comparison of (5.15) and (5.20) implies ¢, = Cy, := 1/|| Aia(| - | — An)]|2-

Proof of Theorem 3.5. Since (¢;);en forms a complete orthornormal set in L?(R), and
Aiy(|-| — A\n) € L%(R), we make the expansion Aiy(|y| — \,) = Y51 idi(y), n € N, where
by := (Aig(] - | = An), &1) 12, and the Parseval identity
(5.21) Y0 =AU 1= )3

1>1
holds. We then have that

(5.22) 0L — ) Ala(] | = A3 = D 0P (N — )
I>1
Let Ay(n) denote an eigenvalue closest to p,. It follows from (5.22) and an application of
(5.21) that
(5.23) D N = 0)? = Mgy — 1) Db = — pn)? [ Ala(] - | = A5

I>1 I>1
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Using (5.22)-(5.23) and (5.8), we obtain

\/i r (%) AV C2,n/cl,n

A n) — HMn <2 1 ’
Ag(n) = #in 75175 [Aia([- | = M)l

Since by the above | Aia(|-| = An)[3 = 237y (~1)" (2) A (~A) A (< 0,) = 1/, we
have

25/4 4
(524 Py = imd < g T (5)7”’
_1/86_%)\3/4 -

with v, := /€1, C2,n, and using the results of Lemma 5.2, we have v,, < \/g)\n

\/gn_l/me_%". Take § = °F (%)5/4 ~ 0.475813 and let ng = [2In(C/d)] + 1, where

c=20 \/@ sup,, ey nt/10e2n/5 ~ 0.667134. We claim that

(5.25) Ayt € ((@/4 _ 5)4/ ° (ki + 5)4/ 5) for 1 > no.

By (5.24) we have [Ay(n) — n] < Cn~Y0e=20/5 L § for n > ng. On the other hand,
(5.26) thmax{(),(n_gs)ﬂ}<,ui/45<uf/4+5<5gﬂ for n = nyg.

Using the inequality (& — )71 < €7 —n° < o6 —nn° Lfor0<o <land &€ >n >0,
see [5, (2.15.2)]), and setting

T ormNS/A4 L8\
A= (7> s inf n=1/1020/5 5 1
c \17 <57r> npng | C

> = > — | — n =7|-— — n
5/4
5 (!t + 6)1/5 5 \om 17 om

> AC n Y10e—2n/5 5 A\)\q(n) — fn]| for n > ny.

This shows (5.25). Next by showing that ,ui/_fl — u?/ S 26, we conclude that the intervals

((u?/ - 845 ( ui/ Yy )4/ 5) are mutually disjoint, and hence Ay(,) for all n > ng are distinct.

Using now the inequality (& —n)é° 1 > €7 —n° > (€ —n)n® Lforoc > 1and £ > n >0,
we have

we have that

( (u?/4 + 5>4/5 — fin

5/4 5
(5.27) ey = 4> Ly = ) .

Take B = inf,,>p, (n + 1/2)*1/5;;71/4 > 1 and note that (see (5.34) below)

1/5 1\ /5
2 n - > 1 5 ) .
(5.28) S (157T> (n+ 2) neN

A combination of (5.28) and (5.27) gives

1/5 -1/5 1/5
My — un/ > Y (157r> (n + 2> ,un/ > < \15r B > 24§, for all n > nyg.

2
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Furthermore, since )\q(n) is the closest eigenvalue to p, so that A, < A < p for n = ng,

and given that )\2(/:) < ui/ 4

Also, we have that

q(n)

/4 4/5
+ § for n > ng, we conclude that A\, < (,un + 5) for n > nyg.

Snm VO 5(n+1)m

g <MuaS——g— nel,

4/5
which together with (5.26) implies that (uiﬂ + 5) < Ap+1 for n = ng. Thus

4/5
(5.29) Ap < (uf’ﬂ + 5) < Apy1 form = ng.

To complete, we make use of an idea in [15, Th. 1]. We claim that there are at most
ng — 1 eigenvalues not included in the above class. We use from Section 5.5 below that
Y ons1 et = [ e MdN(N), t > 0, where N(X) is the spectral counting function associated
with H. Let

L:={leN:1l#¢q(n) forall n >np}.

Note that L is the set of all mismatches [ # g(n) for n > ng, and hence its complement in N
is exactly the set for which ¢(n) matches I € N for n > ng. Using below Ay, < (i + (5)4/5

and the monotonicity of e, we have

00 5/4 , \4/3
e =Y e - 3 et < / AN - Y (o) e

0

leL >1 n=ng n=ng
(54 2\
Since f<°:5/4+5)4/5 e MAN(N) < S noms (#n +5> t7 we get
70
4/5
(574, \4/5 T
(5.30) e <e (ng"+0) "ty ((ui{f‘ n 5)4/5) —|—t/( o) e AN (A) dA.
leL 0
As N() is increasing on (0, (ui{f + 6)%/%), we have
5/4., \4/5 5/4 4/5 ;
frg +0 N ((un + (5) ) (. 5/4 4/5
(5.31) /< o) e MN(N) dA < Ot R C RO
0

Inserting (5.31) into (5.30), we obtain Y., e™ N < N ((,ui{fl + 5)4/5>. As t N\, 0, the left-

hand side converges to |L|, and it follows that |L| < N ((,u%4 +5)4/5>. Using (5.29), it
follows that the right hand side above equals n for n > ng. Therefore, we have that |L| < no,
which proves the claim.

Given that X\, < (5n7/8)%5 for all n € N, we have in particular for I < ng that \; <
(517 /8)*5 < (5(ng — 1)7/8)*%. On the other hand, for n > ng, we have that Ag(n) >

4/5

(it =) " > (B(n=1)m/8)4° > (5(ng—1)m/8)"/°. Thus, L 2 {1,2,.....,np — 1}. However,
|L| < ng — 1, which implies that L C {1,2,...,n9 — 1}. Hence they are actually equal, and
therefore we conclude that ¢(n) = n for n > ny.
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By direct calculation, we have that ng = 2 implying that A; is the only eigenvalue excluded
from the above set of eigenvalues. However, \; < (57/16)*° and since u; > (7/5)%/°, we
obtain

5m\ Y0 ™45 9r (5\Y° 25/4 |T(4/5)
—m < | = (= — (= ~ 0. ~ 0. i
A — 1 < (16) (5) <100 <7T> 0.310282 < F1/10 el 0.447194

Hence we conclude that the result (3.10) holds for all n > 1. O

Proof of Theorem 3.6. To derive the upper bound recall from (3.8) that
(5:32) \ W (52nt D Y5 5(en — D)r\ P

' LT 16 16 '
Applying the same inequality to (5.32) as in the previous proof, we obtain

52n+ D\ (5(2n - 1)n 4/5<E SN\ T
16 16 S92 \5r "o '

(5(4;‘1E1)7r>4/5

, 5(4j—3)7 ) 4/°
For the lower bound recall that p9;_1 = —Qy < ( i ) , M2j = —Qyj

WV

)

for each j € N. The used inequality gives then again

- 5(47 — Da\*Y® /545 —3)7\Y® _ « 1/5 1\ "°
(5.33) ;ng—uzj_1><16> (%) =3 Q i=3 .

Setting n = 25 — 1 in (5.33), we obtain

/8 \1/5 1\ /5
_ > = -
Hn41 — Pn =2 5 (571') <TL+ 2) s
and n = 2j gives

B 7 8 1/5 n_} —1/5>I 8 1/5 n+1 -1/5

Thus we conclude that
/8 \1/5 1\ /5
. n - Mn 2 o - a .
(5.34) tnt1 — M 5 <57T> (n+2) foralln e N

Since A, < iy, using (5.34) we can optimize over C' > 0 in

T(8 1/5 . 1 -1/5 ol 1 -1/5
2 \ B "y “=\"" 2 '
n+l/2 < < 3forn > 2, gives C = )1/5

Using 1 < ne172 S

(157r and this completes the proof. O

5.4. Proof of Theorem 3.7. Consider the decomposition 320, e ! = F(t)+ G(t), where

o [ee]
F(t) := Z e M-t and  G(t) = Z e M2t
7=1 7j=1
For every 0 < t < 1 it follows from (3.8) that there is a constant 0 < C' < 1 such that

5(4] 3)7r /s, 5(4J 3y 4/5t

—Ct Z e 16 Ct Z e 16
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Passing from summation to integration gives
00 (5(4z—3)r 4/5t 00 (5(4z-3)m 4/5t
e_Ct/ e ( 16 ) dz < F(t) <eCt/ e ( 16 > dz.
1 1

4/5
By the change of variable y = (W) t it furthermore follows that

o) z—3)7 \4/5 o)
/ 6_<5(4T6—3> ) tQy — 1/ yie—y dy,
1 Tt5/4 (%)4/51%

which implies that limg o t>/4F(t) = 11 (2). Similarly, we obtain limy o 914G (t) = ir(2).
By combining these results (3.12) follows.

5.5. Proof of Corollary 3.8. Let m; count the multiplicity of ); for each [ € N. With
0< A <A <...< A <R, for every R > 0 and finite, we have

mi1+meo+ ...+ MmNy N<A<X i3 l=1,2,....n
N = {0 0<)\<>\1.+

Since eigenvalues come with multiplicities, m; = 1 for all [ € N, and we have
n
NQA) = le[kl,kl-u)(/\) for 0 <A< R,
=1

with N(\) = 0 for A < 0. Note that N()) is right-continuous at each A = \,, n € N, and
jumps by d,, := N(AY) — N(\,;) =1, n € N. Also, N()) is of bounded variation in (0, R),
and the integral fOR e AN (N), t > 0, exists. Furthermore, taking the limit as R — oo, we
have that [;° e dN(A) = limp_0 fOR e~ dN()). This limit exists for every ¢ € RT since
by integration-by-parts, limpg_, oo fOR e MAN(A) =t [;¥ e MN(X) dA < co. Since

t/ooo e MN(\)dA =t (/OM +> /:n+l> e MN(A)dA

n=1 n

1
e Md\ = Z n (e_)‘”t — 6_>‘"+1t) .

n=1 n n=1

Ani

By telescopic summation we then obtain [ e dN(X) = Y -, e~*"". By definition, Z(t) =
>2%° et and from Theorem 3.7 we have

00 ]
(5.35) / eMAN(N) = Z(t) ~ 2r£4)t_5/4 as 11 0.
0

A Karamata-Tauberian theorem [14, Th. 15.3] applied to (5.35) gives (3.13), which completes
the proof.

5.6. Proof of Theorem 4.5. We are only required to derive expressions for ¢, and ca .
Take ¢, (y) = p(y — \p) for y > 0 and recall from (2.6) that

4
(5.36) Lro() = —2().
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/Z(bi(y)dyzz/ow@Q(y_An)dy:2/0;n¢2(z)dz,

Using (5.36), we have the identity

Consider

2 (57(2) + 26200 (2) ~ [P )P) = £(2).
Thus we obtain
630 [ B0 =2 (A + A~ 2 A (M)
From the boundary conditions (2.4), we have for each n = 1,3,5,... that
(5.38) ¢ (=) =" (M) =0
implying that
(5.39) co = —qw ¢ M
Aiy(=An) Aly (=An)
Plancherel’s theorem and a combination of (5.37)-(5.38) yield

(5.40) 1—/ V2 ( dx—/ P2 ( =2 (Mp® (=) + " (=An)?) n=1,3,5,...
With (5.39), we have that
. -~ c
P(—An) = €1 Aig(—An) + c2Ais(—An) = ————— A1 (= \)
Aiy (=)
@' (=An) = c1 Aif (=) + C2EZ<_/\n) = fv/ciljh(_)‘n)-
Ai (=)
From here we deduce
_ 1 EQ( )
Cln =C1 =
V2 VA2 (<) + AZ(—A)
_ 1 A14( An)
Con = C2 =
V2 /A2 (—N) + A3 (<)
foreachn =1,3,5,.... To obtain the results for n = 2,4, 6, ..., we proceed similarly by using
now the boundary conditions (2.5) giving
(5'41) (P(_An) = (P”(_)‘n) =0.
Proceedings as above, we finally obtain
Aly(—An) 1 A=)

and cop, =co = —

1
Clm =C1 = 5
2 V/Aa(=2n)A3(=An)
for each n =2,4,6,...

2 /Ao (M) As(— )
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5.7. Proof of Theorem 4.6. We recall (4.10) for each n = 1,3,5, ..., and by taking inverse
cosine transform, we have that

(5.42) o1 ( \/7/ cos(zy)p2j—1(y)dy for each j € N,

where

$2j—1(y) = c1,2j—1 Ala(y — Agj—1) + c2,2j—1Ais(y — Agj—1), fory > 0.
On integrating by parts (2N+4)-times in (5.42), together with limy_, sin (zy + =) qﬁgj) (y) =
0 for all r,I € Ny, we obtain
(2r+1)
Z17(0)

(5.43) [ costanons =3 O

Here
(—1)N+t (2N 42
Eyn(z) izxm)wz ; COS(:vy)cbz] Py dy

- (0 [t

for each N = 2,3,4,.... For sufficiently large M7, My > 0, dependent only on N, we have
that

(2N+3)

65D (0)] < eraj | MGV (g 1)+ eanj 1 [ALy (< hoj1)| < My

and

2N 4
/ 62N ()] dy
(2N+4)

o0
<c12j-1 / | A (y — Mgj1) dy + ca9j-1 / \A14
0 0

(y = Agj—1)[dy < M.

C1,j . . L
Hence |Ey y(2)] < Il’lli% with some C j v > 0. Using the conditions <;5’/\2j_1(0) = ’/\”2],_1(0) =

0,7 =1,2,..., and differentiating in (2.3), we have qﬁg;’.)_l(y) = —¢2j—1(y)—(y—A2j—1)d3; 1 (),

which reduces to (;55?)_1(0) = —¢2;—1(0) with ¢9;_1(0) > 0 for all j € N. Then (4.13) follows
from (5.43) combined with (5.42). The proof of (4.14) follows completely similarly.

5.8. Proof of Theorem 4.7. We only show the proof for n = 2j — 1 case, the result is
obtained similarly for n = 2j. For each n = 2j — 1, j € N we have that

(5.44) \/>/ cos(xy) clnA14(y An) +c2, nAig(y — A )} dy

\/7/ r)! [Cl’”Al‘*(y M) + ez Ala(y — A )} dy.

Define

n : p' \/>/ Cl nA14 y A ) + CQ,n/A\-LL(y — )\n) dy7 p= 27.7 r e N.



SPECTRAL PROPERTIES OF THE MASSLESS RELATIVISTIC QUARTIC OSCILLATOR 23

We show that for eachn =25 —1, j € N,

(5.45) ZCLQ’” w)|z]?" < oo

for almost all z € R; then we can conclude using the monotone and dominated convergence
theorems that the result follows from (5.44) for each n = 2j — 1, j € N, by interchanging

summation with integration. Let R := lim,_, % . Since [Aiy(y)| < | Aig(y)] for y > 0,
we have
P
Al4( ) o 1/2y se 57, y>0

which implies that there exists a constant C),, > 0 such that

) -~ _4.3
lc1n Als(y — M) + 20 Als(y — Ay)| < Cre Y 4> 0.

Thus we obtain

GQT()\H) 2T 77y dy

By the change of variable z = %y‘r’/ 4 we have

8r—1 8r—1
1 2 5 s 1 2 5 4(2 1
dgr = o \f : / e dr = \f y p(2CrEY
2r)!V m \4 0 @2r)V m\4 5

Applying Stirling’s formula to I'(«r), we furthermore have
s <4(2r5+1)>
4(2r+3)
r ()
4(27‘+1)

8 1 8

ANE s (2r 41 I 5 \3
~@r+2)@r+1)(Z) e 2

@r+2)@r+ )(5> “ <2r+3) <4(27’+3)> !

which implies that R — oo as r — oo.

2742

92 (9 492 +1) <§)

5.9. Proof of Theorem 4.8. With ¢,(y) = cin Ai4(|y|—)\n)—i-cQ,n’A\/i4(|y]—)\n) and x,(y) :=
c1.n Aia(ly| — An), we have that

0nlo) = (77 0) @] = 2| [~ 160000 = )] @
(5.46) Z\C/Q%/OO eV Ay (|y| — dy‘ C2n\/>/ |Als(y — An)| dy.

By a similar procedure leading to (5.12), we can also show that

_ _2V2, ) |5/4
‘A14y A )‘ Y — | 7¥Bem TE AT

W |
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Using this estimate in (5.46), we have that

oo 1 oo
Aiy(y — \n dyé/ y—)\n_3/8e_

— 22 (n—y)*/ — 22 (y=An)*/

1 . /’\"_Ee d +/°° e d

= — 1IN —_—m —_—_—m
Vareo o Ow—wB T ke s Y
97/4

2v/2 5/4
B =P gy

2 [T g8 2v3.54
lim 238 4y = .
V2m =0 . V5
The result (4.16) then follows by a combination of (5.46)-(5.47).

To prove (4.17), we proceed in a number of steps. Let p #n — 1 and p # n. We have that

(5.47) <

)\p+1 )‘P‘i’l —~
/ |én(®) — Xn()| dy = c2 / [ Ria(y — An)| dy
A

p P

Ap+1 N

< \6/22’” / ly — /\n’_3/8e_%ly—/\n|5/4 dy
T I
[Ap+1—An] [Ap—An|
C2n —3/8 _2V2 ,5/4

5.48 = / —/ z e s dz =: conl(p,n).
(5.45) N [ 0 0 ] 2l (p,7)

1/2
The change of variables u = (%) 25/% gives

/ /
I( ) 8 < 5 >1/2 /(2\5:5)1 2‘)‘?+1*>‘n|5/8 /(2\5/5>1 2|)‘p*>\n‘5/8
)= —F——\| — = -
P 5V 2T 2\/§ 0 0

Using the inequality (see [3, (1)-(3)])
ﬁ 7152 1/2 f 2 \/’TT 7&52 1/2
. - — T < < - ﬂ 9 2 )
(5.49) > (1 e ) /0 e du< Y (1 e ) £>0

we get

)
e " du.

I(p,n) < 2/4 [(1 — 6_85\7/r§|>\P+1_)‘n5/4>1/2 _ (1 . 6_2\5/§|)\p_>\n5/4>1/2:|

V5
3/4 3/4
(550) < 2\//5 (8_2\5@')\7’_)\"'5/4 — 56—85\7/?)\1,_)\“5/4) < 2\//5 8_257\@')\1’_)\"'5/4.

Given n € N, for p > n we have by (3.11) that

T 8\ -1/5
An—i—q_An—i—q—1>§ 1577_‘_ (n+q_1) ) qu
so that

1/5

T 8 ]

et (A _y,
Antq = An 2 3 <15n> aln+a-1)

For n € N, write p = n + ¢ for every q € N giving

8

1/5
s _
wrz g () e-me- D
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Using (p —n)>*(p— 1)"Y4 > p(1 — n/p)>/* > p(1 - ‘Z—Z) = p — 2n, it follows by (5.50) that

8

3/4 .
2 ~22(5) () (0-5m) for each p > n + 1.

(5.51) I(p,n) < %e 5

Next for n € N and p < n — 1, again we have by (3.11) that

[NIE]

m( 8\ 1/5
/\n+1—j—>\n—j>2<157r> (n—j)i/; I<j<n-1

giving
1/5
T ( 8
A= Ang = = | e —1)7Y5,
T Ang 2(157r> atn = 1)
Setting p =n — ¢ for every 2 < g < n — 1, we get

T 8

1/5 )
_ > _ 1)1 5‘
A Ap/2<157r) (n=p)(n—1)

Using (n—p)*/4(n—1)"Y4 > n(1—p/n)>* > n(1 - 22) = n — 2p, it follows from (5.50) that

3/4 =\5/4 1/4
(5.52) I(p,n) < 276_¥(5) (157) (”_gp), 1<p<n—2.

V5
When p = n, it directly follows from (5.48) that

/)\n+l
n

)\n+l

| Ais(y — )| dy

6u0) = a0 Ay = 2 [

n

An+1
C2n s _3/8 _2VZ |,y 15/4
<2 [Ty e N g
27 Ia,
Ant1—An
c2 nt _3/3 _2V2_5/4
== 27385 dr =2 ep I (n).
V21 Jo

1/2
By a similar change of variables u = (2?‘/5) 25/8 and a use of (5.49), we have

1/2
g3/1 1 (22) Onimans

2
n e " du
V5 Jo
< 23/4 (1 — e—éﬁi(An+1—/\n)5/4)1/2 < 723/4 1-— 16_857{?(’\”“_)‘”)5/4 .
V5 5 2

From (3.11) we immediately have that A,11 — Ay > § (%)1/5 n~1/5 and hence

Ant1 93/4 1 -8 ,-1/4
(5.53) / On(y) — Xn(y)‘ dy < % (1 - 3e 55743174 > Com, neN
Similarly, if p =n — 1, we have

An )\nf)\nfl
C2.n —3/8 ,—2Y2;5/4
_1(y) — dy < z e 5 dz =:copnl(n —1).
L e -] an< S aln=1)
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We then have that

1/2
3/4 252 ()‘n*)\n—l)s/s 3/4
In—1)= 2 ( ) e du < E (1 — 1685f()‘n/\n1)5/4> ’

V5 Vb 2
and hence
An 23/4 1 _ 8 n—1/4
(554) / gf)n_l(y) — Xn(y)‘ dy < % (1 — 5@ 55/431/4 > Con, MNCE N.
An—l
Combining (5.48), (5.51)-(5.54), and using 1 — e™" < on Vi for0<o<1andn >
we obtain
(5.55)
Z/ }¢n _Xn(y)‘dy
p=>1
_ o - 8n—1/4 . 1 . ¢ T = ¢ 151/ o FTASTA"
< — — — e15l/42 — -
V5 5O/A3VA N\ s 1 e/ — 1 (67/ - 1)

Finally, consider

1

Con-

)

/; 6n(6) — xn(w)| dy = 2, /Al Bialy] - M) dy = e </°°+/OM) [Ria(y — M) dy

A1
CQTI, </ / ) Yy — )\ | 3/8 72\/§‘y7)\n|5/4 dy
e ()
An—A1

23/4 7/2 5/ 1/2 3/2 1/2
< % 1+2 (1 e X 4) — (1 — 6_25()‘"_/\1)5/4> C2,n
23/4 23/2 5/4 27/2 5/4
<—|24€e 35 An=A1)>% o= A Com
7 | ,
23/4 3/2
(5,56) < % (2 +e 5 ()\n—)\1)5/4> o

Since A\, — A1 > 5 (%)1/5 nn—1)"Y5>1 (%)1/5 n*/% it follows from (5.56) that

A1 23/4 __om .
(5.57) / o)~ xal)|dy < T (246 T e

Hence (4.17) follows by a combination of (5.55) and (5.57), which completes the proof.

5.10. Proof of Theorem 4.9. Since x,, € L?(R), we have
(5.58) Xn(y) = Zald)l(y)

>1

)
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with a; := (Xn, ¢1) and >, a? = |l¢nl3 = 1. We now consider

(5.59) 12 = Xa)xall3 = af (N — = at(h—

I>1 I#n

1/5
|)‘l - )\n| = )\n+1 —Ap = z i n_1/5-
2 \ 1567

For | # n, we have

Therefore, from (5.59), we simply have that

2\? (157 *°
(5.60) Sat<(2) () wlle-ald

Furthermore, from (5.58), we have xn(y) — an¢n(y) = > ., wdi(y) so that using (5.60), we
have

N2 e A (BTN
[Xn — andnllz Zal S22y n?|( n)Xnll2

l#n
4 (157\*° :
(.61 ~ 5 (%) canie - an aite - a3

By similar procedure adopted in the proof of (5.8), we can also easily show that

4\/>F( )an

J— 1 . —_ 2
(2= A) sl = M) < =yt 2

Hence, it follows that

157r VWAL (R) s
HXn an¢n”2 7T51/5 / Cnn/ 2 n/cln

Finally, we observe that Zn>1 al =1 anlylng that a, < 1 for each n € N. Therefore,
we have that ||xn — &nll2 < [[xXn — andnll2, and hence, we complete the proof by recalling
Plancherel’s theorem.
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