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We consider the translocation dynamics of a polymer chain forced through a nanopore by an
external force on its head monomer on the trans side. For a proper theoretical treatment we
generalize the iso-flux tension propagation (IFTP) theory to include friction arising from the trans
side subchain. The theory reveals a complicated scenario of multiple scaling regimes depending on
the configurations of the cis and the trans side subchains. In the limit of high driving forces f such
that the trans subchain is strongly stretched, the theory is in excellent agreement with molecular
dynamics simulations and allows an exact analytic solution for the scaling of the translocation time
τ as a function of the chain length N0 and f . In this regime the asymptotic scaling exponents for
τ ∼ Nα

0 fβ are α = 2, and β = −1. The theory reveals significant correction-to-scaling terms arising
from the cis side subchain and pore friction, which lead to a very slow approach to α = 2 from
below as a function of increasing N0.

Introduction. – Dynamics of polymer translocation
through nanopores has become an active research topic
in soft matter and biological physics during the last two
decades [1–3] since the seminal experiment by Kasianow-
icz et al. in 1996 [4], and has many potential technologi-
cal applications in biology, engineering and medicine just
to name a few. In particular, translocation based setups
have been suggested as rapid and inexpensive methods
for DNA and other biopolymer sequencing. Motivated
by these applications many experimental and theoretical
[5–51] studies have focused on the nature of the translo-
cation dynamics. The three simplest basic translocation
scenarios correspond to the cases of pore-driven, end-
pulled, and unbiased setups [37–40]. In the pore-driven
case an electric field, due to a voltage bias between the
two sides of the membrane, acts on the monomers inside
the pore. On the other hand, in the end-pulled case the
polymer is pulled through a nanopore by either an optical
or a magnetic tweezer [42–47]. End-pulled translocation
has been suggested to be a good method to slow down
and control the translocation process which is crucial for
proper identification of the nucleotides in DNA sequenc-
ing [16, 49, 50].

Over the last few years a quantitative theory for pore-
driven translocation dynamics has been developed [30–
36] based on the idea of tension propagation by Sakaue
[19]. The key role in this iso-flux [25] tension propa-
gation (IFTP) theory is played by the time-dependent
friction of the cis side subchain that resists the driv-
ing and leads to different regimes of translocation dy-
namics depending on the strength of the driving force.
Most recently, the theory has been extended to the case
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of semi-flexible polymer chains, where there’s an addi-
tional time-dependent frictional term arising from the
trans side of the chain due to chain stiffness [36]. To date
the case of end-pulled translocation has not been theo-
retically treated beyond simple scaling arguments, how-
ever. Driven translocation processes are fundamentally
far-from-equilibrium phenomena and scaling arguments
alone cannot capture the relevant physics. To this end,
in this work we present a proper theoretical treatment of
the end-pulled setup based on the IFTP theory and aug-
mented with extensive molecular dynamics (MD) simu-
lations [30–32, 34, 36]. We show how the IFTP theory
reveals the presence of translocation regimes that have
not been previously considered. In the present work we
concentrate in the limit of strong driving, and derive an
exact scaling formula for the scaling of the translocation
time with the chain length and the driving force. The
theory is shown to be in excellent agreement with MD
simulations of coarse-grained polymer chains.

Theory. – The IFTP theory has revealed that for
the pore-driven case there are three different regimes of
translocation dynamics corresponding to different force
strengths, namely the strong stretching (SS) limit of high
forces, the stem-flower (SF) regime of intermediate forces,
and the trumpet (TR) regime of weak forces. For end-
pulled chains this means that there is a complicated sce-
nario of multiple regimes corresponding to different com-
binations of the chain configurations both on the cis and
trans sides. For simplicity, in the present work we will
consider only the case of high driving forces f̃ & N0,

where f̃ is the pulling force and N0 is the chain length,
such that the trans side subchain is fully straightened
at all times during the translocation process which we
call the trans-SS scenario here. Correspondingly, the cis

side subchain can either be in the SS (SSC), stem-flower
(SFC) or trumpet (TRC) regime. The other regimes will
be discussed in future work.
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FIG. 1: Schematic of the various possible translocation scenarios during the tension propagation (TP) stage for the trans side

strong stretching (SST) regime. The driving force f̃ acts only on the head monomer of the polymer in the trans side. The
length of polymer is N0 and the number of beads that have been already translocated into the trans side is denoted by s̃. The
number of total beads influenced by the tension is N = l̃ + s̃ (in the TP stage N < N0). In panel (a) the cis side subchain
is also in the SS regime (SSC) during the TP stage. (b) The translocation process when the tension front reaches the end of
the chain on the cis side in the SSC regime (post propagation stage (PP) where N = N0). Panels (c) and (e) are the same as
panel (a) but for the stem-flower (SFC) and trumpet (TRC) regimes in the cis side, respectively. Panels (d) and (f) are the
same as panel (b) but for SFC and TRC, respectively. See text for details.

In Fig. 1 we show the translocation regimes corre-
sponding to the three different possible cis side subchain
configurations. In the trans-SS regime it is sufficient to
use the deterministic limit of the iso-flux Brownian dy-
namics tension propagation theory without the entropic
force term [30, 31, 34–36]. The corresponding equation
of motion for s̃, the translocation coordinate which is the
number of beads in the trans side, is given by [52]

Γ̃(t̃)
ds̃

dt̃
= f̃ , (1)

where Γ̃(t̃) is the effective friction, and f̃ is the exter-
nal driving force. We have recently extended the IFTP
theory to the case of pore-driven semi-flexible chains [36]

and shown that the effective total friction Γ̃(t̃) must be

written as Γ̃(t̃) = η̃cis(t̃)+ η̃p+ η̃TS(t̃), where the first two
terms η̃cis(t̃) and η̃p(t̃) are the cis side subchain and pore
friction, respectively, and η̃TS(t̃) is a new time depen-
dent trans side friction that cannot be absorbed in the
constant pore friction. We expect the trans side friction
to play an important role for end-pulled polymers, too,
and it needs to be explicitly taken into account.
Within the IFTP theory the dynamics of the chain on

the cis side is solved with the corresponding TP equa-
tions. To derive these we use the iso-flux approximation
[25], where the monomer flux φ̃ ≡ ds̃/dt̃ on the mobile
domain of the cis and trans sides and through the pore is
constant in space but evolves in time. The tension front is
located at distance x̃ = −R̃(t̃) from the pore. Inside the
mobile domain, the external driving force is mediated by
the chain backbone from the head bead (head of polymer
on which the external driving force acts) all the way to
the pore at x̃ = 0 and then to the last mobile monomer N
located at the tension front (see Fig. 1). The magnitude
of the tension force at distance x̃ can be calculated by
considering the force balance relation df̃(x̃′) = −φ̃(t̃)dx̃′

for the differential element dx̃′ that is located between x̃′

and x̃′ + dx̃′. By integrating the force balance relation
over the distance from the head monomer to the pore on
the trans side and then from the pore to x̃ on the cis

side, the tension force is obtained as f̃(x̃, t̃) = f̃0− φ̃(t̃)x̃,

where f̃0 ≡ f̃ − η̃pφ̃(t̃)− η̃TSφ̃(t̃) is the force at the pore

entrance on the cis side.

It is important to note that the tension front is always
located on the cis side of the chain since the trans side
is subject to a constant driving force. The same results
have been verified for weaker and stronger forces. To
illustrate this, in Fig. 2(a) we plot the velocity perpen-
dicular to the wall in the trans side and towards the pore
in the cis side for individual monomers v(x, t) as a func-
tion of the distance x(t) at different times t = 2 − 36
during the translocation process, with f = 100, spring
constant k = 30 and chain length N0 = 100. Inset shows
normalized velocity v(x, t)/vtrans(t) as a function of the
normalized distance x(t)/R(t), where vtrans(t) is the av-
erage monomer velocity of the trans side sub-chain and
R(t) is the amplitude of the tension front distance from
the pore. Moreover, in Fig. 2(b) the velocity perpendic-
ular to the wall in the trans side and towards the pore
in the cis side for each monomer vm(t) is plotted as a
function of the monomer number m (1 ≤ m ≤ N0) with
the same parameters as in Fig. 2(a) at different times
t = 2 − 36. As can be seen, in both panels (a) and (b)
the velocity of the trans side monomers is almost constant
and drops immediately close to the pore entrance on the
cis side in the TP stage. This velocity drop occurs be-
cause of the reorientation of the mobile part of the chain
on the cis side due to pulling. In the PP stage as time
passes the velocity of the cis side sub-chain increases and
finally becomes equal to that of the trans side sub-chain
velocity. The results of the SFC and TRC regimes are
shown to be in better quantitative agreement with the
MD results than those from the SSC regime due to the
occurence of this velocity change, as can bee seen in the
waiting time distributions of Fig. 3.

In the SSC, SFC and TRC regimes the force balance
equation is integrated over the mobile domain [34] and
the monomer flux is obtained as

φ̃(t̃) =
f̃

R̃(t̃) + η̃p + η̃J
TS

, (2)

where the superscript J refers to the SS, SFC or TRC
regimes from hereon. By combining Eqs. (1) and (2),
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FIG. 2: (a) Velocity perpendicular to the wall in the trans side and towards the pore in the cis side for individual monomers
v(x, t) as a function of the distance x(t) at different times t = 2−36. The empty circles show the pore locations at different times.
Inset shows normalized velocity of individual monomers v(x, t)/vtrans(t) as a function of the normalized distance x(t)/R(t).
Here, vtrans(t) is the average velocity of the trans side sub-chain monomers and R(t) is the amplitude of the tension front
distance from the pore. The driving force acting on the head monomer is f = 100, the chain length is N0 = 100, and the
location of the pore is denoted by an open black circle. (b) Velocity perpendicular to the wall in the trans side and towards
the pore in the cis side of the monomers vm(t) as a function of the monomer number m at different times t = 2− 36, where the
empty colored circles show which monomer is inside the pore at each time. Inset shows the monomer velocity normalized by
the head monomer velocity vm(t)/vhead(t) as a function of m. The values m = 1 and 100 denote the head and tail monomers,
respectively.

the effective friction can be written as

Γ̃(t̃) = R̃(t̃) + η̃p + η̃J
TS
, (3)

where in the high force limit η̃J
TS

= s̃. This equation
is formally the same as that for the pore-driven semi-
flexible case [36], but the trans side friction term is dif-
ferent. In the present case it simply equals the distance
of the head monomer of the chain from the pore because
the trans side subchain is fully straightened here.
To determine the full solution for the time evolution

of s̃ by Eqs. (1), (2) and (3), the position of the ten-

sion front R̃(t̃) must be known. To find this it should be

noted that R̃(t̃) is equivalent to the root mean square of

the end-to-end distance of the flexible chain R̃N = AνN
ν ,

where Aν = 1.15 and ν = 0.588 is the 3D Flory exponent.
Therefore, using R̃N together with mass conservation
which implies N = l̃J+ s̃ < N0 and l̃J+ s̃ = N0 in the TP
and post propagation (PP) stages, respectively, we sepa-

rately derive equations of motion for R̃(t̃) in the TP and
PP stages. Here, the number of mobile beads on the cis

side is defined as l̃J =
∫ R̃(t̃)

x̃=0
σ̃J(x̃, t̃)dx̃, where the integra-

tion of the monomer number density σ̃J(x̃, t̃) is performed
over the distance from the pore at x̃ = 0 to the tension
front at x̃ = R̃(t̃). The monomer number density is unity
when the chain is straightened, and according to the blob
theory it is given by σ̃(x̃) = |f̃(x̃)|(ν−1)/ν when the chain
has the form of either a trumpet or a flower [30, 34].

The quantity l̃J for different regimes can be obtained as
[34] l̃SS = R̃(t̃), l̃SFC = R̃(t̃) + (1 − ν)φ̃(t̃)−1/(2ν − 1),

and l̃TRC = νφ̃(t̃)(ν−1)/νR̃(t̃)(2ν−1)/ν/(2ν − 1). The time
evolution of the tension front in the TP stage can be
expressed as

˙̃R(t̃)=
νA

1/ν
ν R̃(ν−1)/νHJ

1 + νA
1/ν
ν R̃(ν−1)/ν φ̃(t̃)LJ

, (4)

and in the PP stage as

˙̃R(t̃)=
HJ

φ̃(t̃)LJ

, (5)

where the operators LSS = −φ̃(t̃)−1, LSFC = (ν −

1)[R̃(t̃) + η̃p + s̃]−1φ̃(t̃)−2/(2ν − 1) − φ̃(t̃)−1, LTRC =

φ̃(t̃)−(1+ν)/νR̃(t̃)(ν−1)/ν [R̃(t̃) + η̃p + s̃]−1[φ̃(t̃)R̃(t̃)(ν −

1)/(2ν − 1) − f̃ ], HSS = φ̃(t̃), HSFC = −φ̃(t̃)2LSFC, and

HTRC = −φ̃(t̃)2LTRC + φ̃(t̃) − φ̃(t̃)[φ̃(t̃)R̃(t̃)](ν−1)/ν cor-
responding to the three different regimes in Fig. 1. To
find the full solution of the IFTP theory, in the TP stage
Eqs. (1), (2), (3) and (4), and in the PP stage Eqs. (1),
(2), (3) and (5) must be self-consistently solved.
Waiting time distribution. – To test the validity of

the IFTP theory for the end-pulled case in Fig. 3 the
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FIG. 3: The waiting time distribution w(s̃) as a function of
the translocation coordinate s̃. Here, the driving force is f =
100, spring constant in the MD simulations is k = 30, N0 =
100 is the chain length and the pore friction in the theory is
ηp = 3. The red circles show the MD simulation results while
the solid blue and the dashed green lines are the results from
the IFTP theory for the combination of the TRC and SFC
regimes, and for the SSC regime, respectively.
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monomer waiting time distribution w(s̃) (the time that
each bead spends at the pore) is plotted as a function
of the translocation coordinate s̃. The red circles show
our MD data obtained using the same bead-spring model
as in our previous works (the details can be found in
the Supplementary). The solid blue line comes from the
IFTP theory when the equations of motion are solved
with a combination of the SFC and TRC regimes. This
is determined based on the value of the force at the pore
entrance in the cis side, namely if f̃0 & 1 the equations

must be solved in the SFC regime while for f̃0 . 1 we
solve the equations in the TRC regime. The dashed green
line represents the waiting time when the IFTP theory is
solved in the SSC regime. As can be seen in Fig. 3, the
combination of SFC and TRC matches perfectly with
the MD data even in the PP stage. The dashed green
curve for the SSC regime overestimates the waiting time
in the PP stage because of the reorientation of the mobile
part by the pore on the cis side in the MD simulations.
Moreover, for small values of s̃ the solution of the IFTP
theory underestimates the waiting time. This occurs in
part because of bond stretching and also due to the be-
ginning of the reorientation of the mobile part on the cis
side as discussed in the theory subsection. As this dis-
crepancy exists only for small values of s̃ and the main
contribution of the waiting time and consequently the
translocation time comes from the larger s̃ almost at the
end of the TP stage, and over the whole PP stage, the
IFTP theory correctly predicts the overall behavior of
the translocation process.

Scaling exponents for translocation. – A fundamental
characteristic of translocation dynamics is the scaling of
the translocation time τ̃ as a function of the chain length
and the external driving force τ̃ ∝ f̃βNα

0 , where α is
the translocation exponent and β is the force exponent.
Following Refs. [34, 36] we can derive an exact analytic
expression for τ̃ , which is a sum of the TP (τ̃tp) and
PP (τ̃pp) contributions to the translocation time as τ̃ =
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FIG. 4: The effective translocation time exponent α as a func-
tion of chain length N0 for various values of the pore friction
ηp = 1.5 (black circles), 10 (blue squares) and 20 (green tri-
angles). The dashed red and the horizontal black solid lines
represent the rescaled translocation exponents α† and α‡, re-
spectively.

[ ∫ N0

0
R̃NdN+ η̃pN0

]

/f̃ + τ̃JTS. Since the trans side of the
subchain is fully straightened for all the regimes of SSC,
SFC and TRC (cf. Fig. 1), τ̃JTS = N2

0 /(2f̃) and therefore

τ̃ =
1

f̃

[

Aν

ν + 1
Nν+1

0 + η̃pN0 +
1

2
N2

0

]

. (6)

Here, for the TP stage the conservation of mass is N =
s̃ + l̃ and the TP time can be obtained by integration
of N from 0 to N0, while in the PP stage the conserva-
tion of the mass gives N = s̃+ l̃ = N0 and the PP time
is solved by integration of R̃ from R̃N0

to zero. As can
be seen in Eq. (6) the force exponent is β = −1. The
first two terms in Eq. (6) are identical to the case of a
pore-driven flexible chain [34], and the new term propor-
tional to N2

0 arises from the explicit trans side friction for
the end-pulled case. While the asymptotic scaling expo-
nent is α = 2, the two correction-to-asymptotic-scaling
terms lead to pronounced crossover behavior due to the
cis side and pore friction. To quantify the crossover scal-
ing behavior in the high force limit, in Fig. 4 we plot the
translocation time exponents α, α†, and α‡ as a function
of N0 for various values of the bare pore friction. The
two latter exponents have been defined by subtracting

the correction terms as τ̃† = τ̃ − η̃pN0/f̃ ∼ Nα†

0 and

τ̃‡ = τ̃ −
[ ∫ N0

0 R̃NdN + η̃pN0

]

/f̃ ∼ Nα‡

0 . For these typ-
ical parameters, asymptotic scaling is seen for very long
chains only.
Summary. – We have studied the dynamics end-pulled

polymer translocation through a nanopore by means of
the proper analytical IFTP theory which reveals the
existence of a complicated scenario depending on the
strength of the driving force. Even in the case where
the force is high enough such that the trans side of the
chain is straight which is the focus here, there are three
different regimes depending on the conformation of the
cis side subchain. We have derived the corresponding
equations of motion for the tension front propagation
explicitly including the trans side friction. The theory
shows excellent agreement with MD simulations for the
waiting time distribution of the monomers, and allows an
exact solution for the scaling of the translocation time
as a function of the chain length and the driving force.
As expected from simple scaling arguments, the theory
recovers the asymptotic exponent α = 2, but with signif-
icant correction-to-scaling terms that come from the cis

subchain and pore friction. Asymptotic scaling is recov-
ered only for excessively long chains for typical parameter
values.
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