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SUMMARY 

Particle systems may be characterised by a knowledge 

of the dimensions of the individual particles.By using 

the Feret's diameter distribution and the random 

filament distributio'n of an iron powder,the characterisation 

of a system of the powder particles,constrained in a 

cylindrical die,has been achieved. The Monte Carlo method 

has been used to simulate the transmission of force 

through the model created by this characterisation. 

The results of 500 Monte Carlo ,simulations have been used 

to produce a description of the force due to one surface 

particle at various points in the system. Using"this diagram 

together with a knowledge of the spatial distribution of the 

surface particles and the dimensions of the die it was 

possible to produce 

1) Curves of side wall pressure vs. depth in the die for 

various loads 

2) Curves of applied to transmitted pressure for various 

,height:diameter ratios 

3) Curves of friction loss at the walls vs. depth for different 

height:diameter ratios 

The differences between the experimentally determined values 

and the values predicted on the basis of the model" have been 

explained in terms of the assumptions made,and, suggestions made 

as to how these may be eliminated. 
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SECTION 1 

INTRODUCTION 



For many years,the compaction of powders has been used in industry, 

in the manufacture of a wide range of products,such as,t'ablets 

in the pharmeceutical industry, bricks in the ceramic industry and 

sintered metal parts in the metallurgical industry.Although it has 

such a wide use,the mechanics of the compaction process are inade

quately understood,and consequently a large number of experimental 

determinations have·had to be. made in order to' gauge. the 'importance 

of the various parameters influencing the process. 

Compaction is generally the first step of a' two step operation, 

in the production of a compact.With the exception of the pharme

ceutical industry,compacts are normally finished off by a process 

called sintering,where further cohesion between the powder part

icles is obtained by raising the temperature of the compact and 

thus promoting the formation of metallic and other bonds. 

The final strength of the compact obtained ,however ,depends on the 

densi ty achieved in the first (compaction} stage of its manufacture', 

and it is with this process that. this research is concerned.Although 

there is such an abundance of experimental results,there is as yet, 

. no general< theory which can be used in an attempt to optimise the 

process.The presently available theory views the process macro

scopically and all the predictions deal with the macro-properties 

of the system,such as average density,average volume etc. 

Unfortunately,there is no direct relationship between the macro

scopic properties and such important parameters as the strength 

of ,compacts ,which still have to be determined experimentally. It is 

unlikely that any macroscopic approach could,in fact,predict such 

parameters,which are to a large extent dependant on local variations 

and local properties. 

The theory presented in this thesis is ,therefore ,an attempt to 

extend the presently available theory,using it as a starting 

point to analyse the system,and using a particulate'approach with 

a view to obtaining those parameters whi~h cannot be obtained now 

without experimentation. 
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A theory such as the one proposed would be invaluable to industry 

in the saving of much time and money,and would also be widely used 

in research,not merely in the field of compaction but in a number 

of other fields,where similar problems are encountered. 

Since the complexity of particulate systems makes the use of 

ordinary mathematical analysis impractical,it was decided to use 

a statistical approach and bring to bear on the problem,the latest 

advances in particle characterisation. In order to do this,it was 

necessary to build a stochastic model of the system on which a 

a simulation of the force transmission could be performed. 

A search of the literature indicated that the Monte Carlo method 

(formerly called the method of random walks),~hich had been used 

with varying degrees of success by Scheidegger(89) and Eastham(71) 

could probably be used with success in the simulation of the force 

transmission,and that the method of sizing particles by regarding 

an assembly of particles as a series of filaments(35),(70) could 

be used,together with the more conventional Feret's statistical 

diameter,in the building of the type of model required. 

The-systems which were considered,were of cylindrical shape(which 

possess axial rotational symmetry) and were enclosed by a rigid 

die.One of the plane surfaces was then subject to an applied 

pressure.The transmission of the force,from the surface through 

the system was then_simulated,using the Monte Carlo method and 

'a stochastic model of the system. Using the results from these 

runs it was possible to build up a force diagram for every point 

in -the system,which could then be compared with experimental data. 
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SECTION· 2 

LITERATURE SURVEY 

2.1 Introduction to literature survey 

2.2 Friction and lubrication in powder compaction 

2.3 Theoretical and experimental evaluations 

of density variations in powder compaction 

2.4 Particle packing 

2.5 Particle statistics 

2.6 Monte Carlo methods 

2.7 Deformation and crushing of particles 

2.8 Conclusion 
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2.1 Li tera ture survey ..... Introduction 

This thesis is concerned with developing a theory which would enable 

the prediction of pressures at various points within a confined 

system of particles which is subjected to an external force.It is 

agreed by all workers in the field,that friction between the powder 

and the walls of the retaining vessel is the most important factor 

in the non uniform transmission of stress through such a system. This 

friction,which is considerable in magnitude,causes a variation in the 

axial str~ss throughout the system (or compact):as a result of this 

variation in stress there arise variations'in the consolidation of 

the powder at diff~rent points within the system.These variations have 

been widely investigated experimentally. 

The literature survey presented in the following pages thus highlights 

the various factors in'fluencing the value of the coefficient of friction 

and then goes on to describe how friction can be minimised by the 

use of lubricants.In the building of the model,it was necessary to use 

some of the information given here ,relating to friction and lubrication 

but the importance of some of the facts presented has not always been 

understood and suggestions in the past by such eminent workers : 

as Unckel (30) have been found to b'e incorrect.Thus the ,inclusion 

of the information here is not merely" a justification of the 

assumptions used in the building of the present model,but also an 

,introduction to that part of the literature dealing with density 

variations in powder compacts. 

The information required to simulate the system under analysis,is 

found in parts 2.4 and 2.5,where the most recent advances in particle 

characterisation and the information available on particle packing are 

recounted. The inclusion of the information available on the effects 

of die filling and segregation was consideredvalid,and'necessary 

as a lack of attention to these details leads very often to non

reproducibility of results.It is particularly important to control 

such 'procedures carefully,especially.since-models,such as this one, 

assume _random packing arrangements. To conclude this section,a 

description is given of Monte Carlo methods,which have been used in 

the simulation techniques,and of the future possibilities of incorporating 

the deformation of particles into the model. 
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2.2 Friction and lubrication in powder"compaction' 

In the introduction to this section the importance of friction in the 

analysis of density variations occuring in powder compacts was stressed. 

Recounted below are some of the suggested rel~tionships between appliedcand 

transmitted pressure and the coefficient of friction between the powder 

and the wall of the die.Unckel (30) and Duffi~ld (10,24) use the 

relationship, 

Pt 

P
b 

Where, L = Compact height 

D = Compact diameter 

----,2.1 

IL= Coefficient off:r;iction between powder and wall 

r~= Ratio of axiaL ito radial stress 

to evaluate the pressure on the bottom platten during a uni-directional 

pressing operation. 

Train (7) modified this to 

~ = Vrt 

Pb Vrb 

----2.2 

',Vhere V is the relative volume and t and b refer to top and bottom 
r 

of the die. 

, ~ has been obtained by Unckel (See Appendix 2.1) as, 

+ fr. i +J f-'i - (1 2 2 1 + 1'; i) V p = 2.3 

+ I~-i -J ,.{~ - + t{. )211_2 1 (1 
l. , 

Where p- i is the coefficient of internal friction. , 'c. 

The importance of the variation of both t)..andf:i has not been 

sufficiently well investigated,but it is proposed to deal with some papers 

that have been published in recent years. 
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Bowden and Tabor and their co-workers have performed a large number 

of experiments to clarify the laws relating to friction.Amonton's 

laws state a) friction is independant of the area of contact 

between the solids, b) it is proportional to the load between the 

surfaces and c) it is independant of the speed of sliding.The theory 

developed by Bowden and Tabor is based upon the hypothesis that 

there is the formation of junctions at all points of contact between 

the two surfaces,and that the frictional force observed is due to the 

resistange of these junctions to shear.It is well established now that 

solids have only a small proportion of their surface actually in 

contact with one another.In fact (Table 2.1) the actual areas of 

contact may be as low as 1/100000th the apparent contact area. 

TABLE 2.1 

Areas of contact between two metal plates (39) 

i 

! ~~ad, Kg True area of contact Fraction of macro. are~ 

I 500 .05 1/400 

100 .01 1/2000· 

5 .005 1/40,000 

2 .002 1/100,000 

The theory states that as the load on the points of contact is 

high,there is cold welding at these points and consequently there is 

a resistance to movement.Experiments have shown hot spots can 

actually be measured on the surfaces of sliding metals,and that 

their temperatures often exceeded the melting point of the metal. 

The temperatures generated depend on the conductivity of the metals 

and the solids of low conductivity show greater increases of 

temperature at contact points (40).Johnson and Adams (41) have 

investigated the effects of melting point ,density ,surface condition 

and temperature on friction.Green (42) has investigated the variation 

of friction with surface conditions.Three types of friction were 

found. 

(a) Seizure or very high friction.At slow speeds this occurs only 

with out-gassed surfaces of extreme cleanliness and is achieved by 
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heating in vacuo.The coefficient of friction varies between3 and 10. 

(b) Strong adhesion between clean metals in air. Moderate friction 

coefficient ( Approximately 1) 

(c) l'leak adhesion between clean metals in air 

Under static loading,the mean pressure is about six times the yield 

stress in shear,whereas in steady sliding it is only of the same 

order as the yield stress,since the area of contact increases as 

soon as ~liding commences.The yield stress in shear varies with 

the type of sliding obtained,and the nature of the junctions formed 

also affect, the coefficient of friction.Thus ductile metals have 

higher coefficients of friction than brittle ones.Greenwood and Tabor 

(43) demonstrate this.Table 2.2 shows the values of(,\under different 

condi tions. 

TABLE 2.2 

Frictional behaviour of junctions (42) :------------ - --1'-::-] , . 

I 1)-Type of junction .. ' .. Material: S':!E!!!~-£2:!:~U~~, 'Wr __ ~" 

One piece Any Perfect adhesion 3 -
Two piece Indium Strong adhesion 2·5 2 

Two piece Aluminium Weak adhesion 1 1 

Two piece Aluminium Lubricated 0.15 0.05 

Table 2.3 shOlvs the effect of lubricating films on friction 

TABLE 2.3 

Values of V" for different junctions wi th different lubricants 

1 
,~ 

! Ideal single 
. piece junction Oxide 

Two piec= junctio~s With~~~~~~ 
LeaCI I Tin m,Iium i Soap . Tl,'1!; .' 

I 
J -I I I 

14 2 1 I 0.6 0·4 0.26 0.22 

I 7 I 3 1 0.24 - 0.15 0.09 

, 3.5 I 5-6 1 I 0.17 ! - 0.10 0.05 
I , 

where'~ is the angle of the leading edge of the J'unction • .. , j 

0.23 

0.19 

0.10 

Surface roughness had a small effect ~n 'the coefficient,amounting to 

about 10% for a variation in the angle between 30 and 60 degrees. 
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Dokos (47) investigated the effect of sliding and load on the 

coefficient of friction and found that it was dependant on both. 

Table 2.4 shows the results he obtained. 

TABLE 2.4 

The effect of normal load and velocity on the coefficient of friction 

Felocity of disc i.p.s 

r 1.6 X 10-4 

I 

'. - --
9.6 X 10-2 

F ............... l 5.76 X 
10-1 

~=---.----
2.31 

- • 

20.4 

1.0 __ 

Normal load Kg. 
,-

50 

100 

150 

200 

50 

100 

150 

200 

250 

50 

100 

150 

200 

250 
, 

50 

100 

150 

200 

50 

150 
..... 
I 
I 

50 

I 150 

50 

I 
100 

I 

Coeff. of friction 

0.56 

0.55 

0.49 

0.515 

0.47,0.43 

0.49 

0.62 

1--~~-
0.30 

0.43 

0.45 

0.66 

• 
0.26 

0.32 

! 0.28,0.31 

I 0.315 

I 0.24 

i 0.27 

I 
I 0.22 

0.20 
1 

j 0.20 

! 0.185 
I 

Contd. 

, 

/. 

I 

.. 
~ 
I 
I, 
.' 
~ 

I 
I 
I , 
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TABLE 2.4 (Contd.) 

-------- , 

I 20·4 I 150 0.175 

i 200 I 0.17 
i I .. , 
I I I I 54.0 I 50 0.20 , 

I 200 0.15 
I I , I ---

His conclusions,which are interesting,are 

·a) For clean contact surfaces,the coefficient of friction greatly 

increases with decreasing velocity. (See Figure 2.1) 

b) There is a critical velocity above which stick-slip friction 

is not observed. 

c) There are three velocity ranges. 

In the upper and lower ranges the coefficient decreases with 

load and in the middle range the opposite occurs. 

J The papers reviewed above contain most of the material relating 

to friction and the coefficient of friction. From the conclusions 

of the many authors,it is quite clear that the frictional behaviour 

of metals is not described by Amonton's Laws,that it is very 

complex and that to say with any degree of certainty that one can 

completely allow for it in any theory would be too optimistic. 

The effect of friction can however be greatly minimised by 

lubrication and the following paragraphs describe some of the more 

common methods employed in lubricating powders before compaction. 

2.2.2 Lubrication of powder compacts. 

Lubricants,binders and additives are used in almost all applications 

of the compaction process.Lubrication has a two fold effect on 

the powder compact ,first by its effect on the frictional forces 

i.e the sliding forces between surfaces,it allows more uniform 

transmission of stress within the compact and thereby reduces the 

variations in density.Since,however,the lubricants form an adsorbed 

layer on the surfaces of the individual particles,they decrease 

the coherance of the compact. 
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In the ceramic industry,in the manufacture of refractories,water 

is largely used,as also are water soluble organic materials or 

additives,which react with the material of the compact giving rise 

to chemical bonds.The compounds in the first group are the 

lignin-sulphonic acids and the sodium,ammonium and the calcium 

ligno-sulphates.Sulphuric and phosphoric acids and aluminium 

phosphates belong to the second group.Other compounds used include 

polyvinyl alcohols,urea,stearine and cellulose derivatives. 

Those lubricants used with metals,which are/incidentally,more 

relevant to the model presented in this thesis,are generally 

the metal BaIts of stearic acid or stearic acid itself.Leopold 

and Nelson (49,50) investigated the effects of lubrication on the 

die wall (51 ,52).Many workers have indicated that the lubrication 

of the powder mass does not produce any change in the nature of 

the compact as opposed to lubrication of the wall alone.Leopold 

and Nelson carried out a series of experiments to determine the 

effects of both admixed and wall lubrication.At higher pressur~Swall 

lubrication proved superior to admixed lubrication whereas at 

lower pressures the reverse was true,although the difference in 

the latter case was minimal.Specific application~for the commonly 

used lubricants are given in Table 2.5 

TABLE 2.5 

Lubricants for various metal powders • , 
Metal Lubricant I s 

Iron Zinc Stearate 

Copper - Li thium-Zinc or Cadmium-Zinc 

Aluminium I Zinc or Cadmium Stearate 

I Brass Lithium Stearate 

Stainless 

Steel Lithium or Nickel Stearate 

The reeults obtained by Leopold and Nelson are shown in Figures 

2.2 and 2.3.Further observations are that for small compacts,the 

effects of lubrication are smaller than for large ones. 
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Hausner (90) and Burr (72) have also investigated the effects 

of lubricants in powder compaction.Although there are SOme diff

erences in their conclusions as compared with those of Leopold 

.and Nelson there is substantial agreement on the fundamental 

question as to whether the lubrication of the powder mass has 

any advantage over the lubrication of the wall alone.There is 

unanimous agreement that lubrication of. the wall provides all 

the·~ubrication necessary and that in lubricating the powder mass 

the d~sadvantages introduced by the reduction in coherence of 

the compact are encountered. 

An important conclusion that may be dr~wn from these observations 

is that the transmission of force through the system is only 

minimally affected by inter particle friction whe~eas the wall 

friction is an important factor that must be considered in any 

calculations undertaken. It would thus appear that since inter 

particle friction plays an insignificant role in the compaction 

process that there is little inter particle movement within the 

die during compaction.This assumption is "further borne out by 

the fact that there is a noticeable difference in the effect 

of admixed lubrication at the lower pressures when it would be 
tl."", .. " 

expected that~would be inter particle movement and consequent 

particle friction effects. 

2.2.3 Conclusions 

To conclude the review of literature on friction and lubrication 

it is useful to summarise the important facts to emerge from the 

li tera ture. 

a) The coefficient of friction varies with surface and other 

conditions. 

b) Friction can be drastically reduced by the addition of lubricants. 

c) Elimination of wall frictiofl .. is desirable.and,to a large extent, 

possible,by lubrication at the wall,but elimination of the 

interpartlcle friction is irrelevant and probably undesirable. 

d) It is possible to evaluate the coefficient of friction at the 

wall if the angle of internal friction were known. 
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2.3 Theoretical and experimental evaluation' of densi ty variations 

in powder compaction 

2.3.1 Unckel's evaluation of stress in dies 

Unckel (30) was the first to attempt to evaluate,mathematically, 

the experimental observations of pressing powders in dies.His 

experimental method consisted of making compacts of various diameters 

and heights,and taking specific gravity and hardness measurements 

along the length of the compacts ,as well as in the centre,by 

cutting the compacts into discs.As others after him have done, 

Unckel,using unidirectional pressing techniques ,found a ;<t:;~" 

density zone near the bottom outer edge of the die.He also noticed 

that in compacts with high length to diameter ratios that the 

bottom centre pressure is less than at the top centre,but that 

with low ratios the reverse was the case.Subject to the effects of 

work hardening,the hardness values gave the same results.Figures 

2.4 and 2.5 show some of his results.Unckel also made the obser

vation that the denSity at a particular depth was greater in 

shorter than in longer compacts.He did not,however notice the 

high density region near the centre,which"has been noted later 

by Train (7) and others. 

His experiments on the friction at the wall yielded the conclusion 

that three quarters of the applied force is lost at the wall 

in unlubricated dies,but that this could be reduced by two-thirds 

by lubrication. Table 2.6 shows the results he qoutes to justify 

his views.Another interesting observation made by Unckel relates 

to his attempt to press a hollow compact with a flange at the 

bottom.He noted that the powder in the flange part remained 

uncompacted at tpe end of the pressing operation with the excep

ti9n of a slight bulge at the sides.This seems to indicate that 

there is little force transmitted outside the area covered by 

the punch surface. 

TABLE 2.6 

The effect. of lubrica.tion on. die. wall. pressure. 

I Powder I Total punching force,Kg. Ejection force ,Kg. 

12000 f 4000 i 8000 , 12000 
I I I -- oI06,"U a 

I . I I I 

I 
1100gCopper 

11600 
I I (Mixed size) I 2700 I 4300 5800 

I I I 
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TABLE 2.6 (Contd.) 

I ! " ... 
120gCopper • 

(Fine size) 1500 i 3170 5600 I 7600 7350 ! I As above I I (Lubri ca ted) 900 1550 I 2150 2250 2300 
I . 100gIron 1400 I 2480 I 6920 7760 

1 I 
50gIron 

1 I 2310 2700 

I 100gIron I 
I I I ['Ni t~.3~f' ~:aPhi te) l 2610 6140 4675 ! I -- .. --

Unckel tried to interpret his observations,mathematically.This 

treatment is recounted in Appendix 2.1.His work was performed in 

1945 and was the first of a seriea of attempts to obtain information 

relating to the process of compaction.l!is experimental techniques 

have been improved upon but there has been no comparable mathematical 

treatment in the papers reviewed for this thesis.Most of the 

current work has been concerned with relatfonships between macro 

properties of the system such as pressure-volume curves,and 

information concerning a particulate approach has been sparse •. 

2.3.2 Early 'investigations 

Much of the early work on density distributions was performed 

by a group at the Massachusets Institute of Technology.This group 

included Seelig,Vlulff,Kamm andSteinberg (1)(2)(3).Some work 

had also been done by Balshin (31) and Rokowski (29).Kamm et al 

used an embedded lead grid to study the transmission of the force 

within the die.This was done by radiographing the die assembly 

after compaction and calculating back from the deformations observed 

on the grid.The axial strain measurements so obtained were used to 

calculate the density distributions.They reached more specific but 

similar conclusions to those of Unckel.These were 

a) For varying height to diameter ratios,lower pressures gave 

more uniform density distributions. 

b) For the same diameter,an increase in pressure or height 

increases the'densil variations. 

c) Up to a height to diameter ratio of 2:1 the density at the 

centre of the base exceeds that at the centre of th~ top, 

but if this ratio is exceeded the reverse becomes the case. 

·i· 
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d) For the same height to diameter ratios,larger diameters 

reduced the variations in density. 

e) Increased diameters lessened wall friction. 

f) The lubrication of. the wall had a significant effect on the 

density variations whereas the lubrication of the particles 

did not. 

1 e 

These experiments were performed with carbonyl iron powder and later 

repeated with coarse electrolytic,coarse reduced and fine iron 

powder. Tile above conclusions remained unaffected.Some of the results 

are shown in graphical form in Figures 2.6 - 2.8.Unfortunately, 

the lines represent points at identical depths on the undistorted 

. grid and cannot be given an, exact physical location in the system 

on the basis of the information obtainable from their papers.They 

also studied the effect of varying the rate of application of 

pressure and of de-gassing on the density distributions but these 

results have little relevance to this research. 

2.3.3 Recent investigations· 

Train working in the field of pharmeceutics ,has also performed 

extensive investigations into density variations in die compaction. 

His use of a split die (Figure 2.9) enabled him to make direct 

de terminations of density.He used colloidal graphite as a wall 

lubricant and·also investigated unlubricated dies.His conclusions 

are also similar to those of Kamm,Unckel et al,but because of his 

use of layers of alternately coloured and white powder,he noted 

that there was a greater displacement at the top and that this 

displacement was reduced by lubrication. He also noted,and gave 

explanations for cracks which appear on the ejection of the compacts 

from the die 

In lubricated dies the cm cks appear to be concave upwards whereas 

in the unlubricated case there were also some which were concave 

downwards.The explanation he gave for the formati~n of these 

cracks is based on the phenomenon known as elastic relaxation. 

As the compact is extruded from the die there is a peripheral 

relaxation of the elastic strain which induces a longitudonal 

strain in the top centre region,where the material is less dense 

and therefore probably weaker.Thus any additional strain such as 

that introduced by handling etc. caus~,cracks to appear.In the 

case of harder metals particularly,Bowden and Rowe (38) have shown 
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that these elastic stresses cause the snapping of brittle junctions 

formed when the metals are pressed together.The cracks often appear 

only after complete extrusion,this being due to the partial bonding 

of the surfaces with brittle bonds which are easily ruptured by 

such phenomena as the expansion of entrapped air.The absence of 

,the second type of crack in the lubricated die is probably due to 

the greater uniformity of density,and hence strength, in these 

compacts.The cracks appearing in the lubricated compacts tend to 

confirm that the additional stress which caused the crack was 

sufficient to break all the bonds in the 'plane whereas in the 

unlubricated case local failure may occur. Some of Train's results 

are shown in Figures 2.10 and 2.11. 

2.3.4 Side wall pressures 

The only work in m",tal powder compaction which concerned itself 

vii th side wall pressures is that due to Duwez and Zwell (6) .They 

used the apparatus shown in Figure 2.12,to measure the side wall 

pressure at different points on the die wall for a given applied 

pressure.(Pressure of course being applied axiallY).Some of their 

results are shown in Figures 2.13 and 2.14.These results confirm 

what has been said by Train and others but provide more qualitative 

information which can be used in evaluating the performance of a 

model.The results also show that,regardless of applied pressure, 

the pressure on the bottom is only a function of compact thickness, 

and also that,regardless of thickness,this pressure is a function 

of the height to diameter ratio.These conclusions are contrary to 

the results of Unckel and the others. 

Reviewed above are all the papers of significance to this work. 

There are ,of course,many,many others but it has been neither possible 

nor deSirable to refer to all these,.However,those that might be of 

interest are due to Huffine and Bonilla(9) ,Duffield(10) ,Train 

and Hersey(11 ,12),Bockstiegel(13) and Long(14).To summarise,therefore, 

the papers reviwed above ,it is possible to say that density 

distributions are caused by the non uniform stress distribution 

in the die which in turn is caused by wall friction.According to 

Unckel there is a zone at which the pressure is independant of the 

, 
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distance of the zone from the centre axis of the die.The formation 

of these zones can be explained by the lack of shearing forces 

and a consequent lack of cold welding.Thus if both the theories 

of elastic relaxation and no cold welding are taken together,the 

cause of the appearance of cracks becomes clear.Unckels observation 

that the angles made by these zones is the same is noteworthy 

although his ass~~ption of a constant coefficient of friction 

and of a constant stress ratio are fallacious.Both Train and Zwell 

have remarked on the variation of the stress ratio along the 

length of the compact and Kamm et al found a variation of the 

coefficient of friction from .07 at the bottom to .625 near the 

top of the die,whereas Unckel assumed a constant coefficient of .15. 

For the purposes of this work,however,it is proposed to use a 
u:~'c 

first order iF91atiofl8fii'fl 'fietweeR the coefficient of friction ~ 

~,since there is an absence of any usable information in the 

literature. 

2.4 The packing of particles 

In any theory,which considers individual particles,the packing 

arrangements occurring in particle systems must be considered. 

Duffield(24) has shown that,in die compaction,the initial density 

of the die fill has an effect on the pressure-volume relationship. 

Hausner(27) has demonstrated the effects of size on the properties 

of compacts.Although there is no conclusive evidence to show that 

the effects on compac.t properties of size is through its effec,ts 

on the packing arrangements possible,it seems likely that this is so. 

Any development of this model must,therefore,consider packing and 

size aspects,especially at higher pressures when deformation of -

particles is likely to depend on both particle size and particle 

packing. 

A number of papers have been written on the packing of spherical 

particles (53-59) and on the packing of irregular particles (60-66) 

The essential information available about spheres and mixtures of 

spheres is summarised in Table 2.7.0bviously,the packing of spheres 

is of greater academic than industrial interest but it is believed 

that with the approach used here,it may be possible to use infor

mation obtained on models based on spheres to solve problems 

associated with the more difficult irregular shapes. 



TABLE 2.7 (Reference 55) 

TABLE 2.8 (Reference 61) , 
Adwick and. Warmers .. resul.ts .wi th irregular particles 
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I' Material I Ind;::::;~raction ~:nsity "TII% Vol. of each I ~~-
11'. i ! ~6 >-44 <44 >300 .<300 comp. for max.densy .! density 

1,:,1 Coral ---r-,' ---63- --~ 60 ~I'--~~---~~~~~----
Alumino ~, 1 

! 25 27 31 39 21 41 I 41 silicate 

Uranium 

dioxide 

Dense 

I 

l
i 57 54 

r 

49 42 20 38 71 

I I spheres 1 62 to 64 66 25 9 90 

~-----~.--~----,------------. .:...--------- "'----...... 
From the abovQ results it seems reasonable to conclude that proportions 

of smaller sizes must be used to obtain decreases in porosity.It is of 

interest that the 66:25:9 ratio for spheres is replaced by a 

40:20:40 ratio for irregular particles by Adwick and '1larmer and by a 

45:10:45 ratio by Hugill and Rees (60).With greater irregularity of 

sha~e or with particles with surfaces of an open nature,the quantity 

of fines required increases due to the lodging of the fines in the surf-

ace pores. 
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Although the results described above are interesting,it is diffi

cult to relate them to die compaction.They would ,however be imp

ortant when it becomes necessary to consider the deformation of 

particles,which is the next step in the logical development of this 

mod8l.A factor influencing the packing of material in dies is 

undoubtably the method of deposi tion.I,\cCrae (63) investigated the 

effects of density,height of discharge tube from top of packing, 

surface condition etc. on packing densi ties.He found that with 

higher velocities of impact the porosity increased,especially for 

particles with large coefficients of restitution.Duffield (24,10) 

had found that the method of pouring Vias vital as far as correlation 

between the results of seperate runs Vias concerned.Table 2.9 shows 

the effect on the packing density,of the method of filling the die. 

TABLE 2.9 

Filling volumes (10) 

lpou~:::~~::::--r-;::::::--------;:::~ng ~:::-:J. Inve r tingJ1 

I funnel I from nozzle stationary nozzle test-ti be 
J! I, 

1.661 1.695 1.699 

1.673 1.687 1.694 

1.675 11.691 1.705 

I . 1.674 I' 1.696 . 
, ! 1.682 1.702 j 
l Me an I.· 1 .651 , I 1. 707 J

1 

. 
1.675 

J • 1.662 1.719 : 
'J' Std. I 1.651 1 1.685 ,I 

Deviation I ) 
1 0•011 ,1.686 1.692 I 

1 1 • 695 i 1.694 I 
11.677 I 1.699 I 

1.689 

1.682 

1.656 

1 .681 

1.679 

1.687 

1.680 

1.653 

1.651 

Mean 

1.675 I 
j ., 
.j 

I ~:;7 ·t
l ~::;9 I 

I std. Std. l std. , 

I Deviation Deviation I Deviation 

! 
! • __ w_~ w .... 

! 0.016 1 0.009' 0.014 1 
I .! 1 J .. ~ __ ... _______ 'W __ .... _ ... _-;-______ .:. ____ -.. ____ • .;;._,-,! 
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Atmospheric conditions were found to affect the results,but 

the degree of oxidation and the depth of fill did not.The error 

of about 2.5 % could not be improved upon by simple mea~s. 

Another important aspect of die filling,is segregation of sizes 
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on pouring into the die.This is the main reason why high densities, 

such as those obtained by Hugill and Rees and Adwick and Warmer, 

are not obtained in practice.i'lhen compaction is used on an industri

al scale~it is not economical to have sophisticated and time consum

ing filling equipment.The effects of segregation have been described 

by Lawrence (69).He reaches the following conclusions,after having 

examined segregation in iron-lead mixtures. 

a) During the filling of the die with a two-component mixture, 

segregation occurs by the fines,d,filtering down through the 

moving powder mass.This effect builds up an inner mound of fines 

rich material at the bottom of the die.(See Figure 2.15) 

b) 

c) 

As a result of filtering out of the fines,an excess of coarse 

particles,D,is flowed to the outer layers of powder in the die. 

This is termed normal segregation.(See Figure 2.16) 

In a powder system in which D is kept constant,increasing the 

D:d ratio increases segregation upto a relative size difference 

of (D-d)/d of approximately 0.6 to 0.8.As the fines are reduced 

further in size,the filtering becomes more difficult and hence 

segregation decreases or even stops. (See Figure 2.17) 

d) In coarse particle sytems (D large),inverse segregation occurs. 

This occurs in high percentage fines mixtures where there are 

less coarse particles in the outer layers than in the original 

mixture.This effect is ascribed to there being limited coarse 

particles in the system,with resultant burial of the incoming 

coarse particles in the fill thus hindering their travel to the 

die wall.In similar mixtures but containing less than 60% fines 

normal segregation occurs once more. 

e) Particle shape and density have little effect. on segregation. 

f) In general,increasing the height of drop caused a drop in segre

gation,presumably due to increased mixing caused by bouncing. In 

fine particle. mixtures ,the coefficient of restitution is low 

and hence little bouncing occurs thus s~gregation in these 

systems is independant of the height of drop. 
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g) If the filling time is decreased,segregation decreases.This 

ITay be done by increasing the nozzle diameter or decreasing 

the die diameter.Table 2.10 shows the effects of both these 

variables on segregation. 

TABLE 2.10 (Reference 69) 

The effect of funnel orifice diameter and die diameter on segregation 

Eun~~::_~:~~~ameter (cm) 1 ·2 ___ +1 __ 1 ___ + __ 1_ T 

r:!:.::._diameter (cm) _L __ 5 __ ~-L 2~I~J 
I ' I 

Fines'f. !11% It.\:i: 6%_ I::" ---- -: :: ; 
I 80 ____ _____ ~ ____ , __ '__-_9 __ -'-__ 6 __ J 
Where !J, = % fines in sample - % fines in layer 

2.5 Particle Statistics 

In the preceding pages the literature dealt with has mainly been 

concerned with macro properties of particle systems.At the outset 

it was stated that this vias to be a' microscopic' or particulate 

theory.It is therefore necessary to consider the particles indivi

dually.The essence of the object of this work is to link indivi

dual particle characteristics to system behaviour. 

In recent years much attention has been paid to the mathematical 

(statistical) evaluation and definition of particle systems.This 

sub-section at temps to review these efforts and to choose those para

meters which are likely to be useful for the purposes of this 

research. 

There have been many methods in the past,of characterising particles 

and a number of these are based on the microscopic examination of 

the particles.The older ,more. established methods,use stati/ltioal. 

diameters such as the Feret and the Martin's diameters (Figure 2.18) 
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The Feret diameter is the distance between two parallel tangents 

to the extremi ties of the particle.'llhen measuring these diameters 

for an assembly of particles it is necessary to have all these 

tangents parallel to a fixed direction.A distributon of these 

diameters,characterises the system.The Martin diameter bisects the 

projected area of the particle.For convex particles,there is a 

relation between the average 

perimeter. (See Figure 2.19) 

F (Feret diam.) 

FIGURE 2.19 

Feret diameter and the particle 

2 dE = dP cos ~ 

F = rY2dP cos ~ . . 
• 0 

Thus F = P /1\: 
Le P = 1\ IF 

/
;71 

d~.f d~ 
o 

Where P is the perimeter 

and F the average Feret diam. 

In calculating most other parameters,however,both the Feret and 

1.lartins diameters give rise to inaccuracies ,if they are used in 

place of equivalent sphere diameters (i.e the diameter of a sphere 

of equivalent volume,projected area etc.).The Feret however has 



a definite statistical significance and it will be shown later 

how it can be used with success in the building of a model. 

36 

In recent years the best known attempt at applying statistics to 

particle systems came from Rumpf and Debbas (32).Their theory 

was applicable mainly to spheres and relate to the distribution 

functions of the diameters appearing in a section of a bed of 

spheres which had been previously set in resin.They obtained the 

follol'ling relations. 

For equi-sized spheres the distribution function of the diameters 

appearing in a section is (See Figure 2.20) 

2 21 z(y) = y / (x -y )-

·where z(y) represents the number of diameters of size y 

For mixed sizes the relation was, 

If M ny 

x 
\max 

y 
z(y) = -----x 

) maxxh(x)dx 
o 

t n ( =! Y z y)dy 
6 

and M 
nx 

x f max 
.Jy 

x . 
r max 

= ! 
~O 

x~(x)dx 

where h(x)dx is the number in the size class between x an x+dx 

Then a number of relations obtainable from the projected size 

distributions may also be obtained from the sectioned distributions. 

These equations,it must be noted,have been derived for random 

packing of particles,but it has been found that with the use of 

the correct.experimental techniques,it is possible to use them 

even with regular packings.ln the experiments performed by the 

authors; packing which had been subjected to vibration for 30 secs 

at an amplitude of .5mm still produced results agreeing with the 

theory. 

The newest attempt at characterising particle systems has been 

due to Scarlett (35,36).The particles (and the voids around them) 

are viewed as a collection of filaments of measurable length and 

finite,but irr~easurable,crosssectional area.These random filaments 

can be regarded as the intercepts made by an arbitrary straight 

line drawn through a random section of the packing'of the particles. 
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Section(See Figure 2.20(b 

ch-

FIGURE 2.20 (a) 

The probability of a circle of diameter 2y appearing in a section 

of a packing of spheres of size 2x 

FIGURE 2.20 (b) 

. The probability of a chord of length 2z appearing in a circle of 

diameter 2y. 

? 
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The packing of the particles used in such a determination must 

be random and isotropic with regard to their location. Then the 

following relationships apply to the measurements made. 

. Total number of fi~aments 

x 

= .j 
max 

o 
x max 

f(x) dx 

Total length of filaments = J x.f(x) dx 

o 

Vihere f(x) dx is the number of filaments with size between x and 

x+dx. 

If the number of void filaments between the lengths z and dz were 

g(z) dz then, x 

J max 

x.f(x) dx 0 1 - e 
= e z 

) max 
z.;g~z ) dz 

0 
Where e is the porosity of the system. 

JXmax z 
Since f(x) dx = f max g(z) dz 

0 0 

1 - e x 
= 

e z 

Where x and z are mean lengths. 

If any one of these filaments were to be divided randomly at ·all 

paints along their length the distribution obtained would be the 

same as the distribution of the sectioned chords shown in Figure 3.3. 

Mathematically,if y is the length of .the chord produced by such 

a section,then the probability of y is, 

and 

If: the 

Which 

p(y) = 1 

p(y) = 0 

distribution of 

h(Y) dy = 

is the cumul~tive 

if O~ y<:" x 

if y> x 

suoh chords is represented by 
X=X 

J~ 
max f(x) dx.dy 

x=y 

oversize distribution of the 

h(Y) dy 

random. filaments. 
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With spheres it is possible to derive a large number of relationships 

but these are of very limited application .(1.3,32).This is due to 

the definite,symmetrical shape of the sphere,which makes the 

application of statistical theory very easy.As an illustration of 

this two examples of how the filament. size distribution can be 

obtained from particle size and vice' verBa can be found in 

references 35 and 13 respectively. 

A more interesting feature of the filament size distribution is 

however the fact that the sectioned filament distribution (defined 

earlier) ,is identical to the distribution of sectioned chords 

when the chords are all drawn through a point in a section plane 

of a particle and this same point i8 regarded as the point of 

section(this is illustrated in Figure 3.3(c».It has been 

demonstrated-bY'5carlett (15) that this is so/but it is quite 

easy to visualise.If in Figure 3 • .3 (b) ,we take ~ny point on a 

random filament,it sections the filament.If that point corresponds 

to the point sectioning the chord in Figure 3.3 (c) ,then it is 

possible to see that if the whole assembly.were considered,every 

possible orientation of the chord would be encountered in the 

measurement of the filaments and each filament would be sectioned 

in exactly the same way that the chord would have been sectioned. 

It is customary to represent size distributions or filament dis

tributions in graphical form.As explained,the number of sizes 

between size class x and the size class x+dx is f(x)dx or a similar 

function.Agraphical dis'tribution can be either a frequency vs size 

type or a cumulative frequency vs size type.The first type consists 

of plotting f(x) as thelordinate ag~inst x as the abcissa,while the 

second uses a plot of J f(x)dx / J max f(x)dx as the ordinate vs. 
o 0 

1 as the abcissa.An illustration of a curve of the first type is 

seen in Figure 2.22 and of the second in Figure 2.21.5ince areas 

and volumes are.proportional to diameters ,it is also possible to 

plot volume-size and area-size curves,from this information if 

certain other parameters were known. 

As far as this research is concerned,interest is centred on the 

~I 
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cumulative frequency curves.These curves contain valuable stat

istical information. For instance ,if one wished to determine the 

most probable size one would encounter if a random selection were 

made from a packing of particles ,then it is obViOUS that the 

gradient of this curve would show a maximum at the point requi'red. 

Thus if the axis containing the ordi"nate were divided into a 

number of equal parts and any number,between 0 and the number of 

parts the axis were divided into,were chosen at random,then,if the 

size corresponding to that number were determined from the curve, 

then this selection would have been at random with the character

istics of the system taken into account.The significance of this 

selection is made clearer in sub-section l.6 where Monte Carlo 

methods sre described,and also in sub-section 3.3.More information 

on particle statistics is given in a book by Herdan (76) as well 

as in the number of papers referred to here. 

The most important development recently has been the progress 

in the sizing techniques.For our purposes two of the parameters 

have been selected,theFeret diameter and the random filament 

distribution. Their use in building a model of a particle Qystem 

is decribed in Section 3. 

2.6 Monte Carlo methods .' 

Monte Carlo methods is the .term applied to what were formerly 
I 

described as random or drunkards walks.An excellent introduction 

to the basic techniques is given in a book by Hammersley and 

Handscomb (77).Monte Carlo methods deal with that branch of 

mathematics which is concerned with experiments with random numbers. 

The probabilistic type of Monte Carlo method' involves the obser

vation of random numbers chosen in such a manner that they simu

late the physical random processes of the original problem and the 

inference of the desired solution from the behaviour of the chosen 

numbers.An example of the drunkards walk and many other applications 

of the Monte Carlo technique is given in a book by Chorafas (37), 

ConSider Figure 2.22,the curves represent the lives of three 

components in an electronic system. The mean of such a system is 

given by 
~ n,.Xi -

x Q '.'; .••• ".',.', 

N 

where n i is·the frequency in the i th class and N the total number 

._-:.;: 



On the .. other hand, if we wished to obtain the probabili ty of 

obtaining a section OB of the Feret diameter starting from 

o perpendicular to the horizontal (Figure 3.3 (d», and OB 

was of length .y, then the probability of y is give~ by 

. P (y) dy = ~ 
x 

if y < x 

where x is the length of the feret diameter. If f (x) dx re

presents the density of the Feret diameters Then the distribution 
of y, g (y) dy is given by 

x = x max 

g (y) dy J f (x) . dx dy = . 
x 

x = y 

which can again be obtained from the density distribution of 
the Feret diameters • 

. .. 
~ .. -. 
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in all classes. If the frequency distribution is represented by 

f(x)dx then, 
x 

J xf(x)dx 
o 

x 
rmax 

6 f(x)dx 
The standard deviati·on of this distribution is the root mean 

square deviation and is given by 

s I_ ..... ~ X~i=--:_X_)-'ni~_ 

For the three curves in Figure 2.22 these values are 

x1 =40 s1 =6 

x2=65 s2=12 

X
3

=60 s3=12 

Assume that parts belonging to these three populations are selected 

at random on the assembly line.By the use of the Monte Carlo method 

wecan simulate this random selection and compute the anticipated life 

of the system. Fundamentally , there are two approaches to the problem. 

If cumulative curves are plotted of the distributions (Figure 2.23) 

and the vertical axis divided into n equal intervals and then a table 

of random numbers is used,it would be possible to locate a random 

ordinate and using the curve to find the corresponding abcissa or 

the hours of life of the component.This can be repeated until 

sufficient values have been taken for the three systems to get the 

distribution function for the life of the system.The second approach 

is not relevant to this research but is to be found in reference 37. 

Although the example quoted has little relevance to the problem 

being dealt with here,the technique is exactly the same. 

2.7 Deformation and crushing of particles 

It was decided to include this section in the literature survey 

because the many references made in the text to the possibility of 

extending the application of the proposed model,need justification 

in fact.A number of statistical parameters used here will change if 

the particles in the system are deformed and some of the assumptions 

made here will be invalidated.It must be stressed that there is 

insufficient current information on a number of pOints to make the 

further development of the model a possibility,but there ia every 
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The random selectioniof values from a cumulative 

frequency curve 
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electronic ·system 
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possibili ty· that this information is likely to be available in the 

near future. 

One particular shortcoming of the model is its inability to predict 

the strength of compacts. Since this is dependant on the nature of 

the contact surfaces and the extent of contact,it would be impossible 

to make any predictions about strength until more was known about these 

quantities.The theories of Hertz (78) regarding the elastic deform

ation of bodies ill of academic .. interest only,due to the fact that 

in real systems most of the deformations obtained are plasti"c,even 

at very low loads.lshlinsky has developed a theory dealing with 

plastic deformation (79).Deresiewicz (80),Mindlin (81) and others 

have also written a large number of papers on the subject.So far 

it has been difficult to apply their results to particulate systems 

which have stress .. distribution .. within .. them.It is hoped that this 

model might,in time,overcome this problem. 

A recent analYl!lis of the pla.tic deformation of !lpheres and cylin

ders has been done by Johnson (83).He measured the surface strains 

and deduced the contact stres!les using the flow rules of plastic 

theory.He points out that a layer in the contact surface is left 

in a state of residual tension when the surface is unloaded. The 

stresses in .this layer are said to be between 0.56 and 1.0 times the 

yield stress.The material at the contact pOint,flows outwards 

during the compression,even in the presence of friction. 

The solution of bulk deformation problems which occur in particle 

systems has yet to be attempted,but there seems to be an interest 

being currently shown in the problem. The application of tensor 

calculus and numerical analysis could conceivably give acceptable 

results in the near future.Experimental analyses of the crushing 
'. 

of single particles,which are likely to be of greater use than 

information obtained on a macroscopic scale,have been going on 

for lIIome time in Germany.A report by Leschonski (84) describes.' 

these investigations.Sch6nerl (85) has already published a model 

which takes into account the variable intensities of stres!l.As 

Rumpf (86) has pointed out,it is possible to calculate the output 

of a controlled grindlng process,if enough data relating to materials 

under differing conditions of stress can be determined.It is these 



de terminations that can be made with controlled crushing experiments 

It seems therefore that if the model proposed here can in fact 

predict the stress in the various parts of the system,then from the 

information obtainable from the controlled crushing experiments 

it would be possible to predict the behaviour of a particle at any' 

point within the system. 

The variables listed by Leschonski as being important in the 

experiments on controlled crushing might be recounted here as it 

seems likely that they will be just as important in compaction. 

a) Kind of material. 

b) The size of the particles. 

Since the strength of individual particles increases with 

decreasing size due to ',the"elimination' of, flBws,thi. is an 

important variable. 

c) The shape of particles 

The state of tension developed by a particle depends on its 

shape in relation to the geometry of the compaction system. 

d) The history of the particles 

e) The stre,sB intensity 

f) The velocity with which the stress is applied 

g) The rate of shear 

h) The system geometry 

i) The properties of the particle surfaces. 

j) The temperature 

k) The surrounding medium 

Thus to be useful,any results obtained by these experiments must be 

performed with these variables carefully oontrolled. 

2.8 Conclusion 

In the preceding pages an attempt has been made to recall and corr

elate all the work done in recent years which have any relevance 

to the building ofa model of a particle system,with a view to 

predicting the stress distributions obtained when the system,confined 

in a restricted epace,is subje,ct to an applied pressure.Since there 

is a vast quantity of information available on powder compaction 

it was necessary only to include here the most representative of these. 
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3.1 Introduc,tion to the theory 

In the preceding section much of the work of other investigators 

relevant to the building of a model,which may be used in the 

evaluation of particulate systems,has been recounted.It has been 

generally recognised that stress transmission in particulate systems 

takes place through those points at which the particles contact 

one another. Unlike liquid systems particles have the property of 

being able to support shear. Consequently any force applied to one 

surface of such an assembly is not transmitted uniformly through -the system.The degree of non-uniformity depends on the restrictions 

imposed on the system and other parameters connected with the part

icles themselves. 

It is relatively easy to derive,mathematically,parameters to 

, describe or simulate SYS,te.-Yl:3 o} Srh:~Xd.This has been undertaken here 

to illustrate the prinCiples on which the model is based.With 

irregularly shaped particles,however,statistical paramet!!!B are not 

easy to determine and approximations have to be used.The statistics 

of particle systems" has'been ,',the 'subject ,:of, much recent'research,-,',:,: 

and the papers by Rumpf and Debbas(32),Bockstiegel(13),Scarlett(35. 

36,75),Todd(70),Eastham(71) and others illustrate how particle 

statiatics maybe applied in the evaluation of particulate assemblies. 

In considering the application of force to particle systems,the 

force is transmi tted',initially ,while the particles move and rearrange 

themselves.This aspect of the process is not dealt with in the model 

presented here.At any stage of the pressure application,however,it 

is possible to hold the pressure constant and to let the system 

develop an equilibrium state and it is \'I:, ~:l this ,condition that the 

model has been constructed to evaluate. 

The factors affeoting the stress picture within the system are 

a) The particle characteristics 

b) The physical properties of the material of the particles 

c) The friction characteristics of the particles and the system 

d) The nature of the system 

The model developed here takes these parameters into account in 

the prediction of the'stress pattern set up within the system. 



There are three distinct types of particles which must be dealt 

with.The simplest is the spherical shape which can be handled 

mathematically with relative ease,the second the irregular,but 

convex,particle which;slthough possible to handle needed special 

methods of characterisation(which have been developed here) and 

thirdly the completely irregular ,particle whose statistical defin

iton has not been possible. 

3.2 The general conditions of equilibrium 

Any force,P,acting at any point 0' in space ,can be replaced by three 

forces P ,P ,P , at another point O,such that P ,P ,P are mutually 
x y z , >- ~ 1.).. x Y z 

perpendicular and such that (p + P + P )2e P,and by three couples x y z 
(zp -xP ),(yP -zp ) and(xP -yP ) about the axes along which P ,Py,p x z z y y x X; z 

act. Similarly all forces in Cartesian Bpace (See Figure 3.1) can 

be replaced by similar forces and couples about the same axes at 0 •. 

Then for equilibrium the following oonditions must be satisfied. 
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1.£,P a 0 
X ',I': : ... 

2.£Py a 0 

3.::sP a 0 
Z 

4. ~Mx a z: (YPz-ZPy ) a 0 
5. 5'M a Z (zp -xP ) a 0 

- y X z 
6 2M a Z. (xp -yP ) a 0 

• Z Y x 

Applying these conditions it is possible to,calculate six 

unknown quanti ties appearing in a force balance performed on any 

body at rest and it will be explained in the following sections how these 

conditions are used in simulating the transmission of a force through 

a system of particles. 

3.3 The use of statistics and the application of the Monte Carlo 

method' to the solution of the problem 

3.3.1 The sphere model 

Consider' first,the model representing a system of mono-size spheres 

(Figure 3.2).The probability of one particle being contacted by 

another at 'any point on its surface ,located by the angles ~and f,3,and 

by the chord ,length .1 ,with respect to any other point on i to surface 

is expressed by 
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The probability distribution function (cumulative) for any contact 

is,therefore given by 

F(p) dp a 

= 1- cos (";1 

If we assume six contacts per sphere and three of these lie in' 

positions where they can transmit force and two do not (the sixth 

being the point at which the force was applied);then we can proceed 

to build a model to which mathematical criteria for equilibrium 

can be applied.Although it is obvious that any system of mono-size 

spheres will have in it particles with many more than six contacts 

on average,the limitations of the mathematics used here pre-empt 

any consideration of such a case.This is due to the fact that in 

the case without friction the reactions at the points of contact 

are normal to the surface of the sphere,an~ are consequently con

current,thus reducing the equations describing equilibrium to three. 

To simplify the problem, the areas excluded by each successive 

contact to further contacts will not be considered. Since only three 

contacts have to be located by statistical means,it is proposed that 

it is reasonable to assume that the random location procedures used 

are highly unlikely to generate two points with identical coordi

nates in three attempts.The location of the contacts is found by 

using the probability distribution function,described earlier,and 

having found their coordinates it is then possible to apply the 

conditions of equilibrium to the particls and hence to determine 

the forces of reaction at the three points of contact. 

That it is too complicated to trace every reaction force(hence

forth called transmittsd force) through the. rest of the system is 

obvious~thuslat this poin~use is made of the statistical advarnages 

offered by the Monte Carlo technique.Since the three points of 

contact were chosen at random,if it was decided to follow the 

further transmission of any one of these forces,this deCision would 

also be a random one.Provided therefore that the third (or first 

or second) point of contact were always chosen as the point from 

which further transmission of the force was to be followed then 

a sta.tisticslly valid sampling technique would be used. 

5t 
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The tracing of the output forces so obtained is carried out until 

a system boundary ·is reached.If this process is repeated a large 

number of times,then every possible path by which a force,applied 

to the surface of the system,could reach the system boundary,would 

have been evaluated (See Figure 3.6).At the boundary/the force is 

assumed to have been absorbed and no further transmission is considered. 

Now,if the total number of Monte Carlo runs is summed and normalised, 

by the balancing of the input and output forces (the forces said 

to have be~n 'absorbed' at the boundary),then the stress pattern 

within the system can be evaluated. 

By the application of the Monte Carlo technique the effect of choosing 

only six co~tacts per sphere may be reduced,due to the fact that in 

making a fresh walk through the system,a different set of contacts 

is used for the first sphere.Thus in the final analysis,it can be 

assumed that a reasonable representation of all the force paths 

to the boundary has been obtained,and consequently,that although a 

physical representation of the system geometry has not been used, 

the simulation has been performed on a stochastic model of the system 

instead.How this is done is described in the following pages. 

It is worth noting here ,that if frictional effects between the 

particles themselves were considered,then it would be possible to 

consider upto twelve contacts for a sphere. (Six of which would be 

able to transmit force and five unable to do so with the sixth being 

the point at which the force is input).Unfortunately the variation 

of the coefficient of friction under these conditions is,as yet, 

inadequately understood and the resulting uncertainties caused by 

the consideration of friction between particles may far outweigh 

any advantage gained.In any case since the sphere model,alone/ 

(which had been included for illustrative purposes only) is affected, 

it was decided not to pursue the matter further. 

3.,.2 . Extension to irregular particles 

When irregular,frictionless particles are considered,because the 

resultant forces (even though they are still normal to the particle 

surface) are no longer concurrent,it is possible to use all six 

equations of equilibrium. This ·in turn enables the consideration of 
o 
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upto six transmitting contacts.If we ag~in assume this to mean a 

to~al of)twelve contacts,then it is possible to say that we now 

have a reasonably representative system. 

To illustrate what is meant by transmitting and non-transmitting 

contacts,consider a sphere with six contacts (Figure 3.7).If the 

force is input at the contact with sphere A,then it is obvious that, 

unless there is deformation,the transmission of the force is only 

possible,through the contacts with spheres E,D and C.Thus these 

are referred to as transmitting contacts while the contacts with 

spheres F and B are referred to as non-transmitting contacts.If 

however the input force came in through F ,then A and E become 

the non-transmitting contacts. 

3.3.3 The generation of the coordinates of the points of contact 

How the points of contact are located on a sphere ,using a random 

generation procedure has already been outlined. Unfortunately it 

is not 'possible to find the same exact mathematical defini tons of 

the shapes and surfaces of irregular particles. Instead ,however •. ' 

a method by which the location of the contacts could again be 

picked with a similar basis in probability had to be devised. 

Since the systems encountered in everyday life are never mono

sized, the model proposed here deals with a mixture of sizes.The 

simulation of the force transmission is then performed on .this 
, - . \. , 

a stochastic representation of the real system. 

In Section 2.5 the significance of Feret diameter has been discussed. 

Consider Figure 3.3 (a).The Feret diameter is seen to be the largest 

dimension in the direction of measurement.If it is assumed that a 

contact may occur at any point on the surface of a particle with 

equal probability,then it should be possible to randomly intersect 

the Feret diameter with a plane perpendicular to it and say that 

a contact occurs at a point on the surface of the particle.which 

is cut by this plane.(See Figure 3.3 (d)).If now, the sectioned 

view of the particle is examined it is possible to say that the 

Feret diametericuts this plane at a point B.lt has been proved by 

Scarlett(75) that the lengths of lines BA,BD,BC etc. ,have the same 

distribution function as the'eectioned random filaments (Figure 3.3 

(b) and (c)).How this may be obtained from a distribution of random 
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Transmitting and non-transmitting 

oontaots.on a sphere 
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filaments has also been outlined in Section 2.5.Using the Monte 

Carlo technique,it is now possible to find two probable values 

for both OB and for one of the lengths such as BA,thus enabling 

us to determine~ and OA.If now it is assumed that ~ is a uniformly 

distributed function,it is possible find the polar coordinates of A, 

which is a point of contact.By similar means the other five points 

of contact may also be determined, 

Now it is necessary to find 'the angle that the normal at the surface , -
at A makes with the direction in which the force was input.Since 

unlike in the case of spheres there is 

law governing its value it was decided 

bution for these angles.Two angles are 

direction of the normal and these are 

no rigorous mathematical 
1).-11"\ 0<'\'11. 

to assume a RQrmal distri-

necessary' to determine ,the 

called e and ~ • Their exact 

physical significance will be defined later. 

As in the case of the sphere model these generations are performed 
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for each particle that the simulated path of the force passes through. 

The information obtained from the force balances and the positions 

of each particle involved in the transmission is then used in the 

determination of the stress diagram.How this is done is dascribed in 

Section 3.6,together with the description of the ,computer programs 

prepared to perform the calculation. 

3.4 System description 

Polar,Cartesian' and cylindrical coordinates have all been used at 

one stage or another of the calculation. Thus a brief explanation 

of their use seems desirable.The model uses a cylindrical system, 

as such systems are easier to analyse due to their being possessed 

of axial rotational symmetry.The use of such systems does not 

however detract from the generality of the approach as is QemeR-

Consider Figure 3.4.The axes of the system are X'OX,Y'OY and OZ. 

If A is a point of contact 

1. Its polar coordinates are OA, 0( , ~ 

2. Its Cartesian coordinates are OA sinOCcos~c OE, 

OA sin ':><sin j3=('OD, 

and OA cos 0( cOB. 

o 
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3. Its cylindrical coordinates are OC and OB ~~cl ~ 

Thus in any one of three ways it is possible to locate the pOint 

A with respect to axes OX,OY,OZ. 

The force paths to the system boundaries are followed by using these 

coordinates as follows, 

As the· transmission proceeds through the system,the coordinates 

of the points of contact are generated with respect to three 

mutually ~erpendicular axes which are normal and tangential to the 

surface at which the force is input. These axes mayor may not be 

parallel ,to the axes of the system. Therefore to follow the transmie-

sion of the force it is constantly necessary to refer back to the 

system axes and to transform coordinates obtained with respect to 

axes on the individual particles into coordinates which relate to 

them. This is essentially a problem involving the use of tensors. 

Consider Figure 3.5,the reference axes of the system are OX,OY,OZ 

and the axes of the particle are OX1,OY1,OZ1.The coordinates of A 

with respect to OX1 etc are x1 'Y1 ,z1.In order to obtain the coordi-

nates of A 

where 

with respect to OX etc. we use the following relations. 

x c 7111 x1 + fl12 Y1 +1113 z1 

Y c {\ 21 x1 + 1\ 22 Y 1 + ~2 3 z1 

z = 1131 x1 + ~32 Y1 +/)33 z1 

{l11 = cos XOX1 
./121 c cos YOX1 
~12 = cos XOY1 etc. 

In order to simplify the problem,it was decided to always keep one 

axis in the system XY plane,thus there are only two rotations to 

consider wheri transforming coordinates from one set of axes to 

another.Thus to transform the particle axes into the system axes 

(Figure 3.8) it is 'necessary to rotate OX,OY in the XY plane 

through an angle I./J about OZ,and then to rotate the OX1 ,OZ axes 

through an angle ((about OY1.This ensures that the OY! axis always 

remains in the same plane,regardless of the position of the particle. 

Now if the OX2 ,OY2 ,OZ2 axes had a point A located with respect to 

themselves by the coordinates x2 'Y2,z2 then the coordinates of A 

o 
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with respect to OX,OY,02 can be determined as follows.First'~the 

rotation of the OX2 ,022 axes about OY2 .The coordinates of A with 

respect to OX1 ,021 are 

xl = x2 cos 0' + z2 sin Y 
zl = -x2 sin & + z2 cos(( 

(y 1 y 2) 

An illustration of the rotation is given in Figure 3.9 (a). 

Consider next the Figure 3.9 (b).The coordinates of A with respect 

to OX,OY,02 are now given by 

from which 

x = xl cos If - Yl sin0' 

y = xl sin !f - Yl cos'f 

(z = zl) 

x x2 cos)' cos ll-' -', Y2 sinlp +. ,z2 sin, '0 cos tjJ 
y = x2 cos Ysin:p + Y2 COs't + z2 sin t sin tP 
z = -x2 sin?f + z2 cosy, 

. '.' ~ 

If the axes with respect to the particle were taken at a point 01 

whose coordinates with respect to OX,OY,02 were X"Y,2 then the 

coordinates of A would simply be (X + x),(Y + y),(2 +z). 

To conclude this 'part of Section 3 it is proposed to give a brief 

account of how ~ and ~ can be determined.In order to locate a contact 

it ha~ been mentioned that two angles are necessary these,were ~ and'~ 

Similarly in order to find the direction of the output forces 

two al'1gles Band)25 were used as a description of the surface at the 

point of contact.It is then possible at any point to find 7f and c.jJ by 

simply taking a point on the normal at any point of contact and 

calcul~ting its coordinates with respect to a set of axes parallel, 

to the system axes at the point of contact.If the coordinates are 

x,y,z then, 

and 

In order to describe completely the whole of three dimensional 

·space -0 is allowed to vary between ° and"2i\and jOto vary between 

+7\/2 and -1\/2.The decision to choose these intervals is related 

.... 
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to the use of the model on a computer. 

3.5 'Friction 

As has been stressed in the literature survey eection,there are three 

types of friction in powder compaction 

1. Particle-Wall friction 

2. Particle-Particle friction 

3. Wall-Punch friction 

Of these only the first is considered to be relevant in any calcu-
f -

lation.The others have been ignored because the evidence provided 

by the many experimenters in the field indicate that these other 

forms have a negligible effect on the system properties.Another 

but less valid reason for ignoring the effects of the other two 

types of friction,is the lack of knowledge of the coefficient of 

friction under these conditions.As far as this model ie concerned 

the effect of the wall friction can be allowed for in the process 

of normalising the results from the Monte'Carlo runs,and is therefore 

described in the next part of this section. In passing,it may be of 

interest to point out that,there is evidence ·to believe that it 

may be possible to determine the'angle of internal friction from 

the particle characteristics,and thus it would be possible to 

determine the.exact values of the coefficient of friction at the 

wall in a powder compact. 

3.6 Computer models 

In any form of mathematical model building,it is necessary to 

determine those parameters which are absolutely necessary to the 

solution of the problem and to eliminate those that are not,otherwise 

all the advantages gained from the representation of the system by 

a model would be lost in the determination of a welter of irrelavant 

properties.On the other hand it is necessary to retain and use all 

the relevant parameters.In systems as complex as those encountered 

in particle technology such decisions are even more difficult to 

make and even having made them,thederivation of relationships 

between the measurable quantities and the parameters relating to 

the model may prove impossible,as has been the case with the 

completely irregular particles.There is 

to make 

however,a need to ~ake 

a;'start ,at this 'stage, some reasonable assumptions and 

in order that in the reasonably near future a usable model might 

emerge. The final forms of the models used are given in Appendix 3.2. 

o 



3'.6..1 The' Monte Carlo Model 

The model was developed along the lines of the theory presented 

earlier.The assumption ,made for spheres,that only six contacts 

actually transmit force,although upto twelve may exist was 

also extended to the model,which was however constructed for all 

convex particles.The model uses statistical methods to predict 

the points of contact,and several random walks of a 'quantum' 

of force is traced through the system.\Vhen the 'quantum' reaches 
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an arbitrary,pre-designated,boundary,it is assumed to be absorbed. 

Since the process of simulating these 'walks' requires considerable 

computer time,and since at least 500 such walks are required to 

to obtain even a reasonably representative picture,it was not 

thought desirable to repeat the process for each and every system 

that needed investigation. Thus the Monte Carlo walks were performed 

on one large system and all smaller systems' could be evaluated 

using these results.The method of labelling the 'quanta' as they 

travel through the system is detailed in Appendix 3.2.The program 

which develops the model is shown in Appendix 3.1 together with 

brief comments and a flow diagram. The program that labels the 

force 'quanta' as they are propogated through the system is shown 

and discussed in Appendix 3.2 also. 

In order to keep the number of simulatiens low,while still obtaining 

a representative result,it is of advantage to deal only with 

cylindrical (axi-symmetric)systems.In such systems all the forces 

can be represented by two components in the rand z directions. 

(Figure 3.10 (a) and (b) and 3.11).Further all the walks may be 

regarded as eccuring in the r-z plane,thus increasing the walk 

density and the representability. 

o 
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3.6.2 Normalisation of the Force Diagram 

The forces as traced and labelled above give effectively a 

picture of the distribution of the forces within the selected 

system. Due ,however, to the fact that not all possible force 

paths have been simulated,the force diagram so-obtained must be 

normalised.The program shown in Appendix 3.2 does this also,the 

. method bejng as follows.The only force applied to the system is 

that acting upon the original partiole at the surface.No matter 

which sUb-system we consider all forces leaving the boundaries 

of the sub-system must be e~ual to that input force.For example, 

consider the six force paths in Figure 3.12:if one considers the 

system AEMO,the input force at 0 must be e~ual to the total 
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recorded forces at the boundaries·AE and ME minus those (for 

example/the force 4) which have been recorded twice.Thus using the 

notation of Appendi·x 3.2,the total force at the boundaries of system 

OAEM are 

1 ) F(i,1,1,1) i=1,2 

2) F(i,1,1,1) i=1,2 

3) F(i,1,1,1) i=1,2 

4) F(i,1 ,2,1) ,F(i, 1,1,1) ,F(i, 1,1,2) i=1,2 

5) F(i,1,1,1) i=1,2 

6) F(i,1,2,1) i=1,2 

or the total z-component is 

5F(2,1,1 ,1) + 2F(2,1 ,2,1) - F(2,1,1 ,2) 

which may then be compared with the total z-component of the input 

force at O.If the simulation was an absolute representation of the 

force paths,the two ~uantitieswould be e~ual,but since it is not 

their ratio can be used to normalise all the other forces within 

this system.This procedure is repeated for all possible sub-systems. 

o 
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This procedure leads to the 'force diagram' ,which is a pictorial 

representation of the force distribution in the system.The forces 

crossing the grid lines AE,EG,BI etc. and the lines 1~,EI,PG etc. 

are thus evaluated.The r-components of the forces crossing the 

vertical lines and the z-components of the forces crossing the 

horizontal grid lines are pressure forces while the r-components 

crossing the horizontal and the z-components crossing the vertical 

lines arc shear forces.Thus by making the squares on the grid 

small enough it is possible to obtain a representation of the 

distri bution of pressure in the system ,as well as the ·order of 

magnitude of the shear on the various planes. 

3.6.3 Total Particles on the Surface 

flha t has been dealt wi th so far has been the force transmi tted 

in the bed due to one surface particle. Obviously it is not 

possible,for reasons of economy,to repeat the simulation for each 

and every particle on the surface;fortunately it is not necessary 

either.All one needs is a distance distribution of the particles 
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on the surface from all points at which the pressure and/or shear . 

is to be determined. Appendix 3.3 shows how the position of the 

surface particles are computed and how the position distribution is 

calculated. In order to do this an assumption is made that the 

spatial distribution of particles on the surface is uniform 

and use is made of the value of voidage calculated from experimental 

work.Once the distance distribution of the surface particles 

is known,a reference to the force diagram shows the force. due 

to a surface particle at any desired pOint.Multiplying this force 

by the number of particles lying at similar distances away gives 

the force diagram for the system. 

o 
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Due,however to the fact that the force diagram so derived takes 

account only of a small portion of the surface particles,another 

normalisation of the force is necessary before the pressure at 

various bed depths can be calculated. This is done relatively 

easily by equating all the z-components at any particular level 

to the input force and multiplying all the forces on the force 

diagram EY the appropriate factor. 

3.6.4 The Effect of Friction and Non-symmetrical Systems 

The friction between particles has been ignored in the construc-

tion of the model and cannot therefore be accounted for in the 

normalisation process. The wall friction ,however ,can be taken into 

account when the second normalisation is carried out.In fact if 

the absurd physical condition that the coefficient of friction 

exceeds 1,is to be avoided it is necessary to assume a value for 

the frictional coefficient along the die wall. 
J 

The problem of asymmetry is more complex and has not been dealt 

with here.A further more analytical approach to the particle 

system must be made before such systems will lend themselves to 

statistical evaluations of the type used here. 
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SECTION 4. 

APPARATUS AND EXPERIMENTAL : METHOD 

4.1 Particle sizing 

4.2 The die assembly 

4.3 The press 

4.4 The experimental method 



4.1 PRrticlc sizing 

It was necessary to use a powder in the experiments,that would 

conform with the assumptions made in the theory. Accordingly 

an iron powder,supplied by B.S.A Metal Powders was used. This 
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powder had 

also being 

the characteristic of being irregular in shape,while 
4.R'n~'c\dc.'l1 

more or less ,SIl"';!". Since the model was not very 

sophisticated,it was also decided to use a narrow size range. 

The size range chosen for the experiments described here was the 

200-300 micron range. 

A distribution of Feret diameters was obtained using the standard 

microscope counting methods.In order to obtain filament size 

distributions,however,a more sophisticated .. quicker method was 

required as it has been found by the Author that to be represen

tative of a sample,at least 2000 filaments must be counted.An 

assembly of particles was allowed to settle in a resin,which was 

then allowed to set. The hardened mass was then sectioned at random, 

and polished on successive grades of emery paper and then on 

a cloth impregnated·. wi th diamond paste .The polished surface was 

then photographed and the photographs placed between two perspex 

sheets,one of which had equi-spaced lines drawn across -its length. 

This allowed the measurement of the intercepts made by the lines 

with the outlines of the particles on the photographs. 

These measurements were made with a pair of callipers,which were 

attached to the rider on a coil of variable resistance.The move

ment of the callipers changed the resistance of the coil which 

affected in turn the reading on a digital voltmeter.The signal 

from the volt meter was fed into a data 10gger,Vlhich recorded it 

on paper tape.The paper tape was then fed in as information into 

a computer program which calculated not only the filament size 

·distribution but also the sectioned filament size distribution. 

4.2 The die assembly 

The experiments were performed ,using a die similar to that 

devised by Duwez and Zwell (6).This is illustrated in Figure 4·2 
The die assembly was mounted on an Apex PMPP7 floating die table 

but the springs were replaced with nuts in order to obtain uni-

directional pressing,i.e pressing from the top on~y,with the 
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FIG. 4.3 THE PRESS 



bottom punch held stationary,relative to the die.A 1/8 " dia. 

piston was inserted into the side of the die,a distance of 1" 
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from the top of the die.One end of the piston was filed to be flush 

with the walls of the die and the other rested on the head of 

strain gauge load cell supplied by Southern Instruments (type LC/lt) 

The load cell forms the measuring element in a four arm ,bridge 

compensated circuit and has a repeatability of O.l%.Thus any 

pressure exerted on the piston is transmitted to the load cell. 

Since the v;:hole assembly was supported on four nuts it was possible 

to adjust the position of the bottom punch in relation to the position 

of the piston.Thus if the same die fill is used ,assuming that the cond

itions of the experiments remain the same ,by varying the position of the 

bottom punch in relation to the position of the piston,it is possible 

to obtain the pressure at all points on the side wall of the die.Thus it 

was possible to obtain for the different sets of experiments,graphs of 

the variation of side wall· pres.sure at all points on the die wall Vii th 

applied pressure. 

4.3 The press 

An Apex 175/A34/D ,35 ton power operated press was used in the exper

iments.The pressure exerted was indicated on a.gauge calibrated to 

read between 1 and 5 tons.For higher pressures,which were not used 

in this Vlork,a gauge calibrated between 1 and 35 tons was available. 

The speed of approach of the compacting ram could be contrclled 

between 0 and 30 ins.per second.The whole die assembly was placed 

between the platens of the press and a dial gauge was used to calculate 

volume changes during compaction.(Figure 4.3).The dial gauge was set 

to zero when the top and bottom punches were just in contact. The expansion 

of the die was tested with a solid plug of iron,machined to fit exactly· 

into the die. 

s 
4 • .4 Experimental Method 

Tv.", series of runs were made with the iron powder. The first series 

was with a 25 g. powder fill and no lubrication. The second with a 

25 gram fill lubricated with 0.5% stearic acid.·The porosi~;r at the. 

surface was thus determined·~·· .. ' ,. :. : .. i. .;.:' ., ,., .:.:' .• 

o 



A known weight of powder \1as poured into the die cavity through 

a funnel and the powder was then compacted to 5 tons gauge 

pressure,in steps of 1 ton.The piston/which was in contact with 

the load cell/was initially adjusted to be 0.1" from the bottom 

punch.This process was repeated with the piston being moved up 

in steps of 0.1" until the position of the piston was 0.1" 

from the final position of the - 'top punch. To, determine,repro

ducibility of these experiments ,they were repeated a number of 

times and in all cases the load cell readings were within 5% 

of one another for the same conditions. In this way it was possible 

to obtain curves of the side-wall pressure vs. ,the compact height. 

It was hoped that these tests would provide a check on the 

predictions made with the model. 

· _??4 
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SECTION 5 

RESULTS 

5.1 Calibration of the press and load cell 

5·2 The Feret's diameter distribution funotion 

5·3 The random filament distribution function 

5·4 The pressing experiments 

5·5 The results of the computer model 
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5.1 Calibration of the Press and Load Cell 

The 0-5 ton pressure gauge mounted on the press was calibrated 

using a standard load ring. The calibration curve is shown in 
Figure 5.1. The load cell was calibrated by dead loading and 
the calibration curve is shown in Figure 5.2 • 

. •. _.,c",: 

5.2 The Feret's Diameter Distribution Function 

The curves representing the normalised distribution function 

7') 

are seen in Figure 5.3 as cumulative undersize and cumulative 

oversizecurves~from the cumulative oversize curve call be derived 
the function g (y)dy (P'38) which represents the distribution 

of the probabi,l!ty_ of obtainin~ a section of.a Feret diameter 

of length y, which is less than the length of the Feret diameter 
itself. The theory applicable has been disc"ussed in Section 2.5. 

5.3 The Random Filament Distribution Function 

The curve represe~ting the ra'ndom filament distribution function 
are shown' in Figure 5.4. The comments made with respect to the 
Feret distribution function also apply to these functions. The 

curves representi_ng the distribution of a sec:t:ioned filament 
h (y) dy (P 38) can be obtained, from thefle curves. 

5.4 The Pressing Experiments 

The results of compacting- 25 g'. 'of iron powder in a l"diameter 

die of cylindrical ,shape. are shown in Figures 5.5 and 5.6. The. 

side wall pressure is plotted against the height of the compa~t. 

In Figure 5.5 the curves represent the behavior of the powder 
when 0.5% stearic acid -has been added a"slubricant, while the 

curves in 5.6 show the behaviour of untreated iron powder. The 

voidage of the compacts as a function of applied load and compact 
height is shown in Table 5.1. 



TABLE 5.1 

Voidage of the compact as a function of the applied 

pressure and compact height. 

Voidage I Applied Load (tons) Height (ins.) 

0·49 2 0.1 

0·48 4 0.1 

0·43 6.5 0.1 

0·51 2 0.2 

0.455 6.5 0.2 

0·53 2 0·4 

0·50 4 0·4 

0.472 6.5 0·4 

These voidages are used in the determination of the number of 

surface particles transmitting the load. 

5.5 The Results of the Computer Model 

5.5.1 The Monte Carlo Simulation 

The print out from the computer as it traces path and magnitude 

of a force as it is transmitted through the system are shown in 

Table 5.2.The order of the quantities as they appear in the 

print out are as follows. 

Column 

1 

Variable 

E 

Explanation 

Indicates the end of a walk. 

During a walk E;1,at the end 

E;2. 
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2 r The r-coordinate of the point 

of contact,through which the 

force is transmitted. 



Column 

3 

4 

5 

6 

7 

8 

Variable 

G 

ITS 

z 

NUMBER 

F 
r 

5.5.2 The Force Diagrams 

Explanation 

If G=2 the Z boundary was 

crossed,if G=1 the force 

reaches the surface. 

The number of the walk 

The z-coordinate 

The number of particles 

encountered upto that point 

in that walk 

The r-component of the 

transmitted force 

The z-component of the 

transmitted force 

The force diagram shown in Figure 5.7 was obtained by the analysis 

of 500 random walks such as the one shown in Table 5.2.The diagram 

shows the quantity of force reaching grid lines seperated by 0.02 

ins. in the r-direction and by 0.1 ins. in the z-direction.The forces 

shown are those due to a single .particle at O,which transmits a load 

of 10000 lb. normal to the surface.As may be seen the force decays 

rapidly as the distance of the grid lines become farther and farther 

away from O. 

'5.5.3 Conclusions from the Force Diagram 

Force diagrams similar to the one in Figure 5.7 are obtained for. 

different die geometries and different compaction pressures. 
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These diagrams may then be used in predicting, 

a) The side wall pressure as a function of die depth. The curves 

obtained from the model are compared with the curves shown in 

Figure 5.6,in Figure 5.10 for 2,4.and 6.5 tons applied load, 

and compacted in a 0.4 x 1.0 in. Dia. die. 

b) The pressure transmitted to various depths in the system,and 

determine the effect of the height:diameter ratio on these 

curves.This is shown in Figure 5.8 

c) The loss of force by friction at the wall,as a percentage 

of the applied force.The relevant curves are shown in Figure 

A complete discussion of all these results and their implications 

is found in Section 6. 
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TABLE 5.2 

The computer print out of a random walk , ___________________ ~_. ___ -______ 1 
E r G ITS z NUMBER F 

r 

'. V,30%674~E-07 u: 
'. !),H)'4S6~f.~()l U; 
'. U,,64075So-Q1 0: 
1. D,Z2SJn52E-O' u; 
'. fJ,20S670'F.-Ol (I; 

'. o,258401/1-E-O' 0; 
'. U,240'7'~-O' u " 

Il , " 0, 24"4~6' F."o, 
'. I) , 2 69 U ? 4 , f. - 0 , o i 

U ; 
() ; 

'. U,?7Q6~'4E-U' 
'. U,r.9~~942E-O' 
'. U,2~7673'E-O' o ' , 
'. V,3562n7~E-01 
'. 1),3j~377/E-Ol 
'. u,303401~~-0' 

V" , 
(I "" , 
() . 

'. O,26'3461E-0' 0; 
'. "U,2/~24,6E-Dl 0; 
'. fJ,7 4 1bA7YE-O' U, 
'. V,2/f',1J~?YF.-U' 0': 
'. U,2336~44E-O' 0; 
'. O,?17404!lE-u1 0; 
'. ~,22n6"~]E-O' 0, 
'. U,161BS54E-O, 0; 
'. U,'41S,41E-O, V, 
'. u,'251l741E~01 0,' 
1. u"8n3~4!lE,,O' 0: 
1. U.13149\3E-O' u; 
'. U,1033'OUE-U' u: 
I. O,1691768~-O' 0: 

, . , , , . , . , . , . , . , . 
, I , . 
, I 

, I , . , . 
, I 

I I , . 
, I 

, I 

I I 

, I , . , . 

u ,18't3~23E-O' 0",' 
U,,1I0359;E-01 0,: 
O,1358131E-O'0: 
u ,IIlI\O~"OE.O' 0, 
U,'669122E.Ol iJ , 
U,' 441 23' E-O' 
0, I '?6992E-Ol 
IJ, 15(,1 n4/SE-()1 

0, 
U ... U: 

0, I 51 4R.85E-O' 
u,"14n3'F.-O, u: 
u,1 6 82S66E-O,0; 
O,1.$90"'2oE-Ol 0," 
0, I tl 4n9!lE-01 0; 
1J,11l7B;15E-01 0," 
u.211\897tiE-Ol 
U,1 11 6673 YF.·01 o~ 
U,1 3980 1'1(-0' °i 
U,1:sn0324f.-O, u; 
(J,1441'2 4 E·01 ui 
U,131l5Q6lE,,01 0; 
1),1278221£-0' ui 
O,,4865b IH-Ol 0; 
OJ,)"17371 • .,01 oi 

U" , 

0·" . 

I 
1 , , , 
1 
I 
I , , , 

n.5?S7370f._02 1 O,~315626E 51 
u,799100UE~02 ~ U,1102069E 50 
O,919A609E~02 :s ~U,1690949E 48 
O,,014653E.01 4 o,7oa"0E 4Cl 
O~7185S20E~O~ ~ -O,504'824E 48 
O,9/Z3594E~02 b 0,588'1'173< 47 
O,1012283E .. 01 I O,14?6;12E 46 
0.'031838E~01 ~ O,b99hY55E 45 
o ,15H250E.,01 'I "u, 61:i10708E 45 
O:114?4~4E.lll 'u .(J,~511:S546E 44 
O:'1S~907E.0' " ~O,2163Y58E 45 

1 O,I"7761E~O' 1~ 0,'202(40E 45 
, 0.9662957E .. 02,S ~O,2597456E 45 
I O,9959915E.02,4 eU,2B6~222E 45 
, O,1003892E.O' ,~ eO,l'bZZ94E 44 
, O,,1S'694E.01,6 O,24b9406E 4, 
, 0;,5'18106E,.01 If O,942[;!j6QE 39 
1 O,2U20207E.Ol 1~ O,10ij8S57E 39 
1 , 
1 , 
I " , , 
1 , 
1 
1 

0,1800668[-01 ,'1 ~O,8'63427E 38 
I) , 23299 71 F. - 0' 2 U .. ° , 6087, 7!>F. 38 
O,2,9065/E.,0' 21 'O,376,893E 39 
U,,9'~SlloE.Ul 2i! ,.U,,6S1146E 37 
O,2026744E.Ol 2] ~O,2u45056E 37 
O.2098265E~01 24 eO,j62 b j56E 37 
U,I'4('39IlE.Ol 2~ .. O,:S043174E 36 
O",907n8E~01 26 0,23U2269E 36 
O,889357SE~Ol 2f ~O,8750770E 34 
O,,345944f.Ol 28 eO,9511~03'E 36 
O,IZ9~099E~01 2'1 eO,928507/E 36 

,. 0';,383523E.,O' 30 
1 0:,3031,5E-01 3' 
, O,'~59945F.~01 3i 
I O,160n03SE.U' 33 

U,oIl02i'07F. 36 
O,2357392E 37 
O,5723423E 35 
O,348Z;U!4E 36 
O,~l11575E 33 
O,o82"233E 33 

, 0" 1293345E",o, 
1 0,' 2Q 5001 E",01 
1 0:,477.684E",O' 
I 0;",689555E,.0' 
1 O,1/91967E.Ol 
1 
1 , 
I 

I , 
1 
1 , 
I 
1 
1 , , , 

0,,1671 ?3E.01 
0, 2191.1!>1 1 E",01 
O;23802 9 SE,,01 
O;2 616432E-O' 
O,7.34?3 76 E"Ol 
0;"2300071 E"O' 
O,:S03~14''',,0' 
O,3'20423E.u, 
0",'3' 32460f.~01 
0':312 B5 6o E.Ol 
O:329~597E"o, 

0" 36"003' .,e"o' 
O~3539346E,,0' 
O':3353930E,,01 

34 
3; 
36 
3f 
38 
~ ... 
40 

"O,1789'35E 34 
,,0.'017B80E 34 

O,2233339E 34 
"U,1"45969F. 34 

O,1ti/1i409E 35 
"O,,4cl006"E 35 

O,3240048E 34 
"O,61 638 B4E 33 
.. O,40,096QE 32 

4~ O,759;uO&E 31 
46 ~O,B'B3l49E 31 
4f eO,B72n499E 3, 
48 O,l636462E 33 
4'1 O.239vB~BE 31 
5u O,/023923F. 29 
~1 ~O,2406021E 31 
Si! eO,i!5~3j20E 32 

4' 
4~ 
4] 
44 

F z 

o,oooooonE 00 
O,uuoouoo£: UO 
o,oOOOUOOf 00 
0,Z13B212E 38 
o,uOOouoOE uC! 
O,16 8 304AE 47 
o,UOOOUO(l~ uO 
O,313BII2~E 35 
o",63U92E 45 
u,UOOOUOO~ on 
O,oOOOOOOE 00 
O,t!S17046E 44 
O,ti536784E 44 
O,oOOUOOOE UO 
O,.!6555311f 44 
O,'457534E 42 
O,2248824t 40 
O,UOOOUOOE on 
O,5251!:i/H 38 
O,589719tH 28 
0,1080l73E 29 
O,ou 9 1S37E 26 
O,1B09fU6E 37 
O,UOOOOOOE on. 
O,'45B'39E 36 
O,1S31176E 26 
O,ti775369E 3S 
O,oououonE 00 
O,1953521E 36 

O,OOOOUUOE 00 
O,'022204~ 37 
O,OOOOUOOE on 
O,1287619E ,,6 
0,124,1I8I1E 35 
O,4744 5 3S E 34 
0,:S748 8 4,E ::::'.3 
0, :S41702nE 23 
O,OOOOOO(IE uo 
O,!)723YB~ 33 
O,555,44/oE 34 
O,(}OOOUOOE uO 
o,OOOOOOOE uO 
O,2451 9 4 g e 33 
(I",2S41SE 33 
O,47731 111E 31 
O,'10858,E 2, 
O,OOOOUOOE 00 
O,4,4C> 4 55E 33 
O,1S2026(JE 32 
O,OuOOUOOE 00 
O,/653,95E 30 
O,oOOOOOOE un 

1 



TABLE 5.2 (Contd. ) 94 

1 , V. 1 I?S()6~F.-(11 0; 1 0; 344n434E-()1 :>3 0; .. 6<'4162F. 32 O,OOOOOOOE or 
1 I u,1 U221 I.>£:-Q' 1I: 1 (I.3139624E.OI 54 0, Cl 8.501 H 29 1l,/O,8i25E I> 
1 , 0, I 23Ul 16F.-U' (I : 1 O"~:>/1,1)38E-U' s:> "'O,1,,5928E 28 O,',2867/>E 2> 
1 I O,1t!5239'.1f-Ol u; I O,3/0976(}E"O' so eO,54311;43E 2S O,I049 0 85E 2) 
I , lI, 1'19"'6bl;-0, Cl ~ 1 O,39394611E.,01 5f 0, I a1l6!>7E 27 O,094BOO\E ~~ 
I I 0,11\1\8351 E-Ol n q , n.4053653E.,01 So O,27n.591E 26 o,Il752054E 15 ' , 
I , u,H\44~9!>E-Ol U. , O.4tJ631S0E"Ol 5'" O,1 310306E 27 O,7163f96E 2~ 
1 I 11, I 7771<8(E-O' U ' , I) ;1., IS 2 18 E .. ;) I 60 O,1S5n 8 '7.E 26 O,871.S11SE ,n , 
I , (I,1111414 4F.-O' 0,' O,426116 IlO f.,(ll 61 "O,1l12 497E 24 O,OOOOUOCIE oa , , !),'~, 5:11 )1';-0' 0': , \1,4349t\,,(:£-01 6~ "O,101n31lE 24 O,1369131E 2~ , , 0, I I()~"P.~ E-(l1 o , • O;0327~9E-0, 605 O,0982 0 7H 23 O,133247?E 2~ , , , 0;,50 701' f.~O' () •. 1 O.4 1l 397P.:H,.o, 64 '''0,1 80 1,92E 22 O,II033lS0E 2(, 
, I I),' 54:;7:S~F.-O' 0; 1 O.SO~2~~uE-Ol 6!> O,224 1.552F' 22 O,0247315E 2'. , , (1,1 B771I;E-(JI o , 1 O':S/,13t1 I E,.Ol 60 .. O,,570689E 22 O.~115070E 22 
1 , U,I14.39(jiiE-O' 0" 1 O,/l137155E~01 61 O,12114946E 21 (J,:>531u29f. 21 , 
1 , V,1154fl1l9E-Ol 0" , 0,6157931 E,,01 6i1 ."O,36poBE 21 0, I 027901lE 2~ • 1 I I) ,151 )95 fE-O' o~ , o ;6"'177.26E-Ol 6'" O,3681755E 21 o,uooouonE UO 
, I 11 • \I B n 11124 E - (I' IJ • 1 0,615381 ()f,,01 70 .. O,o21"U 9 2E 21 O,2196~B7E 21 • , , U,9Y4/'l.llt-QI u' , o .. 0 l ) , 7"1 1:1 " - (11 ." O,l9118\15E 20 O,UUOUOOOE un , 
1 , o ,l:l9201'll 4F.-Q2 o· 1 o ;/llSS672F.,,01 n. "'O,Y026454E 18 O,b.H1U5E ()9 , 
1 , I) , 4 (I ~ 0 0 41l E - 0 Z o· , O:6c057S!>E-Ol 705 "O,2431\144E 20 O,UOOUOilOE 00 , 
, I 0, '1SII899H-Q2 0' 1 O,6298S7H,,01 74 O,3293083E 19 O,2330 11 62E 09 , 
, I U;131) 94 1I.E-07. o ~ 1 O,6324732E-01 n v,9192371E 18 O,1140400E 1)9 , , U,1I013Q5?E-03 o . ; . 1 O;6 3 12424E",01 70 O,4I1U!l3B1!E 17 O,U(lOOOOOE uO 
, I 0, 4tl~1118c:e~oi' 11' I O,6001l188E .. nl l' u,441113 6 2E 19 O,13481l03E 09 , 
1 , u,9133?5i!F.~Ot' 0' , 0,5887371 E.,n1 7/j O,424~937E 1 6 O,4B29511E 1 6 , , , 1),149'}1j14F.·Ol U , , 0; 59 6n?i4f.,.ol 7'1 O,t!1I1n33i!F. 16 ",279!)t!23E 1 ", 
1 I V, I !.i 1."l?4ff-('Il 0: : l, O,594112lE,,01 8u 0, U03U4H 17 O,UOOOUO(lE 00 , , I), 15,51 !!(jI;-n1 0; 1 O.61)~412~H,.OI B1 "o,2 11 (1u 7 1F. 17 n,1073043E 117 , , 0, 1 637~!,:sF."O' o , 1 0, ~'~85S33E .. O' 8~ "O,21~2505E 17 O,OOOOUOOE 00 
1 , o,117.2517.E-01 0" , 1 0; 61 OR067E .. OI 83 0,4941553£ '6 O,1911419H 06 , , O,155214'1E-01 0; 1 O,!'I 401l 881 E-Ol 1:\4 "0,5291940F. 15 il,1575 9 1H 05 , . 1J,14o'05~E"Ol (): 1 O;1>46n557C.,01 8!> O,1 6 53429E 14 n,481Z113E 03 , , IJ, 1911731 ~F-01 0'; 1 O:6305,,5f._Ol 80 "O.f037440E 14 O,~3131l5E 14 
, I U ,16721)2~f.-Ol 0.- 1 O,6('l:l1l7R3E .. OI or "O,1/1683R7E 14 O,1I3()534(lE 03 
, I o,I12000H-01 u' 1 \1, ~50021 !:iE,,01 at! .. O,104030!>E 1 5 O,7435.S06E 13 , , , U, 1 16387H-O' U: 1 (), /I'>642 6 3E.,01 8\1 u. i!236498E 1!) Q,2102 8 29E 05 
1 , 0,1397361 (-01 0: 1 O:61S Q 508E,,01 9u O;98S1"'47E 1 4 0, I 933~01E 14 
1 • U,19(l491~E-Ol O' , 1 O,6 d , 9 119E,,01 9' O,251:lOv05E I 5 O,UOOQUOOE 00 
1 , U, 1 S2!>~3~E-O' 0: 1 O,6 9 36309E.,OI 91- U,40d8676E 14 o,oUOUUOOE 00 ---------------------- ---- - -- .---- ------_. , , I), I 57111 Sa-Ol o ; 1 0,'65/l7323" .. 01 95 "0,1 9 Q6 190E 14 O,42l8774E 13 
1 , O,1",990E-Ol 0' , , 0,64223461'-01 94 0,1 il94!i76E 1 :5 O,OO(lOUOOf 00 , , u,717735~E-02 0.' , O:6107768E,.01 9:l "O,17.57648E 16 O",60557E 05 
1 , u,"1:I41 ~7.H~O~ I), 1 O.6S83il2I1E,,01 96 "0,11014t),e IS (I,I:I267104E ,4 , , U,741625lE-"O? 0" .. , 1 0,61:161634E,.,Ol 9f "u,~344b94E 14 0,OOOOU(jIlE uo 
, I O,31 4 303 9 E-i)2 0' I O,7U2553 b E,,01 90 "U,9t~OO1!!E 13 O,122 99 1H 1 4 , , , u,3 15S96/E-Ol 11 " 1 U,?13203OF..,01 'ill .. O,901!1923E 13 O,l881111nE 03 , , , U,1:I62'J('Q2E-Oi' o . I O,6b9133 7 F.-0110U 0,21,,661E 1 2 O,II857 0 34E I I , , , u,91S15n9.3E-Ol o . , 1 0', 692~5i'lE"O' 1 01 O,1007020E 1 3 O,UOOl)OOIJf UO , , u, 443~IlO.H-02 o ' 1 D,706273i!E_n110~ .. O,1 9 Sl'l22H 13 O,OOOOUOOE 00 , , , U,99I'>b684F.-OI. 0: , O:6Y8~60Bf~01103 O,92t!2659E 1 2 n.3S0S867E 02 
1 , O,5t19,QOOE-(l2 o· , 1 O,6739B91E~01104 O,1 fl 23346E 13 O,oOOOOOf)E' 00. 
, I u, 738/l!\I)IIE~O" o ~ 1 U;6109051E~DI1U:> "0 , 34721l97E 13 njuQOOuuOE uo 
, I 0,995811 !>F.-02 0,' 1 O,6B92395E~0110/l O,1921700E 12 n,b9.H!>44E I , , , O,110t.31l1E-Ol 0: 1 O,6t!94~2E~O"01 .. o,1~I.~d\lOt 1 1 O,!!1 9 6147E 00 
i , O,illi81RQ9E-02 o . , O;66Z~102E~O"OIl .. O,19~7259E 09 O,~39t!137E-0' , , , 1I,7. 40469!>E-02 0" . , 1 O.710'l?,"1F.-Ol'O'" {J,1727473E 1 U O,"0247,E u9 
1 i U,520bl85E-Ol u: 1 o ,"1)39 21+3F.~Ol 1 I 0 "O,8"'7 4b9 2E 09 n,1C!04546E '0 , , U,2 6 n.SI)95E-02 0, 1 ' 0, 7075976E~011 1 1 O,2403967E 09 O,55861!81E 09 
1 , O,3()OOR5!lI;-Ol IJ :. , O,7f2691lE~0111' O,2 70404!!E Oil O,12 4 4.507E 09 , , O,32.76714e-Ol 0: , u:?923237E~011'3 u, 2~OIi!i72E 09 0. \lo~OIl!l(le 08 

2 



TABLE 5.2 (Contd.) 95 

1 , fI," l')'f 1\9 2F. - 0 2 O. , O,8~K~2'9E~O"'4 O,19U723/jE 09 O;92S144;?E~U2 
1 , U,1Z0099"E-Ol 0' , U,7994382E~O"1' iJ ,1l:s45uf>7€ 09 O,~632366E 09 , 
1 I O,'u61J,SlE-Ol {J , 1 O,773n902E_U", b "O,6061£('4E 09 O,4276Y8 RE u9 
1 I U,Hl82IJ56F.-02 o ' I U,8D061A4E~0111( ,,(I, SIHI2241 E 09 O,u(louoone un , 
1 , U,f,I,'10'SO.,l[-02 [) ~ I U,S360,,4E_Ol11 a u, I ~'1368{JE 09 n,1t1217971: u9 
1 I I) ,'I ".150I>E-02 U , 1 O:R972626E~0111Y O,2541:1287E 08 O,M9118 9 15E uR 
1 , U,' 21d80t'F.-(l1 0, , D,Q31'4~OE_Q112U -0,521 M1StiE 0'1 1),103/1l74E-02 
1 , lI,' 1 nP4~E-Ul () : , , iJ,95'J54 Q jE_Ol'21 O,34()9477E 08 O,£133~99E 08 
I , u,' ,HUn?1 <-01 u" I (),·,00494/F. 0012': Q,3863023E 07 O,.s143173E 07 , 
1 , 'J , , 6 2 IJ :H !I E - 0 , U'" I , O,1 0 2Q 50 4 E ou12.) ... 0,<.4/4/'18E 07 0,132"ft.f>E UR 
1 I U, 1£5431 l1E-01 o ' I iJ,1 11 /i n73<1F: 00124 ,,0, 'Hl3~315E 07 O,2ll14j7?E 07 , 
, I (). 73841.\ I E-02 0; , v,1 0 tl114'1oE 0012' .. O,:S551010F. 07 O,UOOllUOOE 00 
I I U.'?5460 1l F.-02 0' I O,1124~54E OU12" ,.1).' ~7~43uF. 07 o. IJ OOOUO()E U(\ , 
1 I U,480926/E·Ol o .. I o",(\9/.64E 001 U "O,:S121i'46E 07 O,2~23111E 07 , , "."':;I>',10E-O<: ,,' , u,'n 249?3E oU12 M .. 0, oo.s~432F. 07 O,1 BB1U42E .. U3 ' , 
1 , U.1U89A6UE-Ol 0''- 1 0," I 1331F. 0012Y O.8 404YSOE 05 O,1333036E 07 , , 1I,1".,5 48 / t-01 U , I (}:i 1 flllO'BF. (Ivl3u O,1 1l l1 b9 9E oS O,235 86 04f iJ6 
I , O,'6 1,P6/E-Ol () ,. , O,l118",79r: 0013' .. O,3176187E 0'" O,UQOOOOOE 00 , 
1 I [I , I b 7. I 3 2 ~ E -l) 1 U ,. I o , I I I) 1 0 77 t: OU132 ",O,b44781SE 05 O,283b31H 05 , , , u, 1 1>34301 [",ul U' 1 O,112~156. QOI3.) ,,1l,3 531299F. 02 O,1233100[-u7 , 
1 I U,21)911)90F.-Ol U'· I I,l , , 03 2 f) 3 5 f 0013" .. 0,223117bE 02 0,1002481<E U3 , 
, I u, ?fJ97~31'>t-o' U .. 1 o,"lnS1E OU13' "U,42Y767SE 03 n,1288~7H 03 , 
I , I), 2534?41 E-Ol o ' ~ O,1097348E 0013b .. O,1 9 14243E 04 O,802 9 's10E 04 , 
I , 1J.22~1009F.-Ol (1 ': 

, V,1 1 :!i", 29E 0013 1 0,!>54fu S1 E Ol n,7293274€ u3 , , V,, \102('3~F.,,01 {) .- 1 O,\1RS560E 001311 0,S143182E 03 O,5b21162E 02 
1 , O,1738t'>04F,,.01 0" 

" 1 1),'1 19,3958F. 0013'>' O;Y54K352E 02 0.(i\691149E.,.UR , , U, I 13iloO~E-01 u" I 1)';1194704E OU14l1 O,119lu72E 03 0,3590.361'lE_08 , 
1 , U,llQ5116t1E-01 lJ ., , O',120"'071/E OU141 ",0,26711 nE 02 O,ouoooonE on , 
, I V,'I>:P491>F.-Ol 0' 1 0,124102:'[ (lOI4i! .. O,39 2 11 36SE 02 O,1536579E .. u8 • 
1 I lJ, 2I)SM~5bE,.O' U: 1 O':I?'\145i"E 0014j O,1 4 je,287E 02 O,265901/4E 02 
1 , U,19171,61.E .. Ol U' I O,,2S5,,0E 0014" 0,,,525400F. 02 O,2216 42IlE 02 , 
1 I U, 203068' E,.01 U , 1 O',',2255"'lE 1)0\4) "0, Z2943S'IE 02 O,711b:S12E",09 
1 I U, 2, 1536/lF.-Ol () ': 1 1),1l152 79 E 00141:> .. 0,,828584E 01 O,9410012E 1)0 
1 • U. 1 646'~45E-01 o ~~ , 0~'1~12953E 00 14 f "V, I I 27641lE 02 o,9b95U\E 01 

,1 , U,11l0/20'F.-O' U .•.. I 0:' <1501 (lIE 00146 O,jO!l1S957E 01 0, 41 4357~E iJI 
, I u. 191 I 776f;,.O' 0: 1 0,,27135'" 00'4'>' .. O,5061'l805E 'OD O,9415485E 00 
I I 0, I 75739i\t-Ol 0: I O':12892nSE ()015u O.I~77l7'lE"'Ol O,lb2 Mll 20E-1' 
1 , U,1812131E-01 II ,. I 0, PO?90"E 0015, O,4()4?,4"1E .. 01 (),1I6 /,2 4\!6e",u2 , 
1 , O,~4048'jE-Ol 0, 1 O,1309(,95F. 0015£ 0.~646191E"Ol 0, 46991 9~H-O' 
, I U.21f>B!\6tE-01 U ... , V','' :'3()124t: OU15j O,1141.!!69E,,03 O,UQOUOOOE UO 
1 , U,1821931E.,.01 ° ., 1 u;,34,Q"lOE 00154 "O,!!('39 230E-02 0,1I000000E 00 , 
1 I u, I >11>643<-01 o . , O,1340212E 0015~ O,88011324E .. 02 O.606b955E-03 • 
1 , U, 15'3301 [-01 Ii': 1 O',13311\1'E ov156 "O,1S6Y129E"02 0, H71 0\ 3E-(l2 , , 0, I 441126ME-Ol U .' , (I,131l1l79QE (i01SI .,0,:S20554ue-03 O,3363UOI-E-02 , 
I I 0, I 44456\1E",01 U '; I O,I 4 4o)Q{)5r; 001Sll .. 0,1 IdC728E-02 0,4206ts08E-13 
, I U,141475;1E-Ol U ,. I O;1 1d9454E 0()1 SY ",0,1' 5711RH-02 O,461301HE-U3 • I , O,'41264bE-01 0' 1 0, , 452790 E 00l6u .. 0, 254~Y\ se-03 O,2022125E,,03 • , . U;1255118le,..01 o~ 1 Il,148H36E 00161 "O,2525::;74E"04 O,(b86::;,5E .. (l4 , , l! ,1 (\7.679H-O' u ,. I O.'417~75E U016l .,O,4 K05209E .. 04 0,447828H-U4 , , , l), I 48U41E-01 U'" , O,1 S0 16"'6e l1016j 0.Y3U731\9~,,04 (}.OOOOUOUE 00 , 
I I U, I 524\99E-Ol 0" I O,P051.35E 0016" .. 0,2831086E-04 0,9654 8 5SE-06 , 
, I 'J , , 49 b 4 2 :5 E - 0 , U'i I O;\;0314,e O(}16~ .. V,422433lE-04 0,'67841 ?E-lJ4 
1 , 0, I 021>?S'H,,01 U' I O,,55113 9 1E OOl6b O,9435548E-05 0,4928/0?E-05 , ' 

, I U,8:S35:B'E-02 u' I O,1"'09S32E () u I 6 ( .. 0,2\11~220f.",OJ O,(IOOliOOOE 00 , ' 

1 I (J,4l{'667lE-02 u. 1 O,,5ilS993E O()16!l o.a07 6 83E .. 04 O,1'970 ll 6(1E-Q4 , , O,6190?HE-02 o ~. I O,1b18717E 001b'l 1l,9851t196E-06 O,OOOQUOOE 00 
1 I U,9307l.\6/E"02 0': , I O,1S9(,967E 001"10 "o.o"l91-288E"06 O,4Q98430E-05 , , O. I 000471 E-t'1 0': , O,,6~o3"'YE OV171 "O,11b4427E-Q6 O,b2S2145E-17 
1 I U, I 26~R7:SE"I" 0': 1 O,I'·11·397F. 00172 O,94)1'14E-l0 O,3982663E:-09 
I , U,I571452E-Ol o· , O.,\('5il204E DOl7!> 0,40271;1;"lE-08 O,1247 6 5\E:-1R , 
, I f), 18337SH-Ol o . 1 O:1bt>5170E 00174 "U,80U3077E"09 0, I 090Y75E-09 , , , 0, I 43'I<171,E-01 (J '~ I O.1642n43E 0017') 1I.2950589E .. ,0 n. 447, 41 'lE-I 1 

3 



96 
TABLE 5.2 (Contd.) 

· . ' .. ' . 
1 , U,1199,,4O-01 (l . 

• 1 O:11>5A77BE 00170 iJ • .,:1l065 H 2F.-1, 0.3662£9' E.,.1 1 
1 , O,2l557,4E-C;1 !I • 1 O.1!)..,9Q06E OV17' o .1l?,o,:56lE-l 2 O,34161l89E",2 
1 , U,,40277 iS E-01 Cl • , O':166'161.9E \lUll/j il,925 6 281E-12 IJ,t!259Y36E.,,2 
1 , U,?8A6?71<F.-Q1 I) " 1 O.17125 R\JE Ihl I '1'1 .,0, 416(,:;52F._1.s 0,'474061 E,..23 
1 , U.29.~1i\OtlF.-01 V ~ 1 O.17:Sf>573E OlJloU "O,8923508E-14 O,1036985E-23 
1 , u,2i:\407~1 E-01 0; 1 O.\l6"'859F. ou181 ,.,0. I 3691 !l6F.-l 4 o , () U 0 0 () 0 (, E 00 
1 , O,2569,;9'1E-01 Cl: 1 O.17654 /dF 001!!/! ,,0,4(17:5066£"'4 0, 582738()E-\ 5 
1 I U , 2 I !i 9 1 2'~ E -I) 1 (I ': 1 0',\ i'7501 UF. 00183 I), 4b6.s022E-\ 4 O,lSl8£23E-14 
I I 1.l,2 67 053 6 E-01 O. 1 IJ. 11\ 379 48F. 00184 0,321 ·'45?E-l 4 n,11 501U 4 E-13 
I I U.261\71\76E-01 0; I 0, ,691 lnE O/j18~ O,i\9 50369E"14 0,.56301b9E-13 
1 I I) , 3 1 H 3 0 9 , E - 0 I U. , Il:'?20S26E 00180 O. Z7B09B1E-l:5 O. !>y92' OOf-13 
1 , U.32f-99nE-01 o. 1 O.19:H3n~ [lUl!!' 0,01 '}114lE-l 3 O,5695!l35E-13 
1 , I) • 3329 14 I ~ -I) 1 U: 1 ()~ 1(}lf<~04F. DU11i!l ..U.6203/66£ .. ,4 O,oooouont on 
, I U,30 Q 67.5 4E-01 l'" • 1 0',' , y 636 ? 4 F. 00lSY 0, 40oSY/j4f.-1 4 O,50Y7/j37.E-14 , , I). ,H "147.6/lF.-01 0: 'I O','1995751E Ov19U .. O,11U!l702E-14 O",99f57E-25 
1 , I) .5351 95H-01 () ; 1 o ,'Zliun221E 0019' "0,1 I)93!l62F.-l 5 O,oooooonE (I n 
I I U,30 86 25UE-01 0' • 1 U;1 Y?2382E 0019<! ,,0, ~33"f334E"'6 o,uooooonE 00 
1 , u.?812'.'~F.-1)1 u: 1 0.,9<i153H 00195 0,37.40465£",6 O,uOOOUOOE 00 
1 , (),280651~F.-O' u: 1 O'.1 99 1309E OU194 "0, 2~/jl 194F.-16 O,1Zi'1/j09E-16 
1 I U, 2;1,591 4E-Ol U . 

• ~ O,21J2"'4 8 !IE (l0'9~ .. 0,1 /,426, I EO', b O,1479/j07E,,'6 , ~ 11, 7.252113~E-01 o ~ , O:20b4;>48E 00190 0,174/d22E-17 O,UOOOUOOE UO 
1 , U,~130116'F.-Ol U. 1 O:20R33/10E 0019' 0,23,761 9E-1 7 0,67/11 f 84E-2R 
1 , 0,2477.31 / F.-Ol u. 1 0:2104867E 0019/j O,9425419E-19 O,06 /,6 5 3RE-20 
I , 1).249249~F.-Ol 0" • 1 0.21 B06SF. 0019\1 ..0,/0241 l1lE .. 1 9 o,uonOOOOE 00 
1 , U,2441l791E-O' o· • 

, O';21 40 15C1E 00200 U , 65" n 38 E '" 1 \I O,OOUOllOC,E 00 
I , 1i.2:>13990E,..01 U' • 1 O;Z1311935E 00201 ,..0,.1777060E-19 0,1l57,879E .. :so 
1 I U.219346 9 E-Ol 0' 1 (>.21357 1,9( 0020~ 0"f,3RS97 E,,21 O,5i''J8142 E .. 32 • , , O.Z,1l143 t1 E-01 0. I 0.'2' 2'J425f 00203 .(), 3' 1 81 56E-21 O,9257257E-32 , , U , 24'" i! 5 5 5E - 0' 0' , I 0.2133919 E 00204 ..0, :s?!I~028E,,'9 0,229934I\E-1 9 , , U, n,c,145H-Ol 0' • 

, 1):2 1 62759E OU20, "O,2089655E"'9 O,45" o 77E-20 
I , O,223 9 264E-O' o ' • 1 O"21~32Y4F Ou200 0,044(1353E .. \9 0,l5 6 OU33E-cO , , U,2732 /.6 9 E-Ol 0" • 1 0.2156(\44E 0020' .. 0, 0~li563H"20 0,1514058E-21 
1 , lI,2529R5~E-Ol U .-• 1 I):Z l 6n052E OV20/j 0, 78U031 3E,..2' O,11 9 ,550E-20 
1 I U,201il32 t1 E"01 0' • 1 n.2149?,71E 0020'1 ,"O,17?~oA3E,"21 0, 3330131 E .. 21 
I , 1J,206183 9 E-Ol U ' • 

, O.21<,lOOS4E 0021U .. 0,1' 09187E .. 2\ 0,566il218E-32 
1 , 0.U1308H-01 u; 1 0:21:;0333E 0021' .. O,1203!!3H .. 22 (l,:5378069E.,23 
I , U, 2897, 27E-01 0: 1 u:2166B53E Ol)21l "0,I:!S'I2101E-23 0, ~2201 3iH-24 , , U,240bl.4C>E-Ol o~ 1 O.2'574n7E 002,3 .. 0,7J:1218S8E"23 o,UOOOOOOE uo 
1 , U,205'~5;JE-01 0',' ~ O.214n~29E ou21 4 0,2 618043E-23 O,92Stl32f1E-34 , , U, 2249R61 E-nl U • 1 u.2151-?89E OU7.1~ U, 30015£15£'"24 0, I 077480E-34 
I I O,236"445E-O' o ~. 1 0.216391.6E OU21 0 0,' 06949'JE-24' O,.s\5/)'53E-35 
1 , U,2 6 5662 9 E .. Ol 0' • 1 0.213741$E 007.1 , 0, :53460118E .. 26 O,6063222E-25 
I I LI.31R1270E-O' U . 

• 1 O.21'29HE 0021/j O,0131,50E-23 O,171l4429E-33 
I , U.3l01ii,"'e-Ol ( .. 

~ . 1 O.212'250E 0021'1 "O.34f1917E-24 O,3115o!99~-24 
I , U, 3!!?4'B~F.-Ol u·; , O.'21711510E OU22U .. (),46:S~352E"25 o,l2 4 ci34?E-25 
I , U.3YS,?iliSF.-01 0; 1 O:2l2t-30uE O()2l' "O,11()995:se-25 0,47510;>8E-36 
I I u. 41 o5ne.F.-01 0: 1 U.225677uE nU22/! "1I,4?l263/1E"25 O,(lil(lOUOO~ uO 
1 , IJ,348y",znE .. 01 o . 

• 1 lie 2a8S1 4E OiJZZ,S ,,0, :S201 I 7!>E-26 O,1S54 6 69E-26 
I I U. 326:;9 5H-Ol U' I O.2lii(l4 79E OU224 .. O,4251>07ge.,27 0,61 8 5458E,,28 • 
I I u, 355!l~83F.-O' 0' 1 (); 27.IP?03E OU225 .. O,:S16 6OOSE-28 n,6946/6IlE-28 • 
I I U,4109160F.-01 U' 1 0.230 1.465E 00226 ,,0,67.979 33E"29 O,l874/j:sr:E-28 • 
I I O.3/.7967~E-Ol U , , 0:Z31540fE ClI22( eiJ. YOO1609F. ... ;?9 O,42781l9(JE-l9 , , o,3 a'26nE-01 U . I (). (.31 "773E OU22/j .. 0, 58~7e.34E-?7 O,'l746 6 71E-27 • 
I , U,431<18t1F.-Ol 0. , O':234R5 95 F, OI)7.ZY O,1 9 54475F.-?8 0,2110713E-2A 
1 , U,427.034 Il E-01 O' I O;237'92UF. 0023U .. 0,1 '358/1H-28 O,211?9724E-2A • , , U,4l914i.SH-Ol U . , (J.2416~4,H OU 23' u, I O~Y\J' 4F.-2t1 O,.50Ilc13Itc-39 • 
I , o,45941l,IIE-01 0" , O.2 4:S14S6E n02l<! .. 0,4"'.s 547 OF-30 O,1I000UOOE 00 • I , IJ,42 9 8S3 b E-01 0' , 0.2 46 2060E 00233 O,823li332E-2 9 O,410i14ZbE-39 • 
I , U ,4725', 4E-Ol U . I O,'2 43237H OU234 0, J6\1t1t1bU-29 O,vooouonE on • I , O,434S 0 6<1E .. Ol u'; 1 O:2390Z99E 0023~ "O,l98Y!i01e"29 0. I 4i'467?E-39 

4 



TABLE 5.2 (Contd.) 
91 

1 • u,45SlRO~E-01 0; , O;.(5il345~E 00230 U, 024nl 61 F.3U O;,I1S3627E-39 
1 , (.I, 51 ~01l3' E,.01 (I ," I o ,'Z37nB81E G023f "O,o313006~d1 O,oOOouorlE 00 
, I II,S()949?I'oE"'01 0.- , 0;2591137E OUZ,S1l "0, I 04 bJ39E-31 n.5389069E-42 
1 , u, 5 1 827.9,SE-Ol 0, , O,240~;?95E OJ2311 "O,1355B84E-31 O,OOOOuOOE 00 , , U,5US1R4';E-01 o '. , O,Z40ne,?SE OU24U ,,0,1831;/1 uE-31 O.cI)91U35E-31 , 
1 , U,5423f,611F..,.01 O· 1 0,2 4 5741:13£ 00241 O,1132113/(E-31 n, 292741 H.d1 , 
I , U,4 / 2142\1F.-01 O· , U:2460600E OU24~ ",O,10lS153F.-31 O,3~68069E-42 , 
1 I u".197n1 5 E-01 o i I O,2 460372E 0024.5 "o,1i'291107E~31 O,1545.568E-32 
I , ",',"jh4324£.,.01 0; , 0:2 442601 E OU244 O,5 9 65332E-32 n. 6511 901<E-33 
I , u, 5141 S3':lf.-1)1 0" • I O,245n01E Ou24> ,,0.,4553144E-33 O,CJOOOUO(lE 00 
1 I 1J,50~/P9YE-Ol U' I u,2 467178f' 0024 11 ,,0, a1961 oE-34 o,o09U!l33~-34 , , , 0 • .5.53$1>2(.6--1)1 U'; 1 O,2 471478E 01)241 0, 1861 25, E~34 11. !>464i"14E-45 
I I lI. 547',451 c-Ol 0" , 0.2 41)59 6 1£ Ov2411 . O,,S:S1 4314E-35 O,!JOOOOOtJE 00 , . 
I , lI,4~1 194~F.-01 0.' I 0,2 491681E 0112411 "O,2921085E-35 O,152345t.E-35 
I I V.5352334E-Q1 O. , (J',ll·il9579F. OU25u "0.lt,54\/04E-36 O,17066!l3 E-35 
, I U, S472~4:JE-Ol 0;- I O,2!i2 R634E 00251 O,3249832E-36 O,1850U85E-36 
I , v, S~,.Ili!"~E-O' u; , 1)"2~Z%34E Ou25l U,2363187E-37 O,1085645E-37 
1 , U, '<'>321141 £-01 0';". 1 O .. ~;860n9E OU253 0,421 i'990E.3l O,4126114E-37 
I , u,647:IHi"E-Ql u ': , O:2 6 21671E 00254 O,102 4191E-36 O,5757U941:-47 
I , ().?10 9 SOOE-Ol (l'; I O,2 610!\28E 0025) O.!>44ll(40E-38 0, I 679522E-3l 
1 , (.I. 7475?~/E-Ol 0': I 0,2 0 610041;' OU250 "0, \/583l7oE-38 O,42?()926E-37 
I I O,n2191a-01 0" , 1 O,272481!1E 00251 O,7035007E-38 O,'264450E-38 
1 • U,I\\I;'4114E-Ol 0: , O,2 7 H)206l; 007.51) u. :S220~87e~3t1 o,3b63!>71 E-37 
1 , U,;'S41l~4I!E-Ol U' 1 O,2 / 563 rl OF. 007.511 O,74(7t159E-38 O,10U6243E.,3 B • 
I , U,6$1 I 57;1[-01 O~ , O,2715696[ 0026U O,483 I.lcl98F.-38 O,oooouonE 00 
1 , U.Stl19937F.,.01 U ';. , Q,27782 9 4F. 00261 o.O()u()oooe ou O,1I0636'12E-59 
I , u.550il360E-Ol o· 1 0',2 8 , U69E 0026l 6,51 9 4349E-4\ O. I 526046E-4, , 
1 , U,54428261;-01 0': , (l': 2 05 2 469 E Ov?6.5 .. O,"634~4SF..41 0, I 63"111 OE.,.~I • I , (J.5/1l6H3tlE-Ol (J , , 0';2 09 1986E O()264 0, I 41 61 9'7E-43 O,2324 9 (J6E_42 
1 , O,52Q3041.>E-Ol 0" 1 0';287'" 63E 0026> O,1850880E~42 n,oooooooe 00 • I , U. 521 nO'SF.-Ol o· I O;2 116 32 9 4E OU260 .. U,08~3922E~43 0, I 501 l30E-42 • 
I I 1),4 9 10564"-01 u .~ 1 O';2 9 11095E 00261 ,,().,o5811?2E~43 0, l409U9E-54 • 1 , U,4119Y?,<ll>E-\l1 u' I O;2"'1263UE oU26!! .. O,81l1)9288E-44 °i982656IlE-44 , 
1 , U,4111S64fE-Ol 0: I O,2 9 22305E 0026<'> 0, 4359/)1 7E-44 0, I 399U57E_54 
I I u,5364i15~E.,01 0'- I O,<?95(1332E ou27u .. O,4f,05158F.-45 0.1046U43E-44 , 
1 , IJ,S:53S494E-Ol 0" 1 0~i!991.226E OU271 O,9326756E-46 O,4010~83E-45 , 
I I U,561.<!fl24F.-Ol 0" 1 O,30S102/1E Oll2li "i),65:S8636E~47 c 0, (81 2175E-46 , 
I , U, fl021 22SE-Ol 11'; , O:309?44I.lE 00273 .,0, 1 Ojl61:l/'E.48 O.'370604E,,49 
I I (), ~il219, ZE-Ol 0; I U,3111S86E 00274 O,32:s0285E~50 O,oOOOOOOE 00 
I , 1).526MB, E-Ol o . I 0';31 3~207E onn "O,,366:;14E-49' O,OOOOOQOI: 00 • I , U, ~04'j20lE-O' u~ I O.313085t1E 0027/) "O.21\~2250F.-50 O,nOOOUOOE 00 
I I U.4963112nE-Ol 0; I ()';314986se OIl?71 O,11Z3156E-50 O,6581l99E.·S1 
I , u. 488l3?/f"01 u: , V,3101471E 00276 .. 0,01 u855\E-Sl. 0, " b5318f-SO 
, I Ii,S13i:S7,tlE-01 0;- 1 O,:S1l964I1E 0\)2'1 11 "0~1044102E~51 O,34821)51E-62 
1 , Ii,S214584E-Ol u; 1 . O'::S221139 7E 0028u "O,227\1643e-S2 O,379 11024E-53 
1 , U,495289 f E-Ol u; I \)':3~11!l01E 002lil 0,771 lvUE-53 o,~939HOI:-53 

. --- --- . --------.-._. - .. 

I , O,4i17'98UE-Ol 0" I 0;320lR1SE 0028~ .. 0;S91'Ofl3E .. S3 O,oOOOUOOE O() , 
1 , O,4.5551)24F.-rI1 I) '~I , li,3<!Qil8 9 5E OU28j O,3t14503;!E-52 O.OOOOUOOE 00 
I I 1I."0'826E-Ol ()~ 1 ·O;320~1\9SF. 00<'84 .... O.3461650E-S2 0, I 095589 E.,62 
I , u,4Iln013'F.-Ol 0,' I O,322 7 241e 0028~ "0, I 444'149E-52 . O,'643479~-53 
I I o, 41 2!l761.f.-01 o , I O,323109lE 00286 0.644121 I E.,52 O,2312 6 3/1E-62 
I t u,5030441(.,.0' o ' I O.3~60569E OO?8( "O,n11259E-55 O,'845567f~53 • I I U,438181\1£:-01 (I , , 0,3242(.81 E 007.81) "O,1.l41l0618E.S3 o,5:sl'U08~-S4 
I I 11,421176 1'[-01 U .. , O,3237;'S3F. OU21i1l .. O,29(868~E-52 O,91 9 21u7E-63 
1 , U. 4 i'SIJ3'7"E .,01 o " I il,322;,96SE 00290 "O;1424 9 OOE-S5 O,11S4478E-63 • 
I I U. SHHi!UF.-Ol o . , . 0;~~6\l163t 00291 v, :S6l4634E-S4 o,oOOOUQOE 00 , 
I , u.52 7030'te .. o, 0" , . O,3276217E 002n .. O,1 8 78986E-54 0,795lI52e.65 • I , (},5~22"I/>E-O' p'i , O~H4452,E 0029j O,9S49Z03E-56 O. I S2S524E-5,S. 

5 



TABLE 5.2 (Contd.) 98 

..,0: 1639i'7:S~-55 • _. -
1 ! \I.6(11~99jF.-01 n •. , 0'.'52'.il'JQ~E 0()294 O,""2 7 ,BI:-::;5 
1 I 1.1., 1li\9 'I'i 'J 0,.0 1 n" , O. 3~5~635E Ov29~ "iJ, 1 I.'<'>198E-S6 n,4419417E ... 67 .. 
1 I U,6372""1 E-01 o : 1 0 •. ~242419E 00296 0, 1 8~IlO:S1 E .. 5' O,32597211E-59 • 
1 ! 11 • ~ 4 4 e. 7 's I, E - 0 1 0 • 1 O.3214954E OO?9 f -O,21~1It)20E-57 O,1I650U99E.,.58 
1 I U. 64,,9,H11 E-Q1 o . 

• 1 v.H19ii01E Ou2'}(j O,1 7645117E-58 O,'645:s77E-68 
, ! 1).7Z,I.551>F.-Ol o· • 1 O.3Z2 9 571E 0029'" i),'3::;6~29E-59 0,90 6 2;251:-61 
1 I 0.7003131 E-01 D· • 1 O.3i?2714/E 0030U O. 2!i, '4, 4E-61 O,UOOOOOOE 00 
, I 0,641 01 3/.~-r)1 t) ~ 1 O.3 237"ft'olE 00301 0, 6"511/>1 lE"62 O,UOOOUUOE 00 
1 I O,5 Y3645<F.-(11 O' 1 (I.3?n60H 00302 ",0,171 '(SI.8E-62 O,1835 ti 40E-i'2 • 
1 ! 0, 65~1J49i'f:"n1 o '.~ , O.32~449, E 0030J O,13548 8 7F."6j 0, '47SY47E-63 
, I IJ,h010R5'H-Ol ". • 1 0;32~n6?H 00304 O,5143l'};SE-63 O,OOOOUOOE 00 
1 , U, 53'>27 jnE-.,1 U " 

• 1 O.3Z3~166E U030~ O,o704091\F.,1I4 O,282 9 310E-1>4 , , O,S11023 4 F.-01 u' , , O.H79684E 00301> .,,0.1 8 :'291>1 E"1I3 O,5828285E-64 
1 I U,539~93$E-I)' U, 1 O. 33:Si?2:31 E 0030f 0, 1 191"~65E .. 64 O,2432209E-64 
1 , O,48~346'f.-1)1 0" 1 O.33378 /,UE 0030~ , .. O,1l530.590E .. 65 O.37483 9 7E-7S • , , U,~l1972I'>E-1)1 U' I O.3345168E 0030'" .. O,4336172E"II~ O,l724 467E-76 , 
1 I o , S B 0 f, 4 2 I, F. "! 0 1 O' , 0:33,8636E 00310 O,1286238E-66 O"SOOOQ6E-67 , 
1 , O,542i'77fJf,.01 0: , O.,'S:S<!'l6"'n 00311 O,2 4'4'/29E .. 67 O,oOOOOOOE 00 
, I O,4o9""'62E-Ol O'~ 1 O~3331526E 0031i! "O,2401S05E_68 O,597"47E..,1>8 
1 I O,4\11\33Y1E-O' U" • 1 0;3357741 E 00315 0, ",9823e""8 O,oOOOUOOE 00 
1 I O,4409191E-O' 0" , 1 0,3354653£ 003,4 O.6191d33E,,69 O,OOOOOOOE 00 

'" I [); 42181 7hE.·01 ~' .. , O';33S0913E 0(1315 0~61Y1833E .. 69 n.oooooonE .on 

o 

• 

6 



, 

SECTION 6 

DISCUSSION OF RESULTS AND COMPARISON WITH THEORY 

, , 

• 



99 

The experimental work,which involved the measuring of side wall 

pressures,was carried out to provide a quantitative check on 

the predictions of the model. The side wall pressures obtained 

are a function of the type of powder,as well as of the geometry 

of the die and the method of pressing,thus it was not possible 

to deduce, values from. other research and use it to compare with 

the predictions of this model. Since the model proposed here was 

the first of its kind to be developed a great deal of effort 

hps gone into developing ~he mechanics of the model and its 

programming for a computerjit was therefore necessary to make 

certain simplifications in its construction with the result that 

its predictions were not expected to extend to such complex 

features of compaction as the density variations or the eject~on 

pressures. It was therefore decided to curtail the experimental 

program in favour of solving the mathematical difficulties 

pertaining to force simulation and model building. The results 
are 

produced by the modelktherefore somewhat less than perfect1but 

encouraging,when the difficulties of simulati~g such complex. 

entities as particle systems are considered. 

The experimental side wall pressures vs. compact height curves 

are shown in Figures 5.5 and 5.6 for the powder which was 
I 

characterised by the size distributions shown i? F:igures. 5.3, 

and 5.4.These'side ~all pressures were_obtained ~sing the 

apparatus described in Section 4.At each stage of the pressing 

operation,it was possible to monitor the volume of the compact 

and thus its average porosity could be determin~d.This value was 

used in activating the calculation of the force .diagra';. 

o 
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This value was an average and its use was probably unjustified, 

but the error introduced as a result was expected to be acceptable. 

What was less justifiable was the assumption of an even 

dis.tribution of pressure over the punch ,surface,which was made 

for the sake' of simplicity alone.The experimental results are 

re-plotted in Figure 5.10,where .they are compared with the 

predictions of the model for 2,4 and 6.5 tons applied load.At the 

lower pressures (2 tons) the model predicts_higher ~alues tha~ those 

obtained experimentally, while at higher pressures the pr El -

dictions are too low.At 4.tons,applied load,there is fairly 

good agreement _between predic,tion a!ld experiment. The type of 

force diagram used in the calculation of the side wall pressure 

is shown in Figure 5.7. This shows the distribution of. trans-

.mitted force in the sy~tem when a forCE! of .10000.lb. is applied 

to a particle at 9.The diagram was constructed on the basis 

of 500 random walks and seems to indicate that this number was 

inadequate to give a representative diagram~SinceJhoweverJeven 

500 walks took up 20 hours of computer time,it was considered, 

unjustifiable to increase this number until further improvements 

were made to the .model..In spite of these comments J the force 

diagram does demonstrate that the force is not transmitted to 

any great extent in the lateral direction,a fact which becomes 

only too clear when trying to make non-symmetrical compacts.It 
'.,. 

also indicates that the force is. transmitted in a cone from O. 

The predictions of higher side wall pressures at low values of 

applied pressureJand vace vers~ can be explained to ,some extent 

o 



by the invalidity of the assumptions.At lower values of applied 

load,the assumption of 12 contacts (6 of which were expected 

to transmit force) is. probably untrue and the number is probably' 

less.It has further ·been dem6nstrated1that,at low pressures 

interparticle friction has a greater effect than at high values.; 

the model ignores both these .effects since po usable values were 

available at the time it was constructed. At higher pressures 

there not only are more than twelve contacts)but,more signi

ficantly,defo:rmation also.Until such time as deformation can 

also be represented. statistically the model cannot be used at 

higher pressures.It appears therefore that at about 4 tons,applied 

load,the deformation is not serious and that :the assumption .of 

six transmitting contacts is reasonably true. 

The CUrves of Figure 5.8 represent the % of applied pressure 

transmitted to. various depths in the die for different height: 

diameter ratios.The decay indicated by these results is far in 
. , . 

excess of observed values. This phenomenon is partly bound up : 

with the number of significant digits that the computer can 

store, and as shown in Table 5.2. an applied force of 1050 

decreases to 10-70 in about 350 transmissions. Since unfortunately 

only about P.5 " is penetrated during the travel through 350 - -, , 

particles,there is a false indication that all the appli~d 

force is lost after this distance,whereas the truth is that 

height:diameter ratios of about 15 are required before the applied 

force is totally lost.The model does however.predict the expected . , 

trend and shows that the increase of the height:diameter ratio 

lowers the transmitted pressure.It needs a change in the application 
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of the Monte Carlo method to solve this problem but this 

should not prove too difficult • 

• 

The final prediction concerns the friction loss at the wall and 

again the model overestimates rather badly. The results ar~ shown 

in Figure 5.9.The reason for this is partly the sam~ reasons given, 

above and partly the assumption of a constant coefficient of friction 

along the die wall. It is now known that it is the product of '"" '/. ~ 

i. e the coefficient of friction x ratio of axial to ;radial stress, 

that remains constant and a variation in the coefficient of friction 

between .6 and .1 has been demonstrated by ,some workers in the field. 

It is however difficult to take this into consideration'until some, 

method of f~nding ~ is proposed,pref~rably as a function of particle 

characteristics. , I 

Thus the discussion of the:,'resul ts obtained demonstrate that the 

model,although producing encouraging predictions,has to be 

further developed before it may be used as ,a useful research tog1. 

The fact that the model cannot be yet used in the prediction of 

density distributions in the die/stem from the assumption that the 

transmitted force stops on reaching a boundary. Although this makes 

handling of the results easier) it is possible to ,take into conside~; <,,;,l:l 

ration the force that is not absorbed at the wall,and wh~ch c~ntinues 

being transmitted. It is this type of force that causes derisity vari-" 
. "". 

ations and more attention must be paid to them in the further 

development of the model. Suggestions concerning the improvement . . .. . , 

of the model are given in detail in the next sec~ion. 

o 
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7.1 Conclusions 

From what has been said in the foregoing sections,it is 

appar~nt that powder systems are impossible to define analytically 

and difficult to define statistically. The attempt made here has 

been the first of its kind)and had as a consequenceJto define 

parameters,determine mathematical techniques to ha.ndle the 

statistical methods proposed,build a credible mode1,'and make 

the assumptions necessary to get it ofr' the ground~It is therefore 

not particularly surprising that the results obtained to date 

can only be described as encouraging. The work done here is a 

necessary prerequiE!i te .to any further impr,ovement of the model 

and goes a long way 'towards providing the gu~delines for future 

developments. 

The model predicts,directly or indirectly,the following known 

features of die compaction. 

a) Increased diameters lessen die wall friction 

b) For the same height:diameter ratio larger diameters increase 

the .. the transmission of force'fessen wal,.1 friction and hence 

decrease the variations in density. 

c) Increasing the height:diameter ratios lessens the force transmi-

ssion,increaseswall friction and causes the density 

variations to increase. 

The model is unable to make quantitati~e predictions of density 

variations or of ejec,tion pressures. 

~'----.... 

Thus it may be concl,uded that,subject to improvement along the 

~ines suggested hereafter ,t~e model promises to be a possible 

o 
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means of evaluating the compaction process without arduous exper-

imentation.It seems likely however that it will prove an expensive 

process. 

7.2 Suggestions for Further Work and Discussion of the Future 

Performance of the Model 

In the immediately preceding sections the failings and the inadeq-

uacies of the model have been discussed as well as its "achievements 

and advantages. ,In order to improve th.e model, ;the assumptions that 

have proved questionable .mu"st be ex~ined ,and, where possible} 

improved. 

The first major assumption was that there are twelve contacts pe~ 

particle and that six "of these transmit force. The reasoning behind 
" 1 

this assumption, was that dense packings of spheres exhibit twelve 

contacts,sixof which, lying on the 'opposite'side to the contact 

to which a load was ~pplied,could transmit force.A force balance 

on such a sphere could thus solve,by analytical means, the values 

of the output forces. Since the system examined here was restricted 

to convex particles of a not very diverse size distribution, it was 

decided to extend the ~ssumption to these particles as well.As 

also indicat~d by the degree of compaction obtained at the lower 

applied loads (50% vs. a theoretical maximum of 64% for close 

packed spheres) it is apparent that twelve contacts do not occur. 

Inter-particle friction,which was neglected,may also play a part 
, 

at these pressures. Thus step~ should be taken to determine what 

effect presure has on packing of sphe~es and other particle shapes. 

Further information should be sought on"inter-partic~e friction, 

, , 
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and the information incorporated into the model. The general 

type of model used here does not se~m feasible,and calculations 

will have to be done for each type of load ·seperately.As this 

would mean an unacceptable increase in computing t·ime I methods 

must be investigated that quicken the random walk.With computers 
I 

becoming faster it is likely that this problem is capable ofJbeing 

overcome. 

The problem of more than six transmitting contacts can be solved 

by the use of relaxation methods and the like,but it is unlikely 

to occur in the range of interest and even if it did,the problem 
I 

of deformation would become predomonant.As regards deformation, 

information currently becoming available on single particle 

crushing and stresses at the points of contact can be used in 

determining what effect deformation has on the statistical 

parameters defining the system. This information could again be 

built into the model.It is,however,difficult to s.ay just how 

far these proposals will go towards eliminating the divergence 

of the predicted and experimental results,but there is a good 

chance that the side wall pressures,at least,could be improved 

in this way. 

In order to determine the variations in density,again/more than 

one set of random walks seem likely to be required. These would 
, 

take account of force 'quanta'being :'reflected'off the wall 

from particles in their vicinity. Further there needs to be . , 

s,uperposi tioning of. force diagram~ before building up the final 

stress .distr:i,butionpattern·for the die.It is possible to .• 
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from walks 

obtain these diagramsAperformed for the surface particles,the 

only difference being in the normalisation procedure. 

The method of determining the number of surface particles could 

also be improved. The present method depends on an average size, 

an assumption that can no longer be made if size distributions ", 
- -10~In<:t"J Ine ,-",>e ~ 0.'" C\\le<C'Se -<oldo.«\e Q..."'C\cI be 

with a greater variety of sizes were being used,{Investigation . 
·'<~I'\o.ced ~~ In", ad\.>c.1 S"",-\-o.et- Vc\do.!3e,de~e.mioeci n\rey CCI'nl;>C\Chon 

of the angle of internal friction,the coefficient of friction 

at the die wall under different conditions and their use with the 

model would also increase the accuracy of its predictions. The 

inaccuracy with regard to the transmitted pressure which results 

mainly from the limits imposed on the storage of ?umbers by the 

computer could be overcome by changing the application of the 

Monte Carlo method. Some means of bringing decaying numbers up.to 

the significance limits of the computer,without, destroying the 

validity of the normalisation process has to be discovered. This 

together with the knowledge of both the coefficients of internal 

and wall friction,should solve the remaining inadequacies of ths 

model. 

To conclude this thesi's,therefore,it is claimed that the, 

statistical characterisation of a system of particles restrained 

in a rigid die has been achieved,and the practicability of 

applying statistical techniques such as the Monte Carlo method 

to such systems has been demonstrated.Where the'model falls short 

of expectations has been made clear and suggestions which should 

improve it have been made.Although the successful development of 

such a model might eliminate the need for a great deal o~ tedious 

o 
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experimentation,the cost of operating it seems likely to be high 

unless faster computers and new techniques are able to quicken 
~ 

the simulation procedure appreciably. 

• 
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Appendix 2.1 (Reference 30) 

If it is assumed that the pressure applied to the punch surface is 

uniformly distributed over its surface,then the average pressure,ps' 

is given by 

Ps a 'PI (D2i' I 4) ------------1 
where Dis the diameter of the punch and p is the force applied to 

punch. 

Since particle systems do not behave as liquids,the fraction of this 

pres~ure .reaching the wall is ~ p and the friction at the wall is, 

r~I')' p where r- is the coefficient of friction at the wall.If we ; 

consider two cross sections a distance dh apart, 

tdh D ~ - -dp (D
2

'1'\: I 4). -------:-2 

where 1: D ~IAP -----------3 

• • • -dp 

p 

a(dh.4. ~.~)/4 ----------4 

integrating between h=O and h=ll (top and botiom,respectively) and 

using haO to evaluate the constant, 

p=(4p/D2,,) e -4 f-' f- hiD ------5 
a (4p I D2"j\) e -41'3 fJ-h/D ----6 

For plastic flow to occur the following condition must be satisfied 

---------1 
where Cia and Cir are axial and radial stresses respectively_. 

The miDimum resistance to displacement is given by 

------------8 

where ~ i is the coefficient of internal friction. 

6"1 or ()2 

if c - (Cl + f7 )/2 a r -----.-.1.0 .' 
(replace outer shear stres.i! by mean shear stress x coefficient of 

friction at the outer edge),then using eqtns. 8 and 10 and 9 in 1 

i 
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i.e. • r a 

This givesp=.72 if r·=·1 5 and fJ-i =.25 

and - p =.66 if (J-=O and {Ai =.25 

If 2~ is the angle formed by' the direction of principal stress with 

the radial direction then, 

a t the wall 1: 
tan 2~ • 2 r. /( (J"a- 0; ) 

-t'", M. and er = go- ,thus r, r,- a 
------->2 

tan 2<.>< = 2f3f'-- /(1-[3) -----13 
The assumption that the pressure is uniformly distributed is,however, 

incorrect.It is lowest at the centre of the ·punch.,and .increases to 
. .,-" ,. ,.;; ," -, , . 

a maximum at the outer edge.It i8 also le~~ at the bottom outer edge, 

following a relation of the form 

-ch 
- 14 

- where h is the depth. 

It is assumed that the pressure under the punch is proportional to 

the radial distance from the centre.Then, 

dp s 

dr 
--------15 

.where c2 and c~ are constants.This is the equation of a parabola. 

A similar equation describes the pressure on the bottom punch. 

------16 

"'" ," 

0-
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~. = sf ... ·: (c 2r 2 
+ c

3 
)/1,)' 

'!.,- punch . 

t bottom = 

from eqtn.15 

-----------17 
and fromeqtn.16 

-C
4

R2 +c
5 

=c1 e -cH It'.;· ---------18 
The sum of the punch force,bottom presure and total friction must 

be zero. 
R 
i 

j 

0 

and hence 

H 

P - 2')\ (-c4R4/4 + c5R2/2) - is';'\II'D ." c 1 e-CHdh =0 

If we now assume that wall friction is the sage regardless of whether 

the pressure is uniform 
H 
! 

j 

o 

over the punch face or not,then, 

P 
-4 ,':, (" hID H 

e I dh={ 
~-- .,,' 
D

2iT 14 0 

01 e -ch dh _ ;1.0 

4 0"1'\ ID - ,:;, . .- H 1) _ (-CH 1) I 
i - - - c 1• e - fC 

---------21 

If the cross section at which the pressure is independant of the radius 

is known c1 can b.e caloulated,sinoe 

- e-( ?"',,I. /D).H' -cH' p /( 2XD/4). = c1 e --22 

where H' is the depth of·such a cross section 

H' = 7/12 H 
ThuB 

Ii -:2i\(-c
4

r 4/4 +C
5
r 2/2) -Ii (e-4 r=:'i'-H/D -1) = 0 ------23 

now from eqtns.21 and 22 0 1 and cl are found hence 
2 -cHjo'·\, 

-c 4r +c5 = c 1 e I" can be evaluated. Hence c 4 

and c5 can be determined. 



Appondix 3.1 

The Computer I·,lodel 

The program generating the points of contact and tracing the 

force transmission through the system is attached as series 

of print outs.Print out 1 shows the master program,which is also 

shown in Flow Diagram 1.Print out 2 shows the program that 

generates the points of contact,based on the theory described in 

the text.Print out 3 shows the program that calculates the 

coordinates of each point of contact that the force passes through 

with reference to the system axes.The theory used is that given 

in section 3.4.Print out 4 shows the program that sets up the 

force balance on each particle as set out in section 3.2.Finally 

print out 5 shows the program that solves the six equations to 

output the transmitted force at the point of contact through which 

the propogation is followed. The method used is the standard Gauss 

elimination with partial pivotting. 

iv 



Appendix 3.2 

Labelling of the Forces 

See Figure 3.12.For the purpose of using the results of random 

v 

walks performed on a large system to analyse smaller systems it is neCe

ssary to first subdivide the system as shown in the figure.If the 

runs were performed on the system OCTQ,an analysis of all the 

systems represented by a combination of the several smaller squares 

(or rectangles) such as OA&~,OAGP,or OBIMis possible provided 

the forces crossing the boundaries of such systems could be labelled. 

A system by which each force is labelled with four indices was 

devised for this purpose.Thus a force is always remembered as 

F(I,X,Z,J) where the indices are evaluated as follows. 

a) The index I 

Any force ,as mentioned in the text,can be represented by two 

components in the r- and z- directions. Thus 1=1 represents the 

r-component and 1=2 represents the z-component. 

b) The index X 

As a force progresses on its way to the boundary,it crosses the 

grid lines represented by lines such as AR,BB, CT etc.The index 

X indicates which vertical boundary is crossed at the moment the 

force is labelled.Within the grid lines themselves the force is 

not labelled.Thus an r-component of a force crossing AE will be 

remembered as F(1,1,Z,J). 

c) The index Z 

This signifies either which horizontal grid line has been crossed 

by the force or,if it has crossed a vertical line,its horizontal 

position.If it crosses AR between A and E,Z=1,if it crosses between 

E and G,Z=3 and so on.The even numbers are used similarly for the 

horizontal grid lines, starting with Z=2 for I.IF through to z=6 for 
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d),The index J 

In order to calculate the force due to a surface particle at any 

point in the system,one needs to consider the system bounded by 

the particle and the pOint.ln order to obtain the information from 

vi 

the results of the random walks performed on a larger system, therefore 

it is necessary to devise some way in which we can meet our 

postulate that force transmission stops at the boundary of a system. 

Consider system OCTQ for which the walks were performed.Then 

consider system OAm~ for which the analysis is required.lf a force 

crosses ME then as far as the subsystem OAm~ is concerned, that force 

has left its boundaries. Since however the walks were performed on 

the larger system OCTQ this force may reenter the system and be 

recorded crossing AE.lf however we were considering AOPG we would wish 

to record this force,since ME is not one of its boundaries. Thus the 

index J was introduced to indicate which vertical or horizontal line 

was the furthest crossed before it was recorded crossing a horizon

tal or vertical line respectively.Odd numbers from 3 onwards are 

used to describe the vertical lines AR(J;3),BS(J;5) and CT(J;7) and 

even numbers from 2 onwards for the horizontal lines MF(J;2),PH(J;4) 

and QT(J;6).Forces leaving any system at the surface are labelled 

with J;20.The following examples should make the process clear. 

a) A force crosses AE having not crossed any grid lines previously 

It is remembered as F(I,1,1,1) 1;1,2 

b) A force crosses EI,having previously crossed AE 

It is remembered as F(I,2,2,1) 1;1,2 

c) A force crosses El having previously crossed AE and Bl.lt is 

remembered as F(I,2,2,5),F(I,2,2,1) 1;1,2 

i.e. it wil be considered in system OCF!.! but not in system OEIM. 
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d) A force crosses AE having crossed HE.It is remembered as 

F(I,1,1,2) and F(I,l,l,l) 1=1,2 

i.e. it will be considered in OAGP but not in OAEl\!. 

) 
l e A force crosses AE having previously crossed it. 

It is not remembered. 

f) Aforce having previously crossed PH and BS·leaves the system 

along 9C.It is remembered as F(I,3,5,20) 1=1,2 

Note: In all cases the forces are also recorded at the previous 

boundaries crossed. 

Print out 6 shows the program written to label forces as described 

here. Using these labels the program proceeds to normalise the 

force diagrams. 



viii 

A pp<ondix 3.3 

The Particles on the Suface 

Before normalisation can take place it is necessary to kno~ 

how many paticles lie on the surface so that the applied force 

per particle may be calculated. Consider Figure 3.14,If the voidage 

after the application of a load is known,and one makes the 

ass~~ption that the voidag~ is uniform over the surface,then using 

an average particle size it is possible to calculate the number of 

particles on the surface.The distance between neigbouring particles 

will be where r is the radius of the average particle and 

e the voidagc.Raving calculated the number on the surface it is 

also necessary for the construction of the force diagram,to 

know the distance distribution of these particles from any point, 

within t~e system,at which the force is required.It is found that 

the force transmission in a lateral direction is very small,of the 

order of about ten diameters.Thus,there is unlikely to be transverse 

particle movement in a die.In order to determine this,however,not 

only the distance distribution of particles surrounding a point 
\.. 

is required,but also,where the particles are non uniformly 

distributed,the numbers lying to one side which are in excess of 

the numbers lying to the other. 

Print out 7 shows the program deSigned to calculate the necessary 

information. Print out 8 shows the results produced by this program 

for the system shown in figure 3.14. 



COMPUTER MODEL OF A SYSTEM OF PARTICLE S ix 

. FLOW DIAGRAM 1 

IT= 1 

,--------;-----'---o-,-----rr~ input forc e 
X GAMMA = 0 F = 10 

.--------rlR:;-ECi/V:-:::=~0:=j-TJ\It-=-16~-I-TI~=-NAi11-1 nQ of cant act s 

CALL 

GENARATOR 

XR1 genera tion of 
the location of 

'--__ ~X_R_'2---' six po in ts 0 f 
con t act '-1 .J-,,--'-= -'"1-' 

I en g t h ,----,--,-;--.---:-·---,---,--,-,-~I'----__r_~_=-,--,-,,_;_______r jJ Os It Ion b f 
ofcontad FyrJ) = . X L(J) = THETA{J) = surface atfoint 
chord of contac 

J=J+1 

el(J) , 

= 

store values 
C:([ = X?f CljJ = X 

CALL 

FORCMA 

X:O 

CALL 

COORDINA TES 

= 
setting up the 
force halance 

..------'--, 0 u t pu t 
~--.---' for c e >< -1 

coordinates of 
sixth point of 
contact 

r-coordinate ,---' 

'ti<~---LR~E~V~=~0~========~X~1r=~==~ 1-7:-7--'==--";---\ if ou t put 
force is negative X2= 

~~~:=:~:=~ calculate 1he coordinates of two 
~'------T-....j. the point where such a force corn onents 

could have a positive value I 

writ e IT,NUM.RR,ZZ,Xf)<2 
are sys em 
limits . / 

NUM=NUM+1 < ZZ: <: 

STOP 

'------< IT :500 ':>----------------' 



OUT 1 

,'I~STER u'i7R 
C FOPC~ DISTRIR1ITION IN DED DUE TO ONE PARTICLE 
CTH~ rASE I~ITHOIJT FRICTION 

u I '1 E r~ S I () N G A M M A e 6) , P S 1 e 6 ) , .X R 1 (IS ) , X R 2 ( 6 ) 
COHMI)N rHETA(~),ALPHA(6),8eT.(6),FY(6),XX,ZZ,YV,X,XL(6),F, 

x 

1'( (j " MM h , X P q , X M U I (6) , X ~i U 2 ( 6 ) , Tit ETA 1 (6) , F Y 1 ( 6) , P 1 C1 1 ) , R 2 ( 1 1 ) , 0 A T 
I;HL ITr'H'(I1) 
Pv=~,14'S9~65358Y79J2384626433832795 
I. Pll T I = 'd) 
Lrr~IT2=4 

RfA~(1 ,'.OH-H-I 
40 ,nR'IAT (l 1) 

1~(MM.fu.~) GO TO 2U/ 
~()6 CONTINUE 

RFAO(1 ,39)Kl ,K2,K3,K4,O,K6,ITERATIONS 
~ 9 I' 0 R;1 A T ( I H ,6 I I 0 , I 4 ) 

r,(\ TO 2liil 
~(jl C'lNTI1JlIt 

Dn 7.10 ITFRATIONS=1,l0 
~08 CONTINUE 

Nl'!-1UER=1 

x r. A '·nu = 0 • 
XPSI~t). 

F = ( I 'J • * * 5 n ) 
32 C'lNTINliE 

RFV=O, 
"'=6 
j;:rJl 

C~LL GENERATOReJ,K1,K2,K3,py,N1,XR1.XR2) 
on 2 J=l,'" 
fv, (J)=UTP1 (1 " .K4)*l,*PV 
XI.(J)=SQ~T«XR1(J)*·2)+(XR2(J)**2» 

rHE TA' (J) =UTR1 (2", K» *PV 
Ir(J,LT.Il ['0 TO 20 

300 CGAMMA:X6AMMA 
CoSI=XpSr 

21 CALL ~Ou~nINAT~S(NUMBF~,PY,~EV,I,XC,XD,XE) 
1~(RF.V.F.Q.1.) GO TO 73 

lO C r, N TIN tHo 
THETA(Jl=THETA1 (J) 
Fv(J)=FYl Cl) 

2 CI);JTltJUE 
XTHETA=O. 
,t..r:Y=O. 

6 CALL ~ORCMA(XT~ETA,XFy,N1,NUMBER) 
)=6 

AR=SQRT«WX.*2)+(yy**2» 
1~(X)73,7,74 

74 Fv1 (./):FYeJl+pv 
THETA1 (J)=PY .. THETA1 (J) 

.x r..~ ,Y,M A = C G AW1A 
XrS I =CpS I 
RrV=1. 
J=I 
F=X 
GC' TO 3 fl O 

/'j ~~V=tl. 

X1:F*SIN(XGAMMA)*COS(XPSI) 
501 X?=F*COS(XGAMMA) 

IF(ZZ.GT.O.) GO TO 12 
~pcRR+.' 

J 



r,,,2.· 
Gn Tu 20? 

12 Irlzz.GT.(1.1MIT2/10.») GO TO 7 
lrIRR.GT.ILlMIT1/lO.» GO TO 8 
E = , • 
WqITE(Z,~5)E,RR,G,ITERATIONS,ZZ,NUMB~R,Xl,X2 

3S FnR~ATllH ,F3.0,EI5.I,F3.0,13,E1S.7,13,2E1S.7) 
GI) TO 201 

7 u=2. 
Grl TO 202 

R G =, . 
202 t,,2. 

~gITEI~.3~)E,RR,G,ITERATION5,ZZ,NUMBEp,X',X2 
36 FORMATllH ,F3.n,EI5.I,fl.O,13,e,S.7,13,2E,S,7) 

Go TO. zno 
I. U , 'ill .'18 E R = N tI" B E R + I 

Gn TO 32 
2no CnN T I ~llIF. 
212 JF(ITER~TIONS.LT.'O)GO TO 210 

Gn TO 213 
210 CONTINUE 
213 CONTINUE: 

~=3. 
WPITf(2,37)E,RR,G,ITERATIONS,ZZ.NUMRER,Xl,X2 

37 F0RMATllH ,F3.0,EI5,7,F3,O,13,EI5.7,13,2E1S,7) 
G(! TO 1001 

21, IFIITE~ATIONS.FQ,50U)GO TO 213 
NUHRER=O 
.,J Q J H ( ? , I 00 il ) E , R R , G, I T eRA T ION S , Z Z , NU "1 B ER, XI. X 2 

1000 F(iR~ATllH ,F3.0,E1S,f.F3,O,13,EI5,7,13.2EI5,7) 
1001 STOP 

E~D 

xi 



PRINT OUT 2 

SI; I) ROil TIN r (; E ~J ERA T 11 R ( J • K 1 • K 2 • K 3 • P Y • N, , X R' , X R 2 ) 
~ 1 ;'1 F.'~ SI (, N A fJ ( 4, • X R' (6) • X R 2 (6) 

xii 

cnMMON THFTA(~'.ALPHAC6),9ET.CA)'FVC~),XX.ZZ'VY'X.XLC6),F, 
I ;((, .~ -''''I ~ • X PSI , X" IJ I (~) , X M U ~ ( (,) , T H ET A I (I» , F Y, Cl» • R' C1 , ) , R 2 ( , , ) , 0 A T 
Ir(nAT.F~.'.)GO TO ~O 
'FAD(1.2~)(RI(L),L=,.11) 

£ 5 Hl R i-I A T, ( F ~ • S ) 
" F .\ n ( I • ? oS) C fl 2 ( N) , N::' , , , ) 

~6 FI)R'-lATcF6.5) 
f>AT::1. 

60 On 20 J=1. fJI 
.30 X'.1::UTR,c, ,O,K1) 

I."" IJT R 1 C 2 • 0 , K 2 ) 

N=X1\i*1 0 •• 1 
~8 IF/L.GT.1) GO TO 3, 

XQ' CJI::~1(1)*CXM/.') 
GO TO 33 

!l I X R 1 (J ) :: C C Q I CL) ~ R I C L ~ 1 ) ) * C X M ~ ( CL'" ) / I 0 • ) .) ) + R 1 (L" 1 ) 
33 Ir(N.GT.l) GO TO 32 

XQZCJI::R2Cll*CXNI.l' 
GOTn31. 

$2 X~?CJI=(CR2CN) .. R2CN.l)'*CXN"«~.1)/'O.»)+R2(N"') 
54 IF(XR1(,I).ED.O.)Gn TU 3U 

~1.PIIA(J)=IT.N(.R2(J)/XR1CJ» 

IFCALPHACJ).GT.CPY/4,» GO TO 30 
I r.(I'JT I MUt 

li'l ( , ) :: ? , • r y * CUT R 1 (4 1 U, K 3 ) ) 
L=1 
if('RS(SI~(AN(L»).GT,.U872) GO TO 4 
IFCCO~CAN(L»)S,6.6 

5 A~CL)=PV •• , 
(,,) Tf) 7 

6 A~(Ll=O ••• ' 
(j'\ TO 7 

4 IFCAOSCCOSCANCL»).GT.,0872) GO TO 7 
Ir(SI~(AN(L»)R.Y,9 

M A~CI.)=C] .• PY/2.)+.1 
Gn TO 7 

9 All CL) :: ( P Y I '. . ) + • I 
7 BFT.~ (J )=A~I (1) 

IF(J,EQ.,) GO TO 10 
IH,).GE.3'GO TO 10 
1«.HSCB~T.(J)~RETA(J·')).LT.(PY/2,)) GO TO , 
Sf) TO 10 

10 CONTINI)E 
20 Cc,'''' I 'IIIE 
~'] Rf.'1'I)RN 

E!o!o 



PRINT OUT 3 xiii 

<; 11 '1 P. ,) U r 1 N t COO Rn I t·I.A l i' S ( :1/ U'~ HE l{ • P V • RE'J • I • XC. X D • )( ~ ) 
~ (HW !) 1J " H ,. T " ( ,:.. ) • A L ~ H A ( f, i • B F',' A ( fI) • F Y ( ~ ) • )( X • 7. l • V Y • X • X L ( 6 ) • F • 

1 Y. (,., '.', ''".' ,,' PSI. :< ,.1( 11 (Q) • X r-. '.' 2 ( ., ) • rH ETA 1 (f,) 1 F V 1 (6) 
T~(~t~M~ER.Gl·.') ~o Tn , 
v'l " ;. , ( ! ) * Si III A I. P rJ A <' i ) ) .. S J iH BET A ( J ) ) 
XX=%I i'I*~'N(ALPHA(J\)*COS(BETA(I» 

't G" r·i~"IA::: (, I 

:<P~!:-:O. 
(:,(1 lC~ 7. 

1 MI1 ~.4lPilA i I) 
~~12::i)trA~ 1') 

F (j H;" 1 . 
G(I TII "i 

? ,P,N1;:I'i1FTAi([) 
A~i~::;:\'1 ( I) 

FQTr,=2. 
3 D=~jN(AN1\.C0S(AN2)*XL(r) 

~=~!N(A~1)*S'NIA~2)*XL(I) 
;) :; .. ~ n s ( it ~·l ~ ) • .X L ( J ) 

I, ,-i =COS ('{GAtI!·lA , 
r.2=cn$(Xp~1) 

~ i = '; ! N ( X G .o.r~ M A ) 
S?,=S'Nixrs!) 
C=P-C2·C'-n.R?·~*S'*C2 
~=D.S2·C1~Q~C2~R·S'·S2 

3:~ IF'.~'l:;((;}.GT.(1.1(10 •• *S)1) GO TO 50 
r.=CI. 

50 iI=(ABSID).GT.(1./(10.**5\l) GO TO 51 
n=O. 

5. r~(n8S(E).GT.I'./(10.*.~)I) GO TO 52 
~ :: I) . 

5:? lHF.<l"iN.F'O.1.1 GO YO 5 
'FISDRr(C*·~.D**?). EQ.D.) GO TO 53 
!F(~.I.T.('./(10 ••• f»» GO '((J 7 
X G AI, ~1.~ '" A T i\ N ( ( S Q KT; r. ... ;> + D" • 2 ) ) lE) 
1 F (to 1.3<'. :1? :,2 

~"~2 f~(~)30.3,.3' 
: .3 Cl ;: C; A f·H1A:: - X r, .I\Mt~A 

':'1 IF:A~S(SIN(XG.~M~lA».GT..D8i'2) GO TO 13 
5 3 X G M1t·j A:: iJ • 

lFU,'21.13.13 
21 Xr,AM>'A=pv 

'r-(l 'fO 13 

7 !FIC)15.16.16 
'5 XG~MMA=-(pYi?) 

(,0 °1'0 1:f. 
1 '" X Co Ml M" ~ ? V I ? . 
'1 IF(D.EQ.O.l GO TO 54 

TF(IRS(CI.I.T. (1./(10.**6)) GO TO 10 
~PSI~ATAN(n/IABS'r.»)) 

i t r: ( D ", .~ 0 !) , ~ 3 , 2.~ 
I 3 (l n Y,DSI"YPS!+PV 

!~(ARS(SIN(XP~I»).GT .. nH72) 2~ 
54 ~;>S!=O. 

r.n 1'('1 () 

, ',(I v P S .( ,,~ r r, /j ( P Y,.J.:l •• D ) 
,:0 10 .~ 

~ IF(~~V.EO.l.) gO TO 9 
~E=t 
'lC-:C 

GO TO 6 



'1i)~r) 

Q 7l~?~~F 

)lXe:>~~··r. 
V"i:YV+i) 

1~(REV.EQ.n.) GO TO 8 
~/)t::\,·:·"-)lC 

V V = '.f v' - :\ t) 
~Z'=l?-);:; 

!t r:ot.rr J NUr: 
IF(rIUMq~R.EQ.'1 Gn TO 6 

....; I) ";' () ~ 

(, ~c-riJf.lN 

~1Ii~ 

xiv 

/ 



i 

I 

PRINT OUT 

t, u 11 R n IJ T t. N F F ,) ~ ,>~.\ ( X THe T i, I X F Y I N 1 I NUM B F. R ) 
01 '·1," '" S r Cl ~ 4 (f., , l) 

COM~nll THETAI6:,ALPHA(6) ,BETA(6),FY(6),XX,Zl,VY,X,XL(6I,F, 
. 1 ~ r, ~"" A • X P S r , ,~r~ IJ 1 11,) , X 11: I:' ( f, ) , T ~ ~ T A 1 «(, ) , F Y' (6) 

i)~l () I! 1.:; 1 . !'11 
1 A(1.",~COS(TH~TA(!j») 

~ 1\ ( ? , I " \ = S 1 'I i THE T A ( I 1 ) ) • C I) S ( F Y ( , , ) ) 
~ ~ (" • 11 ) = S-~ N ( T ~ ~,. A (! , ) ) • SIN ( F V (J , ) ) 

4 ~(4,;1)=(C()S(TH~TI,(11»)~SIN\ALPHA(11»*COS(BETA(11) 

" - r: ,), ( ALP H A ( I 1 ) ) w S I 'I ( THE T A ( I 'I ) ) * COS CF V ( I 1 ) ) ) • X L ( 11 ) 

xv 

S A ( 'i , I 1 ) " ( S I I. ( THE' T A ( 1 1 ) ) " ') I ,~ ( F Y ( I i ) ) • COS ( ALP H A. ( I 1 I ) 't 
'-C0S:THETA(11l1*SI~(ALP~A(11»·SIN(BeTA(I'»)*XL(11) 

6 A(6,1',=Xl 1Ill*SINITHETAI!1»*SINCALPHA(I1»*SIN(BE1A(11)-Fy(I1» 
~(1,"')"-F 
4~~,'l)=I.l. 

A(~.7)::'). 

A(4,'1)::I1. 

AI'i.?I=O. 
~ ( ~ • 'I) "" • 

~ALL EQSOLV(A;X,~,) 
RETUPN 
';~I\ 



PR INT OUT 

~IIAROliTIN~ EQSOLVIA,X,Nl) 
r, I r~ .1-, ;'1 S ! () N X :-1 ( ,;.. , 7 , 4 ) t A ( 6 , ? ) 

~f)O r.O"J7 T !oJilr: 

"= ;> 
.J 1 = i'~ i of- 'i 
I ?:o: r~ "I _-: 

1,=;,'i-2 
,., 0 I:' ~l !. ~, • L 2 
no .~9 I::N,N~ 

I)(} ~9 ,I::N,J~, 

I F ( L . G T • 1 i 0:; 0 T" '1 
; ~ ( ., . G T . 2) G::> 1 (j 5 
or. 2 l~"'i ,N1 

5 xvi 

TF(ABS(A(I~ .1').EQ.n.) GO TO 2 
/.11"11 
J~(M' .FQ.,) GO TO 5 
GOT .,) :1 

7 r:ONilNUF.. 
:3 ne'" ;:1=1..)1 

q=4i1,~,) 

f.(1 .~1)~:'(~i·) ,K1) 
I.. ,\ ( r4 'j • r. 1 ,I = n 
~ X H ( I • J ' 1 ) = ( A ("1 , 1 ) • A ( I • J ) -.~ ( I , 1 ) • A ( 1 , J I ) 

1,0 r) il'" 
1 IFltn.("d.:.sl GO TO 26 

1:(1 ,;, 1" 
~~ IF(l.RT.2) SO TO 6 

J~(J.(;T.3\ (:0 TO 7 
1")0 g I?=2,.N'!. 
IFIIBSiXMI12.2(1») .EQ .. 0) GO TO 8 
M:?=:.' 
'FIH).EQ.?I Gn TO 7 

g r.Ot·IT i ,,!Ut: 
'?~O 10, "2=~.J1 

q=V!1(?'.K2.1) 

.M(2,K?,'I=XHIM2.K2.1) 
~n XM(~,!~.r,:~,l):::R 

7 XM(I.J.2'=/XM(2.2.1)*XMCI.J.1'-XMC!.2,11*XM(2.J.'» 
r.o ~'rl 89 

~.!F U;1. G'·. ~ I (:0 H) 27 
r;o TO #,6 

~7 IF/i .. GT.3' G" TO l' 
rQJ.G·'.4) GO TO 15 
~ i) 1? !. ~ :: .~ r fJ 1 
lFI~RS(XH('3.3.2».EQ •. D) GO TO 12 
M~=!3 

TFIM1.~Q.3) GO TO 1S 
(;0 'r0 13 

1? r.O,'\iTTr,If.Jf; 
1_~ rlt) -1/. '():;:~,J1 

~=Y.:·I(3 •• i3,?) 
~M(1.k~,~I=X~(M3.K3.2) 

1 1 .. y.M(r'·1",~31?)::~ 

','i IH,\~S(j(11:3.7.2)).GT.(10.*-10))GO T0 501 
~~(: ,J.5)~(X~(3.3.2)*XMII.J,2)-XM(I.3,2)*XM(3.J.2»·(10.*.20) 
(iO 'r/) :.i'J 

5 .; 1 ~ ,.1 ( ) • J •. , ) = ( X 1·\ ( :, • 3 • i' ) * X NI ( ! • J , 2 ) - .X M ( ! • 3 , 2 I • >i M ( 3 , J • 2 ) ) 
GO TI') R9 

" 1~(N1.GT.S) G0 TO 28 
(;(i T[J CJ1 

2 ~ I F ( I •• (,.,. . I, \ GOT I) 0 1 



Ji:(,J,Gr.5,l (''1 T(l 17 

n (j : (I ! l~ -:. 4 ~ ~~ ": 
!F!A~~!~MII'.'.3)) ,EQ. ,0, GO TO 13 

TF(M4.~0.~) ~o TO 17 
~n TO '!<t 

~ R r. 0 I'J TIN I J f 
~l ,; IJ () 2 fI i( I~ = 4- •• i 1 

11 :: X r~ ( /, • r~ t. . 3 ) 
x J< { I •• ;(/, • 5 ) = X M ( 114 ; K 4 , 3 ) 

2 0 y;..: ( 11 4" , '(. I .. , =~ ) = B 
, 7 K ~~ ( T , ,I ," U ) ;-: ( X r-1 ( 4 , 4 , 3 ) • X M ( X , .. 1 , :~ ) - X M ( I , 4 I 3 ) if i: M ( 4 , J , 3 ) ) 
.so t:O>JTI~;UE 

90 ~!~ t..;·;? : 
.,,1 CC'NT I NI,I" 

lFlA~s(~r"(N1.,J1.4)1.LT.(10."'40» GO TO 16 
nO sO ';05,1'1 
1'0 30 .1:=:5, J~ 
IMfT.J.41=XHr,.J,4l/lln.**201 

:~') rn·J r 1. I,;:)" 
Of, TF{.,:~iL('.i.;>.'1.1j.EQ,n.)(,('J TO 21 

y." I .', M ( fJ'l • ,I 1 , 1,1 ) • Y"l ( L? • l 2 • L 1 ) - X /01 ( L 2 • J 1 , L 1 ) * X;" ( N 1 , L 2 • l. 1 ) I / 
1 ()I 'i ( ,J 1 • 'i 1 • I. 1 ). :011 !.;> , L 2 • 1.1 ) - X M ( l2 , N 1 , L 1 ) * X M ( N 1. L 2 , L 1 ) ) 

1;1) TO ?~ 

? '1 X = l( ',I ( I.;> • J 1 • 1.1 ) / X M ( \ 2 , N 1 • L 1 ) 
r.~ RfT.IRN 

~.\ln 

xvii 

/ 



PRINT OUT 6 xviii 

:-- () r':;'i; j-,j ~.':~ R ,.":'1 {\ r. , Tic:", ,71, i( 1, i( 2 , i~lIl'F~ :- R. L I r'1 r T 1 , L I r-1 I 1 2 , II 
,. " f':: • L 1 
t.I:.-IIT]::lj 

I I'·q T~~=-i 

~·;IT=; 

t·'R J 1 f" ( f,t ;' ( re' 
2',,;-· c0°f';'](lf' • 9'i'i'>lPF"TTO',i ~= F0~r:E.,) P~S~r. n .. THEIR POSITTO~ WITH RES 

JI"<:"l T(1,' "[·f'!' loTH' "·.2X.l~ S().l~;. SE'?rR~lrf)r\111H ollhFE-HHRANT F 
2o;;·Cl~:·.2,Y.?'I"X ".:[' Z Nor·.1 kF-EII!IRAN1 F()RCFS.'1X,3HIlS,4i,.&HII!UNfE.P) 

·'E~I:T:'.!t~ :'t::~lJlIS '1F ;"~I'l:\lr:n~:. I .. !t.l( 
I. P [:,"'. I: ( 5 , 1 ) [ ,r~ !'"\ , G, 11 '", t 7 Z ,i\j II ri, r [~ , Xl, 'i 2 
1. = Or:' ri', 1 ( ~ 2.:) t r ~ • 'j. F 2.,:1,! 1,: q .3,12,2 F 2. J ) 

T F tP G iO 1'" 1'1· S '~i r E C S 1 A r: 1 "S JrJ r; 111 E ~; E X i ~1 t l> 1t PE 
T F ( :\j J j'~ n f. ~ ) 1 .) - 1 • 1 ] (} ? , 1 I) J 1 
!" 1 T = f'~ 1 T. 1 
r.(l 11 A 

rlJf'!l ff\.I.I[ 

T r. R r. ii C (;" '.' t[ y.~. I' A V E ~ F:' E ,.< er'" f'l ET ECG 0 T 0 1 4 
IF(i:[V(t').E".~)r,O 10 Iq 

1F tJ. 1?"·~~Cl}~r ~jr~lK f~f:S r~,I[::rr GC' 10 fi 
T F ( [ • LT. 2 • ) G" T 11 f, 

~! = J • 
~~S cOPC~ lfcI SYSTE~ Al THF lJ?IF SO C'LL F?lOI WITH G=2 

p. TF(Z71J5rl5,Jo 
1 S (;=2. 

r.0 1 (. ? 

~~<; I-,""X ['ICF." AT 1He ""T'~E,I Z !!OU'~LtRY 

TF S".f," L ,DLOT WTl t-; r;=? 
1/, 1 ,: ( (7 Z * 1 c: C' • ) I 5 .. LT • F'- 0 h T ( _ T In T 2 ) ) ,; 0 TO 5 

r; =2 • 
r: 0 1 (. ? 

I-.' t, S ',' J'. u: ['.' C [[' '" T hr' x po,,~: r: t p Y • I r SO GO 10 I 
~ tF((,~*lC·i;.)/2 .. GE.LTI-1fTJ)~O 10 7 

1.'hLK ~TIIL '.:lTHl"THf fOI,'FHJFS OF THo SYSlE~l ULL FPLOl WITH [=1 
r-=f.. 
~ = 1 • 
rbl.L F"L0l 
S (J T,) 1I 

tlHFioj l..i:iLY. F\J[tS t..1 x pOil\Jrft~y b=l "Ne t~=-2 

7 G = 1 • 

!·!H~~[ W:'L< ~ltS Er.,jf'E~ hT THE 7.. :JU~![;ARY,E=2 ANC G=2 
? F=~. 

ChLL F"L0l 
!F(I'S.lT.r,)"!) TO 17 
GO In l~ 

I 7 T f' ( r = I ~ ( f:) • E" • 1 )!; 0 T n A 
'-'WN "vS 1[" FOR ,.lflICH Br: ~!AI k WlS PERFORMrC IS LARGER T 1-''' r.] THE SYSTEr, 
cn" ·.IHrn <'Hr FO"Cf:S ARE S'JJ1~~c,~E.'C lriE '~F:r1.p~rN[j CAIA Ci"~C; FROM THe: IH.I:o.J 
"R{'I;"AI' "NTIL TH" I,IALK rc. "O"F'LEIE lHEN R[IU"N ArJ(: REA.c THE FIRST CAP CARC' 
C'00M THE NFXT qA'~C0M :.~r.Lv 

1 ", ') ~ ~)' E fl C ( 5 , 3 ) [ , 2!:' , 1.1 , I T <; ,Z Z , !\I J ..., ~ E P , X 1 t .X 2 
~ ·O~Mll(~2.(,rq.3.F2.r,T1.F4.3.I2.2F2.L) 

r F ( N J r1° f. ~ ) 1 D,e 8 ,lOG q .1 0 ,} Fs 
1,(;0 "IT="11'J 

!~ () T ') 1 G:' 5 
1 t l' Po r CJ ; .• 1 T N 11 c: 

TF(FIV(").E".2)f;0 101. 
T F ( 1 r I x ( [ ) • t: r . • 3) f; [I 1 n 1 ~ 
~O T') 10~5 

lt! ~=3. 

fAI L p'Lnl 
~ll)P 

H,('< 



<", I j r r.~ r· L' 1 1 ~j f f j. L n 1 
:: I :.~ Ell S T 0 ~,; S S ( ;.~ , 1..J , 1 h , 2 ') j , .r;: r: , 5 , 1 J. 2 ) , S \.J 1\1 ( 2, i C' ,l\), 2 ) 
r U ;,1 ;"i Cl ,'.~ E, !~: F.' , r' ;\ .r t 1 T S , 7 I. I).' j t >: 2 , r\1 U M e [ K t l. 1 ~. I 1 1 , L I rv, I 1 2 • G 
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Nomenclature 

C Constants and coefficients 

c Constants and coefficients 

D Particle diameters,die diameters 

d Small particle diameters 

d f Feret's diameter 

d Martin's diameter 
m 

F' Feret' s diameter 

h Depth,height of a compact 

k Yield stress in shear 

L Length 

I Length of contact chords 

P Pressure,probability 

p Pressure,perimeter 

R Radius 

r Radius 

s Mean yield stress 

V Volume 

X Axis in Cartesian systems ' 

x Radii,filament lengths,diameters,coordinate in Cartesian systems 

Y Axis in Cartesian systems 

y Radii,filament lengths,diameters,coordinate in Cartesian systems 

Z Axis in Cartesian systems 

z Filament lengths,coordinate in Cartesian systems 

Greek symbols 

~'[I, Constant 

'V, Angle made by·leading edge of a metallic junction in the Bowden ,I 
and Tabor friction theory 

~ Angle made by the chord of contact with the positive direction 

of the Z-axis 

e r- Axial to radial stress ratio 

The angle made by the projection on the particle's XY plane of the 

chord of contact,with the X-axis , 
& Angle made by the normal to the surface at the point of contact 

with'the positive direction of the Z-axis of the particle 



Nomenclature (continued) 

{I' Angle made by the projection of the normal to the suface , .. ' 
at the point of contact,on the particle's XY plane,with the 

with the positive direction of the particle's X-axis 

.( The angle made by the normal to the surface at a point of contact 

with the positive direction of the system's Z-axis 
, 

fj.\ The angle made by the projection of the normal at the point of 

co~ntact ,on the system XY plane ,Vii th the positive direction of 

the system X-axis 

~ Porosity,voidage .-

j 

Cosines of angles in tensor analysis 

Segregation coefficient 

Static coefficient of friction 

Coefficient of friction 

Internal coefficient of friction 

Densi ty 

Summation sign 

Integration sign 

j 
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