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SUMMARY

The coalescence of single drops at a plane liquid-liquid
interface has been studied both theoretically and experimentally.

Experiments were carried out with a wide range of drop size
using two and three component systems. The drops coalesced in a partial
manner and the drop size ratios between stages were determined. A
detailed examination is made of the rest-time dis@ributions for each
stage of coalescences. Generall&,coalescence rest-times increased with
Increase in size of drop and fall height of the primary drop. Reasonable
agreensnt between theory and experiment is approached for small drops.
Coalescence rest-times of large drops were considerably less than
predicted,presumably because of the deformation of the "trapped! film
and uneven drainage., The variables affecting the coalescencs are
analysed and an empirical correlation is formulated to éermit prediction
of coalescence rest-times.

Observations of the-ﬁotion of the droplet fluid and the disturbed
interface were carried out using schlieren photography. The way in
which wave disturbances at the interface can influence the coalescence
process is examined. It is shown that that such wave disturbances may
be responsible for the existence of the residence time dist}ibution

observed in all single drop coalescence studies,
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CHAPTER 1

INTRODUCTION

As chemical engineering knowledge develops,increasingly more
complex and sophisticated process designs are implemented. One area
that has benefited from this advance is the process of liquid-liquid
extraction. In this unit opsration the recovery and separation of
materials is accomplished by transfer between iwo liquid phases. The
process may be one of simple physical transfer of a component,or it may
include the more complex aspscts of chemical reaction and ion transfer,
It is quite understandable therefore,that the range of equipment
available for carrying out such operations is extensive., Inevitably,
the choice of specific equipment is often a difficult one.

One of the most important factors to be considered in the
selection of liguid-liquid extraction equipment is the ease of separation
of the dispersion. The rate at which separation occurs is dependent on
many physical and chemical factors,but predominant among these is the
ecoalescence behaviour of the drops constituting the dispersion. The
separation of most ligquid-liquid dispersions can be divided into two
stages: (i) the primary stage,during which most of the dispersed drops
coalesce to form a continuous phase,and {ii) the secondary stage when the
haze of very small drops,left behind from the first stage,finally coalesces
and disappears. These two stages can in most cases be clearly distinguished
unless the volume fraction of the dispersed phase is very small. It has
been shown (83) that in principle,two quite different mechanisms of
phase separation in the primary stage can be distinguished. These
mechanisms have been termed the interdroplet and interfacial modes of
phase separation., The bshaviour of an actual dispersion may be a
corbination of these mechanisms. If the interdroplet mode of phase

separation predominates,coalescence within the dispersion layer takes




pPlace primarily between two or more drops. Generally,this mode of
coalescence is marked by a wide range of drop sizes in the dispersion.
When the interfacial mode of phase separation predominates,coalescence
occurs mainly at the interface between the layer of dispersed phase
already separated and the dispersion layer.

The study of coalescence in technical equipment is complicated by
the large number and wide size range of drops present in such circumstances;
furthermore,the hydrodynamics of the process is diffieult to define. For
this reason considerable attention has been directed towards simple
systems in order to obtain fundamental information about coalescence.
Hydrodynamically,one of the simplest situations is that provided by the
approach of a single drop to a plane interface,and it is to this situation
that the present work was confined.,

When a drop of liquid (phase-1) falls through a second immiscible
liquid (phase«2) on to the bulk interface separating the two phases,it
may rest at the interface for a period of time before coalescing., The
drop is separated from the interface by a thin film of phase-2 liquid and
coalescence occurs when this film ruptures, Coalescence of the drop
(primary drop) with the bulk phase-l1 liquid may take place wholly or
partially. Partial coalescence results in a secord smaller drop of phase-1
liquid being formed from the drop. Frequently,the drop may coalesce in
several stages,with a smaller drop being produced at each successive stage.
The coalescence rest-time* is defined as the time between the arrival of
the drop at the interface and its coalescence. This time may include just
the first stage of coalesence (first stage coalescence rest-time) or any
subsequent stages which occur. The coalescence time of a drop,even for a
given system (i.e. phase-1/phase-2) anmd fixed conditions,is not constant

and may take any of a wide range of wvalues, The coalescence time may also

* This is also referred to simply as the coalescence time




be greatly affected by small changes in conditions of the system.

Although a great deal of interest has been shown in recent years
in coalescence,many important problems still remain unsolved. In an
attempt to consolidate and extend the understanding of coalescence,the aim
of the present work was:

(1) To develop an apparatus in which the coalescence rest-times
of single droplets at a plane interface could be measured
for a wide range of drop size,with minimum disturbance of
the bulk interface.

(ii) To determine the coalescence rest-time distributions for
all visible stages of coalescence,for a number of liquid-
liquid systems.

(ii1) To investigate the effect of length of fall of the drop
on the coalescence rest-time,

(iv) To develop a correlation between the coalescence rest-time
and physical variables.

(v) To observe the motion of the droplet fluid immediately after
the rupture of the continuous phase film.

. (vi) To investigate the way in which induced disturbances at

the interface can influence the drainage of the continuous

phase film,

As part of a research contract with the Ministry of Technology,
Warren Spring Laboratory,the coalescence in similar systems to those used
by Fletcher ard Flett (37) was investigated.

Throughout this thesis,a two-component system is regarded as
comprising two purified liquids (phase-l and phase-2),and a three-
component,as a two-component system containing a third component in the

phase-2 liquid.




CHAPTER 2

LITERATURE SURVEY

Coalescence at a Flat Interface

When a drop of liquid (phase-1) falls gently through a lighter
immiscible liquid (phase-2) on to a flat interface* separating the two
bulk phases,it rests on the interface for a time t before coaleseing with
the underlying homophase (phase-1) (16). Osborne Reynolds (111) and other
early investigators (46,92,110) attributed this temporary stability to
the presence of a residual film of phase-2 liquid,trapped between the drop
and the interface, This film is drained out under the combined action
of gravity and surface forces (79). When the film reaches a critical
thickness,mechanical,thermal,Marangonl instability,or other disturbances
arriving randomly in time,rupture the phase-2 film (83), The coalescence
beging with the formation by film rupture,of hole in the phase-2 film,

The hole expands,whilst the droplet liquid simultaneously drains through

in to the lower bulk phase,or homophase (16,28).

2,3 Coalescence Rest-Time

A number of investigators (16,19,33,44,67,79,97) have established
that t,the coalescence rest-time,is not constant in either stabilised
(i.e. with surfactant present),or unstabilised systems (i.e. without
surfactant).

One of the first fundamental experimental investigations
concerning coalescence rest-times was carried out by Cockbain and
McRoberts (19). These workers studied the coalescence of liquid drops
in stabilised systems, They state that if thirty or more identical drops
are examined independently,then a reproducible coalescence rest-time

* The interface between ths phase-1 and phase-2 liquids is not to
be regarded as a simple geometric plane,upon either side of
which extend the homogensous liquid phases,but rather as a thin

lamina;the material in this lamina exhibits properties differing
from those of either the phase-1 or phase-2 liquids (20).




distribution curve can be obtained and that the distribution curve is
approximately Gaussian., Because of the wide spread associated with

these distributions the reproducibility of results is an important

factor to be considered. In the light of more recent investigations,

it is doubtful whether 30 drops are a sufficlent population to give

good reproducibility of these curves. Cockbain and McRoberts expressed
the first stage coalescence time distributions as plots of log N/NO versus
t (Figure 2.1) where N is the number of drops which had not coalesced in
time t,and No the total number of drops assessed. The shape of the

distribution curves expressed in this fashion,suggested to the authors

t
Figure 2.1 Rest-Time Distribution Curve

that coalescence was occurring by drainage and rupture of the film trapped
between the drop and the interface. They considered that localised
displacement of the surfactant molecules from the interface,was responsible
for the rupture of the trapped film. This concept,although accepted by a
number of workers (97,134) cannot account for the similar coalescence

time distribution curves found in pure two-component systems (16.33.44.68.

29,97). It was found (19) that the portion of the distribution curve BC

(Figure 2.1) could be described by the equation:




In N = kt + constant (2.1,1)

where k is a constant for the film rupture process.
Gillespie and Rideal (44) proposed an alternative theory for the

rupture part of the process,based on irregular thinning of the phase-2

film, They attributed the latter condition to the existence of capillary

waves,generated by thermal and mechanical disturbances. Their semi-

theoretical analysis,which is somewhat obscure and difficult to follow

and assumes an increased probability of rupture as the film thins beyond

a critical thickness,produced the following equation:

3/2

In = <k(t - to) (2.1.2)

N
No
where k is a rate constant and tb and initial drainage period. Gillespie
and Rideal,and Charles and Mason (16) were able to correlate their results
for unstabilised systems using Eqn. (2.1.2). Other investigators (97),
who employed surfactants in their systems,found that their results did not
agree with Eqn. (2.1.2). Jeffreys and Hawksley (67),who studied the systems
kerosine-water and benzene-water,found that their results were correlated
instead by 1n N/N_ vs. (t - t°)5/2 and (t - to)z.raspectively. The inability
to correlate their results for unstabilised systems using Eqn. (2.1.2)
was attributed to the presence of a blue dye in the kerosine. This
impurity may well have been surface active and it is recognised that the
presence of quite a small amount of surface active impurity can
considerably modify the behaviour of a system. Agreement with Egn. (2.1.2)
was obtained by these authors for the liquid paraffin-water and redistilled
kerosine-water systems,

Elton and Picknett (33),who studied the stability of single drops
in the presence of elsctrolyte,could not correlate their results with

iqne (2.1.2). Instead they proposed the following equation:




¥ = Let™ (2.1.3)

N
0

and found that the exponent n, was 2 for concentrated solutions of
electrolyte,and 3 for dilute solutions. Eqn. (2.1.3),and equations of
the general form:
s |
ln E = -k(t - t ) (20 1.}4’)

i °

¢}
have baen used to correlate coalescence time distributions for coalescence
with mass transfer occurring (66). The effect of mass transfer on
coalescence will be treated later in this chapter (see Section 2.12).

Jeffreys and Hawksley (68) found that the exponent n, in Eqn. (2.1.3)

2
was independent of the system studied and was equal to 4. By substituting

t = (t;)1 and N/No = 0.5 into Eqn. {2.1.3),they obtained the relationship:
2
¢ = 0.3(ty),™ (2.1.5)
2

where (t%_)1 is the half.life of the first stage coalescence. These authors
were able to obtain an estimate for (t%)1 using an empirical corralation
based on the physical properties of the system (see Chapter 7 for further
details), The correlation is quite complex but the agreement between
experimental and predicted points was apparently good, However,one must
be critical of the graphical assessment used,because the logarithmic scalse
for N/No tends to smooth the distributions.

Sheludko (116,117) has presented a somswhat obscure modification

of the theory of Gillespie and Rideal (4#4),based on statistical
fluctuations in temperature. The following relationship was presented to
account for this:

-Bh
f = Ae (2.1.6)




where A and B are constants which are characteristic of the system,and f is
the fraction of droplets which have coalesced befores the film thins to a
certain thickness,h. It should be appreciated,that for random variations
in temperature to affect the stability of the draining film,the film
thickness would need to be very small,probably less than 25 i. The idea
that a van der Waals force of attraction can cause instability in the film,
has also been advanced by Sheludko (118)., This would seem to be a more
reasonable concept than the one based on temperature fluctuations.
Contrary to the author's own results,those of Charles and Mason (16)
failed to agree with Eqn. (2.1.6).

recently, Jeffreys and Hawksley (68),and Hartland (53),have observed
that the drop tilts as it approaches the interface, The latter author has
proposed that this behaviour may,in part,explain the scatter in the
coalescence rest-time. He suggests that tilting of the drop causes
unsymmetrical film drainage,which results in preferential film thinning
in certaln areas of the trapped film. Thus the different times taken to
thin down to a critical thickness are responsible for the residence time
distribution. One aspect that is difficult to reconcile in this
explanation,is the difference between large and small drops. Hartland
only examined large drops. We would expect small drops,which are
practically spherical,to approach the interface without tilting. It is

well known though,that small drops exhibit the same scatter in the rest-

time.

Coalescence Phanomena

The process of coalescence,whether it involves a single drop and
a plane interface,or two or more drops,takes place by drainage and final
rupture of the thin film trapped between them. In practice,the thin film
1s really a liquid mixture,although in experimental work the liquids are

often referred to as being 'pure'.

In the sections which follow various models of the coalescence




process are discussed. These models are very idealised and they assume that
the fluid or film drains by creeping flow between two rigid surfaces. Also
included is a discussion of the various physical phenomena which affect the
drainage process but which have not been accounted for in the idealised

models of coalescence.

2,2 Film Shape
The shape of the film trapped betwsen a single drop and an interface

is depsrdent on the pressure distribution within the film and outside the film.
To incorporate an exact mathematical description of the film shape in to
an analysis of the film flow,would be an extremely complicated matter,and
therefore a number of idealised models have been developed (see Fig. 2.2).
If the drop boundary adjacent to the interface deforms in the
direction of the drop interior so that a cavity is formed,then the drop
is said to be dimpled. The existence of dimpling in gas bubbles has been
investigated by Derjaguin and Kussakov (23). The film thickness between
a2 bubble and a flat glass plate was measured using an optical interference
technique. They found that the bubble was dimpled and that the phase-2
film was plano-convex in shape arnd thinnest along a circle of radius R
about the axis of symmetry. This position of minimum thickness is often
referred to as the barrier ring. lLacking a satisfactory theoretical
treatment of this profile,the measured values of R were nevertheless
found to be in agreement with the relationship:

R = b5 208 3 (2.2.1)
3%

vhere b is the spherlcal drop radius.éﬁ%? the density diference between the
phases,and § the interfacial tension. The work of Derjaguin and Kussakov
has been verified by many workers (17,3%,45). It is interesting to note

that the position of the barrier ring,for the case of a film formed between

two small identical sized drops,is given by the same equation (83%),




@ @

Re
Deformed drop,Rigld Rigid drop and
interface, Uniform film interface,nor~uniform film
G‘
Rigid drop,deformable peformable drop and interface
inte1face,uniform film Pl _Pressure inside drop
Py -Pressure inside film
P; «Pressure below interface
E, Pi ~Pressure above interface

(11)

Figure 2,2 Idealised Film Drairage Models




10

The approach of small nitrogen bubbles to a gas-liquid interface
has been studied by Allan et al. (2). These workers observed,that after
the formation of the barrier ring,thinning took place at a greater rate
near the edge of the film than at the centre and that the liquid at the
centre was temporarily immobilized. At a film thickness of about 1500 K
there was a bulk movement of the liquid at the centre of the film and the
film shape became more uniform, Thereafter,the rate of film thinning was
more uniform in all areas of the film,except for occasicnal high rates
observed near the centre. These obssrvations thus illustrate how the
film shape must be changing considerably during the film drainage.

MacKay and Mason (89) have investigated the film profiles for
electrically charged and uncharged liquid drops approaching a flat liquid
interface, For drops of diameter less than about 1 mm.,they noticed that
the film thickness at the periphery,for the uncharged case,was occasionally
500 ~ 1000 Z less than at the centre. At coalescence,the trapped film
was apparently curved and of uniform thickness. Therefore it seems that
dimpling in both gas bubbles and liquid drops,occurs in similar manner,

It was discovered that for the charged drop,the film retained the plano-
conveXshape until rupture occurred. This of course,may haJ%??%a to the greatly
reduced rest-time,in comparison with the uncharged drop. For both uncharged
ard charged drops,above about 1 mm. in diameter,film thinning was umeven,

some sectlions thinning more rapidly than others, The fluld dynamics of the
coalescence of large drops is complex,and we would expect therefore,some
difference in film thinning behaviour,but perhaps in this instance,the problem
is mainly associated with the tilting effect mentioned previously.

Jeffreys and Hawksley (68) have carried out pressure drop
calculations for the draining film,which indicate that there can be a
dimple in the drop and a cavity in the interface. High speed photographic
work by these authors has revealed,that frequently,coalescence was

initiated at the periphery of the film, Thus,it was entirely reasonable
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for them to suggest that this position corresponded to the thinnest part
of the film. This is further evidence of possible dimple formation.

Fairly conclusive evidence (photographic) has been presented by
MacKay and Mason (89) for the existence of a dample in a large (1.0 cm.
diameter) silicon oil drop. The recent work of Hartland (56,57,58),who
used electrical capacitance and photographic techniques to measure the
film profile,demonstrates quite coneclusively,the occurrence of dimple
formation in large liquid drops.

In conclusion,it is reasonably certain that the film trapped
between the drop and the interface is non-uniform in thickness. However,
further work is required to establish how the film thickness varies during
the coalescence process. The importance of this work is readily apparent
when it is realised that our ability to develop a satisfactory model for

the coalescence process,1ls very dependent on knowledge of film shape.

2.3 Film Drainage

Over a narrow range of film thickness,MacKay and Mason (89) found
good agreement between the observed rate of film thinning and that
predicted by Model A (see Fig. 2.2). This occurred only at low values of
the f1lm thickness,usuzlly less than 1 micron. In the region where the
f1lm thickness was less than 0.2 microns,the rate of film thinning was
much greater than that predicted by the theory,suggesting that interface
movement was taking place. Thus,it is apparent that the parallel discs
model {Model A in Fig. 2.2) does not represent a limiting case,but applies
only over some intermediate range of film thickness. In MacKay and Mason's
case,this was between 1.0 and 0.2 microns,but the extent of applicability
w1ll obviously vary according to the properties of the system.

In attompting to assess the usefulness of narticular drainage model,
the method of plotting relationships should be examined carefully.

machay and Mason,using the parallel platss equation (see Eqn. {(2.3.9)),
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plotted their results in the form 9% versus ho,whers h is the film

dt
thickness. Thls plot is very insensitive at low values of h and is not

therefore recommended.

Van den Temple (126),who pressed together two oil drops in
aqueous solution,found that film thinning approximated to the prediction of
model A,if the separation was less than 1000 K. At separations in excess
of this value,the rate of drainage was greater than predicted. Temple
suggested that this was because the barrier ring (i.e. the extent of
dimple formation) had not reached a sufficiently advanced stage., The
reasoning would appear to be,that as the barrier ring moves outwards from
the centre of the drop,the resistance to flow within the film increases.
Hecent work by Hodgson and lee (83*) has shown that two drops of the same
size resting against one another,are equally deformed. This mutual
deformation results in a smaller area of contact than between a drop and
a plane interface,and by symmetry,the overall shaps of the intervening film
is plane instead of being a spherical cap. This evidence would therefore
tend to support van den Temple's finding that the rate of approach of
two drops approximates that predicted by the parallel plates model,

Representing a draining film by a model in which two plane
parallel discs approach each other,is valuable because it provides a
simplified model more amenable to exact analysis than the dimpled film case.
Hodgson (63) has shown,that for small drops,the surfaces of the film are
almost plane. Even in the case of larger drops,surface movements from
the centre may make the deformed film more uniform in thickness. Since
use is made of the parallel discs dralnage equation in the present work,it
is instructive to present its derivation. Following the treatment of

Hodgson (63),the Navier-Stokes equations are used as a starting point:

Viscous flow between immobile interfaces,

A eylindrical coordinate system as indicated in Fig. 2.3.is

A

adopted to suit the symmetry of the problenm.




(1)

(11)

Figure 2.3 Pressure Distribution for Approach of Parallel Plates

Continuity Equation (9):
1 1 )
;-;: (T4, *;a%(eu& * 3z (Rw)

@ is constant for the liquid and thea%' term is zero by

2+ =0 (2.3.1)
ot

symmetry. Therefore:

o/

D (ry .22 -0 (2.3.2)

The equation of motion for a liquid of constant density (9) is,
(r component):

2
du Du u, Au u BEI
Q(atr + urar * : agr B : + Dz )

(2.3.3)

aP > [1 ] 1 Pz % L 2w
”k{'? uglieSe 25 TS5

where Pf is the pressure in the film and /L is the viscosity.

B component: zero by symmetry
z component: assumed to be negligible
In the above r component equation the 3 [y and ueterms are

zero by symmetry,and it is assumed thati:

= 0 butdly £0
>z

3% =6 1. a pseuds steady-state,
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(ii1) ur&;-_—_— ¢ i,e. inertial terms neglected,valid for creeping flow,
Theadrist.ribution of the velocity u will now be investigated.
Since the discs are parallel and remain parallel,it is assumed that 3““/92
is f(z) only,i.e. is independent of r. Leta_lfg, = -t). The continuity

Dz
equation (2.3.2) then becomes:

2
% -é-;(rur) -wW = 0

with boundary conditions u, = 0; r = 0. Integrating:

uw, = 3Wr (2.3.4)

The implication of this equation is that the velocity profiles at
various radial positions are geomstrically similar. The equation of

motion (2.3.3),with the above simplifications,is:

2
/u,%_‘% = ng (2.3.5)

If 2 is measured from the mid plane (fig. 2.3) then S ur/B z =0,

z = 0 for all r. A further boundary condition in the case of immobile

interfaces is:

u =0, z=h for all r.

r 2

Integrating Eqn. (2.3.5) subject to these conditions:

= - 1 PP [ n 2 2 (2.3.6)
uI‘ 57(-9—‘1'_)[(2) -Z]

Equating u from Eqns. (2.3.%) and (2.3.6) , (2 Pf/a r) = -K,r,where
K = /(.(4)/ [(}_1_)2 - 72 ] and is a function of z only. Integrating with
z 2

respect to r and setting Pf = 0 when r = 0 for all z:

Apf = -% K I'z (203-?)

Z

The distribution of Pf with r is thus parabolic. Hnwever,the pressure

on the drop side of the interface is virtually uniform. Thas is a
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fundamental inconsistency in the plane discs model, To circumvent this

difficulty,we equate the total forces on either side of the interface:

f!
F = J. - APf.Z'ﬁ' r dr
0

whers F is the force acting on the discs. Hence, K = #F/'ﬁ'Ru ard is
2
independent of r as required. Substituting above for K and hence (0 ,
z

we obtain:

wu o= 2Fp [( .11)2 - 22] (2.3.8)
Tipgt L2

The rate of approach of the discsfollows from equating the total

rate of outflow to the rate at which the liquid is displaced from the film:

n/2
Q =f w.2T Rdz = - TR%dn
r at
-h/2
/ (2.3.9)
i.e.
- dh = g_E h3
dt 3 gt

This equation is identical with that previously quoted in the literature (16).
Egn. (2.3.9) was first derived by Osborne Reynolds (111). However,the
methods that he used do not readily give the shear stress distribution at
the surface. For drainage of the film from thickness h1 to thickness hz.
the drainage time is:

L. -t = (35&23")(;’2 T (2.3.10)

LF hy h12
Assuming that a liquid drop of radius b approaches a flat liquid

interface under its own weight,and deforms only slightly,the expression for

Fis (16):
2 (2.3.11

o)
[}

LY
=1
I=e]

where R is given by Eqn. (2.2.1). Substituting into Eqn. (2.3.10):




t - t, = Ao B 1 3.
2 1 T(‘%}')(l - iy (2.3.12)

/Liz Legy’ . 1 (2.3.13)

N
[y
1l

when h,>> hz.
Charles and Mason (16) considered the case of a sphere of radius b

approaching an unbounded plane, This is sometimes ealled the spherlcal.
planar model (see Fig. 2.2B). The space between the surface and the plane
contained a liquid of viscosity /bL 2+ The distance between the surface and
the plane at the vertical mid-axis was h,and at any radius r, g . g wWas a
function of r. They assumed that the velocity of the liquid being squeezed
out,u,was a function of r and z,and that the velocity profile was parabolic.
Equating the work done by the force F to the energy dissipated by viscous

forces,Charles and Mason obtained the expression:

V = ..(_i_b' = (203014)

F
at 6W/L2J:_g£3dr

To render their approach tractable,they substituted for the sphere,a

parabola of the same radius of curvature at the apex (see Fig., 2.2.E),amd

therefore:

£=n+8 (2.3.15)

which on substitution into Egn. (2.3.1%) and integration from r =0 to

r = b,gave:

ﬂl_ = - Fh (2.3.16)
dt 67}/,¢2 B2

for b>>h.
Further integration between the limits h1 and h2 yielded the following equation:

6, -ty = (67"/:'2 b 1n(t—1) (2.3.17)
2

It is pertinent to report that both the equations (2.3, 14) and
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(2.3.17) were earlier derived by Taylor (122). Egn, (2.3.17) was previously
given without derivation by Hardy and Bircumshaw (52). We see in the
film thickness term of Eqn. (2.3.17) the fundamental difference between
this non-uniform film model (spherical-planar) and the uniform film model
(parallel plates). The numerical value of the term 1n (hilhz) will always
be very small in comparison with the (1/h22) term in Eqn. (2.3.13). There-
fore,in the case of drops which retain a spherical shape (or deform only
slightly)},e.g. very small drops or moderately sized drops in high
interfacial tension systems,Eqn. (2.3.17) will predict a very small rest-
time,.

Using an approach similar to that employed by Charles and Mason,
McAvoy and Kintner (93) derived an equation for the approach of two solid
spheres in a liquid field:

b, -t = j_Tr',/;igz_ln(g_i_ (2.3.18)
2

vwhere H = 2h is the minimunm separation distance,and bs>>h, It is
interesting to compare this equation with Eqn, (2.3.17) obtained by
Charles and Mason, We see that the only difference between the time of
approach for a sphere to & flat plans,and to another sphere,is a numerical
constant,

The case of a rigid drop and a deformable interface,Model 2.2C,
where the interfacial film has a spherical shape,was proposed by Lang (79).

The force balance,first obtained by Nielsen (98) was:
n(1+28m/(p - )gbz-m2/3b2) = 28/(e, -pleb-20
e1 Qz Ql -Zg T
(2.3.19)

where m is the distance from the centre of the drop to the flat

undisturbed interface., The time require to thin to a film thickness h2'

based on parallel discs equal in area to the spherical segments was:
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b, -t = 9/a2b2(b - m)°/(263 + 36%n - o) (e, -Pz)ghz (2.3.20)

provided that h>> h,.  Eqns. (2.3.19) ard (2.3.20) have been solved simultan-
eously by Chappelear (18). The results were presented in terms of dimension-
less groups and it was found that the relative equilibrium deformation is

only a function of the dimensionless group:

(2.3.21)

- -

5 = Sier-eg
b2
It is of course hardly unexpected,that the shape of the deformed drop and
bulk interface is dependent on the variables contained in Eqn, (2.3.21).
This is explained in more detail by Princen (103). The results of the
numerical solutions for smal) deformations,approach those of model 2.24A,

given by Eqn. (2.3.13).
Lang (79),who derived the time of approach for Model 2.2C to be:

t, -t = [12 ﬁbl’/wz(cos P - 1.4 1n cosq % y/F) ( ;11-22 - %12 )]

(2.3.22)
incorrectly assumed that the force causing drainage was Fj + FU (see Fig.
2.2C). It is apparent from a consideration of the simple drainage
mechanics,that the correct drainage force is F = FD = FU. Hartland (53)
has derived a similar equation to lLang for the same conditions:

t, - b = 67'31’1‘_'29(1 _1

) (2.3.23)

where Q = 1 - cos Qc - %sin ch,R is the overall radius of curvature of the
film ard E)c is the inclination of the edge of the film to the horizontal
axis. It is to be expected that these two equations will produce very
similar drainage times.

Schotland and Hale (114) using lang's model,found the time for

liquid drops falling through a gaseous phase to a flat interface to be:
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T Q4 j27&3/2 (2.3.24)
12 %
This work,which has a meteorological background,serves to demonstrate to the
reader the wide range of topics where a basic understanding of coalescence
phenomena is important.
The two previous models which have been discussed (2.2A and C)

are limiting cases (in terms of physical geometry) where Ry = Cand Ry = b,
respectively;R1 being the radius of curvature of the film., A more general
model would have a constant but arbitrary radius of curvature at the
surface of contact. If one assumes small spherical deformatlons and equal

deformations on both sides of the film:

P, - F = _2_}?’_ = P - P (2.3.25)
i

(see Fig. 2.,2). Neglecting the hydrostatic head,which would be satisfactory

for a very small drop,then P1 - P3 is equal to the pressure drop across the

free surface of the drop. Thus:

P, =« P = IL}_‘_ = ZK (2.3.26)
1 3 Ry Y

This is the deformable drop and interface model presented by Chappelear (18),
This model would appear to be the most realistic of the uniform film models,
especially for large drops which are greatly deformed. For a sufficiently
small drop,the following approximate equation can be derived:

t, - t1 =/t§-(é‘z_ﬁ’i)(l ) (2.3.27)

¥ 2 h22

Eqn. (2.3.13),as derived by Charles and Mason (16) ,may be put in the same
form as Eqn. (2.3.27). The only difference between these two equations
would then be the valus of i. For Eqn. (2.3.13) i =4 and Eqn. (2.3.27)
1 = 1, This means that the area required to support the drop according to
Eqn. (2.3.27) is only half as much as for Charles and Mason's model. It

would appear then that small drops present proportionately less area for
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film formation than do larger drops.

All uniform film models predict that the rest-tims increases as
b5 and with increasing density difference. However,these predictions
require some qualification in the light of experimental findings. The
rather surprising effect of increasing density difference can be explained
on the basis of increased film area, This opposes the direct effect of
increased drainage force due to increased density difference,but a number
of workers have contested thls point In pr;ctice.the effect, of drop radius
has been observed to be much less than b5. Therefore Model 2,28 might be
a better approximation in the case of very small drops since this model
predicts that the rest.time decreases with increasing radii and density
difference. Intermediate radii would then require a 'mixed' model.

To satisfy their results for the benzene.water system,for which
t was proportional to the drop diameter,Jeffreys and Hawksley (68) proposed
a'mixed 'model possessing a drainage film of non-uniform thickness {see Fig.
2.2G)e For their model (i),the film was thinnest at the centre,and for
model (ii) thinnest at the periphery. The distance m was obtained from a
force balance. The upward force FU due to the surface tension ,given by:

F, = 27 W - ) (2.3.28)
b

was equated with the downward force,equal to the weight of that part of the

drop above the interface,given by:

T b (AQ)g - (g,bz-bm + 0
3

lw]
Wi

In a similar manner to that of Charles and Mason (16),and substituting
appropriately in Eqn. (2.3.14),Jeffreys and Hawksley (68) derived the

following equation for their model (i):

£ -t = =671 M [lnh_2+ln(h1+9) + 6 - _6 }

2 1 X hy (h, +0) h, +0 hy +0

(2.3.29)




21

where, ¢ = _;.b(j_ _)\). 0 = ()\ - 1)(b-m)anrd R = ’>\b. The drainage
equation derived for model (ii) was similar to Eqn. (2.3.29).

The application of the equations derived for the respective models
above,by Jeffreys and Hawksley,requires that arbitrary limits of hy and h2
be chosen and an appropriate value of )\ selected. This is not altogether
satisfactory,since although the value of h1 was shown to be not very critical
the value of t is extremely sensitive to the chosen value of h,. Jeffreys
and Hawksley were unable to use their model (ii) to predict experimental
results. This is disappointing,all the more so because model (1) is the
mostrealistic of the two cases considered. Although the agreement obtained
between the experimental results and those predicted by the model (1)
equation was good,the real value of these semi-empirical equations is
subject to soms doubt.

Princen has derived equations which give the pressure inside the
£ilm and the drop (102). These enable one to calculate the excess pressure
across the surface of the drop,and hence determine the drop~interface profile
or shape. Details of Princen's method are contained in Appendix 4,together
with drop shape characteristics for a wide range of liquid-liquid systens,

He has also shown that the drainage equation for the case of an infinitely

large drop (assuming a uniform film thickness) is:

¢, - b, = 242 (1 (2.3.30)

Y o
where hii;.hz. This is & very interesting equation since it predicts a
dependency on the drop radius b to the third power,whereas all other uniform
film models predict a dependency to the fifth power. To date,coalescence
rest-time experiments have been mainly concernad with drops having a
diameter zreater than about U.5 mm. The drop size dependency in these cases,

has been shown to be considerably less than bs, Charles and Mason (16),

found that for tha benzene-water system and a drop size greater than 0.1 cm.
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.1
3 S,approximately. This is remarkably close

the dependency on drop was b
to that predicted by Princen's equation (2.3.30).

So far,the discussion has only been concerned with the process of
film thinning. It is necessary at this point to consider some aspects
of film drainage which are not explainable soley in terms of fluid mechanies.

MacKay and Mason (89)have observed (using an optical interference
technique) that the average rupture thickness of the film beneath liguid
drops was less than 500 i,when the drop diameter was less than 0.1 cm., At
larger drop diameters than this,film thinning was uneven,but part of the
film was usually observed to have a critical thickness less than 500 i.
Using Eqn. (2.3.10) as an example,the calculated drainage time required to
approach a film thickness of 500 K would be at least an order of magnitude
greater than the experimental rest-time. If fluctuations in temperature
are responsible for the rupture of the film,which as Ewers and Sutherland (35)
have pointed out will only occur if the film thickness is less than 50 ﬁ,
then the situation is even worse. Thereforqbe should conclude that other
forces,in addition to gravity and surface forces,become important as the
film thins,

It must be emphasised that the equations describing the approach
of drops to liquid-liquid interfaces are subject to many limitations. It
is assumed that the electrical double layer interaction (28),the electro-
viscous effect (31,32),disjoining and London-van der Waals forces of
attraction (28,73,99) are negligible, Furthermore,it is assumed that the
interfaces are rigid and thus resist shear stresses due to finite velocity
gradients at each surface. If liquid drops and bubblesare unable to resist
imposed tangentialsurface stresses,they will have internal circulation
(40-43,49,86,112), Infact,it is a common acceptance that a free interface
in a pure system cannot support a shear stress. Hodgson (63) has stated,

that a more satisfactory concept is that free movement ,retarded mobility,

and complete mobility of the interface are all possible modes of behaviour
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in film flow. Rigid behaviour is reported to occur only with low velocity
gradients,high interfacial tension (greater than 30dyne cm.-i),and in the

presence of surfactants (40,86).

2.4 Interface Curvature and Pressure Drop in the Draining Film

In a liquid-liquid system,inwhich a drop of liguid is resting on
a liquid-liquid interface,both the drop and the interface are distorted,
If the film is thin,it has the general shape of a spherical cap (18,53,79,
102,103). The film profile,i.e. the variation of f£ilm thickness with
distance from the centre of the flilm,is dependent on the pressure
distribution in the flowlng film. It is important therefore,to present
some of the more important details of an analysis of the pressure drep in

the draining film as carried out by Jeffreys and Hawksley (68).

dh
1 dat
Y

Figure 2.4 Film Pressure Drop Models (68)

The continuity equation for flow through the element ABCD is:
-é_ rf u.dz = r E“-.}l (2.!}01)
dt

and assuming that the velocity profile is parabolic,and u is a function of r:

u = 2 (§ «2) £(r) (2.4.2)
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A rate of momentum balance over the element ABCD gave:

- 4Try,(%u cdr - 2 |2Tir u2 dz |dr
/"Jtz(az ) 37 P2
z =0 o]
~2WrSaP = 0 (2.4.3)

The solution of these equations produced a relationship for calculating
the pressure at any radial distance r. For films of uniform thickness,

E =nand @ =0,the full equation reduced to the following form:

Apf = -2 - fzgzh“ (2.4.9)
2 L0
15124, R

i B2

Therefore,for thin films,when h is small, APf is independent of viscosity
and £ilm thickness. This conclusion may be misleading. The term —2F [TV R?
suggests that the parallel plates and spherical planar models would infact
be limiting cases for film flow. If the change in film shape,from one of
these extremesto the other,was not dependent simply on R,theparallel platl'.es
model would no longer represent a limiting case.

In order to evaluate the system completely,it is necessary to
know the pressure distribution at the surface of the drop. Jeffreys and
Hawksley calculated this from measurements of the radii of curvature of
the drop obtained from projected photographs. Direct measurement of radii
of curvature in this way,is not very precise,and MacDonald (9%4) has
emphasised the difficulties involved. Howsver,we would expect the analysis
to indicate those aspects which are most likely to affect film drainage.
Jeffreys and Hawksley concluded that the film was of non-uniform thickness
and least thick at the periphery. A number of investigators have shown
this to be true,at least for pure syster.s.

Hodgson (63) has attempted to explain the phenomenon of dimple
formation by considering changes in interface shape,in terms of departure

from the model of parallel plates. Frankel and Mysels (38) have treated the




the problem and its effect on film drainage,by consideration of a two-
dimensional analysis. Assuming that the departure from parallel plates
was small,Hodgson neglected the higher order powers of dz $n the

dr
differential equations describing the principal radii of curvature. Thus:

1 =4d% and L = 1dz (2.4.5)
e) dre @ 2 T dr
Then:
P = -8 d, _dz (2.4.6)
r d (r )
and, dP = «d [ (r _I (2.4.7)
dr dr|r dr B

for a pressure gradient in the r-direction only. By assuming the same
pressure gradient as pertaining in the plane discs model,it is possible
to integrate Eqn. (2.4.7) and hence calculate the deformation from
parallel plates. Hodgson concluded that if the deformation was small
compared with the film thickness,then the model would give a fair

approximation to the rate of film drainage. He found the deformation to be:

a = al\e g (2.4.8)
6%
Except for very small drops,d will only be very small in comparison
with the film thickness,at relatively large separations., It may also
partly explain why small drops {less than 0,05 em. diameter),which are
almost spherical,have coalescence times which are much greater than those
predicted by the spherical-planar model equation.
The shape of the drop interface was given by (see Fig. 2.5):

(h =h) = d (282 - rz)r2 (2.4.9)
0o r

R

The value of R was found to be identical with the valus of R calculated for

model A in Fig. 2.2,but with allowance for interface deformation,i.e.

R® = b (2.4.10)
27 ¥




Figure 2.5 Drop Dimpling at a Rigid Interface (63)

Once the interface has deformed to the shape given by Eqn. (2.4.9),
drainage will be similar to that predicted by the parallel disc model,
with virtvally no change in interface shape until 4 becomes comparable
with the film thickness., When the film thickness varies appreciably with r,
the rate of film drainage must deviate significantly from that of parallel
dlscs,

Frankel and Mysels analysis (38) considered the film periphery

only. Since the interface here is flat,there is no curvature,and:

Pnn(l) - pnn(Z) - g(éi .,.61-2) (After Levich (84))
reduces to:
p (1) _ Pml(2) . 34_2% (2.4.11)
dr

and since the pressure on the drop side of the interface is constant:

4P = 4z (2.8.12)
dr dro

Considering small drops and rigid interfaces,the flow at any radius r is

given hy:

h/2
Q =f Rfirw, = _J;f&(-ff_)hrBZT'.r
r _hlz 12 dr (2.’4‘.13)

The following equation was given by Frankel and Mysels,and may be obtained

by substitution of Eqn. (2.4.12) in Eqn, (2.4.13):
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[ =
i

X &Ph, 3 (2.4, 14)
T 12}L»( E;Er ) Br

By assuming the flow per unit length of periphery to be constant,they were
able to integrate Eqn. (2.4,19), From the shape of the dimple thus
obtained, they predicted the rate of drainage (assuming the flow at the
periphery to be T R® EEQ ). HNot surprisingly,they found the rate of
approach of the interf::es (at the periphery),to be close to that of parallel
plates. This treatment is inadequate because,although it predicts that
the dimple becomes more proncunced as the film thickness decreases,no
allowance is made for the varlation in flow with radius,brought about by
the changing film shape.

For large drops it is conceivable that the value of d calculated
from Eqn. (2.4.8) will be greater than the separation distance at which the
barrier first forms. It is obvious that the film drainage must then be very
different from that predicted by the usual parallel plates equation,
Considering one interface to be rigid,reference to the corresponding
observations (32,38,44) shows that while the barrier ring is still

developing,the entrapped film is still substantially uniform (ses Fig. 2.6).

OO0 O00

Figure 2,6 Observed Changes in Film Shape for a Bubble
Approaching a Flat Rigid Interface (34)
Once the barrier ring is completed,the film thins abruptly at its periphery.
After this,there follows a slow adjustment to a2 more uniform shape.
The equations describing the above phenomena are complicated,but

Hodgson (63) put forward a qualitative explanation which essentially can be




summarised as follows: "At the moment of completion of the barrier ring there
is a large driving force for drainage outside the film but none inside,
However,the drainage outside the barrier ring has then to be matched by
corresponding drainage inside the ring. The interface therefore deforms
so there is a pressure drop and flow inside the film". A simplified
analysis of the pressure drop gradient in the film during dimple formation
was made. Using an equation of the form dP - Krn,where Kand n are
constant with respect to r,it was found thgz this was inconsistent with
£iim thinning occurring at the film edge only. This indicated quite
clearly,the necessity for matching the changing interface shape with the
pressure gradient.,

Further evidence of dimpling behaviour (for large drops) presented
by Hartland (56),seems to indicate that dimpling and tilting of the drop
are closely related events. This suggest that the tilting ability of

drops at liquid-liquid interfaces should be examined in more detail,

255 Film Thickness
Before a drop may coalesce,the film separating it from the

homophase must rupture,and before rupture can occur,the film must drain
to a certain critical thickness (4#4,79). The effect other factors may
be judged by their effect on either,or both of these two processes of
£ilm rupture and film drainage,

Hartland (53) conducted electrical capacitance measurements of the
phase-2 film. For agiven system and at a given time,the thickness oi1 the film
varied from drop to drop. The standard deviation of the film thickness
distribution was approximately 304, It is pertinent to report that this
figure is approximately the same mignitude as the standard deviation of
rest-times for single drops. Hartland's results are of undeniable value,
though the systems chosen must attract some eriticism. The very high

viscosity liquids were chosen to confer a high degree of stability on

the drops and so greatly facilitated the taking of physical measurements.
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These substances are of low purity and therefore it is doubtful whether
the drainage process observed with pure systems will be the same as that
observed by Hartland,

The thickness of the draining film at rupture will depend on the
liquids employed and alsc the temperature and pressure of the system,
There is little,if any,positive agreement between experimental and
theoretical values of the film thickness at rupture. Bearing in mind the
inadequacies of the drainage models so far contained in the literature,
it is certain that the estimates obtained will not be very satisfactory.

The thickness at which a film becomes in some way unstable is
still a matter of conjecture (see also Section 2,18). However,it is
certain that the initial onset of rupture occurs at the thinnest point of the
film, MacKay and Mason's measurements,which are probably the most
reliable,indicate that the film thickness at this loeation could be
considerably less than 500 K. In addition,the auguments advanced by de
Vries (28) suggest that an incipient hole will only grow if the film thicke
ness 1s less than about 25 R at the point in question, His calculations
show,that at this thickness,the surfaces must be approaching each other
quite rapidly,and that the hole grows quite quickly once it has passed a
critical size, The precise local film thickness at which a2 hole develops,
may not therefore be very important in determining the lifetime of the
£ilm.

The state of knowledge in this vital area of coalescence studies
is far from complete. It is essential therefore,that a greater effort
be employed to expand the understanding of the behaviour of thin liquid
films. A first requirement is accurate,reliable data on the film thickness

during the drainage of the film and at the rupture of the film,

2.6 Temperature
A number of investigators (13,16,33,44,60,81,82) have found,that in

general,the coalescence rest-time decreases with increase in temperature
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of the system. This 1s explained as being due to the reduction of the
viscosity of the phase-2 film causing it to drain faster.

Convection currents,caused by temperature gradients in the

coalescence apparatus,were reported by Cockbain and McRoberts (19) amd
Gillespie and Rideal (44) to decrease the rest-time., The importance of
a woll-thermostatted apparatus has thus been indicated quite clearly to
future workers. Adams et al. (97) produced a decrease in drop rest-times
by keeping the drop liquid at a lower temperaturs than the interface.
But these authors and Cockbain and MeRoberts (19),in some cases found no
effect on rest-time dus to temperature gradients, This may be partly due
to the fact that they were using surfactants in all of their coalescence
studies,

An increase in temperature will cause the mutual solubility of
the two liquid phases to increase, This will result in a higher interfacial
bulk concentration of one phase in the other and increased interface-bulk
concentration gradient. Prokhorov (104) has shown that such conditions

favour premature coalescence.

2,7 Drop Size
Many investigators have found that the coalescence rest-time

increased with increasing drop size (13,16,33,4%4,60,79,81,82). All the
investigators discovered this trend to hold for t .. (the maximum rest-time),
t and t% . However,the variation in t min (the minimumbest-time),was very
erratic, Charles and Mason (16) attributed this to the large relative error
involved in the measurement of small intervals of time,with a limited drop
population. However,the times involved are usually between 0,1 and 1
second and are definitely measurable. Realistic measuring errors are
unlikely to produce the large deviations that have been fourd,therefore
some other cause must be responsible,

In contradiction to the trends normally observed,Nielsen,Wall
and Adams (97) found that increasing the drop size could either increase

or decrease the stability, Similar findings were reported by Keith and
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Hixon (72),studying the same system. Iang (79) remarks that the only
systems showing this type of behaviour are those complicated by falling
drop disturbances and contamination. Since Keith and Hixon conducted their
experiments in a liquid-liquid spray column,they undoubtedly had falling
drop disturbances. The erratic results of Nielsen,Wall and Adams may be
attributed to the presence of surfactants in all of their experiments,

To maintain a clean interface in the systems which he investigated,
Hodgson (63) developed a novel method of interface cleaning,which he
called the "Teflon-Glass" method. The principal element used consists of
a slim glass tube in the end of which is mounted a small piece of "Teflon"
(referred to by the author as a "Teflon-Whisker"). The principle involved,
is that the glass is water-wetted and the "Teflon is organic phase-wetted.
Thus,by inserting the tube in to an oil-water interface,it was possible to
suck liquid from both sides. This technique,according to Hodgson,1is
superior to other methods of interface cleaning. Although there is no
doubt that this method allows liquid to be drawn from both sides of the
interface,it is questionable whether its performance is superior to the
usual method of "spilling over' the interface.

Using the "Teflon-Glass" method,Hodgson {63) carried out
experiments on oil and water drops at liguid-liquid interfaces. Generally,
the coalescence rest-time increased with increasing size of drop. Hest-times
increased from apparently instantaneous,for 0il drops below 0.1 mm.
diameter,to about 1,5 seconds for a 5 mm. diameter o1l drop. The rest-iimes
were surprisingly reproducible,but very small and much less scattered than
before interface cleaning. At a certain interface age after cleaning the
interface,the rest-times increased sharply to give very long rest-times.

The behaviour of very small water drops befor cleaning the interface,
was strikingly different to that of similar sized oil drops. The rest-times
were virtually instantaneous,lrrespectave of the age of the system. In

addition,water drops as large as 2 mm. d1ameter tended to give virtually

zero rest-times.paricularly when the drop was not aged. Surprisingly,the
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secondary drops (sce Section 2,20 for a discussion of this rhenomenon) then
gave distinct rest-times, Hodgson's in%erpretation is that there exists

a very small resistance to coalescence which can be readily overcome by the
momentum of the drop. Although the romentum force of the dop is quite
capable of overcoming the small "enerpgy barrier™ to coalescence,a large
percentage of the enargy must be imparted to the interface. This effect is

discussed in the following section.

2.8 lechaniecal Disturbances

The effect of distance of fall of the drop to the interface was
investigated by Jeffreys and Hawksley (68). Increasing the fall height of the
drop increases the energy carried by the drop. Thus,the disturbance produced
finally at the interface,also increases with fall height of the drop (up to
the point wherc the terminal velocity is reached). It might be thought th;t
an increasc in disturbance at the interface would cause the drop stability
to be reduced. This is not the case in practice. The disturbance causes the
drop to bounce at the interface,thereby increasing the thickness of the
trappzd filme By continual reneutal and depletion of the film in this
rmannor (for 2s long as the disturbance lasts) the coalescence rest-time is

effectively increased, Lang (79) has also prosented an explanation for

this phenomonone

2:9 Electrolytes

Electrolytes when added to the water phase in small concentrations,
have been shown to greatly reduce ths restetime {12,33). Browm (12),who
has studied the effect of high concentrations of electrolyte,observed that
the drops becams more stable with increasing concentration., The effects
Were most pronounced when strong sodium hydroxide was used (N/1.0 solution).
This is hardly surprising in view of tho strong surface active character of
the hydroxyl ion,relative to thé hydronium ion. Enhanced stability was also
noted for N/1,0 hydrochloric acid.

Lang has confirmed experimentally (79),that low molecular weight
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materials will decrease the rest-time if they are present in non-equilibrium
quantities in the two phases. He attributed this effect to interfacial

disturbances dus tothe Marangoni Effect (to be discussed later).

2,10 Surfactants and Interface Mobility

A number of workers (12,19,63,79,97,129) have studied the effect

of surfaceactive agents on coalescing drops. It is reported that even
trace amounts of surfactant are sufficient to confer remarkable stability
on drops., Watansbe and Kusul (129) have proposed a mechanism for coalescence,
based on the formation of a2 "defect" in the surfactant layer on the surface
of the drop,in the vicinity of the trapped phase.2 film, The "defect" is
visualised as being & portion of the interfacial film which is not

covered by the surfactant., The proposed mechanism is thus: (i) drainage
first takes place in the manner described by Gillespie and Rideal (44);
(i1) once a "defect" forms in the adsorbed swrfactent layer,the liquid from
the drop drains into it,due to the excess pressure within the drop. It

is difficult to visualise exactly what the authors mean by a "defect'.

The proposed mechanism is obviously over simplified,since it does not

take into account secondary droplet formation,nor does it explain the
phenomenon of coalescence in pure binary systems.

Hodgson (63) has investigated the effect of both jonic and non-ionic
surfactants on the coalescence of ell and water drops. It was shown that the
presence of a surfactant could set up interfacial forces capable of
resisting interface expansion, If interface mobility was severely
restricted,thes continuous phase film drained as if it were betwsen two
immobile interfaces, Thus,the rest-time was increased considerably,due
to the reduced rate of film drainage.

The surfactant in a £ilm will be swept out unless it reaches a
certain critical interfacial concentration. This critical concentration
was shown by Hodgson (63) to be very small. Thus,it is entirely possible

for these interfacial concentrations of surfactant to be attained by the
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adsorption of impurities,even though their concentration in the bulk liquid
is extremely low. Once the critical concentration is exceeded,the interface
mobility will be controlled by the rate at which surfactant is transferred
to the expanded areas. Material can be transferred tothese areas along

the interface or from the bulk phases. Transfer from the bulk phase is
most likely te be important when the ratio of interfacial to bulk
concentration is small, If the transfer is rapid,the expanded areas are
readily replenished with surfactant. This causes relaxation of the tangential
forces in the interface,thus maintaining interface mobility. This is
usually the case if the surfactant is present in the dispersed phase. When
the surfactant is contained in the continuous phase only,the film is likely
to become denuded of surfactant in the early stages of drainage., Any
material which is transferred from the bulk phase has then to diffuse along
the narrow film, This transfer path behaves as a barrier to adsorption.

The postulation of Hodgson's (63),that free movement,retarded
mobility and incomplete mobility are all possible modes of behaviour in
£ilm flow,seems likely to resolve some of the anomalies between the
predictions of rigid interface models and experimental results,

Hodgson (63) has developed an analysis of the criteria for
interface mobility,based on the parallel plates film drainage model. He
considered the case of an insoluble surfactant., Because of itsinsolubility,
diffusion of the surfactant in the bulk of the liquid film is negligible.
Therefore,an insolublse non-diffusing surfactant represents the simplest
possible case,because no account needs to be taken of the diffusion equaticn,

The radial velocity of the film was given as:

w = 2fr mF - (3y? (2,10,1)
r qj/A_Rh 2

(599 mn. (2.3.6)).

By differentiating Eqn. (2.10,1),the shear stress T:I_due to viscous motion

at any point on the surface,is found to be:
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T = Du = = 2 Frh (2.10.2)
r /u‘ (5—2_'1.) -'-';L;

z= It
2

Thus, ’Cr is proportional to r,and the maximum shear stress occurs at the
periphery of the film,at r = Re If one substitutesfor R from Eqn. (2.2.1)

and also F = & b3AQg.the following relationship is obtained:

3
T, = W 3 %% ) (2,10.3)
S 2Dpe

Thus,it is seen that the shear stress increases very rapidly with decreasing
drop radius.

(1) Criterion for Complete Immobility:

The insoluble surface active material is considered to be present
in ther interface,initially as a uniform layer. If a shearing action is
applied,the material becomes redistributed so that the shear stresses are
just opposed by the gradients in surface tension., This will only happen if
a sufficiently large difference in surface tension exists between the centre
of the film and the periphery,and therefore,only if the surfactant material
is present in sufficient quantity. The smallest difference in surface
tension,vhichwill immobilise the film completely,can be established by
using the result obtained for the parallel discs model. If AY  1is taken

as the difference in surface tension between the centre of the film r =0,

and the periphery r = R,then:

R
AX ., =J T dr (2.10.4)

o

Substituting for T  from Eqn. (2.10.2):
= - 2 2.10.
AY, Zh (2.10.5)

Tt is interesting to note that /\Y is proportional to 1. Therefore

o b
Eqn. 1(2. 10,5) predicts an increased terndency for the surfactant to be swept
away as the drop size decreases, It is therefore to be expscted that small

drops will have a much greater ability to resist the effects of surfactant
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in the film, The film trapped bensath a large drop however,will no doubt
strongly influenced by even quite small concentrations of surfactant.

(i1) Criterion for Complete Mobility:

In the limiting case,the discs are completely fres of surfactant.
At the edge of the discs,the surfactant concentration and hence the surface
tension,changes sharply. In his analysis,Hodgson equatsd the pressure drop
at the edge of the discs APR to the change in surface tension round
the periphery, N ;,to obtain:

NS ; = -n8 (2.10.6)
b
Therefore,thls is just half the value which gives complete immobility to
the film,

When anhdsorbed material is present in the interface,expansion
causes the interfacial concentration r1 to fall and simultaneously,(i) the
local interfacial tension rises and opposes the interfacial motion, (1i) mass
transfer of the surfactant material from the bulk of the liquid,or other
parts of the surface,tends to restore the surface concentration to its
static valus. The rate of mass transfer controls the rate of interface exp-
ansion,so that the two are in balance.

If the surfactant material is soluble in the film phase only,
and its concentration in the liquid trapped in the film is high,the
interface is fed by diffusion and bulk flow in a direction normal to the
interface, As described by Andrews (4),this occurs without the film
becoming denuded of surfastant. If however,the concentration of the
surfactant material,or strictly the ratio ¢/[* ,is not high,the thin film
will very scon be depleted by diffusion into the interfaces. Further
material must be transferred in a radial direction from the main bulk of
the liquid,which lies outside the film altogether, Sinece the diffusion
path is relatively long (see Fig. 2.7),mass transfer is relatively slow.

The surface movement is a controlled slip rather than a rapid expansion.
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This latter case was developed by Hodgson (63) arnd is outlined here,

§
The equation for bulk diffusion in the radial direction is,in

cylindrical symmetry (9):

(u,) .%¢ = D22 [r2c |+R, (2.10.7)
ave Ar ragrl or
vwhere R, is the molar rate of production of A per unit volume, In Hodgson's

A
exarmple,unit volume was associated with anarea 2/h, Thus,if this area was

expanding with a spscific surface expansion rate Sr.the arsa per unit
volurms was increasing at a rate 25r/h. When the loecal surface concentration
is I molefunit area, Ry == 2sr]" /. s, =1 el ( and substitution

¥y ¢ )
of (ur)av. gives the following equation:

dhlec = ;Q_[r.?_c_} - g]i (2.10.8)
tor ro dr h

3

a-a; (rug)

915.

_1'{
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Figure 2,7 Adsorption at the interface within the Barrier
Ring vhen the Surfactant is prosent in the
water phase only.
In thesepguations,the quantity D is strictly a diffusion coefficient.
However,Hodgson's development in this context suggests that D is really
some form of dispsrsion coefficient., This is bocauss of the effect of the
partly parabolic profile.
If surface diffusion alons vere supplying the surfactant to the

expanding interface,an equation very similar to the ebove would apply:

=
Q
-3
i

D_12 Fl. 2 (2.10.9)
S;g;[*‘%';] Tor )
(Surface (Surface (Interface

Flowu) Diffusion) Dif;usion)
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or,to correspond exactly with the diffusion equation:
s2(2/h) s 2@l /| -2l 12 ()
Jr ror or h r)r
It was further assumed that in the surface flow term,u, x (ur)av »and
D, =D. Thus,it is possible to write an equation which combines the effects

of both bulk diffusion and surface diffusion:

r_-dhd(c + 2V[g) = D12 |rd(c + 2l m)-212 (2.10.11)
h rar(rus)

2h dt Tor DT

or. )

L.QE 3 a = D l é_.r é_a - g_llol é_( ) (2.10. 12)
h rJrios

where a = ¢ + ZF/h. They act together to feed the expanding interface.

Now the local surface tension gradient (i.e. T = gradx ) provides the

basic coupling between the Flow Equation and the Diffusion Equation, Thus:

e = 9% = 8.2c = ¥, 2:.2a (2.10.13)
r ?r o¢c or dc Ja Or
Writing @ 0¥ .2¢c ,where @ was assumed to be a function of
'bc SDa
concentration, C @ 2 da . If (3 is not strongly deperdent on r,

comparison between the Flow and Diffusion Equations is possible. Hodgson
presented the final equations:

Flow: 1l.dh = 1 -hB.12.r @a (2410, 1)
ow & E% m %(rus) 4 %_ " r )

Diffusion: Ldhrda = -2[12 .y + D12.r (Da (2.10.15)
dt 2 T s ryr ar)

These two equations must hold at each and every point in the film. A
compleotely determinate solution is obtained by using the bcundary conditlons;
& = ay when r = R; u; = 0 when r = 0, An examination of Fgns. (2.10.14)

and (2,10.15) reveals that since r is an arbitrary function of concentration,

a numerical solution will,in general,be necessary. An approximate trial



39

solution of these equations was carried out by Hodgson and this is conven-

iently summarised in Fig. 2.8 below.

FILH

C
U SRS B S

( 2h)
Kb + ;5-

Figure 2.8 Distribution of ¢ ard Zf in the film when
s1ip is controlled by radial diffusion (63)

2,11 Dirty Interfaces

Traces of dirt,which may be airborne dust or other material,when
present at the interface,have been found to promote coalescence (16,44,79).
Usually,results obtained in these circumstances produce low rest-times.
The presence of foreign particles may:

(1) Absorb heat from external sources. This will cause local
temperature gradients which may ba sufficient to rupture
the film,

(ii) Form a hydrophobic,or partly hydrophobic particle in the
film, This would form part of a "bridge" which could
reduce,or even eliminate the energy barrier to coalescence.

The true nature of any contaminative dirt is in most cases

impossible to determine, It is imperative therefore,that the experimental
environment be well designed to prevent accidental contamination of the
experimental equipment. Whilst extreme care has been taken by some
workers,others have not been very careful in this regard. It is probable

in the latter instances,that many unexplained results were caused by
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accidental contamination of the liquid systems or apparatus,

%212 Mass Transfer and the Marangoni Effect

When transfer of a solute takes place across a liquid-liquid interface,
localised variations in concentration occur. These in turn produce changes
in interfaclal tension along the interface. The interface then seeks a
lower state of free energy. This takes place through expansion of regions
of low interfacial tension,at the expense of regions of high tension
(the Marangoni Effect (92)). Sawistowski and Goltz (113),who employed
a schllieren technique,produced some remarkable photographs of interfacial
movement caused in this fashion, The Marangoni Effect has also been studied
theoretically by Sternling and Seriven (120).

Charles and Mason (16) have studied the coalescence of chloroform
drops at a chloroform-water interface. When the drops contained ethanol,
they were found to coalesce almost immediately. It was concluded that this
was due to the diffusion of the ethanwl across the phase interface.
Experiments conducted with water drops containing p-dioxane,also showed
some interesting trends., The rest-time was observed to decrease with
increasing amounts of p-dioxans. Thus,at a concentration greater than 10%
p-dioxane,the coalescence was instantaneous. This is quite a high concentrat-

ion,but even mich smallsr concentrations had a very noticeabls effect on

the rest-time.

Smith,Caswell,larson and Cavers (125) have presented an explanation
of the effects mentioned above. The model which they used to develop
their hypothesis,was that of two drops in close proximity. This was also
the arrangement which they employed in thelir experimental investigations,
When the transfer of solute material is taking place from the dispersed
phase to the continuous phasu,the direction of interfiucial movement was
observed to be away from the zone of closest approach of the two drops.

Circulation oceurs within the drops ard this serves to continue the process

by bringing fresh solute to the drop interface. Under these conditiens
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streaming of continuous phase fluid out of this zone occurs and drop
coalescence is promoted. However,when solute transfer is in the reverse
direction,a considerably different pattern of behaviour is observed. This
time,the direction of interfacial movement is towards the zone of closest
approcach. Continuous phase fluid is drawn into this region thereby

keeping the drops apart., Hence,coalescence is prevented from taking place,
The method used by these authors to predict the ease of coalescence in
different systems,is of some value. They employed equilibrium data and
interfacial tension diagrams for this purpose. This approach should have many
useful practical applications,providing of course,that the requisite data

is available,

2,13 Interfacial Tension

Appel and Elgin (5) concluded that high interfacial tension
promoted coalescence. In contradiction to this finding,Keith and Hixon (72),
and a number of other investigators (48,119) have found that coalescence
is promoted by low interfacial tension. An explanation is that high
interfacial tension promotes film thinning,whilst low interfacial tension
promoted film rupture. Therefore,if £ilm thinning is the rate controlling
factor,then high interfacial tension is desirable to promote coalescence,

If film rupture is important,then low interfacial tension 1s desirable.

In most of the systems studied by Lang (79),film rupture was
found to be the rate determining step. Thus,he arrived at the conclusion,
that in an environment with few and weak disturbances,rapid coalescence
will occur wath systems having physical properties,such that the film
ruptures easily. Conversely,in an environment with many strong disturbances,
rapid coalescence will occur with systems having physical properties that
cause thz film to thin rapidly. In other words,the one mechanism of

several,that occurs most slowly,will be the rate determining step.
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2,14 Density
A low density difference will cause the phase-2 film to thin rapidly,

but a high density difference will cause the film to rupture more easily,
This is the conclusion reached by Lang (79). In view of the difficulties
experienced by lang in some of his experimentation one should treat this

finding with caution. It is true to say that the effect of density

difference on coalescence has not been fully established.

2,15 Viscosity

Mahajan (90,91) as long ago as 1930 investigated the effect of the
surrounding medium on the lifetime of drops. His finding was,that the
stability of drops increased as the viscosity of the surrounding medium
(phase~2 fluid) increased. The relationship between the rest-time and the
viscosity of the phase-2 fluid was claimed to be linear. Ialter workers
have also established this fact (16,23,53,85). They all contend that the
increaseqdrogbtability arises from the longer time required for the more

viscous films to drain to their critical thickness.

2,16 Electrostatic Phenomena

The Double layer in liquid.liguid Systems

If two immiscible liquids in mutuwal contact contain electrolytes,
even in very small amounts,a potential differerence will be set up between
the interiors of the liquids. This potential arises because of the generally
unequal distribution coefficients of the positive and negative ions,and is
known as the distribution potential)ﬁ". Fach electrolyte present gives
rise to a potential determined by the properties of the ions. HNear the
interface,the ionic concentration of one 10n increases and that of the
other decreases. This occurs in such a way that the total ‘harge on both
sides of the interface 1s equal but has opposite signs. This distribution
of charge 1s known as the electrical double layer. The electrolytes may

have been deliberately added to the system. On the other hand,the liquids
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used generally contain sufficient electrolytic impurities to build up a
double layer at the interface (NHn+} nt ,HCOB' ions in water,organic acids
in organic 1iquids.etc.)

The partition of the double layer potential between two liquids,
depends upon the ratio of the ionic concentration in each phase,cllcz.the
ratio of the dielectric constants,€4/€,,and the actual potential. If
¢1€4 is much greater than cp €5,then the potential drop in phase-1 is less
than in phase-2, Infact,the potential drop in the phase with the largest
jonic concentration,becomes rather small as soon as cy €4 differs
considerably from c2€ﬁ2. This is especially true for low values of the
total potential (127). Thus,in oil-water systems,and especially with slightly
polar oils,when the ionic concenirations differ by several orders of magnitude,

the potential drop occurs mainly in the oil phase.

The Interaction of Two Double Diffuse lLayers

If two interfaces are brought so close together that their double

layers interact,these double layers cannot develop fully (see Fig. 2.9).
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Figure 2.9 The interaction of two double layers at the liquid-
1iquids (127). (a) interface separation at
infinity, (b) and (c) show the effect of decreasing
interface separation,h.

When the dispersed phase is oil,only a small part of the double
layer potential occurs in the continuous phase. The double layer repulsion
botween the two interfaces of the dispersed phase is therefore always weak.,
It is a general observation that such dispersions are unstable. In the

reverse situation,the greatest part of the potential drop is in the
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continuous phase (oil). However,the ionic concentration in the continuous
phase is now very small, Thus the double layer repulsion between the two

interfaces of dispersed phase is again,always weak.

The Double Layer in Ojl.Water Systems and the

Presence of Surfactants

The presence of a surface active material,concentrated at the
interface,can change the potential pattern of the double layer considerably,
The magnitude of the potential difference between the interiors of thetwo
phases,remains unchanged as long as the ionic concentrations in the bulk
phases are not affected by the adsorption process. However,the adsorption
of surfactant causes a change in the surface potential,which must be
compensated by a rearrangement in the dissolved ions across the interface,
The presence of a surface active charge pushes the potential drop into the
phase with greater concentration of counter ions. Thus,for oil-water systems,
the potential drop is pushed into the aqueous layer. As a result of this,
there 1s a greatly increased repulsion when oil is the dispersed phase,

In fact,the double layer repulsion will be determined mainly by the surface
charge dus to the surfactant,and the ionic concentration in the agusous
phase., Under these circumstance,it is possible to apply to liquid-liquid
systems,the theory of double layer interactions which has been developed
for solid-liquid systems.,

The repulsive force due to the interaction of two double layers,
has been calculated by several workers (24,127). For the case of a
symmetrical electrolyte,the double layer thickness is found to be proportional
to lln%,where n is the total ionie concentration in the bulk phase. Thus,
the thickness decreases as the ionic concentration increases (e.g. by the
addition of electrolyte). In the presence of non-ionic surfactant,the
additional counter ions will crowd in around the surfactant molecules
(which are oriented because they contain electrical dipoles). This decreases

the double layer thickness,producing a layer of uniform thickness. To be
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absolutely certain of the contribution of double layer repulsion in

coalescence,direct measurement will be required.

feduced Film Tension
If at some film thickness,the repulsive force exceeds the

attractive force between the interfaces,film drainage will be halted.

There then exists a minimum in the free energy of the system., A typical
example of the variation of free energy with separation for scap films is
shown in Fig. 2.,10. The secondary minimum is determined by the double

layer repulsion,the van der Waals attraction and the pressure in the film
(due to drop buoyancy). The primary minimum occurs at very small film thick-
nesses,when the film consists of a bimolecular leaflet of surfactant

molecules. At such small separations,a very short range repulsive force

!
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Figure 2,10 Typical plot of the Free Energy versus
Film Thickness for a Socap Film
{Born repulsion) exists between the electron shells of the surfactant
molecules or ions. When the above forces are significant compared with
gravitational forces,the interfacial tension is effectively altered. Thus,

Derjaguin defines a reduced film tension as (25,26):
¥e = 2%+ Gy (2.16.1)

U’f is the apparent interfacial tension of the interfaces of an equilibrium

£ilm, Gmin is the value of the free energy in the primary or secondary

minimum,
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The case of a drop in a state of equilibrium,resting at a liquid-
liquid interface has been considered by Princen and Mason (103). The
interfacial tenslion outside of the barrier ring remains unaltered,but
inside it is given by Eqn. (2.16.1), These authors have shown that this
situation must lead to an expansion of the barrier ring. One must presume
that this tends to make the film more uniform and hence slower to drain.

Further,it was shown that the effect is greater as the drop size decreases,

Electroviscosity
If an electrical double layer is sheared,for example,by causing

a flow relative to the interface,a potential known as the streaming
potential is set up in the plane of shear, The streaming potential arises
because part of the double layer is mobile and is carried away by the flow.
It tends to resist the flow because of the electrical retarding force
acting in the ions of the double layer. The effect is likely to be important
in thin films and appears as an lncreased viscosity.

Electroviscosity has been investigated in some detail by Elton (31,
32). To study the importance of the effect,he examined the physical
situation of two approaching parallel discs contained in an ionic liquid.
He also examined experimentally,the rate of approach of an air bubble to
a flat glass plate., The approximate form of the electroviscous equation

predicted by Elton is:

/A,a - /u + 1€2§2 (2.16.2)

32772 k2

where K is the specific conductivity of the liquid and 9 is the electro-
kinetic potential. The latter is usually a 1little less than the surface
potential ]}'O. /}L a 1s the apparent viscosity of the liquid.

The rate of approach of two parallel plates (or discs) in an
1onic liquid is:

dh, . _ 2F .h22 (2.16.3)
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where R is the radius of the discs,F the force pressing them together,and
/(La = /LL + Aezg zlth »A being a constant. hy is the distance of separation

of the two plates at time time t,. Integrating Eqn. (2.16.3) from hy to h,:

t, - tl = 30 Ru(.l - 1 )+C€'-2§_2( 1 - B ) (2.16.4)

BF . hp? by K byt %i
where C is a constant,
Some idea of the ordexrof the electroviscous effect,can be obtained
by considering the following example. The times of approach for dises of
1 cm. radius under a foce of 1000 dynes, (a) in a non-ionic liquid of
viscosity 0,01 poise,and (b) in an ionic liquid (& = 100 mv, € = 80 amd

- -1 -
10 é ohm™ em.~} ) of the same bulk viscosity are:

K =
Distance non-ionic ionic
of Fall liquid liquid
1.0 x 1077 cm,
4 6
to 5.4 x 10 sec. 1,6 x 10° sec,
6 {about 15 hr,) (about 450 hr.)
9 x 107" cm.

The results of the approximate calculations presented above indicate
that the electroviscous effect is likely to be an important consideration in
coalescence. Particularly so when the surface potential is high and the lonic
concentration very low.

In summary,it is pertinent to mention that although Elton's
findings were justified by his experimental results,his reasoning of the
electroviscous effect has been contested by other workers (97). Finally,
it may be pointed out that there is an additional mechanism whereby the
viscosity of the draining film may be increased. It has been demonstrated
experimentally,that the viscosity of the liquid immediately next to the inter-
face is greater than that of the bulk liquid (20). This is because of a
strong attraction between layers of molecules which are induced to orientate

at the interface. Again this phenomenon must act to decrease the rate of

film drainage.
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Disjoining Preasure

When a fluid is squeezed out between two bodies,a resisting force
can be measured which is not due to the viscosity of the liquid. This
force is a measure of the long range attraction of the moleculss (79).

It is significant only when the film is verythin,i.e. because it arises
by repulsive action due to electric charges in close proximity (16).
Derjaguin and Kussakov (23) bave named this force "disjoining pressurs"
and have measured it magnitude in a number of systems,as a function of
£31m thickness. A typical value of the disjoining pressure is 500 dynes/
cm.z.corresponding to a film thickness of 10~ cm,

Elton has suggested that the disjoining pressures that have been
measured were really due to the fact that the film had not reached an
equilibrium state. But since in coalescence work we are rarely concerned
with equilibrium states (if at all),this does not give us concern to doubt
its existance. However,lang has reported (79),that the disjoining pressure
has very little effect on the drop rest-time, If the existence of the dis-
Jjoining pressure is assumed to be wvalid,then lang's finding would suggest that
the film does not drain to a sufficlently thin value., This seems a little
bit perplexing,since as already mentioned in Section 2,5,the phase-2 film

can reach very low film thicknesses before it rupture.

London = van der Waals Forces

Molecular attraction due to long range london-van der Waals forces
have been observed by many investigators (27,99,126,127), These forces act
to decreass the film thickness. Van den Temple has stated (126) that the
contribution of these forces is only significant when the film thickness is
below 1000 X. This has been further substantiated by MacKay and Mason (89).
Their finding was that the contribution was negligible if the film thickness
wag greater than 500 R. Since the measurements of film thickness during

)

coalescence by these authors were in most cases less than 500 A,we must

conclude that the london-van der Waals force is important in coalescence.

Unfortunately,the precise form of the equation representing a
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Iondon-van der Waals force is subject to some doubt (10,73,75,118).
Theoretically,the short range unretarded forces,which operate over a distance
of the order of 100 K,are proportional to 1/h3. At distances greater than
about 1000 x,the forces are of the retarded kind and are proportional to 1/h4.
The most realistic values for the calculation of the van der Waals force lie
in the retarded range. Since the film thickness at rupture is likely to be
considerably below the retarded range,calculations of the van der Waals force
should be treated cautiously.

The understanding of electrostatic phenomena pertaining to liguid-
liquid systems is not completely reliable, This is mainly because very few
experimental measurements have been carried out for liquid-liquid systems.
Whilst valid interpretations may be made from the theory,the true
significance of any findings will remain obscured until reliable data is

available s

2,17 Electric Fields

The use of electrical fields to promote coalescence has proved to
be one of the few practical successes in this field of endeavouwr. This is
all the more remarkable,considering the scant knowledge of the principles

involved,

As long ago as 1879 Rayleigh (106) produced easy coalescence of
parallel jets by charging one to a higher potential than the other. Charles
and Mason (16) have investigated the coalescence of single drops when
subjected to an electrical field. The electrical field was produced by
placing electrodes (aluminium discs) on either side of the interface.

With increasing potential,the rest-times of primary and secondary drops
decreased,finally producing instantaneous coalescence. Thus,the coalescence
problem reduces te one of very simple magnitude if sufficie-.t electrical
potential is applied.

Without entering into great detail on this subject,the more

important findings may be sumarised as follows:
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(1) For a D.C. field,an inverse linear relationship exists
between the strength of the applied electrical field anmd
the mean rest-time of 2 single drop;Allan and Mason (1).
(i1) Almost identical effects to those listed in (i) are found
if A.C. fields are used;Brown and Hanson (13).
(111) The field inside the drop,rather than the charge it carries,
is responsible for premature coalescence (13).
(iv) The potential drop across the aqueous phase is negligible
compared with the organic phase (87,130).
Item (iv) describes the important principle behind the development
of electrical coalescence units for oil-water systems,used in the
petroleum industry., It is important enough to merit more extensive
investigation so that the principle can be applied in other liquid.ligquid
systems,
In examining the coalescence of two aqueous drops,Allan and Mason
(3) found that there was a variation in coalescence angle with field strength.
The coalescence angle is defined as the angle betwesn the symmetric drop
axis (about the vertical axis) and the vertical axis, In addition,the
contact time was greatly reduced at high field strengths. The latter
phenomenon is analogous to decreased rest-time found with single drops at
a plane interface., The overall effect is one of increased film thinning,
which may be explained in terms of electrostatic attraction.
Stewart and Thornton {121) have applied D.C. fields to single
drops moving through a non-conducting liquid., Theory predicts that such drops
will have reduced interfacial tensions and higher terminal veloclties.
Both of these effects are likely to produce drop oscillation. Using high speed
photography,it was observed that the terminal velocity of charged drops
could be twice that of uncharged drups. This type of investi gation should

prove to be extremely valuable in obtaining fundamental information about

the effect of electic fields on liquid~liguid systems,
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2,18 Film Instability
Early workers (16,33,44) used the parallel plates model and the

observed rest-times to calculate the film thickness at rupture. Thus,
Gillespie and Rideal (44) were led to the conclusion that the film thickness
at rupture was of the order 1000 to 10,000 ?\. The variatlon in this value
correpords to the observed scatter in the rest-times. These relatively large
film thicknesses at rupture then led workers (16,33,4%) to the conclusion
that rupture was brought about by mechanical and thermal disturbances.

Thus,a detailed investigation of the effects of mechanical disturbances on
coalescence was undertaken by Lang (79). He considered two possible ways
inwhich a disturbance can grow in a film so that it might become large
enough to cause rupture.

(i) Rayleigh Instability:(105,107,108). Rayleigh demonstrated
that a disturbance can grow in a cylinder of ideal fluid provided that the
disturbance produces a decrease in surface area. The driving force for the
final breakup of the cylinder is surface tension, However,Lang concluded
that such a disturbance cannot grow in a film with spherdical surfaces.

(ii) ITaylor Instability: In this case (80,122),the driving force for
the growth of a disturbance is gravity. The instability can arise whenever
a more dense fluid overlies a less dense fluld, This must be the situation
at one interface of the continuous phase film betwszen the drop and the bulk
interface. The Taylor instability was chosen by Lang (79) as being
responsible for film rupture in coalescence,

Lang considered the case of 2 layer of fluld,density e, and
thickness 2h,lying between two semi-infinite layers of fluid. The upper
layer was of density Q q and the lower one of density e 3e He assumed for
simplicity that Q 1= Q 3.which is the actual situation in coalescence,and
reasoned that if? 1>Q 2sthen from Taylor's instability,the upper interface
will be unstable and the lower one stable. Lang summarised two limportant

conclusions: "First,in a system containing two free interfaces,two wave
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systems can exist corresponding to a single wave number. If the interfaces
are far apart,the wave systems act independently of one another,each in a
separate interface., If the two interfaces are close together,however,both
wave systems exist in each interface. The relative initial amplitude of

the waves in the upper and lower interfaces depending on the kinematic
viscosity. Second,if a denser phase overlies a less dense phase in a layered
system,the system will be inherently unstable',

In his experimental investigations,lang employed 21l sorts of sonic
disturbangss but found they did not increase the rest-time appreciably,
Thus,the importance of instability in determining the film rupture process
in coalescence was not established., A comment concerning lang's experimental
coalescence rest-time results is in order. It was noticed that a2 number of
sets of results appeared to have very erratic tremds. If contamination
was responsible for theser trends,it is worth pointing out the damping effect

vhich surfactants are known to have on surface disturbances (21).

It seems most probable from prior discussion,that rupture of the phase-

2 £1lm occurs at f£film thicknesses of a few hundred Angstroms or less,

At interface separations of the order of 250 K,van der Waals forces are
inereasing very rapidly to create a significant attractive force between the
interfaces, In view of this,and the doubts expresseq above,the relevance

of classical instability criteria in determining the stability of the phase.2
film,is open to question, Thus,in practice its importance may not be as

great as suggested by idealised models.,

2 dynamic Stability and the Mars i Effect

The onset of interfacial movement or interfacial turbulence caused
by local variations of interfacial tension (Marangoni Effect),has been
studied by Sternling and Scrlven (215,120). They projosed that interfacial
turbulence is a manifestation of hydrodynamic instability,which is "touched.
off" by ever present small random fluctuations of pressure and temperature,

The model used by Sternling and Seriven consisted of two semi-
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infinite fluid phases in contact along a plane interface. The phases were
considered to be in thermal but not in chemical equilibrium, Because very
low concentrations of solute were used,the fluid Proparties were taken to be
constant, Sternling and Scriven obtained solutions by first solving the
hydrodynamic equations and then the diffusion equation deseribing the
concentration disturbance. The two solutions were combined by means of the
interfacial shear-stress boundary conditions. It was concluded that the
stability of the disturbed system depended on the viscosity ratio,the
diffusivity ratio,the direction of solute transfer and the sign of the rate
of change on interfacial tension,

The analysis of Marangoni instability by Sternling and Scriven has
led to some creditable explanations of a number of phenomenon, Thus,it
explains why some systems are unstable with solute transfer in one direction,
yet stable with transfer in the opposite direction,and others to be stable
with transfer in either direction. Elegant as the amalysis is,it is too
simplified to be reproduced in the laboratory.

It is important to realise that the factors which promote inter-
facial turbulence and hence hydrodynamic instability ,also 'promote coalescence,
However,direct measurement of these complex effects will obviously be

necessary in order to determine their particular significance,

2,20 Rupture and Collapse of the Phase-2 Film

lang (79) has shown that the probability of rupture of the phase-2
film is zero until it has thinned to a certain critical thickness. With the
formation of a hole in the film,the interfacial tension acts to reduce the
interfacial area and therefore to expand the hole, An analysis of thes
hole expansion in thin soap films was carried out by Dupre (30)., The
surface free energy roleased was assumed to be completely converted into
kinetic energy in the film,and for mo tion within the film itself. Dupre,

proposed the followlng equation for the welocity of hole expansion:




v = dr = (&_F_)E (2.20,1)
dt pb

where r is the hole radius at time t,ard Q » the film density.
Obviously,Eqn, (2.20.1) can give only an upper limit for v.

This 1s because energy will also be required for overcoming the: viscous

drag on the receding edge of the film amd for the incoming phase-1

replacement liquid. Charles and Mason (15) carried out a similar analysis

to that of Dupre,to derive the following equation for a coalescing system:
1

v = 28 |° (2.20.2)
(Q 1 +p2 )
This equation is only an approximstion,since the whole of the incoming fluid
does not move at the velocity v. It follows from Eqn. (2.20.2) that v is
indeperndent of r and constant for a film of uniform thickness.
Assuming the spherical-planar approach to be the appropriate film

model,Charles and Mason derived the following equation:

= 1 + ke (2.20.3)

where k = (E 1 +§2 3 l_).and R is the radius of curvature of the film,
4y T o2mr
v_ 1is the initjial velocity amd V. the velocity at hole radius r. In this

)
derivation it was assumed that the film remsins statlonary until reached by
the receding edge. Considering the rapid expansion of the hole,which
initially may be as high as 1000 cm./sec. and up to 300 cm./sec. afterwards
(15),this is to be expected. Thus,according to Eqn, (2.20.3),the velocity
of hole expansion decreases as the hole radius increases, Both Charles and
Mason and Hartland (53) have provided photographic evidence of this event.
Experimental results plotted according to Eqn. (2.20.3),in the form 1
versus r% sShowsd a surprisingly good fit considering the simplicity Vr
of the analysis. ' A much more complicated expression,relating the hole

expansion to the system properties,was formulated by Hartland (53), Here
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again,a reasonable correlation was obtained,but not more so than for the
simpler equation.

The location of the initial rupture point in the draining film
needs to be considered, High speed photography has shown that central
rupture is the most common occurrence in systems contaminated by surfactant
material, The only explanation for this would seem to be that the film is
thinnest at the centre. In pure systems,the film ruptures at,or near the
edpe. If dimple formation is important,then rupture would be expected to
occur at the barrier ring which is the thinnest part of the film, Tilting
of the drop may also occur causing preferential thinning on one side of the
film. Another more spectacular type of rupture has been observed by
Hartland (55). When the film is very thin (glycerol drop: liquid paraffin-
glycerol system),instead of receding in the normal way,it shatters when
rupture occurs, The film thickness at rupture was quits high compared
with valves obtained for less viscous systems,so that this event may not

be very common,

2,21 Partial Coalescence

Coalescence is seldom a simple single-staged process, It is a
common observation that coalescence takes place in a stage-wise manner
(15,51,62,67,70,71,82,95). When the primary drop coalesces it produces a
smaller secordary drop,which in turn produces a smaller tertiary drop and
so on. Mahajan (91) and others have observed as many as eight successive
stages to occur in certain systems. These observations were made with the
naked eye so that it is possible that many more actual stages exist,
although the size of the drops produced will be exceedingly small.

The viscosity ratio of the dispersed phase to the continuous phase
p.is an important variable determining whether or not partial coazlescence
will take place, Charles and Mason (15) observed that coalescence became
single~-staged (no secondary drop formed) when p was less than 0,02 or
greater than 11, We would infer from this that partial coalescence is
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indeed a widely occurring phenomenon. It was alsc discovered by these
workers that lowering of the interfacial tension (by the addition of small
amounts of surfactants) had very little effect on the size of secondary
drop produced. It is well to point out though,that the addition of a
sufficiently high concentration of surfactant can suppress secondary drop
formation altogether. Application of an electric field will also bring
about the sams effect,

With the aid of high speed photography,using film speeds as high
as 3500 frames per second,Charles and Mason (15) were able to observe in
detail the partiasl coalescence process. After the phase-2 film had ruptured,
the drop liquid was observed to form a liquid column. The height of this
column was approximately equal to the diameter of the original drop.

During the drainage period the height of the column did not change
appreciably. It was deduced that the excess pressure (X/R) across the
surface of the cylindrical column was responsible for causing dralnage
into the lower phass, Charles and Mason proposed a partial coalescence
mechanism based on a Rayleigh disturbance. It was assumed that when the
height of the liquid column becomes eqmal to its circumference (277 R),a
Rayleigh disturbance grows in amplitude,resulting in a "necking dowm" at
the base of the column. From here on there is a race between between the
drainage and the "necking down" process,the outcome of which determines the
size of the sscondary drop. When the amplitude of the disturbance becomes
equal to the radius of the column,the column breaks up and the undrained
liquid forms the secondary drop.

The size of the secondary drop produced by partial coalescence
can be found from the following equation. Charles and Mason (15) derived

this equation by making use of Rarleigh's theory (108):

_ 1 (2.21,1)
o = (EE:;) = ( 5-3—2)3
0
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where, rn = drop dlamster ratio
& 41 = diameter of secondary drop
a, = diameter of primary drop
Zo = 4,508 = optimum value of the dimensionless
parameter ( /2R)
Also,
r = fp31 (2.21.2)
° 1/3
(12z,)
whers,
r, = radius of colurmn at breakup.

For z_ = 4.508,the calculated value of r, from Eqn, (2.21.1) 1s 0.42,
Considering the limitations of the original Rayleigh theory,which are
considerable in the present circumstances,and those of Charles and Mason's
own analysis,this predicted value is quite excellent. It 1is well within
the accuracy of Charles and Mason's own experimental results, One
significant restriction of their analysis of this process is the assumption
that no drainage takes place after instability has occcurred. This means
that the volume of the secondary drop will be the same as that of the
column at instability. Considering the high rate of drainage during the
partial coalescence process,further drainage must occur after this point,
This may cause a significant difference in the size of secondary drop
which is predicted.

The Weber extenslion of Rayleigh's analysis yields the following

equation for the breakup of ths liquid column (131):

6
t, = 1+ 8Ky g (2.21.3)
7 Y UL

whers tb is the time required for the column to reack an awmplitude r after
instability has set in., Estimates for tb have been obtained from high speed
photographs by Charles and Mason,and Brown and Hanson (14) have measured

ty, directly using an electrical technique. The latter authors,using a
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simplified analysis incorporating Charles and Mason's theory of partial
coalescence,developed a pair of equations for the prediction of the
secondary drop diameter from the experimental valus of tye The predicted
values were in good agreement with those found from experiment, Their
method overcomes the limitation of Charles and Mason's assumption mentioned
previously. However,the fluid mechanics picture of the drainage of the
liquid column,is obviously not as simple as they have assumed.

Mainly because of the work of Jeffreys and Hawksley (68) and

Jeffreys and Lawson (66),doubt has arisen concerning the validity of the

Raylelgh analysis as applied to the partial coalescence process. An extensive

high speed photographic study of partial coalescence has been conducted by
lawson (82). Two important observations have resulted from this work:

(a) That movement of liquid back into the liquid column takes
place from below the bulk interface., During the time thls
upward surge is taking place,material is still draining
from the regions of the drop (liquid column) adjacent to
the phase boundary.

The evidence for this event is: (i) a maximm in the height of the liquid
column is reached during the period described above,and (1i) both Jeffreys
and lLawson {66) and Brown and Hanson (14) have reported that liquid from
the homophase is present in the secondary droplet. The latter authors
report that the extent of mixing is in the region of 20 to 30%.

(b) Break-off of the liquid column was observed to take place
very low down,almost near the base of the column.

According to the Rayleigh theory,if the liquid column is assumed
to have a length greater than its circumference,this means that the
disturbance should cause breakup at its mid-point., Thus,tha actual
break-off point is entirely in the wrong position for it to be caused by
a Hayleigh disturbance.

A suggestion originally made by Wark and Cox (128) concerning the
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formation of a secondary drop,now appears to be reasonable. The suggestion
was,that there is such a rapid deflation within the drop (i.e. liquid
column) that its 'tail' is sheared-off., The following possible mechanism
for secondary droplet formation has been advanced by Lawson (82), “There is
a balance between the upward force and the drop deflation,which depending on
the relative magnltude of the former,describes whether or not there will be
a finite secondary drop". The physical evidence certainly makes this
explanation attractive,but the vagueness of the terms "upward force and
“"deflation" requires some qualification. There does not seem to be a direct
equality between these two terms. It would appear that more study is
required to present the mechanism in a more gquantitative fashion.

Partial coalescence is an extensively occurring phenomenon in
liquid-liquid systems., Its mechansim deserves to be understood if many

practical problems are to be solved.
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CIAPTER 3

FILM DHATAAGE 'THEORY

Introduction

when a liquid drop falls onto a plane interface it is separated
from that interface,prior to coalescence by a film of continuous phase fluid.
it has been suggested that the residence time of the drop at the interface is
equal to the time for this film to thin to a thickness at which it is unstable.

Several authors have made a hydrodynamic study of the drainage of the
Film and attempted to calculate the film thickness as a function of time,
a5 the shape of the film is not known,their approach has been to select a
drainage rodel which 1s geometrically simple and can be oxamined mathematically,
but does have some similarity to the shapes of drop and interface which are
observed during the coalescence process. The models which are used are
diseussed fully in Chapter 2. The two extremes are a spherical.planar model
and a parallel-plates model and the other models have surfaces which lie
somewhere between these two.

The Javier-Stokes equation has been solved for the flow of  fluid
in tha film which is trapped between the surfaces described by the above medels,
The equations so obtained relate the film thickness at some time with viscosity,
density,interfacial tension and drop diameter,

liacKay and lason (88) who studied the parallel-plates model, found
that their drainase equation could be used to describe the Jdrainage of the film
when the film thickness was between 1 micron and 0.2 microns. liowever,thers is
no evidence to suggest that the spherical-planar model gives an adequate
descraption of the drainage.

The drainage equations may also be used to calculate the time
required for the film to thin from hy to ho,wnere h is the distance of
separation of the two surfaces at some particular peint., 1f h2 and hl are

taken as the respective values of h at film rupture and at some zero time




61

then t2 - ti will be the coalescence time,provided that this coalescence

time is measured fron the same zero time at which hl is measured. However,
neither h, or h; are easy to determine. Present techniques do not allow hy

to be measured, voreover,the zero time 1s taken as the moment when the drop
first arraves at the interface and so does not take into account the oscillation
of the plane surface which occurs, This may result in the drop bouncine from
the surface before finally coming to rest on it.

Limited success has been obtained with the parallel-plates model
arnd with a non-uniform film model. The non-uniform film model was used by
Jeffreys and Hawksley (68) to explain their experimental relationship.

In the following sections,an attempt is made to calculate the shape
of the film at the interface and to solve the llavier-Stokes equation for
flow in this film,

Before attempting a mathematical analysis it is worth while
considering a few general features associated with drainapge of the phase-2
falm;notably,the pressure distribution.

3,1 Pressure Distribution

As Consiader the case of a thin spherical film,closely resembling

the phase-2 £ilm(79,102),which is draining slowly (see Fig. (3.1)).

|

Fine 3.1

If the principal radii of curvature of the drop and the main surfaces,arse,

respectlvely,iui,uaz and 1,0 ,then:
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+ 1 + 1 + 1 = 1_#_(\_ (3.1.1)
ip1 Rp2 Rii R Ro

vhere Ry = radius of curvatvre al 0 =0ana K = interfacial tension.

Provided ths film 1s thin (i.e. h<<R) a solution is:

R

D1

—

Bpp = Ryg = Rp = Ry (3.1.2)

B. For a similar siluation (see Fig. 3.2) ve nay write the

appropriate boundary conditions,looking at the principal radii of curvature:

(1)

(i1)

(211)

Fige 3.2
At B = 0 both surfaces are spherical with radii of

curvature < Ro'

At O = some value © ;,which changes with time,the main

ir
surface has radii of curvature /= R ,0,and therefore the
drop surface has radii of curvature = Ro and RO/Z.
Between @ =0 and O = @ the radii of curvature of the
main surface will be Ro,(some value betwezn 0 and RO) and
the drop surface Ro and some value betueen R and RO/Z,such
that, ¥ + ¥ = ZX . R’D ’RT are the prineipal radii
R | Rp R 2
D2 T2 “o

of curvaturs of the two surfaces uhich are varying with e,

Provided there are no ripples in the film,it is obvious that vhere

the film is thin,Bqn. (3.1.1) applies,except that near 0 = 0.,Ry,, B, will

be chanzing noticeably. This assumes that the film is still thin at G 30

If it is nol,then Egqn. (3.1.1) applies up to a valus of ) vhere the film

can no longer be considered thin. Since the £ilm is thin,any slow chanzes

of h with O will not affect the pressure distribution noticeably, Their only
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effect will be on the momentum and on the shear forces.

Figure 3.3

Following on from part A,provided that the film is very thin, then:

PDO-PB():A_;_b’_,PDe-pBg:@% ,and

1{0

Prg = Ppg - &K_ = Ppy - 2¥ - Ro(l-cose)elg
Ro Rb

Peg = Ppy - Ho(l- cose)e 18

where e q 18 the density of the dispersed phase and P the pressure. tow,

Po(@ +d®) = Pp - 8, (1 = cos(© +d9))ng

s Pfe - Pf(e +de) = H.oe 1g Slngde.

Above the static pressure,
APf—- © +46 = (81 - Qz)Rog sin®@ d@ where.e p 15 the
density of the continuous phase, Note that near 6 i('1.6. where Rb',i"" )

the pressure will decrease more rapidly than is shown by the above equation.

3,2 Flow Out of the Phase~2 Film

°

/

Figure 3.4

Tt is assumed that 4! is independent of © 1in the region where the
dt
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film is thin.
B -0and 8= 0 is: d

[gjﬁ (R +.}_1-)3 - - LTT(R + )3

- dh.

N

i3 4 1
3 2 3 2 3 2

jo N

(1 - 0059)

+ BT(R - p o+ any)’
3 2 2 2

= 2Ndn | R - g)z + (R +11_)2 ](1 - cosB)/2
dt 2 2
Zﬁﬁz(i - cose)g_b_,since > h.
dt

i

Betucen 0 and © +a@ the rate of displacement of fluid is:

21 3%(1 - cos(@ +40)) dh
dt

= Z"TRz(i - cos® +sinBdB ) dh.

at

+h
= 2

V (1 - bx? Yax.2TIR sin@
o] hz

] fay

= 2V h.2T2 sin 0 ,

2 32(1 - cos@) dn/at ,

and V0=
2h 278 sin @
3
so that V = 3R (1 - cosa)c__l;h(i_- ﬁ_}g,z)

2h s1n dt h2

The shear stresses at the interface are equal to:

ks

The rate at whach fluid is displaced from the f£film betueen

4

(3.2.1)

It is assumed that the two surfaces are rigad and thal the veloecity profile
in the film is parabolic., Thus,V = Vo(i - b;xz/hz) where x i the distance

from the centre of the film and Vo the veloecity at x = 0. Thus the flow rate

(3.2.2)
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= + 68/l, (L= cosO) an (3.2.3)
—Z“‘ sing dt

s

where L, is the phase-2 viscosity., Therefore the shear force acting on the

element ( as shown in Fig. 3.4 ) _

= - 62 (1-cosQ)dh|:2ﬁR(Rcos@-Rcos(e-l-de))J .
sin @ dt

.2 ﬁ (3.2.4)

21
= 12R /{L g_}l (1 - COSG) da .d¢ (3-2.5)
dat
Pressure Forece on the Element
P, +d&
2
-‘M« P,(6 +d0)
P, +4d@
£

Figure 3.5

The pressure force =

QP 0 (272 sin(® +4O)n + 9 pr.a® (Masin(O +a0) - 27T » sin0),
LYY 26 *

i&

hd
m
- 2 Pr.a® (278 sinf )n g ]
20 ‘

Reig sin0.a 0 (2712 sin@)h.%f_
i

f
N
b |

il

2?71«12Q1g sin20.a0.h ad |

24’—

H
this includes the static pressure. Taking the pressure above the static value,

to take into account the weight of the element,the effective force in fluid

£l
o = R? (Q { -Qz)g sinze.de.h.d¢ (3.2.6)

Momentun

The momertum into the elenent per second

+h/2
- 30 23 (L= cos®) an (1 - bt %)z sin0.a
-h/f2 { ¢

sin 8 4t ne
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3R (L= cos®) dh (1~ _l_#_}gz)

2h sin @ adt 2

_ 3 2 832
= 6p. 2, dh (1 - cosC)” .d
7 () o ?5

The rate of momentum out

2
- 6p., D, dh 2 (L=rcos(0 +30)) .a
K24 (&%) (6 +40) $

= 6 _113 dhy? (L= cos® +sinGq8 )z.d
5Q Z2h (dt) sin@ + cosb .dB ¢

The rate of change of momentum
= & 33(@)2 |:2(1 -cos @) - (1 - cosB)2 cos B 140 .d¢
5024 Gt .20
(3.2.7)

liomentum [alance

ée 5_3(@)2 I:Z(i -cosO) - (1 - c:ose)2 cos d9.d¢
515 h 'dt sin*©Q

H

RZ((1 -Qz)g 5in°0 h 4@ A + 121%% .dh (1 - cos8)d® .d¢
2
b

dt
(3.2.8)
When dh/dt is very small,
3 dh
Woo= 12, dt (1~ cos® )R
- (3-209)

(Ql - ez)g sin29

and the film thickness,h,increases very slowly with increase in ® . This

solution also gives,at a given value of 0.

-dh = kh3
dt
n.o ._1_ = kt +C
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where k = k'R and C is a constant of integration. ILooking at the inertial

pa
term,the assmn%’cion requires that 1&15 15 very small in compariseon with 1’:2h.i.e.

for small values of h. The full equation for film thickness versus time is:

(b, - t) = t = j/‘zR 1 (3.2.10)
Aeg(i +cos®) h,

for h{>>h,.
3.3 Comparison of Calculated Drainage Time and

Experimental Mean Zest.Time
It is useful to compare the predicted value of the theoretical

drainape time,t,for a given separation,h,with the experimental mean rest.time,
tm' for this purpose two examples have been taken from the Series 2 results
which are described in Chapter 5 (see Appendix 3 for details of the results).
The equations representing the various drainage models are as follows:

Model 1 Spherical-Flanar

(b, =t,) =t =2 M2 1l
2~ 1 : - -
Qe 2

where h1.h2 = initial and final film thickness,respectively.
t1-t2 = initial and final drainage time,corresponding to h1 and
hz ,respectively.

1l

/(LZ phase-2 viscosity.

&R

(Ql ..Qz) = phase density difference.
= droplet radius,

tiodel 2 (i) Parallel-Plates (Two Approaching rlat Discs)

2
(t, - ty) =t =73, 1
2- "1 &g
b 2

ng 2

(=]

for hj>> hz,where

mz = force pressing the two discs together.

R radius of disc = x,.

LL should bo noted that in the above and subsoquent models,the valuc of t is
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based on an squivalent drainage force condition. In order to make a valid
comparison between the parallel discs model and other models,it is necessary
for the drainage force on the phase-2 film to be the same in all cases.

When calculating this force the radius of the film in the parallel discs
model is equal to the radius of the discs. In the other cases,the horizontal
distance from the mid-axis to the periphery of the film is taken 1o be
equivalent to R. This distance is the value x, which can be calculated by
the method due to Princen {102). Details of calculated drop shape

characteristics for a number of different systems are contained in Appendix 4.

Model 2(ii) Deformable Drop - Rigid Interface (Charles and

Mason's Uniform Film Model (16)).

(tz-t):t:iéL_g_A bS:I_:L_
ol

for h1>> hz.where X = jnterfacial tension,and i = 1.

Model 2 (iii) Deformable Drop - Deformable Interface (Elton
and Picknett's Uniform Film Model (33)).

Small Drops.

5
(b, -t,) =t = i|M2l|Deev’ |2
2 -ty - _§_§_h22

for h1>> hz,where i=45,

Model 2(iv) Deformable Drop - Deformable Interface. Large Drops.

2
(b, - t,) = t = 3 Mo 8 4,
YT o,

for h£>:>h2,where.

b

A = area of "spherical cap" (see Appendix &)

drainage force (see Appendix 4)
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Model 3 Equation (3.2.10).

(b, - t) = t = 6RA o .1
Ae g(l + cos @) hzz

for h1>> h.?,'

On the basis of experimental evidence (16),and provided that t is sufficiently
large,it can be assumed that coalescence will occur at the edge of the phase-~2
film,i.e. at @ , (see Appendix 4 for values of 90).

The following experimental results will serve as examples in the
case of a large drop and a small drop.

Example 1 Large Drop. System: Heptane-Water.

b = 0,2525 cm, AQ = 0.3158 gm.cm.n3

R = 0.4405 cm. . - 50.75 dynes cm."l

xc = 0.1608 Chn, /u'z = 001';’158 C.P.
6, = 21° 23t Fy = 18.81 dynes (deformed drop)
ty = 7.95 secs. Fg = 20.81 dynes (spherical drop)

Example 2 Small Drop. System: Heptans-Water.,

8, = 1° (assumed)
t’mj = 1.53 secs.

The predicted values of t for a range of film separations (h2 - h1) are

presented in Tables 3.1 and 3.2.

3,4 Discussion

Tn Section 3.2 the Navier-Stokes equation was solved for the flow
of the film fluid inthecase where dh/dt is independent of © . This
assumption is valid over the region where the £ilm is thin,since any slow
changes of h with €@ will not affect the pressure distribution noticeably.

Their-enly effect will be on the momentum forces in the flowing fluid and

the shear forces at the approaching interfaces. It is noticed that as

(1 - cos® )/sin29 ,i.,0. 1/(1 + cosB ),does not change rapidly with © ,the‘
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assumption concerning dh/dt is consistent with Eqn. (3.2.9).

According to Eqn. (3.2.9),the rate of film thinning is proportional
to h3. Eqn. (3.2.10) predicts that the drainage time t,increases with
increass in > and R,and decreases with increase in AQ o The fact that the
dependency on the drop size is to the first power,suggests that the model
is a "mixed model",i.e. that the predicted rest-time lies between the
values predicted by the parallel plates model and the spherical-planar
model, This is shown to be true in Table 3,.2,for the case of a small drop
(b = 0.03175). It is interesting to note,that as © becomes very small,
the torm (1 + cos®) in Eqn. (3.2.10),approaches the value 2, This
suggests that very small drops are spherical but large drops are deformed.
In the latter case,the lower deformed part of the drop has a radius R
whilst the upper part has a different radius,

The case of a large drop is considered in Table 3.1 and it is seen
that the predicted drainage times lie outside the range between the
parallel plates model and the spherical-planar model. In purified systems,
it is likely that considerable movement occurs at the interfaces and this
is not accounted for the present analysis. Thig will result in considerable
increase in the rate of film thinning and hence the experimental rest-iimes
will be much lower than the predicted valuss,

Table 3.2 suggests that the drainage model represented by Eqgn.
(3.2.10) will provide a better estimate than any of the other models for
the case of very small drops. Without an exact knowledge of the film thickness,

it is not possible to obtain a realistic estimate ,however.

General Reference

Longwell,P.A., ™echanics of Fluid Flow",McGraw Hill, 1966,
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TABLE 3.1
LARGE DROP
Distance Time Time Time Time Time
of for for for Tor for
Separation HModel 1 Model 2(i) Model 2(4i) lodel 2(iv) Ilbdel 3
CiMe S6CS ., SeCS., secs, SeCsS, SecsS,.
0 0 0 0 0 0
1.1073 5.53.10F  3.42,1072 1.51.10 3.69.1073 1.84,1073
1,107 1.11.10=2  3.42.10" 1.51.10° 3.69.1072  1.84,107
1.10-2 1.66.1072 3.42,10-1 1.51,105 3.69,10™ 1.84.10
1,107 2.21,1073  3.h2.104 1.51.103 3.69.10 1.84.103
1,107 2.76.10" 3.42.10 1.51,107, 3.69.10° 1.84.109
1.10" 2.32,107  3.42,105 151,10 3.60.105  1.84,107
TABLE 3.2
SraALlL 0P
Distanco Time Time Time Time
of for for for for
Separation iHodel 1 Model 2(1) Model 2(i1i) Yodel 3
CIls SECSe 56C5, SeCS, 5aCS,
0 0 o 0 o,
1,10~% 4.38. 1077 3.82,10" 1.92.10 2.55,10"
1,102 8.76.10" 3.82.103 1,92,107 2.,55,10~2
1.10'3 1.31,107% 3.82.102 1.92,100 2.55
1,107, 1.75.1075 3.82.10 1.92.105 2,55, 10;
1,107 2,19.1077 3.82.103 1.92,107, 2.55,10¢
1,10"° 2.63.107 3.82,10 1.92,10 2.55,10
s ( 1,10"! means 1 x 10~1,ete.)
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CHAPTER &

EQUIPMENT AND EXPERIMENTAL PROCEDURE

L,1 Purpose of Investigation

The purpose of the experimental investization was to extend and
consolidate the understanding of the coalescence of single drops at 2 plane
liquid-liquid interface. The main objectives were:

(1) To determine the rest-times of single drops for all stages of

coalescence in purified liquid systems.

(ii) To study the behaviour of a wide range of drop size and effect

of important variables on the coalescencs.

It ,2 Choice of System

The uso of liguid-liquid extraction techniques for the recovery
and separation of metal-ions from solution has received much attention (% ).
Extractants such as tributylphosphate (TBEP) and methyl isobutyl ketone (MIBK)
have been used for the recovery and separation of Uranium/Plutonium and
rare earth metals.,

In recent years there have been attempts to find cheaper extractants
which could be used for the recovery andseparation of comroner metals.
Fletcher ard Flett (37) of the Warren Spring laboratory studied the use
of commercially available naphthenic* and Versatic* acids for this purpose.
This type of extractant is suitable for the extraction of divalent and rare
earth metal cations from aqueous solutions.

The uncertain purity and composition of the orpanic components used
by I"letcher and ¥lett precluded their use in this investigation. lowever,
components were selected which closely approximated the average properties
of the liquid components used by Fletcher and Flett., Instead of Versatic

911 (a mixture of Cg - Cyy acids) n-decanoic acid was used as the extractant,

* Shel.l Chemical CO. Ltdo
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ard the solvent,kerosine ( a mixture of C¢ - Cg paraffins },was replaced by
n-heptane.

4,3 Preliminary Experiments

In the binary system heptane-water,and the ternary system decanoic
acid-heptane-water,single water drops were observed to coalesce at the interface
in a stagewise manner. Depernding on the size of the primary drop,the
coalescence was usually complete by the fifth or sixth stage. The size of the
drop beyond the fourth stage of coalescence was extremely small (estimated
to be less than 0,01 cm.,approximately).

The process of partial ccalescence thus provides a convenient
method of forming single drops in the system. Equally important,the size
of drops formed in this way can be adjusted for a given system,by altering
the size of the primary drop.

4.4 Scope of Experiments

In order to achieve the main objectives,and to avoid unnecessary
experimentation,the coalescence of single water drops was studied in the

following systems:

binary heptane~water

ternary 0,050 decanoic acid-heptane-water
lernary 0,511 decanoic acid-heptane.water
ternary 1,001 decanoic acid-heptane-water

The range of properties exhibited by these systems allowed a systematic
investigation of the important variables affecting coalescence to be carried
out, The effect of temperature was excluded because as Ipsen (65) has shown,
its influence is implicitly accounted for. All the experiments were therefore
carried out at 25°C,

Two principal items of apparatus were required for the experiments:

(a) A coll in which the coalescence of the single drops could

bo obsorved and 1ts rest-timo measured,

{(b) A cell in which the partial coalescence process could bo

photosraphed lor the purpose of drop size measursment.
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4,5 Coalescence Rest_Time Studies

Desion dequirements

(i) The coalescence cell should be well thermostatted,
(ii) The purified liquid components should be free from
contamination,
(11i) TIhe drops should be easily seen whilst they are at the
interface.
(iv) A method of interface renewal to remove impurity which
accumitates at the interface.

(v} 4 method of forming large drops accurately.

{vi) A method of adjusting the height of fall of the drop
to the interface.
Apparatus

The apparatus used for the coalescence rest-time stwlies was made of
glass and its construction is shown in Fig. 4.1. To prevent seizure of the
zlass to glass surfaces,PIFE sleeves were fitted to all ground glass Joints
and stopcock plugs were made of PIFE.

The coalescence cell,A,consisted of a Pyrex tube 42 cm. long and 5
em. diameter,fitted at each end with B55 ground glass joints. The arrangement
was such that the operation of the cell could be reversed to allow the study
of rising drops at a plane interface. A methol of interface renewal,similar to
that used by Charles and Mason (16) was employed. The interface was maintained
at the top of the tube,B,which was ground flat., VarioUs lengths of the tube
B were available to allow the interface to be positioned at a convenient height
in the cell,A., Drops were formed on a fine,drawneout,glass capillary,C,
approximately 18 em. long,the tip of which was ground flat and square. The
Flow of liquid from the reservoir,D,to the capillary was countrolled by an
Talga! micrometer syringe connected to the reservoir by the PIIE tube,u,

The reservoir assembly was attached to a sliding frame which could be moved in
a vertical direction. A perspex cabinet was used to enclose the coalescence

apparatus and the whole assembly was mounted on an antivibration mounting.
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The cell,A, and the various heavy and light phase reservoirs were enclosed
in jackets maintained at 25°C‘i 0.01°C, 1In addition,fan-circulated air inside
the cabinet was controlled at 25°C 4 0.25°C. Photograph 4.P,1 shows the unit
fully assembled.
Cleaning
Prior fo each series of experimental runs,the apparatus was thoroughly
cleaned in the following manner:
(1) 411 the items of glassware and PTFE were degreased with
acetone and rinsed with copious supplies of hot water.
(ii) The apparatus was filled with warm concentrated chromic acid,
freshly prepared,and allowed to stand for approximately 24 hrs.
(1ii) The apparatus was drained of chromic acid and vigorously
rinsed with warm,freshly-distilled water for a prolongoed period,
1t was then dried in a hot-air oven. vuring all the washing
procedures and subsequent assembly,great care was taken in
handling the apparatus so as to prevent contamination.
(iv) Lastly,the apparatus was assembled in the Perspex cabinet,
filled with double-distilled water and left to stand overnight.
A close fitting sheet of PIFE was used to seal the top of the
cell,A.
Preparation of Materials
The water used in all the experiments was double distilled from
potassium permanganate solution and stored in glass receivers. The n-heptane
used was to I,P, specification and was redistilled (the fraction boiling
between 98 and 10000 was collected) except for those experiments specifically
indicated in Appendix 3.
Two grades of decanoic acid were used, The "Spec*ally Pure"” grade
used in the Series 1 experiments was obtalned in crystalline form from
Bratish Drug Houses Ltd. For the Series 2 and 3 experi ments a purer form of

decanoic acid was obtained from kastman Kodak,H.Y. In each case,the decanoic




PHOTOGRAPH &4.P.1

Coalescence Time Apparatus
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acid was used without further preparation. 4l1 of the systems were mutually

saturated in glass receivers at 25°C.,

Experimental Procedure

After the double-distilled water had been drained from the apparatus,
the saturated water phase was admitted to the reservoir,H. A quantity was run
through the coalescence cell,A,in order to purge any unsaturated water. The
drop forming arrangement was then lowered so that the tip of the pglass
capillary was Jjust below the top of B. With a suction bulb attached to L
and S4 closed,the heavy phase liquid was drawn up to a level just above S5,
The suction bulb was removed and the drop forming arrangement was completely
filled with liquid from the reservoir,¥. With S5 and 53 closed,the PTFE tube,
G,and the micrometer syringe attached to it were also filled with liguid.
Light phase liquid was then admitted to the coalescence cell from reservoir I,
A flat PTFE cover was moved into position so that it was flush with the top
rim of the cell,A., Theinterface was cleaned by allowing heavy phase liquid
from H to overflow at B, The accumulation was removed through 351,

The shape of the interfacs was adjusted by means of a suction bulb
attached to H. A water droplet was formed at the tip of the capillary by
ad justine the micrometer syringe. The hight of the pendant drop above the
flat interface was adjusted to that regquired by moving the frame supporting
the drop forming device., 355 was then closed and the contents of the apparatus
were allowed to come to equilibrium over a period of approximately 4 hours.

Before a series of readings was commenced,the interface was renewed
and made plane,after which a short period was allowed for attainment of
equilibrium. Just before taking readings,the air-circulating fan was switched
off.

The interface was adjusted after about 10 primary drops had been
investiczated. In the case of the Series 1 experiments the interface was
renewed from time to time durine a run., Thispractice was not adopted in the

Sertes 2 and 3 experiments,
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The coalescence rest-time was recorded on magnetic tape using a
Ferouson "Model 3214" tape recorder,each stage of coalescence being
registered by a manually produced input signal, The time bhetwsen a drop
arriving at the interface and the first stage of coalescence,and the times
taken between subsequent stages of coalescence,were determined with a stopwatch
on playback of the tape.

4,6 Drop Size 2atio Studies

Jesisn .esauirements

(1) A sample glass cell to allow the drop to be photographed
whilst resting at the interface.
(i1) A thermostatted enclosure to maintdin the liquid contents of
the cell at 25°C,
Apparatus
The layout of the equipment is shown schematically in Fig., 4.2, a
*tall form' 250 ml. nlass beaker,E, was used to contain the two liquid phases.
The beaker was placed in a thermostatically controlled tank,G,which was
maintained at 25°C, Droplets were formed on the end of a glass capillary,B,
which was connected to an 'Algza' micrometer syringe,C,by PIFE tubing. This
commection was made via the reservoir arrangement used for the coalescence
time experiments.
Observations of the partial coalescence process were recovded on
16 mn film. For this purpose a 15 mm Bolex cine camera,A,was used and it was
mounted vertically above the 250 ml. beaksr. Lighting was provided by a
200W tungsten filament bulb,F,positioned close to the bottom of the glass
tank and directly below E,

Photorraphic Detail

Camera: Paillhard-Bolex,lieflex,16 mm cine.

lens: Kern-Paillhard, 'Pizar',f 2.8/50 mm,fitted
with 20 mm, extention tube and lens hood.

Exposure: 1/40 sccond at 22,

I'11ms Kodak 'Plus X',

#ilm Speed: 15 fps.
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To Reservolr

b

Fig. 4.2 Apparatus for Drop Size Ratio Studies
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Experimental
All the pieces of PIIE and glass equipment were thoroughly cleaned

in the manner described in Section 4.,5. The preparation of the liquid
components was also carried out as previously described in Section 4.5.

Two systems were investigated;the two-component system heptane-water
and the three component system 0.50i decanoic acid-heptane-water. The study covered
a range of primary dropsizes and lengths of fall of the drop to the interface.
Experimental Procedure

Heavy phase liquid was admitted directly into the 250 ml, beaker,E,

A quantity of lipght phase liquid was then gently poured onto the top of the
heavy phase liquid. The drop forming capillary,B,was immersed below the
level of the interface separating the heavy and licht phases, B3y means of a
suction bulb attached to the heavy phase reserveir,a quantity of heavy phase
liquad was drawn up through the glass capillary, The PTFE line connecting
the glass capillary to the three-way tap was completely filled with liquid,
The position of the three-way tap was reversed and the line to the micrometer
syringe was filled by flowing ligquid from the reservoir,

The camera,f,was brought into position,the lighting,l,was switched-on,
and the three-way tap turned to connect the micrometer syringe to the capailary.
A number of trial drops were allowed to fall to the interface so that the
camera could be focussed,

Fresh liquid components were used in a clean beaker for each
different drop size studied. [he primary drop was formed very slowly on the
end of the glass capillary so as to allow it to come to egquilibrium with the
bulk phase liguid. The fall height of the drop to the interface was
coaveniently adjusted by altering the height of the lower heavy phase liguid in
the beaker.

The primary drop volume was obtained directly from the micrometer
reading and the spherical drop diameter calculated from this, The drop

diameters at the second,third and fourth partial coalescence stages were
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obtained from the projected image recorded on the cine film. 4 magnification
of approximately 12X was employed and the projected drops were measured with
a transparent mm, rule.

L,7 Effect of Interface Age on Coalescence Rest-Time

The 'Teflon-Glass' method of cleaning the interface was reported by
Hodgson (63) to be more effectave than the method of overflowing the interface,
It involves sucking-off the interface by means of a drawn-out glass tube which
is fitted with a small Teflon 'whisker', OSince the Teflon is organic phase
wetted and the zlass water wetted,the princaple is that both sides of the
interface are swept clean.

Two groups of experiments were carried out to investigate the effect
of interface age and the effects reported by Hodgson.

Experimental

The coalescence cell shown in Fig. 4.1 was used and it was fitted with
a sucking probe similar to that used by Hodgson. Preparation of the
equipment was carried out in the manner described previously in Section 4,5.
The interface was only cleaned with the Teflon-Glass probe prior to a run.
wWhen the interface cleaning was complets,the interface apge was desipgnated to be
zero and timing was commenced. The interflface age was subsequently recordsed
when a drop had completely coalesced,and between such recordings the rest-times
for each partial coalescence stage was registered on the recorder.

Two runs at a single drop size were carried out for each of the
systems heptane-water and 0.5M decanoic acid-heptane-water. The fall height
condition of the drop in each run was L = 0 ems¥ TFor each system,one run was
performed with the primary drop aged for 1 minute prior to its release and the
otlier without the drop being aged.

L .8 Determination of Physical Properties of

Laquid Components

The density,viscosity and interfacial tension for all solutions were

# In this experiment,and all other experiments reported in this work,
L =0 em. refers to the case where the drop was released from a position
very close to the interface. In all cases,the distance was estimated to

be between 0.1 and 0.3 cn.
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determined at 25°C,

The density of solutions was determined using standard specific gravity
bottlescalibrated with doublewdistilled water, The absolute density of water
vas taken to be 0.99707% gm./ml. at 25°C (100).

The viscosities were determined by using Cannon-Fenske glass
viscometers, These were calibrated with double-distilled water and the
absolute viscosity of water was taken to be 0.8937 ep. (8).

The interfacial tensions were determined by the drop volume method.
This method is described in detail by Davies and Tiideal (21).

The determinations of the interfacial tension were carried out in
the coalescence cell described in Section 4.5. A glass nozzle with a carefully
ground end was used to form the drops. The drops were formed very slowly over
a period of about 3 minutes and the final detachment was approached extremely
slowly.

The average volume reading for 8 drops was used to calculate the

interfacial tension from the equation:

¢V (0182

~
Z2lla

14

i

i

whare \ = volume of drop,cmj.
Q\I'Q o= density of heavy and light phasa,respectively,gm./cm.3

2a

outside diameter of nozzle tip,cm.

e = gravitational constant,981 cm.Z/Sec.
Ki = interfacial tension,dymes cm.'1

Qb = correction factor (58).
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CAAPTER 5

BEXPERINENTAL RESULTS

Partial Joalescence and Drop 3ize Jlatio

5,1 Partial Coalescence

Observations of the coalescence of single water drops were mado
visually (as part of the investigation of coalescence rest-time) and
photographically (as part of the drop size ratio investigation). In each of
the systems studied *,the drops were observed to coalesce 1n a partial manner.
from the experimental point of view this is a vory useful property (see Section
4.3). The process of partial coalescence has been discussed in detail by
Charles and Mason (17) and Lawson (82). Picknett (101) and Jeffreys and
Hawksley (67) have suggested that the formation of sub-micron dreps by this
process may be responsible for the secondary 'haze' commonly experienced in
settler units. However,the attention in this work was focussed on those partial
coalescence stages which were readily visible at the interface. This restricted
the lower limit on drop size to about 0.01 cm,

Photograph 5.P.1 shows the gartial coalescence of a primary water
drop in the systems A and C. The left-hand sequence is for a 0.445 cm, drop
in system C and the right-hand sequence for a 0.5995 cm. drop in system 4,

In the centre sequence of 5.P,1 a small "satellite® drop can be
seen adjacent to the secondary drop (system A,0.1% cm, primary drop). This

phenomenon is refferred to as Ydouble-drop" coalescence (see Fig, 5.1).

¥ For roference the systems have been designated as:

Series System
4 Heptane~vwater
B 0.051i Decanocic Acid-Hertane-wWater
< 0.5¥ Decanoic Acid-lleptane-Water
) 1,011 Decanoic iAcid~Heptane-Water




Fig. 5.1 Simultaneous formation of
two secondary droplets during
partial coalescence process
(schematic), (17).




PHOTOG.MAPH 5.P,1

Partial Coalescence in the System lleptane-

dater and 0.5 Decanoic Acid-Hepatane-water
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It was also observed to occur in the coalescence rest-time experiments,but
only for the systems A and B. In these systems,the"satellite' drop coalesced
very rapidly with the bulk interface armd did not appear to interfere with
the coalescence of the primary drop. The "satellite" drop shown in 5.P.1
possessed remarkable stability and persisted at the interface for a period
of about 3 minutes. Again,the "satellite" drop did not appear to interfere
with the secondary drop,which coalesced in the normal way (see right-hand
sequence of 5.P.1).

Since the coalescence cell (i.e., 250 ml. beaker) was not totally
enclosed,the interface became contaminated slightly during the photographic
run., Therefore,the rest-tims of the "satellite drop was obviously
influenced by the contaminant. Considering the very long rest-times which
were observed,it is probable that the contaminant was surface active,
However,the secondary and succeeding drops were not greatly influsnced by

the contaminant.

5.2 Drop Size Ratio

The drop size ratio r ,is defined as an+1/an,where a is the spherical
drop diameter and n the number of the coalescence stape. In the manner
described 1n Section 4.6,the drop sizes at the first,second,third and
fourth stages of coalescence were determined. A range of primary drop size
was investigated from fall heights of L = 0 to 7.5 cms Only the systems

A ard C were studled.

The drop size ratio results are presented in Figs, 5.2 to 5.9 as
plots of rq,rp and ry versus aj. Individual points on the graphs may
represent single or multiple results. The weighting of each point is
indicated by the number adjacent to it. Those points without a number are
single determinations. The method of least squares was used to obtain
the best fit to the experimental results,

9.3 Coalescence Rest-Time

The c¢oalescence rest-time t,was measured for the primary drop

(first stage) and three succeeding drops at the second,third and fourth
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stages of coalescence,respectively. It is defined as the time between
the arrival of the drop at the interface amd its eventual disappearance
(or release of a secondary drop). The drops which were produced at the
fifth and sixth stages of coalescence were extremely small (probably of
the order of 0,01 cm.,and less), These rest-times were very short amd
could not be measured manually. Therefore,the overall rest-time 4&
previously calculated by a number of workers (12,16,19,44,55,60) can be

calculated to a good approximation by:
A
L= by +ty +tg 4ty (5.2.1)
where ti,tz,t3 and t& ars,respectively the coalescence rest-time at the
first,second,third and fourth stages.

5.4 Reproducibility of Coalescence Rest-Times

Initial experiments revealed that the coalescence rest-time for
any stage in the partial coalescence process was not constant,but had a
range of values. This is in agreement with the findings of other workers
in the field,who studied AR t, (16,33,44,60,63,66-68,79,81,82).

Sample sizes containing up to 200 drops were examined. The ratlo
of the mean rest-time to the time for 50% coalescence of the drops tm/t%,
was found to be the most reproducible characteristic of the rest-time
distribution, This was so for sample sizes as low as 50. However,it did
not guarantee the constancy of the distribution curve,which really suggests
that this ratio is of 1little use in assessing the reproducibility. 4
sample size of 75 drops was found to be more reproducible than 50, Therefore,
a sample count of 75 was adopted for the purpose of experiments and
generally,sample sizes of this order have been used by other workers,

9:5 Experimental Coalescence Hest-Times

The main body of the results is contained in the Series 1 and

Series 2 groups of experiments. In all of the cases considered in these

groups,the release of the drop was very close to the interface (reported as
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L =0 cms.). Thus,the effect of all height was excluded from these
experiments, In addition,the experimental technique used in Series 2

was slightly different to that employed in Series 1, This is explained fully
in Section k.6. It is not expected that this slight difference in

technique will cause any marked differencesin the results of the two

groups of experiments. Therefore,Series 1 and Series 2 may effectively be
considered as one large group of experimental results,including the systems
A,B,C and D,

The Series 3 results are concerned primarily with the effect of
fall height on the drop rest-time., They are a direct extension of the
Series 2 experiments since they were carried out under exactly the same
experimental conditions,apart from the fall height, Only the systems A and
C were investigated.

In this section,the main features of the results are presented,
whilst the results themselves are given in detail in Appendix 2, Hers
the results are presented in the form of tables of t versus N/No,where:

N = Number of drops which have not coalesced in time t.

N Total number of dreps assessed,

0

Series 1 Results

Typical results,in the form 1n N/N0 vs, t,are presented in Fig.
5.10 for system A and in Figs. 5.11 to 5.15 for system C, The relationship
between the mean rest-time tm,and the primary drop size,is presented in
Figs. 5.16 (A and B),5.17 and 5,18, For the system decanoic acid-heptane-
water,the effect of inecreasing the concentration of third component,
decancic acid,is shown 1n Figs. 5.19 to 5.22, The concentrations used
were 0,05M,0,5M and 1.0M and the primary drop sizes were respectively,

0.312,0,31% and 0.304 em,

Saries 2 Results

A representative selection of the results in the form ln N/No
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versus t is presented for all the systems,A,B,C and D,in Figs. 5.23 to

5.38+ These cover the drop size range for four stapges of coalescence as follows:

(1)  0.028 to 0.596 cm. for system A,in Figs. 5.23 to 5.26,
(11) 0.0228 to 0.509 cm. for system B,in Figs. 5.27 to 5,31,
(1i1)  0,0204 to 0,449 cm. for system C,in Figs.5.32 to 5.35.
(iv) 0,022 to 0.385 cm. for system D,in Figs. 5.36 to 5.38.

The relationship between the mean rest-time tm.and the drop size
is presented for each individual stage in the heptane-water system in Fig,
5439, The slopes of the first,second and third stages are respectively,
28,6 sscs.fem.,117.8 secs./em, and 157.8 secs.fem. For the system 1,0M
decanole acid-heptane-water,the relationship between t, and a (the drop
diameter) is presented for each stage of coalescence in Figs. 5.40 to 5.42.
The form of the relationship for the systems B and C is similar to that

exhibited by D,but is not so well defined for these cases.

Series 3 Results

This set of results,with the inclusion of result A2/2,investigates
the effect of fall height of the primary drop on the coalescence rest-time
for the four stages of coalescence, In Figs., 5.43 to 5.46,the individual
stage distributions,in the form In N/NO vs, t,are given for L = 0,2.5,5.0,
7.5 and 10,0 ems, The curve for L = 7.5 cm. 15 omitted from Fig. 5.43
because the value for t,i (see Appendix 3) is suspect,being less than the

correspondingz value at L = 5.0 cm,

Effect of Interface Are on Coalescence R 'st-Time

The results of the individual stage rest-times with interface age
(T ) are presented for the four separate groups in Table 5.1. In Studies 1

and 3 the drop was aged for 1 minute prior to release,and in Studies 2 and

4 the drop was not aged. Since the interface age was recorded at the

completion of coalescence of a drop,the interface age at the tims of arrtval

of tho primary drop at the interface 1s gaiven by:

[rc - (tl + t:.', + t3 + t’l-)] = ("C - t)
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Studsy
Systen 0.5M vecanoic ucid-Heptane-vJater,a1 = 0.324 ¢m.,L = 0 cm,

Drop aged for 1 minute prior to release.

Drop tq t, ts t, T
Humber SeCS. SeCS. secS,. secs, mins.
1 29.5 18,4 349 0.6 2.8
2 9.5 17.3 bo1 0.6 7.183
3 15.5 .4 4.0 0.6 9.73
4 33.2 17.1 3.8 0.6 12.08.
B 18,1 13.5 .0 0.7 13.97
5 2h b 6.b 3.8 0.7 16.10
7 21.2 L.5 3.8 0.5 17.93
8 7.9 4.9 2e3 Ol 20.93
9 8.2 11.2 SR 0.5 22.57
10 8.5 4,6 Fe2 0.8 24 47
Study %

Systen: 0.51 Uecanoic scid-Heptane-water, a; = 0.342 ems,.,L = 0O
1

Drop not aged.

Drop ty t, t t U

Jumber seds,. 5eC5, seés. secs mins.
1 22,1 11,9 L.5 0.4 1.58
2 17.1 16.7 b0 0.7 3.54
3 57 8.2 3.2 0.5 .17
L 9.9 4,0 3.6 0.5 4,83
5 10.4 5.4 3.1 0.6 545
6 14,3 h.1 3.2 0.7 6,17
7 13.2 4,3 34 0.7 6,83
8 12,6 545 2.7 0k 7456
9 2.0 10.3 3.0k 0.4 8,17
10 11,2 7.8 3.1 0.7 8,88
11 9.0 2.6 3.0 0.4 9.52
12 12,7 749 249 0.5 10.35
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CHAPTER 6

INTERPRETATION AND DISCUSSION OF RESULTS

The experimental results presented in Chapter 5 may now be examined.

6.1 Partial Coalescence and Drop Size Ratio

The phenomenon of "double drop" coalescence was observed to occur
only in the systems for which redistilled heptane was used (see Appendix 3).
It was not observed at all in the Series Al/1 and Al/5 for which undistilled
heptane was used,nor in systems C and D. Hawksley (60) has suggested that
contamination of the interface is responsible,but the above findings do
not suggest this.,

The results contained in Appendix 3 suggest that the formation
of a "satellite" drop with the secondary drop only occurs when (i) the
primary drop,and (ii) the interfacial tension,are sufficiently large., In
the case of the two lower interfacial tension systems,C and D ( Ef = 22,54
and 18,62 dynes cm.”},respectively),a "satellite" drop did not result.
However,in the two higher interfacial tension systems,A and B ( }f = 50,75
and 32,41 dynes cm.'i,respectively) a "satellite" drop was formed in each
case when the primary drop size was greater than 0,348 em, and 0.509 cm.,
respectively. This latter finding is in agreement with the observations
of Charles and Mason (15).

The long rest-time of the "satellite" drop shown in 5.P.1, is
almost certainly due to contamination of the interface. However,this did
not appear to interfere wlth the coalescence of the secondary drop,or
any other succeeding stages.,

The relationship between primary drop size a4y and the drop
diameter ratios T{,Tp ard rq is shown in Figures 5.2 to 5.9. A least
squares fit has been carried out for ry and r, assuming a linear
correlation,but it can be seen that this is often unsatisfactory. The

linear correlation of ry versus ajy is reasonable,but is less good as L
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increases. with the exception of Fig., 5.28,the straight line correlation
is a fair indication of the results for r, and Tye The following features
are apparent from a consideration of Figs. 5.2 to 5.9:

For each stage of coalescence the drop size ratio increases as
the drop size decreases. This increase is greatest for ry and is small
for r3,which 1s approximately constant and equal to 0.5. In the heptane-
water system,larger secondary and tertiary drops are formed as the fall
height of the primary drop is increased. The opposite result is found for the
0.5M decanoic acid system. To illustrate the latter point,values of

ap and a5 calculated from Figs. 5.2 to 5.9 are given below in Table 6.1.

TABLE 6,1
Effect of Fall Height of the Primary Drop on

the Size of Secondary and Tertiary Drops

Systenm Fall
Helght Drop Size cm.
L em. a, a, as
A 0 0.475 0. 1496 0.0648
A 2.5 0.475 0.1509 0.0677
A 5 0.475 0.1590 0.0745
C 0 0.350 0.1151 0.0540
c 2.5 0.350 0.1097 0.0511
c 5 0.350 0.1062 0.0468

in explanation °f the behaviour depicted in Table 6.1 is that the
position of breakup of the liquid column when formed during coalescence,
and hence the size of secondary drop,is affected by the disturbances in
the interface, These disturbances increase with increased distance of
fall of the droplet onto the interface.

Charles and Mason {15) showed that lowering the interfacial tension
of the benzene-water systenm ha@&irtually no effect on the drop size ratio.
Since the change in the value of the viscosity between systems A and B,
ard between the systems C and D,is small,it is valid to caleulate the drop

s1ze ratio for system B from the results obtained for system A,and similarly
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for system ¥ from system C.

.2 Correlation of Coalescence dest-Time Distributions

A
Previous workers have suggested that the distribution of t,the
overall coalescence rest-time,and tl,the rest-time for the first stage of

coalescence,may be correlated by equations which are of the form:

n
in ¥ = _k(t - t,) 1 (6.2.1)
o
o
or
N
0

For both the heptane-water and decanoic acid systems,thes distribution
of the rest-times for each stage of coalescence can be represented by Egn,
(6,2.1). Examples of the correlation for heptane-water (42/1) and decanoic
acad {C1/5 and C2/1) are given in Figs. 6.1 to 6.3. However,with a sample
size containing enly 75 drops,it is not possible to select values of to
and ny from a range of connected values of these parameters (see Fig. 6.4),
A1l of the distributions are correlated satisfactorily by Eqn., (6.2.1)
with t_ =0 ,i.e. by Eqn. (6.2.2). An example of the correlation using
Eqn. (6.2.2) is given in Fig. 6.5 (C1/5),with n, = 1.7,3.57 and 5.1 for
the first,second and third stages of coalescence,respectively., In addition,
Table 6.2 lists the values of n, in Eqn. 6.2,2) for a number of cases for
the Series 2 results. Fig. 6.4 indicates how wide is the range of values
of t, and n4 which are possible when only 75 results are available. The
high values of n, which are required to correlate the later stages of
coalescence may limit the usefulness of Eqn. (6.2.2). Although the true
values of n, and t, in Egn. (6.2.1) may not be determined with accuracy,it
is apparent that n, 1ncreases with the stage of coalescence., This is also
true for n, 1n Eqn. (6.2.2),

The distributions may also be correlated by using arithmetic
probability plots and an example is given in Fig. 6.6. Although this test

of normality is insensitive (39) and the sample size too small to allow any
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firm conclusions to be made,a number of features not immediately discernable
in Figs, 6.1 to 6,3 and Fig, 6.5 can be seen. Several distributions are
best represented by two straight lines. Usually,the intersection of the lines
15 at 0.85<C N/NO<:'O.15 .and the one line exists in a region where the
accuracy of N/No is not high,bscause of the small sample sive on which it is
based. However,it may be possible that certain distributions are best
represented by the sum of two distributions, It should be mentioned,that
if two normal distributions are involved,the two straight lines would infact
be replaced by a curve lying near to these lines (see Fig. 6.7). Generally,
Eqns. (6.2.1) and (6.2,2) correlate the results better than a normal
dastribution.

6.3 Properties of Coalescence Time Distributions

Correlation of Mean Coalescence Rest-Times

Firstly,we will discuss the Series 1 results and later extend this
to include the Series 2 results.

The mean coalescence rest-times of the secondary and tertiary
droplets are given in Figs. 5.16 at three decanoic acid concentrations as a
function of the primary drop size,az,. It can be seen,that withan the
accuracy of the results,the relationship is linear for the third stage
at the three concentrations investigated,and also for the second stage at
the two haighest concentrations employed. The resultant curves for 0,.5M and
1.0M solutions coincide for both the second and third stages of coalescence,
whilst the third stage of of coalescence with a 0.05lisolution shows lower
coalescence rest-times than do the curves for the 0.5M and 1.0M solutions.
The resultsffor the third stage of coalescence,with a 0.05M solution,suggests
a minimum corresponding to a; = 0,16 cm.,approximately. The graphs obtained
for the first stage of coalescence (Fig. 5.17) are less well defined,but
with both the 0.5M and 1.0M solutions the mean coalescence rest.time increases
as the droplet size increases. With the 0.05M solution a minimumhs again

suggested at a drop size similar to that at which the minimum in the third
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stage occurred. The curves obtained for the heptane-water system are siven
in Fig. 5.18,and for comparison Fig., 5.16 is superimposod. In this case,
the curves for all stages indicate a minimum corresponding to a primary

drop size aq = 0.18 cm.,approximately.

TABLE 6,2

Values of Ny in the Equation

InN = - ct'2
N0
Ny
Study ayq ist 2nd 3rd Lth
flo. Chy Stage Stage Stage Stage
2
A2/1 0.325 0.635 sections 3.83 6.78
Azf2 0.416 0.396 0.597 2.58 6.31
Az2f3 0,505 0.228 0,252 1.73 4,04
2
B2/1 0.224 sections 0.1442 4,580 15.50
/2 0.326 0.0635 0.0915 4,000 6.40
B2/3 0.433 0.0830 0.2000 0.471 5493
cz/1 0.208 0.109 0,293 1.880 7.98
cz2/2 0.324 0.241 0.370 2,130 4,93
c2/3 0,387 0.122 0421 1,108 10.10
D2f1 0.204 0.2490 0,440 1,341 12.35
D2/2 0.299 0.0560 0.216 2,000 5.35
D2/3 0.385 0.0498 0.214 0.955 5,35

The Series 2 results cover a wider range of drop size and also
serve to explain some of the features associated with the Series 1 results.
Within the accuracy of the results,the heptane-water system exhibits a
linear relationship between the mean rest-time and drop size. This is shown
in Fig. 5.39 for each of the four stages of coalescence, However,for the
first stage coalescence,the primary drop becomes less stable at a value of
approximately a4 = 0.5 em. The results given in Fig., 5.39 suggest that the
minimum condition shown in Fig. 5.18 does not exist. Figs. 5.40 to 5.42
show the relationship between the mean rest-time and the drop size for
each stage of coalescence in the system 1.0M decanoic acid. For each stage
there is a firm trend for the mean rest.time to increase with increase in

size of drop. Similar trends were exhibited by the 0,05M and 0.5M systems,
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but they were not so well defined. The results for the 0,051 system sugeest
that the minimum condition encountered in the Series 1 results does not
exist, A cautionary note is necessary when stressing the latter remark
because "high" and "low'" rest-time results (i.e. results which deviate from
the normal trend) have been reported to occur by other workers (16,60).
Both "high" and "low" results could give rise to a minimum condition in the
drop size vs. mean rest-time relationshaip.

An interesting comparison can be made between the results shown in
Fig. 5.39 and the results for the same system,heptane-water,presented by
Allan and #ason (1). The values of t,y in Allan and Mason's Fig.3 agree
elosely with those presented in Fig.5.39. The overall trend of the author's

results,and this applies to the other systems B,C and D,1s described by the

Serles:

w1 =tz >t D by,
However,illan and Mason's results describe the series:

tal < tp > tm3 ,and also,their result at aq = 0.29 cm,

y1e lds:
tnt < tmz. << tm3 .

A comparison of the results for the second and third stage coalescence
reveals two important differences:
(1)  Allan and Mason's values for t,, and tyy are much greater
than those in Fig. 5.39.
(11)  Allan and Mason's results for t;, and t 4 1ie on a single
curve,whereas those in Fig. 5.39 fall on separate curves.
The first finding suggests that the system used by allan and Mason may
have been contaminated,probably by a surfactant material.

Standard Deviation of Coalescence Rest-Time Distributions

For all the rest-time distributions obtained in this work,it was

found that the standard deviation of adjacent stages mutually inereased.
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An example,for each coalescence stage for the 1,0i. decanoic acid system,

is presented in Fig. 6.8. It is seen that the relationships between tho
standard deviation of the first and second stage,the second and third stage,
and the third and fourth stage,are linear. In the other systems 4,3 and ©
the relationships were also linear,but not so well defined as for system b.
The relationship between the standard deviation of ad jacent partial

coalescence stages may be defined as follows:

Ens1 = Sb n+i/n" Sy

standard deviation of the nth stage,

£
5
;

{ﬁ

e
)]

6" n, 1 = standard deviation of the (n + 1)th stage.
9b n+ 1/n = slope of the relationship betweenéS:lard.65h 4 1°
Yalues of gé:q + 1/n are given in Table 6.3 for the systems A,B,C and D

(including the Series 1,2 and 3 results).

TABLE 6.3
aelationship between the Standard Deviation of Adjacent

Coalescence Stages

95 n+ifn*Sn

Systen ¢ 21 ¢ 32 ¢ ¥

C;—bn +1

i

A 0.455 0,193 0.371
B 0.259 0.175 0.275
c 0.298 0.188 0.220
D 0,483 0.213 0.220

These findings,together with Fig. 5.16,suggest that with the system heptane-
water and the system decanoic aciad-heptane-water,there is a simple

relationship between the size of drop before the coalescence and the size

of drop which is subsequently produced by the coalescence.
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iifect of Distance of Fall

The distributions for the heptane-water system in Fig, 5.43 show
that the rest-time t; increases with increase in fall height L,of the
primary drop. Furthermore,the corresponding rest-times of the second,third
and fourth stages of coalescence (Figs. 5.44 to 5.46) also increase. The
result concerning the first stage rest-time is in agreement with the
findings of Jeffreys and Hawksley (67) and Lawson (81). It has recently
been reported by Lawson {82) that little if any effect of fall height is
transmitted beyond the first stage. This led Lawson to postulate that the
effect of dastance of fall on coalescence 1s merely a calibration of the
experimental apparatus in which the study is conducted. In attempting to
establish this hypothesis,he carried out cbservations of the periodic motion
of the interface caused by a falling drop disturbance. If the total period
of oscillation was subtracted from the measured mean rest-time,it was found
that the difference was approximately constant., This was so for all the
fall heights investigated.

The method adopted by Lawson to observe oscillations at the interface
is one which 1s very liable to error. is lLawson frankly points out,"There
is the possibility of error in measurement not only amongst different
vworkers but even,also with the same observer"! The small oscillations
occurring at the interface during the later stages of coalescence may not
have been perceptible to the naked eye. It is extemely unlikely that these
disturbances would have no effect on these later stages. Also the
coalescence of the primary drop will create a disturbance sufficient to
influence the secondary,and pessibly suecceeding drops.

The trends exhibited in Figs. 5.43 to 5.46 can be seen more clearly
1f the mean rest-time for each stage is plotted against the fall height as
shown in fig. 6.9, Whilst the results for the fourth stage of coalescence

are a little scattered,the fall height effect for the coalescence stages

is clearly defined.
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The way in which the standard deviation of the coalescence rest-
time distribution is affected by the fall height is shown in Table 6.4,
It is interesting to observe that there is a considerable reduction in the
percentage standard deviation for the first,second and third stages of
coalescence,when the drop is released some distance from the interface
(i.e. at L = 2,5,5.0,7.5 and 10,0 cm.). The reduction in the ¢ standard
deviation is most probably caused by the contribution of the periodic

motion of the interface to the drop rest-tims.

TABLE 6.4
Effect of Fall Height of the Primary Drop on the Standard
Deviation of the Coalescence Rest-Time Distribution
Study L % 5.D. % S.D. % S.D. % 3.D.

Cm. of of of of
1st Stage 2nd Stage 3rd Stage 4th Stage

A2[2 0 61,7 37.8 21.5 -

A3/1 2.5 29,7 15.9 12,3 25.8
A3/2 5 35.0 19.3 1.5 26.6
A3/3 7.5 * 21,6 6,22 21.4
A3 /b 10 41.5 18.5 5,63 16.0

* Suspect Result

6.8 The Effect of Interface Ace on Coalescence Rest-Time

The results in Table 5,1 for the heptane-water system aml
decanoic acid system do not reveal the same trends as were observed by
Hodgson (63). The latter author found,that for water drops in purified
systems,the rest-time for all coalescence stages wasyirtually instantaneous
after cleaning the interface by the Teflon-Glass method. There is
absolutely no indication of this behaviour in Table 5.1. This may suggest

that Hodgson's results are of questionable value.
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CHAPTEX 7
COARELATION OF EXPE.IMESTAL MEAV COALESCENCE

AEST.TIME WITH PHYSICAL VARTABLES

Introduction

The study of coalescence in technical equipment is difficult
because of the complicated hydrodynamics involved. To understand the
process of coalescence,the author and many other workers have studied the
coalescence of single drops at a plane interface. A large number of
experimental results on single drop systems are to be found in the
literature,

wh1lst the prediction of the behaviour of dispersions remains
largely unsolved,the available experimental data on single drop coalescence
should provide a useful guide in the design of technical equipment. The
correlation of single drop rest-times using theoretically derived equations
(previously discussed in Chapter 3) is far from satisfactory. 4An attempt
is made in this Chapter to develop a more useful correlation., This is

carried out in two parts:

(1) A dimensional analysis to obtain a relationship between
the coalescence rest-time and the important variables,

(i1) A statistical analysis to fit the experimental data,

Zal Dimensional Analysis

The coalescence of a single drop is mainly concerned with the
drainage of the thin phase-2 film,which is trapped between the drop and
the interface, It is thersfore necessary to obtain a relationship between
the film drainage time,the film thickness and other variables of the system,
The variables considered in this analysis are the ones which have
been found to be important in creeping flow problems, However,since the
pressure distribution in the film is unknown,the pressure 1is expressed as

a function of the drop size,density difference between the phases and the
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interfacial tension. Thus,the drainage time t,which is assumed to be
equivalent to the coalescence rest-time,can be written as a function of the

following variables:

t = ')/’( él.[S e ' & ,/ACZ, Tf » h)

where,
t = coalescence rest-time T
a = spherical drop diameter L
AQ = phase density difference L3
a = gravitational constant LT_2
/LLZ = continuous phase viscosity 1‘*L'L."1T-1
af = interfacial tension Y
h = film thickness L

Following the procedure which is usually adopted in dimensional

analysis 1t is assumed that this equation can be re-written as follows:

v = [af el e Tpo] %] [s] (7.1.1)

Because both a and h have the same dimension of length,it is convenient to

rearrange Eqn. (7.1.1) as follows:

o LFIART LT [ T V] (7.2

For this equation to be dimensionally consistent:

P = 29+3+41
2

r = % +q -1

t = -q =58

Substituting for p,r and t in terms of q and s in Egn, (7.1.2):
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t = [a](Zq fz* é)[AQ‘]q[gJ(; e %)[/"z]s ‘
.[bf]‘q '5[%]" (7.1.3)

Rearranging Eqn. (7.1.3},the following equation is obtained:

[ fRe [ e

The value of the constant ¢) mast be determined experimentally.

Discussaon

Jeffreys and Hawksley (68) have carried out a dimensional analysis
of the above system but without the inclusion of the variable h. They
obtained the two dimensionless groups:

M, = [1080g| am T, = ¥

57 b2AQ g

is the first stage half-life time and b the spherical drop

where (t1)
z°1
radius, The groqpﬁ?zaalso occurs in Eqn. (7.1.4). Jeffreys and Hawksley's
analysis infers the assumption that the film breaks when (%) is equal to
a constant. =Recent evidence however(54,79,89),indicates that in a given
system,the film ruptures at a definite thickness.
If the exponent s in Eqn. (7.1.4) is set equal to 1,the following
cquation is obtained:
I In
Xt = ¢ azAg o i
/Lza ]; h
If it is now assured that the film breaks after some time tm,corresponding

to a film thickness h, ,the above equation can be rewritten as:

S - @lPhe | e
= ¢ ¥
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By putting q = 1 and n = 2,the following equation is obtained:

Em '"'gb/u?AeJ‘a;lz
¥° hy

Ihis is the exact form of the parallel plates equation,obtained by solving
the davier-Stokes equations (111),i.e. for the case of a deformable drop
approaching a rigid flat plate. The parallel plates equation for this

case is:

(-t =t = Mo |51 .

128 ¥2 n?

7.2 Statistical Analysis

It is not possible to determine experimentally the value of the
film thickness at breakage and consequently Eqn. (7.1.%) cannot be used
directly. However,as a first assumption,the film thickness hb will be
considered to be a function of the va.riables/uz,&e ,a and \( sonly.

The following equation is easily derived from Eqn. (7.1.4):
p
ty, = kK a/LZQAQI‘gS (7.2.1)

where k,p,q,r and s are constants. In studies where L is important,the

following equation can be similarly derived:

t

tm = k* ap/LZQAQI‘KS L (7.2.2)

where k* and t are also constants.

The author's experimental data and the available data from the
literature are correlated using Eqns., (7.2.1) and (7.2.2). This is
achieved by fitting a Multiple Linear Hdegression by the method of least
squares.,

The mathematics of multiple linear regression and a computer
program are described in Appendix 5. The computation for the analysis was

performed on an I.C.T. 1905 computer.
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7.3 desults and Discussion

Correlations were okbtained for a variety of cases,and these are

detailed in Appendix 5. They are presented in Figs. 7.1 to 7.13 in the

form:
(In t) vs, (Int ) ,where:
EXPEX INENTAL ™ PREDICTED
(1n tm) = experimentally determined value of 1n tm.
EXPEAIMENTAL
(1n t) = value predicted by the regression model.

P.EDICTED

The computer printout,giving details of the calculated statistics is

contained in Appendix 5.

The 95#% confidence limits for the true regression coefficients
are given in Table 5.4.2 (Appendix 5). In 2 number of cases,certain of the

regression coefficients are not precisely defined,e.g. the case PROLOZ:

Bol fp) = 2.0829 £3.8400  and

B5(8¢)

Ihe calculated t values (t-test,see computer printout) for b, and by

1.1271 + 2,9630

similarly fail to reach the 0.05 significance level., It should be
appreciated that the non-significance of a particular variable does not

in anyway imply that the independent variable concerned does not affect,

or is not related to the dependent variable, It implies merely,that at the
level of significance adopted,the confidence limits for the estimated
effect,or slope,include zero as a possible value.

The standard errors of the regression coefficients {see computer
printout - Appendix 5) and the confidence limits measuredtherefrom,measure
the overall uncertainty of each estimated regression coefficient taken sep-
arately. An estimate of the overall extent of association between the
value of the dependent variable t,and the indeperdent variables,is
measured by the multiple correlation coefficient (see computer printout).

An examination of the residual errors (see Figs. 5.4.2 to 5.A.4,

Appendix 5) for the correlations does not reveal any abnormalitlies. The
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statistical analysis therefore indicates that a satisfactory correlation
between the dependent variable t,and the independent variables a , /LZ'

AQ , X and L has been obtained.




KEY TO CORRELATIONS

System
Heptane-Water

° 0.05M Decanoic Acid/Heptane-Water
A 0.5M Decanoic Acid/leptane-Water
A 1,0M Decanoic Acid/Heptane-Water

o Benzene-Jater

3
g L] CGlL=Water
5 v Ethytene Glycol-n Hexane
& =4 Triethylene Glycol=n Hexane
q Diethylene GVycol-n Hexane
> Ethylene Glycol-Renzene
L 4 Diethylene Glycol-Benzene

- O Tributy? Phosphate-Nater
® ‘iater-Anisole
D Water 'Aroelor 1243!
% n Benzene + Iso Octane (50:50)}='ater
g A Benzene + Liguid Paraffin (50:50)-Water
E:f A Benzene + Liquid Paraffin (75125)-Water
. < Heptane + Liquid Paraffin (50:50)-Water

FOLLOWIST PAGE)

® Komnecke, HeGs, Zo Physik Chem., (Leipzig), 211, 208, (1959)

( A DSDAILED LIST OF THE FIGURT COJRELATIONS IS GIVEW ON THE

Reference

Series A2, A3, (16)

Series B2

Series C2, C3

Series D2
(16, 60, 79, 81, 82)
(16)
Konnecke™
Konnecke™
Konnecke™
Konnecke®
Konnecke®
(79)

(79, 101)
(79)

(82)

82}

(82)

©82)



AULTPLE LIgEAR PEGRESSION COPPELATIO.IS

Figures 7.1 to 7.13

Case Description Figure no,
do. for correlation

Seation 1.
(Series 24, 2B, 2C, 2D)

PROL 01 1st Stage Coalsscence 7.1
POL 02 2nd Stage Coalescence 7.2
POL 03 3rd Stage Coalescence 7.3
PROL O4 4th Stage Coalescence 7 M
P.OL 05 1st and 2nd Stage Coalescence 75
P:QOL 3rd and 4th Stage Coalescence 76
P4OL ist,2nd,3rd and 4th Stage Coalescence 7.7

Section 2.

POL 21 Two Component Systems for L = O cms. 745
POL 22 Two Corponent Systems for L> 0 cms, 79
Section 3.
P:OL 31 Three Component Systems for L = 0 cms. 7.10
(present work only,for Series 23,2C,2D)
P0L 32 Three Component Systems for L> 0 cms. 7,11

Section k.

PROL 41 P0L 21 and P.OL 31 for L

= 0 cms. 7.12
POL 42 P20L 22 and PROL 32 for L > 0

cms, 7.13

** JO0TH Except for Section 1 Correlations,ard unless specified
otherwise,each of the correlations includes all of the
relevant referenced data,
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Fig. 7.1 Correlation of mean rest-time (tm) with
physical variables
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CHAPTER 8
SCHLIE+=V PHOTCG-APHIC STIDY OF

COALESCENCE

The aim of the photozraphic study was to observe the penetration
of the fluid of the drop into the bulk aqueous phase,

A schlieren apparatus was readily available and this provades a
convenient method of flow visualisation when density gradients exist in the
flowing fluid, In the case under consideration,this was achieved by adding
a small quantity of CuCl, to the droplet Fluid.

8.1 5chlieren Method and Apparatus

The method of flow visualisation using schlieren techniques has been
described in detail elsewhere (96) and can be summarised as follows:

The basis of thepbchlieren method 1s the deviation of some rays
of light due to changes in the refractive index. This is because the
velocity of light is related to the refractive index,e.g. in the case of a
2ast .

c = ( % ) ©

where, ¢ = velocity of light, c* = veloeity of light in vacuo,and
n = vefractive index. If in the workinz section there is a gradient of
refractive index (caused by density gradients) normal to the light rays,
the light rays will be deflected because the light travels more slowly
where the refractive index is larger.

The apparatus is illustrated in Fig. 3.1. Here the light source L,
a 250W mercury vapour lamp,is focussed by a condenser lens C,on the slit S
{the slit gap was 0.065 cms}. The heat filter ¥,is inserted as shown to
protect the lens C. A plane mirror Py is used to 'fold' the light beam to
obtain the experimentally more convenient Z-layout. The second plane mirror
P5 is used to 'fold' the beam from M, for focussing at the camera. Ml ard

M2 are concave mirrors,the latter one produces an image of the source in




L LA I R A e

L ¢ between F ard C)

Working Section

Figure 8.1 Sketch showing the srrangement of the Schlieren Appars¥us
(Undisturbed rays shown full,disturbed lines shown broken)
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its focal plane K. Beyond K,a focussing lens J is used to give an imase
of the object in the working section,on the photegraphic plate Q. 3ince
the light 1s parallel between Ml and Mz,the light from sach point in the
X - ¥ plane may be considered to give an individuwal image of the source in
the foecal plane of Mz. If there is no gradient of refractive index (or if
the gradient is uniform) over the Wworking section,the indavidual images of
the source will coincide, However,when the gradient in a small area differs
from that in the rest of the field,the angular deflection € will cause the
covresponding image in the focal plane K to be moved approxiamtely by an
amount fp € ,whers f, is the focal length of M,. Irrespective of its
direction,all light from a point in the object is brought to a focus at
the corresponding point on thephotographic plate. The image on the
photographic plate is accordingly not displaced by the deflection of the rays
produced by the refractive index gradients in the object.

To detect the displacement of the image of the source,the Toepler
method 1s used (see ref, 96). 4 knife edge is placed at the focal plane K.
The edge is adjusted so that in the absence of the optical disturbance,a
fraction of the light from the i1mage of the source (the fraction is normally
set at 0.5) is cut-off from the focussing leas L,and the illumination is
uniformly reduced. If,when the optical disturbance is introduced part of
the 1mage of the source is displaced,the illumination of the corresponding
part of the image on the photographic plate Q,will decrease or increase by
an amount proportional to Giyfz,according to whether the deflection is
towards or away from the opaque side of the knife edge. Displacement of
the image of the source parallel to the knife edge produces no effect at Q,
and the edge must then be set perpendicular to the direction in which the
density gradients are to be observed.

The photographic and schlieren apparatus was mounted on optical




190

beoches vhich were supported on adjustable colums.

B. woalescence Joll

fne ecoalescence cell,which 15 11lustrated in fic, 8.2,15 maia Fron
standard 3% Q.v.r, pipe. [he horizontal viewing section is fitted at each
end with 3" plane lass uvlndous(gchlieven quality). 'hese are mounted 31 2 spee-
1al flan_e arraaszerment ard an oxploded view of this as shown in ri7. 3.2,
‘this mothod of mounting the windows should considerably reduce the possability
of the setting up of tangeatial stresses, 4 standard Q.V.. dip-pipe, !,1s
fitted to the vertical section of the class-tee, Its purpose is to raiatain
an wnterface at the viecwin: level and accordingly,the end was sround {lat an!
square, lo permit the anterface to be cleaned,the side of the slass-tee is |
fitted wath an overflow pipe,C. .11 liquid coutact surfaces were ~lass,
PIes and stainless steel (18/8/3 quality).

he coalescence cell was mounted independentlv of the schlieren
apparatus on a rizid {rame. In Photograph 8.P,1 the apparatus is shoun
fully assembled and the lay-out 1s given in Fig. 3.3,

8.3 Sxperaimental

fhe schlicren image of the fluid motion at the interface was rewnried
uith a .wolex cine carera,

notocraniiic informaition

sanera ~ Paillhard 3olex,.eflex,15 mn cine.

lens ~ soyer-Cptik, f%4,5/300 mm, (Special adaptor used)
s1lm ~ aodak fPlus !

#11m specd - 6 fps.

'1lm Exposure - 1/2156 second. Full aperture and neutral

density filter,
1aterials and Preparation

The bulk liquid components were prepared in the ranner previously
describel in Chapter 4, [he droplat phase material contained 3uC12 (/imalaw
CGrade) anl a solution vas prepa=ed with double-dastilled water usin~ 1 2m,

of Ju)lz/lltre of water. Jdoth ligquid phases were mutwally saturated and
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Coaleascence Csll (schematic)
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Figure 8.2 Coaleacence Cell for Schlieren Photography
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Figure 8,3 Layout for Schlieren Photography
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stored 1n slass recciveers, ‘The coalescence cell,associated 7lass.uare,1 '3
4rd stailiiess steel nartc gere thoroa~hly cleaned 2n the rawcer ceszribned
i1 Jhapter i,

fhe corplate apparatus iras housed 1a a special dark roon which -as
aintained at a coastant temperature of anproximately 25°C for the daration
01" theexperimeats. JSince the bulk liquid components were kept in this room
a peeiod of equilibration prior to actual experiments was not requarei,
I'rocedurc

he eecalesceace cell, 3,18 failled wath aqueous phase via the Jdip-
oipe .4 until the optieal uinlous are completely submerged, & quantity of
light phase liguid 1s then poured gently on top of the aqueous phase until
a level cxaists an the dip-pipe, Oroplet formation is by means of a glass
capillary,Cl,connccted with PLSE tubin~ to the micrometer syrinse ... the
Jdroplet injectioalane,l. to C,1s completely filled with droplet phase liguid
Trom the reservoir prior to iansertion of the glass capillary into the dio.
pilpe. when the glass capillary 15 louvered inte position in the Jip-tube its
veirtical alicament,as uell as that of the coalescence cell,is checked vith
2 plurb-line. To form drops 1n the coalescence cell the three way tap, [,
is moved to the open posibtinn (i to C) and the micrometer syringe adjusted,
6 nurber of trial drops are allowed to fall to the iaterfzce prior to an
aclual run so that the koife edgo can be adjusted to its optimum position.
The {inal adjustment 1s i1n practice found to be a compronise between the
uniformity of stresa z1llumination and the contrast of the schlieren i1ma-e.
Onl> the schlieren beam 1s used to i1lluminate the interface,all the other
lichts in the room bein~s switched-off, 4 drop is formed by slowly turning the
merorecter whilst simultaneously observan~ the calm interface throush the
camcra, «Jithout the aid of an assistant it 25 necessary to aanticipate the
arcival of the drop at the interface,althoush prior calibration of the

micrometer syeinge is a wseful guide, Filming was continued until the

Tluid of the coalescsd drop uas well clear of the bulk interflace.
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Bl _esults

lhe coaleszence of a water drop at a plans 1iterface was
investirated 1n the two systems heptane-water (s7ystem a) and 0.5 cecanroic
acid-heptanc-water (system ). A ranze ol fall hei:nt and drop size were studie:d,
1t was observed that unless the drop was formed close to the interface the
molion of drop fluad in the lowererbulk aqueous phase was very irrve-ular,
lfhercfore the resulis pressated in this section are mainly restricted to
those cases where the interfacze disturbance caused by the impact of the drop
was small,

fhe sequences presented in fhotonsraphs 8.P.2 and 8.P,3 show the
penetration of the droplet fluid into the homophase,immediately after
coalescence, The cases considered are:

rhotograph 8.r.2: A water drop,0.5995 cm, diameter,coalescin;: at

the heptane-water interface,l =0 em,

Fhotograph 8.F.3 a water drop,0.445 cm, diameter,coalescing at

the 0.5M decanoic acid-heptane.water interface,
L =0 cm,

The exteant of penetration of the droplet fluid into the homnphase
1s ,1ven in ."u-s. 3.4 and 8.5 for systems 4 and C,reSpectively.' It is secn
that the rate of penetration of the droplet fluid passes throush a maximum
at a position whach 15 close to the level of the bulk interface. This accurs
at approximatelv 0.425 em. and 0.2 ¢m. in the systems A and ¢,respectavelv,
The curve for the 0,299 ecm, drop an far, 8.5 at L = 2,5 em, 1s seen to be lower
than the correspondin, curve for L = 0 em,

#s5 the droplet fluid pro.resses downwards throuch its homophase
1t eventually develops into a torroidal vertex. T[he trail which as left
behind the vortex obscures the visu of the later stares of coalescence,
Fhotor raph 8.P.4 shows the vortex formation resultins from four stazes of
coalescence of a 0.414 cm, drop in system A, lhe fourth stare is almost
completely obscured by the vortex trail of the previous stage.

3,5 interpretation and Liscussion of rlesults

Phe main area of interest in Photozraphs 8,P.2 (frames 1 to 8)




PHOTUS uFf 8.P.2
fenetration of Oroplet Fluid into Sulk aqueous Phase
System: Heptane-liater

3-1 - 005995 CIe L=0 Cllle






PIOTO r.aPAd

8.P-3

renetration of Jroplet “luid intn dulk Jgueous Phase

System: 0.5k Uecanoie acid-lieptane- ‘ater

a4 = 0.4450 ems L

= O cm,










PAOTOGRAPH 8.P.4
Jjortex <ormation for rfour Stages of Coalescence
System: Heptane-water

a, = 04140 emy, L =0 cm.
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and 8.P.3 {(frames 1 to 10) is concermed wath the first few frames irmeiiatels
after rupture of the phase-2 film has taken place, It is nnticed that frarmes
1 to # in both photo«raphs are practically rdentical in terms of sequence of
events. Chese frames can be explained 1rith reference to the hizh speerd
photosraphic work of Charles and vason (16) and Lawson (82) as follows:

frame 1: The drop is restinz at the interface and the phase-2 film is on the
point ol rupture.

srame 2: tupture of the phase-2 [ilm has taken place between frames 1 and ?
{time interval = 1/64 sccond). the liquad column formed from the drop 1s
draining throush the interface into the bulk phase (phase-1),

prame 3: Instability has occurred and separation of the secondary drop has,
or 15 about to take place.

fpame 4: The drop fluid minus the volume of fluid contained in the secondary
drop has now drained completely throughthe anterface. As the drop fluid
expands into the homovhase the bulk interface returns to its equilibrium
level. [he latter process is complete at frame 6 1a 8,P,3 and at frame 7

1n 8.08.2.

charles and rason (15) state that the hole in the phase-Z2 filn
expands very rapidly at speads up to 300 cm./sec. Therefore this event takes
place 1n an extremely short time,of the order of 1/1000 second for the size
of drops considered in this work.

The time period between the initial rupture of the phase-Z film
and the final separation of the secondary drop 15 less than the pariod
vetueen frames 1 and 3,1.e. less than 0,0312 seconds. Charles and lason (16)
and Lawson (82) who studied the coalescence of a larece water drop at the
beanzene-water interface,photosraphically,found this period to be 0.030 and
0.0275 seconds,respectivaly.

It 1s interestinz to note the presence of a 'lirht patch' at the ome
of the interfacc depression in .'rame 1, bheference to the tables on "Jrop

Shape characterastics" in iAppendix & shows that for the respective cases:
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oystem a x h
1 c cap.
CIt,. Clhle Cla
Fhotograph 8.P.2 deptans-uvater 0.5995 0.4280 0.0475
Photamraph 8.£.3 0.5 Jecanoic Aeid 0.4450 00,3434 0,052

~tleptane-dater

The dimensions 2Xq,the waximum horizontal wadth of the phase-2 film,and hcap.'
the heishi of the phase-2 film,asree closely with those of the 'lieht patch!
in frame 1. 1t ais concluded therefore that this 'laght patch' represeats
the extent ol the phase-2 film,

the iaterpretation of the penetration characteristies of the droplet
fluid alter coalescence is best achieved by referrineg to the velocity profiles
siven 1n f1:8, 3,6 (4 and B) and 8.7 (4 and B). They serve to give some
1dea of the way inwhich the liquid column drains throughthe interface. In
#i¢, 8.6 for the heptane-water system,the first profile {(corresponding to
frame 2 position) shows that the column drainage is greatest at the raicht-
hani side of the film, [his sugrests that the initial rupture point nccurred
at the edse of the phase-2 film, Profiles 2 and 3 indicate that there is
some, 0scillatory motion set up an the liquid column. This 1s due to the
unequal drainace of the liquid column caused by localised ruptire of the
phase-2 film, lhe oscillatory motion is superceded,and in profile 4,drainace
from the centre of the colum 1s sreatly increased up to a maximum of 12,2
cm. /sec. & sumilar process to that deseribed above pertains in the 0.5
decanoic acad system,

The lower position of the curve at L = 2,5 cm, relative to that at
L =0cm 2n #1m. 8.5 is due to the way in which the drop fluid is dispersed
in the bulk phase., This is bescause the dasturbed motion of the interface

caused by the impact of the drop considerably influences the way inwhich the

liguad column drains through the interface.
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CHAPTER 9

WAVE DISTU.RANCES AT THE INTEIFACE

Introduction

When a drop rests on a plane interface,1t is separated from the
anterface by a film of phase-2 fluid. The upper surface of the film is
inherently unstable in the presence of long wavelength disturbances,and
provided the film thickness is less than a certain critical value,this will
lead to rupture of the film,

The results of the investigation of coalescence of a single drop
presented in Chapter 5,show that for a single size of drop in a given
system,there is a dastribution of coalescence rest-times., Previous workers
in the field have also reported this behaviour for both purified and
contaminated systems. It 1s important to realise,that when a drop is
introduced into a system for the purpose of measuring its rest-time,a
disturbance 1s also generated at the interface. This is especially so for
large drops (i.e. greater than about 0.15 cm. diameter). The effect of
increasing the fall height of the drop (up to a point where the terminal
velocity is reached) is to increase the size of the disturbance at the
interface. It was shown in Chapter 5,that increasing the fall height
caused the coalescence resi-time to increase at all stages of coalescence.
Lawson (82) has suggested that the fall height effect 1s essentially an
equipnent calibration factor. This is true in part,since a wave disturbance
produced at the interface in this way will obviously be subject to the wall
effect of the apparatus,

Practically all analyses to date have been based on idealised film
drainage models. It is important therefore to examine the way in which
disturbances at the interface can ainfluence the coalescence process,and
specifically,the drainage of the phase~2 film,

9.1 Impact of a Drop at the Interface

As part of the photographic investigation of the coalescence process,

which 1s described in detail in Chapter 8,the profiles of the interface after

]
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the impact of the drop and prior to coalescence,were determined (see
Photograph 9.P.1). These were obtained by tracing the magnified image
projected from the cine film (magnification 8,91X). The time interval
between each frame 1s 1/64 second. Profiles for a range of drop size and
fall height are presented in figs. 9.1 to 9.13. In figs. 9.1,9.2,9.4,9.5,
9.6 and 9,11 a number of frames have been omitted from the sequences and
this 15 indicated by a broken line. The sequence below the broken line
describes the shape of the interface immediately prior to coalescence,
for the purpose of analysis,the interface profiles may be treated as two-
dimensional waves but in reality the disturbance is a three dimensional
radial progressive wave,

The profiles presented in Figs. 9.1 to 9.13 can be divided into

two groups:

(1) In this group,the interface deformation is mainly due to
the weight of the drop, This is covered by the cases where the
fall height of the drop is very small,i.e, L = 0 cm.,Figs.
9.1,9.2,9.6 and 9.10.

(11) Here the interface deformation is much greater than in (1).
This 1s decribed by those cases for which L7>0 cm,,i.e, at
L =2.5,5.0,8.5 ard 13.5 cm.
For both groups (i) and (ii) the following sequence of events is
observed to occur when the drop falls onto the interface;Fig, 9.2 will serve
as an example:

(a) The impact of 2 0.5995 cm. water drop causes the heptane-

water interface to deform,

(b)  The disturbance continues to grow in amplitude until 1t
reaches a maximum about 4/64 second after impact. At this
point,the amplitude of the wave is approximately 0.25 cm.

(¢c) The wave then decays rapidly (in approximately 5/64 second)

spreading outwards over the surface of the interface.




PHOTOGAAPH G,P.1

Impact of a Water Drop at the 0.5M Decanoic Acid-Heptane
-Water Interface

aq = 0,4450 cms L =0 cm,
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(d) After many frames have elapsed (equivalent to approxiamely
1 second) the interface is observed to be st1ll in a2 disturbed
condition. The disturbance,although not symmetrical due to
the presence of the drop,is of long wave length compared to
the size of the drop.

The discussion in this Chapter is concerned with those wave
disturbances which can exist at the interface for periods long enough to
influence the drainage of the phase-2 film, As we have just seen from the
example above,the wave disturbance may sti1ll be present at the interface
when the drop coalesces. Infact,it is present at the interface afler
coalescence of the primary drop.

It is interesting to note that in the exampleswhere L = 0 cm.,e.g.
Fig.9.1,there is a lack of symmetry in the lower sequences. This condition
was checked by comparingwith profiles obtained under exactly the same
conditions and at the same time. The same lack of .symmetry was recorded.
Since these were not attributable to tracing errors it must be concluded
that the non-uniformity of the interface represents a wave disturbance.

The amplitude of the disturbance for these cases is quite small in comparison
to the size of the drop. It may,however,be extremely significant in
comparison to the thickness of thefiraining phase-2 film.

Another interesting observation is revealed in Figs. 9.10 and
9.11 which may be important. In both cases,the drop-interface profile has
moved slightly to the left in the lower sequence. The logical explanation
for this occurrence would seem to be the existence of a wave disturbance.

The observations of the interface profiles suggest that the wave
disturbance caused by the impact of the drop can exist for relatively long
periods. It may still be present at the coalescence of thes primary drop or
even later stages of coalescence., To investipgate this aspect more closely,

the damping of wave disturbances is considered in the following section,
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9,2 Damping of a Wave Disturbance

The method of computing the rate of viscous damping of surface
waves was originally developed by Stokes (77). This method involves the
assumptions that the flow be irrotational and that the velocity be very small
at points distant from the interface. It produces results which are very
similar to those which are obtained by solving the Navier-Stokes equations,
even though the assumptions stated above are partially violated.

The method consists of equating the average rate of dissipatioen of
energy, Ew,due to viscous effects,to the rate of change of energy contained
in the progressive surface waves (78).

The damping of the waves is conveniently characterised by the

damping factor,defined as:

T = (9.2.1)

ﬁllsw"

In the course of time,the energy of the wave decreases according to the laws

;:w = constant (e)“z.‘(:t (9.2.2)

Since the energy is proportional to the square of the amplitude,the latter

. =Tt
decreases with time as e slece

D( = O(O e-’tt (9.2.3)

Using the equations for éw and E,,derived by Landau and Liftshitz (78) the

damping factor is found to be:

C = 2Vk2 (9.2.4)

where:
vV /%1—3—%1 a pseudo kinematic viscosity
2 + 1 (n.b. if the film is sufficiently thin,

2 the disturbance can exist in both
1L) /e wave number interfaces of the
frequency of wave.

~
n

£ilm)

O
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T - 2| M1+ Mo (9.2.5)
Qﬁ + Q{z gz

This is the sams result as obtained by Bankoff (6). Koussakov (75) computed

the viscous damping factor by means of the Navier-Stokes equations and found

for low viscosities:

T = 2k2§ (e__1j¢1 + Q‘_zr/"zl (9.2.6)
(gel + Qz)((i +(2)

wheref = (Q 1/"2/Q 2/"1)%. If the wviscosities of the two phases are small,
Koussakov's result is very similar to that of Eqn. (9.2.5)., On the basis of
this comparison,the approximate method would appear to be satisfactory,
provided the viscosities are low.

9.3 Decay of the Wave Energy

The surface disturbance created by a large drop falling onto a
guiescent interface is gradually damped out by viscosity. Eqn. (9.2.5)
indicates that at some zero time,which is a short time after the impact of

the drop,the wave energy is equal to E,. If the wave energy decays to 50

of this value in tlme,t%,then by Eqn. (9.2.2):

27T

In a similar manner, t0.99,the time for the wave energy to decay to 1» of its

original value,i.e. 0.01 Ew ,is given by the expression:

to.gg = 0465 t% (9.3.2)
The value of the damping factor.q:.may be fourd from Eqn. (9.2.4),
and t% can be calculated from Eqn. (9.3.1). In Fig. 9.14,t, is plotted

against the frequency,ﬂ).for a wide range of values of the kinematic viscosity,
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)) . The curve for the heptane-water system is indicated at a value of
Y = 0.00843 cm.*/sec.

It was not possible to estimate values of the wave amplatude,or the
frequencies,from tigs, 9.1 to 9.13. Equ. (9.2.3) is used to estimate the
amplitude of the disturbance at the heptane-water interface,t ; secornds
after the impact of the drop. tml,is the mean coalescence time for the size

of drop,where:

0.5995 cm, (as for Fig. 9.1)

3.1 =
tml p—d ?.1 SeCS.

, , Ay b
T =7 (1,655 x 107

It is assumed that the initial amplitude of the disturbance isb(.o = 0,2 cm,

Using Eqne (9.2.3) 1t is found that for:
w

W

10 cop.s. , o= 6.15 x 10'6 cm,

1 cepes. , OL = 0.2 cn.

Discussion

The experimentally determined profiles given in rigs. 9.1 to 9.13
indicate that the interface is still in a disturbed condition for some time
after the impact of the drop. This is true for all the cases investirated,
at both high and low values of L. The curves for t% vs. W spPresented in
Fig. 9.14 reveal that the half-life decay time of the wave can be large for
low viscosity systems (i.e.)):E; 0.01 cm.z/Sec.). In the case of the systems
studied in this work,it is possible for t% to be greater than the measured
coalescence rest-time,and even greater than the overall rest-timef@i

Knowing that the wave disturbance can continue to exist at the
interface for long periods of time,the question 1s asked,"How does it
influence the coalescence process " The work of lang (78) has already shown
that the upper surface of the phase-2 film is inherently unstable to long
wave length disturbances and so the film may rupture in this way. Before
rupture of the phase-2 film can occur though,it must thin down to a certain

critical thickness,or below. The experimental evidence on film thickness is
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small but the work of MacKay and Mason (88) has shown that in liguid-liquad
systemns the film thickness in the region of rupture may be less than 500 i.

The rate of attenuation of the wave disturbance is determined
mainly by the value of the damping factor (see Eqn. (9.2.3)). If the
amplitude of the wave disturbance is comparable,or greater than the thickness
of the draining film,then it is reasonable to suggest that the wave motion will
influence the drainage process of the film. The precise manner inwhich the
wave motion interferes with the film is complex. This is because of
interaction between wave fronts due to rebound at the walls of the apparatus.
A common observation supporting this behaviour is that the drop is often
observed to meander slightly whilst resting at the flat interface.

In summary,it is concluded that wave motion at the interface will
have a significant effect on the rate of drainage of the phase-2 film,
for at least the visible stages of cocalescence., This would appear,in part,

to be a logical explanation for the existence of the residence time

distribution observed in single drop coalescence studies.




pd
Frame 2
Frame 3
Frame 4
Frame 5
Frame 6 Frame 7

Panultimate Frams bafore Coalescence

\/

System: Heptane-Water

a3 = 0,5995 cms,

Fig. 9.1 Drop-Interface Profiles
(A1l Profiles One Frame Apart unless indicated otherwise)

{ 1 Frams Difference = 0.0156 secs.)

L =20 ens,

602



o Frame 1

M;m 11

[~ Frams 10 /

Psnultimate Frame befors Coalescence

\/”\’/—/

System: Heptane-Water ay = 0,5995ems, L = 2,5 cms,
Fig. 9.2 Drop-Interface Profiles

(A1l Profiles One Frams Apart unless indicated otherwise)
( 1 Frame Difference = 00,0155 secs !

o1¢



System: Heptane-Water ay = 0.5995 emss L = 5.0 cms,
Fig. 9.3 Drop-Interface Profiles
(A1l Profiles One Frame Apart Unless Indicated Otherwise)

{1 Frame Difference » 0.0155 secs. !



V
Frame 9 Frn.m\a 10

\ﬁutmu Frame Prior to Coalescence

Al

System: Heptane-Water ay = 0.5995 ems, L = 5,0 cms,
Fig. 9.4 Drop-Interface Profiles

(A1l Prefiles One Frame Apart Unless Indicatkbd Otherwiss)

( 1 Frame Difference = 7.0156 sas3.)




/
b \_/
Frame 9 ]

T

Penultimate Frame Prior to

\

Coalescence

v

System: Heptane-Water
Fig. 9.5 Drop-Interface Prcfiles

(A1) Profilss One Frame Apart Unless Indicated Otherwise)
( 1 Frame Difference e 0.0156 secs.)

8y = 0,4140 ems, L = O cms,

£1¢




Frame 7

Frame 8

V
V
Penultimate Frame Prior to Coalescence
System 0.5M Decanoic Acid-Heptane/Water 8y = 0.2990 cms. L = O cms,

Fig. 9.6 Drop-Interface Profiles

( A11 Profiles One Frams Apart Unless Iniicated Ptherwise )
( 1 Freme Difference = 0.015f secg,)

e



Frame 9

vy
Frams 10 [—
~S~—
-
Frame 12
V
= L] - L = .0 L ]
System 0.5M Decanoic Acid-Heptans/Water ?1 = 0.29%0 cms 940 cms

Fig. 9.7 Drop-Interface Profiles

( All Profiles One Frame Apart Unless Indicated Otherwise Indicated )

( 1 Frame Difference = 0.0156 sans,’




Srame 1\

(1)

4

rrame -

(2)

To—

frame %
—\_ j
Frame 7 e
(1} a1 = 0,2990 ems, L = 13,5 cms, System:0.5M (2} 89 = 0,2770 cms. L = 13.5 cme. System O,5M

Decanolc Acid-Heptane/Water

Fig. 9+8 (1) Drop-Interface Profiles

4175
.

refiles Lne crame apart
Tpar o

N ffapane = ),015% snns,

mlass Utherwis:e

Decancic Acid-Heptane/Water

Fig. 9.9 (2) Drop-Interface Profiles

- aafal\

91¢



Jram? 1

srame 6

W

-\ - I
rrame 9

—*-aﬁh__‘_____’ﬂ,———""—

\/

\_/

feryltamate frame rrior to Coalessnce

System: 0,5M Decanoic Acid-Heptane/Water 81 = 0.4450 cms, L = O cms,

Fig. 9,10 Diop-Interface Profiles
{#11 Profiles Ore Yrame Apart unless Indicated Otherwise)

V1 frame )1¢ference = 0,0156 sees, |

412




rrame 1

Frame 8

H12

trame bFrior to

reraltimate
—-“‘\\\‘\\\-__- __’///,,f"——— Joalescence
Systems 0.5M Decanoic Acid-Heptane/Water 2y = 0.4450 ems. L = 2.5 cms,

Fig.9.,11 Drop=Interface Profiles
VAll Profiles Or= vpame dpart mless ~31icate] Ctharwiss)

1 [ e )lf‘f‘—;rpn-; - ’_)‘ﬂilfw' TN 4,




‘rame |

Frame 4

frame
%—-—m‘ 9\

rrame 11

- g

Frame 12

\/

System: 0.5M Decanoic Acid-Heptane/Water 24
Fig.9.12 Drop-Interface Profiles
(A1l Profiles Une Srame apart Unless [ndicated Otherwise)

L tramg yifinpar~n = 0.0155 sees.)

P

0.4450 ems, L = 5,0 cnms,

01?2




srame 11

System: 0.5M Decanoic Acid-Heptane/Water a1 = 0,4450 cms,
Fig.9.13 Drop-Interface Profiles

=
>

tAll . r5filas s pare dpart  nless Indzcated { frerwise’
4 g,
L > -

. .
par 3 Flawma, 3 - "(f}l"ﬂ:r“

L = 13.5 cms.




10°

10

‘0'3
g
B
(&)
©
0
oy
e
\
.10
|
el
!10

Heptane-
water

] | i

15 20 25 30 35

Frequa=cy of Oscillation of 3Bulk Interface - c.p.s.

Fig. 9.14 Half life decay time (t4) for gravity waves

2t an interface

40 60

122




222

CHAPTER 10

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

10.1 Conclusions

This study consists of a theoretical and experimental investigation

of the coalescence of single droplets at a plane liquid-liquid interface.

The conclusions which may be drawn from this work are as follows:

1.

The values of £, t_, t1 2and t increased with increasing
m 5 max
size of drop. This trend was observed for all stages of

coalescence.

For the heptane-water system,there is a linear relation
between the mean rest-time and size of drop at all stages

of coalescence.

There 1s a specific relationship between the mean rest-
time and size of drop for a given stage in the coalescence

pProcess.

The rest-time distributions,for all stages of coalescence,
1n both two and three-component systems can be correlated by

the following equations:

n4
~k{t - to)

and mI - et

The value of ny and n, in these equations increases with

the stage of coalescence. However,the usefulness of the

second equation,in the case of later stages of coalescence,
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h.
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is limted because n, has high values.

2

An approxamately linear relation is exhibited by the
standard deviations between adjacent coalescence stage rest-

time distributions.

The coalescence rest-time increased with increase in fall
height of the primary drop. This increase occurred at all

stages of coalescence in the heptane-water system.

The standard deviation of coalescence rest-time distributions
is markedly reduced by increasing the fall height of the

primary drop. This was observed for all stages of coalescence.

The droplet size of second and third stages of coalescence
are dependent on the distance of fall of the primary drop
on to the interface. However,there is not a simple relation
between these variables. In the heptane-water case,the drop
size 1ncreased whereas in the 0,5M decanoic acid/heptane-

water case,it decreased.

There 1s a linear relation between the drop diameter ratio
rl,and the size of primary dreop for the systems A and C.
Thus,thers 15 a linear relation between the size of drop
before coalescence and the size of drop produced by

coalescence,

The value of ry is approximately 0.5,independent of the

system.

An expression for the rate of thinning of the continuous
phase film has been developed. The model on which it is
based i1s shown to lie somewhere between the parallel-plates

model and the spherical-planar model. Comparison of predicted
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drainage times with experimental coalescence rest-times
suggests that a satisfactory agreement wall be obtained

for small drops (less than 0.01 cm. diameter),

A correlation between the mean rest-time tm,and the
physical variables a,Ae ,/L(,z, h’ and L has been

developed.

The phenomenon of "double drop" coalescence (i.e. the
formation of a satellite drop with the secondary) only
occurs when the values of the interfacial tension and the

size of the primary drop are sufficiently large.

Disturbances of long wavelength and small amplitude can
exist at the interface for appreciable periods. These

time periods can be comparable to the coalescence rest-
time,or much longer. The rest.time distribution may thus,
be partly explained,on the basis of the effect of long
wavelength disturbances on the rate drainage of the phase-2

falm.
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10.2 Suggestions for Further Study

1.

The theoretical prediction of the rate of film dratnacze
should be developed further,particularly foir the case of
Jarpge drops. A complication which will have to be allowed
for is the effect of interface movement., The scope of
this type of investigataion would be greatly enhanced by
undertaking a numerical solution of the full Havier-Stokes
equations, This could be suitably accomplished by the
recently developed Marker and Cell technique (MAC) (132),

using a powerful high speed computer.

In view of the difficulties which have been experienced
with experimental single drop studies,it i1s essential that
the approach be simplified as much as possible. The main
effort should be concentrated on the single drep situation
rather than stwlying large numbers of Arops. Experiments
should be devised so that the rest-time,film thickness and
rate of film drainagze can be measured simultaneously.

It is amportant that the experiments be tied in closely
with a suitable theoretical treatment,e.g. as in 1.

There will continue to be sorme need for carrying out further
rast-time dastribution studies,particularly for comparing
effects in different systems, However,manual recording of
single drop rest-tames is notoriously slow and is a serious

drawback to experimentation.




226

APPENDIX




System

Heptene/Water

0.05M Decanoie Acid-
Heptaene/Water
0.5M Decanoiec Acid-
Heptane/Water
1.CM Decanoic Acid-

Heptane/Water

PHYSICAL PROPERTIES OF SOLUTIONS AT 25%

APPENDIX 1

Phase

=N N

N

Density

g:n.cm."3

0.9968
0,6810
0.9935
0.6833
0.9952
0.7003
0.9964
0.7232

Viscosity

CaPe

0,9270
0.4158
0,9241
0.4257
0.9286
0.5194
0.8962
0.6406

Interfaciel

Tenslon
-1
dynes cm
50,75
32.41

22454,

18.62

ze



APPENDIX 2
TABLES OF N/N, AGAINST ¢

N = Number of drops which have not coalesced in time %
Ny = Total Number of drops assessed
t = cotlescence time, seconds

The fraction H/No corresponds to a range of t up to the value of
t given, e.g. in Series A1/1(4), N/N, = 0.9200 corresponds to
0 <t-<2 and NN, = 0,7600 corresponds to 2 t <4, ete. The
actual minimum and maximum values of t are given in Appendix 3.

In Series Al/1 the sample count (N, = 150)is split into
two parts to provide two distributions, namely; A1/1(1) which refers to
the first part of the count (N, = 75) and A1/1(11) which refers to the

second part of the count (N, = 75). This also applles to the Seriles
AY/2, 41/3, A1/5 and A1/6.

Contents
Study System
Series A(Al, A2 and A3) Heptane-water
Series B(Bl and B2) 0.05M Decanoic acid-
heptane/water
Series C(Cl, C2 and C3) 0.5M Decanoic acid=
heptane/water
Series D{D1 and D2) 1.0M Decanole acid-

heptane/water
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Series A1/1({1)

ty NN t, N/X, tq N/N, t, N/N,
2 0.9200 1 0,.9734 1.4  0.9867 0.2 0,8534 .
4 0.7600 2 0,9468 1.5 0,9601 0.4 0.5734 |
6 0,693 3 0,9202 1.6 0,9201 0.5 0.2134
8 0.5734 40,8002 1.7 0.8669 0.6 0.0401
10 0.3868 5 0.6802 1.8 0,7069 0.7 0,0135
12 0.2535 6 0.5202 1.9 0.5603 0.9 0.0002
1 0.1869 7 0.4536 2.0 0,3603

16 0.1069 8  0,3070 2.1 0.1870

20 0.0537 9 0.2404 2.2 0.0537

22 0,0137 10 0,0271 2.3 00,0137

28  0,0004 11  0.0005 2.5 0,000

Series A1/1(41)

ty N/N, to N/N, t3 VN, ty, ¥/N,
40,9316 2 0.9726 1.4 0.9867 0.3 0.9452
6 0.,8358 30,9452 1.7 0.9734 0.4 044932
8 0.,7126 L 0.9178 1.8 0.5068 0.5 0.0960
10 0.5756 5  0,9041 1.9 0.7735 0.6 0,0139
14 0,3155 7 0.6576 2.1

16 0.2334 8 0.3289

18 0.1513 9 0.,1646

20 0,1239 10 0.0276

22 0,1102 11 0.0002

2, 0,0692

28 0,0144

30 0.0007

Series 41/2(1)

ty N/N t, N/N, tg N/Ng ty, W/N
4L 0,893 3 0.9742 1.9 0.9334 0.4  0.6401
6 0,8402 4 0.9483 2,0 0,8401 0.5 0.2801
8 0.,7870 5  0.9224 2.1 0,5868 0.6 0.0135
10  0.6937 6 0.8965 2.2 0,1468 0.8 0.0002
12 0.6004 6.5 0,8576 2.3 0.,0402

14 0.4804 7 0.8317 2.4 0,0002

16 0,3738 7.5 0.7538

18  0.2938 8 0.5980

20  0.2005 8.5 0.4682

22 0. L73 9  0.2734

24 0.,0807 10 0.0397

26 0,067 11 0,0009

30 0,0408

32 00,0142

34 0.0009




230-

Series Al/2(1i)

t N/N, ts N/N, ts /¥, t, NN,
2 0.9595 3 0.9865 1.6 0,9867 0.2 0.9,68
L 0.,6758 4L 0.,9730 1.8 0.9467 0.4 0.6002
6 0.5272 4.5 0,9190 1.9 0,8001 0.5 0.3202
8 0.4191 5 0.8785 2.0 0.,5868 0.6 0.0402
10 0,3651 5.5 0.7975 2,1 0.3868 0,7 ©€.0002
12 0,2706 6 0.7300 2.2 0,0935
1 0,189 6.5 0,6895 2.3 0.0403
16 0.1491 7 0.,6085 2.4  0,0003
18  0,1221 Te5  0.4599
20 0,0816 8 0,3383
22 0,0546 8.5 0,2708
24, 0,0276 9 0.1763
26 00,0141 9.5  0,0547
30 0.0006 0 0,0007
Series 41/3(1)
ty N/N, ty N/No ty M/Nb t, H/Nb
2 0,898 10,9869 0.8 0,9867 0.3 0.9868
4L 0.7238 2 0.9475 1.2 0.9734 0.5 0,9336
6 0.5528 3 0,869 1.6 0,9601 0.6 0,870
8 0,3423 40,8168 2.0 0,9335 0.7 0,7337
10  0.2502 5  0,7387 2.2 0.9202 0.8 0.671
12 0,1845 6 0.6861 2.4 0.8936 0.9 0.2005
1, 0,1582 7  0.6335 2.6 0,8536 1.0  0.0272
16 0,1319 8 0,5678 3.0 0.8004 1.1 0.0006
18 0,1056 9 0.5152 3.2 0.7738
22 0,0793 10  0.4495 344, 0,6672
2, 0,0399 11 0,3969 3.6 0.5472
26 0.0136 12 0.3188 3.8  0.,4139
42  0.0005 13 0.2662 4.0 0,2806
14, 0.,2005 4Le2 0,0673
15 O,L475 bed  0,0273
16 0.0558 Le6  0.,0140
17 0.0164 8.6 0.0007
18 0,0033
Series A1/3(11)
41 VK, ty N/X, ty N/N, ty /N,
50,7468 3 0.9334 2.0 0,901 0.6 0.9730
7.5 00,6002 40,8802 2.2 0.9335 0.7 0.7839
10  0.4536 5  0,8270 2.4 0,9202 0,8 0.6353
12.5 0.3070 6 0.7337 2.6  0.9069 0.9 0.2570
15  0,2670 7 0.6671 2.8 0,8669 1.0 0,1219
17.5 0.2004 g8 0,5871 3,0 0,7369 1.1 0.0409
22.5 0,1738 9 0,5339 3.2 0.6403 1,2  0.,013%
27.5 0.,1338 10 0.4273 344 0.5737 1.3 0.0004
30 0.0938 11 0.3873 3.6 0,4804
32,5 0,0805 12 0.3341 3.8  0.3604
35 0.,0672 13  0,2809 4.0 0.2804
37.5 0.0539 1, 0,2676 4e2 0,1338
40 0.0406 15 0,2410 Lol 00,0405
L2.5 0,0273 16 0.1344 Leb  0,0139
50 0,010 17  0.0678 5.2 0.,0006
62.5 0,0007 18  0,0146
] n MNNYYD
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ts N/N, tq N/X, t, WY,
1 0.9200 20,9200 0.2 0,9867 0.6  0,9867
2 07734 3 0.8134 1.4 0.9734 0.7 0.9067
3 0.6668 L 0.,6934 2.0 0,901 0.8 0.6534
5  0.4269 6  0.5469 2.4  0,9335 1.0 0,1068
6 0.2669 T 0.4803 2.6 0.8935 1.2 0,0268
70,1736 8 0.4271 2.8 0.8535 1.3 0.0135
8 0.1204 9  0.3205 3.0 0.8003 2.1 0.0002
10 0.1071 10 0.1872 3.2 07072
12 0.,0405 11 01472 3., 0.5739
13 0.0139 12 0.1206 3.6 0.3606
15 0.0006 13 0,0806 3.8  0.2273
1, 0.0673 4.0  0,1340
15 0.0273 4e2 0.0274
17  0.0007 L4  0.0008
Series 41/5(1)
tq N/N, ty VN, ty WX, ty NN,
1 0.9734 2 0.9067 0.6 0.9868 0.4  0.9200
3 0.893; 3 0.6401 1.0  0.9602 0.5 0.,8800
L 0,760 4L 0,5601 1.4 0.9C70 0.6 0.5600
5  0.4801 5  0.4668 1.6 0.8538 0.7 0.2800
6 0.3735 6 0.3335 1.8 0,7738 0.8 0.0800
7 0.2669 7  0.2002 2,0 0.6272 0.9 0,0268
8 001869 N 8 0.0802 2-2 0-4672 100 0.0002
9  0.1337 10 0.0270 2.4 0,3072
10 0.0937 11 0.0137 2.6 0.1339
11  0.0804 13 0.0004 2.8 0.0273
12 0.0404 3.0  0.,0007
13 0.0271
1, 0.0138
19  0.0005
Serieg A 11)
ty n/uo t, 74 ty NN, t, N/N,
1 0.,9734 1 0.9734 1.0 0,9867 0.3 0.9867
2  0.8801 2 0.9334 2,0 0.9067 0.4, 0.9734
30,7268 30,9068 2.2  0.8535 0.5 0.9202
L 047336 L 0.7868 2.4, 0.7069 0.6 0.6802
5 0.5336 50,7068 2,6  0,4403 0,7 0.3336
6 0.4403 6 0.6135 2.8 0.1603 0.8 0,1070
7  0.3337 7T 0.4535 3.0 0.0537 0.9 0.0538
8 0.2537 g8 0.2802 3.2 0.0271 1.0 0.0006
9 0.1471 9 0.,1469 3.4 0.0005
10 0.0939 10  0.1069
11  0.0673 11 0.0269
12 0.0407 13 0.0136
16  0.027% 1, 0.0003
17  0.0008
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Seriea A1/6{1)

ty NN, ty VN, tg /X, b, W/
2 0.9734 2 0,900 0.8 0,9867 0.2 0.9867
40,7868 2.5 0.8800 1.0 0,9467 0.3 0.8267
6 0.,6935 3 0.8134 1.1 0.8667 0.4 0.3867
g8  0.4802 3.5  0.5468 1.2 0.8001 0.5 0,093
10  0.3602 40,3202 1.3 0.6135 0.6 0,013
1, 0.1469 5  0,1203 1.5 0.2802
16 0,0937 5.5 0,0803 1.6 0,1202
18  0.0804 6 0.,0403 1.7 0.0670
20 0.0538 6.5 0.0137 1.8 0,0270
22 0,0272 8.5 0,0004 1.9 0,0137
32 0.0139 2.0 0,0004
36 0,0006
Series A1/6(41)
t1 NN,
2  0.9468
L 0.8402
6 0,7336
8 0,5870
10  0.4270
12 0.3604
1, 0.,3338
16 0.2806
18  0.2673
20  0.2407
22 0,2007
2, 0.1741
26 0.1608
28 0.,1208
30 0.0942
34 0.0809
36 0.0676
38  0.0543
40  0.0410
4, 0.0
48 0.0011
Series Al/7
t /¥, t, N/¥, ts N/N, 7 VN,
3 0.9460 1 0.9865 0.7 0.9867 0.2 0.9334
4  0.,9055 20,9595 1.0  0.,9601 0.3 0,7068
6 0.6083 40,7975 1.3  0.9335 0.5 0,0402
7 045408 5  0.689, 1.4 0.8803 0.6 0.0002
8 0.,3922 6 0.5273 1.5 0.8271
10 0.1085 8 0,0680 1.7 0.6271
11 0.0545 9 0,010 1.8 0.3605
12 0.0410 10  0,0005 1.9 0.1605
13 0,0140 2.0 10,1205
14  0.0005 2,1 0,0139
2.2 .0006
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ty N/N, ty LA ts N/N, t V¥,
30,9606 30,9737 0.8 0,9867 0.1 0.9600
40,9212 4L 0,886 1.2 0.9734 0.2 0.6267
50,8160 5  0.8159 1.2 0.9601 0.3 0.2267
6 0.4082 6 0.5923 1.6 0,9468 0. 0,0267
7T 0.2635 7 0.3292 1.7 0.9335 0.5 0,0001
8 0,1320 g8 0.1056 1.8  0.7202
9 0,0926 9 0.0399 1.9 0.,3602
10 0,0269 10 0.0136 2.0 0,1602
19 0,0138 11  0.0005 2.1 0.0269
21 0.,0007 2.2 0.0003
Serieg Bl/1
ty N/N, ty N/N, ts N/N,
7.5 0,9867 3.5 0.9867 1.3  0.9734
10 0.9734 Le5  0.9734 1.4 0,9068
12.5 0.9601 5  0,9468 1.5 0.7735
15 0.9335 6 0,9068 1.6 0.4802
17.5 0.9202 6.5 0.8802 1.7 0.2136
20 0,8802 7 0.8270 1.8 0,0270
22,5 0,7869 7.5  0.7070 1.9 0,0137
25  0.5336 8 0,3470 2.0 0,000,
27.5 0,2803 8.5 0,0937
30 0,1870 9  0.0004
32.5 0,1204
35  0,0271
37.5 0.0005
Serieg Bl/2
t1 N/N, t, N/N, ts N/N,, ty, N/N,
2.5 0.9734 40,9468 1.2 0.9867 0.25 0.8534
5  0.9468 5  0.9068 1.7 0.9734 0.3 0.8134
7.5 0.9335 6 0.7202 1.8  0.8801 0.35 0.4001
12.5 0.7869 8  0.4936 2.0 0.3869 0.45 0.1069
15 0.6803 9 0,2270 2,1  0.1203 0.5 0.0803
17.5 0.5470 10 0.0537 2.2 0,0537 0.55 0,0137
20  0.4404 11 0.0137 2.3 0.0137 0.85 0.0004
22.5  0.2271 13 0.0004 2.5 0,0004
25  0,1471
27.5 0.0671
30 0.0405
32.5 0.0272
37.5 0,0139

50 0,0006
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Serieg Bl{}
ty N/No ty ¥/N, ty N/N, ty NN,
2.5 0,9867 30,9867 1.1 0,9867 0.15 0.9867
5 0.9335 L 0.9734 1.9  0.9734 0.25 0.9335
7.5 0.8935 5  0,9601 2.0 00,9601 0.3 0.9202
10 0,8535 6  0,8001 2.1 0.9468 0.35 0.8269
12.5 0,8402 70,5468 2.2 0,9202 0.2, 0,7869
15  0.,8136 8 0.4135 2.3  0,8,02 0.45 0.4269
17.5  0.7470 9  0,3069 2.4 0,6136 0.5 0.3869
20  0,6804 10  0.2136 2.5 0.4003 0.55 0.0669
22,5 0,547 11  0.1336 2.6 0.2537 0.65 0.0403
25  0.467T1 12 0.0403 2.7  0.1204 0.75 0,0137
27.5 0,3605 13 0,0270 2.8 0,0538
30 0.3073 1, 0,000 2.9 0,0138
32,5 0.2140 3,0  0.0005
35  0.1740
37.5 0,1208
40 0,0942
42.5 0.0542
45 0.0276
50 0.0143
60 0,0010
Serimss B;[é
ty N/No by N/N, ty N/N o % i N/No
2,5 0,9872 8 0,8832 2.2 0.9871 0.35 0.9871
5  0.9744 9  0.7542 2.4 0,9742 0,45 0.9742
7.5 0.9,88 10 0,6633 2,6 0.9613 0.55 0,893
10 0.8208 11 0.598% 2.8 0,896 0.6 0.970/
12.5 ©.8080 12 0.,5205 3.0 0.7406 0.65 0.6886
15  0.7952 13 0.4166 3,2 0.5199 0.7 0.6367
17.5 0.7696 14 0.2348 3., 0,2083 0,75 0.2991
20 0.7568 15  0,0530 3.6 0,104 0.8  0.2472
22.5 0.6927 16 0,0141 3.8 0.0395 0.85 0,1182
25  0.6543 18 0,0012 4.0 0,0006 0.95 0.0403
27.5 0.5646 1.05 0.0014
30 0.4877
32.5 04365
35 0.3853
37.5 0,308

42.5 0.2572
45,0 0.2316
47.5 01547

50 0.1419
52.5 0.1035
55 0.0779
57.5 0.0651

62,5 0.0395
67.5 0.0267
80 0.0139
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Series C1/1
ty NN t, VN, t, N/NO

20,9867 2.2 0,9867 1.0 0.9867
4 0.9601 2.4 0.9734 1.2 0,9335
5 0.9201 2.8 0.9601 1.3 0.8669
6 0.8935 3.0 0.,9069 1.4 0.,5869
7 0.84,03 3.2 0.8003 1.5  0.2669
8 0,8003 3¢4  0.,7070 1.6 0.0536
9 0.7471 3.6 0.4670 1.7 0.0270

10 0.6671 3.8 0.3337 1.8 0,000

11 0.5205 440 0.2137

12 0.4539 4e2  0.1337

13 0.3073 bel  0,0805

1, 0.1473 46 0.0539

15 0.0807 4e8  0.0273

16 0.0141 5.2 0.0140

18 0.0008 5.8  0.0007

Series C1/2
ty NN, t, VN, 2 L2

20,9867 2.8 0.9867 1.4 0.9867
4 0.9601 3.8 0.9734 1.5 0.9201
6 0.8668 4.0  0.9468 1.6 0.8401
8 0.7468 4.2 0.8936 1.7  0.6268

10 0.7335 4ed  0,8003 1.8  0.3202

12 0.6269 4e6  0,7203 1.9 0.1469

1 0.4536 4e8  0.6137 2.0 0.0269

16 0.2270 5.0 0.4804 2.1 0.0009

18 0.0537 5.2 0.3871

20 0,0404 504 042538

22 0,0271

24 0,0005
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Series 0143

ty N/N, ty N/No tg N/No
2 0.9468 3.6 0,9600 1,3 0,900
40,8002 4.0 0,800 1.4  0,8667
6 0.6136 Le2  0,7467 1.5 0.7467
8 0,5203 Led  0,6801 1.6 0.4934
10  0.4270 Le6  0.5868 1.7 0.2934
12 0,280 Le8  0.5468 1.8 0.1334
1,  0.2004 5.0 00,4268 1.9 0,0801
16 0,1338 5.2 0,3735 2,0 0.0135
18  0.0806 5.4, 0.2669 2.1 0,0002

20  0,0406 5.6 0,2136

22 0,0006 5.8 0,1870

6.0 00,1337

6.2 0.,0937

6.4 0,067T1

6.8 0.0405

7.0  0.0272

7.2 00,0139

10.0 0,0006

Series G!{é

ty R/No t, n/uo t3 M/No
20,9460 3.2 0,9867 1.6 0,9865
40,8920 4e2 0,9734 1.7 0.9730
6 0.8515 Lol 0.9468 1.8 0.8785
8 0.7705 Leb 00,9202 2.0 0.7570
10 0,6219 5.2 0.8936 2.1 0.,6760
12 0.5409 5.4 0.7336 2,2 0.5004
1, 0.4329 5,6 00,6803 2.3 0.3654
16 0.3113 6.0 0.6137 24 0,2709
18 0.2033 6.2  0.4804 2.5 0.1629
20 0.0953 6.4 0.4138 2.6 0.068
22 0,0413 6.6 0,3338 2,8  0,0279
2, 0,0278 7.0 0.2938 2.9 0,014
26 0,0008 7.2  0,2805 3.3 0.0009

Tod  0.2272

7.6  0.1606

7.8  0.1473

8.0 0,1340

8.4 0,1074

8.6 0.0808

9.2 0.0542

9.4, 0.0276

2,6 0,0143

1.4 0.0010
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N/N, tg N/No ty ¥/N,

0.9867 2,0  0,9867 0.2 0.9867

0.8801 2.2  0.9334 0.3 0,9601

0.8135 2.4 0.8534 0.5 0,8268

0.7335 2.6  0.7334 0.6 0,6668

0.6669 2.8 0,693 0.7 0.5335

0.5336 3,0 0.5734 0.8 0.2802

0.3736 3.2 0,4801 0.9 0,1469

0.2670 344  0.3868 1.0 0.0269

0.1737 3.6 0,3068 1.1  0.0003
0,0804 3.8  0,2135
0.0404 4eQ 0.,1069
0,0138 Le2 0,0269
0.0005 4L.6 0,0136
4.8 10,0003

N/No ty N/No b, /N,

0.9734 3.0 0.9734 0.7 0.9868

0.853, 3.5 0.8934 0.8 0.9736

0.7734 40,8801 0.9 0.9472

0.6801 4Le5 00,8001 1.0 0.8551

0.5735 5 0.7201 1.1 0.6447

0.3869 5.5 0,6001 1.2 0,5921

0.2669 6.0 0.4135 1.3  0.4079

0.1603 6.5 0.2935 14 0.3027

0.1070 7 0,1602 Te5  0.1449

0.0304 7.5 0.0802 1.6 0,1055

0,0671 8 0.0669 1.7 0,0792

0.0405 9 0,0403 1.8  0.0529

0.0272 1.5 0,0270 2,0 0,0397

0,0139 45.5 0.,0137 2.3 0.0265

0.0006 53,0 0.0004 4.7 0.0133

5,0 0,0001

Series D1/1

t N/N, t, N/No tq N/N,
1 0,9730 2.5 0,9468 1.0 0.9867
2 0,7298 3.0 0.8135 1.1 0.9734
3 0.5271 3.5 0,6135 1.2 0,9068
L 0,3380 4.0 0,4135 1.3 0.8,02
5  0.2029 Le5  0.2669 1. 0.7202
6 0,1219 5.0 00,2269 1.5 0,5469
7  0.0814 5.5 0,1069 1.6 0,3069
8 0,054 6.0 0.0537 1.7 0,169
9 0.0274 6.5 0,0137 1.8  0.0937
10 0,000 12.0 0,000 1.9 0,0271
2.0 0,0138
2.5 0.0005



2.5 00,9334
5.0 0.7468
75 0,5602
10 0.4402
12.5 0.3202
15 0,1602
17.5 0.0936
20 0,0670
22.5 0.0138
25 00,0005
Series D1/3
t1 N/Nb
2.5 0.9730
5 0.9055
7.5 0.7569
10 0.5948
12.5  0.4867
15 0.3651
17.5 0.,2706
20 0.0950
22.5 0.,0410
25 0,0140
27.5 0,0005
Series DI/4
t1 N/No
2.5 0.9343
5.0 0.8636
75 0.7502
10 0.5266
12.5  0.4477
15  0.3293
17.5 0.2504
20 0.1715
25.0 0,0926
27.5 0,0533
30 0.0402
32.5 0.0139
37.5 0,0008
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N/N

0.9867
0.9335
0.8269
0.6936
044536
0,2536
0.1336
0.0536
0.0136
0.0003

WA,

0.9595
049460
0.9325
0.8785
0.8245
0.7030
0.6085
045545
0.3924
0.2168
0.1628
0.1358
0,0548
0.0413
0,0278
0.0143
0.0008

V¥,

0.9869
0.9738
0.9475
0.8686
0.6581
0.4608
0.2372
0.1583
0.0662
0.0399
0,0005
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N/N

0.9334
0.,8802
0.6402
0.44,02
0.2269
0.0936
0.0136
0.0003

Wi,

0.9865
0.9730
0.9325
0.9055
0.8110
0.5138
0.3111
0.2030
0.0544
0.0409
0.0275
0.0140
0.0005

WA,

0,9869
0.9738
0.9345
0.8556
0.7899
0.6978
0,5926
0.4874
0.4481
0.3824
0.3167
0.2774
0.1985
0.1196
0.0803
0.0540
0.0147
0.0016
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N/N

0.9334
0.7334
0.2802
0.0536
0.0403
0,0003

W,
0.9595
0.8785
0,5542
0,2705
0.0814
0.0139
0.0004

N/ N,

0.9737
0.9344
0.6713
0.4477
0.2767
0,1320
0.0663
0.0270
0.0007
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ts N/ No t3 N/ No t 4 N/ N,
1.0 0.9867 l.4 0,9867 0.6 0,973 0.2 0.9468
1.5  0.973% 1.4 09734 0.7 0.9334 0.3 0.3868
2.5 0.5735 1.6 0,7601 0.9 0.6002 0.5 0,0136
3 0.3735 1.7 0.,5335 1.0 0,3202 0.6 0.0003
3.5 0,2002 1.8 0.3735 1.1 00,2269
4 0.1336 1.9 0.3069 l.2 0,1737
4Le5 00,0804 2.0 0.2003 1.4 0,1337
5 0.0404 2.1  0,1603 1.5 0.0805
5.5 0.0138 2.2 0,1203 1.7 0,0672
6 0,0005 2.3 0,1070 1.8 0,0539
2.4 0.0670 1.9 0,0273
2.6 0.0537 2,0 0.,0140
2.9 0,0404 2.1 0,0007
3.0 0,0271
3.3 0,0138
3.4 0,0005
Series 2
1y N/¥, ty N/N, ts N/N, ty N/No
2 0.9734 2.0 0.,9867 1.1 0.9734 0.3 0.8134
4 0.7601 2.6 0,9601 1.2 0.8801 0.4 0.3601
5 0.3335 2.8 0.9201 1.3  0.8135 0.5 0.0935
6 0.2402 3.0 0,8135 1.4, 0.,6669 0.6 0.0002
7 0.0936 3.2 0,7335 1.5 0.5736
8 0.0536 3.4 0.6269 1.6 0.4270
9 0,0270 3.6 0.,5603 1.7  0.,3470
12 0.0004 3.8 0.4403 1.8 0,1870
4.0  0,3470 1.9 0.1204
Le2 0.2804 2.0 0,0538
Aelh  0.2404 2.1 0.0405
L.s6 0.2004 2.2 0,0139
4.8 10,1338 2.3 0,0006
5.0 0.1205
5.2 0.0939
5.4 0,0539
5.6 0,0273
5.8 0,0140
7.0 00,0007
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t2 I{/No t3 N/Nb t4 N/No
2 0.9334 2 0,9867 1.1 0,9867 0.3 0.9867
A 0.3001 A 0.9201 1.6 0,9734 0.5 90,8801
6 0.5201 5 0.8268 2.2  0.9601 0.6 0.6935
8 0.3335 6 0.6668 2.5 0,9201 0.8 0.0802
10 0.2135 7 0.5202 2.6 0.8669 0.9 0,0002
12 0.1469 8 0.4002 2.7 0,7603
14 0.1336 9 0.2402 2.8 0,6270
16 0.1203 10 0.1602 2.9 0.4404
18 0.0803 11 0.0936 3.0 0.2938
20 0.0670 12 0.0136 3.1 0.0938
22 0.0404 13 0,0003 3.2 0,0672
26 0,0271 3.3 0.,0006
28 0.0138
34 0.0005
Series A2/4
t’l N/ No t2 N/N o t3 N/N0 t 5 N/ No
1.0  0,9800 3 0.9800 1.2 0.9800 0.4 0.,9000
3 0.9200 FA 0.8200 1.6 0.9400 0.5 0.7200
L 0,9000 5 0.7400 1.8 0.8300 0.6 0.5000
5 0.8400 6 0,6200 2.0 0,7400 0.7 0.24,00
6 0,6800 7 0.3600 2.2 0.6200 0.8 0,03800
7 0.4200 8 0.2200 244  0.5000 0.9 0,0200
g 0.2800 9 0.0400 2.6 0,3800 1.0 0,0000
9 00,2000 10 0.0200 2,8 0.,2000
10  0.1000 11 00,0000 3.0 0,0600
11 0,0800 3.2 0.,0400
12 0.0600 3.4 00,0000
15 0.,0200
19 0,0000
Seriea A2/5
ty N/N o ty N/N o t3 N/No b N/No
3 0.9600 3 0.9000 1.8 0.9800 0.3 0.9800
A 0.8800 FA 0,7000 2.0 0,9600 0.4 0.9400
6 0.3000 6 0.4200 2.4 0,7200 0.6 0,5800
7 00,1800 7 0,2200 2,6 0.5800 0.7 0.3200
8 0.1600 8 0.1200 2,8 0.,3200 0.8 00,0600
9 0.1200 9 0.1000 3,0 0.1400 0.9 0.0000
10 0.0800 10 0.0600 3.2 0.0400
12 0.0600 11 0.0200 3.4 0.0200
19 0.0400 12 0,0000 4,0 0,0000
21 0,0200
36 0.0000
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Series A2/6
ty ﬂ/No t, N/NO ty N/N, t, N/No
1 0,.8000 2 0.9800 1.2  0.9600 0.3 0.9300
3 0.7600 30,9600 1.4 0.8400 0.4 0.7600
4 0,6400 3.5 0.7800 1.6  0.5400 0.5 0.5400
5 0.4800 40,7000 1.8 0.4400 0.6 0.4600
6 0,4000 4e5  0.5200 2.0  0.4200 0.7 0.4400
7 0.2200 5 0.4400 2.2  0.3600 0.8 0,3800
8 0.1000 5.5 0.3200 2.4, 0.3200 0.9 0.2400
9 0.0600 6  0,2400 2.6 0.2800 1.0 0,1200
10 0.0000 6.5 0.2000 2.8 0,1800 1.1  0.0200
7.5 0.1200 3.0 0,0800 1.2 0.0000
8,0 0.1000 3,2 0.0400
8.5 0,0200 3.8  0,0000
9 0,0000
Series B2/1
ty N/, t, N/No by N,/No t, n/No
5 0.9834 2.5 0,983 1.4 0.9500 0.3 0.9500
10  0.9668 4.0 0,9335 1.5 0.9334 0.4  0.5500
20  0,8502 4e5  0.9169 1.6 0.8501 0.5 0.0500
25 0.7836 5,0 0.8503 1.8 0.5335 0.6 0,0000
30 0.5836 6.5 0.8337 1.9 0.2169
35 0.3670 7 0.8004 2,0 0.0336
40 0.,1337 7.5 0.,7338 2.1 0,0003
45 0.0837 8 0.6338
50  0.0504 8.5 0.3338
60  0.0338 9 0.0672
75 0.0005 9.5 0.0172
0 0.0006
Series B2/2
b “/NA t2 N/No t3 u/No t4 N,/N0
5,0 0,8905 3 0.9864 1.6 0.9864 0.4  0.9864
7.5 0.8221 5 0.9592 1.7 0,9728 0.5 0.8769
10  0.6441 6 0.9182 2.6  0.9592 0.6 0.5756
12.5 0.4661 7 0.8772 2.8  0.9456 0.7 0.2195
15 0.3155 8  0.7951 3.0 0.8498 0.8 0.0552
17.5 0.2334 9  0,7815 3,1 0.7266 0.9 0.0142
20 0.1513 10  0,7405 3.2 0.3705 1.0 0,0006
22.5 0.0692 11 0.6173 3.3  0,1925
25  0.0419 12 0.5215 3.4 0.0554
27.5 0.0L46 13 0.3298 3.5 0.,0007
32,5 0,0010 1, 0.12%
15 0.0149

19 0.0013




202

N/N, ts N/N, t, ¥/N,
0.9867 2.2 0.9867 0.6 0,973
0.9601 2.4 0.9601 0.7 0.8134
0.8935 2.6 0.9468 0.8 0.6001
0.7602 3.4 0.8668 0.9 0.,2935
0.6402 3.6 0.7735 1.0 0,0269
0.4669 3.8  0.4402 1.1 0.0136
0.3203 4.0  0.,1336 1.2 0.0003
0,1870 4.2 0,0136
0.1070 Led 00,0003
0.0804
0.0272
0.0006
ty N,/N° ty N/N0 ) N/No t, ¥/N,
2 0.9800 40,9800 1.8 0.9400 0.8 0.9200
3 0.9400 5 0.9400 2.2 0.9000 0.9  0.8400
40,9200 6 0.7800 2.6 0,8600 1.0  0,5000
6 0.8800 7 0. 5400 3.2 0.8400 1.1 0.2000
7 0.7800 8  0.3800 3.4 0.8200 1.2 C.0800
8  0.6200 9 0.2300 3.8 0.,7300 1.3 0,0200
9  0.4800 10 0.2000 4.0  0.6200 2.4  0.0000
10 0.2200 11 0.1200 L2  0,3600
11 0.0800 12 0.1000 Lel  0.,1200
12 0.0400 13 0.0400 4.6 0.0200
13 0.0000 Y, 0.0200 4L+8  0,0000
15 0.0000
Series B2Z§
ty m/no t, N/No ty N/N0 ty M/NO
10 0.9412 5.0 0.9616 2,2 0,9608 0.6 0,930
15  0.,9020 6 0.9232 2.6  0.9412 0.7 0.9020
20  0.6471 7 0.88,8 2.8  0.9216 0.8 0.8040
25  0.4511 8  0.8464 3.0 0.882, 0.9 0.6276
30 0.2355 9  0.8272 3.2 0.8628 1.0 0.3737
40  0.,1571 10 0.769% 3.4 0.8432 1.1 0.1375
45 0.0983 11 0.6927 3.6 0.8236 1.2  0.0395
50  0,0787 12 0.5775 4.0  0.8040 1.4 0.0199
55 0.0591 13  0.5391 Le2  0.7844 1.5 0.0003
70 0.0395 1, 0.3468 hel  0.5295
85 0.0199 16  0.2507 4.6 0,2550
100  0,0003 17 0.2123 4.8 0.0198
18 0.1162 5.0  0.0002
19 0,0393
20 0.0009
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Series B2/6

t N/No ty N/No ty N/No 'c.4 N/No
2.5 0.9600 4 0.9800 1.0 0.9800 0.7 0.9600
5  0,8000 6 0.8000 1.4, 0.9,00 0.8 0.9400
7.5 0,6000 8  0.5800 1.6  0.9C00 0.9 0.9200
10  0.4200 10  0.2800 2.0 0,8800 1.0 0.8000
12.5 0.2800 12 0.2000 2.2 0,800 1.1 0.4800
15 0.1800 14  0,0800 2.4  0.8400 1.2 0,0200
17.5 0.1400 16  0.0400 2.8  0,8200 1.3 0.0000

20  0.1200 22 0,0000 3,0 0,7800

22.5  0.1000 3.2 0.7600

25  0.0400 3.4 07400

37.5 0.0200 3.6  0,7200

52.5  0,0000 3.8  0.7000

4.Q  0.6800

Le2  0,5800

bel  0,2400

4Le6  0,1200

4«8  0,0200

5.0 00,0000

Series C2/1

tqy N/N, t, N/No t3 V¥, b N/No
2.5 009200 2 0.9867 1-3 0.9867 0.2 0-%00
7.5 0.8800 3 0.9467 1.4 0.9734 0.3  0.7734
10 0.7734 4 0.8801 1.5 0.9334 0.4  0.4268
12.5 0.6401 5 0,8269 1.6  0,8534 0.5 0.0268
15 0.4001 6 0.6269 1.7 0,7201 0.6 0,0002

17.5 0.2668 7 0.3336 1.8 0.4801

20 0.1602 8 0.1203 1.9 0.3201

22.5 0,1070 9 0.0403 2,0 0.1868

25 0,0804 10 0.0137 2.1 0.0668

27.5 0,0538 12 0.0004 2.2  0.0136

30  0.0138 2.3 0,0003
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ty N/NO b, N/N, t5 N/No t, N/N,
2 0.9867 1.0 0.9868 1.1  0.9734 0.3 0.9734
3 0,9201 1.5 0.9342 1.2 0,9068 0.4 0.6668
4 0.8535 2.0 0,9079 1.5 0.8268 0.5 0.2535
5 0.7469 2.5 0,8816 1.6 0.6668 0.6 0.0002
6 0,6669 3.0 0.8684 1.7 0.4668
7 0.6137 3.5  0,7763 1.8  0.3335
8 0.4137 4s0  0,6053 1,9 0.2269
9 0.3204 Le5  0,4869 2,0  0.1737
10 0.2271 5.0 0,3817 2.1  0,1604
11 0.1871 5.5 00,2896 2.2  0.1204
12 0.1205 6.0 0,2107 2.3 0.1071
13 0.0539 6.5 0.1186 2. 0.0938
14 0.0406 7.0 0.1054 2.5 0.0538
15 0.0273 7.5 0.0660 2.7 0.0405
18 0,0140 8.5 0,0528 3.0  0.0272
9.5 0.0264 3,3  0.,0006
11.5 0.0132
13.5 0.0000
Series 0243
t1 N/N, t, /N, 1y VN, ty, N/N,
2.5 0,9867 1.0 0.9867 0.8 0.9867 0.3 0.9734
7.5 0.9335 4eO  0.9734 1.6 0.,5067 0., 0.6401
10  0.8203 Le5  0.9468 1.8  0.7467 0.5 0,3868
12.5 0.7870 5 00,9068 2.0 0,5067 0.6 0.0935
17.5 0,3871 6  0.6669 2.4 0.2001 0.8 0.0003
20 0.2005 6.5 0.5069 2.6 0.1068
22.5 0.1205 7 0.3869 2.8 0,0668
25  0,0805 7.5 0.3203 3,2 0,0268
27.5 0.0405 8 0.2270 3.4 0,0135
32.5 0,0139 8.5 0,1337 4e2  0.0002
35  0,0006 9 0,0937
9.5 0,080
10 0.0538
10.5 0,0405
13,5 0,0272
4.5 0.0139
18,0 0,0006
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Series Gg{é
tq N/Nb by M/No tq VN, ty m/no
2.5 0.9800 1 0.9800 1.2  0.9800 0./ 0.9800
7+5  0,9400 L 0,7800 1. 0.9600 0.5 0.8600
10 0.8400 5  0.6200 1.6  0.9400 0.6 0.7600
12.5 0.7800 6 0.4800 2,0  0.8200 0.7 0.4000
15  0.7400 70,3200 2.2 0.8400 0.8 0.3000
17.5 0.6600 8  0.2400 2. 0.6800 0.9 0.1800
20  0.6400 9  0,1200 2.6 0.6400 1.0 0,140
22,5 0.4600 10 0.1000 2.8 0,6000 1.1 0.0200
25  0,3800 11 0,0600 3.0  0,5400 1.2  0,0000
27.5 0.2400 13 0.0200 3.2  0.4800
30 0.1800 16  0,0000 3.,  0.4200
32.5 0,1200 3.6 0.2800
35  0.0800 3.8  0.2400
37.5 0,0400 4.0 0,2000
45 0,0200 4Le2  0,1800
60  0,0000 Lel,  0.1200
L.6  0.0800
4.8 0,0600
5,0 0,0000
Series C2/5
g M/No ty /N, ty N/N0 ty, /N,
5 0.9800 4 0.9800 3 0.9800 0.9 0.9400
10 0.8800 6 0.9600 3.4 0.9600 1,0 0,8800
15  0.6800 8 09400 3,8  0.9000 1.1 0.6800
20 0.5000 10  0,8600 Le2  0.8000 1.2 0.2800
25  0.3600 12 0.7400 bedo  0.5400 1.3 0,1600
30 0.2600 1,  0.5200 Le6  0.3400 1.4 0.0200
35  0.1600 16 0.3400 4.8 0.2600 1.5 ©0.0000
40 0.1200 18 - 0.1600 5,0 0,0800
45 0.1000 20  0,0600 5.2 0.0600
50  0,0800 22  0,0000 5,4, 0.0200
55 0,0200
85 0.0000
Series D2/1
ty NN, to N/K, 1) N/N, by N/,
5 0,967 30,9067 1.0 0.9867 0.3  0.8667
7.5 0.6934 4 0,8267 1.3 0.9601 0.4  0.4267
10 0.4401 5  0.6534 1.4 0.8935 0.5 0.0801
12.5 0.2535 6  0.3468 1.5 0.6669 0.6 0.0001
15  0,1202 7  0.1602 1.6  0.5203
17.5 0,0670 8  0.,1202 1.7  0.4403
20  0.0404 9  0,1069 1.8 0.2937
25  0,0138 10  0.0803 1.9 0.2137
42.5 0,0005 11 0.0537 2,0 0,1737
12 0.0271 2.1 0.160%
16  0.0005 2,2  0,1338
2.3 0,0938
2.4 0.0672
2.5 0,0539
2,6 0,0406
3.0 0,0140
3,1  0.0007
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ty N/X, t, NN, ty ¥/¥, t, N/N,
2.5 0.9600 1 0.9867 1.0 0.9734 0.3 0.9867
5  0,8400 2 0.9734 1.4 0.9601 0. 0.7734
7.5 0.7600 3 0.8934 1.6 0.8668 0.5 0.3868
10 0.5867 4 0.8001 1.8 0.7068 0.6 0,1068
12,5 0.4134 5 0.7335 2.0 0,4668 0.7 0,0802
15 0.2134 6 0.6402 2.2 0.3068 0.8 0.0669
17.5 0.0534 7 0.3736 2.4 0.1735 0.9 0.0137
20 00,0401 8 0,2670 2.6 0,1069 1.0 0,0004

22,5 0.0135 9 0.1204 2.8 0,0803

27.5 0.0002 10 0.0538 3.0 0.0670

11 0.0272 3.4 0.0537

15 0.0139 3.6 0.0404

16 0.0006 3.8  0.0271

4.0 0.0138

4Le2  0,0005

Series Dg[g

t N/No t, NN, t3 N/No t NN,
5 0.9867 4  0.9600 1.6  0.9867 0.4, 0.9734
7.5 0.9734 6  0.8800 2.2 0.8401 0.5 0,7868
10 0,9601 8 0.6800 2.4 0.,7735 0.6 0.5868
12.5 0,9069 10 0, 2867 2.6 0.6802 0.7 0.,3735
15 0.8669 12 0.1734 2.8 0.5202 0.8 0.2,02
17.5 0.7336 14 0.0934 3.0  0.4269 0.9 0.0936
20 0,6270 16  0.0402 3.2 0.3336 1.0 0.0536
22.5 0.5070 18 0,0269 3.4 0.2804 1.1 0.0270
25  0.3470 20  0,0136 3.6 0,2272 1.2 0,0004

27.5 0.2804 2,  0,0003 3.8 0.2006

30 0,1738 4L.C 10,1206

32,5 0,1206 Le2  0.0940

35 0,0806 Led,  0,0540

37.5 0.0274 L6 0,041

40 0.0142 5.0  0.0007

50 0,0010




Series Dg[é

ty

5
10
15
20
25
30
35
40
45
50
65
105

Seriea D2/5

N/No

0.9388
0,8164
0.6532
0.5512
0.4084
0.2452
0.1840
0.1228
0.0820
0.0616
0.0208
0.0004

H/Nb
0.8432
0.5491
0.3923
0.1767
0.0983
0.0395
0.0199
0.0003

Wy,

0.9800
0,7200
0.4400
0,2600
0.1800
0.1600
0,1200
0.1000
0.0800
0.0600
0.0400
0.0200
0.0000

N/N

0.9400
0.8200
0.6600
0. 5200
0.4000
0,1600
0.1000
0.0800
0.0600
0.0400
0.0200
0.0000
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0.9600
0.9400
0.9000
0-8800
0.8400
0,7600
0,6600
0.6400
0,5200
0.4400
0.4000
0.3600
0.3000
©.2000
0.1400
0,1200
0,0800
0.0200
0,0000

NN

0.9800
0,9600
0.9400
0,9200
0.9000
0,.8000
0,6800
0.6600
0.5200
0.4600
0.3600
0,3000
0.2200
0.1600
0,1200
0,10C0
0.0800
0.0400
0.0000
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0.9

WA,

0.9800
0. 9600
0.9400
0.8400
0. 5800
0.3800
0,2600
0.1400
0.1000
0.0200
0.0000

N/N

0.9800
0.9600
0.9400
0.8200
0.6000
0.4800
0,3600
0.,2600
0.1600
0.0800
0.0400
0,0000




248

Series A3/1

4 N/No t, N/N o t3 N/No t 4 N/ N,
1 0.9867 2.5 0.9867 1.3  0.9600 0.3 0.8534
2 0.9734 3 0.9734 1.4 0.8267 0.4 0,3201
4 0.8936 4 0.5468 1.6  0.4801 0.6 0.0269
5 0.8270 4Le5 0.1868 1.7 0.,3068 0.7 0.0003
6 0.6537 5 0,0535 1.8 0.1468
7 0.3871 5.5 0.0135 1.9 0,0936
8 0.1071 7 0.0002 2,0  0.0003
9 0.0671
10 0.0139
12 0.0006

Series A3/2
ty ¥/N, ts N/N, tq N/r.r0 t, N/No
2 0.9867 2.5 0.9734 1.3  0.9867 0.3  0.6934
3 0.9734 3 0.9601 1.4 0.8401 0.4 0.2668
4 0.9468 3.5 0,9069 1.5 0.7735 0.5 0.0135
5 0.8402 4L 0.8269 1.6  0.5869 0.6 0.,0002
6 0.7736 4e5 0.6269 1.7 0.4136
7 0.6670 5  0.3469 1.8 0.2270
8 0.4937 5.5 0.1869 2.0  0.0937
9 0.2804 6 0.1069 2,1 0,0537
10 0.2138 6.5 0.0136 2.2  0.0271
11 0,1338 7  0.,0003 2.3 0.0138
12 0.0806 2.4 0.,0005
13 0.0406
15 0,0L40
16 0.0007

Series Az(g
ty NN, t, N/N, ty N/NO ty N/No
2 0.9600 3 0.9867 1.9 0.9600 0.4 0.8934
3 0.8534 4 0.9067 2.0 0,8,00 0.5 0.5734
4 0.6134 45  0.8535 2.1 0.6267 0.6 0.2401
5 0.4668 5  0.7602 2.2 0.3467 0.7 0.0135
6 0.3868 5.5 0.6136 2.3 0,0934 0.9 0.0002
7 0.2668 6 0.3470 2.4 0,0001
8 0.2136 6.5 0.2537
9 0.1470 7  0.1737
10 0.1070 7.5 0.107M
11 0,0404 8 0.0405
12 0.0271 8.5 0.0139
13 0,0005 9  0.0006
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tq VN, t, M/No ty M/No ty, NN,
2.5 0,9600 2.5 0.9867 1.8  0,9867 0. 0,8667
5  0.8934 3 0,973 1.9 0.9201 0.5 0.3067
7.5 0.8801 Le5  0.9468 2.0 0.7335 0.6 0.0134
10 0.7335 5.5 0.8802 2.1 0.4269 0.7 0.0001
12.5 0.6935 6 0,7602 2.2  0,1069
15  0.5602 6.5 0.6936 2.3 0,0003
17.5 0.3469 7 0.4670
20  0.1203 7.5 0.3204
22,5 0.0537 8 0.1471
25 0.0271 8.5 0.0671
27.5 0,0138 9 0.0271
32,5 0.0005 9.5 0.,0005
Series C3/1
ty /N, t, NN, ts VN, t, V¥,
2 0.9867 3 0.9867 2.2 0.9867 0.4, 0.9200
L 0.9734 4L 0.9467 2. 0.8267 0.5 0.7867
6 0.9334 5 0.8267 2.6 00,5601 0.6 0.4134
8  0.773%4 6  0.7735 2.8 0.4935 0.7 0.1334
10 0.6534 7 0.5735 3,0  0.,2602 0.8 0,0001
12 0.4668 8  0.4269 3.2 0.2269
14,  0.3868 9  0.3336 3.4 0.1603
16  0.2802 10 0.2536 3.6 0,0803
18 0,2270 11 0.1470 3.8 0,0403
20  0.1337 12 0.0938 4e2 0.0137
22 0.1204 13 0.0672 Led  0.0004
24,  0,0672 1, 0.0406
26 0.0539 15  0.0140
28 0.0273 19  0.0007
32 0,0140
34 0,0007
Series C3/2
tq NN, t, /N, tg ¥/, t; NN,
2 0.9867 3 0.9734 1.0 0.9868 0.4 0.9867
6  0.8134 5  0.8268 1.8  0.9604 0.6 0,388
8  0,7067 6  0.7602 2.0  0.,9472 0.7 0.1602
10 0.4402 7 0.5869 2.2 0.9072 0.8 0.0536
12 0.3736 8  0.4403 2.  0,8006 0,9 0.0004
1Y,  0,2803 9  0.2137 2.6 0.6406
16 0.1470 10 0.0937 2.8  0.3740
18 0.0804 11. 0.0405 3.C  0.1474
20  0.0272 12 0.0139 3.2 0.0674
22  0,0139 15  0.0006 3.4 0.0408
24,  0,0006 3.6 0,0142
4.0 0,0009
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t, NN, t, ¥/N o t5 ¥/N, t 4 N/NO
3 0.9468 2 0.9867 1.4 0.9869 0.4  0.9867
4 0.8668 3 0.9734 1.6 0,9738 0.5 0.6934
5 0.7735 yA 0.8268 1.8 0.9475 0.6 0.3868
6 0.6269 5 0.7202 2.2 0.9081 0.7 0.0535
7 0.4936 6 0.5736 2.4 0,7897 0.8 0.0135
8  0.4536 7 0.3870 2.6 0.6319 0.9 0.0002
9 0.3336 8 0.2537 2.8 044717
1 0,2403 9 0,1604 3.0 0,1583
11 0.2137 10  0,0804 3.2 0.0926
12 0.,1337 11 0.0272 3.4 0.0269
13 0.1071 12 0.0006 3.6 0,0138
14 0.0539 4.0 0,0007
15 0.,0273
17 0,0140
19  0.0007

Series C3/4
ty N/No ty N/N, tq N/No t4 N/No
4 0.9600 2 0.9871 1.2 0,9867 0. 0.9867
6 0.9200 3 0.9352 2.2  0.9734 0.5 0.8801
8  0.,7067 5 0.8703 2.4, 00,9601 0.6 0.5068
10 0.4934 6 0,792/, 2.6 0,8801 0.7 0.0335
12 0,3868 7 0.7L5 2.8 0.7335 0.8 0.0669
14 0.2668 8  0.5197 3.0 0.5469 0.9 0,0137
16 0,188 9 0.3249 3.2 0.3736 1.0 0,0005
18 0.1068 10  0.2211 3.4 0.2136
20 00,0668 11 0.1302 3.6 0,1470
22 0.0536 12 0.0783 3,8 0,0804
26  0,0404 13 0.026/, 4.0 0,0404
30  0,0272 1 0.0135 Le2 0,000
32 0,040 20 0.0006

50 0.0008
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APPENDIX 3
GHARACTERISTICS OF COALESCENCE

TIME DISTRIBUTIONS

Nomenclature

815 855 83y a4 :+ Spherical drop diameter at the first, second,
third and fourth stage of coalescence, reaspectively, cms.

L : Fall height of the primary drop to the interfacs

(N.B. Where L 1is reported as L = O cms.
this meang that the drop was formed very closs
to the interface and the distance of fall could
not be measured accurately but was estimated to
be between 0.2 and 0.3 cms,)
’ tm 2 Mean coaleacence yest-time for the firast,

tml' tm?.’ 't.m3
gecond, third and fourth stage of coalescence, respectively, seconds.

G 1:62,63:64 : Standard deviation of the coalescence rest-time

for the first, second, third and fourth stage of coalescencs,

respectively, seconds.

tyin ¢ ninimm coalescence rest-time, seconds

tpex ¢ maxlmum coalescence rest-time, seconds

tﬁ- $ the time for 50% of the drops to coalesce, seconds.




Heptane-Water

First Stage Coalescence

Study a L t < t t t t Number of Double-drop
No. 1 ml 1 min max % ml/t Drops Assessed Coalescence

AY/1(3) 0.32, O 9.11 5.78 1.30  26.80 8.75  1.041 75 NO
A1/1(11) 0,32, 0 11.72 6.65 2,60 29,40 11.26  1.041 75 NO
A1/2(3) 0.324 2.5 14.07 8.17 1.70 33,10 13.80 1.020 75 NO
A1/2(11) 0.324, 2.5 8.63 6.57 1.20  28.05 6.50 1,328 75 NO
A1/3(4) 0,492 0 8.32 7.13 1.20 41.60 6,46 1,288 75 NO
A1/3(11) 0.492 0  12.73 12,04 0.80  61.80 9.05  1.410 75 NO
AY/4 0.492 5.0 4.71 3.05  0.70  L4.40 3.98 1,185 75 NO
A1/5 0.406 0. 5,82 3.00 0,75  18.00 5,20 1,120 75 NO
A1/6(1) 0.3,8 0O 9.14 6.06  0.60 34,00 7.86 1,162 75 YES
A1/6(14) 0,348 0 U0 13.46 0.65  47.70 8,95  1.573 75 YES
AY/7 0.348 2.5 6.99 2.56 2,20 13,80 7.25 0,94 75 YES
A1/8 0.348 5.0  6.27 2,66  2.25  20.10 5.75 1,095 75 YES
A2/1 0.325 0 2,80 0.97 0,50 5.50 2.65 1,059 75 NO
A2/2 0,416 0 5.33 3.28 1,50 11,70 4,60 1,160 75 YES
A2/3 0.505 0 7494, 6.15 0.80  33.30 6.11 1.300 75 YES
A2/4 0.596 0O 7.08 3.00 0,90 18,20 6.32 1.121 50 YES
A2/5 0,596 © 6464 5,22 2,40  35.30 - 5.29 1,047 50 YES
A2/6 0.640 0 471 2.76 0.50 9.90 5.03 0,937 50 YES
A3/1 0.416 2.5 6,30 1.87 0,60 11,60 6,60 0,956 75 YES
A3/2 0,416 5.0 7.91 2,77 1.90 15,50 7,95 0,99 75 YES
A3/3 0.416 7.5  5.46 2,81  1.30  12.40 4,76  1.149 75 YES
A3/4 0.416 10.0 1l4.46 6.02 1,30 32,30 15,81  0.91 75 YES

PAYA




Heptane='later

Second Stage Coalescence

A1/1(4) 0.1229 6428 2456 0.50 10,65 6.31 0.995 0.3790
AL/1(30) 0.1229 7,01 2.23 1,20 11.00 7.58 0.924 0.3790
Al/2(1) 0.1290 7.92 1,66 1,80 10,90 8,35 0.948 0.3980
A1/2(41) 0.1290 7.06 1.83 2.60 9,60 7.36 0.960 0.3930
A1/3(1) 0.1540 9.16 4463 0,90 17,20 9,15 1.001 0.3135
£1/3(11) 0.1540 9.76 475 1,30 18.70 9,08 1.076 0.3135
AY/4 0.1510 6.83 3.92 1.20 16,00 6.61 1.033 0.3275
AY/5 0.1409 4eT2 2.43 1,15 12,00 4.5, 1,017 0, 3465
21/6(4) 0.1150 3.71 1.13 1.50 8,10 3.63 1.021 0.3302
A /7 0.1341 5.65 1.92 0.90 9,20 6,10 0.926 0.3855
A1/8 0,11239 6,11 1.53 2.45 10.10 6.31 0.968 0.3418
A2/1 0.1230 1.77 0.43 1.30 3,30 1.72 1.031 0.3790
A2/2 0.1426 3,911 1.47 1,90 6.80 3.75 1.042 0.3430
A2/3 0.1558 7.22 2.41 1.90 12.10 7.10 1.018 0.3081
A2/4, 0.1622 6.22 1.82 2.30 10,40 6,50 0.957 0.2721
A2/5 0.1622 5.54 2.22 2.10 11.00 5,50 1,008 0.2721
A2/6 0.1630 1.96 0.70 1.90 8.60 Le65 0.423 0.2546
43/1 0.1450 4000 0.63 2,20 6.60 4406 0.983 0.3480
A3/2 0, 1461 471 0.90 2.30 6.80 472 0,998 0.3519
43/3 0.1431 5.73 1.23 2.90 8.80 5.73 0.999 0.3440
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E

0.0571
C.0571
0.0593
0-%62
0,0662
0.0750
0.0631
0.0530
0.0601
0.0580

0.0573
0.0635
046650
0.6790
0.6480

0,6580
0.6970
0.6830

Heptane-Water

Third Stage Coalescence

%

b t

m3 3 min max
1.86 0,20 1.30 2.00
1,887 0.34 1.30 2,30
2,05 0.14 1.50 2.30
1,99 0.15 1.50 2.35
3.48 0.96 0.65 8.50
3.43 0.69 1.60 5,10
3.31 0.64 0.65 435
2.19 0455 0.40 3,20
1.32 0.22 0.70 1.90
1.65 0,27 0.60 2.10
1.81 0.20 0,70 2.10
0.9/ 0.28 0.50 1.90
1,53 0.32 1.00 2.20
2477 0.33 1.00 3,20
2.31 0.48 1,10 3.30
2.59 0.36 1,70 3.80
1.9 0.70 1.00 3,70
1.55 0,19 1.20 1,90
1,62 0.23 1,20 2.30
2.09 0,13 1.80 2.30
2.02 0.11 1,70 2.20

by

1.93
2.06
2.1

tm3/tf

0.968
0.916
0.958
0.977
0.950
0.964
0.955
1,018
0.962
0.942
0.975

1.018
0,988
0.965
0.962
0.966
1.190

0.975
0.982
0.973
0.970

T2

0.4665
0.4665
0.4600
0.4600
0.43C0
0.4300
0.4660
0.4480
0.4610
0.4580
0.4880

0.4662
0.4460
0.4272
0.4080
0.4080
0.3980

0.4540
0.4775
0.4775
0.4775

T




Heptane-Water

Fourth Stage Coalescence

S;gdy 8, tm 6“4 LI toox ty tml/t%
A1/1(4) 0.0285 0.39 0.1 0420 0.80 0.41 0.921
A1/1(13) 0.0285 0.36 0.10 0,20 0.70 0.39 0.882
A1/2(1) 0,0297 0.40 0,09 0.20 0.75 0.44 0,911
A1/2(11) 0.0297 0.40 0.09 0.20 0.60 0.42 0.935
A1/3(1) 0,0331 0.81 0.68 0.25 1.00 0.79 1.020
A1/3(11) 0.0331 0.78 0.17 0.45 1.20 0.83 0.937
A1/4 0.0375 0.83 0.18 0.50 2,00 0.83 0.988
A1/5 " 0.0315 0.59 0.12 0.30 0.90 0.62 0,945
A1/6(1) 0.0265 0.34 0.09 0.15 0.60 0,37 0.878
A1/ 0.0301 0,31 0.09 0.10 0.50 0.35 0.885
A1/8 0,0290 0.20 0,07 0.05 0.40 0.22 0.894
A2/1 0.0287 0.24 0.07 0.10 0.50 0.27 0.899
A2/2 0.0313 0.37 0.20 0.50 0.36 1.050
A2/3 0.0333 0.59 0.12 0.20 0.80 0.66 0,905
A2/4 0.0339 0.54 0,14 0.30 0.90 0.60 0,910
A2/5 0,0339 0457 D.13 0.20 0.80 0.63 0.910
A2/6 0.0324 0.59 0,26 0.20 1.10 0.53 1.120
A3/1 0.0329 0.32 0,08 0.20 0.60 0.35 0.920
A3/2 0,0343 0,29 0.07 0.20 0.50 0.33 0,900
A3/3 0.0342 0.47 0.10 0.30 0.80 0.52 0.910
A3/4 0,0342 0.41 0.06 0.30 0,60 0.46 0.920
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Study
No.

R7

B1/4

B2/1
B2/2
B2/3
B2/4
B2/5
B2/6

o

0.264
0.312
0.372
0.454

0.224
0.326
0.433
0.509
0.509
0. 546

000000 0000

25,06
18.14
24.14
30.99

31.7
12.7
13.09

8.28
28.18
10.84

5.72
7.63
11,59
16,60

11,98
6.15
5.83
2,38

17.53
8.85

0.05M Decanole Acid

First Stage Coalescence

5.60
1.90
1.90
2.40

4,70
3.10
2-40
1.40
6.30
1.70

36450
48,00
59.90
77.10

71.80
30.20
27.20
12.50
99.00
51.20

3

25425
18.50
23.80
29.50

31.90
11.90
11.79
8.85
23.75
8,75

t/ty

0,992
0.980
1.012
1 0049

0.995
1.070
1.110
0.935
1.182
1.243

Number of
Drops Asseased

75
75
75
75

60
75
75
50
50
50

Double~drop
Coalescence

NO
NO
KO
NO

NO
NO
NO
YES
YES
YES
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0.05M Decanoie Acid

Second Stage Coalescence

s;:a: 2, tp & 2 Yrin tpax 1-.% t mz/t% ry

Bl/1 0.1062 7.51 1.03 3.30 8,90 7.80 0.962 0,4025
B1/2 0,1199 7.39 1.87 3.50 12.00 7.95 0.929 0.3840
B1/3 0.1340 7.87 2.32 2,10 13.70 7.28 1.081 0.3600
BY// 0.1490 11.56 2.62 7.20 17.40 12,20 0,947 0,3280
B2/1 0.0936 7.63 1.63 2.10 9,50 8.46 0.903 0.4180
B2/2 0.1231 10,87 3.52 2.20 18,90 12.15 0.89. 0.3780
B2/3 0.1458 2,88 2,44 3.70 14,70 8.74 1.017 0.3361
B2/4 0,1560 7.76 2.46 3.90 14.40 7.20 1.079 0,3064
B2/5 0.1560 12.80 3,98 4+80 9.60 12,70 1.009 0,3064
B2/6 0.1593 9,01 3.79 3,60 21.00 8.40 1.073 0.2920

452




Study
No.

Bl/1
B1/2
B1/3
B1/4

B2/1
B2/2
B2/3
B2/4
B2/5
B2/6

0.0510
0,0561
0.0610
0.0653

0.0457
0.0575
0.%45
0,0665
0.0665
0.0667

& 3 toin toax ty tma/t 3 r,

0,13 1.25 1.90 1.59 0,968 0.4800

0.16 1.20 2.40 1.95 0.975 0.4685

0.43 1,00 2,90 2,47 0.950 0.4550

0.49 2.00 3.90 3.21 0,962 0.4280

0.16 1.30 2,00 1.83 0.944, 0.4880

0.58 1.50 3.40 3.16 0.948 0.4660 n
0.39 2.10 420 3.76 0,972 0.4425 o7
0.78 1.70 4460 4,10 0.821 0.4265

0.71 2.10 4480 Lo42 0.932 0.4265

1.06 0.90 4480 4428 0.864 0.4190

0.05M Decancic Acid

Third Stage Coalescence




0.,05M Decanoic Acid

Fourth Stage Coalescence

S;gc.iy 34 tM 6'4 tmin tm.x t—% tmf;/t% I'3
B1/2 0,0281 0.34 0.09 0,20 0.80 0,36 0.935 0.50
B1/3 0,0305 042 0,10 0.10 0,70 0.45 0.941 0.50
B1/4 0.0326 0.69 0.13 0.30 1.00 0,71 0,980 0.50
B2/1 0.0228 0.36 0.06 0,20 0.50 0.42 0.855 0,50
B2/2 0.0288 0.56 0.14 0.30 0.90 0.62 0.899 0. 50
B2/3 0,0323 0.77 0,12 0.50 1,10 0.83 0,930 0.50
B2/4 0,0333 0.98 0.22 0.70 2.30 1.00 0,976 0.50
B2/5 0.0333 0.89 0.17 0.50 1.40 0.97 0.918 0,50
B2/6 0.0334 1,01 0,12 0.60 1.20 1.10 0.925 0.50

(e



0.5M Decanoie Acld

First Stage Coalescence

L t '3 t t t t ./t Number of Double-drop
g w1 1 min max * m *E Drops Assessed Coalescencs
0.232 0 10,76 3.38 1.30 17.05 11,15 0.965 75 NO
0.232 2.5 12.48 479 1.40 22,00 13.50 0.925 75 NO
0.232 5.0 9.03 5.50 1.00 21.70 8.50 1.061 75 NO
0.314 0 12.40 5.93 0.70 24.30 12.80 0.967 75 NO
0.382 0 18,08 10,18 2.30 42.10 16,50 1.116 75 NO
0.428 0 13,03 11,17 2.50 72.50 16.20 1,112 75 NO
0.208 0 1442 6.27 2.50 30.40 13.90 1.039 75 NO
0.324 0 7.78 3.94 1.50 26,60 7.66 1.014 75 NO
0,387 0 16,27 5.98 0.90 34.20 15.85 1.026 75 NO
0.449 0 21.85 10,58 1.50 53,10 22,20 0,985 75 NO
0.488 0 23.53 14.93 1.50 80.60 20,00 1.171 50 NO
0.324 2.5 13,18 6.40 1.80 33.00 11.60 1.135 75 NO
0.324 5.0 10.42 4.98 1.60 22,90 10.10 1.031 75 KO
0.324 7.5 776 3.57 2.10 18.20 7.07 1.099 75 NO
0.324 10.0 11.90 6.95 2,30 48,60 10,20 1.168 75 NO

092




0.5M Decanoie Acid

Second Stage Coaleseence

SEE?y a, L e;'z trin b pax tk tmzftir ry

c1/1 0.0909 3.59 0.57 2.10 5,70 3459 1.029 0.3920
c1/2 0,0889 5,12 1.02 2,70 8.20 498 1.028 0.3830
c1/3 0.0970 4495 1.03 3.40 9,90 4490 1.010 0.4185
c1/4 0.1092 6444 1.59 3.10 14.35 6424 1.031 0.3480
c1/5 0.1190 9.99 2.92 3.00 16.10 10,20 0.979 0.3115
c1/6 0.1230 9.87 Le56 4480 31.90 9.40 1.050 0.2870
c2/1 0.0843 6424 1.74 1.70 11,00 64ty 0,968 0.4050
c2/2 0.1110 4 o665 2.15 0.90 13.60 A 1,048 0.3425
c2/3 0.1196 6.91 2.27 0.70 17.60 6.52 1.060 0.3086
c2/4 0.1239 6.28 2.77 0.70 15,70 5,83 1.079 0,2760
c2/5 0.1244 14.17 4.06 3,80 21.70 14.10 1.003 0.2546
c3/1 0.1079 8.00 3.00 2.20 18.40 7.50 1.068 0.3325
c3/2 0.1060 7.32 2.23 2.40 14.00 763 0.959 0.3275
¢3/3 0,1052 6.40 2,28 1.40 11.50 5.31 1.209 0.3245
c3/4 0.1052 8.40 2,93 1.80 19.20 8.05 0,999 0.3245
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Study

No.
c1/1

C1/3
Cl/4
c1/5
c1/6

c2/1

c2/3
C2/4
c2/5

63/1
c3/2
C3/3
C3/4

a

3

0.0438
0.0411
0.0522
0.0551
0.0549

0.0408
0.0523
0.0554
0,056/
0.0561

0.0490
0,0543
0.0539
0.0539

m3

1.37
1.69
1.56

AR
pY
oW o
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0.5M Decanoic Acid

Third Stage Coalescence

é53 tm:l.n tma.x
0. 0,90 1.
0.1 1.30 2.
0.18 1.20 2
0.31 1.50 3.
0.65 1.9C he
2.90 8,
0,20 1.20 2,
C.42 1.00 3.
049 0.60 A
0.97 1.00 A
0.45 2,80 5.
0.49 2,10 be
0.44 0.80 3.
0.42 1.30 3.
0.48 1,10 FAN

P NN =1 o ~3
00000 000800

=D D W
(e RoRele]

tmaft%

0.962
0.971
0.976
0,981
0.994
1,115

0.979
1.020
0.925
0.980
0.952

1.003
0.974
0.957
0.99

T
2

0.4815
0.4740
0.5380
0.4710
0.4630
044460

0.4845
0.4700
0.4630
0.4550
0.4510

0.4550
0. 5120
0.5120
0.5120
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0.5M Decanoic Acid

Fourth Stage Coalescence

S;;Igc.ly a, th <, tmin L t_% tml,/t-&
c1/5 0.0275 0.64 0.19 0.15 1.00 0.71 0,903
c1/6 0.0275 1.30 0.63 0.60 4,90 1.25 1.032
c2/1 0.0204 0.32 0.09 0.10 0.50 0,37 0.862
g2/2 0.0266 0.39 0.08 0.20 0.50 0.43 0.905
c2/3 0.0277 0.41 0.11 0.20 0.70 0.44 0.919
02/4 0,0282 0.66 0.19 0,30 1.10 0.69 0.962
g2/5 0,0281 1,10 0.13 0.80 1.40 1.15 0,954
¢3/1 0.0245 0.53 0.11 0,30 0.70 0.58 0.905
c3/2 0.0271 0.54 0.10 0.30 0.80 0.57 0.955
c3/3 0,0269 0.51 0.09 0,30 0.80 0.55 0.922
03/4 0.0269 0.56 0.10 0.30 0,90 0.60 0.931

H
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1.,0M Decanoic Acid

First Stage Coaleacence

Study a L t £ t t t t ./t, Number of Double-drop
No. 1 il 1 min max % m’ 4 Drops Assessed Coalescence
p1/1 0,232 0 3.52 2,08 0.70 9,10 3,12 1,128 75 NO
D1/2 0.304 0 9.50 5.73 1,00 24.85 8,70 1.092 75 ¥O
D1/3 0,330 o} 12,33 5.87 1.00 25,30 9.50 1.299 75 NO
D1/4 0.442 0 12,86 7.87 1,70 35.20 11.00 1.170 75 NO
D2/1 0.204 0 10,30 5,57 270 40.10 9.30 1,108 75 NO
D2/2 04299 0 11.09 5,10  1.30 27,20 11.10 0.997 75 NO
D2/3 0.385 0 22.87 7.87 4.70 48.30 22.60 1.012 75 NO
D2/4 04442 0 25,53 20,34 2.80 62,60 21,75 1.172 50 NO
D2/5 0.473 0 18,97 10,22 6.20 95 .40 16.80 1.130 50 NO
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Study

No.

D1/1
p1/2
D1/3
DY/ 4
D2/1
D2/2
D2/3

D2/4
D2/5

)

0.0908
0.1073
0.1120
0.1232

0.0830
0,1062
0.1192
0.1232
0.1242

4;01
6.84
753
11.84

5.83
6.39
9.41
9.77
10,70

8858

[ - -
v =1\

NMWRON WwdN
OCO0000

1,0M Decancoic Acid

Second Stage Coalescence

tmax

11.80
13.90
16.80
23,90

15,30
15.70
22,00
32,20
29.40

t

375
6.77
770

11.55

5045
5.55
9.20
7450
8,20

tm2/t%‘

1,070
1.010
0.978
1.025

1.070
1.150
1.023
1,300
1'308

n

0.3920
0.3535
0,3400
0.2795

0.4065
0.3560
0.3100
042795
0.2625

¢Ge




Study
No.

D1/1
niﬁz
D1/3
D1/4
D2/1
D2/2
D2/3

D2/4
D2/5

a,

3

0.0436
0,0507
0.0526
0.0563

0.0440
0.0504
0.0552
0,0562
0.0562

1.46
2.27
2.59
3.88

1.68
2.03
2.97
3.81
3.79

0.23
0.47
0. 59
0.87

0.39
0.56
0.79
1.17
1.03

1.0M Decanole Acid

Third Stage Coalescence

tmin tmax t% tnB/t% T,
0.90 2.40 1.54 0.953 0.4810
1,60 4.10 2.34 0.975 044725
1.50 4440 2.61 0,994 0.4696
1.60 5.80 3.78 1.028 0.4565
1,00 3.00 1.62 1.039 0.4850 .
0.80 410 1.97 1,031 0.4730 N
1.40 5.70 2.8, 1.048 0.4635
1.60 6.30 3.65 1,045 0.4560
0 1.40 5.80 3.67 1,031 0.4525




1.0M Decancic Aeid

Fourth Stage Coalescence

S;:qg?y a, to, & 4 tin b ax t% t mz,/t%
DY/2 0.0254 0.4l 0.10 0.25 0.70 0u44 0,953
D1/3 0.0263 0.49 0.132 0.20 1.00 0.51 0.975
DY/4 0.0282 0.76 0.17 0.40 1.20 0,77 0.994
p2/1 0.0220 0.34 0,08 0.20 0.50 0.33 1,039
D2/2 0.0252 0.44 0.13 0.20 0.90 0.46 1.031
D2/4 0.0281 0.82 0.21 0,30 1.30 0.93 1.045
D2/5 0.,0281 0.97 0.26 0.30 1.50 0,98 1.031

g2
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APPENDIX 4
THE EXACT SHAPE OF A DEFORMED DROP

The exact shape of a deformed drop in an equilibrium position at
the interface, can be caleculated by the method of Princen 1(10% s employing
the Bashforth and Adams Tables (9). The calculated shape characteristics

are shown in the figure below:

‘gte
Lt Ze
heap
-
(Xc,20)
In addition, the following can also be calculated:
R = rsadius of spherical cap, cm.
L' = 1level of bulk interface far from the drop, cm.
hyap = R(1 + cos 9tc) = height of spherical csp, cm,
hdrop = hcap + z, = total height of drop, cm.
A = 27T Rhcap = gurface area of spherical cap ("contact" area), cm2.
v, ap = 'g-hzcap (3R = hcap) = volume of spherical cap, cm3 .
v = volume of drop above the plane z = Zy» cm3
c
© ', = angle of normal at (X 2,)
21{900 = maxirum horixontal diameter, cm.
g = measure of deformation of the drop = 2X__/h
90~ grop
p = R/Db
and
b = gpherical drop diameter, cm.
/

F = Porce causing drainage = 271 x, & gin © or &nes
tm = mean coalescence rest-time, seconds.
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The tables of drop shape characteristics cover the systems

A, B, C end D in this work and e number of other systems reported

in the litersture.




Systenm b
Heptane 0,320
=Water
Heptane
«Water
Heptane
=Water
Heptane
~Water
Heptane
-Water
0.05M
Decanoice
Acid
0,05M
Decanoic
Acid
0.05M
Decanoie
Acid
0.05M
Decanoic
Acid
0.05M
Decanoic
Acid

0,298
042525
0.208
0.1625

0.273

0,2505

0,2165

0,1630

0.,1120

R
0.536
0,505
044405
0.3745
0.3001

0.4551

0.4230

0.3747

042935

0,2103

q
1.2735
1.2495
1,200
1.1518
1.1088
1.279

1.2622

1,2178

1.1521

1.C911

L
0.3760
0.3690
0.3420
0.3066
0.2709
0.2929

0.2945

0.2765

0.2439

0.1970

DROP SHAPE CHARACTERISTICS

X
c

0.2420
0.2140
0.1608
0,1120

0.7345
0.2082

0.1847

0.1438

0.08635

0.04315

(Series A2, B2, C2 and D2)

Z
c
0.4838
0.4613
0.3986
0.358
0,291
0.4090

0.3835
0.3478
0.2880

0.2053

)

90
153,17
154.90
158,61
162.4

165.81
152,80

154.00
157.31
162.82

168.02

h h
cap drop

0.0576 0.5414
0.0476 0,5089

0.03016 0.42876

0.,01753 0.3755
0.0091 0,3001

0.0504 0.45%

0.0428/ 0.4263

0.0290 0,3768

0.01311 0.3011

0.001541 0.2097

2X
90°
0.690

0.,6350
0.5146
0.4326
043325
0.5872

0.5385
0.4585
0,3465

0.2285

P

1.674
1.693
1.745
1.800
1.847
1.668

1.688

1,730

1.800

1.879

A

0.171
0.151
0.0835
0.0412
0.01714
0.1443

0.1140

0,06825

0.02435

0.00583

F

34.80
28.95
18.81
10.81

5¢74
19.42

16.51

11.33

5.21

1.835

4.712
6.640
7.948
534
2.804
10.84

8.28

13.09

12,74

31.77

042




System b
0.5M 0.244
Decanole
Acid
0.5M
Decanole
Acid
0.5M
Decanoie
Acid
O.5M
Decanoic
Aedid
0.5M
Decancie
Acid
1.0M
Decanolc
Acid
1.0M
Decancle
Acig
1.0M
Decsanoie
Aciqa
1.0M
Decanoic
Acid
1.CM
Decancie
Acid

042245

0.1935

0,162

0.104

0.2365

0.2210

0.1925

0.1495

041020

R

0.3993

0.3751

0.3320

0.2820

0.1940

0.384

0.3655

0,3275

0.2650

0.,1898

q
1.3083

1.2791

1.,2303

1,1835

1.104

1.3273

1.2930

1.2458

1.1753

1.110

t

L
0,2705

042634

0.2450

0.2288

0.1783

0,260

0.2501

0.2328

0,2070

0.1673

{Continued)

DROP SHAPE CHARACTERISTICS

(Series A2, B2, G2 and D2)

x 2

Cc c
0.196  0.3521
0.1717  0.3365
0.1328 0.306
0.0961 0.2658
0.04268 0.1895
0.,1968 0.3346
0.1731 0.3261
0.,1372  0.299
0.0871  0.2508
0.,0433  0.1849

9.‘

c

150.63

152.40

156432

160. w

167.32

149.2

151.78

155.19

160.7

166.86

hcap hdrop

0.05127 0.4034

0.04268 0.3792

0.02795 0.3340

0.0170 0,2828

0.,00474 0.1942

0.0541 0.3887

0.04215 0,3683

0.0302 0.3298

0.00497 0.1899

2X9°o

0.5271

0.4850

0.4110

0.3346

0.2143

0.5150

044765

0.4109

0,2915

0.2085

P A
1.635 0.1285
1.670 0,1008
1,717  0,05825
1.75 0.03009
1.867 0.0058
1.621 0.1306
1.654  0.09415
1.700 0.06179
1,774  0.0248

1.8610 0,00592

F

13.62

11.22

74545

4464

1.328

11.80

9.56

6.726

3.370

1.148

tlfll

23.53

21.85

16427

7.28

14442

18.97

25.53

22,87

11.09

10.30

T 1de




System

Benzene
~water
Benzene
-water
Benzene
-water
Benzene
-water
CCl4
~water
HO VA
-water
CCLls4
-water
CC1l4
-water
Benzene
-water
Benzerne
-water
Benzens
-vater
Benzene
-yater
n Heptane
-water

Ethylene Glycol * fonnecke 0,0965

-n Hexane
Ethylene Glycol
-n Hexane
Ethylene Glycol
-n Hexene
Tri-Ethylene
Glycol-n Hexane

Reference b

16 0.192
0,208
0,272
0,302
16 0.168
0,168
0.164
0,162
16 0,289
0.284
0,275
0.270

16 0.232

0.0965
0,095

0.3562 1,085
0.3885 1.097

0.4935 1.1404
0.5340 1.1650

0.2917 1.206

0.2916 1.2075

0.2917 1,206
0.2819 1.205
0.519 1.155

0.5095 1.15255
0.4935 1.1565

0.482 1,158
0.4315 1.178
0.1731 1.150

0.1729 1.1555

DRCP SHAPE CHARACTERISTICS

L

0.3160
0.334

0.3663
044260
0.2241
0.2241
0.1975
0.2140
0.4276
0.4196
0.3774
0.3920
0.2179
0.1488

0.14105
0.1731 1..15375 0.14125

X
[

0725
.08575
« 1405
+1700
1083
+109
.106
+1045
+ 1560
«1541
»1509
« 1492
+1350
05176
.05655
.0526

%o

«3475
«3768
<4790
. 5085
<2729
2724
. 2670
2637
<4970
<4873
A4T12
4605
«3800
. 1660
.1652
. 1654

]

168.42
167.52
163.55
161.25
158,20
158.04
158,20
158.22
162.58
162.38
162.11
161.86
160.2

162.63
162.05
162.24

007275 .35478

.00916 .38596
L0202 L4992
Q282 5367
.02081 .2937
02115 .29355
.02081 .2878
L0205  .2842
02379 .5218
02385 .51115
0238 L4950
ABLLS

4055

»02395
0255

L0079 L1739
L00841 1736

.008255 .17366

*Xonnecke,lisGa ,2.Physik Chem,,(Leipzin),211,208, (1959).

2X P

90°

+3850 1.857
4320 1,862
«5690 1,812
«6250 1.769
.3538 1,736
«3540 1.735
. 3461 1.778
« 3425 1,740
+6035 1.797
5776 17795
5720 1.79%
«5600 1,738
4780 1,860
«1999 1.795
<2004 T.790

+2002 1.795

01629 _-3.243

0224 4415
06255 8.90
0945 12.21
.03805 10.40

.0386 10,30

.03805 9.025
.03621 3,680

0779 10,61

L0765 10444
L0737 10.10
L0725 10.10
L0691 14.48

.0086

+00913  1.669
.00899 1.582

1.562

ngp. tm
20 4.1
20 5.9
20 11,7
20 18.9
15 3.1
20 2.4
25 1.5
30 1.4
15 16,1
20 14.8
30 13.8
40 13,2
20 3.6
20 3.0
40 1.6
60 1,0

¢l




System

Tri~Ethylene
Glycol-n Hexane
Tri-Ethylene
Glycol-n Hexanse
Tri-Ethylense
Glycol-n Hexane
Di-Ethylene
Glycol-n Hexane
Di-Ethylens
Glycol-n Hexane
Di-Ethylene
Glycol=-n Hexane
Ethylens Glycol
-Benzene
Ethylene
-Benzena
Ethylens
-Benzens
Benzsene
-water
Ethylene
-Renzene
Ethylene
=Benzena
Ethylene
~Banzena
Water
='Aroclor!
Benzene
-water

Glyeol

Glyeol

Glyecol
Glycol
Glycol

Reference h

fonnecke™ 0,078

0.1391 1.1610
0.1384 1.167
0.1389 1.163
0.1350 1.1498
0.1349 1.150
0.13475 1.1525
0.1552 1.133
0.1540 1.1410
0.1535 1.1432
0.3865 1.101

0.0975 0,1737 1.162

0.0795 0,464 1.1320

0.0625 0,1231 1.08306

0,078
Konnecke
0.078
Konnecke .075
075
Kennecke
075
.085
+085
82
82 114
82

0.2120 1.108

0.215 0.401 1.097

(Continued)

DROP SHAPE CHARACTERISTICS

0.1141
0,11215
0.1139
0,1089
0,1106
0,10875
0,1282
0.1254
0.1291
0.3281
0,1358
0,1183
0,096
0,2059

0.3389

c

+04355
«0445
«0439
. 0401
04038
04115
04272
<0440
JO44d,
.0880
0544
03743
02469
. 0503
<3843

2z
c

+1329
«1320
.1329
«1292
1291
.1288
+1491
. 1478
1473
« 3745
.1658

»1632

el

e

161.69
161,15
161445
164.16
164.06
162.37
164.91
163.48
163.27
167.17
161.58
165.36
168.44
166.5

167.03

cap

00704
.00740
. 00720
. 00511
.005175
.00632
. 00534
» 00636
00650
»00965
.00889
00478
+ 00250
.00585

»01025

*nonnecke ,is 3o ,4.Physik chem, (Leipziz),211,208, (1959)

drop

»1399
«1394
«1401
«1343
«13428
«1351
» 1544
«15416
+1538
#3842
1747

« 1227
«2101
<1735

X P

90°

«1625 1.783
»1628 1.775
.1630 1,780
«1543

<1546

1.80
1.799
« 1558 1,795
. 1750 1.829
L1760 1.810
»1760 1.805
+4230 1,863
»2030 1,780
»1639 1.842
.1328 1.971
«2325 1.859

1.865

00615 0.845
.00643 0.835
.00628 0,796
+00433 0,680
«0043850,639
»00534 0,740

.00521 0.5165

+00615 0.5160

. 00626 0,567
20234 4024
0097 0.802
0044 0.441

.001932 0,2282

00779 3.02
.0258 1.290

ngp. tm
20 2.3
40 1.6
60 1.3
20 3.8
40 1.8
60 1.3
20 5.1
40 1.0
60 2.6
25 A7
25 23.5
25 14.0
25 20.9
25 206.0
25 6.0

€Lz
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APPENDIX 5
FITTING OF MULTIPLE REGRESSION BY THE

METHOD OF LEAST SQUARES

4.1, Mathematical Model and Least Squares Byuations

——

The mathematical model relating the mean coalescence time to the
physical variables of the system is given by Eqn. (7.2.1):
— j4 q r 8
tm = k 8./[ 2 Ae K (Ao.l o)
A nor-linear model of this type is referred to as being intringically
linear (29} and it can be expressed by a suitable transformation of the
variables, in a standard Yinear form. Taking logarithms to the base e
of Eqn. (7.2,1):
Int, = Ink+pna+g 1n/a2 + r1.nAQ + 81 ¥ (A.2)
In the case where the fall height, L, is important Egqn. (7.2.2) is
transformed tos
Int = '1n14:1 + plna+qinf,+rin D +sln ¥
n a1, ¢
+ tInlL (AGB)
If we put ¥, X9, Xy eee xs equel to n tm, n a, 'Ln/-._ 2’ Tnl\Q , In X
and In L, respectively, the equations {A.2) and (A.3) may be re-written in

the general manner as described by Davies (22):

y = b+ b," Xy * b, Xy eee bp X5 (A.4)
where p = 4 for Eqn. (A.2) and p = 5 for Eqn. (4.3). TFor sets of values
gatisfying this relationship exactly

y"‘boﬂb‘]_xl"clobpxpr'o (A-5)
For any set of values X935, eee , Xpt of the independent variables
Xys sse 3 Xp We may derive an "expected valug" 73 of the "dependent" variable

y from the relationship:

Yi = bo + bl X1_i + S8 + bp xpi (A.6)
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Obsgervations cbtained in practice will be more or less scattered
about an exact relationship. To each observed set of values x4y, ...,xpi
will correspond an expected value of Yi of the dependent variable y, but the
observed value:df yjof y will not, in general, be equal to Y;. The
difference between the observed and expected values of y will be:

1) (8.7)

The values of the constants b,, «ee , bp are as yet unknown. The problem

(yi"Yi) = (Yi‘bo"bl X1q = oo bpx

is to derive those values for the constants which will give rise to the
least disagreement, overall, between observation and expectation., As a
measure of the overall disagreement we take:

@ = 2y (yg-1)? (A.8)
i.e. the sum of squares of the deviations of observed valuesg of the
dependent varisble from those expected. In fitting by the method of least

squares we aim to choose by, ..s; b, so as to minimise Q. This may be

P
done by the methods of the differential calculus. The partial deviations
of Q with respect to b, ..., bp are each equated to zero, giving a set
of similtaneous equations for the desired values of b , «es Dby
We have that:
g = ‘zi (y = by = by X = eeo = bp xp)2 (4.9)
where, for convenlence, we have dropped the subseript i and the summation

is understood to be over the n sets of observations i =1, ..., n.

Differentiating with respect to bo and equating to zerot

2P
i -1 nbo = 2 y . b‘[ xl -~ see "'bp xP
or b = ? - b i - ses b ;{
° 1 p P (4,10)

For k # O:
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?)‘ = _2Zxk (y—bo-b-txl-ooe bkxk-col-bpxp) =0

. : 2 - _
La€Co bo 2 xk + b-l 2 XIXk + L. * bk f_ Xk + 44 * bp{;, xp'xk = yxk

(4.11)
NOW bo = y - b15.c1~ - sea br;x-_p’ from mn. (A.lo).

Hence, elliminating bo’ Eqn. (4,11) becomes:

bjéxk (xl—-"xl) + oaee ¥ bké X} (xk-ik) + sea * bp£ X (xp-ip) =
Ex, (y-7 (4.12)
Now é'xk (x1 - '}':1) =Z (xy = X)) (x, - i'l)i
the difference between the two expressions is ik = (xl - il), which is
identically zero from the definition of 21' A similar modification may be
made to the other sumations involved in Eqn. (A.12) which thus becomes:
by = (x1 - %) (xk-— Ry) *oeee * ka (xk-xk)2 + eee * bpi (xp - %p)
(x, - %) = Z@F-9 (x-%) (=1, .., D

or more concisely
by Cqp + eee * b, Cyk * eeo bp Cpx = Cyx (4.13)
(k =1, «ssy P), where Cqy denotes géf (xi - il) C ik), etc.

Eqn. (A.13) represents in fact a set of p simultaneous equations for
the regression coefficients bl’ ene bp. Written out in more detail these

take the form

b1_c11 + b2 012 + es e + bp G1p = Cy-‘
b']C'[z + b2 022 * aae t bp 02p = Gy-2
DOz + by Gz + wee + By CO3p = Oy (A.74)
blclp + b2 02p + Lee ¥t bp Cpp = cyp

These equations, together with Egn. (2.10), give the least squares estimates

of the constants in the regression equation representing the dependence of
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J 0N Xyy ses 3 xp. The number of eguations is equal to the number of
constants to be estimated, i.e. (p + 1), and the coefficients {apart from
those in the equation of means defining bo} form a symmetrical pettern,
with sums of squares along the principsl (N.W. - S.E.) diagonal, and sums
of products elsewhere,

4.2 Solution of the Leagt Squares Equations

One form of solution of the equations is obtained by solving, not
the original set of p equations, but the p sets of p equations obtained by
gsuccessively substituting on the right of the original equations the sets
of values (1, 0, 0, ..., O}, (O, 1, O, ...0), (0,0,1 ...,0), ..., (0,0,0,
ees 3 1). The importance arises from the fact that this form of the
solution gives as a by-product, the standard errors of the regressiocn
coefficients,

With for example, four independent variables, as in Eqn. (4.2),
the Least Squares equations are

Py 01 * By Oqz + B3 Gz + By Gy = Cp

by Cig * By O * by O3 + By Gy = Oy

Br Cy3 * By Co3 + b3 033 + By C34 = Cys

bl G14 + b2 024 + b3 034 + b4 G44 = Cy&

We replace these by four sets of eguations
pC11+q612+ I‘C]3+ SG*[A= 1,0,0,0
j 013 +q 023 +r 033 + 3 034 = 0,0,1,0
P 014 + q (12!+ +r 034 + s 644 = 0,0,0,1

each set eorresponding to a particular column of figures on the right.
Let the solutions to the first set (right-hand sides 1,0,0,0 respectively)
be
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cll

7

c2

31

CAI

Let those to the second set be similarly

12

= ¢
p2 22
9, = C
Ty = 032
82 = 042

and so on for the third and fourth sets. We may write the four sets of
solutions ag the array of numbers

C11 C12 013 014

gl 522 423 o2

g3l 32 ¢33 34

Al R A3
each set of solutions forming one column of the array,

The reader familisr with matrix algebra, will recognise this array

as the inverse of the matrix of sums of squares and products formed by the
coefficients on the left-hand sides of the original equations. Using the

inverse matrix, the solutions to the originel equations are given by:

_ I 12 13 1 A
B = C G, * CF Oy G Gy + CF Cyy
b 2! *? ¢ + B g, + % g
: 1 ne 32 8 3 ” 34 vh f (8.15)
b3 ¢ Cy1 + C cﬂ + 023 C 3 + C Cy4
1
by, i Cy1. + cAR Cyp + C Cyz * Voo GY4J

Thus, b] is obtained by summing the products of successive terms in the
first yow of the inverse matrix with the corresponding quantities on the

right hand sides of the original equations, b2 by using similarly, the

second row of the matrix, and b3 by using the third row.




279

A.3 Analysis of Variance

The sum of sguares due to regression is given by

+ + ..o b_C

bl uyl b2 Cﬂ o Cyp
and ls associsted with p degreses of freedom. The residual sum of sguares
is:

- - - sse A-

Coy =y Cyoy b, G 2 bp Cyp (2.16)
and is associated with n- p= 7 degrees of freedom where n is the number of
sets of obgervations used in derivirg the regression equation. We may thus
draw up an An=lysis of Variance Table as follows:-

TABLE 5.A.1

ANALYSIS OF VARIANCE FOR MULTIPLE

nIGHESSION
Source NDegrees Sum Meszn
of of of Squares

Variation Freedom Squares
Attributable P baCya + b, + +0stbh C
to regression tm 2752 p P
Deviation from Nnep=1}C_ =bC = s =bC
regression v 1y PP
Total ¥ ne-1

The F-ratio calcu’ated from this table may be used to test for the
significance of the apparent dependence, but such a test of the combined
dependence on all independent wariables is not usually sufficient, since it
tells nothing about the significance of particuiar terms in the regression
equatlon,

A.4 Standard Errors and Sonfidence Limlts

The residual sum of squares due to regression (i.,e. Deviation from
Regresaion in Table 5,A.1) gives an estimate of the residual variance based

on n-p— 1 degrees of freedom, since in a'l p + 1 paranmeters have been
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estimated. It shou'ld be noted, however, that the residua? variance will
only estimate the true "error! mean square if the regression equation is
correctly formu"sted. If significant variables have been omitted, on if
the true relationship is non-linear, the estimate will be blased.

The estimate of the residual variance is:

2

s = 1 (c = by, Ca = eea=b CT_) (A.17)
g | yy 1n P YP

As mentioned earlier, the standard errors of the estimated regression

coefficients are obtained by way of the inverse matrix. Thus

S.Ee (bl) = s /Cu
5.8 (b) = o/ c®
5.5 (b) = s/ P

ete,
Limits within which the true regression coefficients by, +se b
probably lie, i.e. the confidence limits, are calculated from the standard
errors by means of the appropriate t - multipliers. Thus the (1 - 2 A )
confidence Yimits for b 4 8re

by + ty.® Jot (4.18)
where t has the same nuaher of degrees of freedon (n-p=1) as the
estimate of 32, j.e. on the residual scatter about the regression, on the
number of observations available (which determines the appropriate t-
mu)tipliers) and also on the inverse matrix term C1'.  This last
depends on the spread of the observed xy - va'ues, and avso on the extent
to which the variations in x, are correlated with variations in the other "in-
dependent" varisbles. The greater the spread, and the less the corre’ation,
the smaller will be the value of GLt.  Its reciprocal 1/C'l, is in fact the
residual sum of squares of the xy-values about a regression of xy on the

independent variables Xoy eeey xp, and this is used to derlve the standard

error of bl‘
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The significance of by is measured by its ratio to its standard
error, i.e. by:

t = b/s /o (A.19)
The degrees of freedom for t are, as fort , , n-~-p = 1.

For example, consider the case PROL 33 for which the calculated
statistics are contained in Appendix 5. The residual sum of squares
(i.e. "Deviation from Regression" in the computer print-out) is 2.25360
and this corresponds to (55 - 5 = 1) = 49 degrees of fresdom. The

estimated residual variance is thus
2

s = 1 (2.2536) = 0.4599
49
giving 8 = 0.,6731
Hence S.Ee (by) = 0.07557

S.Ee (b2) = 0,07362
S.E. (b3) = 0,11480

S.E, (b4) = 0.11959

SJ.E. (bs) 0,03915

g5% confidence 1imits for the true regression coeffieients are:

For 1 = 0.94123 o+ 2.011 x 0.07557
5 = 0,92540 % 2.011 x 0.07362
3 = 0.37033 & 2,011 x 0.11480
4 = ~L59875 & 2,011 x 0,11959
5 = 0.04132 & 2.001 x 0.03915

while the ealeulated t - values for testing the significance of the b's
are 12.4545, 12.5695, 3.7280, ~13.3681 and 1.0553 respectively. The t =
value for a'1 of the coefficients except C% 5 is significant at the 99%

Tevel. e see from the confidence 'imits that the estimate of 3 5 is so

imprecise that it is not unvikely that the true value is zero. The
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t-value for (3 5 fails, similarly, to reach the 0.05 significance level,
AN

The confidence limits for each of the other cases is presented in
Tab%e 5,4.2 2nd the significance at the 95% level is reported as
tsignificant® or “not significant. If the regreasion coefficient is

significant at the 99% Tevel then it is reported as ‘thighly significant®,

4.5 Bxamination of Resgiduals

A

The residuals defined as the n differences ey = Y, - Yi’ i="1,2,

i
eee » n where Yi is an observation andlgi is the corresponding fitted
value obtained by use of the fitted regression equation.

Ye can see from this definition that the residuals e; are the
differences between what is actually observed, and what is predicted by the
regression equation - that is, the amount which the regression equation has
not been abhle to explain, Thus e; may be thought of as the observed
errors if the model is correct. llow in performing the regression analysis
certain assumptions have been made concerning the errors; the usual
agsumptions are that the errors are independent, have zero mean, a constant
variance, <<, and follow a normal distribution. Thus if the fitted
moedel 1s correct, the residuals should exhibit tendencies that confirm the
assumptions that have been made, or at least, shou’d not exhibit a denial
cf the assumptions.

The residquals can be examined graphically and the principal ways of

plotting these are (29).

1. Overall

2. In time sequence, if the order is known
3e Against the fitted Yi values

L Against the independent variables

If we choose method (3) then the plot may be one of the forms

indicated in Fig. (5.4.1)
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LS

/ /,

Fig. (5.4.1)

They represent:

(a)

(b)

(c)

(d)

a ®"horizontal band? indicating no abnormality (the same form
would be obtained for method (1) )

Variance not constant, =s assumed; need for welghted Yeast
squares or a transformation on the observations Y; before
making a regression asnalysis

Error in analysis; the departure from fitted equation is
systematic

Model inadequate - need for extra terms in the model, or need

for a transformation on the observatlons Yi before analysis



Figs. (5.4.2) to (5.A.4) show plots of e, against ¥, for the
cases PROL(O3, PROL 07 and PROL 41, respectively. Cases PROL 03 and
PROL 41 clearly exhibit the trend showm in Fig. (5.A.1 (a) ). Whilst the
trend exhibited by case PROL 07 in Fig. (5.4.3) is not definitely of this
latter type an overall plot of e does not indicate any abnormality.
The examples shown in Figs. (5.4.2) to (5.4.4) are typleal of the rest of
the cases examined.

A.6 Prediction using the Regression Egquation

The regression equation ig of the formy = bo + blxi + .00 + b x

P'p
where by, = ¥ = byXy = «o0 - bx,. We may therefore re-urite the
equation as:

y = y+b1(x-x1) 'l-...*-bp (xp-xp) (A.20)

remembering of course that,

y = In t

m
X = in a
Xy Z IE/L'z
X3 = n AQ
xL = in }f’

X5 I 1n L
Corresponding to any set of assigned values (Xl, cns Xp) of the
independent variables Xys eve 3 X there is a predicted value Y of y which
may be caleulated from the equation., This value iz subject to uncertainty,
since it is derived by using coefficients which are themselves subject to

uncertainty., The standard error of the estimate of Y is calcu'sted by the

computer program and 95% confidence limits are found In the same manner as

for the regression coefficients.
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TABLE 5.4.2

95% CONFIDENCE LIMITS FOR TRUE REGRESSION

COEFFICIENTS
CASE LIMITS SIGNIFICANCE
PROL 01 (} 1 = 1.0128 * 0.4370 Highly significant
Q2 = fail Not significant
@ 3 = fail Not significant
Fe fail Not significant
PROL 02 gl = T,4671 + 1.2050 Highly significant
@a = 2.0829 ¥ 3.8400 Not significant
3 = L1271 # 2.9630 Not significant
g L = -0,8255 * 0.4080 Highly significant
FROL 03 (3 1 = 2,2769 + 1.1410 Highly significant
G2 = 2.0806 + 2.4850 Not significant
3 = 1.0197 + 1.8460 Not significant
% L = «0.4905 * 0.2600 Highly significant
PROL Q4 1 = 2.6578 + 1.0990 Highly significant
82 = 11,1104 + 2.1400 Not significant
&3 = 01053 ¥ 1.6200 Not significant
&1~ -0.4048 * 0.5400 Highly significant
PROL 05 1 = 0.6834 & 0.2320 High'y significant
2 = 2.2243 + 2.1610 Significant
3 = 1.3302 + 1.6220 Not significant
g L " -0.9041 + 0.3438 High'y significant
PROL 06 7 = 2.2044 + 0,2237 High'y significant
% = 1,281 * 11,2750 Significant
2 = 0.3669 *+ 1.0550 Not significant
81 = -0,4353 *+ 0.1590 Highly significant
PROL 07 (1 = 1.29%4 * 0.1332 Highly significant
Qa = 0.7866 * 11,9830 Not significant
3 = 0.1641 + 1.5770 Not significant
%4 = -0,6702 + 0.2755 Highly significant
PROL 21 (3¢ = 0.4075 *+ 0.4570 Not significant
5 = 0.4739 * 0.1512 Highly significant
3 = 0.37100 + 0,1820 Highly significant
z = 04 565 + (©.3840 Not significant
PKOL 22 (31 = 1.638, & 0.2350 Highly significant
2 = 0.3935 *+ 3.0650 Not significant
G2 = -0.0me = 27150 Not significant
2 = 17473 % 44520 Not significant
5 = -0,1096 *+ 0.1492 Not significant
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TABLE 5,4.2 {Continued)

CASE LIVITS SIGNIFICANCE
PiCL 23 {37 = 1.3929 x 0.3760 lighly signifieant
I8 o = 0.5779 % 0,096 Highly significent

3 = =0.0670 * 0.1354 Mot significant
L = «0,4326 + 0.2226 High'y significant
5 = -0.7072 + 0.2334 High'y significant
ZROL 31 (3 1 = 07573 + 0,1590 High'y signifieant

G2 = =0.4276 *+ fail llot significant

G 3 = «0,2203 * [fail Lot significant

34 = =0.,2733 2 fail Mot significant
PROL 32 a1 = 1.4501 + 0.2303 ighly signifiecant
G o = 0.858L % 0.1060 Highly significant

3 = 0,133, =+ 0.2432 lot significant
8 L = =188 T 0.3242 Highly significant
@ 5 = 0.7390 * 0.0601 Highly significant
P1OL 33 (3-, = 0.9412 * 0,159 Highl'y signifieant
2' = 0.9254 *+ 0.7480 High'y significant
3 = 0.3763 + 0.2303 Highly significant
7 = =1.5937 + 0.2400 High'y significant

5 = 0.0413 * 0,0786 Not significant

PROL 41 (37 = 0.3098 * 0.37% Not significant
Ro = 0.4170 + 0.7579 Highty signifiecant

3 = -0,2320 + 0,1848 Significant

84 = =0.1059 =+ 0.3710 Not significant
PROL 42 7 = 1.5959 + 0,709 Migh'y significant
g 2 = 0.7325 + 0.06345 digh'y signifieant

@ 3 = 0,016 * 0,139 Not significant
a = -1.0248 + 0.2680 High'y significant
8 5 =  0.,1669 *+ 0.0292 Highly significant
PROL 43 31 % 0.6044 * 0,2285 Highl'y signifiecant
% 5 = 0.4841 * 0,099 Highly significant
(‘,) 3 = ~0.2360 + 0,202 Highly significant
(‘34 = -0.3572 + 0.2183 Highly significent

=5 = «0,0398 * 0.0735 ot significant
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APPENDIX 5
COMPUTER PROGRAM
MULTRREGRE

The multiple linear regresaion program consists of a modified program

named REGRE, a special input subroutine named DATA, and four subroutines,

namely, CORRE, ORDER, MINV and MULTR, from the I.B.M. Scientific Subroutine

Package (4 ).

Input

One control card is regquired for each problem and is read by the

main program, REGRE,

Colums

1-6

7-11
12-13
14-15

Data Cards

Selaction Card

This card ia prepared as followss

Contents For Sample
Problem
Problem number (may be alphameric) Sample
Number of observations 00030
Number of variables 06
Number of selection cards 02

if the data field format exceeds 72 columns each row

of data is continued on the second and third cards until
the last data point is key punched. However, easch row
of data mst begin on 2 new card.

the selection card is used to specify a dependent
varieble erd a set of independent variasblea in a multiple
linear regression 2nalysia, Any variable can be
designated as a dependent variable, and any number of
varisbles can be specified as independent wvariablea,
Selection of a dependent variable and a set of independent
variebles can be performed over and over again using the
same set of original wvariables, The Selection Card is

prepared as followss
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Columns Contents For Sample Problem
Selection Selection
2 2
1-2 Cption code for table of residuals
00 if it not desired 01 0l
01 if it ia desired
3~k Dependent variable designated for
the forthcoming regression 01 0l
5=b Number of independent wvariables
included in the forthcoming 04 05
regression (the subseript numbers
of variables are specified below)
7-8 1at independent wvariable included 02 02
9-10 2nd independent varisble included 03 03
11-12 3rd independent variable included 04 04
13-14 4th independent variable included 05 05
15=16 5th independent wvariable included 06
Cutput
The output of the program for the multiple linesr regression
inocludess

1. Means

2. Standard deviations

3. Correlation coefficients between the independent wvariables

and the dependent variable

AN Regression coefficients

5. Standard errors of regression coeffileclents

6. Computed t-values

T Intercept

8. Multiple correlation coefficienta

9. Standard error of estimate
10. Anelysis of variance for the mmltiple regression
11. Table of residuals (optional)

Designation of Varisbles

The variaebles included in the analysis were designated as followss:
t,  dependent variable number 1 (mean coslescence in seconds)

-1 independent variable number 2 (equivalent spherical drop
diameter in cms.)

e 2 1ndependent)variable number 3 (continuous phase viscosity in
polse

.

>
9

independent variable number 4 (phase density difference
(Ql-eginmhm)
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?{, independent variable number 5 (interfacial tension in
dynes/cm. )

L independent variable number 6 (fall height to the interface
in cms.)

Order_of Data Processing for Multiple Regression Analysis

Section 1
Case Deseription Fig. No. for
Correlation
(Series 24, 2B, 20, 2D)

PROL 01 1st Stage coalescence 7.1
PROL 02 2nd Stage coalescence 7.2
PROL 03 3xd Stage coalescence Te3
PROL 0O/ 4th Stage coalescence Tl
PROL 05 1st and 2nd Stage coalescence 745
PROL 06 3rd and 4th Stage coalescence 746
PROL 07 1st, 2nd, 3rd and 4th Stage coalescence o7
Section 2

FROL 21 Two Component Systems for L = O cms. 7.8
PROL 22 Two Component Systems for L > O cma. 7.9
Section 3

PROL 31 Three Component Systems for L = 0 cms. 7.10

(present work only for Series 2B,
2C, 2D)

PROL 32 Three Component Systems for L > 0 cms. 7.11
Section 4

PROL 41 PROL 21 and PROL 31 for L = O cms. 7.12
PROL 42 PROL 22 and PROL 32 for L > O cms. 7.13
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MASTFRRFGRE

"

----------- .-l'.ll'llllll#!Illl.II!..t.l..ll.'III.II.I.I.I.IIIIII

SAMILE MaIN PROGFAM FOR MUl TIPLE REGRESSION = GEGRE

PUR2NSE
(1) R=AD THF PRQHLEM PARAMETER CARD FOR A MULTYIPLE REGRES~
$I0N, (2) READ SUBSET SELECTION CARDS, (3) CALL THE Sua-
ROUTINES TO CALCULATE MFANS, STANDARD DEVIATIONS, SIMPLE
AND MLTIPLF CORRELATION COFFFICIFNTS, REGRESSION CNFFFIa=
SIENTS, TeVALUESg=AND ANALYSIS NF VARIANCE FOR MULTIPLE
REGAESSTICN, AND (4) FRINT THE RESULTS,

REMARYS
THE N IMBER OF OBRSERVATIONS, N, MUST BE GREATER THAN M+i,
KHERE W IS THE NUMRER OF VARIABLES, IF SUBSET SELECTION
ZARDS ARE NOT PRESENT, THE PROGRAM CAN NOT PERFORM MULTIPLE
AEGRESSION,
AFTFR RFTUKNIWG FROM SUBROUTINE MINV, THE VALUE OF DETFR=
WINANT (DRET) IS TESTEN TO CHECK WHEYHWER THE CORRELATION
WATRIX 1S SINGULAR, IF DET IS COMPARED AGAINST A SMALL
TONSTANT, THIS TEST MAY ALSQO RE USED TN CRECK NEAR=-
SINGULARITY,

SURRDUTINES AND FUNCTION SUBPROGRAMS RFQUIRED
EAKRE  (WHICH, TN TURN, CALLS THE SUBROUTINE NAMED DATA)
J8DER
ATNV
YULTR

HETAND
FEFER TH B, OSTLE, STATISTICS IN RESEARPCH . THE IQWA STATE
COLLE3E PKESS , 1954, CHAPTER 8,

THE FOLLO-ING DIYENSIONS MUST BE GREATER THAN OR EQUAL TO THE
NUMRER OF UARTASLES, M.,

OO AN OO0 OO0

NDIMENSTOY XBAR(AN),STD(A,),D(40),RY(40),ISAVE(10),B(40),
i SB(40),T(40),H(4d0)

THE FOLLOWIUG DIMENSION MUST PE GREATER THAN OR ENUAL TO THF
PRODUCT OF awM

DIMENSTION RXL1600)

(9] OO0 0

LN S IR I I I I I s gt e mrwaaas LA I N NN EE DR RN NN LR B I B I I
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THE FOLLOWING DIMENSION MUST RE GREATFR THAN OR EQUAL TO
(Megiwv/2 .,

DIMENSION R(AR20)
THE FOLLOWING DIMENSION MUST RE GREATER THAN OR EQUAL 7O 0.,
DIMENSION ANS(10Q)

LI I I I R l.-clcl!-ltDtll.lllIIllll.lll-llol.tlllll-.llll'llltl-l-

IF & DNU3LE PRECISION VERSION OF THIS RQUTINE IS DESIRED, THE
C I[N COLJMN | SHOULD BF REMOVED FRNM THE DOUBLE PRECISION
STATEMENT WHICH FOLLOWS,

DOURLE PRECISION XBAR,STD)RX,RsN,BsTIRY,DET,SB,JANS,SUM

THE € “UST ALSO RE RFMOVED FROM DOURLE PRFEISION STATEMENTS
APPEARING IN OTHER ROUTINES USED IN CANJUNETIOMN WITH THIS
ROUTINE,

---qlstl.Ill-l-c.l-l.-l.!lll.ltullll.---.-llnl.l..ll'ln'lnlo

1 FORMAT(AG,A?,15,212)

2 FURMAT(25WY AULTIPLE RFGRESSION,.,..A4,82//86X%,14HSELFCTION, ... .12//
1)

3 FORMATIQHOVARIARLE,SX ,4HMFAN,6X BHSTANDARD,6X, 11 HCORRELATION,4X, 10
{HREGRESSION, X, 1t GHSTD, ERROR,5X,8KCOMPUTED/ARH NO,,18X,9HDEVIATIN
AN, TX,8RYX VS Y,7¥,11HCOEFFICIENT 3%, 12HOF REG,CO0EF.,3X,7HT VALUE)

4 FORMAT(IK ,14,6F14,5)

5 FORMAT(10H "EPEMNCENT)

& FORMAT(1HO/Z10R INTERCERT,13X,F13,5//23 MULTIPLE CORRELATION ,F13
1.5//234 STD. ERKRCR (OF ESTIMATE,F13,5//)

7 FURMAT($HO, 21Y,39HANALYSIS OF VARIANCF FORP THF REGRESSION//5X,19HS
10URCE IJF VARIATION,7X,7HDEGREES:7X16HSUM OF, 10X, 4HYEAN,{2Y,T7HF VAL
ZUE/3CX,1040= FREEDOM,4X,7HSAUARES,9X,7HSQUARES)

& FORMAT(30M ATTRIBUTALRLE TO REGRESSION +16,3%F16,5/30M DEVIATION F
itRCM RESRESSTON +16,2F16,5)

Q FORMAT(1H ,5X,5HTNTAL,19X7IE,F16,5)

10 FORMAT(3612)

11 FORMAT(1H ,15X,16HTABLE OF RESIDUALS//QH CASE NO,,5X,7HY VALUE,S5X,
1108Y ESTIMATE,BX,84RESIDUAL)

{2 FORMAT{IH ,16,F15,5,2F14,5)

{3 FORMAT{S3H{wUMBER OF SELECTINNS NOT SPECIFIED, JOB TERMINATED.,)

14 FORMAT(SZ2HOTHE MATRIX IS SINGULAR, THIS SELECTION IS SKIPPEND,)

')
----- ot-'.'.oul-.l-.----.-un.blnnuool.------o---l-n'..ll.nl-nluulu
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READ PRORLEY PARARMETER CARD

FEAD (5,1) 2R,FAY MM yNS
PR, .vu.... PRORLEM NUMBER (MAY BE ALPHAMERIC)
PR1.4u... PROBLEY NUMRFR (CONTINUED)
Meesenee. o NUMBER OF ORSERVATIONS
N L eees. NUMRER 0OF YARJABIES
NS'oveseoso. . YUMMER OF SELECTIONS

LOGICAL TAP=z {3 IS USED AS INTERMFDIATE STORAGE TO HOLD INPUT
DATA. THF [NPUY DATA ARE WRITTEN O LOGICAL TAPE 13 BY THE
SPECIAL' INPJT SURROUTINE NAMED DATA, TRE STORED DATA MAY BE USED
FOR RESIDIL ANAL YSIS,

REWIND 13

In="
X=0,0

o H

CALL CORRE (N,M 10, X, XRAR,STDRX R0 4T
REWIND 13
TEST NJVBRER 0NF <ELECTIONS

IF(NS) 10#, {08, 1089
WRIIE (A,13)
GO 10 320

PO 200 I=1,.\8
WRITE (R,7) PRy¢PR1,]

REAN SJURSFT SELFCTION CARD

READ (5,10) NRESISNDEP,K, (ISAVE(J)rJ=1,K)
NRESI,....OPTION CODF FOR TABLE OF RESIDUALS
O IF IT 1S KOT DESIRED,
{ IF IT 1S DESIKED,
NDER, ... .DEPENDENT VARIEELE
Kineaeoe.  NUMBER OF INDEPEMDENT VARIABLES INCLUDED
1SAVE,. ... 4 VECTNR CONTAINING THE INDEPENDFNT VARIABLES
IMCLUDED

CALL ORDER (M, R,NDEP,K,ISAVE,RX+RY)
CALLL MINV (X,K,DET,B, T}

TEST SINGHLARITY OF THE MATRIX INVERTED
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IF(DREY) 112, 110, 112
110 WRITE (5,13
GN TO 2.0

(9]

112 CALL MJULTR (N Ko XRAR,STD,DIRX,RYISAVE, R, SR, T, ANS M)

PRIMT VFANS, STANDAKD DEVIATIONS, INTERCORRELATIONS BETWEEN
X AND Y, PESRESSION COEFFICIEMTS, STANDARD DEVIATIONS 0F
REGRESSION #0EFFICIENTS, AND COMPUTED T-VALUES

OO0

MMeK +1
WRITE (F,7)
DO 115 J=si.,¢
LxISAVE(J)Y
145 WRITE (3,1) L,XBARIL)STDILIRY (U (BRI SREJYTLS)
WRITE (%.,5)
L=x]SAVE{MY)
WRITE (65,1) L,XRARK(L),STD(L)

PRINT INTER~EPT, MULTIPLE CCRRELATION COEFFICIENT, AND STANDARD
ERROR JF ESTIMATE

WRITE (6,8) ANS(1),ANS({2)7ANS(3)

PRINT ANALY2IS NF VARIANCF FOR THE REGRESSION

e Ne Nyl OO0

WRITE (6,7}

L=ANS(8)

WRITE (6,8) K, ANS{G) ANSIB),ANS(10),L,ANS{T ), ANS(9)
L=N=1

SUMzANS(4)Y+aANS(7)

WRITE (R,9) L,SIM

IF(NREST) 270, 20U, 120

PRINT TABLE OF RESIDUALS

o0

120 WRITE (8,?) PR,FRi, 1
MRITE (f,11)
MM I SAVE(K+1)
DO *40 IT={,N
READ (1%) (~(J)sd=t, M)
SUM=ANS(1)
PO 130 J=i1,¢
L=ISAVE(J)

130 SUM=SUM+nily*n(J)
RESTaw (M) =35UM

140 WRITE (6,12) T1,W{MM),SUM,REST

REWIND 13
200 CONTINJE
GO TOLY O
300 CONTINJE
END

END OF SEGMENT, L=NGTH 436, NAMF REGRE




MULTIPLE +«SGRSSSION.,.,.PROL-1

SELE.TEIN . . 2
VARIABLF MEAN STANDARD CORRELATION REGRESSION STD. ERROR COMPJTED
NG, DEVIATION X VS v COEFFICIENT OF REG.COEF. T VALUE
2 -1, 27 8 31717 L.2N298 1,21283 o 17842 5, RTHTY
3 -5 24473 .1793%7 . .HE6A8 33,8977 97484 _{8A37 L0608
4 - 363091 .24.52 - ,308574 1,453%8 35824 ,96272 vor0nd
5 3.26713 4322% - ,8°52 -0, 80876 23697 .796: 1 -, 0003
DEPENDENT
1 2.5 1717 .69914
INTERCEPT 28.61512
MULTIPLE CNRRELATION SL,Qa8277
§iD, ER=Or 0= ESTIMATE i, 16818Q
ANALYSIS OF VARIANCE FOR THE REGRESSION
SOURC- 0OF VIRTATION DEGRFES SUM OF MEAN F VALUE
OF FREEDOM SQUARES SQUARES
ATTRIBUTARIE Tn R=GRESSION 4 4.71626 1.179 8 41.1R8794
DEVIAT! ! FRIM RESGRESSJON 6 t 17176 0.,0284%

TOTA: 10 4 8BR.LY

62




MULTIPL» “EGRESSIN,,.,.PROL:2

SELE-TION 2
VaRIABLE ME AN STANDARD CORRELATION REGRESSTION STDh. ERROR COMPJTFD
NO. DEVIATION X vS ¥ COEREFICIENT NF REG.COEF. T VALUE

2 -2.14224 2028 H,12518 1.36744 %.82215 2.8038¢
3 -5.27692 70075 ve29187 2,08292 1.667¢4 1,24347
4 -1, 36447 .2484% -0, 28526 t,127¢1 1.28786 . ,AR7518
5 3,.08218% .52921 = ,.74000 -,, 82551 v.17685 -1 . 66527

DEPENDENT
1 1.83485 -.51880

INTERCEPT Z0.15153

MULTIPLE (ORIELATION " ,BBD91

STD, ER&QM 07 ESTIMATE 30072

‘862

ANALYSIS OF VARIANCE FNR THE REGRESSION

SQUKC~ 0= VSRTATION NREGRFES SUM OF MEAN F VALVE
0F FREEDOM SQUARES SQUARES
ATTRIBUTARIE Q0 RTGRESSION 4 2.50637 0,.62859 R.9283N

DEVIAY! N FROY RESGRESSION 8 0.72%45 0.09443
TOATA. t2 3.22982




MULTIPLF ~FGRESSIN.....PROL 3

SEEECYION 2
VARIABLE MEAN STANDARD CORRELATINON REGRESSION STD ERRDOR COMPUTED
NG. DEVIATION X VS ¥ COEFFICIENT Q0F REG.COFF, T VALUF
2 -2 w87473 18317 38291 2.27698 ©,51233 4.44132
3 ~5.3'678% 86 3 1514 2,u8 62 1.07593 1,93%337a
4 -1 3Q7RZ 2?2444 - ,t5416 t,01870 L R2772 1.78164
5 3 110898 56077 - ,539 - .48 59 1166, 4, 20850
DEPENDENT
{ 0.87435 L400358
INTERCEPT 71 32 67
MULTIPLE CORIELAYTON .87294
S$TD. EReQr NF FSTIMATE + ,23108

ANALYSTS OF VARIANCE FOR THE REGRESSION

SQURC- DF VARTATION DEGREES SUM NF ME AN F VALYE
OF FREEDOM SGUARES SQUARES

ATTRIBUTARLE 10 R=GRESSION 4 i 74997 0.42749 8.0 587
DEVIAT N FRIM REJRESSION 10 0.53%29 0.n5340

TOTAD d 2 243406

662



MULTIPI ¢ " FGRESSION.,...PROL 4
SFILE_TION . 2
VaRIagL:e MEAN STANDARD
NO. DEVIATION
2 -3 58218 1446
3 -5 2978 18584
4 ~ 32371 .22857
5 3.1 25 .52651
DEPENDF™T
1 - 66383 41191
INTERCFPTY 16.13483
MULTIPtE ~ORIFLATION 0.A7069
87D, EP20~ OF ESTIVATE 0.233a3

ANALYSIS nF VARIANCE

SQU~C- 0OF VARTATION

ATTRIRUTARLE TO R=GRESSION
DEVIATI N FRJIM RESRESSION
TOT A

CORRELATION
X y§ ¥
S L,5640R
128 5
- 21347
~" ,36448

PEGFFES SLM NF
OF FLEEDGM SQUIARES
4 ¢."5798
12 D .65660
i 6 2.T14¢kR

FAR THE REGRESSION

REGRESSION STp. FRROR COMPUJUTED
COEFFICIENT nF REG COEF. T VALUE
2.65789 ,50437 5.26971
1,11 47 ©.98094 {13205
.1153%9 0.74316 L.14182
-,.474n4 ..11764 3 43267
ME AN £ VALJE
SQUARES
0.651449 g.40147
0.05472

00
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MULTIPI © 2EGRTRSIAN.....PROL 5
SELE.TI N 2
VARIARL - ME AN STANDARD CORRELATLION REGRESSION STD. ERROR COMPJUTED
T DEVIATION Y VS Y CNEFFICIENT nF REG.COEF. T VALUE
2 - B3, 11 O.62237 . ,486597 ..68348 L1122 A. @B
3 ~5.26215 O 18784 ,458%9 2,22636 1,73676 2.14549
4 -1 36527 O 2394R - 3%t 1.%8 23 G.7777% +.77584
[ 3. 1669% C.486 2 - 57313 ., 8413 +.16446 =5 49781
DEPENDENT
: ?2.1975 L6617A
INTERCEPT 19,76%58
MULTIPILE rNRIFLETION 0.q0440
87D, ER~0On OF ESTIMATE 0.31054
ANALYSIS oF VARIANCE FOR THE REGRESSION
gpu«C- OF VARTATION NDEGHREFS SUM OF MEAN F VALIF
OF ERFEDOM SQUARES SQUARES
AITRIBUTLALE {0 R-GRESSION a 8 .24r54 2.06N13% 21.36252
BEVIAT™ M FROM RESRESSION i 9 {1.83231 c.09644
TOTA /3 {n ., n7284

10¢€




MULTIPL S SGRESSIM,., .,PROL 6

SFLESTION 2
VARIABL - ME 2\ STaANDARD CORRELAT ION REGRESSION STD. FRROR COMPUTED
NQ, DEVIATION X VS v COFFFICIENT NF REG.COEF. T VA_UE
? =% 25651 38139 .97 Q7 2.2°445 SLilang 20,2226
2 =5 % 57 18314 .. 1848 1.282190 J,62123 2,"B%95
a -t 3'AR23 7231 - , 5523 H_ 3BK9% D.8000914 .73252
5 3,10523 .5%3G7 w 2731 - . 435%Q 0.n778. -5 . R1155
DERENDENT
1 . 337:¢ .85344
INTERCEPY 13.8517"
MULTIPLE - NRRIIELATION 0.9701
STD,. EF~-0~ NF ESTIMATE O.221R7
e
o
AV
ANALYSIS NnF VARIANCE FOR THF REGRESSION
SOURC- DS VAERTATION NEGFEFS SUM OF MEAN F VALUE
OF FREEDOM SGUARES SQUARES
ATTRIBUTRABLE TD R=GRESSION 4 21 2B813A 5.,32°3%5 1,8 270,58
DEVIAT N FRIM REZRESSION 27 1.32877 0,04914

TOT A %9 22.60815




.,

MULTIPLE ~EGRESSIAN ,.,,PROL 7

SELECTIN. . . 2
VARIABLE VE 8N STANDARD CORRELATION  REGRESSION  STD. ERROR FOMP ITEN
ND. DEVIATION X VS Y COEFFICIENT  OF REG COFF. T VALUF
2 -2.5599, 0.95012 . ,89022 {.29647 £.06977 {8,77164
3 ~5. 28761 o 18481 .,2°1174 ..78565 ©.98982 . 79478
a -1 33683 5.22937 - 17084 16413 ».786"5 FXLYY
5 313172 0.51033 - 16068 - .67 21 0.13733 -4 88 13
DEPENDENT
' .96105 P .32727
INTERCERT 10.75771
MULTIPLE CORRELATION .93792
L]
STD. ERROR OF ESTIMATE L4787 S

ANALYSIS nF VARIANCE FOR THE RFEGRESSION |

SOURCc 0% VARTATION NDEGREES SUM OF MEAN F VALUF
OF FREFDOM SQUARES SQUARES
ATTRIBUTARALE TO ®R-GRESSION 4 8% 23450 21.30862 9%,2357
DEVIAT' N FRJM REGRESSION &1 {1 .6559¢ N, 622855

TOTAL 58 96 .8%039



MULTIPL ~FEGRISSTIN , ,,,PROL2)Y

SFLECTION . . 2
VLRIARtE MEAN STANDARD CORRELATION REGRESSICN sSTD. ERROR COMPUTEN
NO. DEVIATION X vS ¥ COEFFICIENT NF QEG.COEF. T VALUF
2 -1.42461 0.6%5767 . 06461 .3477158 W, 22A817 1,78529
3 «4 7 a4ds 1 6002 62222 v,.37893% ..n7589 65.335141
4 -1 BGA3S 11,3123 - ,31°81 - i, 31003 'L, 0848 -3 41%07?
5 2.978t4% 78677 168309 -.,15653 3.19179 -  R{HLA
DERFENDENT
1 1 85008 1.1404Q
|
INTERCEPT 4 57951
MULTIPLE CORIELATION 0.73% A
§TH, ERLD~ 0OF EQTIMATE ©_ 81687 o
b
ANALYSIS OF VARIANCE FNR THF REGRESSION
SOU~C, D= V4RTATION DEGRFES SUM OF MEAN F VALUE
OF FREEDOM SOUARES SQUARES
ATTRIBUTARLE TO RZGRESSION a 34 .10878 8.527¢% 12.77838
DEVIAT. N FRIW RESRESSION 44 29 .36 45 D.8672R8

TOTA: 48 63.46922




L |

MULTIPL~ -FGRESSIIN_,.,,PROL22

SELFLTIIN. .2
VARIABL® MEAN STANDARD CORRELATION REGRESSION STH. ERROR cOMP UTER
NO. DEVIATION X VS ¥ CNEFFICIENT OF REG CNEF, T VA_UF
2 -1 32063 . .25.58% ¢ 84925 1,53847 S.1170% 1%,09125
3 -5_.1400, .05143 - 08220 1, %9356 {1.828p0 O0.?874¢
a -2.,08021 22364 LO09689 -~ Q7485 {,.35r48 =0.7218¢&
5 3.57080 08316 ', 153932 1.747%4 2.25621 0.7714%
6 «Q 50611 3615 ‘+ 33740 - ,174BB ¢,07439 -5 474143
DEPENDENT
i 1t 9 AB1 .374A9
INTERCERPT =% 223498
J
MULTIPLE (QRRELATION 0.00811¢ 8
STD., ERxN» N& ESTIMATE 0.16674

ANALYS1IS OF VARIANCE FOR THE REGRESSION

SQURC 0F VARTATION DEGRFES SUM OF MEAN F VaLUF
OF FKEFDOM SQUARES SQUARES
ATTRIBUTAZLE 7O R=GRESSION 5 6.67784 1.33557 4a,037%9
DEVIATT N FRIM RESRESSION 52 1.47%52 0.0278n
TOTA. 58 8.15136




MULYIPL!

“EGRESSIIN, .., .PRNL23

SEFLECTIIN, 2
VaRTIABLL ME AN STANDARD CORRELATION REGRESSION STD.
NG. DEVIATION X VS ¥ COEFFICIENT oF
2 -1.36795 0.47493 v, 16264 1,390393 .
3 ~-4.84461 | 1345 L 56601 v.57795 {
4 -1.98 43 0.90238 - ,283%8 -, ,367"°3 0
5 3.3719 0.50771 0,158766 -..43283 O
6 -9 2535 0.7324¢< -~ 11862 - .7 722 3
DEPENDEST
! t,8R214 -a1887
INTERCEPT 1.398%3
MULTIPLE ZQRRELATION T .79336
STD, ER~0Ox OF ESTIMATE .5 629
ANALYSIS OF VARIANCE FOR THE REGRESSION
SCURC, 0OF VARTATION DEGRFES SUM 0F MEAN
OF FREFDOM SQUARES SQUARES
ATTRIBUIAGLE [0 R=GRESSION 5 4%.,1945n 9.n3890
OEVIATt N FRIM RESRESSION 12 26 .51a5¢ 7.25999
TOTA: 17 71,7134

ERROR COMPJTFED
REG COEF, T VALUE
.18975 7.37319
.04R63 11,AR535
.06812 = _Qa1n]
124, =3 _R4G4A
172 -6,n%3472
F VALUE
34.76696

90€




MULTIPLE REGIFSSIIN,, .. .PROL3Y
SELFCTION,.,.. ?
VARIABLE YEAN STANDARD CORRFLATION REGRESSION STH. FRROR COMPUTED
NG, NEVIATION X Us ¥ CNEFFICIENT  QF REG,COEF, T VALUE
2 -1,59777 €.A2950 0,03023 0,75739 0,07356 10720529
3 ~5 1886 2, 157587 0.01228 -0782769 38272,71R01 =0,00201
a4 -1,12473 v,23778 0,06024 =0,22030  22450,21774 -0,00001
5 2,%1%67 D,.21860 0.17795 -y, 27385 10174,85944 =N, 00003
DERPENDENT
i 2,1503%1 0,47912
INTERCEPT 2.00729
MULTIPLE CORRIELATIOM 0.94610
STD., ERRQR 0OF EST144TC 0,17745
ANALYSIS OF VYARIANCE FOR THME REGRESSION
SOURCE 0F VARTATIGN DEGREFS SUM QF MEAN F VALUE
OF FREEDNM SQUARES SQUARES
ATTRIRUTARLF TO R=GRESSIOV 4 %.49%15 0.87329 27.73310
DEVIATION FRAM KLEARESSINN 13 0,40836 0.0%149
TOTAL 17 3.9025¢C

0%




MULTIPLE RFGRESSION,,,,,.PROL32

SELECYI2N,.... &

VARIARLE YEIN STAHDARD CORKELATION
NO. DFVYIATION Y vs ¥
2 -1, 38001 ¢.20319 0,h5328
b -d.14$91 '}.5681(‘ 0072161
4 ~i,77586 ¢,31047% -0,47075
5 %, Twadsg + 20365 D, 76351
7 OL,83161 r, 73784 ¢, 16617
DEPENDENT
i 1.94755 (52832
INTERCEFRY i2.403 .9
MULTIPLE CURSZLATION ¢.98116
STD, ERRQR (F ESTIMATE 0,13c82

ANALYSIS OF VARIANCE FOR THE REGRESSION

SQURCE N5 VARTATIGN DEGREES
OF FREEDOM
ATTRIRUTARLE TO REGRESSION 5
DEVIATICN FROM FE3RERSION 3
TATAL 3

SUM OF
SGUARES
13.68171

¢.53052
14 .,21223

REGRESSION STh. ERROR
CNEEEICIENT  OF REG.COEF,
1745018 0,11%48
nTR8843 0,05054
¢.1%840 0,10861
-1, 18F82 0,15955
0713901 0,02655
MEAN
SAUARES
2.73634
0.017114

COMPUTED
T vALUE
12,77022
16,08%40
1752292
=-7.438749
4770353

F VALUE

159,89278

30¢€




MULT]PLE REGRESSIIN,,.,,.RPROL 33

SELECTION, . ... 2

VARIABLE MEAN STANDARD CORRELATION REGRESSION SYD. ERROR
NO, DEVIATION X VS Y COEFFICYENT OF REG.COSF,

2 -t,1900% 0C.A1872 0.,41505 6,04123 0,07557

3 -4 BBR213 2 ,580972 0,23356 (925190 0.07362

4 -t,66401 G,3287R ~0,00604 DT37633 0.11480

5 3,503 0,8635% =0,40108 ~-1,89AR7% 0.11a59

7 0,0%207 1,30318 -0,278Q2 0.04132 0,03018
DEPENDENTY

{ 2.11472 i, 62767
INTERCEPRT 14,07937
MULTIPLE CGRRELATION €.94K55
STD., ERRQOR NE FESTIvATE £.21446

ANALYSIS NF VARIANCE FOR THE REGRESSION
SCURCE 058 VARITATION NEGREES SUM nF MEAN
CF FREFDOM SQUARES SQUARES
ATTRIBUTARBLE TO R=GRESSION 5 19,.020658 3,80412
DEVIATION FRJM REARESSION o 2.25%60 0,04%949
TOTAL g4 21,27418

COMPUTED

T VALUE
12745455
{2,56369

3737800

-{37%8819

{05534

F VALUE

82,71301

60¢.




MULTIPLE REGRESSION, ..

SELECTION,.... 2

VARIARLE MEAN
NG .
2 -i,19821
z -4 ,A392)
4 wi,737212
5 2.960R2
DEPENDENT
t 2..1%83
INTERCEPT

MULTIPLE CORRFLATION

$TD, ERROR UF ESTIMATF

PROLAY

STaNDARD

DEVIATINN
0.65688
1.433408
t,14086R
L RACHD

1.06622

4.40625
(.61580

¢,85080

CNRRELATION

Y VS Y
0,1087¢
0.83718&
"0 .24202
0.,14887

ANALYSTS NF VARIANCE FOR THE REGFESSION

SOURCE DOF VARTATIDON

ATTRIRUTARLE TO R=GRESSION
DEVIATICH FRIV RESRESSION

TOTAL

DEGREES
CF FREFQON

sSUM QOF
SOUARES
27.39458
A4 ,847748
72,24236

REGRESSION $Tp. ERROR COMPUTED
CREFFICIENT NF REG.COEF, T VALUE
0,309581 0.18693 {68120
07847728 C.075R2 5.50060
-0,237200 0.09236 =2751201
- ,10595 0,1857¢9 -07.587229
MEAN ¢ VALUF
SAUARES
6,84865 0.46794
0.72335

01¢




MULTIPLE RFGRESSION,, .,

SELECTION,.... 2

VARIARLE VEaN
NO,
2 -1 ,.34AQ2
h -3 87087
4 -1 .96897
5 3.65523
7 1,13833
DEPENCENT
i 1.,3237%
INTERCEPT

MULTIPLE CORIFLATIOVW

§TD, ERRCR NE ESTIYATE

ANALYSIS OF VARIANCE

SCURCE F VARTATION

ATTRIBUTARLE TO R=GRESS
DEVIATICN FROV RESRESSI
TOTAL

LPROLA2

STANDARD
DEVIATION
n,2218%
2,49403
2.30125
CL17727
. 84275

v, 18556

11,17289

€.972

18

0.11684

CORRELATION
¥ Vs Y
0,70%54
0,483010

-0,18404
-0,08071
0,26284

DEGREFRS SUM OF

OF FREEDOM SCUARES

TON 5 21 .16R97
ON ae {.22870
e5 22.39767

REGRESSION STh. ERRQOR

COEFFICIENT  OF REG,.COEF.
1.59594 0.05510
¢.7325% 0.03487

=-0,0126% 0.06980

-1 .0248] 0.13467
DT16696 0,01468

FOR THE REGRESSION

8

MEAN
QUARES
4.23379
0.01365

COMPUTED
T VALUE
28,9650%
22,0884¢
~0,18004
=7.60098%
11,%7628

F VALUE

3{0.11834

T1€




MULTIPLE REGRFSSIAN,,.,

SELECTIIN, ..., 2

VARIASBLE WEAN
NG,
? -1,1C915
x wd 8578~
4 -1 .,8737
5 3,3608
7 0, 0882
DEPENPENT
1 1,9%6n61
INTERCEPT

MULTIFLE CORRELATION

STD. ERRQDR OF ESTIMATY

N
SPURCE OF VARTATION
ATTRIBUTARLE TO R=GPRESS

DEVJATION FRJM RESRESSI
TOTAL

LPROI G

STANDARD
DEVIATION
3.45850
,%3053
¢L,77227
t, S5pa7A
{.501Q2

n,76561

5.82817
0.648(5

¢.59230

ALYSIS OF VARIANCE FNW THE REGRESSIONM

DEGREFS
OF FREFDGHM

ot
GN

CORRFLATION

Y vy Y

0.20388
0.,51370
-0321715
0,L5382
0.,L0262

SUM OF
SQUARES
31q.874979
52.07796¢
a4 ,95777

REGRESSION STD., ERROR COMPITED
COEFFICIENT OF REG,COEE, T VALUE
0.60442 0,11876 57175880
no46448 n,080t8 9743907
-(723608% 0,66100 -3 86080
-0725720 0,11108 «3721572
0708880 0.03740 1,064%0?
MEAN F VALUE
SQUARES
7.975686 22.7354¢
0.350482

449
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General Nomenclature

h,h_,hy,hy

et =

Drop diameter

Drop radius

van der Waals constant

Coalescence constant in Eqn, (2.1.3)

Concentration; concentration in bulk of liquid; concentration
when r is zero

Total ionic concentration

Deformation from parallel plates defined by Eqn, (2.4.13)
Diffusivity,surface diffusivity

Force on film due to buwoyancy only

Total force on film

Upward surface tension force resulting from the deformation of
the interface by the drop

Downward force equal to the weight of that part of the drop
above the interface

Helmholtz free energy per unit of surface

Film thickness,film thickness corresponding to time to'ti'tz
Minimum ssparation distance = zh

Coalescence constant in Eqn.(2.,1.1),(2.1.2) and (2.1.4)
Specific conductivity of liquid

Length of fall of drop to the interface

Distance from the centre of the drop to the plane of the interface
Exponents in Eqns. (2.1.4) and (2.1.3),respectively

Number of drops not coalescing in time t

Total number of drops assessed

Viscosity ratio =/|- 1//(2;angle between the radius positioned at
the edge of the interface and m

Pressure in film at r = O,pressure at edge of filmat r = R




3

Pressure in film at any radial distance r,pressure on film
Degree of instabilty or growth constant

Flow at any radius r in the film

Radius,radial co-ordinates;radius of 1iquid columm at break.up
Kadius of disc or barrier ring,radius of deformed interface and
deformed drop. surface

Molal rate of production of A per unit volume

Specific surface expansion rate

Coalescence rest-time for the overall,first,second,third and
fourth stages of coalescence,respectively

Mean coalescence rest-time for the overall,first,second,third
and fourth stages,respectively

Initial drainage period,half-life time or time for 50% of drops
to coalesce

Temperature

Veloeity of flow in the film,radial velocity in film at r,
tangential velocity in general

Radial velocity at surface of film;Stokes velocity

Velocity of approach of opposite faces of film = dh/dt

Vertical distance from axis of symmetry

Horizontal distance from axis of symmetry,distance along y-axis

Dimensionless parameter )\ op,C’/Zr

Greek Symbols

oL
B1Q2
&

G
5

Wave amplitude

Principal radii of curvature

Dielectric constant
Electrokinetic potential

F1lm thickness at any radial distance r
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Wavelength
Interfacial potential
Surface concentration
Msasurement,micron;dispersed phase viscosity,continuous phase
viscosity
Density,dispersed phase density,continuous phase density
Density difference
Angle of normal at (xc,zc),see Apperdix 4
Dimensionless groups
Interfacial tension
Difference in interfacial tension between the centre of the film
r =0 and periphery r =R
Shear stess in the interface defined by T = gradK ,hence
tr = //L(,g_l,’_r) ;interface age
r

Standard deviation of coalescence rest-time distribution
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COALESCENCE IN THE SYSTEM DECANOIC
ACID—HEPTANE—WATER

By R. M. EDGE, Ph.D.*t and M. GREAVES, B.Tech.*

SYNOPSIS

The coalescence of a water droplet with an oil-water nterface has been studied for the three-component system
n-decanoic acid—n-heptane—water. It was found that the coalescence occurred n the stagewise manner and
coalescence-fime distributions are presented for four stages. The coalescence-time distribution of all stages
may be correlated by equations simular to fhose presented by other workers for the first stage of coalescence

with binary systems.

The vanation of both the mean ressdence time and the standard deviations of the coalescence time distribu-
tions with the diameter of the primary drop are discussed, and correlations are presented for a number of

condrfions

Introduction

Recently, solvent extraction has been used for the recovery
and separation of common metals and attention has been
given to the use of long-chain carboxylic acids as the extracting
agent * The techmgue of hquid—hquid extraction requires
that one of the phases be dispersed, and the eventual coales-
cence of the dispersed phase may impose limitations on the
capacity and operation of the plant These features, associ-
ated with plant operation led to an investigation into the
phenomena of coalescence and the system heptane-decanoic
acid-water was chosen for this purpose

The stability of single droplets at an oill—water interface
has been studied for both stabilized?>-* and unstabilized drop-
lets 5—* Although correlations describing the distributions
of coalescence trmes of primary drops at an interface exist for
two phase, two component systems there 15 no consensus of
opinion as to the actual mechanism of coalescence Thus at
the present time no adequate theory exists for predicting
coalescence times from a knowledge of the phys:cal properties
of the system Jeffreys and Hawksley?® have formed an
empirical equation which enables first and overall stage tumes
to be estimated for two component systems from a knowledge
of the physical properties of the systemm They were able to
obtain good agreement with their experimental coalescence
times but not with the coalescence times reported by other
workers This was attributed 1in part to different designs of
equipment

The process of coalescence 1n many systems takes place in
a stepwise fashion called *‘ partial coalescence”. This
phenomenon of partial coalescence was first noticed by Wark
and Cox!! dunng froth flotation experiments and by
Mahajan®? during experiments with drops at hquid—hquid
mterfaces Cockbamn and McRoberts? observed partial
coalescence only occasionally, as did Linton and Suther-
land,'3 for drops coalescing with themselves and with an
air—liquid mterface Charles and Mason® reported partial
coalescence m every case, after a series of experiments with a
number of two-component, hqud—hqgud systems These
mvestigators carried out an extensive study of the process by

* Department of Chemucal Engineering, University of Techno-
logy, Loughborough, Leicestershure

+ Present Address Department of Chemucal Engineering,
Unwersity of Strathclyde, Montrose Street, Glasgow, C 1

high-speed cine photography and suggested that the mechan-
1sm of partial coalescence is as follows:

* following the rupture of the film separating the drop
and the interface, the primary drop 1s deflated by the excess
internal pressure, until a column 15 formed (see Fig 1)
The radws, R, of the column continues to decrease from the
action of the excess pressure (y/R) until, the circumference
becomes less than the height, and a Rayleigh disturbance
can grow From here on there 1s a race between drainage
and the necking down process, the outcome of which deter-
mings the size of the secondary droplet or droplets ™

Figure 1 shows two secondary droplets resulting from a
partial coalescence stage and with the sysltem heptane—water
this process of * double-drop * coalescence was observed n
every case. It has been shown® that the drop diameter ratio,
secondary to primary, », varies with the viscosity ratio, p,
and passed through 2 maximum near p =1 Jeffreys and
Hawksley® showed r varied with p® and generally, the larger
the value of r the larger the number of coalescence stages
Howexver, no clearly defined regions were found to correspond
to a given number of coalescence stages, and 1t was concluded
that other factors have to be taken into account., The applica-
tion of an electric field between the drop and the interface has
been nvestigatedS-'*4 and its effect 15 to promote drop
coalescence  Brown and Hanson'# found that a high-
frequency oscillating electric field brought about single-staged
and instantaneous coalescence when a certain critical voltage
was reached

Cockbain and McRoberts found that coalescence was
unfikely to occur until a certain time, fo, had elapsed, which
depended on the system and experimental conditions

LY

Fig 1 -Simultaneous formation of two secondary droplets during partial
coalescence (schematic)
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Gillespie and Rideal’, whose results agreed with the above
mechanism, suggested that a distorted drop profile previously
observed by Derjaguin and Kussakov'® for airr—water

systems could be applied to hqud—Iiquid systems They
proposed the followmg equation +
N
log— = — K{i—t)*% . . 1
g A { o) (n

to correlate their results

Elton and Picknett3-* who studied the stability of droplets
11 the presence of electrolytes found that their results could
not be correlated by equation (1} They proposed the
equation

N n
Iog N ot . . @
to correlate their results, where # has the value two for low
electrolyte concentratton and three for high electrolyte
concentration

Coalescence time distributions for binary systems®: *¢
have also been correlated by

N

log— = — K(t—1)* . . @3

g A (t—10) 3)

and’ N

log—= —ct* . . . (4

N (4}

Equations (3) and (4) were used by Jeffreys and Lawson*?

to correlate coalescence time distributions for the ternary

system acetone—benzene—water with mass transfer takmg
place

1 Symbols haie the meanings given thent on p. 72,

Experimental

Apparatus

The apparatus used for the coalescence studies was made of
glass and 1ts construction 1s shown i Fig 2 To prevent
seizure of glass to glass surfaces, PTFE sleeves were fitted to
all ground glass jomts and stopcock plugs were made of
PTFE

The coalescence cell, A, consisted of a jacketed Pyrex tube,
42 cm long and 5 cm diam, fitted at each end with B55 ground
glass jomts The arrangement was such that the operation
of the cell could be reversed to allow the study of the coales-
cence of nising droplets at a plane interface A method of
interface renewal similar to that used by Charles and Mason®
was employed The interface was mamtained at the top of
tube B, which was ground flat Various lengths of tube B
were available to allow the interface to be positioned at a
convenient height in the cell, A Drops were formed on a
fine, drawn-out, glass capillary, ¢, approximately 18 cm long,
the tip of which was ground flat and square The flow of
liquid from the reservorwr, b, to the capillary was controlled
by a2 mucrometer syringe connected to the reservoir by the
PTFE tube, ¢ The reservoir assembly was attached to a
shiding frame which could be moved 1 a vertical direction
A Perspex cabinet was used to enclose the coalescence
apparatus and the whole assembly was mounted on an anti
vibration stand The cell A and the various heavy and hight
phase reservoirs were enclosed n jackets mamtamed at
2500°C+001degC 1In addition, fan-circulated aur inside
the Perspex cabmet was controlled at 2500+025degC

Cleaning

Prior to each series of observations the apparatus was
thoroughly cleaned, 1n the following mannet:

(I} Al ttems of glasswarc and PTFE were degreased
with acetone and rmsed with copious supplies of hot water

(2) The apparatus was filled with warm, concentrated
chromic acid, freshly prepared, and allowed to stand for at
least 24 b

(3) The apparatus was dramned of chromic acid and
vigorously rinsed with warm, freshly-distilled water for a
prolonged penod It was then dried in a hot-air oven
During all the washing procedures and subsequent assem-
bly great care was taken 1n handling the apparatus so as to
prevent contamination

(4) Lastly, the apparatus was assembled m the Perspex
cabinet, filled with distilled water, and left to stand over-
night

Preparation of materials

The water used m all studies was double-distilled from
potassium permanganate solution and stored 1n glass recervers
The n-heptane used was to I P specification and was redis-
tilled, except for expenments with the heptane—water, n
which drop sizes of 0 162 and 0 264 cm were used

The decanoic acid was a “ specially pure > grade, obtamed
in crystalline form from British Drug Houses Limited It
was used without further purification  All the solutions used
were mutually saturated mn glass recevers at 25°C

Filling and use of apparatus

After the double-distilled water had been drammed from the
apparatus, the saturated water phase was admitted to the
reservoir, H, and a quanfity was run through the coalescence
cell, A, m order to purge any unsaturated water The drop
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Fig 3 —Partial coalescence ume distributions for system heptane—
water

forming arrangement was then lowered slightly so that the
tip was just below the top of B With a suction bulb attached
to L and s4 closed, the heavy-phase liquid was drawn up to a
level yust above 85 The suction bulb was removed and the
drop forming arrangement was completely filled with hiquid
from the reservoir, F With s5 and s3 closed, the PTFE tube,
G, and the micrometer syringe attached to 1t were also filled
with liqmud The light phase was then admutted to the
coalescence cell from the reservoir I

The shape of the interface was adjusted by means of a
suction bulb attached to H A water droplet was formed at
the tip of the capillary by adjusting the micrometer syringe
and 1ts position relative to the interface was adjusted to that
required by moving the frame supporting the drop forming
device s5 was then closed and the whole apparatus together
with 1ts contents was allowed to come to equiibrium during a
pertod of about 12h

Before a sertes of readings was taken the interface was
renewed and made plane, after which a short pertod was
allowed for attainment of equilibrium  The interface was
subsequently adjusted after ten primary drops had been
mmvestigated and was renewed from time to time during a
particular investigation

The coalescence was recorded on tape using a Ferguson
“ Model 3214 ™ tape recorder, each stage of coalescence being
registered by a manually produced input signal The time
between a drop arriving at the iterface and the first stage of
coalescence, and the times taken between the subsequent
stages of coalescence, were determined with a stopwatch on
playback of the tape

Reproducibilury of coalescence tiumes

Preliminary investigations of the coalescence time showed
that there was a distributton about some mean value This
15 1 accord with the findings of other workers in the
field 2~ 6-1¢ 16 It was necessary therefore to determine
the mmumum drop count required to produce a reproducible
distribution  Coalescence-time distributions were determined
for samples contaiming up to 300 drops for both a binary and
ternary system It has been reported® ® that the ratio
(#m)al (1) 18 the most reproducible characteristic of a particu-
tar distribution, and 1n fact, 1t was found that this ratio was
reproducible with samples contaiming more than 50 drops
However, this did not guarantee that the actual distribution
curve was the same  With a sample of 75 drops the distribu-
tion curve was reproducible and this was taken as the mini-
mum drop count Generally, samples of this size have been
used by other workers 36 8 2,16

Results

For both bmary and ternary systems, partial coalescence
was observed i every case In the bimnary system heptane—
water there were four visible stages, whereas five or some-
times six were visible in the three-component system In the
latter case, the droplet sizes of the fifth and sixth stages were
extremely small and the coalescence time correspondingly was
very short and could not be recorded manually

It should be mentioned that in the binary system, in which
redistilled heptane was used (see Figs 3A and 3E), the first
stage of coalescence took place by what 1s known as * double-
drop ” coalescence This was invariably the case though the
satellite droplet was small in companson with the parent
droplet According to the theory proposed by Charles and
Mason,® a Raleigh disturbance of the type illustrated in Fig 1
1s responsible for this phenomenon  Hawksley® has suggested
that contamination of the system may result in double-drop
coalescence, but this seems unlikely since this phenomenon
was not observed with undistilled heptane
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100 t—o—v o T T T T ™3 18 also presented mm Table I and Table II hsts values of
F \ A\A\ :1 [(tnda/ (7)o daversge ANA [£,/F; Javerage Where these ratios are the
- " - average values for the range of drop sizes which were investi-
050~ °\ \ - gated These are presented so that a comparison can be
- \ -] made with the values obtamned by other workers (Table I1I),
L - however, we do not regard them as very useful characteristics
of the system because, by defimtion, they are dependent on
T a number of distnbutions thereby making ther nature
complex
. In the system decanoic acid—heptane—water, the effect of
:E: 010 = increasing the concentration of the third-component (decanoic
— @ \ Tl acid) 1s shown i Figs 12-15 The concentrations used were
= — 005,05, 10M and the droplet sizes were respectively 0 156,
Qo5 7 6 157, and 0 152 cm equivalent spherical radius
3 ] 100 Ly, T T T T T T a
: - . 1
001 ' Jd ' ' t" ' 050 ~.\"\ 1
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Fig 4—Overall codlescence time distrbutions for system 0 5M 005 —
decanorc acid—heptane—water o \ I T
Coalescence times ~ -
The interval between the drop arriving at the interface and b
the first stage of coalescence, f;, and the mtervals between 001 ) | ,ll | | 1 1
three further stages of coalescence, fs, t3, and 7, respectively, 0 5 10 15 20 25 30 35
were determined  Typical results are presented in Fig 3 for TIME (s)
heptane—water and m Figs 4-8 for the 0 5M decanoic acid—
heptane—water system The values of t,, the mean coales- ay
cence tume, and 14, the time for 509 coalescence, were calcu- Drop size
lated from the distributions obtamed for each stage and the (cm)
values of ¢, are presented 1n Table I and Figs 9, 10, and 11. o 0116
The overall mean coalescence time F,, defined as the sum of
the partial coalescence times ® 0157
The term A 0191

A

Fig 5—First stage coolescence time distributions for system 0 5m
decanoic acid—heptane—water

TasLE | —Mean Coalescence Time for each Partial Coalescence Stage at Different Fall Heights for the Systems Heprane—Water
and O 5M Decanoic Acid—Heptane—Water

Equivalent spherical radius

Distance of fall to the

System of the drop 1nterface fm (tm)1 ()2 (tw)a (tm)s

{cm) (cm) ) ) {s) (s) (s)

Heptanc—Water 0172 0 18 13 11 89 450 141 033
0174 25 14 44 684 563 166 031

0174 50 14 47 629 618 180 020
0 5 M Decanoic 0116 0 15 66 1073 356 137 *
Acid—Heptane—Water 0119 25 i9 51 12 53 508 190 *
0116 50 1577 915 500 162 *

* Mean coalescence imes were not recorded for this stage
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TasLE Il —Values of the Ratios [(tm)e/ (1)) Average Jor each Partial Coalescence Stage and [fu/f3]average for Overall Coalescence

Decanoic Aad Stage
Concentration System
Qverall Ist 2nd 3rd 4th
0 Heptane—Water 110 127 112 101 104
0 05m Decanoic Acid— 104 110 103 102 105
Heptane—Water
0 5M Decanoic Acid— 106 112 111 105 106
Heptane—Water
10M Decanoc Acid— 118 118 114 106 112
Heptane—Water
Disscussion Fig 17 can be seen Several distributions are best represented

Correlation of coalescence-time distribution

Previous workers have suggested that the distribution of #,
the overall coalescence-time, and of ¢, the coalescence-time
of the first stage of the coalescence, may be correlated by
cquations which are of the form

N
log— = — K(t—1tp)" (5a)
No
or of the form
(55)

log N _ —ct"
N

]

For both the heptane—water and the decanoic acid—
heptane—water systems the distribution of the coalescence
times of each stage of the coalescence can be represented by
equation {54) (Figs 16 and 17) However, with a sample
containing only 70 drops, 1t 18 not possible to select particular
values of 1, and » from a range of connected values of these
parameters and all of the distributions are correlated satis-
factorily by equation (5a) with t, = @ [t e by equation 5(b)]
For example, the distributions of coalescence times for the
system 0 5M decanoic acid—heptanc—water are correlated
satisfactortly by equation (5F) with n equalte 1 7, 3 57, and
51 for the first, second, and third stages of coalescence
respectively However the usefulness of equation (55) may
be limited by the high values of # which are obtained for the
latter stages of the coalescence Figure 16 and the values of n
which are quoted above for equation (56) illustrate how wide
1s the range of values of #; and » which are possible when
only 70 results are avilable (the usual number analysed by
other workers) Although the true values of zand #, 1n equa-
tron (5) may not be determined with accuracy, it 1s apparent
that nincreases with the stage of the coalescence

The distributions may also be correlated using arithmetic
probability plots and an example 1s shown in Fig 18 Al-
though this test of normality 1s insensitive!® and the sample
size 15 too smail to allow any firm conclusions to be made, a
number of features not immediately observable 1n Fig 16 and

TABLE 11l —Values of [(tmh/(t1)1]average and [Fn/s]average

(’m)l] [ fm ]

Syst —_—

ystem (4)1 ) aversge | Ft J Average
Present Authors Heptane—Water 127 110
Lawson!$ Benzene—Water 109 104
Charles & Mason®  Benzene—Water 111 —_
Hawksley® Benzene—Water 104 101

by two straight lincs  Usually, the intersection of the lines 1s
at 085 < N/N, or < 015 and the one line exists only 1n a
region where the accuracy of N/N, 1s not lugh, because of the
small sample on which 1t 1s based However, it may be
possible that certain distributions are best represented by the
sum of two distributions It should be mentioned that 1f
two normal distributions were involved, the two straight lines
would 1n fact be replaced by a curve, lying near to the lines
Generally, equation (5) correlates the results better than a
normal distribution It 1s intended to repeat at least part of
the mvestigation with increased sample sizes to determine the
form of the correlation with more certainty

Properties of coalescence time distributions
CORRELATION OF MEAN COALESCENCE TIMES

The mean coalescence times of the secondary and tertiary
droplets are given 1n Fig 92 at three decanoic acid concentra-

tions, as a function of the size of the primary drop, @, It

10 L%m T T T T 3
E :
050 ‘ \ A\ -
- 1 -
L]
>
Z I A .
[ * ]
005 —
oo 1 Iff 1 11 ?
0 2 & 6 8 10 12 14 16 18
TIME (s)
a,
Drop size
(cm)
o 0118
[ ] 0157
Fa 0 191

Fig & —Second stoge coalescence time distributions for system 0 5M
decanoic acid—heptane—water
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Fig 7 —Third stage coalescence tme distributions for system 0 5m
decanoic acid—heptane—water

can be seen that, within the accuracy of the results, the rela-
tionship 15 Linear for the third stage at the three concentra-
tions nvestigated, and also for the second stage at the two
highest concentrations employed The resultant curves for
0 5M and 1 Om solutions comncide for both the second and
third stages of coalescence, whilst the third stage of coales-
cence with a 0 05m solution shows lower coalescence times
than do the curves for the 0 5M and 1 Om solutions The
results for the third stage of coalescence with a 0 05M solution
suggest a minimum corresponding to @, = 0 16 ¢m, approxi-
mately The graphs obtained for the first stage of coalescence
{(Fig 10) are less well defined but with both the 0 5M and
1 OM solutions the mean coalescence time increases as the
droplet size increases With the 0 05M solution a mumimum
15 again suggested at a drop size sumular to that at which the
rmummum 1n the second stage occurred The curves obtained
for heptane—water are given in Fig 11, and for comparison
Fig 9 1s superimposed In this case, the curves for all stages
indicate 2 mimimum corresponding to a primary drop size,
approximately, of @, = 0 18cm It 15 intended to carry out
further work to investigate tlus phenomenon

STANDARD DEVIATION OF COALESCENCE-TIME DISTRIBUTION

The standard deviation of the normal distribution which
best fitted the coalescence-time distributions over the range
01 < N/Ny <09 was determined for each stage of the
coalescence It was found that for both 0 5M and 1 0OM
decanoic acid solutions the standard deviation for the third
stage of the coalescence increased with increase m the
standard deviation for the second stage of the coalescence
The relationship was well described by the equation

o3 =02lo, ®)

A similar relationship was obtained for the second and third
stages of the coalescence with the heptane—water system
although the correlation was less satisfactory However, 1t
was expected that the correlation would be less satisfactory
because several distributions obtained for this system were
not adequately described by a single normal distribution

The standard deviation for the first stage of the coalescence
was also found to increase with increase in the standard devia-
tion for the second stage of the coalescence for both 0 5M and
1 0M decanorc acid solutions The relationship was linear
for the 0 5M solution

With 0 5m and 1 OM decanoic acid solutions the standard
deviation of the coalescence-time distribution could be
related to the mean of the distribution  Lmear relationshps
were found for both the second and the third stages of the
coalescence

These findings together with Fig 9 suggest that with the
system decanoic actd—n-heptane—water and small drop-
sizes there 1s a simple relationshup between the drop size and
the constants in the equations which describe the coalescence-
time distributions  Also that there 1s a hinear relationshuip
between the size of the drop before coalescence and the size
of the drop which 15 subsequently produced by the coales-
cence

Effect of distance of fall

Although Jeffreys and Hawksley® and Lawson!® have
reported that the coalescence time increases with the distance
of fall of the primary drop on to the mterface, other workers
have not found a satisfactory relationship A number of
experiments carried out by us for heptane—water have also
been inconclusive It 1s worth noting that immediately after
formation, drops m free fall undergo oscillation from a
prolate to an oblate spheroid This oscillation may be con-
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2° 010: —_
E.: [~ i
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Fig 8 —Fourth stage coalescence time distributions for system 0 5M
decanorc acid—heptane—water
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Fig 9—Mean coalescence times of the second and third stages of coolescence as a function of the size of the primary drop

siderable with the purified, two-component systems investi-
gated, espectally when larger sizes of drop are being used As
it 15 likely that the shape of the drop on arrnival at the interface
15 an important factor in the coalescence, 1t 15 possible that
the relationship between coalescence time and distance of
fall will be oscillatory mn form

Three fall heights, namely 0, 2 5, and 5 0 cm, were mvesti-
gated for the system 0 5M decanoic acid—heptane—water,
using drops having an equivalent spherical radius
a; =0116cm The results are quoted 1n Table I Using
Fig 9, the mean coalescence times for the second and third
stages of coalescence obtamed with fall Iengths of 2 5 and
5 Ocm are equal to those obtained for drops with a; = 0 125
and 0 135 cm formed at the interface It would appear there-
fore that when the primary drop 1s formed some distance
from the interface, larger secondary and tertiary drops are
produced than when the primary drop 1s formed at the inter-
face The ratio of the standard deviations of the coalescence-
time distributions of the second and third stages was found
to be 1in agreement with that found for drops which were
formed at the interface

Conclusions

For the systems heptane—water and decanoic acd—
heptane—water the distribution of coalescence times for all
stages of the coalescence may be represented by equations of
the form

N
log— = —K({—to)r
gNu (t—to)

However, with a sample size of 70-80 drops, 1t has not been
possible to select the actual correlation as a range of inter-
connected values of # and t, 15 possible

The mean coalescence times for all the stages of coales-
cence, with 0 5M and 1 0M sclutions of decanoic acid 1n
heptane, were found to increase with the size of the primary
drop With 0 05M solution, a similar trend was shown by
the later stages of the coalescence, but the early stages
exhibited a mmimum 1n the relationship  With heptane and
water all stages exhubited this mmimum

The standard deviations of the coalescence time distribu-
uons of the thurd and fourth stages of coalescence are shown
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to be related when 0 5M and 1 OM solutions of decanoic acid
are used
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Symbols Used
a; = radws of pnimary drop
a> = radwus of secondary droplet
n = power 1n equation (5}
¢ = a constant 1n equations (2), (4), and (54)

K = a constant i equations (1), (3), and (54)
N = number of drops not coalescing 1n time r
No = total number of drops assessed

t; = coalescence time for gth coalescence stages, where g
1s1to4d,

4
f = overall coalescence time (= 1‘,,) .
g=1

(tm)s = mean colaescence time for gth coalescence stage, where
qgislto4d

4
fm = mean overall coalescence time [= z (t,,,)q]
a=1

(#3)¢ = half-Ife coalescence ume for gqth coalescence stage,
where ¢ 15 1 to 4.

4
fy = overall half-life coalescence time [= 5 (t*)qjl
q=1

fo = imtral drainage period for the film between the drop
and the interface  Equal to the mummum value of ¢,

[(tn)a/ (t)gTaverage = the average value of (tn)af(ty), for the
range of drop sizes which were investi-
gated

[£s/fsJaserage = the average value of f,,/7; for the range of
drop sizes which were investigated

R = radws of hquid column
M = molar concentration of decanoic acid 1n heptane

P = VISCOSIly 1at1io (= u,/u,)
#1 = viscosity of droplet hquid
4z = viscosity of liqud surrounding droplet

y = mterfacial tension

o, = standard deviation of the coalescence time distribu-
tion of the gth coalescence stage where g 15 1 to 4
The above quantities may be expressed 1n any set of con-
sistent units 1n which force and mass are not defined inde-
pendertly
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