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Abstract

Recently Nevanlinna theory (the theory of meromorphic functions) has been used as
a detector of integrability of difference equations. In this thesis we study meromor-
phic solutions of so-called g-difference equations and extend some key results from

Nevanlinna theory to the g-difference operator.

The Lemma on the Logarithmic Derivative of a meromorphic function has many
applications in the study of meromorphic functions and ordinary differential equa-
tions. In this thesis, a g-difference analogue of the Logarithmic Derivative Lemma is
presented, and then applied to prove a number of results on meromorphic solutions
of complex g-difference equations. These results include a difference analogue of the

Clunie Lemma, as well as other results on the value distribution of solutions.

Keywords/phrases
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Introduction

In this thesis we study meromorphic solutions of g-difference equations and extend
some key results from Nevanlinna theory to the g-difference operator. In particu-
lar a g-difference analogue of the Logarithmic Derivative Lemma is presented, and
then applied to prove a number of results on meromorphic solutions of complex

g-difference equations.

g-difference equations arise naturally in many contexts, such as g-Painlevé equa-
tions, the Schroder equation and iteration theory. Recent work on ¢-difference equa-
tions by Bergweiler, Ishizaki and Yanagihara [7] has shown that any meromorphic
solution of a linear g-difference equation with rational coefficients has zero-order
growth. It should be noted that g-difference equations are less likely to admit gen-
uinely meromorphic solutions than difference equations. However as shown at the

end of chapter two we are dealing with a non-trivial set.

In chapter one we present the key ideas of Nevanlinna theory so that we can apply
them in our study of ¢-difference equations later on, where we find interesting results
for the g-difference operator. The Nevanlinna theory of meromorphic functions was
created by R. Nevanlinna (partially in cooperation with F. Nevanlinna) in 1925. A
good introduction to the subject is [23].

Nevanlinna theory is an efficient tool for studying the density of points in the
complex plane at which a meromorphic function takes a prescribed value. It also
provides a natural way to describe the growth of a meromorphic function. The key
tool used in Nevanlinna theory is the characteristic function T'(r, f). This measures
the average size of a meromorphic function on large circles, taking into account the

number of poles inside the circles. Chapter one is a review of known theory.

In chapter two we start to look at how the Nevanlinna theory introduced in chap-
ter one can be applied to studying meromorphic solutions of ¢-difference equations.
A autonomous first order non-linear g-difference equation is the Schroder equation.
In the first part of chapter two we review a standard result which shows there ex-
ist meromorphic solutions of the Schroder equation. In the second part we look
at the growth of meromorphic solutions of the general linear ¢-difference equation.
Linear ¢-difference equations with rational coeflicients do not always admit mero-
morphic solutions, even if the coefficients are constants. Bergweiler, Ishizaki and
Yanagihara gave sufficient conditions for the existence of meromorphic solutions
of linear g-difference equations, and characterized the growth of solutions in terms
of the Nevanlinna characteristic T'(r, f) [7]. They concluded that all meromor-

phic solutions f of a linear g-difference equation with rational coeflicients satisfy




T(r,f) = O((logr)?), from which it follows that all solutions are of zero order

growth.

Valiron has shown that the non-autonomous Schroder g-difference equation

2 =0 ai(2)f(2)

a2) = Rz, £) = S5 M

where the coefficients a;(2),b;(z) are meromorphic functions and ¢ is a complex
constant, admits a one parameter family of meromorphic solutions, provided that
q € C is chosen appropriately [44]. It was shown by Gundersen et al. [18] that the
order of growth of solutions of (1) is equal to log,(deg; R), where log, is the g-based
logarithm. In section 3 we show how this result implies a g-difference analogue of
the classical Malmquist’s Theorem [32]. That is we show that if (1) possesses a
zero-order solution then it is the discrete Riccati equation. These results suggest to
us that the development of Nevanlinna theory for zero-order solutions of g-difference

equations is natural. Chapter two is a review of known theory.

Chapter three contains most of the original research carried out. We develop a g-
difference analogue of the Lemma on the Logarithmic Derivative. Due to the findings
of chapter two our theory is for zero-order meromorphic functions. The Lemma
on the Logarithmic Derivative is one of the most important and useful results of
Nevanlinna theory, it has applications in the theory of meromorphic functions and
in the theory of ordinary differential equations. For example, the Lemma on the
Logarithmic Derivative is a key ingredient in the proofs of the Second Main Theorem
of Nevanlinna theory [36] and Yosida'’s generalization [46] of the Malmquist Theorem
[32]. In the rest of the chapter we use our result to study zero-order meromorphic
solutions of large classes of ¢g-difference equations. Applications include a g-difference
analogue of the Clunie Lemma, (see Lemma 21 or [12]). The original lemma has
proved to be an invaluable tool in the study of non-linear differential equations. The
g-difference analogue gives similar information about the zero-order meromorphic

solutions of non-linear ¢-difference equations.

Historical Background

An important question we sometimes ask about systems of ordinary differential
equations is ‘How do we know when they can be solved explicitly?’ It was observed in
the late nineteenth and early twentieth centuries that ordinary differential equations
whose general solutions are meromorphic appear to be integrable in that they can be
solved explicitly or they are the compatibility conditions of certain types of linear

problems. In the 1880s Kovalevskaya [28, 29] observed that all known solutions
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of the equations of motion of a spinning top were meromorphic when extended
to the complex plane. Searching for further meromorphic solutions she was able
to explicitly solve for one further unknown case. No further cases in which these

equations can be solved explicitly have been discovered since.

Malmquist looked at equations of the form

fI:R(Z,f)a (2)

where R is a rational function of z and f. The Malmquist Theorem says that if (2)
admits a non-rational meromorphic solution, then R is quadratic in f. That is, the
equation is the Riccati equation. Equations of this form are special since they can

be linearised.

A century ago Painlevé [37, 38], Fuchs [14] and Gambier [15] classified a large
class of second order differential equations in terms of a characteristic which is
now known as the Painlevé property. An ordinary differential equation is said to
possess the Painlevé property if all of its solutions are single-valued about all movable
singularities (see, for example, [1]). Painlevé and his colleagues showed that any

equation with the Painlevé property of the form

"=F(zf,f),

where F is rational in f and f' and locally analytic in z, can be transformed to
one of fifty canonical equations. Forty four of these were integrable in terms of
previously known functions (such as elliptic functions and linear equations). The
remaining six are now known as the Painlevé differential equations. During the
twenticth century it was confirmed by different authors (and by different methods)

that these equations possess the Painlevé property [37, 33, 31, 27, 16].

The Painlevé property is a good detector of integrability. For instance, the six
Painlevé differential equations are proven to be integrable by the inverse scattering
techniques based on an associated isomonodromy problem, see, for instance, [3].
It is widely believed that all ordinary differential equations possessing the Painlevé
property are integrable, although there are examples of equations which are solvable

via an evolving monodromy problem but do not have the Painlevé property [10].

Recently there has been much interest in extending the idea’s of Painlevé to
difference equations. Ablowitz, Halburd and Herbst [2] suggested that the growth
(in the sense of Nevanlinna) of meromorphic solutions could be used to identify those
equations which are of “Painlevé type”. In [20] the existence of one finite order non-

rational meromorphic solution was shown to be sufficient to reduce a general class

)




of difference equations to either one of the known difference Painlevé equations, or
to the difference Riccati equation. This indicates that the existence of a finite-order
(in the sense of Nevanlinna theory) meromorphic solution of a difference equation

is a strong indicator of integrability of the equation.

Ablowitz, Halburd and Herbst [2] considered the question of when a difference
equation is integrable (or otherwise). For a large number of difference equations
they found that the answer can be found from the singularity structure at infinity.
This coupled with the fact that many ordinary difference equations admit mero-
morphic solutions, suggests that Nevanlinna theory is an important ingredient in
the study of integrable discrete or difference systems. This has led to recent work
in generalizing the theorems of Nevanlinna theory concerning differential equations
to analogous theorems concerning difference equations. When applying Nevanlinna
theory to study the growth and value distribution of meromorphic solutions of dif-
ferential equations, estimates involving logarithmic derivatives have often proved to
be useful [16, 30]. Recently, similar tools involving shifts have been developed to
study ordinary difference equations [11, 21, 22]. The following theorem by Halburd
and Korhonen [21] is among the fundamental results of this type.

Theorem 1 Let f be a non-constant finite-order meromorphic function, and ¢ € C.

fhen [+ (T0H)
n(n157) = ()

for any 6 < 1, and for all r outside of an exceptional set with finite logarithmic

measure.

Note that Chiang and Feng [11] have also obtained the following theorem which is

a similar but weaker estimate.

Theorem 2 Let f(z) be a meromorphic function of finite order o and let 1 be a

non-zero complex number. Then for each € > 0, we have

Theorem 1 and its corollaries proved to be indispensable when singling out Painlevé
type equations from large classes of difference equations [19, 20]. Theorem 1 may
also be used to study value distribution of finite-order meromorphic solutions of large
classes of difference equations, including difference Riccati and difference Painlevé

equations.




Chapter 1

Introduction to Nevanlinna

Theory

Introduction

This chapter is mainly a review of known material, the majority of the ideas
come from [30] and [17]. In 1925 R. Nevanlinna (partially in cooperation with
F. Nevalinna) created what is now called the Nevanlinna theory of meromorphic
functions. A good introduction to the subject is [23)].

Nevanlinna theory is an efficient tool for studying the density of points in the
complex plane at which a meromorphic function takes a prescribed value. It also
provides a natural way to describe the growth of a meromorphic function. In this
chapter we present the key ideas of Nevanlinna theory so that we can use them in

our later work concerning g-difference equations.

1.1 The Nevanlinna Characteristic Function and
The First Main Theorem

For entire functions g(z) where 2z = re*#?, the device we use for measuring the growth
is the maximum modulus M(r, g) = max,|=, |g(z)|. Many of the properties of entire
functions are encoded into the maximum modulus. In the study of meromorphic
functions a natural analogue of the maximum modulus is needed, this analogue
is called the characteristic function, 7. The characteristic function measures the
average size of a meromorphic function on large circles, it takes into account the
number of poles inside the circles and is derived from the Poisson-Jensen formula

which we state below.

Theorem 3 Let f be a meromorphic function such that f(z) # 0,00 and let

ai1,0s,... (resp. by, ba,...) denote its zeros (resp. poles), each taken into account




according to its multiplicity. Suppose z = re? and r < R. Then

615 = o [ g 8 (R 0
LAY 27 Jo R2—2chos(ga 0)+ 2 8 ¢
Rlz-bj)|
+ Z log 2 Z log (1.1)
lasl<R R —@zl e R2 — b2

The Poisson-Jensen formula relates log|f(z)| to its zeros and poles. For details of
the proof see [23].

Taking z = 0 in Theorem 3 gives us the Jensen Formula, i.e.

) 1 2w ;
log |f(0)| = %/0 log | f(Re')| do — Z logl p + Z log| bl (1.2)
|a

1|<R ]b |<R
In order to make sense of the above formula we make the following definition.

Definition 4 For meromorphic functions f, the unintegrated counting function de-

noted n(r, a, f), is the number of times f(z) = a for|z| < r (counting multiplicities).

Note that n(r,a) := n(r,a, f).

There are 2 summation terms in the Jensen formula, one for f’s zeros and one for
f’s poles. We want to split the integral term in a similar way so that we have a
term that relates to zeros and a term that relates to poles. To do this we define the

log™* function.

Definition 5 For x > 0 we define
log* z := max(log z, 0)
The log™ function satisfies the following.
Lemma 6 (a) loga < log* «;
(b) log" o <log" B fora < 3 ;
(c) loga =logm a —logt
(d) |loga| =log" a+log* 1
(e) log™([[i, o) < 370 log™ o

(f) log" (X, i) <logn+ >, log" a;




Using definition 4 and Lemma 6 we can show that the Jensen Formula becomes

27 T )
g SO = 5= | tog* lftre"]do + / LULPY
ao— [ M9 g .
/0 dt (1.3)

t

27

- = logt
27r00g

1
f(re®)

We now look at what happens to equation (1.3) when f can have zeros and poles at

the origin. That is we let f be a meromorphic function with the Laurent expansion
o0
flz)= Zciz’, cm#0, meZ
i=m

at the origin. Then defining h(z) := f(2)z~™, we have

= h(0) = cp,

and therefore the Jensen formula gives

log |em| = log |h(0)]

2w T r
= —1-/ loglh(rew)]dﬁ—i-/ n{t, 00, h) dt—/ n(t,0,h) dt
21 0 0 14 0 t

27 T _
= i/ log|f(rem)|d9+/ n(t, o) = n(0, ) dt + n(0, 00) log
2m Jo 0 t

— (/Or n(t,0) _t n(0,0) dt +n(0,0) log r> . (1.4)

To make cquation (1.4) more meaningful we make the following definitions.

Definition 7 (Prozimity function). For a meromorphic function f, we define

1 1 27
= — log*t
(7)) v

supposing f # a € C and

1

Feem—al

2w
m(r, f) == %/0 log™ | f(re®)| db.

The proximity function describes the average “closeness” of f to any poles (or a-

points) on a circle of radius .

Definition 8 (Counting function). For a meromorphic function f, we define

1 [T n(t,a) —n(0,a)
N(T’f—a> .—/0 ; dt +n(0,a)log r




supposing f #Za € C and

/T n(t, 0o0) ; n(0, 0o)

0

N(r, f):= dt 4 n(0, 00) log .

The counting function, N(r, f), is used to give us a measure of the density of f’s
poles (or a-points) in the disc |z| < r. We are now able to define the characteristic
function, T

Definition 9 (Characteristic function). For a meromorphic function f, we define
T(r,f) =m(r, f) + N(r, f).

T can be understood as an analogue of the logarithm of the maximum modulus of an
entire function and therefore it is used as a measure of the growth of a meromorphic

function f.

The characteristic function satisfies the following properties.

Proposition 10 Let f, fi,..., fn be meromorphic functions and «, B, v,6 € C such
that ad — By # 0. Then

(@) T(r, fr--- fu) S 352 T(r, i),
(b) T(r, f*) =nT(r,f), n€N,
(€) T(r, 2 i fi) <25 T(r, fi) +log m,

(d) T (r,2R2) = T(r, f) + OQV),

assuming f #£ —6/~.

The following proposition tells us that when our new tool T is applied to entire

functions it behaves similarly to the log of the maximum modulus.

Proposition 11 Let g be an entire function and assume that 0 <r < R < oo and

that the mazimum modulus M(r, g) = max,=, |9(2)| satisfies M(r,g) > 1. Then

T(r,g) <log M(r,g) < ﬁf:T(R, 9)-

Also the function T'(r, f) is an increasing function of r and a convex increasing
function of logr. This enables us to define the order of growth of a meromorphic

function in a natural way as follows:

logT
5= lim sup 8L S)
=00 log r

10




We remark that for entire functions p(f) is equal to the classical growth order

o(f) := lim sup log log M(r, f)
r—00 logr

1.1.1 Nevanlinna’s First Main Theorem

Nevanlinna’s First Main Theorem follows from equation (1.4). It states that

T(rf)=T <r, L) +0(1) (15)
f—a
for all complex numbers a (for details of the proof see [30]). This implies that if f
takes the value a less often than average so that N(r, ﬁ) is relatively small, then
the proximity function m(r, y%a) must be relatively large. And vice versa. This
reasoning can be illustrated by the exponential function, e®. Since e* # 0,00 we
have that N(r, e?) = N(r, =) = 0. The First Main Theorem states that m(r, e*) and
m(r, 1) must be large and this is certainly true since m(r, ¢*) = m(r, ;r) = Z. This
means that on any large circle there must be a large part on which e is close to zero
and another large part on which e* is close to infinity. And we can see that this is
the case by observing that the exponential is very large in most of the positive half

plane and very small in most of the negative half plane.

Using The First Main Theorem we are able to prove the following result

Theorem 12 A meromorphic function f is rational if and only if T(r,f) =
O(log ).

For details of the proof see [30].

1.2 Applications to Differential Equations

We are now ready to start looking at how Nevanlinna theory can be developed as
a tool to assist in the process of solving differential equations. A useful starting
point would be to have an estimate for T(r, f’) in terms of T'(r, f). Since the
Poisson-Jensen formula gives us an expression for log|f(z)| it turns out that we can
estimate the proximity function of the logarithmic derivative f’/f more easily than

the proximity function of the derivative f’.

11




Using the Poisson-Jensen formula it can be shown that in a neighbourhood of zg

we have the following expression:

2T 18
log f(z) = ——/ log |/ (#/e® |"e,,+z
pe’

+ Zlog pra Z gt e

do

where ¢ is a real constant, 0 < r < p < R and p’ = (p+r)/2. Taking derivatives on

both sides with respect to z gives

fllz) 1 m iy 20/l
flz) 57?/0 log|f(r'e 0)|md6

- a; 1 “ 1 b,
Z(p'2—a,~z_a,-—z> +Z<bj"z—0’2—5j3>' (1)

j=1

Formula (1.6) is valid in a neighbourhood around 2 and in particular, at the point
2p. Since zg is arbitrary we have that (1.6) is valid everywhere except at the zeros
and poles of f. But since (1.6) assumes infinity on both sides when there are zeros

and poles we have that (1.6) is valid everywhere in the disk |z| < p'.

Since we want to estimate the proximity function of f’/f we take the modulus of

(1.6) and consider each term separately. We get

o (T o g )

Taking log™ of both sides, estimating the terms and integrating then gives

f'(z)
f(2)

IA

! 1 1 1
m r,f— < log* p' 4+ 2logt —— +logt T(p/, f) + log™ log™ +log -
—-T
f 4 [£O)]
1 1
+ 3log® p+ 3logt —— +3log* T(p, f) + 3log™ log" - +6log2
p—p | £(0)]
1
+ —+log+—r—-+510g2,
2 p—=r
ie.
m{r, =) < 4logT(p, f) + 4log* log* +5logt p
f [£O)]
1 1
+ 6logm —— +log* = +14. (1.7)
p—r r

(For more details of the above argument see [17]). Transcendental functions, f,

have the property that logr = o(T'(r, f)) as r — oo. Therefore we see that the only

12
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important term in the above lemma is the 4log® T'(p, f) term. But it turns out that
this term is also insignificant and this is shown using the Borel-Nevanlinna Growth

Lemma [9] which is the following.

Lemma 13 Let F(r) and ¢(r) be positive, nondecreasing, continuous functions de-
fined for ro < 1 < 00, and assume that F(r) > e forr > ro. Let &(x) be a positive,
nondecreasing function defined for e < x < co. Let C' > 1 be a constant, and let &
be the closed subset of [ro,00) defined by

E= {r € [ro,00) : F ('r + 5&%» > CF(T‘)}
Then, for all R < oo,

/ dr<1+1/F(R)d
Enro,r) O(r) ~ E(e) logC ), xé(z)

Proof. To simplify notation set

If E is empty then the lemma is proved, hence we can assume E is non empty. First
we construct two sequences {r,} and {s,}.

The first point in the sequence {r,} is ry (given above). Suppose {r,} has been
defined. Then each s, is defined in terms of r, in the following way. If there is no
s > 1, such that F'(s) > CF(r,) then our sequences are complete. Otherwise, by the
continuity of F' (see diagram below), there exists an s > , such that F(s) = CF(ry).

v

We take
s, := smallest s > 7, such that F(s) = CF(r,).

13




Proceeding inductively we define
Tny1 := the smallest » € E with r > s,,.

If 7,41 does not exist then our sequences are complete.

We now show that either the sequence {r,} is finite or 7, — o0 as n — oo.

Suppose the sequence {r,} is infinite. Then for all j we have that
F(rjy1) > F(s;) = CF(rj) (by definition F' is nondecreasing and r;;1 > ;).

Hence,
F(rpy1) > CF(rp) > C*F(ry_y) > -+ > C"F(ry), (1.8)

and this implies F(r,) — oo as n — oo and therefore 1, — 00 as n — 00, as

required.

We now use our sequences to show that E has finite logarithmic measure. Fix
R < 0o then take
N := largest n such that r, < R.

If sy does not exist then let sy = R. By definition we have that the set E N [rg, R]

is contained in N

U [T, Sn)-

n=1

Hence

dr X dr
Lonio = 21 50

Atro.R] P(77)

(¢ is nondecreasing)

IA
)=
T
Sle
S/ﬁ

Now since 7, € E we have
F(ro + h(ry)) > CF(rn) = F(sn),

and this implies
T+ h(rn) > Sn,

and therefore
0< sy —1n < h(ry).

14




Thus we have

. dr N h(rs)
/Eﬂ[ro,R] ¢(T) = Zl¢(rrz)

<Y (by (1))

But
N 1 N
= +
; §(C’"”1F(r1)) F(Tl ; f Cn 1F 7‘1)
al 1
= F( )+ ; £(exp(log E(r1) + (n = 1)10g 0))
1 1 log F(r1)+(N—-1)log C dv
< .
- (F(Tl)) IOgC log F(r1)+logC E(ev)

By (1.8) and the definition of N we have
CN7F(r)) < F(ry) < F(R).

Hence
log F(r1) + (N — 1)log C < log F'(R)

and therefore

ad 1 1 [leF(R) gy

; £(Cn- 1F (1)) = E(F(r1)) M logC', log F(r1) £(ev)
_ 1 1 F(R)
T EF() " 108C Jrgy wE@)

The lemma follows since F(r1) > e and £(z) > &(e) for e <z < c0. O

Corollary 14 Let T : [rg,00) — [1,00) be a continuous, nondecreasing function.

Then
T <7- + T(lr)) < 2T(r) (1.9)

outside of a possible exceptional set Ey C [rg, 00) with linear measure < 2.

Note that Corollary 14 is often referred to as the Borel Lemma. Due to the excep-
tional set in the Borel Lemma we introduce the S(r, f) notation. A quantity which
is of the growth o(T'(r, f)) as 7 — oo outside of a possible exceptional set of finite

linear measure, is denoted by S(r, f). We now have

15
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Theorem 15 Let f be a transcendental meromorphic function. Then

m (r, l}-) = S(r, f).

If f is of finite order growth, then

m (r, ’%) = O(log).

Proof. By equation (1.7) we have

!
m(r,f—> < 4logt T(p, f) + 4log* log* +5logt p

f If( 1£(0)]

1 1
+ 6logt —— +logt =+ 14
p—r r
4log* T(p, f) + S(r, f),  if f is transcendental,

4log* T(p, f) + O(logr), if f is of finite order growth.

If we can show that 4log®™ T(p, f) = S(r, f) then we are done. Fix r sufficiently

large such that T(r, f) > 1. Choose p = r + then by Corollary 14 we have

T(f

T(p,f)=T <r+ ,f) < 2T(r, f),
T(r, f)
outside of a possible exceptional set of finite lincar measure. This implics

log™ T(p, f) - log* (2T(r, f))
T(r, f) T(r, f)

outside of a possible exceptional set of finite linear measure, as required. [

— 0, as r — o0,

Corollary 16 Let f be a transcendental meromorphic function and k > 1 be an

(k)
m (r, fT) = S(r, f),

and if f is finite order of growth, then

m (7', T) = O(logr).

integer. Then

Corollary 17 For any transcendental meromorphic function f,

T(r, f) <2T(r, ) + S(r. f).

16




Proof. The corollary follows by noting that

m(r, fy=m (7’, f,Tf> <m (7', f7,> +m(r, f)

and
N(r, f'y <2N(r, f). W

The Lemma on the Logarithmic Derivative is an integral part of the proof of the
Second Main Theorem, one of the deepest results of Nevanlinna theory. In addition,
logarithmic derivative estimates are crucial for applications to complex differential

equations.

Consider equations of the form

= R(zf), (1.10)

We make the following which comes from [30].

Definition 18 Let R(z, f) be rational in f with meromorphic coefficients. A mero-
morphic solution, f, of equation (1.10) is called admissible, if T(r,o) = S(r, f)
holds for all coefficients a(2) of R(z, f). Note that if the coefficients a are rational

then any meromorphic solution is admissible if and only if it is transcendental.

By proving the Malmquist Theorem we will find that if (1.10) possesses a non-

rational meromorphic solution then it must reduce to

= aa(2)f? + au(2) f + ao(2), (1.11)

where at least one of the coefficients ; does not vanish. Hence by demanding
an admissible solution we are led to the the Riccati equation (1.11). The Riccati

equation is special since it can be linearised.

The following result is the Valiron-Mohon’ko Theorem, see [30] Theorem 2.2.5
for the proof, it tells us about the characteristic function of rational functions with

meromorphic coefficients in S(r, f).

Theorem 19 Let f be a meromorphic function. Then for all irreducible rational

functions in f, _
_Ple]) _ Tlpaa)f
A f) - b

R(z, f) (1.12)

17




with meromorphic coefficients a;(z),b;(z) such that

T(r,a;) =S(r, f), i=0,...,p (1.13)
T(T"bj) :S(T7f)7 ] =O’ ’q,
the characteristic function of R(z, f(z)) satisfies
T(r, R(z, f)) =dT(r, f) + S(r, f), (1.14)

where d = max(p, q).
The following theorem is the Malmquist Theorem.

Theorem 20 Let R(z, f) be rational in f with meromorphic coefficients. If the dif-
ferential equation (1.10) possesses an admissible meromorphic solution, then (1.10)

reduces to
= a(2)f*+ a1(z) f + o (2)

where at least one of the coefficients c;(z) does not vanish.

Proof. Let
o(2) + a1(2) f +--- +a,(2) f*

R(Z,f) = b(](Z) +l_)1(z)f+ RS bq(z)fq

and
d := max(p, q).

Equation (1.10) and Theorem 19 imply that
dT'(r, f) + S(r. f) = T(r, R(2, f)) = T(r, f)-
Hence by Corollary 17 we have
dT'(r, f) + S(r, f) < 2T(r, f),

i.e.

2—d)T(r, ) 2 S(r, f).

This implies d < 2.

With d < 2 equation (1.10) becomes

(1.15)




for some o € C. Then (1.15) becomes

g = (2)atan(z)+a2(2)0?) g+ 2az (2)at a1 (2)) 9 + 4 (2) g*

| =

(bi(2)a+bo(2) +02(2)02) %+ 2o () a4 b1 (2)) g+ b2 (2) O
Choosing « such that the g* cocfficient in the numerator is non-zero and using the
same argument as above we have that deg (g) < 2. Since we have a degree four
polynomial divided by a degree two polynomial that has a maximum degree of two
the right hand side must cancel to a degree two polynomial. Since g is irreducible
this implies b1(z) = ba(2) = 0.

Therefore equation (1.15) is actually the Riccati equation. I.e.

= 0g(2)f2 + a1 (2) f + ao(2),

where

j=0,1,2. O

The following theorem is the Clunie Lemma, it has numerous applications to the

study of complex differential equations, and beyond.

Lemma 21 Let f be a transcendental meromorphic solution of
fPP(z, ) =Q(z f),

where P(z, f) and Q(z, f) are polynomials in f and its derivatives with meromorphic
coefficients, say {ay : A € I}, such that m(r,ar) = S(r, f) for all X € I. If the total
degree of Q(z, f) as a polynomial in f and its derivatives is < n, then

m(r, P(z, f)) = 5(r, f).

Proof. We split the proximity function of P into two parts by defining
Ey = {p €[0,2n]) : |f(re"¥)| < 1},
E2 = [O, 27T]\E1

Now we have

2nm(r, P(z, f)) :/ log™ |P|dg0+/ log™ | P| dep.
E; Es

First we consider F;. Each term of P is of the form
L,
ax(z)flo- - (f¢)™.
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Hence P can be expressed in terms of A = (ly, ...,[,). Therefore

5) =Y Bz = Y a@f ()" - (1)

rel Ael

Therefore

/mgmw=g/M|Z@ @) Fo(f) - (FO)) do
Er

Ael

E)éhm|aufw Y (F9)* 1 dg + O(1)

xel

Zém(mmf

Ael f

= Z/ (log |a)\ |+1110g

Ael

+5(r, f)

~ 27‘(‘2! ra,\)—i-Zlm( )]+5(7‘ f)

Ael

= S(r, f), (1.16)

[N

lo ‘f(u) b
/

fl
7T

IN

> dp + S(r, f)

o+ 1, logt

)

r

by our assumption in the lemma and Corollary 16.

Now we consider Fy. To do this case we note that

But

Qzf) = Y )

aed

= @) ()

red
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By our assumption l; +---+ [, <nforall A = (lo,-.-,l,) € J. Hence we have

logt |Plde = 1 ba(z) fo(f ) - (fN) | d
/Ebogll(p /Ezog fn,\EZJ)‘ z) f( (f*) ¥
lo { £1 )\
7, @) fo U O]
JL ;f" S U TR T
f’ b lu)
< log*t | |ba(2)] : de + S(r, f)
Sk (ol
= 0 z ° v 10 Y
xeJ 5 I Hog” " f ’
+S(7‘ f)
= 27er(r by) +Zlm( f()>+5(7”,f)
xeJ

Combining (1.16) and (1.17) gives us the lemma. O

1.3 Nevanlinna’s Second Main Theorem

A very important theorem in complex analysis is Picard’s Great Theorem [43]. It
states that every non constant entire function attains every complex value with
at most one exception. Nevanlinna offered a deep generalization of Picard’s Great
Theorem in the form of his Second Main Theorem. The First Main Theorem tells us
that for every complex number a the sum m(r, a, f)+N(r, a, f) is largely independent
of a. The Second Main Theorem tells us that in general it is the term N(r,a, f)
that is dominant in the sum N +m and also that for most values of a the equation

f(2) = a has mostly simple roots.

Theorem 22 Let f be a non-constant meromorphic function, let ¢ > 2 and let

ai,...,a, € C be distinct points. Then

+Z ( _an>§2T(r,f)+S(r,f)-

Proof. Throughout this proof we will make use of proposition 10 without reference.

Denote

1




Using the First Main Theorem we have

im@ﬁ@)=fﬁ< =) % (w)

2 o

But by the Valiron-Mohon’ko Theorem we have that

qT(r, f) =T(r, P()) + 5(r, f)-

We also have that

2r(rw) - V(a)

n=1

Since # can be expressed as a partial fraction (for some constants o, € C) we

n=1

"(7)
zq: w+m< fil ) +0(1)

n=1

IN

—log On

S(r, f) by the logarithmic derivative result, Theorem 15.

Hence we have

Son(r ) = nlo) roes

= m (r, %)-%) +S5(r, f)

< m ('r, %) + S(r, f).

Using The First Main Theorem this implies

Yo (np ) € )N (np) + S

n=1

= m(r,f)+N(r f)—N < ;) +3(r, f)-

[aTa}




Now using

!

T, f7> =m(r, f) + S(r, f), by Theorem 15,

mr. ) =m (15 ) < mirpym (

we have

Y m (T’f—lan> < m(r,f)+ N, f)—-N <r, %) +5(r, f)

n=1

= T(rf)+ N(r, f)—N(,f)—N (r, %) + S(r, f).

Therefore we have

m(r, )+ m ( 7 - ) < mn f)+T(r, f) + N(r, /)

. _N( f)= N <7~, %) +5(r, f)
= 2T(r, f) - (N (r, %) +2N(r, f) — N(r, f’))

+S(r, ).
Now if we can show
1 !
(N (r, 7) L 2N(r, f) = N(r. f )) >0,
we are done. To do this we show that
N(r, f')y = N(r, )+ N(r, f),

where N(r, f) is the counting function for distinct poles of f, i.e.

_ / a(t, f) —n(0, f)

N(r, f) = . dt + a0, f)log r,

where 7i(r, f) is the number of poles (not counting multiplicities) f has in the disc
|z| < 7. And we see that this is true by substituting n(r, f') = n(r, f) + n(r, f) into
the definition for N(r, f'). Hence we have

2N(r, f) = N(r, f') = 2N(r, f) = N(r, f) = N(r, f) = N(r, f) = N(r, f) 2 0,

and therefore

23




as required. [J
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Chapter 2

Existence and Growth of
Meromorphic Solutions of some

g-Difference Equations

Introduction

This chapter is mainly a review of known material from [42], [7] and [18].

In this chapter we start to look at how the Nevanlinna theory introduced in chapter
one can be applied to studying meromorphic solutions of g-difference equations. A
natural class of equations to consider are linear equations and autonomous first order

non-linear equations.

In the first section we look at a natural class of autonomous first order non-linear

g-difference equations, i.e. the Schroder equation

f(gz) = R(f(2)), (2.1)

where ¢ = R'(0), |q| # 0,1, and R(f) is a rational function in f. We show that
the Schroder equation (2.1) has a convergent power series solution f(z) = z
in a neighbourhood of z = 0, where R is a rational function in f with constant

coefficients and ¢ is not a root of unity.

In the second section we look at the growth of meromorphic solutions of the

general linear g-difference equation.

n

S ai(2)f(72) = Q(2), (2:2)

j=0
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where 0 < |g| < 11is a complex number, and a;(z), j =0,1,...,n and Q(z) are ratio-
nal functions and ag(2) # 0, a,(z) = 1. Linear g¢-difference equations with rational
coefficients do not always admit meromorphic solutions, even if the coefficients are
constants. Bergweiler, Ishizaki and Yanagihara gave sufficient conditions for the
existence of meromorphic solutions of linear g¢-difference equations, and character-
ized the growth of solutions in terms of the Nevanlinna characteristic T'(r, f) [7].
They concluded that all meromorphic solutions f of a linear g-difference equation
with rational coefficients satisfy T'(r, f) = O((logr)?), from which it in particular
follows that all solutions are of zero order growth. In the next chapter we will de-
velop Nevanlinna theory for the ¢-shift operator acting on zero-order meromorphic

functions.

It was shown by Gundersen et al. [18] that the order of growth of solutions of the

non-autonomous Schréder g-difference equation

fgz) = R(z, f(2)),

where R(z, f(z)) is rational in both arguments, is equal to log,(deg; ), where log,
is the g-based logarithm. In section 3 we show how their result implies a g-difference
analogue of the Malmquist Theorem [32].

2.1 The Existence of Solutions of Schroder’s

Equation.

The following is an expanded form of the argument given in [42] .

First take @ to be a fixed point of R, i.e. R(a) = a (if we assume R(f(z)) #
f(2) + k for some constant k, we know « exists, this is because to find o we must
find the roots of a polynomial with degree greater than one). We define g(z) by
g(z) := f(z) — «, then by (2.1) we get

a+g(qz) = R(a + g(2)) = a + R(g(2)),

where
R(g(2)) = R'(o)g(z) + -

Hence we can transform equation (2.1) to the equation
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and this equation has solution g(z) = 0. Therefore without loss of generality we

assume R(0) = 0 and look for a series solution of the form
f(2)=24+b2%+---. (2.3)

Equation (2.1) implies that in order for solutions to exist we must have R'(0) = g,
therefore we make the assumption that R'(0) = ¢ and write R in the form

R(z) = gz + a2 + az2® + - - -, q #0. (2.4)

2.1.1 Formal Series Solution

We seek a solution to (2.1) in terms of a formal power series as in (2.3). Under the
assumption that g is not a root of unity, comparison of coefficients will give rise to
exactly one solution, which we will call the Schroder series. We now prove that this
is the case inductively.

The first coefficient b; is 1. Let n > 2, and assume that the coefficients by
(1 < k < n) have been determined so that both sides of (2.1) agree in terms of order
k<mn.

Subtract qf(z) from both sides of (2.1) to get

flqz) = af(2) = R(f(2)) — af(2).

Then using (2.3) and (2.4) we get

querzqz —qz—zbrqz =qf(2)+ Y a(f(2)) — af(2),
=2

i.e.

> (0 = bt =D a(f(2) (2.5)
1=2 1=2
On the right hand side the z" coefficient is a polynomial in a; (I =2,...,n) and by
(k=2,...,n—1), hence the right hand side is known. On the left hand side the z"
coefﬁc1ent is (q —q)b,. Since q is not a root of unity we have ¢"—¢q = q(¢"~'—1) # 0

and therefore we can uniquely find each b, by recursion.

2.1.2 Convergence of Formal Series Solution
We will prove the convergence of (2.3) by showing that there is a series of the form
=Y By2", (2.6)
n=1
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where B, > |b,|, n € N, which converges for |z| < Ry for some Ry > 0. The function

F is said to majorize f.

Since (2.4) has a non-zero radius of convergence there exists a positive number a
such that |an;1| < a®, n € N. Substituting Z := az into (2.4) we get
z z £ 2
R{=)=q¢=+a>5 +a5+--.
a a a a

Taking R(2) := aR (£) we get

5 22 23

%1?(2) =q§+a2¥+a3$—|—--'
Finally taking a, := 327 we get
R(3) = gz + a93% +as2® +---.
We are therefore able to transform our series (2.4) to a series such that
lans1] < 1, Vn € N. (2.7)

Therefore without loss of generality we assume (2.7) holds for (2.4). Also since q is

not a root of unity and |gq| # 1 we have that there exists ¢ such that
lg"t —q| > ¢ >0, (n=0,1,2,...).

By (2.5)
Pa(ao, -+ ansba, - - - bn1)

¢—q
for some polynomial P, for all n > 2. Hence

b, =

1Pa(1,.... 1, b, b))
C

ba] <

for all n > 2. Therefore we define the sequence B, inductively by taking B; = 1

and
B |P.(1,...,1,Bs,..., By_1)|

c
It then follows by induction that |b,| < B, for all n € N. By (2.5) we have

o o0

":Z(z+3222+...)n,

L]
O
:tu
I}

i.e.




We have shown that if the solution of equation (2.8) exists then it majorizes f.

The series
1 o0
=F - = "

converges for |F| < 1. Differentiating with respect to F' we find that

dz

iF =L

F=0

Hence by the Inverse Function Theorem the series has an inverse which converges
in a neighborhood of z = 0. This implies that the series for f converges in a
neighborhood of z = 0 also. Therefore there exists p > 0, such that the series for f
converges when |z| < p. Using equation (2.1) we find that the series for f converges
when |z] < |g|p. Arguing inductively the series for f converges when |z| < |g|"p for

all n € N. This implies that we can find f(z) for any z € C (since we have assumed
lgl <1).

2.2 Growth of Meromorphic Solutions of Linear

g-Difference Equations
The following is an expanded form of the arguments given in [7]. Consider the
following linear g-difference equation

mn

S ai(2) f(d2) = Q(2), (2.9)

j=0

where 0 < |g| < 1is a complex number, and a;j(z), j =0,...,n and Q(z) are rational

functions and ag(z) £ 0, a,(z) = 1. We have the following
Theorem 23 All meromorphic solutions of (2.9) satisfy T(r, f) = O((logT)?).

Proof. Since @ and q; are rational functions we can choose R so that ) and a;

have no zeros (unless they are identically zero) or poles in the set
Br:={z€C:|z| > R}.

We now show that n(r, f) = O(logr) by estimating how many poles f has in the
set Bg.

Let s = %, w € By and suppose w, sw, . .., s" w are not poles. Then by equation
(2.9) s"w is not a pole. By induction it follows that s’w is not a pole for any

j€N. (Le. w,sw,...,s" *w are not poles implies slw is not a pole for all 7 € N).
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Therefore we find that for every pole, w, such that |w| > |s|*R, there exists a pole
in the annulus
Dr:={2€C:R<|z| <|s|"R}.

Since f is meromorphic, Dy contains a finite number of poles. Call them wy, ..., wp,.

Hence we have that every pole of f in Bg belongs to the set
{sfw;:jeNle{l,...,m}}

In order to estimate n(r, f) we fix 7. Then n(r, f) is less than or equal to n(R, f)

(a constant) plus the number of terms of the form s’w; (I € 1,...,m) such that

log r—log |w;|

oalsl - Therefore

|swy| < r. Fixing { we have that |s7w;| < r if and only if j <
for each [ € {1,...,m} we have that

, log r — log |w|
1,...
e [ )

where here the square brackets are used to denote the integer part. Thus for all

l€{1,...,m} there are O(logr) poles of the form s7w;. This implies

n(r, f) = O(log).

Therefore
/ "tf) )dt+n(0,f)10gT
0
/Rn 0f)dt+/rn(t’f);n(o’f)dwn(o,f)logr
. R
= O((logr)? ) (210

To estimate the proximity function, m(r, f), we will use the maximum modulus,
M(r, f). The maximum modulus is only defined when f does not have poles. As
described above for > R, f’s poles have modulus |s’w;}, [=1,...,m,j=1,...,n.
Hence if we fix T € [R,|s|"R] such that |s’w;| # T for all j € {1,...,n} and
l € {1,...,m}, we have that f has no pole with modulus |s}’T for any j € N. We
therefore have the inequality

m(|s|*T, f) < log M(|s|*T, f) < log My, := L, (2.11)

where
My := max M(|sPT,f)+1
7=0,1,...k
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We now show that L, < Ck? (k € N) by first showing that My < |s|B¥Mj_4, for

some positive constants B and C. First let
J:=min{j : My = M(|s{'T, f) + 1}.

We must have that either J < k or J = k. If J < k then by definition we have
M, = My_;. If J = k then My = M(|s|*T, f) + 1. Therefore we have two cases to

consider
Case 1 M, = M;_;.
In this case we clearly have M, < |s|B¥ M}, straightaway.
Case 2 M, = M(|s|*T, f) + 1.
By rearranging equation (2.9) and taking the maximum modulus we have
1< :
M(r,f) = M (7", %Zaj(z)f(q%) + Q)

Jj=1
n

AN

[M (r, %) M(r, f(qu))] +M(r, Q).

7=1
Since the a; and Q are rational functions there exists A such that

M(r,ﬂ)zO(rA) 7=0,...,n

Qg
and
M(r,Q) =0(r")
Hence
M, f) <7 (Z M(JaPr, f) + 1) . (2.12)
j=1
It follows that for £k > n we have
M(sfFT, £) < (Is|*T)* ( M(|s|*7T, f) + 1)
j=1
k-1
= (]s/*1)" ( M(|sP'T, f) + 1)
j=k-n
k—1
< s|FATA ( M; + 1)
j=k-n
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Thus we have
My < |s|B*My_4

for some B > A and all k£ € N. Taking logs we have
log M, < (Blog|s|)k + log M1,
ie.
Ly < Ck+ Ly,

where Ly := log M, and C := Blog|s|. We see that L; < C + Ly and from here
prove by induction that

k
Ly < C) j+Lo
j=1

k(k +1)

= C 5

< Ck,

+ Lo

for large k.

Going back to the inequality (2.11) we have

m(|s|*T, f) <log M(|s|*T, f) < Ly, < Ck”.

But
k2 — k2 10g|8| 2
log [s|
log |s]*\*
log [s|
_ (log(|s|*T) —log T ?
- log |s| ’
hence

(2.13)

log(|s|*T") — log T) 2

m(str, sy < ¢ (PR

Combining (2.13) and (2.10) we obtain
T(r, f) = m(r, ) + N(r, f) = O((log)*)

for r = |s|*T, k € N, k — oco. But since T'(r, f) is an increasing function we are
able to prove that the last equation also holds if r — oo through any sequence of

r-values. []
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Theorem 24 All transcendental meromorphic solutions of equation (2.9) satisfy

(logr)* = O(T(r, f)).

Proof. As in the proof of Theorem 23 we take s = % and choose R so that the @

and a; have no zeros or poles in the set
Br:={2€C:|z| > R}.

We have two cases to consider. Either f has infinitely many poles or f has finitely

many poles.
Case 1: f has infinitely many poles.

The argument at the beginning of the proof of Theorem 23 states that if there are
no poles in
Dr:={z€ C:R<|z| <|s|"R},

then there are no poles in Bg. Therefore if there are infinitely many poles in Bp,
then there is at least one pole in Dg. The same argument works for any S > R.
Thus if for |z| > R we partition the complex plane into sets of the form

C;:= {z: R|s|"V" < |z| < R|s|™},
then each C; has at least one pole for all i € {1,2,...}.
If we fix 7 > R, then we have that there exists ¢ € {1,2,...} such that
RJs|=Y" < r < R|s|™.
This implies n(r, f) > i — 1. We then have

logr < log R+ inlogls|
< log R+ 2nlog|s|n(r, f),

provided our original r was chosen large enough. It immediately follows that

logr = O(n(r, f)).
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Finally we have

I
" Klogr — n(0, f)
>/ 0

for some K > 0. This implies that

(logr)? = O(N(r, f)),

and hence
(log r)2 = O(T(r, f)),

as required.
Case 2 : f has finitely many poles.

Without loss of generality we assume f is entire. If f is not entire then there exists
a polynomial, P(z), such that f := P(2)f(z) is entire and solves an equation of the
form (2.9). If we can prove the result holds for f then we have that the result holds
for f, since T(r, f) = T(r, f) + O(log ).

The idea of the proof here is to prove the result holds for log M(r, f) and then
apply proposition 11.

We write equation (2.9) in the form

—

- n

w(2)f(d'z) ==Y as(2)f(@2) = Y ai(2)f(d'2) +Q(2),

J j=l+1

Il
=]

for 0 <1 <n. For m € N, m > [, we take the modulus and evaluate at |z| = |s|"R
with z taken such that M(|s|™ 'R, f) = |f(¢'2)|. We then obtain

-1
|a(2)|M(|]s|"'R. f) < Z (2)|M(|s|™ IR, f)+ Z la;(2)|M(}s|" 7 R. £)+|Q(2)] .
7=0 =l

Since the a; and @) are rational we can assume that

|a;(2)] ~ ¢jl2|®

and

Q(z) ~ Alz”
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as |z| — oo, where ¢;, A >0 and dj,y €Z, j =0,1,...,n. Also for i € N we define

T = M(IS!iRa f)

By the maximum modulus principle, (7}) is an increasing sequence and therefore

our estimate becomes

aR%|s|™T,,_,

-1 n
< (1+40(1)) (Z CRY|s|™ 5 T + Y c,-Rdj|slmdme_z_1> + ARY|s|™.
j=0 j=l+1

Considering the above estimate with m = kl where k € N, k > 2 yields

C[Rdl |3|klle(k_1)l

-1 n
< (1+0(1)) (Z ¢; RY | s|* U Ty + Z chdj|s|kldjT(k_1)l_1> + AR|s|*.
j=0 j=i+1
Define
d:=max{d;:5=0,1,...,n}
and choose

| = min{j : d; = d}.

Then we have dj; < d—1for0<j<!—-1landd; <dforl+1<j<n Our

estimate then becomes

ClelslkldT(k—l)l

-1 n
< (1 + 0(1)) (Z Cde—llslkl(d—l)Tkl + Z chdl‘S'kldT(k—l)l_i) " /\R7l8|k”-
3=0 j=l+1
It follows that
Ty < Als| ™M T + AsTip-1yn + As|s[M0~9 (2.14)

with positive constants A;. (Note we chose [ in order to get the |s|™ factor in the

Ty, term.)

Since log M {(ar, f) is convex in logr and since f is transcendental,

Merf) | o M)

M(r, f) a

— X
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as r — oo for each o, € R, a > 1. This implies that

i

T;
— o0 and — — 00 (2.15)
i-1 e

for each > 0 as ¢ — co. Therefore provided we take k large enough it follows that

1
AdT(j1yi—1 < ;‘))'T(k—l)l

and .
A3|S|kl('r—d) — A3|3|l(v—d)|S|(k—1)l(v—d) < gT(Ic—l)l-

Thus for sufficiently large k (2.14) becomes
Te—1y < 3A1|s| ™M T
We put Sy := Ty, then for B <[ we have
Sk > |sP* Sk

for all large kK € N. We now argue in a similar way to the proof of Theorem 23.
Taking logs we have
log S > (Blog|s|)k +log Sk-1,

i.e.
Ly > Ck+ Ly,

where L := log Sy and C := Blogl|s|. We see that L; > C + Ly and from here
prove by induction that

Ly

v

k
C> i+Lo
j=1

k(k+1)

T

Ck?

log |s|*'R — log R\
llog |s|

+ Ly

v

for large k. Therefore we conclude that

log M(r.) 2 (‘oarers - ol1) ) g )

(log]s|)

for r = |s|*R, k € N, k — oco. Since the maximum modulus and log functions

are increasing we have that the above result holds for any sequence of r-values.
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Therefore using proposition 11 we arrive at
(logr)? = O(T(2r, f))
as r — oo. It then follows that

(logr)* = O(T(r, f))

as 1 — 00, as required. [

Note that if in equation (2.9) we had |q| > 1 we can make the change of variables
¢ = q"z. Then we can apply Theorem 23 and Theorem 24 taking our ¢ shift to be
A 1
q

q

2.3 A g¢-Difference Analogue of the Malmquist

Theorem

Ablowitz, Halburd and Herbst [2] considered discrete equations as delay equations
in the complex plane which allowed them to analyze the equations with methods
from complex analysis. The equations they consider to be of “Painlevé type” possess

the property that they have sufficiently many finite-order meromorphic solutions.

Heuristically if we make a change of variables, i.e. if we take x := ¢* we are
able to transform a difference equation into a g-difference equation. This suggests
a logarithmic change in the growth of the solution, i.e. it suggests that difference
equations that possess finite order growth solutions have g-difference analogues that
possess zero-order growth solutions. We stress here that this argument is only
heuristic and not a proof for the following two reasons. Firstly making the change
of variables x := ¢* does not necessarily preserve the singularity structure. For

example, suppose that g(z) was a meromorphic solution of the difference equation

Qz, g(2),9(z +¢c1),...,9(x +¢,)) =0.

Making our change of variables gives

log z
Q e n =0, 2.
(2,10, s S0 (2.16)
where f(z) := g(z) and ¢; = ¢§, j = 1,...,n. Equation (2.16) shows that after a
change of variables the solution can become branched. The second reason is that
our results rely on Nevanlinna theory. In Nevanlinna theory we need our solutions

to be valid on disks |z| < . Making the change of variables z := ¢* maps disks to
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other regions, so knowledge of how g grows on disks |z| < 7 does not immediately
translate into knowledge of how f grows on disks |z| < R for some R > 0. For

example suppose ¢ > 1, then if z = ¢* we have

|z| < r
if and only if
"] <r
if and only if
logr
Re(z) < I_(EE

Therefore in this case, x in the disk of radius r corresponds to z in a ‘half plane

type’ region.

In the above section we showed that a general linear g-difference equation pos-
sesses solutions with zero-order growth. Valiron has shown that the non-autonomous
Schroder g-difference equation

Fla) = Rie 1(2) = 2 ; b((;ﬁ;

(2.17)

where the coefficients a;(z),b;(z) are meromorphic functions and g is a complex
constant, admit a one parameter family of meromorphic solutions, provided that
g € C is chosen appropriately [44]. We ask the question, what are the necessary

conditions for (2.17) to possess meromorphic solutions with zero-order growth.

Let d := max{m,n} where m and n defined as in (2.17). We make the following

definition in analogy with the differential case, definition 18.

Definition 25 Let R(z, f) be rational in f with meromorphic cocfficients. A mero-
morphic solution, f, of equation (2.17) is called admissible, if T(r,o) = S(r, f)
holds for all coefficients a(z) of R(z, f).

In [18] the following lemma and theorem are proved.

Lemma 26 Suppose that |q| < 1 and that f(z) is an admissible solution of an
equation of the form (2.17). Then d < 1.

Theorem 27 Suppose that f is an admissible solution of an equation of the form

(2.17) with |q| > 1. Then
log d

p(f) =Tzl

Combining the above lemma and theorem we have the following
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Theorem 28 Suppose equation (2.17) admits a zero-order meromorphic solution.

Thend=1. Le.
ao(2) + a1(2) f(2)

We substitute ( )
ai{3) (9(z) —g(2)
RGN EEREY
by (E) 9(2)

into (2.18). This yields

—b, (g) (a1 (2) by (5) bo (2) + ar (2) b1 (2) aq (g)) g9(2)
i (2) (oo (2) @)+ (Z)neane)6)
o Jtain CJoe)

which is a linear equation in g. Since (2.18) can be linearised, Theorem 27 sug-

gests that the existence of zero-order meromorphic solutions is a good detector of
integrable g-difference equations. And since (2.18) can be linearised we call it the

g-discrete Riccati equation.
Example 1

Consider the following 2-difference equation

1 f(z)

(22) = ——7——. 2.19
e2) = L7 (2.19)
Equation (2.19) is an example of a discrete Riccati equation. If we let g(z) := f(lz),
then (2.19) becomes the linear equation

9(22) = z + zg(2). (2.20)

This equation was considered by Wittich [45] who showed it can be solved by

o0 n

zZ
9(=) = ooy (2.21)

n=1

which is a transcendental function of zero-order. Hence (2.19) possesses a zero-order

meromorphic solution.

Example 2
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Consider the following two g-difference equations of the form (2.17) from [18],

(22) = —1 +2f(2)?, (2.22)

f
flln+1)z2) =€ f(2)™ (2.23)

Equation (2.22) has the solution f(z) = cosz, which is meromorphic. Equation
(2.23) has the solution f(z) = e*. Note that both these solutions have order 1, they
are not zero-order because the equations are not of the form (2.18).




Chapter 3

The ¢-Difference Analogue of the
Lemma on the Logarithmic
Derivative with Applications to

g-Difference Equations

Introduction

This chapter contains most of the original work of the thesis. In it we derive a
g-difference analogue of the Lemma on the Logarithmic Derivative. The Lemma on

the Logarithmic Derivative states that

m (%) = ozt 1),
f

outside of a possible small exceptional set. This is one of the most important

results in Nevanlinna theory, it has many applications in the theory of meromorphic

functions and in the theory of ordinary differential equations. For example it plays

a major part in the proofs of the Second Main Theorem of Nevanlinna theory [36]

and Yosida’s generalization [46] of the Malmquist Theorem [32]. In this chapter we

prove the following theorem.

Theorem 29 Let f be a non-rational zero-order meromorphic function, ¢ € C.

mi\r,—— =0 ] 7 ’ s :;1

on a set of logarithmic density 1.

Theorem 29 is an analogue of the Lemma on the Logarithmic Derivative for g-
difference equations. It may be used to study zero-order meromorphic solutions

of g-difference equations in a similar manner as Theorem 1 applies for finite-order
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meromorphic solutions of difference equations. The restriction to zero-order mero-
morphic functions is analogous to demanding finite order of growth in the ordinary
shift case. For instance, all meromorphic solutions of linear and ¢-Riccati difference

cquations with rational cocfficients arc of zero order.

Concerning the sharpness of Theorem 29, the exponential function does not satisfy
(3.1) for any g € C, and so the assertion of Theorem 29 cannot be extended to hold

for all finite-order meromorphic functions.

In the rest of the chapter we use our result to study zero-order meromorphic solu-
tions of large classes of g-difference equations. One result is a g-difference analogue
of the Clunie Lemma, (see Lemma 21 or [12]). The original lemma has become an
invaluable tool in the study of non-linear differential equations. The g¢-difference
analogue gives similar information about the zero-order meromorphic solutions of

non-linear g¢-difference equations.

3.1 Analogue of the Logarithmic Derivative

Lemma

The natural g-difference analogue of the logarithmic derivative is

flgz) = f(2) _ f(g2)

= - 1.
f(2) f(2)
But since the contribution from the —1 term is not significant we work with the
quantity %q:)). As in the proof of the Lemma on the Logarithmic Derivative given

by [17] we start with the Poisson-Jensen Formula (1.1). This gives the following

Lemma 30 Let f be a meromorphic function such that f(0) # 0,00 and let ¢ € C
such that |q| # 0. Then,

n(n5E) = (o en(o7)) (Mgt e )

dlg —1frp e
=) — a7 (T(”’ D+log” | 77y D ’

where z = re'®, p > max(r, [¢|7) and 0 < 6 < 1.
Proof: Using the identity

2 2 »i0
p-—r — Re /)c'—i—z 7 2 = pei®
p* — 2prcos(p — ) + 12 pett — z
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and the Poisson-Jensen formula with R = p we see

2 , 2pze¥(q — 1 do
/ loglf(p616)|Re(( ./) ((1. ) )_2_7T

pe? — 2)(pe” — q2)

f(qz)

lani<p
2 _
- Z log (qz bm)(g _bmz)
2 | ) (0" Ba?)

where {a,} and {b,} are the zeroes and poles of f respectively.

Integration on the set F := {¢ € [0,2n] : ‘f qr’"e“;f))l > 1} gives us the proximity

function,
f(q2)> _ f(g2) dtlf
n (") = Ll
= /(Sl(rez )+Sg(rei¢)—53(rei¢)) 621—1/}
JE e
< [ 1510761+ [3:(re)] + 1Sa(re)) G2
E
We will now proceed to estimate each fo S;(r e"")l separately. Since
1 27 ] 2g —1 i0
S = [ [ toslitoeime () )
1 2p(g—1)r o 0
il 1 i
< gy Mol
2p(g = Lr ( , ( 1))
= ot —n| "ED TR
we have

o)

Viis 7,61'11) (—ji[)_ 4p|q——1‘7‘ +
[ sy < 2 (T 1o
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{bn}, we obtain

/0W(ISQ(T‘@“/)”—}—|S3(T‘ei’/’)|)(;—:f < Z /0‘"

[enl<p

Z /271' 10g+
0

lenl<p

+ Z/Ozwlog“'

[enl<p

+ Z/jﬂlogfr

lenl<p

27
+ Z /0 log™

lenl<p

= Z/%log"’
0

len|<p

27
+ Z /0 log™

lenl<p

27
+ Z /0 log*

len|<p

+ Z/()27Tlog+

[enl<p

log

IA

Define

Next we consider the cases j = 2,3 combined together. By denoting {c,} = {an} U

(qgre™ — c,)(p? — ere) || di
(re?¥ — c,)(p? — Cagre®) || 27

qre®¥ —c, | dip

re¥ —ec, | 2w

re¥ —c, | dy

gret¥ —c,| 2w

Pt —e,re¥ | dy

p? — Caqre¥| 2m

PP —Cugqre™| dy

p2 — cpre | 2m

1+ (g — Lre®| dy
re¥ —c, | 2w

- (g = Dre®| dyp
qre¥ —c, | 2w

1+ (¢ = Dnre™| dip
p? — Caqre® | 2m

- (g = DEre™| dp
p? —Gre | 27

glz) =1 +z) -1+ z°),

then ¢g(0) =0 and

g(z) =061 +2)°t —d2°! <Osince § —1 <.

This implies g(x) < 0, hence

1 .
Clog(l+1z) = glog(l-!—:c)d
1
< glog(1+x5)
0
< <
-4
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using the fact that log(1 + |z|) < |z| for all z. Therefore we have

2 W 2 AN
|y 4 la—Dre¥) dy (g—Dre®|\* dyp
/0 log™ |1+ re¥ —c, | 2w ~ 5 log™ {1+ re"l’ — Cp o
< / 2 re“ﬁ q -1) dv,/)
=3 eV — ¢, cn | 2w

_ g =1pr d/ di
B 28 Jo  |ret — |t

Then using Ire“" — |cn]| > 2ryp forall 0 < 4 < § we get

27 _ 116,48 5
/ o™ dy _ g1 / dy
0 2m 27 o |re® —|eall®

< Yg—1p0° / dyp
T o (Zry)

(g — Lre
ret¥ —c,

1+

g — 1
= =, 3.2
(1 —=19) (3:2)
and 2 ( ) i dd) | |5
" q— Dre qg—1
logt|1l - —~—| — < ——. 3.3
/0 ©8 qret¥ —c, | 2 ~ |q|%6(1 — 9) (33)
Again using the fact that log(1 + |z|) < |z| for all  we have
2 = i 27 - i
i —1)e,re’ | dy (g — D)e,re¥ |\ dy
log* |1 4 (= Venre™ ) dy / logt (14 [ = JXTC 1) 2¥
/0 B\t e | S )y % U e |) 2
< / 2| (g — 1)zare| dyp
— Jo | p?P—Caqre? | 27w
— I 1|r/27" Cn d"p
- o |p?—Guqre| 21’
Using the fact that for all a such that |a] < p,
a 1
pr—are¥| = p—r’
we obtain ) v
N -1 _'n” ¢ -1
/ log* |1 4 L= Vare?) &0 "’ - (3.4)
0 p* — Cuqre™ o = — lqlr’
and ) ol g
T -1 _‘n w -1
0 pe — Cnz 2w p—r

Combining (3.2), (3.3), (3.4) and (3.5) gives
o dip 1\ [(lg=1PU’+1) | la—1|r Iq—llr)
[, tsasisngs < (o0 (o)) (Mo o o)

45




The assertion follows by combining the obtained bounds for the S; terms. [l

If f(z) has either a zero or a pole at the origin, then, for a suitable p € Z, we
may write f(z) = 2Pg(z) where g(z) is finite and non-zero at the origin. Hence, by
taking K > max{1,|q|} and applying Lemma 30 with p = Kr, we have, for all r
sufficiently large,

o 148) 5 0 s en (1)

D,

+ ZT(Kr f)+0 (%) , (3.6)

where D; and D, are constants independent of » and K.

In order to deal with the T(Kr, f) term we use the following result which is a
special case of Lemma 4 in [24].

Lemma 31 Suppose T : R — R* is an increasing continuous function such that

Trloe T(r) _
r—oo logr

Then the set
E :={r:T(Cyr) > C.T(r)},

has logarithmic density 0, where C; > 1 and Cy > 1.

Proof. We prove this lemma in the following way. First we inductively define a
sequence {r,} so that the set F is contained in the intervals (rn,Cirn). We then

show these intervals have logarithmic density 0.

Let
ry := the least value of r such that r > 1 and r € E.

If r; does not exist then the lemma is proved. Also we take
Tne1 := the least value of r such that r > Cyr, and r € E.
Therefore we have that

EC U(rn,Clrn) = F'.

n=1
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Now if we can show E’ has logarithmic density 0 we are done. But

_ — 1 d
logdensE' = lim / a
r—ologr Jpnp. T

— 1 Girn gy
= Tm—— =
rggologr Z/,. T

ralrY’'n

— 1

where

k = k(r) := the largest integer, k, such that r, <.

By definition, for all n, 7, € E, hence we have
T(T‘) 2 T(Tk) Z T(Cl’f'k_l) Z CgT(Tk_l) Z ne Z Cg_lT(Tl) Z Cg_lT(l)

This implies

log% > (k —1)log Cs,

and therefore

klogC, = (k—1)logC +logCh
logCy, T(r)
log Gy %8 T(1)

log C
Tog Gy log T'(r) + O(1). | (3.8)

<

+ log C]

<

Substituting (3.8) into (3.7) we get

log Cy T—log T(r)
log Cyr—c0 logr
0,

logdensE’ <

from the assumption in the lemma.

To show that the n(Kr, f) term in equation (3.6) is small we first prove the

following lemma.

Lemma 32 Suppose f is a meromorphic function with order zero. Then for all

n € N the set
T(r, f)
271

E, = {r >1:n(r, f) <

has logarithmic density 1.




Proof:

N(Kr, f) = /0 ) - 2O S) 4t 4 n(0, f)log Kr

/K'r n(t, f) = n(0, f)
. t

Krn(t,f)
L [T,

) [ %

= n(r, f)log K,

A%

dt +n(0, f)log Kr

v

By Lemma 31, for any K > 1 we have N(Kr, f) < 2N(r, f) on a set of logarithmic
density 1. Therefore

2
log K

N(Kr, f) < ——N(r, f) <

(r,f) R

<

on a set of logarithmic density 1. If for a given n € N we take log K = 2", ie.
K =exp2™! > 1 then for all n € N the set

E, = {r21:n(7~)< T(;f)},

has logarithmic density 1, as required. [

The following lemma, together with Lemma 32 implies that for all meromorphic

functions, f, with zero-order, n(r, f) = o(T(r, f)), on a set of logarithmic density 1.

Lemma 33 Let T : Rt — R* be an increasing function, and let U : R* — R*. If
there exists a decreasing sequence, {cn}tnen, such that ¢, — 0 as n — oo, and, for
alln € N, the set

Foi={r>1:U(r) <c,T(r,f)}

has logarithmic density 1, then

on a set of logarithmic density 1.

Proof: Since each set F;, has logarithmic density 1 we have

— 1 dt
lim / — =1,
r—wlog T Jiirnr, 1
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which implies that for all n, there exists 7,, such that

1 dt 1
/ —>1—-—, forall r > r,.
log Jyrnr, n

dt 1
/ —> (1——) log r,
(1rnF, ¢ n

for all r > r,. We set F' to be the union of the sets [r,,7n41) N F, where n runs

through all positive integers. Then for all r € F' we have that
U(r) < e, T(r, ),

where n, — oo as r — oo. Since ¢, — 0 as n — oo, this implies that U(r) =
o(T(r, f)) on F. Therefore if we can show that F' has logarithmic density 1 we are
done.

Since for all sufficiently large r there is n so that r, < r < 7,41, we have

dt dt 1
- 2 —>(1—=)logr.
[rnF t [LrnF, b n

Dividing through by logr and taking the limit as n» — oo gives us that F' has
logarithmic density 1, as required. [

The following corollary is an immediate consequence of Lemmas 32 and 33.

Corollary 34 For all meromorphic functions, f, with zero-order, we have that

n(r, f) = o(T(r, f)),

on a set of logarithmic density 1. U

Now we are ready to complete the proof of Theorem 29. Applying Corollary 34
to equation (3.6) we get

(4

D
) < ol r, ) + (R ),
on a set of logarithmic density 1.

But by Lemma 31 we have that T(Kr, f) < 2T(r, f) on a set of logarithmic
density 1. Therefore we have

=m|T f(QZ) 0 T -2-& T
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on a set of logarithmic density 1. By taking K = 2" and applying Lemma 32 we

have that the set oD
F, = {’I‘Z 1:U(r) < _Qn_2 (r,f)}

has logarithmic density one. Lemma 33 then immediately implies

m <r, ff((qzz))> = o(T(r, f)).

on a set of logarithmic density 1, as required. [J

3.2 Applications to ¢-Difference Equations

The Lemma on the Logarithmic Derivative is a key component in the proof of the
Second Main Theorem, one of the deepest results of Nevanlinna theory. It is also
important for applications to complex differential equations. Similarly, Theorem 29
enables an efficient study of complex analytic properties of zero-order meromorphic
solutions of g-difference equations. In this chapter we are concerned with functions

which are polynomials in f(g;z), where q; € C, with coefficients a5(z) such that

T(r,ax(2)) = o(T(r, f))

on a set of logarithmic density 1. Such functions will be called g-difference polyno-
mials in f(z).

The following theorem is analogous to the Clunie Lemma [12]. It can be used to
study pole distribution of meromorphic zero-order solutions of non-linear g-difference

equations.

Theorem 35 Let f(z) have zero-order growth and be a non-rational meromorphic

solution of

F(2)*P(z, f) = Q(z, ),

where P(z, f) and Q(z, f) are q—difference polynomials in f(z). If the degree of
Q(z, f) as a polynomial in f(z2) and its q-shifts is at most n, then

m(Tﬂ P(Z, f)) = O(T(Tv f))’
on a set of logarithmic density 1.

Proof: We follow the reasoning behind the original Clunie Lemma, see, for instance,

[30], replacing the Lemma on the Logarithmic Derivative with Theorem 29.
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In calculating the proximity function of P, we split the region of integration into

two parts. By defining
Ey:={p €[0,2n]: |f(re¥)] < 1}

and
E2 = [0, 27T]\E1,
we have

onm(r, P(z,f)) = | log™ |P|dp+ | log™ |P|dey. (3.9)
E Es

First we consider F;. Each term of P is of the form

ax(2)f(2)° f(@z) - fqu2)™.

Hence writing with A = (lo, ..., 1),

%) =Y P(zf) =Y @@ fa)" - flaz)".

Ael Ael

For each A we have

| flare®)
rew

(qure™) |

|Pf\(rei‘p)| < 'a‘r\(rei(p) f(,,.eup

bl

whenever ¢ € E;. Therefore for each A we obtain

/Ellog | PA(ré’ )|—<m(r a) +O(; ( f;?;?)),

and so by Theorem 29 and our assumption in the theorem,

. d
[ tog" [PGre, 1)) 52 = o(T(r. 1) (3.10)
£ 2w
on a set of logarithmic density 1.

Now we consider E5. To do this case we note that

But
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By our assumption [y +--- + 1, <n for all v = (ly,...,l,) € J. Hence we have

1
1Pl = Wzbv(Z)f(Z)“’f(qlz)"---f(qFZ)’“
vyeJ
f( qlre“’ f q Te“’

< b (

S S ) |
Therefore by Theorem 29 again,

log" [P(re®®, )] 22 —
; og™" |P(re ,f)|§ = o(T(r, f)), (3.11)
2

on a set of logarithmic density 1. The assertion follows by combining (3.9), (3.10)
and (3.11). O

Let a and f be meromorphic zero-order functions such that T'(r, a) = o(T(r, f))
on a set of logarithmic density 1. Then a is said to be a slowly moving target or a
small function with respect to f. In particular, constant functions are always slowly
moving compared to any non-constant meromorphic function. The next result can be
used as a tool to analyze the value distribution of zero-order meromorphic solutions
f, with respect to slowly moving targets. It is an analogue of a result due to A. Z.
Mohon’ko and V. D. Mohon’ko [34] on differential equations.

Theorem 36 Let f(2) have zero order growth and be a non-rational meromorphic

solution of

P(z,f) =0 (3.12)

where P(z, f) is a g-difference polynomial in f(z). If P(z,a) # 0 for a slowly moving

m ('r, -f-i—a) — o(T(r, )

on a set of logarithmic density 1.

target a, then

Proof. By substituting f = g + a into (3.12) we obtain
Q(z,9) + D(z) =0, (3.13)

where Q(z.9) = >, 04(2)G(2, f) is a g-difference polynomial in g such that all
of its terms are at least degree one, and T'(r, D) = o(T'(r, g)) on a set of logarithmic
density 1. Also D # 0, since a does not satisfy (3.12).
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Using (3.13) we have

o(cd) = n(:E)
< n(e D)ol
() en(d) e

Note that the integral to be evaluated vanishes on the part of |z| = 7 where |g| > 1.
It is therefore sufficient to consider only the case |g| < 1. Hence

lwl = |g| > by (2)g(2)Pg(@2)" - - g(g.2)"
< D lb(2) 0:2) 1---’9(53:‘)2) ) (3.15)

Since Q(z, g) is a ¢-difference polynomial we have

m(r,by) = o(T'(r, g))

on a set of logarithmic density 1 for all v € J. Also by Theorem 29

. <, g(q2)> — o(T(r, ))

9(2)

on a set of logarithmic density 1 for all ¢ € C. Hence by (3.14) and (3.15) and the
fact that 3 ol > 1 for all v € J we have

m <r, é) = o(T(r. 9))

on a set of logarithmic density 1. Since g = f — a the assertion follows. []

3.3 Second Main Theorem

The Lemma on the Logarithmic Derivative plays a key role in the proof of the Second
Main Theorem of Nevanlinna theory. Similarly the following theorem is obtained by
using an analogue of the standard proof technique behind the Second Main Theorem
[35] together with Theorem 29.
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Let f(z) be a non-constant meromorphic function of zero-order, let ¢ € C\{0, 1}
and let a € C. By denoting

Aqf = f(QZ) - f(z),

and by applying Theorem 29 with the function f(z) — a, we have

(L) = (L2 gy
— o(T(r, f —a)) +O(1) (3.16)

on a set of logarithmic density 1. We denote by Sq(f) the set of all meromorphic
functions g such that T'(r, g) = o(T'(r, f)) for all  on a set of logarithmic density 1.
Functions in the set Sq(f) are called small compared to f or slowly moving with
respect to f. Also, if g € Sq(f) we denote T'(r, g) = Sy(r, f).

Theorem 37 Let g € C, and let f be a meromorphic function of zero-order such
that f(qz) # f(2). Let p > 2, and let aq,...,a, € C be distinct points. Then

mir, f)+ Y m ( = ) < 2T(r, f) — Ny, 1) + Sy, )
k=1

where

1
Npwir(r, f) :=2N(r, f) = N(r, Agf) + N <r, A—qf) .

Proof.

Using the First Main Theorem we have

kzi:m<r’f—lak) - iT(“f—lak)

1

= pT(T,f)—ZN(r, ! 1)+S(,(r,f). (3.17)

k=1

But by the Valiron-Mohon’ko Theorem (Theorem 19) we have that

pT(r, f) =T(r, P(f)) + S4(r, ),

we also have that

2r(r) - ()

o4




where

Now

Hence by (3.16), we obtain

m (r, ﬁ(%) < k;m ('r, f—A_"iak> +S,(r f) = So(r, f),
and so
m (r, F(lf_)) —m (r, T’A—((I}‘%Atf) <m <r, A%f) +5,(r, f)- (3.18)

Hence by the First Main Theorem (3.17) becomes

S (r, ; _1ak> = T(r,P(f)) - N (7", _15_(1f_)) + S, f)

NEER pey

m <r, A%,f) +5,(r. f)
T(r, Af) — N ('r, —) +5,(r, f).

IN

IN

Therefore we have

m(r,f)+zm(ﬁ : ) < T(r. f)+ N(r, Agf) + m(r, A f)

p
=1 f—a

_N (r, A%f) — N(r, )+ S,(r, f)-

But

Af
f

2ef
f

il af) = (1 ) Sl )+ ( ) =l )+ i)

%)




by equation (3.16). This implies

14
m(r, f)+ ) m (r, f_la
k=1 *

as required. [J

)

AN

T(r, f) + N(r,Agf) +m(r, f)

-N (r, Aiqf) — N(r, f) + Sy(r, )

1
Agf )

2T(r, fY+ N(r,A,f) = N (r,
—2N('I", f) + SQ(T7 f),




Conclusions

In this thesis we have gone a good way in developing Nevanlinna theory for the
g-difference operator acting on zero-order meromorphic functions. In particular we
have found a g¢-difference analogue of the Lemma on the Logarithmic Derivative (see
Theorem 29). This result has potentially a large number of applications in the study
of g-difference equations. Many ideas and methods from the theory of differential
equations may now be used together with Theorem 29 to obtain information about
zero-order meromorphic solutions of g¢-difference equations. In chapter three we
provided examples of this, for example we presented a g¢-difference analogue of the

Clunie Lemma (see Theorem 35).

Nevanlinna’s Second Main Theorem implies that a non-constant meromorphic
function cannot have too many points with high multiplicity. In this thesis we
have presented a g-difference analogue of Nevanlinna’s Second Main Theorem (see
Theorem 37).

Our findings are an analogue of the results concerning the difference operator by
Halburd and Korhonen in [21, 22]. Historically g-difference equations are the most
natural class of equations to look at after differential equations and difference equa-
tions. The restriction to zero-order meromorphic solutions is natural in light of the
results found in chapter two. Here we reviewed results that show that all mero-
morphic solutions of linear g-difference equations have zero-order growth. We also
showed that by looking for zero-order solutions in a class of non-linear g-difference
equations we are led to an analogue of the Malmquist Theorem. l.e. looking for

zero-order solutions singles out ‘integrable’ equations.

In chapter one we review the key ideas of Nevanlinna theory. In particular Nevan-
linna’s First Main Theorem (see equation (1.5)), the Lemma on the Logarithmic
Derivative (see Theorem 15), the Malmquist Theorem (see Theorem 20), the Clunie

Lemma (see Lemma 21) and Nevanlinna’s Second Main Theorem (see Theorem 22).
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