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We present a verification and significant algorithmic improvement of the quasi-correlation tight-
binding (QCTB) scheme (a Hückel-Hubbard-type model mimicking electron correlation) for describ-
ing effectively unpaired electrons in the spirit of Head-Gordon’s approach [M. Head-Gordon, Chem.
Phys. Lett. 380, 488 (2003)]. For comparison purposes, results based on the high-level ab initio
multireference averaged quadratic coupled cluster method previously computed in our works are
invoked. In doing so, typical polyaromatic hydrocarbons (polyacenes, periacenes, zethrenes, and the
Clar goblet) are studied. The evaluation shows that the QCTB Hückel-like scheme extended for
electron correlation effects provides a qualitatively and in several cases also quantitatively good pic-
ture of the unpairing electrons in formally closed-shell electronic systems. Additionally, fairly large
nanographene systems of triangulene structure (C426) and a perforated nanoribbon (C8860) have been
treated at QCTB level. Two analytical model problems in the framework of QCTB prove the ability of
this approximation to give a correct description of natural orbital occupancy spectra. For the studied
QCTB scheme, an efficient algorithm is elaborated, and large-scale calculations of radical charac-
teristics for nanographene networks with thousands of carbon atoms are possible. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4975196]

I. INTRODUCTION

Biradical states in organic chemistry have a long history,
dating back to Tschitschibabin (Chichibabin) and Schlenk in
early years of the 19th century. Now, biradicals (diradicals) and
polyradicals have become an important subject of study in vari-
ous fields, and the material science is a prominent one. Not only
remarkable experimental research has been done (e.g., synthe-
sis of high spin organic molecules1) but also modern quantum
chemistry was enabled to keep pace with the rapid advance
of organic radical chemistry, and a plethora of original quan-
tum chemistry models and ideas on the biradical/polyradical
theory was produced such as spin-flip methods,2,3 projected
Hartree�Fock theory,4 active-space variational two-electron
reduced-density-matrix (2-RDM),5,6 density matrix renormal-
ization group (DMRG),7 multireference averaged quadratic
coupled cluster (MR-AQCC) approach,8–10 and coupled clus-
ter with singles, doubles, and noniterative triples CCSD(T).11

In current terminology, radical species are the case of
electronic open-shells. An interesting special issue of this
kind is singlet open-shell systems. The treatment of the lat-
ter turned out to be a not so simple matter because singlet
ground states are mainly closed-shells in its nature, and only
sufficiently strong electron correlations can cause unpairing

a)E-mail: luzanov@xray.isc.kharkov.com
b)E-mail: hans.lischka@univie.ac.at

in electron shells, creating open-shell electronic singlet
structures. Happily, the current quantum chemistry approaches
can deal with large molecular systems and can, to a large
extent, also take electron correlation explicitly into account
(see previous paragraph and Refs. 12–14). Nevertheless, mate-
rial science problems, in particular for molecular nanosized
materials, demand treating polyatomic clusters with hundreds
and more atoms. The typical example of such materials is
nanographenes.15 These kinds of systems are still out of
reach or at least extremely challenging for serious ab initio
calculations.

Diagnostics of radicaloid states in formally closed-shell
molecules are an intriguing theme, which deserves further
study. One of the main directions here is the effectively
unpaired electron (EUE) theory originated in papers.16–21 The
main quantity of the EUE theory is the number of unpaired
electrons and respective EUE distribution function over the
molecule. Many interesting EUE applications appeared in
the literature and most of them are devoted to the EUE
diagnostics in polycyclic aromatic hydrocarbons (PAHs) and
similar graphene-like molecules7,12–14,22,23 (see also a recent
review24). It should be stressed that only high-level ab initio
EUE theory can provide a most reliable basis for the entire
EUE concept.12,13 Nevertheless, semiempirical models, even
very simplistic, such as one proposed in Refs. 24 and 25
can give a seemingly reasonable description of the unpairing
phenomenon.
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Evidently, when treating very large-scale systems,
semiempirical schemes have an advantage over the extremely
expensive ab initio approaches. But before using a certain
semiempirical scheme, a careful analysis of its weak and
strong sides is necessary. In Refs. 24 and 25, we used a
quasi-correlation tight-binding (QCTB) model of Hückel-like
type, which was previously developed for π-electron diamag-
netism.26 Some applications of EUE to graphene molecules
and a very restricted comparison with ab initio results from
Ref. 12 gave only a preliminary assessment of QCTB as a
seemingly satisfactory approach to the EUE problems.24

This consideration has motivated us to carry out an
extended comparative analysis of the ab initio and QCTB lev-
els of EUE theory and to present also significant improvements
in the efficiency of the QCTB algorithm which is especially
important for the computation on very large molecular sys-
tems. As to the ab initio approach, a quite reliable approach
turned out to be the already mentioned MR-AQCC scheme
which allows the balanced inclusion of quasi-degenerate con-
figurations in the reference wave function and of dynamic elec-
tron correlation including size-extensivity contributions. This
approach was intensively used in a series of papers12,14,27–29

on the description of EUE in large graphene-like and related
PAH molecules. In the present paper, AQCC will serve as a
reference scheme with which the approximate semiempirical
approaches may be compared and assessed.

The plan of the paper is as follows. In Sec. II, the key
notions of the unpaired electron theory are briefly consid-
ered. The elementary Hückel-like description of EUE effects
(QCTB model) is given in Section III. The computational
details are presented in Section IV, and the comparable analy-
sis of polyacenes, phenacenes and graphene-like molecules is
furnished in Sections V and VI. In Section VII, we discuss
EUE effects in giant nanographene structures that demon-
strate possibilities of QCTB to treat the systems which are
simply unfeasible for rigorous ab initio methods. In Sec. VIII
we sum up the results and give an outlook for further devel-
opment. Furthermore, in Appendix A two simple analytical
models are examined. They clarify conceptually the interplay
between π-orbital energy gap and related features of natural
orbital occupation spectra. Finally, in Appendixes B and C, we
propose a more efficient algorithm than previously given for
QCTB in Refs. 24 and 25.

II. FORMAL PRELIMINARIES

In this section, without going into more details, we sketch
the main EUE notions and related issues important for practice.
We follow the basic papers16–21 and, in part, review.24 Below,
only one-electron notions will be considered for the given spin-
singlet N-electron molecule. The key quantities here are total
number, NU, of the unpaired electrons, and respective unpaired
electron density matrix DU from which an atomic distribution
of unpaired electrons over molecule can be derived.

Generally, NU for singlet states can be defined as a numer-
ical measure of deviation of the given density matrix D from
being idempotent in a spin-orbital frame, or being duodempo-
tent in a spin-free one. The first measure of this kind is the Yam-
aguchi index16 which simply quantifies the duodempotency

condition

2D − D2 = 0,

by the matrix trace of the form Tr (2D �D2). A finer NU index
is due to Head-Gordon.20,21 The most popular version of this
index, which we denote by N lin

U , is defined as follows:

N lin
U =

∑
j

Min[nj, 2 − nj], (1)

where nj are the natural orbital occupation numbers (NOONs),
that is, eigenvalues of D.

Independently, a hole-particle EUE index, Nh�p, was
introduced,30,31 based on one interesting paper of Kutzelnigg
and Smith.32 It turned out that for ground singlet states (our
main concern here), the identity N lin

U = Nh−p is valid,24,33 and
we will not distinguish between these quantities, although they
are not identical in the case of excited states.24 Thus, we can
replace Eq. (1) by the equivalent spectral sum

N lin
U = 2

∑
j>N/2

nj. (2)

Here sum is over “virtual” natural orbitals, and N /2 is the num-
ber of the electronic pair in the even-numbered N-electron
molecule under study. Thus, for j > N /2 numbers nj are the
populations of virtual natural orbitals, and for j ≤ N /2 numbers
2 � nj are the populations of the corresponding hole orbitals.
The above given hole-particle interpretation of the Head-
Gordon index clears up a somewhat formal definition (1).

Although N lin
U is a good indicator of radical charac-

ter for semiempirical models,24,25,33 the index overestimates
this character in the case of correlated ab initio calcu-
lations.12–14,27–29 This problem derives from the fact that
dynamic correlation leads to a large number of NOs with occu-
pations close to, but not exactly equal to, 2 and 0, which, in
total, may have a stronger effect on Eq. (2) than the actual
open-shell electrons. To overcome this problem, we use the
modified EUE measure

NU ≡ Nnonlin
U =

∑
j

(2nj − n2
j )2, (3)

also proposed by Head-Gordon21 as this formula effectively
damps the NOONs close to 2 and 0. These NOONs are insignif-
icant for understanding the radical nature, and using Eq. (3)
leads to a more consistent picture, as demonstrated in the above
cited works based on ab initio computations. It is essential that
Eq. (3) is but the squared norm of duodempotency condition:
NU = | |2D − D2 | |2.

Together with this, our results24,25,33 within semiempiri-
cal π-electron models tell us that the primary, N lin

U , index is
a quite appropriate EUE measure for π-electrons within the
classical Pariser-Parr-Pople (PPP) approximation. In this case,
the typical π-parametrization scheme with two-electron two-
center integrals due to Ohno turns out to be, so to say, the soft
parametrization scheme which partly incorporates dynamic
electron correlation effects into the properly chosen semiem-
pirical parameters. Then, within the adopted semiempirical
framework, the dynamical correlation effects are markedly
suppressed from the very beginning, and N lin

U becomes a suit-
able measure. We see that no universal recipe exists for choos-
ing an optimal NU variant (see also the discussion in Section
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6.14 of Ref. 24). Nevertheless, in the present paper to be more
consistent and clear, we employ NU, Eq. (3), for both ab ini-
tio and the semiempirical theories when making comparison
between them.

III. THE QUASI-CORRELATED TIGHT BINDING
SCHEME FOR EUE

Here we briefly outline main points of QCTB in the con-
text of EUE properties.24,25 The precursor of QCTB is the
Hubbard-like model of Langer and Mattis34 (see also a very
similar consideration in Ref. 35). In a sense, their approach is a
simplification of the usual alternant MO (AMO) theory where
a spin-projection procedure is neglected (the spin projection is
needed in the consistent AMO theory of Löwdin36). By con-
struction, AMO theory is formulated for alternant systems,
that is, for unsaturated hydrocarbons having no odd carbon
cycles. In such molecules, the Hückel spectrum of orbital ener-
gies is symmetric in respect to a zero value (the energy of
a lone π-orbital). This is the so-called Coulson-Rushbrooke
parity theorem.37 Thus, it is sufficient to work with positive
orbital energies εj (j > N /2) corresponding to vacant π-MOs.
Throughout the paper, the Hückel spectrum is considered as
being expressed in terms of the standard resonance integral of
a C–C π-bond (β0).

In the AMO scheme of Langer and Mattis, the εj are renor-
malized, εj → ε̃j, by the introduction of a certain splitting para-
meter δ producing an antiferromagnetic ordering.34 The renor-
malized ε̃ are of the form

ε̃j =

√
(εj)2 + δ2. (4)

For finding the splitting parameter, we must solve a nonlinear
equation (a self-consistency requirement) which has nontrivial
solutions only for sufficiently strong electron correlation (more
exactly, when a triplet instability38,39 occurs). This peculiarity
excludes from the consideration, the important class of weakly
correlated systems. At the same time, the nontrivial solution
for δ always exists in the full (with spin-projection) AMO
method. A possible, while a crude way to obviate this diffi-
culty is to fix δ as a fitting parameter of the theory. This is
done in our approach25 and was termed the quasi-correlation
tight-binding (QCTB) approach derived from somewhat dif-
ferent assumptions.26 In practice, we take the value δ = 7/24
which was chosen so as to reproduce the EUE characteristics
in pentacene computed within the π-coupled cluster doubles
(CCD) method.

Having at disposal renormalized orbital energies (4), that
is, eigenvalues of a renormalized one-electron Hamiltonian,
the corresponding density matrix is easy to find.24 The final
result for the “vacant” part of the NOON spectrum is

nQCTB
j = 1 − εj/ε̃j, j > N/2, εj ≥ 0, (5)

and the corresponding “occupied” part of the NOON spectrum
is 2 − nQCTB

j = 1 + εj/ε̃. Respectively,

NQCTB
U [lin] = 2

∑
j>N/2

nQCTB
j , (6)

and the nonlinear EUE index (3) is of the form

NQCTB
U =

∑
j

[2nQCTB
j − (nQCTB

j )2]2, (7)

This NQCTB
U will be our main semiempirical EUE quantity in

the subsequent analysis.
The detailed comparison of QCTB with AQCC will be

given in Secs. IV–VI. It is underlined that only the Hückel
orbital spectrum is needed for calculating the above considered
EUE indexes at QCTB level. We also notice principal features
of Eq. (5) for NOONs. As well known, the Hückel spectrum
{εj} is localized in the interval [�ε0,ε0] where for the planar
π-systems, ε0 = 3 (a maximum of neighboring atoms). At the
same time, in large systems, HOMO and LUMO energies can
be concentrated near zero. Putting in Eqs. (4) and (5) value
εj = ±3, and δ = 7/24, we get maximal and minimal possible
values of nQCTB

j near 2 and zero (more exactly, 1.9953 and

0.0047). Clearly, the value nQCTB
j near 2 is typical for dou-

bly occupied MOs in weakly correlated closed-shell systems.
Another case is when εj = 0, that occurs for nonbonding
occupied MO. Then Eqs. (4) and (5) automatically lead to
nQCTB

j = 1. The latter exactly corresponds to the presence of
an unpaired electron. We see that the given Hückel-like the-
ory based on the QCTB formalism, which is very elementary
in its nature, catches correctly the crucial EUE features of π-
electron radicals or polyradicals. The concrete results given in
Secs. IV–VII confirm this.

IV. COMPUTATIONAL DETAILS

All ab initio reference data were computed previously
and were performed at the multireference averaged quadratic
coupled cluster (MR-AQCC) level of theory.8,9 For the poly-
acenes, a restricted active reference space composed of 16
active electrons in 16 active orbitals was found to be necessary
in order to describe the open shell character of the polyacene
series properly.12 Since a CAS(16,16) reference would have
been too costly, a RAS(6)/CAS(4,4)/AUX(6)-1ex scheme was
used where RAS stands for restricted active space contain-
ing six orbitals which are initially doubly occupied, AUX for
auxiliary space, and CAS for complete active space. The 16
active electrons were distributed over the remaining orbitals
with the restrictions that at least 11 electrons were in RAS
(single excitations), and at most one was located in AUX. For
the periacene systems,12 a complete active reference space of
8 electrons in 8 orbitals was found to be adequate. Within
the MR-AQCC calculations, all single and double excitations
out of these reference spaces were allowed within the π-space
whereas all σ orbitals were frozen in these calculations. The
6-31G basis set was employed in the polyacene and periacene
MR-AQCC calculations. The results for dibenzoheptazethrene
obtained in Ref. 14, a CAS(4,4) reference space and the larger
6-311G(2d) basis had been used. In this latter work, it had also
been demonstrated that for phenalenyl, heptazethrene dibenzo-
heptazethrene singlet/triplet splittings, NOON and EUE values
agreed closely between the 6-31G, 6-31G*, and 6-31G(2d)
basis sets. Additionally, freezing of the σ orbitals did not affect
the results either. These computations were performed within
the COLUMBUS program system.10 Wavefunction analysis
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was performed within COLUMBUS, and additionally, within
the TheoDORE package.40–42

In the case of the semiempirical description, QCTB is our
main π-electron scheme which can be applied only for alter-
nant hydrocarbons (bipartite graphs in graph-theoretic terms).
QCTB has the single fitting parameter δ which, in the compu-
tations, will be taken to be 7/24 (in units of the resonance inte-
gral β0). The orbital energy spectrum {εj} needed for QCTB
Equations (5)–(7) is obtained by solving the standard eigen-
value problem for the Hückel Hamiltonian matrix. Up to a
factor β0, the latter is equivalent to an adjacency matrix of the
respective molecular graph. Recall that nonzero nondiagonal
elements of the adjacency matrix are assigned a unity value
only if the corresponding two vertices of the graph (π-centers)
are neighboring. Many analytically solved cases of the graph
spectra are covered in Ref. 43.

We will consider examples of different-type NOON spec-
tra. The first is related to weakly correlated systems, when most
occupied NOONs are near 2 and most virtual NOONs are near
zero. The phenacenes studied in Ref. 12 are of this type. In
the case of sufficiently strong π-electron correlations, a few
occupied NOONs deviate markedly from a value of 2, and this
occurs in the acenes. A comparable analysis of semiempirical
vs ab initio EUE theories will be given in the rest of the paper.

One additional issue is pertinent to be cleared now. This
concerns the question what indexes are preferable, the total
values NU or the specific values (NU per electron) which we
denote by NU. It seems that the reply depends on the sys-
tems we analyze. If the electrons are weakly correlated, NU

can be misleading. Really, even in very stable nonradical but
large systems, inevitable small effects of dynamical electron
correlation produce marked values of NU (in both, linear and
nonlinear, versions). Let us take as an example of the known
PAH C78H26 which is the fully benzenoid hydrocarbon of the
Clar type.44 We find that NQCTB

U = 1.073, but this value indi-
cating a semiradical type has no relation to the above stable

hydrocarbon. At the same time, a small value N
QCTB
U = 0.014

is more understandable, being almost the same as in the stable
phenacenes (see Section V). Another case is the highly cor-
related systems where the large values of NU indeed reflect
their genuine high radical character. In this paper, we will dis-
cuss both indexes: NU and N̄U. Additional to NU and NOON
spectra, the EUE atomic distribution is very informative from
the chemical point of view. The distribution is derived from
the corresponding DU matrix. In π-models it is computed in
a usual way from the standard LCAO coefficients Cµj (in the
orthonormal basis of π-AOs)

DU
µ =

∑
j

|Cµj |
2[2nQCTB

j − (nQCTB
j )2]2. (8)

More efficient QCTB algorithms, which are proposed in
Appendixes B and C, can be used if NOON spectra are not
required and only NQCTB

U and EUE densities are needed. We
used these algorithms for giant nanographenes in Section VII.

V. ACENES AND PHENACENES

Here we consider systematically EUE in the specific
PAHs based on AQCC and QCTB computations. The linear

[n]acenes are very popular systems, which have been most
intensively studied within the EUE problem as well.7,12,21,24,33

At the QCTB level they are elementarily treated with help of
the Hückel spectrum given analytically by Coulson45

εj = ±(1 ± [9 + 8 cos[πj/(n + 1)]1/2)/2, (9)

where j = 1,2,· · · ,n (n is the number of benzenoid cycles),
and there are also two additional solutions: ε = ±1. Besides,
by using a suitable matrix formula for NU in the form of
Eq. (B1), the explicit representation by a rational function in δ
is obtained for a few first members of the polyacene series (see
Table S1 in the supplementary material). The key peculiarity
of Eq. (9) is a vanishing orbital energy gap in asymptotically
large [n]acenes (εn → 0 when n→∞). This is a qualitatively
different type of behavior than that of the isoelectronic
phenacenes which we also examine in this section.

The phenacenes are interesting in their own right. They
are related to a particular case of PAHs with fairly small elec-
tron correlation effects relative to the isoelectronic acenes and
are quite tractable within the one-electron approach. Simple
structural reasonings make clear why such PAHs have a unique
stability among other ones. For instance, the number of Clar
sextets increases linearly with the phenacene chain length as
opposed to the acenes (for applications of the Clar sextet the-
ory to PAHs and nanographenes see also Refs. 46 and 47). In
fact, the same conclusion follows from the counting number
of Kekulé structures: the number exponentially increases with
n for [n]phenacenes, but linearly with n in [n]acenes).48 It is
also important that in the phenacenes the singlet-triplet gap
stays nearly constant49 with an increase of n whereas in the
acenes a very marked decrease is observed.

The NU value for low-order linear acenes and phenacenes
is plotted in Fig. 1 (and the data are also presented in Tables
S2 and S3 of the supplementary material). Fig. 1 illustrates the
striking difference in electronic structure properties between
the two types of isomeric systems. Whereas, the AQCC NU

value stays below 0.5 in the case of the phenacenes, a strong
linear increase is observed for the acenes. The QCTB method
does not only reproduce the qualitative trends but is even in
good quantitative agreement with the AQCC reference, dis-
regarding the even stronger increase of the AQCC values

FIG. 1. Comparison of the size dependence of NAQCC
U and NQCTB

U for linear
acenes and phenacenes.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
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for n = 9 and 10 which might be an artifact of a limited
size of the reference space. Even more, the individual NO
eigenvalue spectra show a close resemblance (Fig. S1 of the
supplementary material). A notable difference is only observed
in the case of the phenacenes (for NOON spectra, see Fig. S2 of
the supplementary material). Here, QCTB starts at a rather low
value of NU = 0.12 and shows a steady increase to 0.49 whereas
AQCC varies in a narrower range (between 0.40 and 0.54).
However, it should be pointed out that an accurate descrip-
tion of dynamic correlation is not the target of either of these
methods.

Before concluding this section, we underline a prin-
cipal feature of QCTB to provide a rather general EUE
theory for gapless and gap-containing π-electron systems.
The corresponding analytical consideration is given in
Appendix A where explicit expressions for NOONs and EUE
indexes are obtained for the two different, general-type mod-
els of π-electron orbital spectrum. These results well agree
with the main characteristic traits of large polyacenes and
polyphenacenes.

VI. PERIACENES AND INTRINSICALLY
POLYRADICAL STRUCTURES

In Figs. 2 and 3, and Table S4 of the supplementary
material, we present for the (3a,nz) and (5a,nz) periacene series

a comparison of NU and NOON results between AQCC and
QCTB calculations. Because these systems are of strong cor-
relation type, we observe here a comparably good qualitative
agreement between both approaches. The NU values (Fig. 2)
show a quasi-linear increase for both periacene systems with
an enhanced increase given by the AQCC method as compared
to QCTB. A similar evolution in polyradical character as mea-
sured by deviation of NOONs from zero and two, respectively,
is observed in Fig. 3.

To be complete, we document in Fig. 4 the good agreement
of the AQCC and QCTB EUE distributions for two represen-
tative examples, the [11]acene and the (5a,6z)periacene.

Such distributions, to a large extent, depend on a contri-
bution of HONO, that is, the high occupied natural orbital (ala
HOMO), and LUNO, that is, the corresponding counterpart of
LUMO. Within our π-scheme, we have HONO = HOMO and
LUNO = LUMO, so all NOs are the Hückel ones, whereas
generally HONO , HOMO and LUNO , LUMO in ab initio
approaches. In Fig. 5 we compare HONO of the (5a,5z) peri-
acene treated by both our approximations. While the images
are quite similar, we remark that in the QCTB case, the HONO
is a bit more delocalized than in the AQCC case.

In our comparisons, we also address several systems
which recently became attractive to experimentalists as well
as to theoreticians. The zethrenes are of this type.14,50–53

We restrict ourselves to displaying densities of unpaired

FIG. 2. Size dependence of NAQCC
U (cyan) and

NQCTB
U (magenta) in (3a,nz) periacenes (left panel) and

in (5a,nz) periacenes (right panel).

FIG. 3. NOON spectra for (5a, nz) periacenes at the
AQCC level (left panel, reprinted with permission from
Plasser et al., Angew. Chem., Int. Ed. 52, 2581 (2013).
Copyright 2013 John Wiley and Sons) and the QCTB level
(right panel).

FIG. 4. Comparison of the unpaired
electron density in the acene and
periacene. AQCC periacene results:
Reprinted with permission from Plasser
et al., Angew. Chem., Int. Ed. 52, 2581
(2013). Copyright 2013 John Wiley and
Sons.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
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FIG. 5. Comparison of HONO in the (5a,5z) periacene.

electrons for dibenzoheptazethrene (Fig. 6). Again, for this
strongly correlated system, we observe good agreement
between the two theories used in this work. Importantly, the
most active centers of the EUE localization are the same in
both approaches. At the same time, in the case of the hep-
tazethrene (Fig. S3 in the supplementary material), the QCTB
results are only qualitatively the same, and the atomic EUE
densities are too large in comparison with the AQCC data.

Another proper biradical system is the well-known Clar
goblet structure which we recently studied by AQCC method
in Ref. 14 as well. In Fig. 7 we compare the AQCC densities
of unpaired electrons with those obtained now in QCTB, and
again we find a satisfactory picture being proposed by the
semiempirical model.

VII. LARGE-SCALE SYSTEMS

In addition to the discussion of polymers and related
problems in Secs. IV–VI and in Appendix A, the large-scale
systems which are not polymeric type deserve an additional
study in the EUE context. Such studies might reveal pos-
sible types of behavior of unpaired electrons in complex
networks, and equally they might show how QCTB is appli-
cable over a wide size range of nanostructures. In this con-
text, we mention large non-Kekulean structures, especially
those of the triangulene-like series which have attracted the
attention of the graphene community in connection with the
design of possible graphene-based spintronic devices.54–58 In
this field, a more expressive term “topological frustration”

FIG. 6. Comparison of AQCC (left
panels)14 and QCTB (right panels)
for densities of unpaired electrons
and π-electron NOON spectrum in
the 5,6:13,14-dibenzoheptazethrene;
NAQCC

U = 2.24, NQCTB
U = 1.93. AQCC

densities of unpaired electrons results:
Reprinted with permission from Das et
al., J. Phys. Chem. A 120, 1625 (2016).
Copyright 2016 American Chemical
Society.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
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FIG. 7. Comparison of AQCC (left panel) and QCTB
(right panel) densities of unpaired electrons in the Clar
goblet. NAQCC

U = 2.88 = , NQCTB
U = 2.37. AQCC results:

Reprinted with permission from Das et al., J. Phys. Chem.
A 120, 1625 (2016). Copyright 2016 American Chemical
Society.

for systems allowing no Kekulé structures was introduced,54

and we also make use of this term.
As an example of the system with compensated topolog-

ical frustration, we consider one of the structures proposed
in Ref. 58 for future applications in spintronics. These sys-
tems, “Kekulean logic gate structures” (KLGS) in terms of
Ref. 58, have triangular zigzag graphene subunits as building
blocks. We take the structure given in Fig. 2(b) of Ref. 58
and name it as KLGS C426 (see the structure in our Fig. 8).
For the EUE distribution, a usual zigzag-border localization of
unpaired electrons is observed. Interestingly, in this instance,
the orbital energy gap is very small, but non-vanishing (0.001
in | β0 | units), whereas the gap equals zero in the individual
triangulene building blocks.

FIG. 8. The QCTB densities of unpaired electron in the triply triangulene
structure KLGS C426; NQCTB

U = 18.5.

Nanoperforated graphene structures represent another sort
of systems being actively investigated in the graphene lit-
erature (see, e.g., Refs. 35,59–64). We consider a modeled
nanographene with pores that somewhat resembles the sys-
tems discussed in Ref. 61. This is (53,16)periacene of com-
position C8860 having 15 hexagonal holes (Fig. 9). In the
figure, the corresponding atomic density of unpaired elec-
tron is presented. All zigzag-type borders, external and inner,
accumulate most of the unpaired electrons. For compari-
son, the initial (53,16)periacene is shown in Fig. S6. With
this, NQCTB

U = 226.1, which would be compared with NQCTB
U

= 194.2 obtained for the nonperforated (53,16)periacene of
composition C10100. This result seems to be quite natural since
the total length of zigzag borders strongly increases in the per-
forated structure with the hexagonal holes. Conversely, other
EUE measures, the Yamaguchi index NYamaguchi

U , Eq. (B11),

and the Head-Gordon index NQCTB
U [lin], Eq. (1), come to,

seemingly, less adequate values. For instance, in the case
of our initial periacene C10100, we find NQCTB

U [lin] = 420.2,

and the smaller value NQCTB
U [lin] = 407.1 for the perfo-

rated structure C8860. In this example, we are faced with
the understandable deficiency of Eq. (1) as overestimating

FIG. 9. QCTB densities of unpaired electron in the perforated nanoribbon
C8860.
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small dynamical correlation effects, especially for very large
networks. It would be interesting to find other examples of
such a discrepancy between the linear, Eq. (1), and nonlinear,
Eq. (3), EUE indexes. At the same time, specific values

N
QCTB
U [lin] behave quite reasonably: 0.042 and 0.047 for

C10100 and C8860, respectively.

VIII. CONCLUDING REMARKS

In the present paper, we report a significant progress in
the improvement of the QCTB algorithm in terms of the effi-
cient treatment of very large molecular systems (10 000 atoms
and more) and examined to what extent the simple and com-
putationally highly efficient semiempirical QCTB scheme can
reproduce results of the high-level ab initio AQCC theory of
unpaired electrons in large conjugated systems. The problem
is important because very big systems cannot be easily treated
by ab initio bona fide techniques.

Our inference from the comparison we made is the fol-
lowing. By using the QCTB scheme, EUE can be readily
understood, at least on a semi-quantitative level. Only the pre-
cise details of dynamic correlation, as represented by small
NOONs, are obviously not contained in such a simple model.
But the most important EUE features are reflected correctly in
QCTB. In particular, in both approaches, the ab initio and the
semiempirics, NOON spectra of highly correlated large PAHs
(e.g., acenes and zigzag graphenes) clearly show crowding
occupation numbers near 1 that correspond to fully unpaired
electrons and a polyradical nature of the state. At the same time,
for weakly correlated systems such as phenacenes and arm-
chair graphenes, there is a significant gap in the NOON spectra
(both at the AQCC and QCTB levels) that is in full agreement
with the occurrence of a significant π-electron orbital energy
gap in them. Beyond these classes of compounds, comparison
with other kinds of systems displaying significantly electron
unpairing such as zethrenes and Clar goblet also demonstrates
the good performance of QCTB.

We would like to stress that the simplicity of computing
EUE properties with QCTB (only Hückel solutions are needed)
makes studying gigantic PAHs and polymer structures very
easy. Here we improved the QCTB algorithm (Appendixes B
and C) allowing the simulation of ten thousand atom systems
even by modest laptops. The only restriction imposed by the
method is that the carbon backbone be without odd cycles,
that is, be an alternant hydrocarbon. Most systems in the field
satisfy this requirement. If not, we must turn to more consis-
tent π-theories (π-UHF and π-CCD) which are much simpler
than ab initio models but not so elementary as the QCTB
scheme which we scrutinize here. Notice that quite recently
there appeared an effective algorithm for reducing the com-
putational work involved in CCD calculations.65 But in most
cases of very large (nanosized) networks with thousands and
more atoms, QCTB seemingly remains the only available and
uncomplicated means for producing qualitatively reasonable
results.

Closing the concluding remarks, we underline once more
that here we compared very different levels of the theory, and
all we could expect to obtain is a similarity of trends, rather
than exact numerical agreement. In this relation, it is worth

mentioning the noteworthy Kutzelnigg’s paper66 entitled
“What I like about Hückel theory.” In the paper, it is
stated “We come to optimistic conclusions as to the fur-
ther role of the HMO model, not as an approximation for
the solution of the Schrödinger equation, but as a way
towards the understanding of some aspects of the Chem-
ical Bond.” In a sense, the present paper gives addi-
tional arguments in favor of the unaging Hückel discovery
deeply rooted in the electron structure theory and chemical
topology.

SUPPLEMENTARY MATERIAL

See supplementary material for analytical expressions
for the number of unpaired electrons, comparison of AQCC
and QCTB data, figures comparing NOON spectra and densi-
ties of unpaired electrons between AQCC and QCTB results,
QCTB EUE characteristics, NOON spectra and of densities of
unpaired electron.
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APPENDIX A: TWO SIMPLE MODELS
OF POLYMER STRUCTURES

The ability of QCTB to reproduce the principal features
of NOON spectra in large-scale PAHs is studied here by using
simplistic models of orbital energy spectrum. We will consider
two types of the models—gapless and gap-containing sys-
tems, and will work with asymptotically large model structures
(N >> 1). In the case of gapless systems, we assume a discrete
uniform distribution for appropriate orbital energies in interval
[−ε0, ε0], namely, εj = (2j/N − 1)ε0, where j ≤ N, and ε0 is a
certain maximal orbital energy. For N >> 1, this turns to the
continuous uniform distribution ε(k) (then j/N → k, and 0 ≤ k
≤ 1), or explicitly,

ε(k) = (2k − 1)ε0. (A1)

FIG. 10. Plots of the continuous spectrum ε(k) for model system (blue),
Eq. (A1), and quasicontinuous Hückel spectrum for the very large (n = 500)
polyacene (red).

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
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FIG. 11. Left panel: plot of continuous NOON spec-

trum n(k); right panel: the dependence of N
QCTB
U [lin ]

(magenta), and N
QCTB
U (cyan) on energy width 2ε0.

In specific calculations, we will put the maximal possible
ε0 = 3 (see Section III). As seen from Fig. 10, Eq. (A1) is not
a bad approximation of the Hückel energy spectrum for very
long polyacenes.

By Eqs. (4) and (5), the corresponding continuous NOON
spectrum n(k) is of the form

n(k) = 1 − (2k − 1)/
√

(2k − 1)]2 + (δ/ε0)2. (A2)

Its plot is shown in Fig. 11.
We observe that the n(k) plot is fairly similar to

NOON plots for many large PAHs, especially for those
of linear acene class and zigzag graphenes12,24,25 (see
also Fig. S1 of the supplementary material). Besides, we
find

N
QCTB
U [lin ] = 2

1∫
1/2

n(k)dk = 1 + δ/ε0 −

√
1 + (δ/ε0)2.

(A3)

With the adopted parameters (δ = 7
/
24, ε0 = 3) it gives

N
QCTB
U [lin] = 0.0925, which is almost the same amount as

in Ref. 24 for infinite polyacene (N
QCTB
U [lin] = 0.098). By

analogous computations on Eq. (7) we get

N
QCTB
U = ([1 + (ε0/δ)2]−1 + (δ/ε0) arctan[ε0/δ])/2. (A4)

For small δ, we have N
QCTB
U = (π/4)δ/ε0 ≈ δ.

With the same adopted values of δ and ε0 as above it gives
0.0763 that can be compared with our ab initio AQCC value

N
AQCC
U = 0.087 for [11]acene. In the right panel of Fig. 11, we

show the dependence of both EUE indexes on orbital energy
width 2ε0. Both indexes increase significantly with dimin-
ishing the width 2ε0, giving practically fully unpaired elec-
trons for a very small width. This formally correct limit case
corresponds to unrealistically negligible resonance integrals
between all chemically bonded carbon atoms (ε0 in Eq. (A1)

is given, as all π-orbital energies, in units of resonance integral
β0).

Further, we consider the gap-containing model. In this
case, we will obtain the NOON spectrum with its own gap.
More specifically, we now take a discontinuous function

ε(k) = ε0/3 · {5k − 3, if 0 ≤ k ≤ 1/2,

or 5k − 2, if 1/2< k ≤ 1}. (A5)

In this case, orbital gap ∆ε is introduced to be equal to
∆ε = ε0/3 (that is,∆ε = 1 for ε0 = 3). As we can see in Fig. 12
(the left panel), Eq. (A5) provides a reasonable approximation
of the Hückel spectrum in large phenacenes which present a
realistic class of the gap-containing PAHs (the phenacenes are
discussed in Section IV). In fact, example (A5) is also in line
with armchair nanographenes,24,25 and large Clar-type PAHs
(see Fig. S4 for C78 H86 and Fig. S5 for poly(peritetracene) in
the supplementary material). All these features are quite pre-
dictable as Eqs. (4) and (5) naturally lead to n(k) near 1 if only
the (relative) Hückel energy ε(k) � 0.

For computing N
QCTB
U , we use a suitable relation fol-

lowing from the spectral counterpart of general expression
(B1)

N
QCTB
U = δ4

1∫
0

(ε(k) + δ2)−2dk. (A6)

Denoting ∆ = (3δ/ε0)2, we get

N
QCTB
U =

∆(2∆ − 3)

4∆2 + 5∆ + 9
+
√
∆ arctan [

5
√
∆)

3 + 2∆
]/5. (A7)

For typical small values of δ and the previously defined ε0 = 3

we have N
QCTB
U � 86(δ/3)4 ≈ δ4, and this estimation should

be compared with N
QCTB
U ≈ δ for the gapless system described

by Eq. (A4). Thus, the above formal analysis shows that EUE
effects in gap-containing systems are much weaker than in
the gapless ones. In particular, for the specific value δ = 7

/
24

we have from Eq. (A7) N
QCTB
U = 0.0054 [compare this with

N
QCTB
U = 0.0763 given by Eq. (A4)].

FIG. 12. Left panel: plots of the model discontinuous
spectrum ε(k), Eq. (A5), (blue), and the Hückel spectrum
of the very large (n = 500) polyphenacene. Right panel:
NOON spectrum by Eq. (5) for the model discontinuous
ε(k).

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
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APPENDIX B: WORKING MATRIX EQUATIONS
FOR EUE WITHIN QCTB

Here we present the new working expressions which are
more suitable for quick calculations of the EUE indexes: they
avoid the use of spectral formula (7), thus requiring no solution
of the Hückel eigenvalue problem. The main result is

NU = δ
4Tr[(h2 + δ2I)−2], (B1)

where we suppress suffix QCTB in most relations given here
(so NU = NQCTB

U ). Clearly, only inversion of the known invert-
ible matrix is needed in this formulation. The corresponding
EUE density matrix is of the form

DU = δ
4(h2 + δ2I)−2. (B2)

In above we take h as the conventional Hückel Hamiltonian (in
| β0 | units), that is, the adjacency (topological) matrix of the
associated carbon network. Below we give a short derivation
of Eqs. (B1) and (B2), and simultaneously, a concise account
of the QCTB model.

We start with specifying the Hückel matrix h. Recall that
the above relations are only valid for alternant (bipartite) sys-
tems which assume the following block structure for the h
matrix (see, e.g., Chapter 8 in Ref. 43)

h = −

(
0 B

B+ 0

)
. (B3)

In above, the partition into two disjoint sets of atoms (“starred”
and “unstarred” graph vertices) is implied, so that every vertex
of the first set is only connected to vertices of the second set
and vice versa; block B describes all these connections.

The next step is defining Hückel-type Hamiltonians hα

and hβ by which spin-polarization effects of α- (spin-up) and
β- (spin-down) electrons are introduced in QCTB24

hα = −

(
−δI B
B+ δI

)
, hβ = −

(
δI B
B+ −δI

)
. (B4)

Notice that such type of Hamiltonian matrices appeared pre-
viously in the Hückel theory of the so-called generalized
alternant hydrocarbons.67,68 With these Hamiltonians, we can
associate density matrices Dα and Dβ (projection operators
onto occupied α- and β- MOs, respectively). For producing
such projectors, we make using the elegant Dirac formula.69,70

For example, Dα = (I−hα |hα |−1)/2, where |hα = [(hα)2]1/2 is
an operator modulus of hα. |hα | is easily found by usual work
with block matrices. Dβ is evaluated analogously. Together, it
leads to the full charge density matrix

D = Dα + Dβ , (B5)

namely,

D = I − h(h2 + δ2I)−1/2. (B6)

From this relation, EUE indexes are computed straightfor-
wardly. Additional transformations on this D help us.

Let us introduce the general duodempotency deviation
matrix

Dodd = 2D − D2, (B7)

which determines the EUE density matrix in the Yamaguchi
approach.16 Then by simple algebra on Eq. (B6), Eq. (B7)
simplifies to the transparent result

Dodd = δ
2(h2 + δ2I)−1. (B8)

It remains to take into account that NU defined by Eq. (3) is
the squared norm of Dodd (see Section II)

DU = (Dodd)2, (B9)

so

NU = Tr DU = Tr (Dodd)2. (B10)

This comes to our main results (B1) and (B2) here. For small
polyacenes, Eq. (B2) allows compact analytical expressions
(see Table S1 in the supplementary material). We mention in
passing that the derivation permits a nonzero spin value in the
ground state of the considered alternant molecule. In this case,
we have a different number of starred and unstarred atoms, so
the topological bond matrix B is rectangular, and this guaran-
tees the occurrence of a certain number of the zero-eigenvalues
of the h matrix.43 This means that in this case a polyradical
structure of the ground state occurs irrespectively of the proper
EUE effects.

Returning to Eq. (B7), we recall that in the Yamaguchi
approach,16 Dodd is the EUE density matrix, and the number
of unpaired electrons is simply computed with the help of the
formula

NYamaguchi
U = Tr (Dodd). (B11)

In so doing at the QCTB level, Dodd should be taken from
Eq. (B8). Only in case of the linear Head-Gordon index N lin

U ,
the key relations are cast into a slightly more complicated
matrix form. Using Eq. (7) in Ref. 20, it is fairly easy to show
that the EUE density matrix Dlin

U , by definition having eigen-
values λlin

j = Min[nj, 2 − nj] ≡ 1 − |1 − nj |, allows a general
matrix representation in terms of Dodd only, namely,

Dlin
U = I − (I − Dodd)1/2. (B12)

Taking into account Eqs. (B12) and (1) in the form

N lin
U = Tr Dlin

U , (B13)

we can also provide a suitable matrix algorithm for the lin-
ear version of the Head-Gordon approach. The algorithm is
based on using only an iterative construction of the squared
matrix root,71 but here we omit technical details of such
computations.

APPENDIX C: COUNTERPART
OF COULSON-RUSHBROOKE PARITY
FOR EUE DENSITY MATRIX

The remarkable Coulson-Rushbrooke parity theorem37

can be stated in terms of the charge density matrix as follows:
its block matrix form, with the same partition of AO as in
Eq. (B3), is

D =

(
I d

d+ I

)
, (C1)

where d is a matrix of bond orders between starred and
unstarred atoms. This result proven in Ref. 37 for the Hückel

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-017706
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Hamiltonian was extended to more general ones—up to the
π-electron full configuration interaction.72 Now we want to
clarify which are the consequences of the parity theorem for
EUE density matrices. This is easy to do by applying Eq. (C1)
to Dodd, Eq. (B7). It leads to the representations

Dodd =

(
I − dd+ 0

0 I − d+d

)
(C2)

and

DU =

(
(I − dd+)2 0

0 (I − d+d)2

)
. (C3)

The main inference from Eq. (C3) is that EUE atomic den-
sities, which are diagonal elements of (I� dd+)2 and (I� d+d)2,
are equally localized on the starred and the unstarred atoms.
Indeed, Tr (I � dd+)2 = Tr(I � d+d)2 is just a measure of this
localization. Incidentally, we mention that according to
Ref. 71, the π-electron spin-density matrix has a block-
diagonal structure as in Eq. (C3). It serves us as an additional
argument in favor of the viewpoint25 that for the correlated sin-
glet states, EUE matrix DU is a counterpart of the spin density
matrix (the latter exists for nonzero-spin states only). Interest-
ingly, in case of the restricted open-shell Hartree-Fock (ROHF)
method, Dodd defined by Eq. (B7) is exactly converted to the
ROHF spin density matrix.

By the above consideration, we are led to even a more effi-
cient computational scheme than given in Appendix B. As the
first step, by using appropriate graph-theoretical algorithms,73

we divide atoms of the alternant π-structure into two usual sets
of starred and unstarred atoms. Thus, instead of the h matrix
we obtain its block B presented in Eq. (B3). At the second step,
we compute the two EUE density matrices, D∗U and D◦U,

D∗U = δ
4(BB+ + δ2I)−2, D◦U = δ

4(B+B + δ2I)−2. (C4)

The diagonal elements of D∗U and D◦U taken together constitute
the needed EUE distribution over molecule. At last,

NU = 2Tr (D∗U)2. (C5)

Obviously, by this algorithm a size of the matrices used is
reduced twofold. As in Appendix B, no matrix diagonalization
is needed, if we are interested in NU and DU only. If the NOON
spectrum is needed, then eigenvalue problem for BB+ should
be solved in addition.
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29M. Vazdar, M. Eckert-Maksić, and H. Lischka, ChemPhysChem 17, 2013

(2016).
30A. V. Luzanov and O. A. Zhikol, Int. J. Quantum Chem. 104, 167 (2005).
31A. V. Luzanov and O. V. Prezhdo, J. Chem. Phys. 124, 224109 (2006).
32W. Kutzelnigg and V. H. Smith, Int. J. Quantum Chem. 2, 531 (1968).
33A. V. Luzanov, J. Struct. Chem. 54, 835 (2013).
34W. D. Langer and D. C. Mattis, Phys. Lett. A 36, 139 (1971).
35N. N. Tyutyulkov, Int. J. Quantum Chem. 9, 683 (1975).
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