B Loughborough
University

Pilkington Library

....................................................................

Vol.No. ........ v... ClassMark........ ‘ ..................

Please note that fines are charged on ALL
overdue items.

Y

] m,la?p%ggj;‘s mn;g ‘-.f
it

CORMEFCREN T Ol

ey

3‘1:

0402589912

HINRAA AR







Trapped Modes In The Presence
Of Thin Obstacles

Keith Ratcliffe

A DocTORAL THESIS,

SUBMITTED IN PARTIAL FULFILMENT OF THE REQUIREMENTS
FOR THE AWARD OF
DocToR oF PHILOSOPHY OF LOUGHBOROUGH UNIVERSITY

JANUARY 2002.

Supervisor: C.M. Linton, PhD. Loughborough University

© K RATCLIFFE 2002



7 Loughbomugh
.."__'. ;. U}‘E?’%.‘"'F gy f\sw
Pl e

S M, © vt il

Date S-%L ;>L

L A TR D i

Class

No. O4DI$ZA41

i ped™ W R




Abstract

In this thesis we use various techniques to investigate the occurrence of trapped modes in
the presence of thin obstacles. Physically trapped modes are oscillations of finite energy
in a fluid which is unbounded in at least one direction. These oscillations mainly occur
locally to some structure and decay to zero at large distances away from it. Trapped
modes are important as they have been found to exist in a wide range of physical
situations. |

We consider a number of problems in two and three dimensions including waveg-
uides containing bodies and arrays of identical structures. A modified residue calculus
technique, a variational technique and a method based on the truncation of matched
eigenfunction expansions are used to solve the problems, with numerous results pre-

sented.
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Chapter 1

Introduction

Free oscillations are widely observed phenomena in the physical world. A familiar ex-
ample is the simple pendulum which will continue to oscillate for a long time after being
set in motion. A ‘trapped mode’ is a free oscillation of finite energy within a fluid which
is unbounded in at least one direction. Trapped-mode oscillations are mostly confined
to the vicinity of a structure and rapidly decay to zero at large distances away from
that structure. Physically trapped modes are important because they are associated
with resonances in forced initial-value problems. A forced motion at a frequency near
a trapped-mode frequency can set up large fluid oscillations which may cause consid-
erable damage to a structure, even though the oscillations are limited by the action of
nonlinearity and viscosity.

The classical example of a trapped mode, which has been observed in the ocean, is
the simple exponential solution based on linear water wave theory and derived by Stokes
(1846). This so-called edge wave is trapped above a sloping beach, propagates along
the shoreline, and decays to zero away from the shore. Little interest was shown in the
solution for over a hundred years, but recently other examples of these trapped modes
have been found to exist in a wide range of physical situations. A review of some of
the recent developments in the theory of trapped modes in water waves is presented by
Evans and Kuznetsov (1997).

The occurrence of trapped modes in the air, where they are known as acoustic
resonances, was bought to the forefront by a series of papers by Parker (1966) and (1967).
A discussion of the importance of acoustic resonances and how they have been observed
in a wide range of engineering situations was given in a review paper by Parker and

Stoneman (1989). These situations include flow-induced vibration of cooler tubes, the



vibration of blades in axial-flow compressors and other turbo-machines, and noise and
vibration from support spokes and corner vanes in pipe or duct systems. An extensive
list of references on the subject is also provided.

In this thesis we consider a number of different theoretical problems concerning
trapped modes in the vicinity of thin obstacles and approach each problem from an
acoustical viewpoint. The field equation for small time-harmonic acoustic perturbations
is the Helmholtz equation, which is derived by separating the time factor exp(—iwt)
from the three-dimensional wave equation

P

T = c2(V?®), (1.0.1)

where w is the frequency of oscillation and ¢y is the speed of sound. If we look for a

solution to (1.0.1) in the form ®{z,y, z,t) = R[p(z, y, 2} exp(—iwt)] we obtain
(V2+EDNp =0, k=uw/cs, (1.0.2)

where the complex-valued function ¢ is the time-independent acoustic potential.
Although we use an acoustic interpretation of each problem the model has physical
relevance in other fields, as it can be shown that the Helmholtz equation (1.0.2) arises in
a number of different areas of technology such as quantum mechanics and electromag-
netism as well as in water-wave theory. A review of some of the different applications
of the Helmholtz equation is given by Liboff (1999).
The boundary conditions used on the surfaces of bodies in this work are either

Neumann conditions (the so-called sound-hard acoustic condition)

9¢

— =0, 1.0.3
™ (1.0.3)
where 1 is the unit normal to the surface directed into the fluid, or Dirichlet {sound-soft)

conditions
¢ = 0. (1.0.4)

In the acoustic field the Neumann condition is interpreted physically as a rigid boundary
on which the normal velocity of the fluid is zero and the Dirichlet condition is a ‘pressure
release’ boundary, where the pressure of the fluid is zero.

In this thesis various sets of integers are often used. To keep the notation consistent
we define the set of integers by Z, the set of non-negative integers by Ny and the set of

positive integers by N.



Overview of thesis

The thesis is thus organized as follows:
We divide the thesis into two parts, with part I consisting of the two-dimensional
problems considered in chapters 2-5 and part II consisting of the three-dimensional

problems considered in chapters 6-8.

e Chapter 2

We consider a two-dimensional waveguide consisting of a pair of parallel-plate
waveguides coupled laterally by a finite length hole in the common boundary. The
pair of waveguides are assumed to have different widths and trapped modes are

sought in various frequency bands.

e Chapter 3

In this chapter we consider the same waveguide as in the previous chapter and
assume that the pair of waveguides are of equal width. The problem is equivalent
to a parallel-plate waveguide containing a finite length thin plate placed on the
centreline and parallel to the guide walls. The symmetry properties of the guide

allow us to provide a simpler formulation to that of the previous chapter.

¢ Chapter 4

We move the plate off the centreline of the waveguide and seek trapped modes
in a parallel-plate waveguide containing a finite length thin plate placed off the
centreline and parallel to the guide walls. The work in this chapter forms part of

the publication Linton et al. {2002).

e Chapter 5

We consider a two-dimensional array of equally spaced infinite length parallel
plates each containing an identical finite length gap and arranged so that the
line of symmetry passes through the mid-point of cach gap. The trapped modes
sought in this chapter differ from the trapped modes in previous chapter as the
modes here travel through the gaps of the array. The trapped modes are known

as Rayleigh-Bloch waves and are similar to Stokes’ edge waves mentioned earlier.

e Chapter 6



We seek trapped modes in a three-dimensional waveguide formed by rotating the
waveguide considered in chapter 2 about one of the outer waveguide walls. The
waveguide consists of two concentric circular cylindrical waveguides coupled lat-

erally by a finite length gap along the axis of the inner cylinder.

o Chapter 7

We consider the waveguide formed by rotating the waveguide considered in chap-
ter 2 about its line of symmetry. The waveguide consists of a pair of different
width planar layers coupled laterally by a circular hole in the common boundary.
The case when the planar layers are of equal width is also considered, i.e. the
waveguide formed by rotating the waveguide in chapter 3 about the line of sym-
metry perpendicular to the walls. When the layers are equal width the problem is
equivalent to a disc on the centreline of a planar waveguide. We finally consider

the case of a number of discs placed on the centreline of a planar waveguide.

e Chapter 8

We consider a cylindrical waveguide with an annular cross-section containing a
number of identical finite length thin radial plates equally spaced around the guide.
The problem extends work done by Linton and Mclver (1998b), who considered

the case of a circular cylindrical waveguide containing a number of radial fins.

o Chapter 9

We present conclusions from the work in this thesis.



Part 1

Two-Dimensional Waveguides



Chapter 2

Two-dimensional laterally coupled

waveguides

2.1 Introduction to the problem

In this chapter we seek trapped modes in a two-dimensional laterally coupled waveguide.
The waveguide considered here consists geometrically of a pair of two-dimensional par-
allel plate waveguides coupled laterally through a finite width window in the common
boundary. The problem has been approached from an acoustical point of view, although
it is shown in section 2.2 that the model also has physical relevance in quantum mechan-
ics as the field equation and boundary conditions can be shown to be the same in both
situations. The geometry of the problem is defined by two non-dimensional parameters,
these being the width of the window in the common boundary compared to the width of
the whole guide and the height of the window compared to the width of the full coupled
guide (2a/d and b/d, respectively, in figure 2.1).

This chapter is presented in the following manner. After a brief discussion in sec-
tion 2.2 of previous work done on problems involving two-dimensional laterally coupled
waveguides we formulate the problem in section 2.3, and show that there exists a cut-off
frequency below which waves cannot propagate to infinity within the guide.

In section 2.4 various techniques are used to investigate the existence of trapped
modes below this first cut-off. The first method used in section 2.4.1 is the modified
residue calculus technique. The method firstly produces an approximate solution for the
trapped-mode frequencies which is highly accurate for all but very small window widths.

This approximation provides a very useful insight into how to solve the full problem in



a numerically efficient way. The full problem is then solved and numerical results pre-
sented, together with a comparison between the approximate and full solutions. When
locking below the cut-off trapped modes can be found by either fixing the width of the
window or the height of the window and varying the other parameter. The results show
that trapped modes occur for any size window width or height. The modified residue
calculus method does not provide a rigorous proof of the existence of trapped modes,
but can be used to prove the existence of trapped modes for a sufficiently long window.
Such a proof, however, is not presented in this chapter. In section 2.4.2 we use a varia-
tional argument to prove the existence of trapped modes for a sufficiently wide window
and also provide estimates to the trapped-mode frequencies. It is shown that the upper
bound of these estimates provides a very good approximation to the actual computed
trapped-mode frequencies.

Trapped-modes are sought above the first cut-off and below the second cut-off in
section 2.5. Between the two cut-offs the problem permits two wave-like modes in the
window region and one mode which can propagate down the guide. A modified residue
calculus technique is used and the method allows the amplitude of the propagating
mode to be set to zero. The trapped mode frequencies are shown to correspond to the
intersection of two lines (coming from the two wave-like modes in the model). When
looking for trapped modes above the first cut-off the number of parameters we can fix
is reduced by one. The only parameter we are able to fix is the height of the window
and trapped modes occur only for specific window widths.

In section 2.6 existence of trapped modes between the second and third cut-offs
is discussed. Trapped modes above the second cut-off correspond to the intersection
of three sets of lines, but for this particular problem no solutions appear to exist. A

summary of the results obtained in the chapter is presented in section 2.7.

2.2 Background

Some basic mathematical results

It is useful to state some mathematical results that will be used later.
The work here briefly describes the relationship between trapped modes and eigen-
functions of the Laplace operator in unbounded domains (in this case the unbounded

domain being the waveguide).



We are trying to find values of A for which there is a non-trivial solution ¢(z,) to

the boundary-value problem
—V3p = A, (2.2.1)

subject to some appropriate boundary conditions. The problem is a spectral problem
in which A is the spectral parameter and the spectrum is a sub-set of the semi-interval
[0, 00), see, for example Jones (1953).

If 2 non-trivial potential ¢ can be found which satisfies (2.2.1) and the boundary
conditions (including a condition requiring exponential decay at infinity), then the value
A corresponding to the potential ¢ is an eigenvalue of the problem. In terms of spectral
theory of operators the eigenvalues A make up the point spectrum of the problem.

If a value of A is found that it produces a non-trivial potential ¢ that satisfies (2.2.1)
and the boundary conditions, grows as £ — oo not faster than polynomially (i.e. not
as exp |z|) and is non-zero as z — Zoo then in spectral terms we say that the value
A belongs to the continuous spectrum of the problem. The potentials corresponding to
values of X belonging to the continuous spectrum do not correspond to trapped modes
as they do not satisfy the decay condition.

Another term commonly mentioned in spectral terminology 1s the essential spectrum.
The essential spectrum consists of the continuous spectrum including any eigenvalues
embedded in the continuous spectrum.

The spectral terminology can be directly related to the theory of trapped modes.
The eigenvalues of the full problem are related to the trapped-mode frequencies, and
the corresponding potentials (eigenfunctions) are trapped modes. Potentials relating to
the values of A in the continuous spectrum are known as propagating modes.

Most of the work on quantum waveguides described below uses this spectral termi-
nology, but a comparison can be made with the associated trapped mode problem in

acoustics.

Motivation behind the problem

The recent rapid development in nanoelectronics has bought about a remarkable progress
in semiconductor physics. The most spectacular progress has been concerned with
fabrication techniques of microscopic structures of pure semiconductor material. When

dealing with these small structures the term mesoscopic physics is often used. More



details of the key features found in these systems and a guide to the physical literature
can be found in the review paper by Duclos and Exner (1995).

These microstructures tend to have certain common properties: (a) small size (typ-
ically tens to hundreds of nanometres (1nm = 107%m)); (b) high purity (the electron
free path can be a few micrometres or even larger); (c) crystalline structure; (d) the
wavefunctions are usually suppressed at the boundaries between different semiconduc-
tor materials. The description of an electron moving in mesoscopic systems is governed
by the many-body Schrédinger equation describing its interaction with the lattice atoms
including many impurities. Combining the properties (a)—(d) allows us to simulate the
electron motion inside the microstructure as a free (spinless) particle living in the cor-
responding spatial region with th\ Dirichlet condition on its boundary; an interaction
term must only be added if the whdle structure is placed into an external field.

The waveguides for these problems, often referred to as quantum waveguides, have
a direct relation to classical acoustic and electromagnetic waveguides. The basic equa-
tions for these cases, the Schrédinger and wave equation are different but for stationary
problems involving free electrons or particles, both reduce to the Helmholtz equation in
the appropriate region. A free electron is considered as it has no potential energy and
so the potential term in the time-independent Schriodinger equation is set to zero.

A lot of previous work on quantum waveguides or quantum wires, as the two-
dimensional quantum channels are sometimes known, involves the study of bound-states,
which are isolated (resonant) eigenvalues below the threshold of the continuous spec-
trum. Work in this arca is both experimental, see for example Carini et al. (1992) and
theoretical, see Duclos and Exner (1995). These problems are important from a phys-
ical point of view as these eigenvalues and resonances have great influence on electron
transport in mesoscopic systems.

One area of recent study is laterally coupled quantum waveguides. These guides
consist of two straight parallel waveguides containing a window in the common boundary.
Experimental observations of a waveguide with a similar configuration are found in
Hirayama et al. {1992) and Hirayama et al. (1993} who considered two parallel in-
plane-gated wires coupled by a ballistic window. A numerical model, based on classical
rebound effect in a straight wire for the experimental specification described in Hirayama
et al. (1992), was provided in Takagaki and Ploog (1994).

Kunze (1993) found analytic expressions for the transmissivity along a wire coupled



either to infinite space or to another wire via a small hole. The work shows that there are
energies at which resonances or quasibound states in the wire become possible. These
quasibound states cause a sharp downward dip in the conductance plots for the wire.

Work by Exner et al. (1996) explores the bound states and scattering in quantum
waveguides again coupled laterally through a boundary window. A modification of
the variational technique presented in Evans, Levitin, and Vassiliev (1994} is used to
show that the system always has at least one bound state for any window width. A
variational technique similar to that used in this chapter also provides estimates to
the trapped-mode frequencies. The problem is solved using a mode-matching technique
which shows the corresponding wave functions and how the bound-state energies depend
on the parameters of the problem. The work also presents a discussion on how the first
eigenvalue emerges from below the continuous spectrum as the window opens. Work
by Bulla et al. (1997) showed that if the window was small enough so that only one
simple eigenvalue below the essential spectrum was present, this eigenvalue could be
bounded from below. The work by Exner and Vugalter (1996) extended this paper by
using a variational method to show that for a sufficiently small window a two-sided
asymptotic estimate for the gap between the essential spectrum and this eigenvalue
could be obtained.

The case of a coupled waveguide containing a finite number N of windows in the
common boundary was considered in Exner and Vugalter (1997). It was shown that if
the windows are small enough there is just one isolated eigenvalue. Upper and lower
bounds of the gap between this eigenvalue and the continuous spectrum are found using

a variational approach.

2.3 Formulation

The problem consists of a pair of two-dimensional waveguides of widths b and ¢ (=d —b),
and for convenience we assume that b is greater than d/2, coupled laterally through a
window of width 2a in the common boundary. The case when & = d/2 is considered
separately in chapter 3. Cartesian axes are chosen so that the z-axis coincides with
the lower boundary of the waveguide and the y-axis is chosen so that the waveguide is
symmetric about the line x = 0, as shown in figure 2.1. The geometry of the problem

allows any solution to be expressed as the sum of solutions which are either symmetric or

10



antisymmetric about = 0. Initially we shall seek a solution which is even (symmetric)
about z = 0, by considering the region z > 0 and seeking a function ¢(x,y) which

satisfies

o
5;—00n:r—0,0<y<d. (2.3.1)

The function ¢(z, y} must also satisfy the Helmholtz equation within the waveguide
(V24 k%) ¢ =0, 0<y<dexcept ony=b, |z| > a. (2.3.2)

In the acoustic context k¥ = w/c, where w is the frequency of oscillation and ¢, is the
speed of sound. In the related quantum problem k2 = 2mE/h?, where m is the mass of
the electron, F is the total energy of the electron and % is Plank’s constant divided by

2m. The function ¢ satisfies Dirichlet boundary conditions on the waveguide walls,

¢=00ny=0, :IZ>O, (233)
¢=0o0ny=>5, z>a, (2.3.4)
¢=0ony=d, x>0, (2.3.5)

and a radiation condition specifying that no waves propagate out to infinity,
¢ — 0asz— oo. (2.3.6)

Condition (2.3.6) comes from the idea that trapped modes possess finite energy, i.e.

fn V|2 < oo, (2.3.7)
. 9=0 ] y=d
¢=0 ! ¢=0 =h
¢=0 y=0
T=-a r=a

Figure 2.1: Definition sketch.

11



where §2 is the entire fluid domain. For this particular problem it can be shown using
Green's theorem that the radiation condition (2.3.6) is equivalent to (2.3.7). We finally

assume ¢ is non-singular and that
Vé=0@"2)asr={(x—a)+(y—b?}2 -0, (2.3.8)

anticipating singular behaviour in the velocity field at the edge. This condition can be
derived from a conformal map of an ideal fluid around the end of a plate.

It is useful to split the domain into three regions. Region I is b < y < d, = > a,
region I is 0 <y < b, z>a,andregion II] is0 <y <d, 0 <z < a, as shown in
figure 2.2. We can represent the function ¢ by a function ¢; (i = 1,2, 3) in each region,

with the following continuity conditions applied at the boundaries between the regions:

0¢ _ O¢s

P = Y AL T o i:.=1,1 .
i = ¢ e = O on L;, 1 2 (2.3.9)

where Liisz=a,b<y<d, Lyisz =a,0 <y <band we write Ly for L; U Ly. The
physical interpretation of these continuity conditions are that the horizontal pressure

and velocity are continuous across z = a.

LI
| y=b
mar |
. 11
9::20 e

Figure 2.2: A schematic representation of the regions I,/ and II7 along with the linesl

and L.

If we let ¢; = U;(x)Vi(y) for ¢ = 1,2, 3, and substitute into (2.3.2), we have after a

slight rearrangement

(2.3.10)



As in each region the function on the left-hand side of (2.3.10) is a function of z only
and the right-hand side is a function of ¥ only, both sides must equal the same constant.

If we let the constant in region I equal o2, say, with a > 0 we have
Ui (z) — o2 Uy(z) = 0, (2.3.11)
which has general solution
U(z) =A,e™ + B e . (2.3.12)
The boundary condition (2.3.6) requires Uy (z) — 0 as z — 00, and so (2.3.12) becomes,
Ui(z) = Bre . (2.3.13)

By setting the constant in region I7 equal to 3%, with 3 > 0, a similar argument leads

to
Us(x) = Bye™?, (2.3.14)

Setting the constant for region I11 equal to v2, with > 0, the general solution (2.3.12)

can be rewritten
Us(x) = Az sinh~yzx + Bj coshyz. (2.3.15)
Substituting the boundary condition (2.3.1) into (2.3.15), we have
Us(z) = Bj coshyz. (2.3.16)

Substituting (2.3.11) back into (2.3.10}, we obtain

V1”(y)
Vily)

If we let a® + k? = 12, the gencral solution to (2.3.17) can be written

= —(a® +K?). (2.3.17)

Vi(y) = Ay cosvy + B sinvy. (2.3.18)
Applying the boundary conditions (2.3.4) and (2.3.5) we have

Ay cosvb + By sinvb =0, (2.3.19)
Ay cosvd + By sinvd = 0. (2.3.20)

13



Eliminating A; between the two equations we leave
By sinve =0. (2.3.21}
As we are not interested in the trivial solution, B # 0, and so
Ve = nm, n € N. (2.3.22)

Similar processes for regions I and II7 give the solutions

Vao(y) = By sin uy, (2.3.23)
where 8%+ k? = p?, and
p= %, n € N, (2.3.24)
and.
Va(y) = Bssin Ay, ) (2.3.25)
where 2 + k% = A2, and
A= -(iz—l)f, n € No. (2.3.26)

We introduce the complete orthonormal sets

T (y) = 2Y2sin v, (d — y), vp=nmfc,  mé€N, (2.3.27)
lIl?(f) (y) = 21/2 5in pn (b — ), pn=n7 /b, n € N, (2.3.28)
T () = 2Y25in M, (d — y), A=(n+ )m/d, n € N, (2.3.29)
which satisfy
Illul le_ TV W)dy = bmny  1=1,2,3, (2.3.30)

where d,,, is the Kronecker delta. This is done so that any function defined in any of
the regions can be represented by a series based on the appropriate set of orthonormal
functions (see, for example Hobson (1926), Chapter 10).

The eigenfunction expansions for the three regions can be written

e~ 0n(z—a) (1) (y)

(z,v) ZU“ — = (V2 — k)2, (2.3.31)
~fn(z—a) p (2)
2(2,) ZU(“"e ) = - R (2.3.32)
)
(3)
(3)cosh7nx U (y) IUERTNY
dafz, ) nZoU poppc Yo = (AL — kK52, (2.3.33)

14



where U®, i = 1,2,3, are unknown complex constants and various factors have been
introduced for convenience. As we assumed b > d/2, we find that if we restrict the

frequency to
kb <, (2.3.34)

the values a, and 3,, n € N will all be real and positive. As these terms appear in
the eigenfunction expansions as coefficients of negative exponentials, the restriction of
frequency produces exponential decay down the guide in both regions and therefore no
propagating modes. We define kb = 7 as the first cut-off of the two-dimensional laterally
coupled waveguide.

We now proceed by considering the case of trapped modes whose frequencies are

below the first cut-off.

2.4 Trapped modes below the first cut-off

The cut-off kb < = is chosen so that a, and 3, given by (2.3.31) and (2.3.32) are all
real and positive for n € N. This frequency restriction also produces real and positive
values for v,, n € N in (2.3.33). The only wave-like mode that can possibly appear in
the whole problem is the mode corresponding to ~,. If we restrict the frequency so that
kd > m, 79 will be purely imaginary and the corresponding mode will be oscillatory in
region [71. We thus anticipate a necessary condition for the existence of trapped modes

to be

T < kd < d%, (2.4.1)

as by definition if a mode is found in this frequency range it is a trapped mode. This is
typical of trapped mode phenomena, see for example, Evans (1992).
The first method we shall use to investigate trapped modes is the modified residue

calculus technique.

2.4.1 Modified residue calculus method

We now apply the continuity conditions (2.3.9). Matching ¢; = ¢3 on L;, 1 = 1,2, we

have
v ()
i [3) coth 'Ynalp(s)( )= o U il y € I, (2.42)
" n Y= oo r7(2) YW o
n=0 7” En:l Un, :ﬁn k] y E L2'



Matching 8¢;/0z = O¢3/8x on L;,i = 1,2, we arrive at

0 [T (y), €L,
{ n=1“n n (y) Y 1 (2'4.3)

> UP ) =
2 UPEG),  yel,

n=0
We can convert (2.4.2) and (2.4.3) into an infinite system of linear algebraic equations

by multiplying each by ¥, m € Ny, and integrating over Ls. From (2.4.3) we find

J S UOTD @)U y) dy = fL D UIEI)V0) dy
L

3 n=0
/"ZUQMWwMWm gy, meNy. (24.9)

2Tb_

Reversing the order of summation and integration we can simplify this to

U = 3 UD dy + 5 U ey m e N, (2.4.5)
n=1 n=1

where we have defined

Ay = é v dy, meNy, neN, (2.4.6)

€nm =é . VAP (y)dy, meNy, neN. (2.4.7)
Similarly from (2.4.2) we obtain

Ug)g)th_'ym_a = i U—’E:)— dpm + 3 U;) Enm, m € Ny. (2.4.8)
—0n n=1 HMn

’Ym n=1

Evaluating the integral d,,,, we have

d
:cli[b 2sin vy (d — y) sin A (d — ) dy,

1[sinv, + An)(d — ) sin(vy — Am)(d —)]° _
d[ A — S b, provided v, # Ap,

1
=m [(un + Am) (sin VrnCCOS A€ — COS Uy, C8in /\mc) -

(v — Am) ( sin ¢,c o8 A, ¢ + €os Ve sin )\mc)] . (2.4.9)

Note that since n is an integer, sinv,¢ = 0 and cos v,¢ = (—1)". Using the relationships
v2—a2 =k and X2 — 42 = k2%, in (2.4.9) we find, (provided v, # o)
2v,(—1)"sin A

Yl Z1)" sitt Ame. (2.4.10)

vy — o3)

dnm =
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If we evaluate the integral (2.4.7), we find

- [ 2sinpnb in A, (d — y) d
em:&fo 25i fin(b = y) sin A (d — y) dy,
1 ' '
=02 =) [ — (Am+ un)(sm(unb — Amd) ~ sm(—)\mc))

—(Am — ,un)(sin()\mc) — sin(unb + /\md))] , (2.4.11)

provided A, # pin. Now sin(p,b + A;pd) = sin (7r(n + 'm)) = 0, as n and m are integers,
and therefore provided ., # G,

A 20, Sin ApC

T dvE - B

We will assume that b/d (and hence also ¢/d) is irrational so that v, # Ap, in (2.4.9)
and Ap, # p, in (2.4.11), for any m and n, although Evans, Linton, and Ursell (1993),

(2.4.12)

Appendix D, show how continuity arguments can be used so that for the final trapped-
mode condition this restriction may be removed.
Eliminating U{) from (2.4.5) and (2.4.8) we obtain
> e othv,,a U . [{2)
(Z U,gl)dnm + Z Uf)en )C Y Z dnm + Z 5 2 enm, (2.4.13)
n=1 n=1 —Mn

T =

which can be rewritten

oo o0
S U d (7,;1 coth yma + a;‘) + 3 UPem (%;1 cothyma + ﬂ;l) =0, m € No.

n=1 n=1

(2.4.14)

We could have eliminated either UV or U from (2.4.5) and (2.4.8) by multiplying
(2.4.2) and (2.4.3) by either ¥Q) or U2 m & N, but in order to use residue calculus
theory, we require (2.4.14) to be in the form shown.

Substituting (2.4.10) and (2.4.12) into (2.4.14), with slight rearrangement we have

& U (=1)"vy ((0n + Ym) + (0 = Ym)e~T1me
Z Cyy ( (0n + Ym)(@n — Vm) )

n=1
= UP ( (Bn +Ym) + (B — 'ym)e‘z"m"’)
- =0, meN,.
rgl n (/Bn + ’}’m)(ﬁn - Tm) 0
(2.4.15)
We can simplify (2.4.15} as
o0 1 m
Bt as)-
n=1 dn — Tm On + Ym
ivn( . + m ) = 0, m € N, (2.4.16)
n=1 B — Ym Bn + Ym
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where we have defined

((_1)» (2)
= ey Dt = e (2.417)

So far we have only used the boundary conditions (2.3.1)-(2.3.6) and not the condi-
tion (2.3.8), which anticipates the singular behaviour near the edge. Condition (2.3.8)
enables us to derive a unique solution to the problem. By combining all the condi-
tions (2.3.3)—(2.3.8), we can produce a valid solution to the complete problem under
consideration.

To show how the edge condition (2.3.8) influences the asymptotic behaviour of the

coefficients ULV, U and U in (2.3.31)—(2.3.33) we consider the derivatives of ¢,(x,y):

aq—"l e 1 al — (z— .
—— =Y UM 227D giny, (d - y), lz| > a, (2.4.18)
Jdr

o
061 =3 Uiy o8 L gman(a=a) oo vn(d - y), |z| > a. (2.4.19)
8y n:]_ an

As n — oo we have from (2.3.31) that a,, = nw/c + O(n™1). If we assume that U{! =
O(n7) as n — 00, where 7 is to be determined, then as x — a+ when y = b we see from

(2.4.18) and (2.4.19) that

IVé1| = O(h(z)), as z — a+, (2.4.20)
where
h(z) =3 nTe™lea), (2.4.21)
n=1

Making use of Mellin transforms, see Martin (1995), we can show that
h(z) = 0@z ' asz —a+. (2.4.22)

Using the edge condition (2.3.8}, we find that

T=-1 (2.4.23)
and hence
Ul = O(n_%) as n — oo. (2.4.24)
We can also show, using a similar method, that
UR, U® = 0(n~1) as n — . (2.4.25)
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Since both U, U = O(n~2) as n — oo, we see from (2,4.17) that the solutions U,

and V, must also satisfy
Up, Voo = O(n_%) as n — 0. (2.4.26)

In the next section we derive an approximate solution to (2.4.16) for large a, taking into

account the asymptotic behaviour required from (2.4.26).

Approximate solution for large a

We now note that since 7,,, m € N, is real, the terms (,,, m € N, appearing in (2.4.16)
decay rapidly to zero as a/d — 0o. A good approximation for large a is therefore to set
¢m = 0 for m € N. The idea for this type of approximation goes back to Hurd (1954)
who was studying the propagation of surface waves along a grating of parallel plates.
The equivalence of this approximation to the wide-spacing approximation, which has
been used previously in water-wave diffraction problems, see for example Evans (1990),
was shown for a different but related problem by Linton and Evans (1993). This wide-
spacing approximation, which is derived using physical arguments, requires the window
to be sufficiently wide so that the edges of the window do not effect each other.

Using this approximation in (2.4.16) we find

o V. W ) > U, Ve

Z( =_moco,§1(an+70_ﬁn+70

DI et ), meNo, (2427
with U, and V;, having the behaviour shown in (2.4.26).

We shall now solve (2.4.27) using a method originally described in Whitehead (1951}
and Berz (1951) and since used by many authors. A full description of the method is
given by Mittra and Lee (1971).

Consider the integrals

In=Jm = [ D g g LS
N—-ooQﬂ'z Cn Z— Ym N—oo 27t JOn 2 + Y

dz, m € Ny,
(2.4.28)

where Cy is a sequence of contours (to be determined) on which z — o0 as N — o0

and f(z) is a meromorphic function which has the following properties:
P1. f(z) has simple poles at z = a,, and 2 = 3,, n € N;

P2. f(2) has simple zeros at z =, , n € N, but not at z = 7o;

P3. f(z) = 0(27%) as |z| — oo on Cy as N — oo.
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Condition P3 is required so that I,, = 0 and J,, = 0. As we will see later, condition P3
leads to the correct behaviour required by the edge condition (2.4.26).
Applying Cauchy’s residue theorem to I, and J,, we find

ZRU i) i U ﬁn)+5mof(”/0)= (2.4.29)
=1 Qn — Tm n=1 n -
§iif = 3; Z_: ﬁnf+ f::) + f(=m) =0, (2.4.30)

where R(f : z0) represents the residue of f(z) at z = 2y, and m € Ny, in each case. Due

to the linear nature of the problem we can normalise f(z) by setting
flv) =1. (2.4.31)
Comparing (2.4.29) and (2.4.30) with (2.4.27) we find
=R(f: an), n € N, (2.4.32)
and
=—-R(f:5.), neN, (2.4.33)
provided from (2.4.30) with m = 0, we have

f(=v) o= —L. (2.4.34)

The result given in (2.4.34) is the condition for trapped modes, provided we can deter-

mine a suitable f(z).

Construction of f(z)

We would like to choose a function of the form

f(z) = hig(2), (2.4.35)

where

T (]- — z/’Yn)
)= a7 75y (2.4.36)

as g(z) has the correct zeros and poles to satisfy P1 and P2. The constant #; has to be

chosen to satisfy the normalization condition given by (2.4.31).
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To derive the correct solution the function f(z) must have the asymptotics shown
in P3, and hence we must examine the behaviour of g{z) for large 2. With this in mind
we write

o0

— 2/ ~zfin 77 1 — 2/ 1 (1= 2/X)
(2') H 1-— .2’/0{n H z/ﬁn ]-:[ Z/)\n 1!:[1 (1 _ Z/Mn)(l — Z/I/n) (2.4.37)

The first infinite product can be expanded as

1°:°[ — 2/, H o, ﬁ 1—vy/z 1"_"[ (1 _ iz_)% 1"_"[ (1 L @ —un). (2.4.38)

Z/Oén n=1 ¥n p= 11_an/z n=1 n n=1 Z—0p

Using Gradshteyn and Ryzhik (1980), eqn 1.431(1), we simplify this to

iy |

(2= (%) 00 cmaarm) @49

oo L= 2/an =1 J(an + vy)

In a similar way, we have

,E[l 1 :Zg: - (m:; b)%ﬁ (- = ﬁn)ﬂfﬁn " “n)), (2.4.40)
and
= [ ) () o ) oo

All the infinite products in (2.4.39)-(2.4.41) can be shown to converge uniformly as
z — oo provided z does not take certain values. We use the fact that the infinite
product []1%,[1 + u,(z)] is uniformly convergent on any compact set D if the series
>0, [un(z)] is uniformly convergent on D, (see Gradshteyn and Ryzhik (1980), eqn
0.255). As all the terms o, 3, and 7, are of the form An + O(n~!) as n — oo where
A is a constant independent of n, a comparison of the products with 352, n~2, shows
that they are uniformly convergent on any compact set excluding z = a,, z = 3, and
2 = Ap, respectively. Provided z — oo through a sequence of values which avoids these
points we have

(kd)?\ (dsin kbsinkc\]3 = (1= 2/Xn)
g(z)”[(l— 2 )( kbesin kd )] nl_[=1(1"2«'/un)(1—z/un)' (2.4.42)

We now use the result from Gradshteyn and Ryzhik (1980), eqn 8.325(2),

ad i/n eV*I'(1 + b)
H( n+b)e/ - T(l+b-2) (24.43)
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where I'(.) is the Gamma function and v a2 0.5772 is Euler’s constant. It follows from

(2.4.43) that

ﬁ (1—2/2) _ 1 (1 —zd/(n+ l)w) p#d/nw

ot (1= 2/pa)(1 = 2/um) ] (1 - zb/(mr))ez”/n"(l ~ zc/(nﬂ'))e"c/m"
e /mp(2) T -zb/w) T(l—zc/7)

= . 2.4.44
['(2 - zd/x) X g (1) " gyl r'(1) ( )

From Abramowitz and Stegun (1972), eqn 6.139, we have
T(az + b} ~ v2me™*(az)****7 as |z] — 00, 2z # —|2, a > 0. (2.4.45)

Using (2.4.45) with (2.4.44) we see, after some simplification, that as z — o0, z # |2,

ﬁ (1 — Z/An) N (Qbmz)%b*bzfﬂ'c—cz/ﬂ'ddz/w
n=1 (1 - z/ru’n)(}- - Z/Vn) —zd? ?

N (2—1)222)%6"1’ {%(bln(d/b) + Cln(d/CJ)}- (2.4.46)

From (2.4.42) we therefore find that

g(z) ~ Kl — Uj:i)?) (2(712;;2;1??;;6)] exp{ (b In(d/b) + cln(d/c))} (2.4.47)

as z — 00, z # |2| and so the function f(z) given by (2.4.35) does not have the necessary
asymptotic form.
For the case when z is real and positive we use the reflection property of the Gamma,

function

-

T(w)[(~w) = (2.4.48)

wsinwr

Substituting this into (2.4.44), and using (2.4.45) we find the asymptotic behaviour to

be
(kd)g) ((bc)2 sin kb sin kc)] 2
9(z) ~ Kl = 2k sin Jod
sin 2d 1

Yexp {%(b In(d/b) + cln(d/c))}, (2.4.49)

X Sin zbsin z¢
as 2z — 00, 2 # —|z|, through any sequence of values which avoids the points z = n7n /b
and z = nw/e, n € N. If we take Cy to be a sequence of circles with centre at the origin
and radius Ry which avoids the points 2 = av,, 2 =8, 2= A,, 2 =nn/band z = nn/c,

n € N, instead of (2.4.36), we can consider the function

9(z) = exp{ = (bla(d/b) + cln(d/c) )} 7= z(/la:;{ Wj)z it (2.4.50)

22



. . 1
which is O(z72)} as |z| — co on Cy as N — 0. If we now choose

hi = exp {%(bln(d/b) + cln(d/c))} f[l (1= v?l/inlgl/;jo/ﬁ") (2.4.51)

then f(z) = h1g(z) has all the required properties to satisfy (2.4.31).
To ensure that the edge condition (2.3.8) is satisfied the solutions U,, and V,, must
satisfy (2.4.26). Earlier we have shown that U, = R(f : am) and V,, = R(f : 8,) and

50

U = —anhy exp {ﬂ(bln(d/b) + cln(d/c))}

(1—m/7m) S 1
U —an/By) L T anjan) (2.4.52)

- n#gm

Using the same idea as in (2.4.37) we can expand this to

U, = —am(l - ?n—w)hl exp{ ™ (b In(d/s) + cln(d/c))}
% ﬁ ]- - amb/nﬁ)( am/’Yn H ( amc/n?r)

l—am/ﬁn)(l—amd/ (n+1)rm (1 — aom/am)

00 (1 — am//\n)
* n=1 (1 - (lm/,u,n)(]_ — am/]}n) : (2453)

The first two infinite products can be rearranged in the form shown in (2.4.39)—(2.4.41)

n=1

and are therefore O(1) as m — oo. Using (2.4.49) on the last infinite product in (2.4.53)
we have

N (1 — am/)\n)
n=1 1 - am/lun)(l - am/Vn)

exp{ 2 (bln(d/fb) + cln d/c)}

1
C'sin a,,d am?
sin ap,bsin e’

~

. 9 _%
~ MCOSCC(THW - (k) + O(m"Q)) (2"_”) (1 + O(m‘g)) ,
sin a, b 2mm c
20 2 sina,,d 4 )
™ 2APsinanb m2(1 +0(m )), (2.4.54)

as m — 00, where,

o [(1 B (kd)2) ((bc)Qsin kbsin kc)}% (2.4.55)

2 2kdisinkd
and since,
mm k2c o
~— — -, 2.4.56
O, . +2m7r+0(m ) (2.4.56)



As m — oo we also have

(1 - 3’“—0) ~ %(EY +0(m™). (2.4.57)

mmw

Combining (2.4.53)-(2.4.57) we can see that U, is O(n~%) as n — oco. By changing the
i, terms to By, terms in (2.4.53)-(2.4.57) we find that V}, is also O(n™%) as n — oo,
The chosen function f(z) therefore has the required asymptotics to take account of the

expected singularity in the velocity field near the plate edge.

Trapped mode condition

The only condition now left to satisfy is (2.4.34). If we let v = —iy/, where v =
1
(k2 - (-3)2) ?, this condition reduces to
fiy) = —e7%7°, (2.4.58)

Using (2.4.35), (2.4.50) and (2.4.51) we find
—2iy

i (bIn(d/) + cln(d/c))}

y 1°—°I (14 3y /an)(1 + 4 /Ba) (1 — Y /1)
5 (1 =iy fan (1 =iy /Bn) (A + ¥ [ 7a)

which clearly has magnitude one, since the top line of the product is the complex

f(@y) = exp {

(2.4.59)

conjugate of the bottom line. If we use the definition

1 1+1iz
o)== 2.4.60
tan~!(z) 23_111(1_2.2), (2.4.60)
we see that
e~ o (1+iz/z
1 _ T
exp (227121 tan (z/zn)) = nl;[l (——-——1 — iz/zn)’ (2.4.61)
and hence (2.4.59) can be reduced to
1) = exp (= 21(Y0 + X)), (2.4.62)
where
X = i (t'a,n“1 (i> — tan™* (i) — tan™! (i)>, (2.4.63)
n=1 Tn 847) Bn
and

0 = %(b In(d/b) + cIn(d/c)). (2.4.64)
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The condition for the existence of trapped modes, {2.4.58), becomes
g2V (e=9) — _c2ix (2.4.65)
which can be simplified to
v(a—0)=x+ (n - %)w, n an integer. (2.4.66)
Antisymmetry about z =0
For the case of antisymmetry about z = 0, the condition (2.3.1) is replaced by
p=0onz=0 0<y<d, (2.4.67)

and hence the cosh and sinh terms in (2.3.33) are replaced by sinh and cosh respectively.

Equation (2.4.16) becomes

(e a) -

Qn — Ym Opt Ym

Zvn(ﬁ e )=0. mem, (2.4.68)
n=1 n 'm n m
and (2.4.58) becomes

fiy) = e~ 2'e, (2.4.69)

with exactly the same function f as before. The condition for the existence of trapped

modes antisymmetric about z = 0, equivalent to (2.4.66), is therefore
7¥(a—0) = x + n, n an integer, (2.4.70)

where @ and y are defined as before.

Full solution using the modified residue calculus method

The idea behind this method is due to VanBlaricum Jr and Mittra (1969) and Itoh and
Mittra (1969) and is described briefly by Jones (1979), §2.12.

"~ We form a solution to (2.4.16) by considering the integrals

L L
I = Jim — fCN f(z)(z — 7m) dz,  me N, (2.4.71)

where Cy is a sequence of contours {to be determined) on which z — oo as N — oo

and f(z) is a meromorphic function which has the following properties:
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P1l. f(z) has simple poles at z = a, and z = 3,, n € N;
P2. f(z) = O(z7%) as |2| — co on Cy as N — oo.
To construct a function for the full solution using modified residue calculus theory

we use the same ideas as previously and let

f(2) = g(2)h(2), (2.4.72)

where g{z) is given by (2.4.50) and

h(z) =1+ . ‘j"q{ : (2.4.73)
n= n

for some constants A,.

The reasoning behind this choice for h(z) is as follows. Unlike the approximate
method described previously, we no longer require f(z) to vanish at 2z = -, (n € N).
We do anticipate however, that as a — o0, h{(z) — 1, since the exponential terms (,
will decay rapidly to zero, i.e. we also expect the constants A,, to tend to zero rapidly
as @ — co. The function h(z) replaces the normalization constant h; and is chosen so
that the zeros of g(z) at 7, are cancelled by the poles of h(2) at these points.

If we choose the same curves as in the approximate method we have,
flz) = O(z‘%) as |z| — oo on Cy as N — oo, (2.4.74)
and so P2 is satisfied. We can apply Cauchy’s residue theorem to (2.4.71) to obtain

o Cm 1 Cm
nz=:l (f: an)( 'Ym+an+”/m)+nZR(f on) (/Bn_'}'m_'_ﬁn'i"?m)
+ f(’Ym) + Cmf(_7m) = D, mc Ng. (2475)

Comparing (2.4.75) with (2.4.16) we find that U, = R(f : @), Vo = =R(f : B.), n € N,
provided

f(’)/m) + C?nf(—7m) =0, m € Ng. (2.4.76)

To find the coefficients A, appearing in (2.4.73), we have for m € N

Flom) = —exp { - %r’?-(bln(d/b) + cln(d/C))} ('Ym(l — »Ym/ai?;(l — ’)fm/ﬁm))

v 1— 7m/'7n
G ey (24.77)
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and

o~ An TYm
fl—=vm) = (1 - gl T %) exp {—W—(bln(d/b) + cln(d/c))}
2 1°—°[ 1+ Ym/¥n
(1 + Ym/am) (1 + Ym/Bm) = (1+ ym/aa) (L + ¥m/Ba)
(2.4.78)
Substituting (2.4.77) and (2.4.78) into {2.4.76), we obtain
Ay, + By, f} A _p. men, (2.4.79)

1 Ym + Tn

where

27m(am — Ym) (B — ¥m) 2Ym
Bm = ( (am + Ym) (B + Ym) ) =P {T(bln(d/b) +eln(d/e) = mr)}

y H (L4 Y/ )1 = Y/ ) (1 — Y/ Bn)
1 + 'Ym/an)(l + '}’m/ﬁn)(l - 'Ym/’)/n) -

(2.4.80)

i
The infinite system of equations (2.4.79) has very nice properties as it is firstly real and
the presence of the factor (,, in By, enables one to see that as ¢ — oo, the coefficients
A, decay exponentially to zero. This condition was expected and discussed earlier.
Morcover, the terms B,, decay exponentially as m — oo and so the system can be
solved very efficiently via a numerical truncation approach.
Infinite systems of the form shown in (2.4.79) occur regularly in this thesis. Writing
(2.4.79) in the most general form we have
oo
Ap + Y Condy, = Bn, m € N, (2.4.81)
n=1
A sufficient condition that the infinite system (2.4.81) has a unique solution A, with

% | A2 < oo is that

(2.4.82)

iNgk:
2

and

YN Ch. <1, (2.4.83)

are both satisfied, see for example, Hutson and Pym (1980}, §3.6. It can be shown, using
methods described in Evans {(1992), Appendix B, and Evans et al. (1993), Appendix C,

that these conditions are satisfied provided a/d is sufliciently large.

27



Trapped mode condition

We now return to the one condition still to be satisfied, namely (2.4.76) with m = 0. If

1
we let o = —i7y/, where 7/ = (k2 - (5)2) ¢, this condition reduces to
27 = —M 2.4.84
7o) (2:4.84
From (2.4.50) we have
g{=17") (1 4 ivm/ ) (1 — ivim/an) (1 = iv7n/ Br)
= exp{2iy'© = . 2.4.85
), = oolzire [T il i S, s
Substituting (2.4.61) into (2.4.85) we obtain
9(=1) _ sixire)
=) _ piterre), 2.4.86
o) (2480
where x and © are given by (2.4.63) and (2.4.64). We finally have
(e}
h(—'i 3 I Z An/('Yn + i'}”) .
v — n=1 = 6210, (248?)

h(z’Y’) ) 1- i An/(7

where, since A,, and 7, are real for n € N,

o = arg (h(—i*y’)) = arg (1 — i An, ) (2.4.88)

v e T 0
The condition for the existence of trapped modes, (2.4.84), reduces to

egi.yl(a_@) — _e‘ZiXGQiO' (24.89)

which is simplified as
Y(e-9)=x+o+ ('n - %)ﬂ', n an integer, (2.4.90)

where x, © and o are given by (2.4.63), (2.4.64) and (2.4.88) respectively. We sce that
this condition differs from the approximate condition {2.4.66) by the addition of the
term o. The ¢ term is dependent on a/d and as a/d — oc in (2.4.88), we see that
o — arg(l) =0.

Condition (2.4.90) is in a form which will occur many times in this thesis. It is
possible to prove the existence of a solution to (2.4.90) for sufficiently large a/d. Suf-
ficiently large a/d is required as this guarantees a unique solution to (2.4.79) and we

can also provide a bound for ¢. As we can also provide a bound for x it follows that
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for kd € (,dn /b), with a sufliciently large value of a/d the right-hand side of (2.4.90)
lies between the two values (n — %)‘R + ¢ and (n — 3)7 + €, where ¢; < 2. As kd
varies between m and dn/b for fixed b/d, the left-hand side of (2.4.90) varies contin-
wously between 0 and C(a/d — ©/d), where C is strictly positive. We let n = N so
that (N — )7 + ¢, > 0, and then the right-hand side of (2.4.90) lies between two non-
negative values. To provide a solution to (2.4.90) we choose a/d sufficiently large so
that C(a/d — ©/d) > (N — $)w + ¢;. With this choice of a/d we can see that there will
be a value of kd in the range (m, dr/b) for which (2.4.90) is satisfied.

Antisymmetry about z =0

For the case of antisymmetry about z = 0, (2.4.76) becomes
FOm) = nf(=Mm) =0,  m €Ny, (2.4.91)
with the infinite system of equations equivalent to (2.4.79) being

© A
_A_+B, " __B, meN, 2.4.92
" 2 Y + T ( )

where B,, is given by (2.4.80). The condition for antisymmetric modes, equivalent to

(2.4.90), is thus
Y(a—©)=x+0o +nnr, n an integer, (2.4.93)

where ¢’ is the argument of h(—#y') with the constants A, given by the solution of

(2.4.92).

Results

The systems of equations (2.4.79) and (2.4.92) need to be solved by truncation and due
to the exponential convergence of the B, terms only a small truncation parameter is
used. In the following results a truncation parameter N = 5 is used. |

Figure 2.3 shows a comparison between the trapped-mode wavenumbers, kd/7, com-
puted from the approximate solution and the full solution when &/d = 0.6. The solid
lines correspond to modes symmetric and antisymmetric about z = 0 for the full modi-
fied residue calculus method, and the dashed lines correspond to modes symmetric and

antisymmetric about z = 0, computed from the approximate method. The two modes
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Figure 2.3: A comparison of the trapped-mode wavenumbers, kd/m, for modes symmet-

ric and antisymmetric about z = 0 for the approximate solution, (dashed), and the full

solution, (solid}, plotted against a/d when b/d = 0.6.

on the left-side of figure 2.3 are symmetric about z = 0 and the other two are anti-
symmetric about z = 0. For all but the smallest values of a/d, the results computed
from the full and approximate methods are indistinguishable. Only when a/d is less
than about 0.5 do the full solution and the approximate solution produce significantly
different results.

In figure 2.4 a typical set of trapped-mode wavenumbers, kd/x, computed from the
full solutions (2.4.90) and (2.4.93), are plotted against a/d, for b/d = 0.75. The solid
lines correspond to modes symmetric about x = 0 and the dashed lines correspond to
modes antisymmetric about x = 0. We see that as a/d increases the number of modes
present also increases, and the modes appear alternatively symmetric and antisymmetric
from the cut-off kd = dn /b = 47 /3, and decrease towards kd = =.

The variation of trapped-mode wavenumbers, kd/, plotted against b/d when a/d =
3 is shown in figure 2.5. The solid lines represent modes symmetric about z = 0, the
dashed lines modes antisymmetric about x = 0 and the dotted line represents the upper
cut-off kb = #. It is clear that as b/d increases from 0.5, the number of modes present
decreases and the frequency of each of the modes decreases slightly. The plot shows
that modes are present for any value of b/d in the interval (0.5,1).

It is apparent from figure 2.5 that trapped modes exist in this frequency range when
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Figure 2.4: A comparison of the trapped-mode wavenumbers, kd/m, for modes symmet-

ric {(~—) and antisymmetric {(— —) about z = 0 plotted against a/d when b/d = 0.75.
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Figure 2.5: A comparison of the trapped-mode wavenumbers, kd/r, for modes symmet-

ric (—) and antisymmetric (- -} about z = 0 plotted against b/d when a/d = 3.

b/d = 1/2. This will be confirmed using a simplification of the theory due to symmetry

in chapter 3.
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Conclusion

The solution of the problem described in section 2.4.1 provides an elegant method
for establishing the existence and computation of trapped-mode frequencies in a two-
dimensional laterally coupled waveguide containing a window in the common boundary.
The computation of the trapped modes is fairly straightforward as the system of equa-
tions that arises can be truncated with a low truncation parameter and ignored alto-
gether when a/d is greater than one. Trapped modes either symmetric or antisymmetric
about the line of symmetry of the guide have been shown to exist.

In solving the problem, an analytical approximation for a large window width was
initially derived using residue calculus theory. The approximation provides an idea
into how to solve the full problem efficiently. The computed results show that this
approximation is very accurate for most window width sizes, even when the window is
fairly small.

The full problem was solved using the modified residue calculus technique, which is
an extention of the approximate solution. The full solution differs from the approximate
solution only by the addition of one extra term in the trapped-mode condition. This
extra term comes from the solution of a rapidly convergent infinite system.

The results computed show that the number of modes present depends on the values
of a/d and b/d. As a/d increases the number of modes present increases, whereas as b/d

increases the number of modes present decreases.

2.4.2 Variational methods
Introduction

The background given in section 2.2 discusses work involving quantum waveguides. In
this section we review previous work done from a trapped-mode viewpoint in classical
continuum mechanics.

Early work on differential operators on unbounded domains was done by Jones
(1953), who gave a number of results concerning the spectrum of the Laplace operator
and the existence of eigenvalues defined on certain types of semi-infinite domain. Later
in his paper, the author relates the work to trapped modes (or the so-called ‘trapping
modes’ occurring in Ursell (1951} ).

When the resurgence of interest into trapped modes occurred forty years later, Evans,
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Levitin, and Vassiliev (1994) used a variational formulation to prove the existence of
at least one trapped mode in an acoustic waveguide containing an obstacle symmetric
about the centreline of the guide parallel to the walls. Neumann conditions were placed
on both the waveguide walls and the obstacle. The symmetry of the waveguide plays a
key role in the proof as modes can be sought antisymmetric about the centreline, thus
introducing a positive cut-off. Modes whose frequencies are below this cut-off cannot
propagate to infinity allowing a standard variational argument to be used.

Further rigorous operator theory results concerning the existence or non-existence
of trapped modes in waveguides can be found in Davies and Parnovski (1998), and the
existence of edge resonances in an elastic strip are found in Roitberg, Vassiliev, and
Weidl (1998). Both cases use the symmetry of the obstacle about the centreline of the
guide to enable a cut-off to be introduced below which the modes can be found.

In the paper by Davies and Parnovski (1998}, the authors also prove the existence of a
trapped mode for the case of a two-dimensional or three dimensional cylinder containing
a thin obstacle parallel to the axis of the cylinder. Similar situations are also discussed in
Groves (1998) and Linton and McIver (1998a). The case of the thin obstacle differs from
previous examples as a cut-off cannot be introduced by considering simple symmetry
arguments. The main idea in the proof is to show that there is a more general way to
introduce a cut-off by decomposing the space of L? functions into a set of generalised
plane waves, one of which is not affected by the presence of the obstacle,

Work by Aslanyan, Parnovski, and Vassiliev (2000) uses a variational technique to
deal with the situation when an obstacle symmetric about the centreline of the guide
is moved away from the centreline. In this case the real eigenvalues found previously
become complex resonances.

The trapped modes occurring in two-dimensional waveguides containing long obsta-
cles symmetric about the centreline are considered in Khallaf, Parnovski, and Vassiliev
(2000). In their paper the authors provide analytical estimates for the trapped mode
frequencies and also prove that the number of trapped modes occurring is asymptotically
proportional to the obstacle’s length.

More recently Linton et al. (2002) and Linton and Mclver (2002) have used a vari-
ational principle to prove the existence of trapped modes for waveguides containing
certain off-centre bodies and for waveguides containing periodic structures.

In this section we shall use the method of Khallaf et al. (2000} to provide estimates
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for the trapped mode frequencies and prove the existence of a single trapped mode
occurring below the cut-off kb = 7 in a two-dimensional laterally coupled waveguide
for a sufficiently large window. The main difference between this problem and the one
considered in Khallaf et al. (2000} is that the laterally coupled guide is not symmetric

about the centreline of the waveguide.

Estimates of trapped-mode frequencies

We consider a two-dimensional laterally coupled waveguide. The waveguide can be

thought of as an unbounded domain Q) defined as
2 = {{~00,00) x (0,d)} \ {(~00, —a] x [5] U [a, 00) x [6]},

where @ > 0 and § < b/d < 1.
We are trying to find estimates for values of A for which there is a non-trivial solution

¢(z,y) to the boundary-value problem
—V¥=Xxp inQ, (2.4.94)

subject to the boundary conditions (2.3.3)—(2.3.6).

For the case of the laterally coupled waveguide, we have seen that if we restrict the
frequency so that &k < /b there are no modes that can propagate to infinity in either
region I or II. The continuous spectrum for this problem is the semi-interval [72 /8%, 00),
as k? is equivalent to M.

To find the eigenvalues located below the continuous spectrum, i.e. in the region
[0, 72/b%), we can use the standard variational approach, see for example Evans et al.
(1994) or Linton and Mclver (1998a).

We consider the Rayleigh quotient defined by

_ HalVel2drdy
[0 dz dy”

for all functions ¢ € HE(Y) \ {0}, where HA() is the Sobolev space consisting of

Q(¢) (2.4.95)

all functions in L2(2) which also have square-integrable first partial derivatives which

satisfy p =0ony =0,y =d and y =5 (|z| > a). We also define

)\(1) = inf Q((,’b) (2496)

PpEH]
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The value Ay is the lowest point of the spectrum of the problem (2.2.1) and (2.3.3)-
(2.3.6). Due to the positive nature of both integrand in (2.4.95) it is easy to see that
Ay > 0. If the value Ay < m2/b?, then X(y) is the first eigenvalue of the problem and
the function ¢; from which Ay is found is the associated eigenfunction (trapped mode).

We now use ideas which can be found in, for example, Stakgold (1970), section 3.5.

We define the inner product over the space of functions as,

(v,w) = f/ﬁ vwdz dy. (2.4.97)

Let A2y be defined as

Aoy = jnf Q(9) (2.4.98)

elg;

If Ay < m2/b? then )y is the second eigenvalue of the problem. This method can be

repeated until we have

Amﬂp=£%Q@m=wvw, i=1,2,...,n. (2.4.99)
. bl
It can be easily seen that the spectrum (0,72/#?) for the problem (2.4.94) and (2.3.3)-
(2.3.6) will contain exactly n eigenvalues.

One symmetry of the problem that we can take advantage of is the symmetry about
the y-axis. We can place a Neumann condition or a Dirichlet condition on this axis and
the continuous spectrum of the problem will remain unchanged. As was shown before,
by placing either condition on the line © = (0 we can seek modes either symmetric or
antisymmetric about the y-axis. We label the eigenvalues below the continuous spectrum
as either A(;) s for symmetric eigenvalues or Ay, for antisymmetric eigenvalues. The
appropriate problem will now have either n, or n, eigenvalues below the continuous
spectrum.

We only need now to consider the region 2 defined as
Q= {(z,y) € Qz > 0}, (2.4.100)

and we shall initially only consider the case of a Neumann condition placed on z = 0.
The space of functions is different for the two problems as trial functions have to satisfy
Dirichlet conditions but not Neumann ones. The changes resulting from replacing this

condition by a Dirichlet condition will be discussed later. We split the domain ) into
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the regions I, I] and III defined previously and consider the eigenvalues associated
with each region separately. For the following work we need to introduce some new
notation.

We denote the j—th eigenvalue (arranged in order of increasing size) occurring in
region ¢ with a Dirichlet (or Neumann) conditiononz =@, 0 <y < d as )\’(Jl)) , (or X(g ).
We also define a counting function N*P(A), (or N*¥())), as the number of eigenvalues
less than A in region ¢, with a Dirichlet (or Neumann) condition on z = a, 0 < y < d.

The method behind the estimates concerns the idea of Dirichlet-Neumann bracketing
along the line £ = a, 0 < y < d (see, for example Courant and Hilbert (1989) VI §2.5)

and is a consequence of the variational principle outlined above. If A < x2/b? we have

NI,D(/\) +NII,D(/\) +N”I’D(A) < Ns(/\) < NI’N()\) +NII,N()\) _’_NIH,N()\),
(2.4.101)

where Ns()) is the total number of eigenvalues below A with a symmetric condition
placed on z = 0. Note that N (m?/b?) = n,.

If a Dirichlet condition is placed on the ‘artificial’ boundary z = a, 0 < y < d, the
eigenfunctions in region I71 will take the form

¢z, y) = cos (n = 2/2)7@ sin m;ry1 (2.4.102)

where m and n are non-negative integers, and hence

e ((n—=1/22x%  (mm)?yeo
{267} P { o + }n.m=1' (2.4.103)
Similarly replacing the Dirichlet condition on z = a by a Neumann condition the cigen-

values become
2

{/\IH,N © {(”" i)z'”? i (mn)
a

o d2} : (2.4.104)

n,m=1
It is straightforward to show that there are no eigenvalues in regions I or I and so

(2.4.101) becomes
NITD(A) < N,(N) < NFLN(y), (2.4.105)

provided A < w2/b% If we take m > 1 in (2.4.103) and (2.4.104) then the right-hand
sides of both expressions will be greater than #? /5%, so we assume that m = 1 in both

cases. From (2.4.105) the following inequalities hold for all j, (for which A¢;) s < 72/5%),

Myt < A €A (2.4.106)
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(see Behnke, Mertins, Plum, and Wieners (2000), Lemma 4.1., for a proof of this.} Using
(2.4.103) and (2.4.104) we simplify (2.4.106) to

w2 e 7w 72
;(J — 12+ = < Agys < ?(J - 1/2)* +

g = (2.4.107)

If the Neumann condition on z = 0 is replaced with a Dirichlet condition, the eigen-
function expansions and eigenvalues can be recalculated and (2.4.107) becomes

2

72 72 n? 2
S0 -1/2°+ 5 < Apa < =i+

m

= (2.4.108)

The result of superimposing these intervals onto figure 2.4 is shown in figure 2.6. Al-

L3

1.4F

kd/w
12}

0.0 L L . L !
0 0.5 1 1.5 2 2.5 3

Figure 2.6: A comparison between the trapped-mode wavenumbers, kd/m, for modes
symmetric and antisymmetric about z = 0 for the full solution, (solid and dashed), and

the estimated intervals (dotted), plotted against a/d when b/d = 0.75.

though each mode appears between two estimates, it can be seen that as a/d increases
along each curve, the estimate coming from the upper bound gives a better approxima-
tion to the frequency of the trapped mode.

Each interval of (2.4.107) and (2.4.108) whose right-end value is less than «?/b?
contains precisely one eigenvalue. This allows us to prove the existence of j trapped
modes provided the value of the right-hand end of (2.4.107) or (2.4.108) is less than
w2 /b2
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Proof of existence of a trapped mode

To prove the existence of a single symmetric trapped mode we put 7 = 1 into (2.4.107)
to produce the following inequality

2 2 2

™ T

T
102 + Z < I (2.4.109)

Rearranging this we find that a single symmetric trapped mode exists provided

a/d > [(2d/b)? — 4 : (2.4.110)

The similar condition for a single antisymmetric trapped mode is that

a/d > [(d/b)* -1 : (2.4.111)

As b/d is increased from one half the required value of a/d increases from 1/+/12 for the
symmetric case, and 1/v/3 for the antisymmetric case. As b/d — 1 the required value

of a/d — oo in both cases. Similar results were found by Exner et al. (1996).

2.5 Trapped modes below the second cut-off

In this section we seek trapped modes for the laterally coupled waveguide whose fre-
quencies are above the cut-off given by (2.3.34), i.e. trapped modes with frequencies
kb > m. The modes found in section 2.4 were restricted in such a way that no propagat-
ing modes appeared in the region z > a and only one wave-like mode appeared in the
region z < a. The modes in this section will have frequencies above the cut-off for wave
propagation down the guide. In the terminology of spectral theory this means that the
eigenvalue associated with the trapped mode is embedded in the continuous spectrum
of the relevant operator.

There is little previous work on trapped modes embedded in the continuous spectrum.
Original numerical evidence for the existence of an isolated trapped mode embedded in
the continuous spectrum was given by Evans and Porter (1998) for the case of a rigid
circular cylinder placed on the centre-plane of the channel. Both Neumann and Dirichlet
boundary conditions were considered on the channel walls. The trapped mode was shown
to occur at a single precise cylinder radius and at a single frequency in each case.

More recently Mclver et al. (2001) showed that this trapped mode was not isolated,

but part of a continuous branch of modes which exist for ellipses with varying aspect

38



ratio. The ellipses are defined by two geometrical parameters a and b, say, where
(z/a)? + (y/b)? = 1, and embedded trapped modes were found to exist for families
of ellipses given by @ = a(b), with the corresponding wavenumber being of the fofm
k = k(b).

The branch structure of embedded trapped modes that exist for a class of obstacles
with two planes of symmetry in two-dimensional waveguides, with Neumann conditions
placed on both the waveguide walls and the obstacle, was shown in Mclver, Linton, and
Zhang (2002). The authors showed that branches of trapped modes exist as different
length flat plates located on the centreline of a parallel-plate waveguide are transformed
into either rectangular blocks or ellipses.

Trapped modes whose frequencies are embedded in the continuous spectrum for off-
centre structures in guides were described in Linton et al. (2002). A Neumann condition
was placed on the obstacle’s boundary and either Neumann or Dirichlet boundary con-
ditions placed on the waveguide walls, The authors used a variety of techniques to
investigate the occurrence of trapped modes in various frequency bands. The tech-
niques included slender body theory developed in Evans and Mclver (1991), variational
techniques and modified residue calculus methods like those used earlier in this thesis.

Both problems contain a number of cut-offs which are dependent upon the number
of propagating modes occurring in an empty guide and not on the geometry of the
obstacle. The authors defined the Nth cut-off of both problems as the frequency below
which N — 1 modes propagate in the empty Dirichlet guide and N modes propagate in
the empty Neumann guide.

The authors stated that trapped modes may occur below the Nth cut-off if the num-
ber of parameters that define the geometry of the obstacle is equal to the number of
propagating modes plus two. In other words, below the first cut-off trapped modes may
occur in the Dirichlet problem if the obstacle geometry is specified by two parameters,
and in the Neumann problem if the geometry is specified by three parameters. Extra
parameters are needed to satisfy side-conditions which force the amplitudes of any prop-
agating modes to zero. The exception to the rule comes when the obstacle is a thin plate
aligned parallel to the guide walls. The case of the thin plate can be solved using the
modified residue calculus technique, which is useful as additional conditions ensuring
that the amplitudes of propagating waves are zero are not necessary because the solu-

tion automatically ensures that no modes propagate to infinity. The authors showed
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that trapped modes exist below the third cut-off for a Neumann guide containing a thin
plate aligned parallel to the guide walls and not too far off the centreline.

Although the case of a thin plate is not considered in this chapter, the laterally
coupled waveguide has a similar geometry to the waveguide containing an off-centre
plate. Both problems are defined by two parameters, namely the off-set and width
of the thin plate/window and so we may expect to find trapped modes below similar
cut-offs.

Other papers concerning embedded trapped modes will be discussed in later chapters
when the content is more relevant to the problem under discussion.

In the next section we use a modified residue calculus method to show the existence of
trapped modes above the first cut-off and below the second cut-off for wave propagation

down the guide.

2.5.1 Formulation

We set up the problem with similar eigenfunction expansions to those in section 2.3.
The second cut-off is defined as the frequency below which only one mode can propagate
in the region z > q, i.e. one mode in region I and none in region II or vice versa. We
wish to restrict the frequency in such a way that two modes also propagate in the inner
region. The reasoning for this restriction is discussed later when the function used in
the modified residue calculus method is constructed. Two modes appear in the inner
region when kd > 2. The upper cut-off that allows only one mode in the outer region
is dependent on the value of b/d. If kd > 27, one mode will always appear in region
I1, but if 1/2 < b/d < 2/3, another mode will appear in region I when k¢ > 7, and
if 2/3 < b/d < 1, another mode will appear in region I when kb > 27. We therelore

restrict the frequency in such a way that

2r < kd < d—:-, when 1/2 < b/d < 2/3, (2.5.1)
2dm
2 < kd < ~5 when 2/3 < b/d < 1. (2.5.2)
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The eigenfunction expansions for the three regions are

0 eman(z=a)p()
1z, y) =D U,(Ll)‘e - f (y)’ an = (V2 - BV (2.5.3)
n=1 —Un
% ~Bn(z—a)p (2)
do(z,y) = S UDZ 3 2 (¥) B = (112 = KB/, (2.5.4)
n=2 “Hn
0 (3)
_ @ cosh vz U3 () _ 2 i
b3(z, ) ;Un smige ™ (A2 — k)2, (2.5.5)

where ¥ (y), ¥@(y) and ¥ (y) are given by (2.3.27)—(2.3.29).

These expansions are the same as (2.3.31)~(2.3.33) except that the sum in region
IT starts from n = 2, as we set the amplitude of the mode corresponding to 5; equal
to zero. With the restriction of frequency given by (2.5.1) and (2.5.2) we find that v
and v, (and §;) are purely imaginary whereas ay, @y, G, and ~v,, n > 2 are all real and

positive.

2.5.2 Modified residue calculus method

We now formulate a solution using the modified residue calculus technique.

Following (2.4.2) to (2.4.17) we can match ¢; = ¢; and their derivatives along I,
i = 1,2, convert the results into an infinite system of equations and eliminate U{® to
arrive at

Lol o) -

On — Ym Qp + Ym

Vn( 4 —om ) =0, meN, 2.5.6
n;g ﬁn — Ym ﬁn'*"}’m 0 ( )

where U,, V,, and (,, are defined by (2.4.17). Notice that the only difference between
(2.5.6) and (2.4.16) is that the summation for V, starts from n = 2 instead of n = 1.
The condition (2.4.26) describing the behaviour of U, and V;, for large n remains the

same. We now consider the integrals, (as in (2.4.28)),

o 1 Cm
In = lm 2mrs /cN f(z)(z — Y +3 + 'ym) dz, m & No, (2:5.7)

where Cy is a sequence of contours on which z — co as N — oo and f(z) is a mero-
morphic function which has the following properties:

P1. f(z) has simple poles at 2 = an, n € N, and z = 3,, n > 2;

P2. f(z) = O(z"2) as |z] — o0 on Cy as N — oo.
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Construction of f(z)

We choose
£(2) = exp(—20)g(2)h(2), (2.5.8)
where © is given by (2.4.64) and
1 = 1= 2/
_ , =14 2.5.9
9(2) 1—2/a; Tg:,(l—z/an)(l—z/ﬁn) Z_;Qz ( )
If we replace a,—; by &, in (2.5.9) we have
bt 1— z/%z
_ , —1+ 2.5.10
9=l a=7aya—=a) o (2510

The function g(z) is chosen to have the correct poles to satisfy P1. The function h(z)
is chosen so that the zeros of g(z) at z = v, n > 2 are cancelled by the poles of h(z) at
these points. Notice that the frequency constraints (2.5.1) and (2.5.2) lead to a function
g{z) which is the same order, as z — ©0, as that given in (2.4.36) since one factor has
been removed from both the numerator and the denominator. The function given by
(2.5.8) therefore satisfies P2.

Applying Cauchy’s residue theorem to (2.5.7) we obtain

ER(f:“”)(ani s Y SR ) (e + )

Tm Oy + Tm n="2 — Tm ﬁn + Ym

+ f(¥m) + Cmf(—m) =0,  m €Ny, (2.5.11)

A comparison with (2.5.6) shows our solution is given by U, = R(f : &,) and V,, =
—R(f : 3,) provided

The coefficients A,, n = 2,3, ..., can be found {rom an infinite system of equations. For
n > 2, we have
Ym Am
m) = —expq — —(bIn(d/b) + cIn(d/c } p
f(")/ ) p{ T ( ( / ) ( / )) ('}’m(l _'Ym/am)(]- '_f‘fm/ﬁm))
= 1 _”.Ym/'Yn
X 2.5.13
L a0 = srmy (2:5:43)
and
) = (1= )ex {—m-blndb—!-clndc }
$() = (1= 20 Yo {22 (bIn(d) + clnidfe)

g 2 1 1+ vm/7n
((1 Fomlan (T ’ym/ﬁm)) Lo e a3
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Substituting (2.5.13) and (2.5.14) into (2.5.12) we obtain

A,
A + B,
nz_;'?’m+7n

Bn,, m=23,..., (2.5.15)

where

B o 20meXP(=27n8) (B — ) (Gm — Vrm)

" (B + Ym ) (@m + Ym)
ﬁ (1 = Y/ @) (1 = Ym/Bp) (L + Y/ Vn)
n=2 (1 + 'Ym/d’n)(l + ’Ym/ﬁn)(l - 'Ym/’)’n) .

n&Em

(2.5.16)

Because of the presence of the rapidly decaying factor {m, in equation (2.5.16) for B,
the systém of equations (2.5.15) converges very quickly provided a/d is not too small

and provides a very efficient method for computing the unknowns A,,.

Trapped mode condition

Unlike in the non-embedded case we now have two conditions to be satisfied simultane-

ously, whereas before we only had one. These conditions are (2.5.12) with m = 0 and

m = 1. Letting o = —iv,, where 75 = (k2 — A2)z = (k? — (n/d)?)%, and v, = —ir,,
where 7, = (k2 — A2)% = (k® — (2n/d)?)?, we reduce these conditions to

2ima _ _f(—iT;')

flG)

Following the method in section 2.4.1 we find the condition for trapped modes is that

=0,1. (2.5.17)

Yle-0)=x+0i+(m—3)m =01, (2.5.18)

are both satisfied simultaneously, where

=3 (ot (2) ot (2) —wnct (2)), 59

n=2

o; = arg (h(—z"y})) = arg (1 — i An_ ,), (2.5.20)

=5 e+ 1

© is defined by (2.4.64) and ny and n; are an arbitrary pair of integers.

For the case of antisymmetry about x = 0, the conditions change to
'y;-(a —0) = x; + o} +nym, j=0,1, (2.5.21)
where 0} is the argument of h(—i'y;) with the A, coefficients coming from

A,
—Ap + B,
nZ:g'Ym”*"}’n

=B, m=23.... (2.5.22)
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Results

For the numerical results in this section, the system of equations (2.5.15) and (2.5.22)
are truncated with a truncation parameter of N = 5.

In figure 2.7 a typical set of trapped-mode wavenumbers, kd/m, are plotted against
a/d when b/d = 0.6, for which the relevant frequency range is 2 < kd/m < 2.5. The
modes symmetric about z = 0 are represented by a cross and the modes antisymmetric
about x = 0 are shown by a circle. A detailed plot including five of these wavenumbers
is shown in figure 2.8. Figure 2.8 also shows the solid lines corresponding to solutions
of (2.5.18) and dashed lines corresponding to solutions of (2.5.21) for j = 0, 1, labelled
with the corresponding ng and n; values. For each j, the trapped-mode wavenumbers
correspond to the intersections of two lines. As a/d increases the number of trapped
modes present in a small a/d interval also increases, a feature which was also apparent

for modes below the first cut-off.

2.5 v
[} . 5
2.4' o X T
o} * °©
£ o X
2.3F N o
kd iy ] o] o 0
/ 2.2+ 2 « «
* o]
x ]
c « o x
2-1 o N o x o) x o T
o © [}
X » fa
2 X « . (o] . o . o . o xx
1-9 1 L 1
0 0.5 1 1.5 2 2.5 3 3.5 4 45 5
a/d

Figure 2.7: Trapped-mode wavenumbers for modes symmetric (x} and antisymmetric

(o) about z = 0 plotted against a/d, when b/d = 0.6.

The trapped modes symmetric about £ = 0 obtained by keeping the integers ng and

ny, in (2.5.18), constant and varying either kd/m in (a) or a/d in (b) against b/d are
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2.15

2.1k

kd/m

2.05F

Figure 2.8: A detailed view of part of figure 2.7 showing the curves corresponding to the
solutions of (2.5.18) and (2.5.21) for j = 0,1, labelled with the corresponding ng and n,
values. The solid curves correspond to modes symmetric about x = 0 and the dashed
to modes antisymmetric about x = 0. The embedded trapped modes are denoted by

X (symmetric) and o{antisymmetric).

shown in figure 2.9. The vertical dotted line corresponds to the value b/d = 2/3, and
the other two dotted lines correspond to the upper cut-offs given by (2.5.1) and (2.5.2}.
Only a selection of results for which a/d < 2 are given in figure 2.9. It can be seen from
figure 2.9(a) that the higher wavenumbers appear when (ng, n;) take the form (N, N —1)
with NV large and the lower wavenumbers are when (ng, n;) take the form (N,1) with
N large. Figure 2.9(b) shows that the lower values of a/d appear when (ng, n;) take the
form (N, N — 1) with N small and as nq increases a/d increases.

Figure 2.9(b) suggests, as below the first cut-off, that solutions may exist above the
first cut-off when b/d = 0.5. This is not the case however as it can be seen in figure
2.9(a) that when b/d = 0.5 the possible frequency range decreases to zero. Trapped
modes are found above the first cut-off, however, when b/d = 0.5 in chapter 3. The
method uses symmetry properties to simplify the problem and the modes are found in

a different frequency range.
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Figure 2.9: Variation of (a) kd/m and (b) a/d with b/d.for modes symmetric about

x = 0. The curves are labelled with the values of (ng,n;) used to generate them.

Conclusion

In this section we have used a modified residue calculus method to compute trapped
modes frequencies between the first and second cut-offs for wave propagation down the
guide. The trapped modes found are either symmetric or antisymmetric about the line
of symmetry of the waveguide. The main difference when locking for modes above the
first cut-off is that two conditions need to be solved simultaneously, compared to just
the one condition when looking below the first cut-off. The modes correspond to the

intersection of two lines in (a, k) parameter space and appear for any value of b/d in the
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range (0.5, 1}, but for only specific values of a/d. The results provided show that there

are no embedded trapped modes when the window size is below a certain value.

2.6 Trapped modes below the third cut-off

In the paper by Linton et al. (2002) trapped modes were found between the second and
third cut-offs for wave propagation down the guide for the case of a Neumann waveguide
containing an off-centre Neumann plate aligned parallel to the walls. The problem in
this chapter has a similar geometry to the off-centre plate, so we may also expect to find
trapped modes between the second and third cut-offs.

The problem can be set up as in section 2.5 with three wave-like modes appearing
in the region z < a and two propagating modes in the region = > a. Following the work
in section 2.5 we find that trapped modes exist provided three conditions are satisfied
simultaneously. However, these three conditions are found to be inconsistent and hence

no trapped modes can be found in this frequency band.

2.7 Summary

In this chapter we have investigated the trapped modes that can occur in a two-
dimensional laterally coupled waveguide. From a physical point of view, the trapped
modes have a direct relevance to the bound-state eigenvalues occurring in quantum
waveguides or quantum wires. The problem has been split into different sections de-
pending upon the frequency of the trapped mode.

Initially we introduced a cut-off in the frequency below which modes cannot propa-
gate to infinity. When seeking trapped modes below this cut-off a number of techniques
were used. The first of which was the modified residue calculus method. The modified
residue calculus technique provided a useful method to enable computation of trapped-
mode frequencies. A number of results were provided that showed that the trapped
modes occurred alternatively symmetric and antisymmetric about the line of symmetry
of the guide, and that more modes appeared as the window got larger or as it moved
towards the centre of the guide.

Using a variational principle we were able to provide estimates to these frequencies

in the form of an inequality and prove the existence of a trapped mode for a sufficiently
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large window width. As the size of the window in the common boundary was increased
it was seen that a trapped-mode frequency would tend towards the upper bound of this
inequality.

For modes whose frequencies were above this cut-off we were able to use a simi-
lar modified residue calculus technique to compute trapped-modes frequencies. From a
spectral point of view, when looking above the cut-off we were secking trapped modes
whose frequencies were embedded in the continuous spectrum of the operator. The
difference between the two sets of results came from the fact that there were two con-
ditions to solve for the case above the cut-off compared to only one below the cut-off.
The geometry of the problem can be described in terms of the two parameters a/d and
b/d. When looking below the cut-off we can fix either a/d or b/d and vary the other to
get solutions. For the case above the cut-off we can only fix was b/d and the solutions
appear for only specific values of the parameter a/d.

An investigation was also made into trapped modes whose frequencies were above
the second cut-off for wave propagation down the guide. Trapped modes were not found

for any off-set or width of the window.
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Chapter 3

Two-dimensional waveguides

containing a plate on the centreline

3.1 Introduction to the problem

One of the assumptions made in chapter 2 was that the value of b/d > 1/2. If 2b = d
the waveguide is symmetric about the mid-line parallel to the walls and this can be used
to simplify the analysis. To seek trapped modes in a guide with such a geometry we
decompose the problem into one symmetric about the mid-line and one antisymmetric
about this line and consider just one guide. The latter case is that of a parallel-plate
waveguide with Dirichlet conditions on both walls, a guide that does not contain trapped
modes. On the other hand, the symmetric problem is equivalent to a two-dimensional
waveguide with Dirichlet boundary conditions on the walls containing a thin plate on
the centreline on which a Neumann condition is applied. In this chapter we seek trapped
modes in such a guide.

The chapter is divided as follows. In section 3.2 we discuss previous work done on
waveguides containing obstacles which are symmetric about the mid-line of the waveg-
uide. The problem is formulated in section 3.3 and a cut-off corresponding to the lowest
point of the continuous spectrum is introduced. The geometry of the problem is now
only described by one non-dimensional parameter, this being the length of the plate
compared to the width of the waveguide. The chapter is then split into two main sec-
tions as we seck modes whose frequencies are located below the continuous spectrum in
section 3.4 and embedded in the continuous spectrum in section 3.5.

In section 3.4.1 a modified residue calculus method is used to prove the existence

49



of trapped modes in a waveguide containing a sufficiently long plate and compute the
frequencies. A variational principle is used in section 3.4.2 to provide estimates for
the trapped-mode frequencies and prove the existence of a single trapped mode for a
sufficiently long plate. In both subsections the trapped modes are antisymmetric about
the line forming the extension of the plate, either symmetric or antisymmetric about
the line through the middle of and perpendicular to the plate and can be found for any
value of the geometrical parameter corresponding to the plate length.

A modified residue calculus method is used to prove the existence of and compute the
frequencies of trapped modes between the first and second cut-offs in section 3.5. The
modes considered here have the same symmetric properties as those whose frequencies
are below the cut-off but only occur for specific values of the plate length. This is
consistent with what is found in chapter 2 as above the first cut-off trapped modes are
only found for specific values of the window width.

A summary of the results obtained in the chapter is given in section 3.6.

3.2 Background

The previous work concerning trapped modes in two-dimensional parallel-plate waveg-
uides containing obstacles that are symmetric about the centreline between the waveg-
uide walls is extensive. The symmetry of the gecometry can be used to restrict attention
to modes which are antisymmetric about the line of symmetry parallel to the waveg-
uide walls, enabling a cut-off to be introduced below which modes cannot propagate to
infinity. If any non-trivial solutions to the problem are found with frequency below this
cut-off then by definition they are trapped modes.

One of the first class of obstacles to be studied was a flat plate placed parallel to
the waveguide walls, a situation of great practical importance in an engineering context.
Detailed work on the excitation and consequences of modes trapped around a single
flat plate in a rectangular flow passage can be found in Parker and Stoneman (1989},
§2. Earlier work concerning the existence of trapped modes around a thin plate was
presented by Parker in a series of papers both experimental (1966) and theoretical
(1967).

In the first of these papers the author presented a detailed experimental study of

acoustic resonances in waveguides of constant cross-section in which single plates, round



rods and a number of equally spaced flat plates spanning the guide were placed with their
planes parallel to the airflow. The author showed that fairly large pressure amplitudes
can be generated at resonance frequencies which are related to the geometry of the guide
and not to the natural frequency of mechanical vibration. These resonances were local
to the plates, excited by the vortex shedding from the trailing edges of the plates as air
rapidly flows across them and quickly decayed down the guide.

In the later theoretical paper Parker studied trapped modes by numerically solving
the wave equation using relaxation techniques and obtained a good agreement between
the theory and previous experimental frequencies at which the resonances occurred.
These resonances were dependent upon the length of the plates and the distance between
the plates.

The resurgence of interest in trapped modes in the 1990’s resulted in a number of
papers containing work on symmetric obstacles. Much of the work concerns a water-
wave interpretation of the problem whereas the ideas in this chapter come from the
analagous acoustic problem. Using the terminology introduced in section 2.5 we can
classify many of the problems considered as either a Neumann or Dirichlet problem.
(The problems are defined due to the conditions appearing on the waveguide walls. The
obstacle within the waveguide always has Neumann conditions on the boundary.)

The trapped modes arising from Neumann and Dirichlet problems are known as
Neumann or Dirichlet modes for rigid structures. The Neumann and Dirichlet modes
for rigid structures are of great importance from a physical viewpoint. An example
was given by Maniar and Newman (1997) who showed numerically how large forces on
cylinders in the middle of a large, finite array of cylinders occur near the wavenumbers of
the corresponding Neumann and Dirichlet trapped modes found around a single cylinder
in a channel.

Early work which fully exploits the symmetry of problem was done by Evans and
Linton (1991) who provided numerical evidence for the determination of Neumann-mode
frequencies for the case of a parallel-plate waveguide containing a symmetrically-placed
rectangular block, A Dirichlet condition was placed on the centreline of the waveguide
and the trapped modes found were antisymmetric about this line, The Neumann modes
found are either symmetric or antisymmetric about the line of symmetry perpendicular
to the waveguide walls. The case when the block is reduced to a flat plate on the

centreline is also discussed.
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Evans (1992) used the residue calculus method of Mittra and Lee (1971) to prove the
existence of Neumann modes for the problem of a sufficiently long flat plate placed on the
centreline. A Dirichlet condition is placed on the line which is an extension of the plate
and the modes found are either symmetric or antisymmetric about a line perpendicular
to the plate through its midpoint. The case when the boundary conditions are replaced
by mixed boundary conditions on the plate and its extension are also discussed.

Using a boundary integral equation technique Linton and Ewvans (1992) were able
to compute trapped-mode frequencies for the Neumann problem consisting of an ob-
stacle, symmetric about the centreline of the guide, placed on the centreline of a two-
dimensional parallel-plate waveguide. The integral equation method used in this exam-
ple is useful as it allows general obstacle geometries to be considered.

Evans and Linton (1994) used a residue calculus technique to provide simple tran-
scendental equations which can be used to find the frequencies of the Neumann and
Dirichlet modes found by Parker (1966). Although the formulas given were approxi-
mate the authors showed that they were also very accurate.

Many of the problems discussed in section 2.4.2 concerning various variational tech-
niques had symmetry built into the problem to allow a cut-off to arise. Some of these
papers considered the case of a plate on the centreline of the waveguide and calculated
the resulting trapped modes frequencies, but no general existence proof was given until
the paper by Evans, Levitin, and Vassiliev (1994). In the paper the authors proved using
a variational argument the existence of a Neumann mode in a two-dimensional parallel-
plate waveguide containing an obstacle which was symmetric about the centreline of the
guide.

In this chapter we seek trapped modes in the Dirichlet problem containing a finite
length thin plate on the centreline. The problem is equivalent to finding the Parker

and 4 modes considered in Evans and Linton (1994).

3.3 Formulation

We consider a two-dimensional waveguide with parallel sides a width d apart which
contains a plate of length 2a situated on the centre line, as shown in figure 3.1.
The problem is set up so that the z-axis is along the plate and the y-axis passes

midway through the plate. The symmetry of the problem allows us to seek modes
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Figure 3.1: Definition sketch.

| antisymmetric about the centreline of the guide by adding a Dirichlet condition on the
line y = 0, away from the plate and considering only the upper-half of the waveguide.
The geometry of the problem also allows us to express any solution as the sum of
solutions which are either even or odd about x = 0. For the initial work we seek a
solution which is symmetric about z = 0 by placing a Neumann condition on the line
z=0,0<y < d/2. We consider the region z > 0, 0 < y < d/2 and look for non-trivial

solutions ¢(z,y) which satisfy

%=Oonm=0,0<y<d/2. (3.3.1)

The solution must also satisfy the Helmholtz equation within the waveguide
(V2+k%)¢=0, 0<y<d/f2, z>0, (3.3.2)

for some wavenumber k, subject to Neumann boundary conditions on the plate and

Dirichlet boundary conditions on the guide wall and the extension of the plate

%L—Oony:O, 0<z<a, (3.3.3)
dy
¢=00ony=0, x> a, (3.3.4)
¢=0ony=d/2, x>0, (3.3.5)

and we require a radiation condition specifying that no wave can propagate out to

infinity:

¢ — 0 asz — oo. (3.3.6)
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We finally assume that ¢ is non-singular, but that
Vo =0(r"2) as r = {(z — a)? +12}2 — 0, (3.3.7)

anticipating singular behaviour in the velocity field at the edge of the plate.
Any solutions to this problem can be extended to a solution in the whole guide using

the symmetry relations

qﬁ(.’IS, _y) = _¢’($$ y): (338)
¢(_$1y) = ¢(x:y)1 (339)

and the resulting potential ¢ is a solution to the problem described in the previous
chapter, with b = d/2.

| It is useful to split the domain into two regions. Region I is0 <y <d/2, 0 <z <a
and region I/ is 0 < y < d/2,x > a, again shown in figure 3.1. We can represent
the function ¢ by a function ¢; (i = 1, 2) in each region, with the following continuity

conditions applied at each regions boundary:

0p1 _ Oy

1 = o, ol onz=a, 0<y<d/2 (.3'3'10)

Separation of variables reveals that

y_coshanz

o0
= U iy 3.11
ﬁbl(m,y) nZ=0 n oy SiIlh Qna mn (y)a (3 3 )
00 5 e—ﬁn(x—a.)
dolz,y) =) Uy )—'7'“— T2 (y), (3.3.12)
n=1 —Mn
where
an = (uh — kD', B = (- ), (3.3.13)

and we have introduced complete orthonormal sets

v (y) =22 sin piy (g —~ y) ftn = g(Qn +1), n € Ny, (3.3.14)
2
TP (y) =2"2sin vy, v = =, n €N, (3.3.15)
which satisfy
2 0 (o) g0 :
= /L VOOUO () dy = 6y 5=1,2, (3.3.16)
1

where Ly is ¢ = a, 0 <y < d/2 and §,,, is the Kronecker delta.



The condition that prevents waves propagating to infinity is that 8,, n € N, are
real and positive and this implies kd < 2x. In terms of the spectral theory of operators
the lowest point of the continuous spectrum for the Laplacian operator subject to the
boundary conditions (3.3.3)-(3.3.6) is 472/d?. We now seck modes whose frequencies
are both above and below this cut-off. We do not, however, seek trapped modes above
the second cut-ofl because the geometry is defined by one less parameter than in the

previous chapter.

3.4 Trapped modes below the first cut-off

In this section we seck trapped modes whose frequencies are below the threshold of the
continuous spectrum. We expect nothing new in terms of resuits in this section, just
confirmation of the b/d = 0.5 results shown in figure 2.5. If kd < 27 then the values oy,
n € N will also be real and positive and so the corresponding modes will not have wave-
like behaviour in the inner region. The only mode with possible wave-like behaviour
will be the one corresponding to ap. To allow ag to have wave-like behaviour it must
be purely imaginary and this implies kd > m. We therefore anticipate that a necessary

condition for the existence of trapped modes is
T < kd < 2. (3.4.1)

We now formulate a solution using the modified residue calculus technique.

3.4.1 Modified residue calculus method

Matching ¢; = ¢, and O¢, /(93: = O¢o/0x along L, we obtain

2
n=0 an =1 _ﬁn
Z U g (y) Z U w3 (), (3.4.3)
=0 n=l

We can convert (3.4.2) and (3.4.3) into an infinite system of linear algebraic equations

by multiplying both by ¥{!), m € Ny, and integrating over L; to produce

cothama & UP
Ug)T Z ) dnm: ™ € Ny, (3.4.4)
U = Z U d,n,  meN,, (3.4.5)
n=1



where we have defined
2

dnm = dJi

TP ()T () dy. (3.4.6)
Evaluating the integral d,,,,, we find

dnm, :g fod/z 2sin v,y sin ,um(g — y) dy,
=m [Vn sin &2¢ — 4, sin Zgﬁ] , (3.4.7)
provided v, # p,. It is simple to see from (3.3.14) and (3.3.15) that vy, # pn, and
hence (3.4.7) always holds. Since m and n are both integers we have sin v,d/2 = 0, and
sin gmd/2 = (—1)™+!. Substituting these results and 2 = 82 + &2, and 2 = a2 + &2,
into (3.4.7), we find that
Ay (-1

= ——— . A,
Arm Aoz — )’ meNy, neN (3.4.8)

We can now proceed by either eliminating U or U? from (3.4.4) and (3.4.5). In order

to use the modified residue calculus method we eliminate UM and use (3.4.8) to obtain

,;U”(ﬁn—aerﬁﬁam) —0, meN, (3.4.9)

where we have defined

B U,,(lz) Vi

n

U, and ¢, = e~2om, (3.4.10)

Using a similar method to that shown in section 2.4.1 we also require
U, = O(n"2) as n — oo, (3.4.11)

to ensure that the edge condition (3.3.7) is satisfied by ¢a(x, ).
We could devise an approximate solution by neglecting (,,, m € N, but instead we

will proceed directly to the full solution by considering the integrals

L. = lim — /; f(z)( L )dz, m € No, (3.4.12)

N—oo 2m1 2=y 24y
where Cy is a sequence of contours on which 2 — oo as N — oo and f(z) is a mero-
morphic function which has the following properties:
P1. f(z) is an analytic function of z except for simple poles at z = 3,, n € N;
P2. f(z) =0(27%) as |z| — 00 on Cy as N — cc.
The main step in obtaining solutions by the modified residue calculus method involves

the construction of f(z).
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Construction of f(z)

Following the same reasoning used in section 2.4.1 we would like to choose

f(z) = g(2)h(2), (3.4.13)
where
<1l —z/oy,
g9(z) = I_Il 125 =1+ Zl o (3.4.14)

and the coefficients A, are to be determined. The function f(z} is chosen to have the
correct poles to satisfy P1. The function A(z) is chosen so that the zeros of g(z) at o,
are cancelled by the poles of h(z) at these points.

To satisfy P2 we need to obtain the behaviour of g(z) as |z| — oco. We therefore

consider the'following product

g(z) = ﬁ - _Zf: ﬁ - Z;: ﬁ ‘Zﬁ: (3.4.15)
Following section 2.4.1 we have
< 1—zfa, 3 k2\-3 & k2
n];[l 1~ Z;ﬂn - 1£[1 (1 - E) nl;[l (1 T = )l an))’ (34.16)
and
I =2l 1 (1—’“—2)% 1 (1— u ) (3.4.17)
ne1 1= 2/0n ) vi/ oa (z = Ba)(Bn + vn)

As all the terms a, and B,, n € N, are of the form An + O(n~!) as n — oo, with
A a constant, a comparison between the final products in (3.4.16) and (3.4.17), and

%, n72, shows that (3.4.16) and (3.4.17) are uniformly convergent on any compact
set excluding z = 3, and z = p,. Provided z — oo through a sequence of values which
avoids these points we have

it smkd =1 —z/pn
92) ~ Tz = 1;[1 1= 2/vn’

(3.4.18)

where Gradshteyn and Ryzhik (1980) eqn 1.431(4) has been used. We can expand the

remaining product using (2.4.43) as

I°—°[ — 2/t H 1—2zd/(2n+1)7 _ e (3/2) (1 — zd/2m) (3.4.19)
AT, a1 —zd/2nw ['(3/2 — 2d/27w)" eved/27T(1) ° o
After using (2.4.45), we find after some simplification that as |z] — oc, 2 # 2],
w?sinkd -2\
2y~ | — . 3.4.20
96) ~ T~ (rap? (mr) (3.4.20)
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For the case when z is real and positive we use the reflection properties of the Gamma

function, see (2.4.48), and the asymptotic behaviour can be shown to be

72 sin kd AYEA R
g(z) ~ m cot (-2—) (57?) , 85 2 — 00, z % —|z]. (3.4.21)

If we choose Cy to be a sequence of circles with centre at the origin and radius Ry =

(N + 1/4)7 then using these results we obtain
g9(z) = O(27%), as |2| — 00 on Cy as N — oo, (3.4.22)

and hence P2 is satisfied.

Applying Cauchy’s residue theorem to (3.4.12) we obtain

iR(f:ﬁn)(ﬁ _la +3 i"a )+f(am)+cmf(—am)=o, m € Ny. (3.4.23)
n=1 n m n m

A comparison with (3.4.9) shows our solution is given by U, = R(f : 3,) provided

flam) + Cnf(—am) =0, meNo. (3.4.24)

For m € N, these equations can be solved by an appropriate choice of the coefficients

A,. Wehaveforme N

_ A X1 —am/an
flom) = (am(l = am/ﬁm)) A T an/n’ (3.4.25)

and
_ _ X A, 2 1+ am/a,
f(_am) - (1 ngl om + an) (1 + am/ﬁm) r];[]. 1+ am/}@n . (3.4'26)
n#m

Substituting (3.4.25) and (3.4.26) into (3.4.24) we obtain

< A
Am+anZ=jla

—" =B, meN, (3.4.27)

where

_ 20mGn(Bm — am) ﬁ (1 + am/an )1 — atm/B,)

(0 = cfan) (L am/Ba)’ (3.4.28)

The presence of the rapidly decaying factor ,, in equation (3.4.28) for B,, means that
the system of equations (3.4.27) converges very quickly provided a/d is not too small.
As in section 2.4.1 a sufficient condition for the infinite system (3.4.27) to have a unique

solution with 52, A2 < cc is that a/d is sufficiently large.
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To satisfy the edge condition, U, must satisfy the condition given by (3.4.11). Earlier
we have shown that U, = R(f : 0,,) and hence

Uy = —~ﬁm(1 +§ mA_”an) 1 = Bnfcrn) / fi (1 = Bon/ ). (3.4.29)

n=1
m

Using (3.4.15) we can expand this to

-1 50) 0 B B

n=1
< (1 = Bnd/2n7) & (1 — B/ tin)
. };;E (1 _ﬁm/ﬁn) 1!;‘[1 (1 _l@m/f”n). (3430)

The first two infinite products can be rearranged in the form shown in (3.4.16) and

(3.4.17) and hence are O(1) as m — oo. From (3.4.21) we have

ﬁ (1 - ﬁm/ﬂn) WQSinkd ¢ (ﬁmd) (6_111-)—%
A A= Bnfvm) KA = (kdP O\ 2 J\2m
72 sin kd (kd)2 L Sy — ,
~ T = (7~ e +00n7) (57) (1 00m7)
w2 sin kd 8mm\ 3 1
~ kdn? — (kd)3 (k4d3) + O(m™z), (3.4.31)
since
2mw k2d
B~ == = G+ O7) (3.4.32)
as m — oo.
As m — o0 we also have
Bmdy 1/ kd \? s
(1 N 2m1r) ~ Q(Qmﬂ') +0(m™). (3.4.33)

Using (3.4.31)—(3.4.33) we can see that U, is O(n~%) as n — oo, which is the required
asymptotics to take account of the expected singularity in the velocity field near the
plate edge.

Trapped mode condition

We can now return to the one condition still to be satisfied, namely (3.4.24) with m = 0.

If we let ap = —ic, where o = (k? — )% = (k2 — (w/d)?)%, this condition reduces to
Zic'a f(_io'/)

= — . 3.4.34

j 7 (aet) 439
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Using (3.4.14) we have

= %X, —m/ g (3.4.35)

where we have defined

x = i_o: (ta,n'1 (c%:) — tan™! (;—;)), (3.4.36)

and

© A
— 3 ! - _ n
o = arg (h( i )) = arg (1 nz=:1 p—_— ia’) (3.4.37)
The condition for the existence of trapped mades, (3.4.34), reduces to
aa=x+o+ (n - %)ﬂ', n an integer, (3.4.38)

where y and ¢ are given by (3.4.36) and {3.4.37). Had we attempted an approximate
solution for large a/d the condition would have been similar to (3.4.38), but without the
¢ term, and the results would be the same as those shown in Evans and Linton (1994).

As a/d — oo we showed earlier that 4, — 0 and hence from (3.4.37) o — 0. Thus
given any € > 0 we can choose a/d sufficiently large so that |o| < €. If we now consider

the series —x, where x is defined by (3.4.36), we see that it is made up of decreasing

—1 is monotonic and

terms of alternate sign because tan
Bn < 0t < Bng1, for n € N. (3.4.39)

It is also clear that —y is bounded below by zero and above by the first positive term,

tan~!(a//B;). As tan! is bounded above by /2 the following inequality holds,
0 < —x < tan"Y(o'/B) < 7/2, (3.4.40)
and for kd € (m, 27), we can fix a/d sufticiently large so that
O<rm24+x+o=C<n/2 (3.4.41)
With this choice of a/d the right-hand side of (3.4.38) becomes
x+to+ (n— %)ﬂ' =C+(n—1m. (3.4.42)

Letting n = N, where N is a positive integer, we see that the right-hand side of (3.4.38)

is bounded by two non-negative values (N — 1)7 and (N — ). As kd increases from
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7 to 27 the left-hand side of (3.4.38) varies continuously between 0 and v/3ma/d. To
provide a solution to (3.4.38) we choose a/d sufficiently large so that a/d > (N —1)/v/3.
With this choice of a/d we can see that there will be a value of kd in the range (w, 2m)
for which (3.4.38) is satisfied. Moreover as we choose different integers N there is an
infinity of solutions for any fixed frequency. As a/d increases for fixed kd the value of &

decreases and the difference between successive solutions tends to w/dc’.

Antisymmetry about z =0
For the case of antisymmetry about z = 0, the condition (3.3.1) is replaced by
p=00nz=0, 0<y<d/f2, (3.4.43)

and hence the cosh and sinh terms in (3.3.11) are interchanged. The equation equivalent

to (3.4.9) is

ij( I _ ):o m e N (3.4.44)
n=1 " Bn—tm  Bntan ’ o o
Equation (3.4.24) therefore becomes

flam) = Guf(—am) =0,  me€ N, (3.4.45)

with the infinite system (3.4.27) being

~Am+Bpn Y A B,, meN (3.4.46)

n=1 &m +an

The condition for antisymmetric modes, equivalent to (3.4.38), is therefore
o'a=x+d +nnm, n an integer, (3.4.47)

where ¢’ is the argument of h(—4o’) with the A, coefficients coming from (3.4.46) and

x is defined in (3.4.36).

Results

In figure 3.2 the trapped-mode wavenumbers, kd/m, are plotted against a/d. The results
were computed with the systems of equations (3.4.27) and (3.4.46) truncated with a
truncation parameter of 5. The solid lines correspond to modes symmetric about z = 0
and the dashed lines correspond to modes antisymmetric about z = 0. We see that

as a/d increases the number of modes increases and the modes appear alternatively
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symmetric and antisymmetric from the cut-off kd = 27 and decrease towards kd = .
The right-hand end points of the curves are for a/d = 3 and correspond to the left-hand

end points in figure 2.5.

kd/m

0 0.5 1 15 2 25 3
ajd
Figure 3.2: A comparison of the trapped-mode wavenumbers for modes symmetric (—)

and antisymmetric (— —) about x = 0 plotted against a/d.

In the quantum mechanics situation similar curves obtained using a mode-matching
technique and showing the bound-state energies (when h?/2m = 1)} against the plate

length are presented by Exner et al. (1996).

Conclusion

In this section we have used the modified residue calculus method to prove the existence
and compute the frequencies of Dirichlet modes occurring below the cut-off &d = 27
in the two-dimensional waveguide containing a thin plate on the centreline. The proof
is valid only when the plate length is sufficiently large but computations suggest that
modes exist for all plate lengths. The trapped modes appear alternatively symmetric
and antisymmetric about the line perpendicular to and through the midpoint of the

plate, and exist for any length plate.
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3.4.2 Variational methods

Estimates of trapped-mode frequencies

In this section we follow the work in section 2.4.2 to make estimates for the trapped-
mode frequencies occurring below the cut-off kd = 27 in a parallel-plate waveguide
containing a plate on the centreline.

Using the same notation as before, we take A < 47?/d?, place a Neumann condition
on x = 0, and compute the eigenvalues in region / with Dirichlet or Neumann conditions

onx=aas

o1 _ (n—1/2)?7% (2m—1)’n%

T I R S AU (3.4.48)
e =107 (2m—1)*x? |
0 b=l T (3.4.49)

The only value of m to give eigenvalues below A = 47%/d? is m = 1. There are no
eigenvalues in region II. Putting m = 1 into (3.4.48) and (3.4.49) we can produce the
following inequality that holds for all j for which Ay < 472/d?,

b3

2 7% _a?
0 - 1) < Agys ~ FS =0 - 1/2)% (3.4.50)
Replacing the Neumann condition on z = 0 by a Dirichlet condition, we can recalculate
the eigenfunction expansions and eigenvalues and the inequality similar to (3.4.50) is
L T x?
EQ‘(J —1/2)? < Ao — = < EQ-JZ- (3.4.51)
Each interval of (3.4.50) and (3.4.51) whose right-end point is less than 372/d? con-
tains only one eigenvalue. Notice that these estimations are exactly the same as the
estimations made for the laterally coupled waveguide, (2.4.107) and (2.4.108).
The result of superimposing these intervals onto figure 3.2 is shown in figure 3.3.
Although each mode appears between two estimates, it can be seen that as a/d in-

creases along each mode, the estimate coming from the upper bound gives a better

approximation to the frequency of the trapped mode.

Proof of existence of a trapped mode

To prove the existence of a trapped mode we need the right-hand side of (3.4.50) or
(3.4.51) to be less than 372/d*. Putting j = 1 into both (3.4.50} and (3.4.51} we can

prove that a trapped mode exists provided a/d > 1/v/12 when a Neumann condition
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Figure 3.3: A comparison of the trapped-mode wavenumbers, kd/x, for modes symmet-
ric and antisymmetric about z = 0 for the full solution, (solid) and (dashed) and the

estimated intervals (dotted), plotted against a/d.

is placed on z = 0, and a/d > 1/v/3 when a Dirichlet condition is on & = 0. These
conditions are equivalent to (2.4.110) and (2.4.111) with b/d = 1/2.

3.5 Trapped modes below the second cut-off

In this section we seek Dirichlet modes whose frequencies are embedded in the continuous
spectrum for the problem discussed earlier. In section 3.4 Dirichlet modes were found
with a frequency m < kd < 27. This cut-off allowed only one mode to propagate in the
region containing the plate and all other modes to decay down the waveguide. When
seeking the embedded trapped modes we look for modes with frequencies kd > 27, as
the continuous spectrum occupies the semi-interval [4n?/d?, co).

In section 2.5 we found embedded trapped modes in the frequency range 27 < kd <
dr/{d —b), when 1/2 < b/d < 2/3. These modes do not exist when b/d = 1/2. In this
section the symmetry of the problem allows embedded modes to be found in a higher
frequency range.

We shall use the same modified residue calculus method as in section 2.5.2.
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3.5.1 Formulation

The reasoning in section 3.4 that the frequency should be restricted to 7 < kd < 27
was that oy would be purely imaginary whereas a, and 8, would be real and positive

for n € N, For the embedded case here we restrict the frequency to
3 < kd < 4, (3.5.1)

so that ag, on (and §;) are purely imaginary whereas o, 3., n > 2 are real and positive.
We begin by seeking trapped modes symmetric about = 0 and write the eigen-

function expansions for the two regions similar to (3.3.11) and (3.3.12) as

_ 3w _Soshan ) (g — K2 X
qsl (xﬂ y) nz=;]U’n, an Sil’lh ana T (y)’ Ofn (i‘l'n ) b (3'5‘ )
= @€ nl—a) (2) 2 2y1/2
pa(z,y) = D UL e w () Bn = (V2 — KH)VZ, (3.5.3)
n=2 n

where ¢, and ¢, are defined as before and ¥{¥(y), i = 1,2, are given by (3.3.14) and
(3.3.15). Note that the summation for ¢, starts from n = 2, as we set the amplitude of

the wave-mode corresponding to an imaginary (4 in the outer region to zero.

3.5.2 Modified residue calculus method

Matching ¢, = ¢ and 8¢;/dx = d¢3/x along Ly, as in section 3.4.1, we obtain

ij( ! + m )=0 m €N (3.5.4)
n=2 " Bpn—0m  Onton ’ ” o

where U, and {,, are given by (3.4.10). The edge condition (3.4.11) remains the same
for the embedded case.

We now formulate a solution to (3.5.4) by considering the integrals

L= lim — /C f(z)( L Gm )dz, m € No, (3.5.5)

Rl T
where Cy is a sequence of contours on which z — 0o as N — oo and f(z) is a mero-
morphic function which has the following properties:

P1. f(z) is an analytic function of z except for simple poles at z = 3,, n > 2;

P2. f(z) = O(z"2) as |z] — coonCy as N — co.
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Construction of f(z)

We choose
f(2) = g(z)h(2), (3.5.6)
where
_ 0l Z/an 5) = >, An
g(z)_rg__l—z/ﬁn’ h(z) 1+nz=:2z—an' (3.5.7)

It should be noted that the function g(z) is the same as (3.4.14) except that one term
has been removed from both the numerator and denominator. The asymptotics for large
z remain the same and so P2 is satisfied if we choose the same contours Cy as in section
3.4.1.

Applying Cauchy’s residue theorem to (3.5.5) we obtain

Bn—am  Bn+t
A comparison with (3.5.4) shows our solution is given by U, = R(f : 8,), provided

SR 2 o) (g + ) fam) + G () =0, mENo.  (35.9)
n=2 m

flam) + Gnf(—an) =0, m € Ny. (3.5.9)

In order to solve (3.5.9) the coefficients A,,n > 2, in (3.5.6) can be found from the
infinite system of equations

A,

where

zamCm( Sad 1 + C‘-’m/an)(l — O—’m/ﬁn)
(ﬁm+am (1 ~ am/an)(1 + an/Bn)

B, = (3.5.11)

:;E

Trapped mode condition

We now have two conditions still to be satisfied simultaneously, namely (3.5.9) with

m = 0and m = 1. If we let ag = —iary, where ap = (k% — p)? = (k* — (x/d)?)z, and
ay = —iay, where ) = (k% — p2)2 = (k> — (3n/d)?)2, these conditions reduce to
! —ia;)
g2 — _Li- =0, 1. 3.5.12
7o) j (3.5.12)

Following the work in section 3.4.1 we find the condition for trapped modes is that

oa=x;+o5+(ny—m  5=0,1, (3.5.13)
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are both satisfied simultaneously, where

!

= 55 s () s (). 520

n=2 n

o; = arg (h(—z’a})) = arg (1 - i ——-i'?—), (3.5.15)

5 o + i
and ng and ny are an arbitrary pair of integers.

Asa/d — oo it is easy to see that A, — 0in (3.5.10) because of the exponential decay
of B, and hence from (3.5.15) 0; — 0, j = 0, L. In a similar way to that shown in section
3.4.1, given an € > 0, we can choose a/d sufficiently large so that max(|ayl, |o1|) < €. The
series —x;, 7 = 0,1, with x; given by (3.5.15) consists of decreasing terms of alternating

sign. Using (3.4.40) we can show that the following inequalities hold
0 < —x; < tan™'(;/B1) < 7/2, i=0,1, (3.5.16)
and for kd € (3x,47), we can fix a/d sufficiently large so that,
0<a/2+4x;+0;=Cj<n/2, j=0,L (3.5.17)

As a is always greater than /8w /d for kd € (3m,4r) it can be seen from (3.5.13) that
requiring a/d to be sufficiently large is equivalent to requiring ng to be sufficiently large.
This is not the case for n; as a) can be close to zero as kd — 3w. If we eliminate a from

the two trapped-mode conditions (3.5.13) we find
(Ang — ny)w = (Cy — ) + (7 — Co)A, (3.5.18)

where A = o) /oy,

If we vary kd between 37 and 47, A € (0, \/7/—15) and so the value of the left-hand
side of (3.5.18) lies between —ny7 and (\/%no — ny)w, whereas if we fix a/d (or ng)
sufficiently large, the right-hand side always lies between —x and (\/7/—15 ~1/2)m. We
now fix n; € N, and choose ng sufficiently large so that \/'T/TSno—-nl > 4/7/15—1/2 and
(3.5.17) both hold for 7 = 0,1. We now find that there a value of kd in the range (3w, 47)
which satisfies (3.5.18), with the corresponding value of a/d found from (3.5.17).

When seeking trapped modes with antisymmetry about z = 0, the conditions change

to
a;a = X; + 0} + nym, j=0,1, (3.5.19)

where a; is the argument of h(—z'a;-) with the A, coefficients coming from

-Am+BmZ—ﬁ1— =B, m=23... (3.5.20)

n=2 O + O
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Results

For the results in this section a truncation parameter N = 5 was used on the infinite
systems of equations (3.5.10) and (3.5.20). In figure 3.4 the trapped-mode wavenumbers,
kd/m, are plotted against a/d, with a close-up of a number of points shown in figure 3.5.
In both figures the modes symmetric about z = 0 are shown by a cross and the modes
antisymmetric about = 0 by a circle. The modes appear between the two cut-offs
kd = 37 and kd = 47. '

In figure 3.5 the lines corresponding to the solutions of (3.5.13) for j =0 and j =1
are shown together with the integer values for ng and n;. The trapped-mode frequencies
are the intersection of the solid or dashed lines.

It can be seen in figure 3.4 that there are no trapped modes present when a/d is
below some critical value and trapped modes occur only for specific values of the plate
length. As a/d increases the number of trapped modes present in a small a/d interval

also increases.

—
4 x o
x % x %
o o o XO xo
3.8} o * * o @ J
® o x *
O o]
x [o] x
x o x s} x
3.6 x © % o = xO
el o x XO o
" * x ° e o
% x x x
r o (=] (o] Q Q Q O
34 o " « x OX Ox W
kd/x - o © * -
x o M x o) & *
o x o] % o™ %9
3.2r o * o] x o]
x [+] % o] x Q % [e] x e
3 x ° o «© o
o " o x o x
% o o* «x© 0" o* g
3 x T x ¥ X8, 0% 0% 0 %0 KD A D D]
281
2.6r J
L 1 L 1 1 yl L L 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
a/d

Figure 3.4: Trapped-mode wavenumbers, kd/w, for modes symmetric (x) and antisym-

metric (o) about z = 0 plotted against a/d.

Conclusion

In this section we have investigated Dirichlet modes for a rigid plate on the centreline

of a guide whose frequencies are above the first cut-off for wave propagation down the
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kd/w

35 1 o/d 5 5
Figure 3.5: A detailed view of part of figure 3.4 showing the curves corresponding to
the solutions of (3.5.13) for 7 = 0 and j = 1, labelled with the corresponding ny and
n, values. The solid curves correspond to modes symmetric about x = 0 and the
dashed to modes antisymmetric about z = 0. The embedded trapped modes, denoted
by x(symmetric) and o(antisymmetric), are solutions for both j values and are where

the solid or dashed lines cross.

waveguide. The frequency was restricted so that one wave-like mode appeared in the
outer region and two wave-like modes appeared in the inner region. The amplitude of
the mode in the outer region was set to zero and a modified residue calculus technique
used to produce a pair of conditions that needed to be solved simultaneously for the
existence of trapped modes. We also proved that trapped modes exist provided the
plate length is sufficiently large. The results plotted from this method show that the
trapped modes correspond to the intersection of two sets of lines. The trapped modes
only appear for specific values of the plate length, a feature that was apparent for the

embedded trapped modes in chapter 2.

3.6 Summary

In this chapter we have investigated the trapped modes that can occur in a two-
dimensional parallel-plate waveguide containing a finite length plate placed on the cen-

treline of the guide. Dirichlet boundary conditions are placed on the waveguide walls
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and a Neumann boundary condition on the plate. A Dirichlet condition is placed on
the line which is an extension of the plate as modes are sought which are antisymmetric
about the mid-line of the waveguide. The trapped modes found, which are known as
Dirichlet modes, are either symmetric or antisymmetric about the line perpendicular to
and through the centre of the plate.

After forming eigenfunction expansions for the problem, a cut-off was introduced
below which modes cannot propagate to infinity. The chapter was then split into two
sections, the first sought modes whose frequencies were below this cut-off and the second
sought modes with frequencies above the cut-off.

Below the cut-off a modified residue calculus technique was used to prove the exis-
tence of Dirichlet modes when the plate is sufficiently long and compute the frequencies.
These frequencies are shown to be the same as the frequencies coming from the laterally
coupled wavegtide in the limit as b/d — 1/2. A variational principle was also used to
provide estimates for the frequencies of the Dirichlet modes and prove the existence of
a single mode for a sufficiently long plate. The Dirichlet modes were shown numerically
to exist for any length plate and the number of modes increased as the length of the
plate increased.

Above the cut-off a modified residue calculus technique is again used to prove the
existence of Dirichlet modes for a sufliciently long plate. The modes only appear for

specific values of the plate length and only when the plate is longer than a certain value.
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Chapter 4

Two-dimensional waveguides

containing an off-centre plate

4.1 Introduction to the problem

In this chapter we modify the work done in chapter 3 by moving the plate off the
centreline of the waveguide.

The problem consists of a two dimenstonal parallel-plate waveguide with Dirichlet
conditions on the guide walls containing a finite length thin Neumann plate parallel to
the waveguide walls and off the centreline of the guide. Using the previous terminology
we are seeking Dirichlet trapped modes in the guide, as in chapter 3 .

The chapter is divided as follows. We discuss‘previous work concerning off-centre
bodies in parallel-plate waveguides in section 4.2. The problem is formulated in section
4.3 and we find that the geometry of the problem is described by two parameters cor-
responding to the length of the plate and the off-set of the plate. When formulating
the problem an initial cut-off in the frequency is introduced below which modes cannot
propagate to infinity.

In section 4.4 we seek Dirichlet modes whose frequencies are below this cut-off. The
frequency is restricted in such a way that only one wave-like mode local to the plate
appears in the model. The trapped-mode frequencies are computed in section 4.4.1
using a modified residue calculus technique. Below the first cut-off modes are shown to
occur for any length plate and for any off-set. A variational principle is used in section
4.4.2 to provide estimates to the trapped mode frequencies and prove the existence of a

single trapped mode for a sufficiently long plate.

71



In section 4.5 trapped modes are sought above the first cut-off and below the second
cut-off using a modified residue calculus technique. Between the two cut-offs two wave-
like modes local to the plate and one propagating mode exist in the model. When looking
between the first and second cut-offs we set the amplitude of the propagating mode to
zero and the solution corresponds to the intersection of two sets of lines. The range of
frequency restriction in this section is depends on the off-set of the plate. Between the
first and second cut-offs trapped modes appear for any off-set of the plate, except when
the plate is three-quarters of the way up the guide, but only for specific values of the
plate length.

The off-centre plate problem contains a third cut-off below which two modes can
propagate down the guide. In section 4.6 trapped modes are sought between the second
and third cut-offs using a modified residue calculus method. The amplitudes of both
propagating modes are set to zero and the inner region now contains three wave-like
modes. The range that the frequency is restricted to again depends on the off-set of
the plate and trapped modes only occur when the off-set is below a certain value. The
trapped modes correspond to the intersection of three sets of lines and only occur for
specific combinations of the off-set and the plate length.

A summary of the chapter is presented in section 4.7 together with a plot of the

lowest frequency mode in each of the three frequency bands.

4.2 Background

Previously work concerning the occurrence of trapped modes in two-dimensional parallel-
plate waveguides containing off-centre obstacles has not been vast. As discussed in the
previous chapter, if the geometry is symmetric about the centreline of the waveguide a
natural cut-off can be introduced below which modes cannot propagate to infinity down
the guide. If the obstacle is off the centreline the symmetry is removed and the problem
is not as straightforward.

In the water wave context Linton and Evans (1991) used a matched eigenfunction
expansion method to provide numerical evidence of trapped modes above a submerged
horizontal plate of finite width in water of constant depth. The field equation for this
example was, however, (V2 — k?)¢ = 0, a mixed boundary condition was placed on the

surface and Neumann conditions placed on the plate and on the bottom.
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The Neumann problem of an off-centre thin plate was considered by Evans, Linton,
and Ursell (1993). In the paper the authors used a modified residue calculus technique
to prove the existence of Neurnann modes for a sufficiently long thin plate. The problem
is similar to the one considered in this chapter except that here we investigate Dirichlet
modes.

It was later proved by Davies and Parnovski (1998), and also Groves (1998) and
Linton and Mclver (1998a) that the geometry considered by Evans, Linton, and Ursell
(1993) is an example of a very general class of geometries for which Neumann modes
exist. A more detailed explanation of the ideas in these papers is given in section 2.4.2.

The investigation into Neumann modes for an off-centre thin plate placed parallel to
the walls in a parallel-plate waveguide was given by Linton et al. (2002). The geometry
of the off-centre thin plate is defined by two non-dimensional parameters corresponding
to the off-set of the plate compared to the width of the whole guide and the length of
the plate compared to the width of the whole guide. The Neumann modes can be found
below the first cut-off for any value of either parameter, as shown in Evans, Linton, and
Ursell (1993). In Linton et al. (2002) Neumann modes found between the second and
third cut-offs are shown to occur only for specific combinations of the two parameters.
In this chapter we consider the Dirichlet problem and seek trapped modes below the

first, second and third cut-offs.

4.3 Formulation

We cousider a two-dimensional waveguide with paralle] sides a width d apart containing a
parallel plate of length 2a which is situated off the centreline of the waveguide. Cartesian
axes are chosen so that the z-axis coincides with the lower boundary of the waveguide
and the y-axis is chosen so that the waveguide 1s symmetric about x = 0. We set up
the problem so that the plate is a distance b from the lower boundary of the waveguide
and assume b > d/2, as shown in figure 4.1.

We begin by formulating a solution which is symmetric about = 0 by considering

the region z > 0 and seeking a non-trivial function ¢{z,y) which satisfies

%=00n$=0,0<y<d. (4.3.1)
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Figure 4.1: Definition sketch.

The function ¢(z,y) must also satisfy the Helmholtz equation within the waveguide

(V24 k)¢ =0, O<y<d z>0exceptony=25b 0<z<a,

(4.3.2)

subject to Dirichlet conditions on the waveguide walls and a Neumann condition on the

plate,

¢p=0ony=0,z>0,

¢=0omy=d,z>0,

3}

a—?=00ny=b,0<x<a,

and a radiation condition requiring no propagating modes at infinity,
¢ — 0asz — oo.

We finally assume that ¢ is non-singular, but that

Vo= O(r‘%) asr={(z—a)?+(y— b)z}% — 0,

anticipating singular behaviour in the velocity field at the edge of the plate.

(4.3.3)
(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

It is useful to split the domain into three regions. Region [ isb<y <d, 0 <z < a,

region I1is0<y<b 0<z<a,andregion I71is0 < y < d, x > a. We can represent

the function ¢ by a function ¢; (i = 1,2, 3) in each region with the following continuity
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condition applied at each regions boundaries:

. Op  O¢y .
$i=¢s Ho=—7-  onl,i=12 (4.3.8)

where Ly isz=a,b<y<d,loisz=1a,0 <y <band Lz is L; U L, as in figure 4.1.

Separation of variables reveals that

> h v,
— Yy ST g 3.
¢1($1 ?j) nz=:1 n a sinh Qnd lI"n, (y)) (4 3 9)
> h G,z
= Y y@ L0 o) 31
¢2($:y) nZ_g n ﬁn sinh ﬁna n (’y)» (4 3 0)
o _'Yn(x—a)
bs(z,9) = > UD—— ¥ (y), (4.3.11)
n=1 —Tn
where
an = (V2 - Y2, Bo= (2 —K)Y2, = (02— KDY, (4.3.12)
and we have introduced complete orthonormal sets
1
T () =2Y2sinu,(d — y), v, = z;:(n — -2-), n €N, (4.3.13)
1
U2 (y) =2'72 sin oy, i = %(n + 5), n € Ny, (4.3.14)
U3 (y) =22 sin Ay, An = %, neN, (4.3.15)
which satisfy
1 @ (o) :
Iz fL VY@ (@) dy = 6ma,  1=1,2,3, (4.3.16)

where d,,, is the Kronecker delta and ¢ =d — b.
We now restrict the frequency so that all modes in region I decay exponentially
to zero, i.e. we need v, n € N to be real and positive. The first cut-off for this problem

is therefore kd = .

4.4 Trapped modes below the first cut-off

In this section we restrict the frequency so that only one wave-like mode is present in
the inner region z < @, and so we require either o or Gy to be purely imaginary. To
restrict the frequency so that oy is purely imaginary we have to have k > n/2¢ > 7/d,

which is not possible. We therefore require 3, to be purely imaginary which implies
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kb > /2, and anticipate that a necessary condition for the existence of trapped modes
is

wd
Z—b- < kd < . (441)

It is important to note that trapped modes do not exist in this frequency range when
b/d = 1/2. To compare this waveguide to the one in the previous chapter we need to
examine the case when b = d. When b = d we can refect the waveguide about the
line z = d and consider a waveguide of width 2d containing a plate on the centreline.
The two frequency ranges (3.4.1) and (4.4.1) are therefore equivalent, when b = d, if we
replace d by 2d in (3.4.1).

We now apply the continuity conditions (4.3.8).

4.4.1 Modified residue calculus method

Matching the eigenfunction expansions ¢; = ¢z on L;, 1 = 1,2, we obtain

i ¥ _ I UM ethonag(y), oy e Ly, 642)
=l - T 2 U Lhlog@(y), e Ly,
Similarly matching the z-derivatives d¢;/0x = 8¢3/dx on Li,i = 1,2, we find
o0 oo TMWl(g), e L,
Z Uf)‘l’ff)(y) _ n=1%n " Fn (y) Y 1 (4.4'3)
n=1 S U (y), Y € Lo.

If we multiply (4.4.2) by ¥@ m € N, when i = 1 and m € Ny, when i = 2, and integrate

over L;,i = 1,2, we have,

UY =3YUP dym, meN, (4.4.4)
=] .
nOO
UP =3U® epn, meN, (4.4.5)
n=1
where we have defined
din == [ WUy, meN, (4.46)
CJlh
1
eum = 7 | VTP dy, meN,. (4.4.7)
2
In a similar way from (4.4.3) we obtain
hopa & UQ)
Ug)M =3 Uy dom, mEN, (4.4.8)
707 n=1 _r}/ﬂ
h o0 (3)
Ug)?ﬂtﬁﬂ =y Uij enms M € Ny, (4.4.9)
m n=1"_ In



Evaluating the integrals d,,, and e,n, we have

22, (—1)" 1 cos Apb 220, (=)™ cos A b
dpm = 3 nm ) 4.4.1
T =) e o2~ L) (4410

provided 7, # @m and v, # Bp. Eliminating UY from (4.4.4) and (4.4.8), U from
(4.4.5) and (4.4.9) and using (4.4.10} we find

3 Un( L4 m ) =0, meEN, (4.4.11)

n=1 T — Om Tn + Om

> 3
m__}—-0, meN,, 4.4.12
Z; ( "Bt am) ? (4412)
where we have defined
3) A

U, = M, Cm = e 2% and &, = e~ 2Pme, (4.4.13)

“In
The condition to ensure that (4.3.7) is satisfied by ¢3(z,y) is

U, = O(n~%) as n — oo, (4.4.14)

which is found as in section 2.4.1.
We could devise an approximate solution by neglecting o, and Gy, m € N, but

instead proceed directly to the full solution by considering the following contour integrals

1 1 Cm
L= i —f ( ) , 4.
Nim o f(z) z—am+z+am dz, meN (4.4.15)
. 1 1 §m
In = 1\1{1_1'1%0 o /;Nf(z) (Z—ﬁm + z+ﬁm)dz’ m € Ng, (4.4.16)

where Cy Is a sequence of contours on which 2z — oo as N — co and f(2) is a mero-
morphic function which has the following properties:

P1. f(z) is an analytic function of z except for simple poles at z = v,, n € N;

P2. f(z) = 0(277) as |2| — oo on Cy as N — oo.

The main step in obtaining solutions for the modified residue calculus method involves

the construction of f(z).

Construction of f(z)

We would like to choose f(z) in the form

f(z) = g(2)h(z), (4.4.17)
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where

© (1~ z/an)(1 = 2/8,)
nl;_[l (= 2/7) , (4.4.18)

h(z)=1+§:( An - ) (4.4.19)

mi\Z—an 2= G

g9(2)

and the coefficients A, and B, are to be determined. The function f(z) is chosen to
have the correct poles to satisfy P1 and the function h(z) is chosen so that the zeros of
g(z) at o, and G, are cancelled by the poles of A{z) at these points.

To satisfy P2, we need to work out the behaviour of (4.4.18) as |z| — co. We begin

by expanding g(z) as

SN 1—zfan 77 1= 2/8a 77 1 =2/ 77 (1 = 2/pa)(1 — 2/1n)
9(2) = r:xl-——-ll 1—z/v, };Il 1 —z/py, J'___Il 1 -2/ 5 (1-2/A\) - (44.20)

Following section 2.4.1 we can expand the infinite products as
Rl -zl S ~3 & k>

il et 1— = 4.
11 1—2z2/v, 1T ( :/2) [l (1+(Z—Vn)(!/n+an))’ (4.4.21)
e . 00 k2 -1 @ L2
I =25 _ 1 (1 - —) 11 (1 - )), (4.4.22)

(Z - #n)(”n + Bn

and

0= -00-%) 00-cmimery) @

amil=2/m o5 n=1
As all the terms ay,, 3, and =, are of the form An+O(n~!) as n — oo, with A a constant,
a comparison between the final products in (4.4.21)-(4.4.23), and 3°2°., n~2, shows that
(4.4.21)~(4.4.23) are uniformly convergent on any compact set excluding 2 = vy, z = pp

and z = -,. Provided z — oo through a sequence of values which avoids these points

we have

sin kd 32 (1= 2z/pn) (1 — z/vm)
9(z) ~ (icdcos kb cos kc) nl;ll (1—2z/X) ' (4.4.24)

Using the result (2.4.43) in (4.4.24) we have

= (1= 2/pa)(1 = 2/va) _ L(3/2) e™TL(1/2) T(1— 2d/r)

I1

ookt (1—2z/An) T T(3/2— zb/7) T(1/2 — ze/7) e d/x (1)

(4.4.25)

Using (2.4.45) in (4.4.25) we see, after some simplification, that as z — oo, z # |z,

—kdzcoskbcos ke
7 sin kd

9(z) ~ ( )—% exp { = (v1n(a/b) +cIn(d/c)) } (4.4.26)
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For the case when z is real and positive we use the reflection properties of the Gamma

function , see (2.4.48), and the asymptotic behaviour can be shown to be

cos zbcos zc) (kdz cos kbcos ke
sin zd

)_% exp {_?z(bln(d/ b) +cln(d/ C))}’
(4.4.27)

g(z) ~ (

wsin kd

as |z| — oo, z # —|z|. If we take Cy to be a sequence of circles with centre at the origin
and radius Ry which avoids the points z = u,, z = v, and z = v,, n € N, we can,

instead of using (4.4.18), consider the function

g(z) = exp {%(b In(d/b) +cln(d/C))} lo:oII L= z(/laj);/v )z/ﬁn) (4.4.28)

which is O(z"7) as |z] = oo on Cy as N — oo, and hence P2 is satisfied.

Applying Cauchy’s residue theorem to (4.4.15) and (4.4.16) we have

oo 1 "
sz (f < m (vn ot o i am) + flam) + énf(—am) =0, meN, (44.29)
= 1 §m _

ij (f+¥n ( — + - +ﬁm) + f(Bm) + &mf(=Pm) = 0, m € Np. (4.4.30)
A comparison with (4.4.11) and (4.4.12) shows our solution is given by U, = R(f : 1)
provided

f(am) + Cmf(_am) = 0, m € N, (4.4.31)
f(ﬁm) + fmf(_ﬁm) =0, m € Np. (4.4.32)

For m € N these equations can be solved with an appropriate choice of the coeflicients

A, and B,,. For m € N we have

flom) = —exp{?’"(b In{d/b) + Cln(d/c))} (Am {(1- Q’m/Bm))

am(l — am/vm)

2 (1= am/an)(l — an/Ba)
}J (e , (4.4.33)

Om + O Qo+ On

) (2(1+am/ﬁm)) % (14 /)1 + cim/Bn)
o

f~amn) = (1—- i ( Ay + = )) exp{ ~ %F(bln(d/b) +c1n(d/c))}

1+ am/Ym (1 + am/Yn) ’ (4.4.34)
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F(Bm) = — exp{%“-(bln(d/b) + cln(d/C))} ()12::((11 :g://sﬁ))

oo 1 - ﬁm/an)(l - ﬁm/ﬁn)
XII A= Bufrm) (4:4:35)
and
% A, B, B
F(=Bm) = (1— )y (ﬁm et 6ﬂ)) exp{ — 22 (bIn(d/b) + cln(d/c))}
2(1 4 B/ otm) (L + Bin/@a)(1 + B/ Bn)
* ( 1+ B/ I ) 1;1 L+ B/ 1) (44.36)
Substituting (4.4.33)-(4.4.36) into (4.4.31) and (4.4.32) we obtain,
© 7 An B, \ _
Am + Cn Zl (am rw + -~ +ﬂn) = Ch, (4.4.37)
x 7 Ap B, \ _
Bn+ D3 (ﬁm et ﬁn) =D, (4.4.38)
where
_ [ 20m{ym — am)(ﬁm + ) : ga_m l . .
Cy = ( o it )exp{ (51n(d/t) + cln(d/c) + w)}

) H El + i 00) (Lt Bp)(1 = /7 (1.4.39)

1 — om/an)(1 — am/Ba)(1 + ctm/Ya)’

_ 2ﬁm(7m - ﬁm)(a’m + ﬁm) 2ﬁm
D, = ( s ) exp{ — 22 (bIn(d/b) + cIn(d/c) + aﬂ')}

Bt (ot Bu/0n)(0 B/ 5)(L = B/
i (1= B/ n)(L = B/ Bu) (T + B/

n¥EmM

(4.4.40)

and m € N, in all cases.

Because of the presence of the rapidly decaying factors ¢, in (4.4.39) for C,, and &,
in (4.4.40) for D,,, the system of equations (4.4.37) and (4.4.38) converge very quickly
provided a/d is not too small and provide a very efficient method for computing the
unknowns A,, and B,,.

To satisfy the edge condition U, must satisfy the condition given by (4.4.14). Earlier
we have shown that Uy, = R(f : ¥m) and hence

Un = —m|1+ Z (% e va: ﬁn)] exp { 22 (bIn(d/b) +eln(a/e)) }
< 10 = /et = /8 ) 1A=/ (4.41)
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Using (4.4.20) we can expand this to

Un = —'ym( - %) [1 +§:1 (’ymﬁ?an + ’Ymilﬁn)] exp {%(bln(d/b) + cln(d/c))}
O B

I (1 = vu/B) ® (1 — ymd/nT)
amt (1= yme/m(n = 1/2)) ;55 (1= mb/m(n +1/2)) .

n (1 - 'Ym/’Yn)
x E (1= “’E"I/ f")/il/;n}’m/ Yn), (4.4.42)

The first three infinite products can be rearranged in the form shown in (4.4.21)-(4.4.23)

and are therefore O(1) as m — oo. Using (4.4.27) on the final infinite product we have

eXP{’Y?m(bln(d/b) + Cln(d/c))} ﬁ (1 = Yo/ ttn) (1 = Ym/vn)

n=1 (1= Ym/An)
COS YmbCOs yme -1
sin Y d e
kd)? 2

~ COS Vb COS Yime cosec(mvr — (2m1r + O(m‘g)) (m) : (1 + O(m‘Q)),

9 1/2 - o~
~ I )08 Y} (1+06m), (4.4.43)

as m — oq, since
nw k% _
Ym o~ T O(m™?) (4.4.44)
As m — oc we also have

(1- %i) ~ %(%)2 + O(m™). (4.4.45)

Combining (4.4.42)-(4.4.45) we can see that U, is O(n=%) as n — oo, which is the

required asymptotics to take account of the edge condition (4.3.7}.

Trapped mode condition

We can now return to the one condition still to be satisfied, namely (4.4.32) with m = 0.
If we let 3y = —if3', where &'

(k2 — 12)z = (k2 — (m/2b)2)2, this condition reduces to
e?iﬁ’a — _f(_zﬁ!)

TR (4.4.46)
Using (4.4.28) and (4.4.19) we have

g(~i6') _ 2i{x-PB'O) h(—if") _ %o

—_g(iﬁ’) = e2lx , __h(iﬁ’) = %7, (4.4.47)
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where we have defined

- E (o @) v (D) (). i

0= ;(b In(d/b) + cln(d/c)), (4.4.49)
and
o = arg (h(—iﬁ’)) = arg (1 — i (anf—niﬁ’ + ﬁniniﬁ’)) . (4.4.50)

The condition for the existence of trapped modes, (4.4.46), reduces to
Bla+©)=x+o0+ (n - %)'fr, n an integer, (4.4.51)

where x, © and ¢ are given by (4.4.48)~(4.4.50). Had we attempted an approximate
solution for large a/d the condition would have been similar to (4.4.51), but without the

o term.

Antisymmetry about z =0

For the case of antisymmetry about x = 0, we replace condition (4.3.1) by
p=0o0nz=0,0<y<d (4.4.52)

The changes caused by this condition are that equations (4.4.11) and (4.4.12) become,

3 Un( L _m ) =0, meN, (4.4.53)
n=1 Tn — Oy Tn + Qm
fj Un( L _ ) =0, meN, (4.4.54)
n=1 —Bm Yt Pm

The condition for antisymmetric modes, equivalent to (4.4.51) is,
Fla+0)=x+o +nn, n an integer, (4.4.55)

where x and © are defined earlier, and ¢’ is the argument of h(—¢3’) with the A, and

B, coefficients coming from

A Ba ) Crs (4.4.56)

—A,+C (
* mn; Om+ 0y O+ O
ad A, B
_B,,+D, ( " V=D,
* Z:1 Bm + an ﬁm‘i‘ﬁn

(4.4.57)

with m € N, in both cases.
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Figure 4.2: A comparison of the trapped-mode wavenumbers kd/m for modes symmetric

(—) and antisymmetric (- —) about = 0 plotted against a/d when b/d = 0.8.
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Figure 4.3: A comparison of the trapped-mode wavenumbers, kd/m, for modes symmet-

ric (—) and antisymmetric (- -} about £ = 0 plotted against b/d when a/d = 3.

Results

For the results in this scction the systems of equations (4.4.37)—(4.4.38) and (4.4.56)—
(4.4.57) were truncated with a truncation parameter N = 5.
In figure 4.2 a typical set of trapped-mode wavenumbers, kd/m, are plotted against

a/d when b/d = 0.8. The solid lines correspond to modes symmetric about = = 0 and
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the dashed lines correspond to modes antisymmetric about z = 0. As a/d increases
we see that the number of modes present increases and the modes appear alternatively
symmetric and antisymmetric from the cut-off kd = = and decrease towards kd =
nd/2b = 0.6257.

The variation of trapped-mode wavenumbers, kd/7, plotted against b/d when a/d =
3 is shown in figure 4.3. The solid lines represent modes symmetric about z = 0 and the
dashed lines modes antisymmetric about z = 0. It is clear that as b/d increases from
0.5 the number of modes present increases and also that modes exist for any off-set.

A comparison between figures 4.3 and 3.2 can be made if the axes on figure 3.2 are
changed to 2kd/m and a/2d (i.e. replacing d by 2d). The right-hand end points of figure
4.3 correspond to the points when a/2d = 1.5 on figure 3.2.

Conclusion

In this section we have computed the frequencies of Dirichlet modes occurring below the
cut-off kd = « for the waveguide containing a thin plate located off the centreline of the
guide. The Dirichlet modes satisfy the Helmholtz equation within the waveguide and
are either symmetric or antisymmetric about the line through the midpoint of the plate
perpendicular to the waveguide walls. The results computed show that trapped-mode
frequencies can be found for any length plate and any off-set. It can be also seen that the

number of modes present increases as the plate gets further away from the centreline.

4.4.2 Variational methods
Estimates of trapped-mode frequencies

In this section we follow the work in section 2.4.2 to provide estimates for the trapped-
mode frequencies occurring below the cut-off kd = 7 in a parallel-plate waveguide con-
taining an off-centre plate.

Using the same notation as before, we take A < w2/d?, place a Neumann condition

on z = 0, and compute the eigenvalues in region [ and [T with Dirichlet or Neumann
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conditions on £ = a as

o) — 1/N2q2 -1 202 0
ot = {(n aé o, lm CQ/ 2 b (4.4.58)
mpye _ ((n—=1/2%r% (m—1/2)*7%
{A(J) }j=1 - { a2 + bg }n,m=1’ (4459)
o (n—1)272 (m—-1/2)1%
{)‘m }J=1 = { 22 + = }n,m=1’ (4.4.60)
LN\ (n—-1)272 (m-1/2)?7% |
{A(J) }_7:1 = { a2 + B2 }n,m-—.l (4.461)

There are no eigenvalues in region I17. The only value of m to give eigenvalues below
A =n?/d?*ism = 1 in region II. As expected there are no eigenvalues in region I below
the cut-off. Putting m = 1 into (4.4.59) and (4.4.61) we can produce the following
inequality that holds for all 7, provided A¢;), < 72/d2,

L]

7[.2 2 2
L it 1/2)* + YTk (4.4.62)

m

—2(3 —-1)* +
Replacing the Neumann condition on z = 0 by a Dirichlet condition we can recalculate
the eigenfunction expansions and eigenvalues and the inequality similar to (4.4.62) is

2 2 2

w2 ) L e,
-aé-(j - 1/2)2 + e < Agre EJ + = (4.4.63)

Each interval of (4.4.62) and (4.4.63) whose right-end point is less than 72/d? contains
only one eigenvalue.

The result of superimposing these intervals onto figure 4.2 is shown in figure 4.4.
Although each mode appears between two estimates, it can be seen that as a/d in-
creases along each mode, the estimate coming from the upper bound gives a better

approximation to the frequency of the trapped mode.

Proof of existence of a trapped mode

To prove the existence of a trapped mode we need the value of the right-hand side of
(4.4.62) or (4.4.63) to be less than m2/d%. Putting j = 1 into (4.4.62) and rearranging

we find that a trapped mode symmetric about x = 0 exists provided

st

afd > [4— (d/b)?] *. (4.4.64)

The similar condition for a single antisymmetric trapped mode is that

1
2

a/d > [1 - (d/2b)’] (4.4.65)
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Figure 4.4: A comparison of the trapped-mode wavenumbers, kd/m, for modes symmet-
ric and antisymmetric about z = 0 for the full solution, (solid) and (dashed) and the

estimated intervals (dotted), plotted against a/d when b/d = 0.8.

As b/d — 1 the value of the right-hand side of (4.4.64) tends to 1/4/3. For the anti-
symmetric case this value tends to 2/+/3. Both values are exactly the same as those
found in the previous chapter if d is replaced by d/2 in the right-hand side of (4.4.64)
and (4.4.65). As the plate is moved closer towards the centreline of the guide the value
of both right-hand sides increases. As b/d — 1/2 for both cases the required value of

a/d — oo.

4.5 Trapped modes below the second cut-off

In section 4.3 we introduced a cut-off, kd = 7, corresponding to the lowest point of the
continuous spectrum. The cut-off was defined so that modes with frequencies below
the cut-off cannot propagate to infinity. In this section we seek trapped modes whose

frequencies are embedded in the continuous spectrum.

4.5.1 Formulation

In this section we restrict the frequency so that one mode can propagate in the region
IIT and two modes propagate in the inner region z < a, i.e. one mode in region I and

one in region 77, two modes in region I and none in region IT or vice versa. Only one
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mode appears in the outer region if we restrict the frequency such that kd < 27. The
lower cut-off that allows two modes in the inner regions is dependent on the value of b/d.
If 1/2 < b/d < 3/4 we can restrict the frequency to k¢ > 7/2, which allows one mode to
appear below the plate and one mode to appear above the plate. If 3/4 < b/d < 1 we
can restrict the frequency to kb > 37/2, which allows two modes to appear below the

plate and none above the plate. We therefore restrict the frequency in such a way that

%75 < kd <2r, when 1/2 < b/d < 3/4, (4.5.1)
d
?’z—b” < kd <27, when3/d<b/d<1. (4.5.2)

Notice that trapped modes do not occur in this frequency range when b/d = 3/4. We
define the upper value to both inequalities, kd = 27 is the second cut-off for the problem.

The eigenfunction expansions for the three regions are

_ v gy _coshanz o RN
d)l (:Eﬂ y) nz=:1 Un an Sinh ana lI}-n (y)’ Oé'n, (V'n, l“ ) H (4‘53)
_ Sy _Cosh Baz ) _ (2 22
¢2($!y) Z Un ﬁn Sinh ﬁ" ‘I’n, (y)a ﬁ’n (p'n A’ ) ! (454)
—’yn(:c a)
3(z,9) Z — W), w=00-E)Y (459)

where U@ (y), i = 1,2,3, are given by (4.3.13)-(4.3.15). These eigenfunctions are the
same as (4.3.9)-(4.3.11) except the sum in region III starts from n = 2, as we set the

amplitude of the mode corresponding to the imaginary +; to zero.

4.5.2 Modified residue calculus method

We now formulate a solution using the modified residue calculus technique.
Following (4.4.2) to (4.4.12) we can match ¢; = ¢3 and their z-derivatives along L;,

i = 1,2, convert the results into an infinite system of equations and eliminate U to

arrive at
T Un( 4 Sm ) =0, meN, (4.5.6)
n=2 Tn — Om Yo -t Om
— Em )
=0, m € Ny, 4.5.7
,;2 ( ﬁm Y + Bm ° (4.5.7)

where U, {m and &, are given by (4.4.13). Note the only difference between (4.5.6)-
(4.5.7) and (4.4.11)—(4.4.12) is the summation for U, and V,, starts at n = 2 instead of

n = 1. The edge condition (4.4.14) remains the same below the second cut-off.
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We now formulate a solution by considering the following contour integrals

1 1 Cm )

I —Alggozm/ f(z)(z—am+z+am dz meN, (4.5.8)
1 1 Em

Jn = Jim 27rzf f(z)(z_ﬁm + z+ﬁm)dz m € No, (4.5.9)

where Cy is a sequence of contours on which z — o0 as N — oo and f(z) is a mero-
morphic function which has the following properties:
P1. f(z) is an analytic function of z except for simple poles at z = v,, n > 2;

P2. f(z) = O(27%) as |2| —» co on Cy as N — co.

Construction of f(z)

The function we choose is dependent upon the value of b/d. If 1/2 < b/d < 3/4, as in

the previous section we choose

f(2) = exp(20)g1(2)h1 (), (4.5.10)

where © is defined by (4.4.49),

a(z) = (1— 2/81) ﬁz z/la_’j 2; 2/Bn) (45.11)
and
=1+ nEﬂ p— :1 (4.5.12)
Similarly if 3/4 < b/d < 1 we choose
£(2) = exp(20)ga(2)ha(2), (4.5.13)
where
g92(2) = (1 — z/ay) E[Z (- 2/1011)2(/17: “/Bn) (4.5.14)
and
ha(2) = 1+,§z—an gj (4.5.15)

The functions g;(z) and g,(z) are chosen to have the correct poles to satisfy P1. The
functions k(z) and hs(z) are chosen so that the zeros of g;(z) and g¢2(2) at 2 = o, and

z = f3, are cancelled by the poles of h;(2) and he(2).
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If we replace 8,1 by 5, and B,_; by B, in (4.5.11) and (4.5.12), we have

a1(z) = ﬁ —2/0n)(1 = /) () =143 -2 g B (4.5.16)

n=2 1_2/7” n=2% " Z_ﬁn

Similarly if we replace a,_1 by &, and A,_; by A, in (4.5.14) and (4.5.15), we have

(Z) - ﬁ (1 - z/dn)(l — z//@n) hz(z) =1+ io: fn + B, (4'5‘17)

n=2 1=z/m , Gn 2= P
Notice that the frequency constraints (4.5.1) and (4.5.2) lead to functions g;(z) and
92(2) which are the same order as z — oo as that given in (4.4.18) since one factor
has been removed from the numerator and the denominator. The functions given by
(4.5.10) and (4.5.13) therefore satisfy P2.
Applying Cauchy’s residue theorem to (4.5.8) and (4.5.9) we obtain

i R(f: 'yn)( + m ) + f(om) + Cuf(—am) =0, meN, (4.5.18)

n= Frn — Om 7n+am

> R(f: %)(7 L b ) + f(Bm) + Enf(=Bm) =0, meN,;, (45.19)
n=2 n

~Bm  Ynt Om

A comparison with (4.5.6) and {4.5.7) shows our solution is given by U, = R(f : v,)
provided both

f(am) + gmf(_am) = 0, m e N, (4520)
f(ﬁm) + fmf(_ﬁm) = O: m e N0- (4.5.21)

We now formulate the trapped mode condition for the case when 1/2 < b/d < 3/4 using
the function f(z) = ¢1(z) hi(2). The changes caused by using g»(2) and ha(z) will be
discussed later.

In order to solve (4.5.20) and (4.5.21) the coefficients A, and B,,n = 2,3,..., in

(4.5.16) can be found from the infinite system of equations

An B
Ap 4 Ch ( + - ) = Cp, 4.5.22
1122 O + Gn O + /Bn ( )

A, B
By + Din ( R ) ~D,, 4.5.23)
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where m = 2,3,..., and

_ Zam(’ym - a’m)(ﬁm + Q’m) " — a
C, = ( e o) )e p( 20,,(0 + ))

% ﬁ (1 + am/an)(l + am/én)(l — am/')fn)

“;nzl (]. — am/an)(l - am/Bn)(l + am/'}'n)’ (4524)
_ (2Bmlom = B)(om + Bm) | )
Dm_( (Yon + B (o — B )ep( 20n(0 +a) )
L 17 A B/ an) L+ B/ Ba) (L = B/ )
fg (1 = B/ an)(1 = B/ Bu) (L + Bon/ ) (4.5.25)

Trapped mode condition

We now have two conditions still to be satisfied simultaneously. When 1/2 < b/d < 3/4
these conditions are (4.5.20) with m = 1 and (4.5.21) with m = 0. When 3/4 < b/d < 1
a similar set of results to (4.5.22)—-(4.5.25) can be produced with the A, Bn, o and
3m terms replaced by A,, By, Gm and fm. The two conditions to be satisfied when
3/4 < b/d < 1 are (4.5.21) with m =0 and m = 1.

Continuing with the case of 1/2 < b/d < 3/4, we let ay = —ia/, where o/ =
(k2 —v2)5 = (k% — (1/2¢))2, and B, = —if,, where 8, = (k% — p2)% = (k? — (x/2b)%)%.
Substituting these into (4.5.20) and (4.5.21) we have the following conditions which need

to be satisfied simultaneously,

Zid'e _fjsé::‘;)’ (4.5.26)
e _ _f}(:;f())) (4.5.27)

Following the work in section 4.4.1, we find the condition for the existence of trapped
modes when 1/2 < b/d < 3/4 is that
a'(a+0) =xi(a') + o (') + (711 - %)W, (4.5.28)
Bola+©) = x1(8y) + o1(By) + (n2 — 4, (4.5.29)

are both satisfied simultancously for pairs of integers n; and n,, where we have defined

x1(z) = f: (tzm‘1 (i—) +tan~! (Ex—) — tan™! (1)), (4.5.30)

n=2 n Tn

o1(z) = arg (hl(—ix)) = arg ( i ( é"‘ )) , (4.5.31)

Qp + 2T ﬂn—i—zx
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and © is given by (4.4.49).
For the case of 3/4 < b/d < 1, we let g, = —if;, where §; = (k2 — p2)z =
(k2 — (37/2b)%)7 and the trapped mode condition becomes

Bia+0) = xa(B) + oG + (s = §)m,  §=0,1, (4.5.32)

where ng and n; are integers and

> x T T
)= tan™! (:—) + tan™? (——) ~tan~! (—)), 4.5.33
(@)= 3 (e (55 = . (45.33)
©/ A B
= ho{—iz)) = 1- = - 4.5.34
a3(z) arg( 2 zcc)) al‘g( ,gz(&n+im+ﬁn+ia:))’ (4.5.34)
For the case of antisymmetry about x = (0, the conditions change to
o (a+6) = x1{a) + 0y(a!) + ny, (4.5.35)
Bo(a+8) = x1(By) + 0, (B) + nem, (4.5.36)

when 1/2 < b/d < 3/4, and
Bila+0) = x2(8;) + 03(B;) + mym,  j=0,1, (4.5.37)

when 3/4 < b/d < 1. The o;-(:c), j = 1,2, terms are similar to those in (4.5.31) and
(4.5.34) with the A, and B, coeflicients coming from either

A, B
—Apm + Cry ( + "~)=C, 4.5.38
A, .
—Bpn+ D Z( B ) = Dy, (4.5.39)
when 1/2 < b/d < 3/4, or
- X A B
—Ap, i & ) = Chp, 4.5.40
+Cm£(dm+&n+&m+ﬁn G (4.5.40)
A B
_B, +D, ( n ) =D, 4.5.41
nz:g m + Gy ﬁm"}‘ﬁn ( )
when 3/4 < b/d < 1, withm = 2,3,..., in all cases.

Results

For the results presented in this section the system of equations (4.5.22)-(4.5.23) and
(4.5.38)—(4.5.41) were truncated with a truncation parameter of N = 5.
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In figure 4.5 a typical set of trapped-mode frequencies, kd/w, are plotted against a/d
when b/d = 0.6, for which the relevant frequency range is dn/2c = 1.25m < kd < 2.
The trapped modes are the intersection of two sets of lines corresponding to the solutions
of (4.5.28)-(4.5.29) and (4.5.35)—(4.5.36). A more detailed view of some of the modes
in figure 4.5 are shown in figure 4.6 along with some of the corresponding values of n,;
and ny. In both figures the modes symmetric about £ = 0 are represented by a cross
and the modes antisymmetric about z = 0 are represented by a circle. It can be seen in
figure 4.5 that as the plate length increases the number of modes appearing in a small

a/d-interval also increases.

16F
kd/w o o "
x ol "
14 r x
o o}
* o]
x ° % o]

121

0 05 1 15 2 25 34 35 4 45 5
a/d
Figure 4.5: Trapped-mode wavenumbers, kd/m, for modes symmetric (x) and antisym-

metric (o) about z = 0 plotted against a/d, when b/d = 0.6.

The results for modes symmetric about z = 0§ obtained by keeping the integers
ny and ng, used in (4.5.28)—(4.5.29), and ng and n,, used in (4.5.32), constant and
varying either kd/n in (a) or a/d in (b) against b/d are shown in figure 4.7. The
vertical dotted line corresponds to the value b/d = 3/4. The modes to the left of
this line were computed using the frequency range (4.5.1) and the modes to the right
of this line were computed using the frequency range (4.5.2). The two dotted lines
either side of b/d = 0.75 correspond to the lower cut-offs k¢ = 7/2 for b/d < 0.75 and
kb = 3m/2 for b/d > 0.75. The trapped modes generally appear when b/d is in the range
(0.5,p1) U (p2, 1) where p; (< 3/4) and ps (> 3/4) depend on the two integers chosen.
If the two integers (n1, na) or (ng,n1) are chosen in the form (N, M) with N > M then
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1.7

1.6+
1.5F
kd/w

14t

13r¢

Figure 4.'6: A detailed view of part of figure 4.5 showing the curves corresponding to the
solutions of (4.5.28), (4.5.29), (4.5.35) and (4.5.36), along with some corresponding 7,
and ny values. The solid curves correspond to modes symmetric about z = 0 and the
dashed to modes antisymmetric about 2 = (. The embedded trapped modes, denoted

by x(symmetric) and o(antisymmetric), are where the solid or dashed lines cross.

p1 — 3/4— and p; — 3/4+, and hence trapped modes appear for all values of b/d except
when b/d = 3/4.

From 4.7(b) we can see that trapped modes do not exist when the plate length is
small. We can also see that as b/d — 0.5 the corresponding values of a/d becomes large.
When looking at figure 4.7(a) we sce however that trapped modes do not exist when

b/d = 0.5 and as b/d — 0.5 the range of kd becomes very small.

Conclusion

In this section we have computed the frequencies of Dirichlet modes below the second
cut-off for wave propagation down the guide using the modified residue calculus method.
The modes found are either symmetric or antisymmetric about the line perpendicular to
and through the centre of the plate.. The frequency is restricted so that two wave-like
modes appear in the inner region and one mode can propagate down the guide. The
range that the frequency has to be restricted to depends on the off-set of the plate
The results computed show that the trapped modes correspond to the intersection

of two sets of lines, one from each of the wave-like modes in the inner region. The modes
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b/d

Figure 4.7: Variation of (a) kd/7 and (b) a/d with b/d for modes symmetric about
z = 0. The curves are labelled with the values of (n;,ns), from (4.5.28)-{4.5.29), and

(no,n1), from (4.5.32), which are used to generate them.

can appear for any off-set of the plate, except when the plate is 3/4 of the way up the

guide, but only for specific values of the plate length.

4.6 Trapped modes below the third cut-off

In the previous two sections we have found trapped modes in the ranges 7d/2b < kd < 7,
and either wd/2c < kd < 2w, or 3md/2b < kd < 2w. As the trapped-mode frequencies

have increased we have seen clear changes in the form of the results. The results for
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frequencies between nd/2b < kd < 7 show that trapped modes can be found for any
length plate and for any off-set, so appear as continuous lines in the plots shown. When
looking below the second cut-off we see that the modes can appear for any off-set, except
when the plate is 3/4 of the way up the guide, but for only diserete lengths of the plate
and appear as the intersection of two lines in the plots. This tends to suggest that if we
look below the next cut-off, we may find trapped modes for only specific combinations

of the plate length and off-set.

4.6.1 Formulation

When formulating the model, we need to restrict the frequency in such a way that the
asymptotics of the function f(z) used previously remain unchanged, i.e. we require one
more wave-like mode in the inner region than in the outer region. As in section 4.5 the
restricted frequency depends upon the value of b/d.

If 1/2 < b/d < 3/4 we can restrict the frequency to

5”-%” < kd < 3m, (4.6.1)

and if 3/4 < b/d < 5/6 we can restrict the frequency to

dm
— 4.6.
50 < kd < 3. (4.6.2)

Both the frequency restrictions produce the results that oy, Gg, 81, 71 and ~, are purely
imaginary whereas all the other values of «,, 8, and 7, are real and positive.

When the value of b/d is between 5/6 and 1 the resulting trapped mode condition,
found later, becomes inconsistent and ne trapped modes can be found using the method
discussed in this section. A similar occurrence happened in chapter 2 for all values of
b/d.

The eigenfunction expansions in the three regions are

oo
_ 1 coshanpr ) (2 121/
é1{z,y) ;Un ansinhona U (y),  om= (v, —£7)F, (4.6.3)
_ oo (2) COSh ﬁnﬂj (2) _ 2 12 1/2 4 4
¢2("I"! y) Z Un ﬁn Sinh ﬁna \I,ﬂ (y)‘l ﬁn (Ju’n k ) b ( '6‘ )
~m{z—
Z v o), = (- K2 (465)

n

where \Ilgf), i =1,2,3 are defined previously. In this section we set the amplitudes of the

modes corresponding to the imaginary =, and 7, to zero. Following the work in section



4.5 we arrive at equations similar to (4.5.8) and (4.5.9) except that the summation now
starts at n = 3 instead of n = 2. We now solve the problem using the modified residue

calculus technique.

4.6.2 Modified residue calculus method

By considering the integrals shown in section 4.5.2, where the function f(z) is required

to have poles at z = ~,, n > 3, we can consider the following function

£(2) = p(z0)9(=)h(z), (46.6)
where © is defined in (4.4.49),
9(2) = (1 = z/ax)(1 = 2/5) ﬁ o z/la_n)(; — z/ﬁ"), (4.6.7)
n=3 Z{n
and
h(z) =1+ i(zf"an + f"ﬁn). (4.6.8)

Redefining 1 = 6, Bnt = B, Ano1 = A, and B,_; = B, we have

— r (l_z/&n)(l_z/ﬁn) _ vl Awn B~n
o) = I] =72 =, h(z)—-1+n§3(z_dn+z_én). (4.6.9)

It is useful to notice that g(z) has the same ratio of poles to zeros as (4.5.11) and can
therefore be shown to have the correct behaviour as {z| — oco. The solution to the

problem is given by U, = R(f : v,) provided both

f(am) + Cmf(_am) = m e N, (4610)
f(Bm) +€nf(—Bm) =0 meN (4.6.11)

For m > 2, following the previous work (4.6.10) and (4.6.11} lead to an exponentially
converging infinite system of real equations similar to (4.5.22) and (4.5.23).
Trapped mode condition

For the case of seeking trapped modes above the second cut-off we now have to satisfy
three conditions simultaneously. These conditions are (4.6.10) with m =1 and (4.6.11)

with m = 0,1. If we let a; = —ic, where o = (k% —12)% = (k2 — (n/2¢)?)3, o = —if3,,
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1

where §y = (k2 — p2)7 = (k% — (r/2b))) and B, = —if], where 3, = (k? — y2)7 =
(k2 — (37/2b)2)z the three conditions reduce to

iva _ _ f(=10)
Qio'e _ _ YR (4.6.12)
2;‘,8;0, _ _f(“?’ﬁ;) M
e f(zﬁ_;) , j=0,1, (4.6.13)

which need to be satisfied simultaneously. If we define
ke x x x
T) = tan™? (~—) + tan~! (~—) —tan~! (—)) 4.6.14
x(@) =3 (e (3 5 - (4.6.14)

and

n=3 dn + (k) ,Bn, + iz

o(z) = arg (1 - i ( 4, + Bn )), | (4.6.15)

we find the conditions for the existence of trapped modes are that

o&'(a+8) = x(a) +a(d) + (nl — %)w, (4.6.16)
Bola+8) = x(8y) + o(B) + (o — ), (4.6.17)
Bila+0) = x(8) +a(B) + (ns — §)m, (4.6.18)

are all satisfied simultaneously for sets of integers n;, n, and ns.

As a/d — o0, due to the exponential convergence of A, and B, o{z) tends quickly
to zero. In section 4.5 the trapped modes computed did not exist when the plate length
was small. As will be shown later trapped modes are not found below the third cut-off
when a/d < 1. The computed ¢ values below the third cut-off are hence insignificant
and will be ignored from now on.

To help simplify matters we now make what turns out to be a quite accurate ap-
proximation to (4.6.16)-(4.6.18) by using a similar estimate to the earlier variational
approach. If we place a Dirichlet condition on z = a, 0 < ¥ < d and assume that the
potential in region /77 is identically zero then the eigenfunctions (4.6.3)-(4.6.4) for the

wave-like modes will take the form

&z, y) = U cos(ny — 1/2)-1;—:8 sin E%, (4.6.19)
do(z,y) = U cos(ng — 1/2)? sin —g—g + Ulm cos(ng — 1/2)23—: sin _327T_by, (4.6.20)
a

where n;, 7 = 1,2,3 are non-negative integers. Note that these solutions would not

satisfy the original equations as these solutions do not have a continuous derivative
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across £ = a. To enable the solutions (4.6.19)~{4.6.20) to satisfy the Helmholtz equation

for the same frequency parameter we need

2 2 2 2 2 2
2 27 i _ 27 T 27 97
K = (m - 1/2) St = (n2—1/2) Stm= (ns - 1/2) St (4621)
Rearranging these we have
Of’a — (nl - -;-)Tl', ﬁaa’ — (n2 — .]2-.)71-, ﬁ;a = (n3 — %)T{', (4622)

which are just (4.6.16)-(4.6.18) without the O, x and ¢ terms. Eliminating k& and a
from (4.6.21) we have

(n2_1/2)2—(n3—1/2)2 B 8(d - b)?2
(”1 - 1/2)2 - (n2 - 1/2)2 " 942 — 18db + 882 (4.6.23)

Now if 1/2 < b/d < 3/4 then the value of the right-hand side of (4.6.23) is strictly

greater than one and hence a necessary condition for a right-hand side value greater

than one is that

ng > np >ng >0 (4.6.24)
If b/d lies in the range (3/4,5/6) this condition changes to

g > ng > ny > 0. (4.6.25)

If we find a set of integers that satisfy (4.6.24) or (4.6.25) we can simply find the
corresponding value of b/d from (4.6.23). If this value of b/d lies within the correct

range then the kd and a/d values corresponding to the off-set can quickly be found from

(4.6.21).

Results

Results plotted from the full solution (4.6.16)-(4.6.18) compared to the approximate
solution (4.6.22) when a/d < 4 are shown in figure 4.8. It is clear that a good approxi-
mation can be made by removing the ©, x and ¢ terms from (4.6.16)—-(4.6.18). Another
approximation can be made by placing a Neumann condition on x = a and setting the
outer region to zero so that the derivative of the potential is continuous but not the
potential itself. The results computed for such an approximation are found not to be as

good as those shown here.
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Figure 4.8: Solutions (a/d,b/d, kd/=), with a/d < 4 for trapped modes symmetric

about z = 0 below the third cut-off for an off-centre plate. The dots are results from the

approximate solution (4.6.22) and the crosses from the full solution (4.6.16)—(4.6.18).

The results shown in figure 4.8 are for a/d < 4 and only required ny < 12. If results

are needed for a larger value of a/d then the value of n, has to be increased, because

kd varies between 27 and 37 and so from (4.6.17) a large value of a/d implics a large

value of ny. If ny < 12 then all the trapped modes below a/d = 4 are found and hence

the top two panels of figure 4.8 are complete, but the bottom panel contains more and

more points as the value of ny is increased. Figure 4.9 shows the bottom panel of figure

4.8 with ne < 50.

Conclusion

In this section we have found trapped modes whose frequencies are below the third cut-

off for the problem of an off-centre plate using a modified residue calculus method. The
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Figure 4.9: Results from the approximate solution (4.6.22) for modes symmetric about

z = 0, with n, < 50.

third cut-off is defined as the frequency below which only two wave-like modes appear
in the region outside the plate.

The modes computed are symmetric about the line perpendicular to and through
the centre of the plate. The frequency restriction depends on the off-set of the plate and
modes were only found when the plate was below five-sixths of the way up the guide.
Below the third cut-off three wave-like modes appear local to the plates and the modes
correspond to the solution of three conditions which have to be solved simultaneously.
To simplify matters an approximation to the three conditions, coming from a similar
idea to the variational methods, is given allowing simple computation of the modes.

As expected from the discussion in section 4.2 the results show that the modes appear

only for specific combinations of the off-set and plate length.
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4.7 Summary

In this chapter we have investigated the occurrence of Dirichlet modes in a parallel-plate
waveguide containing a thin off centre plate. The modes were found in various frequency
bands each defined by an upper cut-off which restricted the amount of modes in the
region outside the plate. The geometry of the problem was defined by two parameters
corresponding to the off-set of the plate and the length of the plate.

In section 4.4 trapped modes were found below the first cut-off using a modified
residue calculus method and estimates to the frequencies were given using a variational
method. We were also able to prove the existence of a single trapped mode using the
variational method for a sufficiently long plate. The results plotted show that trapped
modes occur for any off-set and for any plate length.

Trapped modes below the second cut-off were found in section 4.5 using a modified
residue calculus. The results showed that trapped modes can occur for any off-set
except when the plate was three-quarters of the way up the guide, but only for specific
plate lengths. Below the third cut-off trapped modes were found using a modified
residue calculus method and the results showed that the modes occurred for specific
combinations of the plate length and the off-set.

Figure 4.10 shows a comparison of the three lowest frequency modes below each
cut-off. The mode below the first cut-off appears as a plane, the mode below the second

cut-off appears as a line and the mode below the third cut-off appears as a point.
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Chapter 5

Two-dimensional array of parallel

plates containing finite gaps

5.1 Introduction to the problem

In this chapter we seek a different type of trapped mode to those considered previously.
The trapped modes sought in this chapter travel along an array of identical obstacles and
decay away from the obstacles. We seek trapped modes (or as defined later Rayleigh-
Bloch waves) in a two dimensional array of parallel plates, with each plate containing
an equal length finite gap. We place Dirichlet boundary conditions on each plate and
set up the array so that the plates are an equal distance apart and the line of symmetry
passes through the centre-point of each gap. The trapped modes sought travel through
the row of gaps and decay down the plates.

The chapter is presented in the following manner. In section 5.2 we review previous
work concerning the occurrence of trapped modes near an array of identical obstacles.
We formulate the problem in section 5.3 and see that the problem is characterised by
two non-dimensional parameters corresponding to the length of the gap compared to the
width between the plates and the propagation or Bloch constant compared to the width
between the plates (defined later a/d and §'d respectively). We also introduce the first
cut-off of the problem in this section. The cut-off, which depends on the propagation
constant, is defined so that modes with frequencies below the cut-off cannot propagate
to infinity.

In section 5.4 we seek trapped modes below the first cut-off using a modified residue

calculus method. Below the first cut-off we see that the problem contains only one
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wave-like mode which travels through the gaps in the plates. The results show that the
trapped modes occur for any length plate and any value of the propagation constant.

We seek trapped modes whose frequencies are above the first cut-off and below the
second cut-off in section 5.5. The second cut-off is defined as the frequency below which
only one mode can propagate to infinity along the plates. In this section we use a
modified residue calculus technique and set the amplitude of the propagating mode to
zero. We find that the problem has two wave-like modes in the gaps and the solution
corresponds to the intersection of two sets of lines. The trapped modes are found for
any value of the propagation constant but only for specific values of the gap length.

As the problem is specified by two parameters, as in the previous chapter, we seek
trapped modes above the second cut-off and below the third cut-off in section 5.6. In
this section we restrict the frequency so that two propagating modes and three wave-
like modes appear in the problem. As in the previous chapter we use a very accurate
approximation to provide a solution to the full problem. The solutions are found to
be the intersection of three sets of lines and appear as specific combinations of the two
parameters in (a/d, 5'd) space.

A summary of the chapter is provided in section 5.7.

9.2 Background

The investigations into trapped modes occurring locally to an array of equivalent struc-
tures periodic in one dimension has been vast. This is due to the problem having many
relevant applications in the fields of acoustics, water waves, optics and electromagnetism.

The first example of a trapped mode in such a geometry was found by Stokes (1846),
who constructed a non-trivial solution describing a water-wave travelling along a uniform
sloping beach which decays exponentially out to sea. Such waves have since been named
edge waves. In the electromagnetic theory of diffraction gratings these edge waves are
known as Rayleigh-Bloch waves and are characterised by a dominant wavenumber of
motion, [, along the array. A general discussion of the electromagnetic theory of
gratings is given in Petit (1980), with a more mathematical approach in Wilcox (1984).
We shall refer to the trapped modes appearing in this chapter as Rayleigh-Bloch waves
to distinguish them from the trapped modes occurring in waveguides with parallel walls.

An area of research of great interest from an acoustical point of view is that of a duct
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containing a series of equally spaced thin parallel plates. As discussed earlier the acoustic
resonances found by Parker (1966) and (1967) were local to a similar duct. Later work by
Franklin (1972) used a method involving Green functions and an approximation based
on a variational formulation to calculate the acoustic resonances occurring in the same
problem. Later Koch (1983) used a Wiener-Hopf technique to compute the resonant
acoustic frequencies for the modes found by Parker. The author also presented results
for the staggered cascade and when the mean flow was non-zero. The acoustic scattering
from an array of parallel Neumann plates was considered by Linton and Evans (1993)
using a similar residue calculus method to the one we use in this chapter.

In the context of water waves Evans and Linton (1993} proved the existence of
Rayleigh-Bloch waves travelling along a periodic coastline consisting of a straight and
vertical cliff face from which protrudes an infinite number of sufficiently long identical
thin barriers, each extending throughout the water depth. The depth dependence can
be separated out and the problem is reduced to the solution of the two-dimensional
Helmholtz equation with Neumann conditions on all boundaries. The proof uses the
modified residue calculus method, similar to problems investigated in this part of the
thesis.

In a later paper Evans and Fernyhough (1995) extended the problem and provided
numerical evidence for the existence of Rayleigh-Bloch waves when the barriers were
rectangular blocks. Neumann conditions were placed on the blocks and the method
of solution is based on a Galerkin approximation to an integral representation of the
problem. Rayleigh-Bloch waves have also been found local to arrays of circular cylinders,
but this will be discussed in greater depth in chapter 7.

Porter and Evans (2002) have recently provided numerical results for Rayleigh-Bloch
waves occurring above the first cut-off along periodic rectangular arrays. Neumann
conditions were placed on the rectangles and embedded Rayleigh-Bloch waves were
found using a similar method to that in Evans and Fernyhough (1995). In the paper the
authors also gave strong numerical evidence for the existence of Rayleigh-Bloch waves
occurring above the second cut-off for a single family of rectangular cross-section.

Rayleigh-Bloch waves were also recently found along arrays of parallel Neumann
plates above the first cut-off for wave propagation down the guide by Evans and Porter
(2002). Using a similar method to that used by Linton and Evans (1993) the authors

were able to prove the existence of solutions for sufficiently long plates.
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There is no general existence proof for Rayleigh-Bloch waves, i.e. no result equivalent
to that given by Evans, Levitin, and Vassiliev (1994), although if an array of thin finite-
length Dirichlet obstacles are considered Bonnet-Bendhia and Starling (1994) proved
that Rayleigh-Bloch waves do not occur.

5.3 Formulation

We consider the case of an array of parallel thin plates of equal widths d apart situated so
that the z-axis lies along one of the plates. Each plate contains an equal length finite gap
located between x = —a and z = a, as shown in figure 5.1. The plates therefore occupy
|z| > a,y = md, m = 0,%£1.... The symmetry of the problem allows any solution to be
expressed as the sum of solutions which are either symmetric or antisymmetric about
the y-axis. We begin by looking for a solution symmetric about z = 0, by considering

the region ¢ > 0 and seeking a non-trivial solution ¢(x,y) which satisfies
(V2+ K% ¢ =0, x > 0 except on [z} > a, y = md, m an integer, (5.3.1)
subject to the symmetry condition
e Oonzx=0, (5.3.2)
Dirichlet boundary conditions on the plates
¢=0ony=md, x>a, man integer, (5.3.3)
and a condition which requires the solution to decay down the plates

¢ — 0asz — 0. (5.3.4)

The radiation condition (5.3.4) again comes from the idea that Rayleigh-Bloch waves

possess finite energy down the plates. We finally assume that ¢ is non-singular and
Vo=0@G"% asr = {(z - a)+ (y — md)?}7 — 0, m an integer, (5.3.5)

anticipating singular behaviour in the velocity field at the plates edges.
We now make use of the periodicity of the plates d, by assuming that a potential
at y + d can only differ from a potential at y by a shift in phase, denoted by the

multiplicative factor * ¢, where §'d is some real parameter. This technique is commonly
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Figure 5.1: Definition sketch

used for arrays of structures, with periodicity in one dimension only, see for example
Evans and Linton (1993). The parameter 3 is sometimes known as the propagation or

Bloch constant. Using this definition the total potential may be written
&z, y + md) = eimﬁ'dgb(:r, y) mEeLZ. (5.3.6)
For 0 < y < d (5.3.6) is satisfied by

b(z,y) = &7 Vih(z,y) (5.3.7)

where ¥(z, y) and its derivative with respect to y, are periodic in y with period d. We
now only need to consider the region 0 < y < d, as equation (5.3.6) provides an extension
of the solution outside this region.

It is now useful to split the domain 0 < y < d into two regions. Region I is the area
not containing the plates, i.e. 0 < 2 < a, 0 < y < d, and region ] is the remainder,
x> a, 0<y<d We can represent the function ¢ by a function ¢; (i = 1,2) in each

region, with the following continuity conditions applied at each regions boundary,

b1 = Pa, —%:%, onr=gqa, 0<y<d. (5.3.8)
x
Separation of variables reveals that
s ha,z
, _ U(l) cosn zﬁny, = 2 k2 1/2 539
qb}- (:C y) n:-z_oo n a’n Slnh ana € 24 (ﬁn ) H ( )
oo —n (z-a)

oz, y) =D UT?)ET sin A, v, Yp = (A — E2)1/2 (5.3.10)

n=1
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where

;2
Bo=F + 5, and A= (5.3.11)
d d
Without loss of generality we assume that
0<fd<2r. (5.3.12)

When #'d = 0 the problem reduces to the Neumann case of a thin finite length plate
placed on the centreline of a two-dimensional parallel-plate waveguide, as in Evans

(1992). Note that the functions 'Y satisfy the orthogonality condition
L (% pit(Bapm)
- /O BB dgy = §, (5.3.13)

where d,,, is the Kronecker delta.
The condition that prevents waves propagating to infinity is that =, is real and
positive for all n € N. The first cut-off for this problem is therefore kd = 7, and in the

next section we seek Rayleigh-Bloch waves whose frequencies are below this cut-off.

5.4 Rayleigh-Bloch waves below the first cut-off

In this section we seek Rayleigh-Bloch waves whose frequencies are below the first cut-off
kd = x. With this restriction of frequency we find that «,, |n| € N, are all real and
positive, and so the only possible wave-like mode that can appear in the problem is the
one corresponding to ap. We require ¢ to be purely imaginary for it to be wave-like
in region I and so & > 3. We therefore anticipate that a necessary condition for the

existence of Rayleigh-Bloch waves is
B'd<kd <. (5.4.1)

Notice that although we vary 8'd € [0, 27) with this restriction we expect modes to exist
only if g'd € [0,7). We now formulate a solution using the modified residue calculus

technique discussed in previous chapters.
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5.4.1 Modified residue calculus method

Using (5.3.8) we match ¢ = ¢ and 9¢,/dr = Odo/dx along £ = a, 0 < y < d and

obtain

> Ug)g&wezﬁny = U£z>ﬂi/\_ny, (5.4.2)
n=—0o0 n n=1 n
o0 X o0
Y, UWev = 5 UD sin A,y (5.4.3)
n=—00 n=1

If we multiply (5.4.2) and (5.4.3) by e~%=¥ m € Z, integrate over 0 < y < d, and use
(5.3.13), we have
U cothama & U

- dnm? 544
D D (544)

[o.e]
Ur(nl) = Z Uf?)dnm, (5.4.5)

n=I

where we have defined
d ,

o = éL sin Ay e~V dy, m € Z. (5.4.6)

Evaluating the integral d,,,, we find

,\n(l — e"'ﬁ’(—l)“)
d(v;—o)

provided v, # am, where n € N, m € Z and (5.3.11) has been used.

_ 1
T odi

./Od (e"’\“y - e‘“"y)e_iﬁmy dy = (5.4.7)

Eliminating U} from (5.4.4) and (5.4.5) we find after some rearrangement that

o0 1 m
Un( P )zo, m € Z, (5.4.8)

n=1 Tn — O T+ O

where we have defined
UD A, (1~ (—1)
Un = ( v - )’ and  (p = e72m%, (5.4.9)

To ensure that the edge condition (5.3.5} is satisfied by ¢2(z, y), we also require

1

U, =0(n"2) as n — oo. (5.4.10)
We now consider the integrals
In = i i/ f()( L m )d €z (5.4.11)
m = NI 2 Cn # Z2—CQp 240 = m ' o

where Cy is a sequence of contours on which z — oo as N — oo and f(z) is a mero-
morphic function which has the following properties:
Pl. f(z) is an analytic function of z except for simple poles at z = ,, n € N.

P2. f(z)=0(z7%) as |z| — oo on Cy as N — oc.
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Construction of f(z)

Following the work in previous sections we would like to choose a function of the form

f(2) = g{2)h(z), (5.4.12)

where

oz) = [T Ll = 2facn) gy gy 5 A (5.4.13)

n=1 (1= z/7) Wz — oy
n#0

The function f(z) is chosen to have the correct poles to satisfy P1 and the function h(z)
is chosen so that the zeros of g(2) at z = o, and 2z = a_, are cancelled by the poles of
h(z) at these points.

To satisfy P2 we need to obtain the behaviour of g(z) as |2] — co. We obtain this
behaviour by firstly considering the following product

X l—z/an F 1—z2/an = 1—2/M & (1—2/8.)(1 — 2/8-7)
= . 4.14
g(Z) gl"z/ﬁn n=11_z/)6—nn1;[11"3/7n n=1 (1_2//\17,) (54 )
Following section 2.4.1 we have
X1 —z/os, & AN k2
A 1- 5.4.15
HI;I;l 1—Z/ﬁin n:l( :2i:n) nl;ll (1+ (z—ﬁin)(ﬁin+a:§:n))’ ( )

and

ﬁ - JEL (1 _ Ef)z il (1 - %)"E; - An))' (5.4.16)

As all the terms (i, and ~,, n € N, are of the form An + O{n™!) as n — oo, with
A a constant, a comparison between the final products in (5.4.15) and (5.4.16), and
>, n~2, shows that (5.4.15) and (5.4.16) are uniformly convergent on any compact
set excluding z = v, and z = f4,. Thus provided z — oo through a sequence of values
which avoids these points we have

agsin B'd 2sin kd T2 (1—2/8.)(1—2/8_0)
9(z) ~ & (kd(cos kd — cosﬁ’d)) = (1 —2z/X,) ’

where Gradshteyn and Ryzhik (1980) eqn 1.432(1) has been used. Expanding (5.4.17)

(5.4.17)

T

using (2.4.43) we can show that

—

(1-2/8) (1~ z/B_n) e/ e»¥/7P(1) 24> [(1) I(1 — zd/7)
(1~ z/),) exd/nm - D(1 = 2d/27) T(1 — 2d/2w)" erd/7T(1)

(5.4.18)

=t
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Using (2.4.45) we see that as z — oo, z # |2,

© (1 —2/8.)(1 = 2/8_p) -1 af sin® @'d sin kd 2 2d
111;[1 (1-2z/\,) ~(=2) (k(ﬁ’dﬁ(cos kd — cos ﬁ’d)) P { T 1n2}.

(5.4.19)

For the case when z is real and positive we use the reflection properties of the Gamma
function, see (2.4.48), and the asymptotic behaviour can be shown to be

0 (1 —2/B)(1—2/P_n) 2% sinzd/2
Al (1=2z/A) T sinzd

2 0im2 AT & 3
agsin® G'd sin kd )2 zd
— —In2 5.4.20
X(k(ﬁ’d)g(coskd—cosﬁ’d) P — ( )

as z — 00, 2 # —|z|. If we choose Cx to be a sequence of circles with centre at the
origin and radius Ry = (N +1/4)7 then using (5.4.19) and (5.4.20) we can consider the

function

9(2) = exp{?ln2}£{l 4= z{f‘"_)g/;n')z/a‘”), (5.4.21)

which is O(z7%) as |z] — oc on Cy as N — oo and hence P2 is satisfied.

Applying Cauchy’s residue theorem to (5.4.11) we obtain

iR(f:'Yn)( L m )+f(am)+cmf(—am)=o, meZ (54.22)

Yn— Om  Ynt G
A comparison with (5.4.8) shows our solution is given by U, = R(f : ) provided

fam) + Cnf(—amn) =0, m € Z. (5.4.23)

For |m] € N, these equation can be solved by an appropriate choice of the coefficients

A,. We have for [m| € N,

f(am)=—exp{9h;—dln2}( ( Am ) ﬁ — am/ay) ﬁ

am(l — Q’m/’)fm) n=—o0 n:1 - am/')/n
n#£0,m n#
(5.4.24)
and
X A, Qg d
—ay) = [1- In2
feon = 1= £ +)p{ ), }
nF#0
X 2 H(1+a /a)H (5.4.25)
(1 + a’m/’Ym) n=-—nc " " ]' + am/ﬂ!’n o
n¥l,m n;ém



Substituting (5.4.24) and (5.4.25) into (5.4.23) and rearranging we find
Ay

A — =B, N, .4.26
+ By, H_Z—:m P Im| € (5 )
n#d
where
2a”m (’Ym - O-'m) _zam
B, = ex din2 4+ ar

X

= (l+am/fan) & (1 —am/mm)
) IT ( (5.4.27)

nmzee (1= amfom) 32 (1+am/va)

n#0,m n#Em
Because of the presence of the rapidly decaying factor {» in equation (5.4.27) for B,
the system of equations (5.4.26) converge very quickly provided a/d is sufficiently large
and provide a very efficient method for computing the unknowns A,.

To satisfy the edge condition, U, must satisfy the condition given by {5.4.10). Earlier
we have shown that Uy, = R(f : vm) and hence

U, —»ym(1+n_§_jm m_an) { ln2}

n# 0

oo 00
H 1 - 'Ym/an 1 - ’Ym/a— / H 1 - 'Ym/’)/n (5428)
n=1 n 1

Using (5.4.14) we can expand this to

Ymd ( ad A, ) Ynd
= — 1 —_ —_
Un ’Ym( mw) 1+ E exXp § In2

n=—oo fm — Qg
n#Fld

ﬁ (1 - ’Ym/an)(l — 'Ym/a—n)

amt U =1/ (8 + 2n1/d))(1 — /(B — 207/ d))
St (1 '}’md/nw) (1 - '}’m/ﬁn)( 7m/18 n)
;gi l_vm/'Yn 1:1[;‘[1 (lh’}'m/)\)

(5.4.29)

The first two infinite products can be rearranged in the form shown in (5.4.15) and

(3.4.17) and hence are O(1) as m — co. From (5.4.20) we have
exp{%lrﬂ} H (1 = Ym/Bn) (A = Yin/ Bn)

n=1 (]' - 7m//\n)
1\ 2 .
<t om0 ) ()41 o)
Crl2sin®(v,d/2) 1 )
- k?ds(/z /2 4 (1 +0(m 1)), (5.4.30)
as m — oo, where
_ a? sin® #'d sin kd ) i
€= ( :(B'd)?(cos kd — cos §'d)/ (5.4.31)
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and we have used

mwr  kad -2
Y ¥ o + O(m™?), (5.4.32)
as m — 0.
As m — oo we also have
md) 17kd )2 _3
@-—nm Z(mw +O0(m™?). (5.4.33)

Using (5.4.30)(5.4.33) we can see that U, is O(n"%) as n — oo, which is the required
asymptotics to take account of the expected singularity in the velocity field near the
plate edge.

Rayleigh-Bloch wave condition

We can now return to the one condition still to be satisfied, namely (5.4.23) with m = 0.

If we let g = —ia’, where o' = (k% - (4')?)z, this condition reduces to
2ia’a f(_ial)
=— . 4.34
¢ o) (5.4.34)
Using (5.4.13) we have
g(—*'lOf) — e?i(x_afe), h("‘:'lam) — e?ia, (5435)
g(ia’) h{iat,)

where we have defined

20 ! ! !
x = Z (tan"l (2—) + tan™! (aa ) — tan™! (:—)), (5.4.36)

n=1

e=gmz (5.4.37)

and

s A
o = arg (1 - _Z o +nia’)' (5.4.38)
n#0

The condition for the existence of Rayleigh-Bloch waves, (5.4.34), reduces to

adla+0@)=x+0o+ (n - %)'fr, n an integer, (5.4.39)

where x, © and o are given by (5.4.36), (5.4.37) and (5.4.38).
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Antisymmetry about z =0

For the case of antisymmetry about z = 0 the boundary condition (5.3.2) is replaced by
¢=0onz=0 0<y<d. (5.4.40)

The condition for antisymmetric Rayleigh-Bloch waves, equivalent to (5.4.39), is
(e +0)=x+0d +nm, n an integer, (5.4.41)

where x and © are defined by (5.4.36) and (5.4.37) and ¢’ is the argument of h{—ic')

with the A, coeflicients coming from

& A
e o

Results

For the results produced in this section the systems of equations (5.4.26) and (5.4.42)
are truncated with a truncation parameter of 5, i.e. 5 negative and 5 positive terms are

used.

09}
0.8}
kd/m

0.7+

0.6+

Figure 5.2: A comparison of the Rayleigh-Bloch wave wavenumbers for waves symmetric

(—) and antisymmetric (- -) about z = 0 plotted against a/d when §'d = /2.

In figure 5.2 a typical set of trapped-mode wavenumbers, kd/7, are plotted against

a/d when #'d = 7/2. The solid lines correspond to waves symmetric about = 0 and
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the dashed lines correspond to waves antisymmetric about z = 0. We see that as a/d
increases the number of waves increases as they appear alternatively symmetric and

antisymmetric from the cut-off kd = 7 and decrease towards kd = §'d = 7/2.

0 L s L L L L 1
0 o0l 02 03 04 05 06 07 08 08 1
Bd/n
Figure 5.3: A comparison of the Rayleigh-Bloch wave wavenumbers for waves symmetric

(—) and antisymmetric (- ) about z = 0 plotted against §'d/m when a/d = 3.0.

The variation of Rayleigh-Bloch wave wavenumbers, kd/m, plotted against 3'd/x
when a/d = 3 is shown in figure 5.3. The solid lines represent waves symmetric about
z = 0 and the dashed lines waves antisymmetric about z = 0. It is clear that as §'d/m
increases from zero the number of waves present decreases, but waves appear for all
values of the propagation constant. The frequencies on the left-hand side of figure 5.3
correspond to the modes found when the Neumann problem of a thin finite plate on the

centreline is considered.

Conclusion

In this section we have used the modified residue calculus method to compute the
frequencies of Rayleigh-Bloch waves occurring below the cut-off kd = 7 for the case of
an array of equally spaced thin plates, each containing a finite length gap of the same
size. The plates are aligned in such a way that the line of symmetry perpendicular
to the plates cuts across the midpoint of each gap. The waves satisfy the Helmholtz

equation within the fluid and Dirichlet conditions on the plates. The Rayleigh-Bloch
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waves travel along the row of gaps and are characterised by a propagation constant &,
where 0 < 8'd < 2x.

The Rayleigh-Bloch waves appear either alternatively symmetric and antisymmet-
ric about the line through the mid-point of the gaps. The results plotted show that
Rayleigh-Bloch waves are present for any length gap and for any propagation constant

in the range 0 < 3'd < .

5.5 Rayleigh-Bloch waves below the second cut-off

In this section we seek Rayleigh-Bloch waves whose frequencies are above the first cut-off
kd = w. As in previous chapters we restrict the frequency in such a way that there are
two wave-like modes in the inner region containing the gap and one propagating mode

in the outer region containing the plates and use a modified residue calculus technique.

5.5.1 Formulation

We set up the problem with the same geometry as shown in figure 5.1, and again seek
non-trivial solutions to the Helmholtz equations subject to the boundary conditions
(5.3.3)-(5.3.5). To ensure that only one propagating mode appears in the problem we
need to restrict the frequency so that £d < 2w. The frequency kd = 27 is the second
cut-off of the problem. With this restriction 7; is purely imaginary whereas +,, n > 2
are all real and positive. To produce two wave-like modes in the inner region we need
kd > |3'd — 2x| = 21 — #'d, as then ag and a_; will be purely imaginary and all the
other values of «,, will be real and positive. We anticipate that a natural condition for

the existence of Rayleigh-Bloch waves is
<2 —Fd<kd <2, (5.5.1)

as with this restriction two wave-like modes exist in the gap between two sets of adjacent
parallel plates in the array. The reason why this works is that we can now use a function
similar to that used in section 5.4, with one factor removed from the top and bottom
of the product, and hence the product retains the required asymptotics for large =z.

Following section 5.3 we can construct the following eigenfunction expansions in regions
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Tand I1.

cosh o,z
Z U smhz a e, o = (6 - k)2, (5.5.2)
N=—00 n
2)6 ~n{z—a) . \ 1/2
Z Ut sin Apy, = (A2 — k?) (5.5.3)
n=2 n

Notice that the summation in region I starts from n = 2 as we set the amplitude of
the wave-like mode corresponding to the imaginary =, to zero.

We now formulate a solution using the modified residue calculus method.

5.5.2 Modified residue calculus method

Following (5.4.2) to (5.4.8) we can match the two eigenfunction expansions and their z-
derivatives along x = a, convert the results into an infinite set of equations and eliminate
one set of unknowns to arrive at

i ( + o ):0, m e Z, (5.5.4)

T = O 7n+am

where U, and (,, as defined as in (5.4.9). The edge condition (5.4.10} remains the same
above the first-cut off.

We now consider the integrals

In= lim — f f(z)( L S )dz, meZ, (5.5.5)

N—oo 21§ 2—0m 24+apy

where Cy is a sequence of contours on which 2 — oo as N — oo and f(2) is a mero-
morphic function which has the following properties:
P1. f(z)} is an analytic function of z except for simple poles at 2 = ,, n > 2.

P2. f(z) = O(z"%) as |2] — 0o on Cy as N — oo.

Construction of f(z)

As in the previous section we choose

£(2) = exp(20)g(2)h(2), (5.5.6)

where @ is defined in (5.4.37) and

(5.5.7)
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As the function g(2) is the same as (5.4.13), with one term removed from the top and
bottom, the asymptotics for large z remain the same and so P2 is satisfied.

Applying Cauchy’s residue theorem to (5.5.5) we obtain

iﬁ(f :vn)( L _Sm )+f(am)+cmf(—am)=o, meZL  (558)

Tn T U Yo T QO

A comparison with {5.5.4) shows our solution is given by U, = R(f : v.) provided
flam) + Gnf(—am) =0, m & Z. (5.5.9)

In order to solve {5.5.9) the coefficients A,, n = 1,%2,..., can be found from the infinite
system of equations

o A
B, — =B, =1,%2,..., 5.
A, + n;m p——— m (5.5.10)
n#0,—1

where

B, = (Bam(qrm — am)) exp ( — 20, (@ + a))

(7m + )

o (Itam/on) 77 (01— an/m)
x 1 T an /) H( 3 (5.5.11)

Rayleigh-Bloch wave condition

We now have two conditions to be satisfied simultaneously, namely (5.5.9) with m =0
and m = —1. If we let ag = —iayy, where afy = (k2 — (3)?)? and a_y = —ia_,, where

¢

o, = (k* — 32,)7, these conditions reduce to

Fioe f(—ZOz;)
fliag)

Following the work in section 5.4 we find that the condition for the existence of Rayleigh-

j=-1,0. (5.5.12)

Bloch waves is that
a}(a +0)=x;+0;+ (nj ~ %)’H‘, j=-L0, (5.5.13)

are satisfied simultaneously, where © is given by (5.4.37), ng and n_; are integers,

’ 0 a{ 4 ’
x; = tan™ (%—) + > (tan_1 (—3) + tan™! ( e ) —tan™! (?—J—)), (5.5.14)
63} =3 Oy G_p Tn

and

R A

;= 1— — . 5.1

a; arg( n;w an—f-z'oz;,-) {(5.5.15)
n#0,—1
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For the case of antisymmetry about z = 0 the conditions change to
a;(a +0)=x;+ a; + nym, j=-1,0, (5.5.16)

where a;- are the arguments of h(—z’a;-) with the A, coefficients coming from

°° A

—Ap+ By Y ﬁ:Bm, m=1,42,..., (5.5.17)
n=-—oa m i3
nE0

and the x; and O are as defined earlier.

Results

The results in this section are computed with the infinite systems of equations (5.5.10)
and (5.5.17) truncated with the parameter N = 5. In figure 5.4 Rayleigh-Bloch wave
wavenumbers, kd/m, are plotted against a/d when §'d = /2, for which the relevant
frequency range is 3/2 < kd/m < 2. The waves symmetric about z = 0 are denoted by a
cross and the waves antisymmetric about x = 0 are denoted by a circle. It can be seen

that for this value of 5'd, no waves appear when the gap length is sufficiently small.

T L
2' x
x
o o
1.9f °
%
o
fe) x
1.8+ * B
o
kd/m * §
1.7p ° o o 0
x
» Q
16} ° x
’ x (e £ Q x
o
o o x
x
1.5} * R

0 05 1 15 2 25 3 35 4 45 5
a/d

Figure 5.4: Rayleigh-Bloch wave wavenumbers, kd/m, for waves symmetric {x) and

antisymmetric (o) about = = 0 plotted against a/d, when §'d = 7/2.

In figure 5.5 the waves symmetric about = 0 obtained from keeping the integers ng
and n_; constant and varying (a) kd/n and (b) a/d with @'d/x are shown. The dotted

line in figure 5.5(a} corresponds to the lower cut-off kd = 27 — F'd. Only a selection of
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the waves are shown along with the values of np and n_;. It can be seen from (a) that
for certain combinations of the two integers waves do not occur for all values of #'d in
the range (0, 7). However if we fix n_; € N, then as ng is increased the interval of 3'd
for which the solutions exist does tend to (0, 7). Following a similar pattern to previous
chapters we have from (5.5.13) that large ny implies large a/d. Using figure 5.5(b) we
find that Rayleigh-Bloch waves do not exist when the value of a/d is below about 0.65.
As B'd is increased from zero the value of a/d also increases for each mode. As f'd — =
we see from figure 5.5(b) that the value of a/d becomes large for each mode, but figure

5.5(a) shows that Rayleigh-Bloch waves do not exist when 8'd = .

18

1.6
kd/n
14 |

1.2 +

Ol ea—

25

20
a/d 15

10

(41)  (42)

0 01 02 03 04 06 07 08 09 1

0.5
gd/m

Figure 5.5: Variation of (a) kd/n and (b) a/d with §'d/n for waves symmetric about

x = 0. The curves are labelled with the values of (ng,n_;) used to generate them.
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Conclusion

In this section we have used a modified residue calculus method to compute the fre-
quencies of Rayleigh-Bloch waves above the first cut-off for wave propagation down the
guide. The Rayleigh-Bloch waves are either symmetric or antisymmetric about the line
of symmetry through the centre-point of each gap.

The results show that solutions only occur when the gap is above a certain length
and only for specific lengths. It can also be seen that the range of the propagation
constant ' is dependent upon the length of the gap. If the gap length becomes large

waves can be found for all values of #'d in the range (0, 7).

5.6 Rayleigh-Bloch waves below the third cut-off

As the problem we are considering in this chapter is defined by two parameters we may
expect to find Rayleigh-Bloch waves in three frequency bands.

In this section we seek Rayleigh-Bloch waves whose frequencies are above the second
cut-off kd = 2%. As in the previous chapter we restrict the frequency in such a way that
three wave-like modes appear when z < a and two propagating modes appear when

x > a and use a modified residue calculus technique.

5.6.1 Formulation

If kd < 37 then both v, and 7, are purely imaginary whereas +,, n > 2 are real and
positive. If we also restrict the frequency so that kd > 27 + 8'd, then «p, a7 and oy
are purely imaginary and o, [n| > 2 are real and positive. We therefore anticipate that

a natural condition for the existence of Rayleigh-Bloch waves is
2r 4+ G d < kd < 3. (5.6.1)

This restriction will allow us to use a similar function to that used in the previous two
sections.

The eigenfunction expansions in the two regions are

i U (1) cosh o, T ¢y, o, = (ﬁ2 )1/2 (5.6.2)
o a, sinh aa

o0 —Yn(z—a)

Z (2)8—— sindny, = (A2 — kDY (5.6.3)

n
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Notice that the summation in region I7 starts from n = 3 as we set the amplitude of
the propagating modes corresponding to the imaginary 4; and +; to zero. Following
the work in section 5.5 we arrive at a similar equation to (5.5.4) except the summation
starts at n = 3. We now consider the integrals (5.5.5) where f(z) is now a meromorphic
function which has the following properties:

P1. f(z) is an analytic function of z except for simple poles at z = y,, n > 3.

P2. f(z) = O(z"%) as |z| — oo on Cy as N — co.

Construction of f(z)

We construct the function f(z) in the form

£(2) = exp(0)g(2)h(2), (5.6)
where @ is defined in (5.4.37) and

9(2)=§2(1_2{ff8/;n§/a_n)a h(z) =1+ nio zfnan'

(5.6.5)

The function g{z) has the same asymptotic behaviour for large z as (5.4.21), since a
single factor is removed from both the numerator and denominator. The function given
by {5.6.4) therefore satisfies P2.

After applying Cauchy’s residue theorem we find that our solution is given by U, =

R{f : v,) provided both
flam) + Cnf(—am) =0, meZ (5.6.6)

For |m| > 2, following the previous work, (5.6.6) leads to an exponentially converging

infinite system of real equations similar to (5.5.10).

Rayleigh-Bloch wave condition

As in section 4.6 we now have three conditions that need to be satisfied simultaneously.

These conditions are given by (5.6.6), with m = 0, m = —1 and m = 1. If we let
ap = —iog, where ap = (k2 — %)z, a_, = —ia_,, where a_, = (k2 — 8%,)% and
oy = —iay, where oy = (k% — ﬁf)% we can reduce these conditions to
o —ic;
e = S i 01, (56.7)
f(mfj)
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If we define

x(z) = i (ta,n'1 (—ai) +tan™! (

n=2 an

- n) _ tan~! (j—n)) (5.6.8)

and

e A

= 1-— i 5.6.

o(z) arg( n;, c’in+z'rr)’ (5.6.9)
n£0,—1,1

we find the conditions for the existence of Rayleigh-Bloch waves are that

apla +©) = x(ag) + a(ep) + (no - %)’ﬂ', (5.6.10)
a_(a+0)=x(a_,)+ola )+ (n_l — %)ﬂ', (5.6.11)
i(a+©) = xl(ay) +ole) + (m — H)r, (5.6.12

are all satisfied simultaneously for sets of integers ng, n_; and n;.

As a/d — oo, due to the exponential convergence of Ap, o(z) tends quickly to zero
and so the computed o values below the third cut-off are insignificant and will be ignored
from now on. We now make a similar approximation to that in section 4.6 and ignore

the © and x terms in (5.6.10)—(5.6.12) to obtain
oy = (ng - %)’ﬂ', a ja= (n_l - %)?T, oja = (nl - %)ﬂ' (5.6.13)
Eliminating & and a from (5.6.13) we find

(nﬂ - 1/2)2 - (?11 - 1/2)2 _ 7T+,5”d
(n_1 - 1/2)2 _ (nl _ 1/2)2 T -gd > 1, (5.6.14)

since 0 < F'd < w. As the value of both sides of (5.6.14) is strictly greater than one this

implies that
ng > n_y = ny > 0. (5615)

If a set of integers can be found that satisfy (5.6.15), then it is easy to find the corre-
sponding value of #'d from (5.6.14) as the right-hand side is monotonically increasing.
The values of kd and a/d can then be found quickly from (5.6.13) and providing the
value of £d is in the correct range a good estimate to the Rayleigh-Bloch waves can be

found.
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Results

Results plotted from the full solution (4.6.16)-(4.6.18) compared to the approximate
solution (5.6.13) when a/d < 3 are shown in figure 5.6. The waves coming from the full
solution are represented with crosses and the waves from the approximate solution are
represented with dots. It can be seen from figure 5.6 that the approximation made is

very good as the dots and crosses are close together.

1 T T T T T
’ . KX
Bd/m 05f TR T
X - .
o X = * *, X% X w
0 1 1)< e X):ux'x ) :ﬁ-:‘)xxxt
0 0.5 1 1.5 2 2.5 3
a/d
x x x X xX'x
b 4
kd/m 25} 3 3 ke KR %4 d
x % ¢ x Xx')(.
% x X x K. X Xy
2 ! * ! % |x; lxxy xlx'x-x
0 0.5 1 1.5 2 2.5 3
a/d
3) T T >(l |>( ™ T T T T
o
% b e » » ¢
* . e
kd/ﬂ- 25% xx xxx x w * _
x x)(x’f”x . >
x
2 xX xe | | ! | ! I ]

0 01 02 03 04 OI.5 06 07 08 09 1

Bd/m

Figure 5.6: Solutions (a/d, #'d/x, kd/7), with a/d < 3 for Rayleigh-Bloch waves sym-
metric about = 0 below the third cut-off for an array of plates each containing an
equal length finite gap. The dots are results from the approximate solution (4.6.22) and
the crosses from the full solution (4.6.16)—(4.6.18).

The waves shown in figure 5.6 are for a/d < 3 and only require ny < 9. If Rayleigh-
Bloch waves are needed with a/d > 3 the value of ng has to be increased. It can be
seen from the bottom panel of figure 5.6 that when a/d < 3 Rayleigh-Bloch waves are

only found for #'d/m < 0.6. This means that waves with a larger propagation constant
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correspond to larger values of gap length (a similar phenomenon was found below the
second cut-off). If ng < 9 all the Rayleigh-Bloch waves below a/d = 3 are found and
hence the top two panels of figure 5.6 are complete. The bottom panel would contain
more and more points as the value of ny is increased. Figure 5.7 shows the bottom panel

of figure 5.6 with ng < 50.

- 1 1

0.5 0.6 0.7 . . 1

gd/m

Figure 5.7: Results from the approximate solution (4.6.22) for waves symmetric about

x = 0, with ng < 50,

Conclusion

In this section we have found Rayleigh-Bloch waves whose frequencies are below the
third cut-off for an array of equally spaced parallel plates each containing an equal length
finite gap. The third cut-off is defined as the frequency below which two propagating
modes appear in the model. The Rayleigh-Bloch waves are found either symmetric or
antisymmetric about the line of symmetry through the centre-point of each gap.

Below the third cut-off the waves correspond to the solution of three conditions which

have to be solved simultaneously. A simple approximation to these three conditions can
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be made which requires three integers to satisfy a certain condition. If a set of integers
can be found that satisfy this condition then the corresponding propagation constant,
gap length and frequency can be quickly found. The waves are found only for specific

values of gap length and propagation constant.

5.7 Summary

In this chapter we have found Rayleigh-Bloch waves in three frequency bands for the
case of an array of parallel Dirichlet plates, each containing an equal length finite gap.
The Rayleigh-Bloch waves differ from trapped modes found in previous chapters as the
Rayleigh-Bloch waves propagate in one direction along an array of objects and decay in
another direction away from the array.

When formulating the problem in section 5.3 we found that it was specified by
two non-dimensional parameters corresponding to the gap length and propagation con-
stant. In the lowest frequency band (i.e. below the first cut-off) Rayleigh-Bloch waves
were found for all values of the two parameters. In the next frequency band we found
Rayleigh-Bloch waves for all values of the propagation constant (provided the gap was
sufficiently large), but only for specific values of gap length, and in the highest frequency
band we found Rayleigh-Bloch waves only for specific combinations of the two parame-
ters. This feature is consistent with that found for trapped modes in Dirichlet problems

in previous chapters.
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Part 11

Three-Dimensional Waveguides
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Chapter 6

Three-dimensional laterally coupled

cylindrical waveguides

6.1 Introduction to the problem

In this chapter we consider the case where the two-dimensional laterally coupled waveg-
uide discussed in chapter 2 is rotated about the z-axis to produce a three-dimensional
waveguide. The waveguide consists of pair of concentric circular cylindrical guides cou-
pled laterally by a finite gap along the axis of the inner cylinder. We seek trapped modes
whose frequencies are below the first cut-off for wave propagation down the guide using
the modified residue calculus technique described in section 2.4.1.

The chapter is presented in the following manner. A review of previous work con-
cerning trapped modes in cylindrical waveguides is given in section 6.2. The problem is
formulated in section 6.3 and a solution using the modified residue calculus method is
provided in section 6.4. The trapped modes that are found have certain angular varia-
tions and are both symmetric and antisymmetric about the line through the centre of

the gap. Results are computed in section 6.4.1 and conclusions drawn in section 6.5.

6.2 Background

Early work on trapped modes in circular cylindrical waveguides was done by Ursell
(1991}, who considered a cylinder with a sphere placed on the axis. Both the sphere
and the cylinder had Neumann conditions on their boundaries. In this work the author

restricted the attention to modes with a particular angular variation, thus introducing
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a cut-off below which modes could not propagate to infinity. A method using multipole
expansions was used to prove the existence of trapped modes provided the sphere was
sufficiently small.

Evans and Linton (1994) used the residue calculus method to find acoustic resonances
for the case of a infinitely long circular cylindrical tube containing a concentric inner
open-ended circular cylinder of finite length. They developed an approximate for large
inner cylinder length, similar to that shown in section 2.4.1, and showed it to be very
accurate, Neumann boundary conditions were placed on both cylinders and various
trapped-mode frequency plots were shown.

The authors also investigated the acoustic resonances occurring in a circular cylin-
drical waveguide of constant cross-section. A Neumann boundary condition was placed
on the wall of the guide for a finite length and a Dirichlet condition placed on the re-
mainder. The trapped modes for the duct were sought with an azimuthal dependence
of the form cosmé and sinmf, with m € Ny, as in Ursell (1991). The plotted frequen-
cies showed that as the length of the section with a Neumann boundary condition was
increased the frequencies became largely independent of m.

The non-existence of trapped modes in a large class of circular cylindrical acoustic
waveguides containing certain obstacles was proved in Mclver and Linton (1995). The
method of proof relies on finding a strictly positive function that satisfies certain field
and boundary inequalities within the guide, on the guide walls and the body surfaces.
A vector identity is then used to relate this function to the the trapped-mode potential.
If this potential can only equal zero within the guide then trapped modes cannot exist.
Neumann and Dirichlet boundary conditions are used on the guide walls and on the
obstacle placed in the guide. The authors also proved that trapped modes do not exist
when the boundary of the obstacle satisfies certain geometrical conditions.

Linton and Mclver (1998a) proved that trapped modes can exist when a thin sound-
hard obstacle is placed in a sound-hard cylindrical waveguide of constant cross-section
in such a way that its normal is everywhere perpendicular to the generators of the
cylinder. Similar results were also given in Groves (1998). The authors proved that
circular cylindrical waveguides containing objects with axisymmetric geometries have an
infinite sequence of trapped modes corresponding to different angular variations. The
example of a cylindrical sleeve inside a circular cylindrical waveguide with Neumann

conditions on all boundaries considered in Evans and Linton (1994) was recalculated
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using the residue calculus technique and extended to cover different angular variations.

The case of Dirichlet conditions placed on the walls of a cylindrical waveguide was
considered in a very analytical paper by Witsch (1990). The author used the same
idea of specifying the angular variation to produce a cut-off and then used a minimum-
maximum principle to provide examples of eigenvalues that can occur in the waveguide.
Witsch refers these eigenvalues back to the total operator and therefore calls them
embedded eigenvalues, whereas we call them trapped modes below the first cut-off.

The case of the circular cylindrical guide containing a number of radial fins with Neu-
mann conditions on all boundaries appearing in Linton and Mclver (1998b) is discussed
in greater detail in chapter 8.

We now formulate the problem of a three-dimensional laterally coupled waveguide.

6.3 Formulation

In this section we consider a rotation of the waveguide used in chapter 2 about the
z-axis. We introduce cylindrical polar coordinates (r, 8, z) so that the outer surface of
the guide is at » = d. Inside the guide is placed what can be thought of as an infinite
cylinder of radius b (< d) which has a gap of length 2a along its axis. The inner cylinder
is placed so that its surface is at ¥ = b and the gap is at —a < = < a, as shown in figure
6.1. The resulting geometry is axisymmetric about the line r = 0, hence we are able to
look for modes with angular variation cosmf, where m € Ny. The quantity m is to be
regarded as fixed in what follows.

The geometry is symmetric about x = 0, allowing us only to consider the region
z > 0 and seek modes which are either symmetric or antisymmetric about = = 0. We
begin by seeking modes symmetric about x = 0 by looking for non-trivial solutions

&(r, 0, ), which satisfy

g—i=00nx=0,0<r<d. (6.3.1)

The potential ¢(r, 8, z) must also satisfy the Helmholtz equation within the waveguide,

(V2+EH ¢ =0, O<r<d,z>0exceptonr=»5 x>a, (6.3.2)
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Figure 6.1: Definition sketch.

subject to Dirichlet boundary conditions on the cylinders
o=0onr=0b, >a, (6.3.3)
¢=0onr=d, >0, (6.3.4)
and a radiation condition that stops waves propagating to infinity,
¢ — 0 as x — co. (6.3.5)
We finally assume that ¢ is non-singular and
5 =O0(3) as p= (e —a)* + (r ~ 0] — 0, (6.36)

anticipating singular behaviour in the velocity field at the edge. The changes resulting
from replacing (6.3.1) by an antisymmetric condition will be discussed later.

We now divide the region into three parts. Region I is the annular region between
the outer and inner cylinders, ie. {r,0,z: b < r < d,z > a}, region Il is the interior of
the inner cylinder, that is {r,6,z : 0 < r < b,z > a} and region 71/ is the gap of the
inner cylinder, that is {r,f,z:0<r < d,0 < x < a}. We can represent the function ¢
by a function ¢;(r,0,x) = b (r,z)cosmd, (1 =1,2,3, m € Ny) in each region and apply
the following continuity conditions at each regions boundary
04, o,

(bi = 9253, a = oz on Li, t=1,2, (637)
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where Ly isz=a,b<r<d,Loisz=a,0<r <band L3z is L, UL,
Expressing the Helmholtz equation (6.3.2) in cylindrical polar coordinates we obtain

10y 0¢ 18%¢ 8% o,
ror(5e) gt s 9 =0 (63.8)

In each region we seck solutions of the form

~

oi(r, z) = Ui(r)Vi(z), i=1,2,3, (6.3.9)

subject to the relevant boundary conditions. Substituting (6.3.9) into {6.3.8) we find

Uir B =y = : 31
Uirar( or ) T T L33 (6.3.10)

As the left-hand side of (6.3.10) is a function of r only whereas the right-hand side is a
function of x, both sides must be equal to the same constant in each region.
In region I we require the solution to decay as £ — oo, hence the constant is selected

to be negative (—a? say), with a > 0, and we have
Vi(z) = A e ", (6.3.11)

The left-hand side of (6.3.10) now becomes

1 8 6U1 2 m2 _
7 8?( - ) FRR o - T =0, (6.3.12)
If we let n® = k2 + a2, v* = nr and Uy (r*) = Uy(r), we can rewrite (6.3.12) as
d ¢ ,oUY . m?
or+ (T r* ) + U ( - _7:) =0 (63.13)

which is Bessel’s equation of order m for Uy(r*). The general solution of (6.3.13) is
Ur(r*) = Ui(r) = A Jn(nr) + B Yu(nr), (6.3.14)
and using the boundary condition (6.3.3) we obtain
A = =B Y, (nb)/ Jm(nb). (6.3.15)

Substituting this back into (6.3.14) we produce

Ur(nr) = Ai{ () Yin(nb) — Yo (7)) Jm ()}, (6.3.16)
where A; = —B/J,(nb). Substituting the other boundary condition, (6.3.4), into
(6.3.16) we have

Ui(nd) = A1{Jm(nd) Yiu(nb) — Yin(nd) Jim(nb)} = 0. (6.3.17)
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If we replace n by vma, the n' positive zero of the cross-product J,{nd)Yy(nb) ~
Yin(nd) Jia(nb), the function T n € N, can be introduced, where

lI’r(wia)n(T) = pa(rrlaga[‘]m(”mnr) Yia(Vmnd) = Yo (UmaT) Jm(¥mab))]. (6.3.18)

This function satisfies (6.3.3)-(6.3.4) and with p{}) chosen to be, (see Jones (1986),
p228)

1 _ an‘iT% (J%(anb) _ 1)_% (6319)

mn 2

[N

we have the orthogonality condition

/L U UL dr =du,  msEN, (6.3.20)
with 2 = 1, where §,, is the Kronecker delta. Since 72 = k? — a?, we have

mad = ((Vmnd)? — (kd)g)%. (6.3.21)
For decay down the guide we require oy, to be real and positive for all m and n and so

kd < vyd. (6322)

In region II we set the constant equal to —8% with 8 > 0. The solution for Va{z),
similar to (6.3.11), is |

Vo(z) = A eP%, (6.3.23)
and the general solution for Us(r) is
Ux(r) = B Ju(nr). (6.3.24)
Using the boundary condition (6.3.3) we let
Pl = Jmn, M EN, (6.3.25)
where jpn, is the nth non-negative zero of the Bessel function J,,(z) and (6.3.24) becomes
Us(r) = B Jm(ptmnr). (6.3.26)
We define the function ) (r) as

\Ilg,),,(r) =pf§,)1 I (tmnT ), n €N, (6.3.27)
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where

[SIE

L LI
b l)Trr1+1(lu’mnb)

which satisfies the orthogonality condition (6.3.20) with i = 2. The relation 7* = k? — 32

(6.3.28)

becomes
1
2

ﬁmnd = ((.Mr’mfavd)2 - (kd)z) . (6329)

For decay down the guide we require Gy to be real and positive for all m and n and

hence
kd < pimd = jm (), neN. (6.3.30)
In region II1 we set the constant equal to —?, with v > 0, and the solution for V3 is
Vi(z) = A coshyz. (6.3.31)
If we let
Amnd = Jmn+1 n € N, (6.3.32)

where j.. is defined as before, then the solution for U is

Us(r) = B Ju(Amnt). (6.3.33)
We can now define
U® (r) =pf) Jm(Amer)  m €Ny, (6.3.34)

where we have introduced the coeflicient

B

() _ 2

—_—— 6.3.35
Pamn d ']m+1 ()\mnd) ( )

and hence U3

satisfies the orthogonality condition (6.3.20), with 2 = 3. In this case

n? = k* — 42, so replacing 1 by A, and rearranging, we obtain
1
Yond = ((Amnd)? = (kd)?)?. (6.3.36)

We require ~,,0 to be purely imaginary for m € Ny, but v, to be real and positive
for all other values of m and n, to produce one wave-like mode in the inner region and

hence

kd > Apod > Frma- (6337)
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We therefore anticipate that a necessary condition for the existence of trapped modes is

1 < kd < min(jml(%), umld). (6.3.38)

The appropriate eigenfunction expansions for ¢ are now

. 00 —ama{z—a)
hira) =Y UNT———UN(),  am= 02—, (63.39)
n=1 mn
= y®¢ “henlEme) @ 2 gyl
= Z _ﬁ lI’mﬂ( ) 6mn = (rumn —k )23 (6340)
n=1 mn
~ > h YnZ 1
= U(S) _'_COS UL \I](3) mn — AQ — k2 z, .
¢3(r? 1‘) -,;3 mn’Ymn sinh Y@ mn(r)'l Y ( mn k )2 (6 3 41)

In the next section we seek trapped modes below the first cut-off using the modified

restdue calculus method.

6.4 Trapped modes below the first cut-off

We now use the continuity conditions (6.3.7) and match b; = dson L;, i = 1,2, to give

o0 00 (1) mn!rl
Z Ug%COth ’ymna\pgzl(r) - Umn - re Ll} (641)
n=0 Ymn e U2 _@B“z—:l, T € Ly.
Similarly matching 9¢;/0x = d¢3/0x on L;, i = 1,2, we have
o U gd) re L,
S UL, (r) = (7, ' (6.4.2)
n=0 U,{?fn\llmn(r) e LQ.

We can convert (6.4.1) and (6.4.2) into an infinite systems of linear algebraic equations

by multiplying each by U@ s € Ny, and integrating over L3. From (6.4.1) we have,

f S UDVE (1) 0D (1) dr = f S UDWD ()5S () dr
LSTI 0 L

1 p=1
f S UDED (O (r)dr, s € N, (6.4.3)
Lo n=1
We can rewrite (6.4.3) as
US) = Y UL dos + Z U2 ens, s€N, (6.4.4)
where we have defined
1
dos == [ T (r)TE(r) dr, (6.4.5)
d Ly
ne =7 [ W (r)UL(r) (6.4.6)
dJL,
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In a similar way to (6.4.2) we obtain

U(3Jw=§(—%d +—%e ) s €Ny (6.4.7)
e Yms n=1 —Cimn " _ﬁmn ") ' o

The integral d,; can be evaluated as

d (1) ,(3)
D
s = [ TR W dr = P

(Ym(umnb) [As @ Ton(Vimnd) Tt (Ams@) = Vinn d Jonet(Vmnd) Jin(Arasd)
— Ams b Jon (Vmnb) Jm1(Amsb) + Vinn b Jn—1 (Vmn) Jon (Amsb)]
— Tn(Umnb) [Ams @ Vi (Vn) o1 (Ams@) — Vi d Yino1 (Vi) o (Ao l)
= Ao b Yo (Vind) Tt Ooms) + Uran b Yiree s (Vi) Jm()\msb)]), (6.4.8)
provided Vpy # Apms, where s € Ny, n € N, and Gradshteyn and Ryzhik (1980), eqn

5.54(1) has been used. Using the definition of Ams given in (6.3.32) and the identities
2m

Tmn-1(VmnT) = = Jmt1(Vin?) + — Jm(VimaT), (6.4.9)
Jn1(Amsd) = =Jmp1(Amsd), (6.4.10)
and
Vi (Urend) Tomss (Vo) — T (Vod) Yo (V) = Mim . (6.4.11)
(see Watson (1944) p77), we find that provided Vi, # Ans, 8 € Ng, n € N,
g = — 22200 P Vb n (Ast) (6.4.12)

(V2 — Ahs) T Vi
Substituting the values of p{}) and p§) from (6.3.19) and (6.3.35) into (6.4.12) we have

e 2 Vnn Jml(,\msb) (J%(anb) _ 1)—%, sENy neN, (6413
(ng - ’\%q,s) n2d Jm+l/\msd J?n(”’mﬂd)
provided Vs # Ams. Evaluating the integral e, in a similar way we find
o — 2 Jmn Jim ()\msb)
" d Jin41(Ams@) (163, — ’\En,s),
provided fmn # Ams.

Eliminating U$) from (6.4.4) and (6.4.7) and using (6.4.13) and (6.4.14), we obtain

s € Ny, n €N, (6.4.14)

after some simplification

o 1 Cms x 1 Cms
T;Umn( + )—Zan( ):0,

-+
Omn — Tms U + Yms n=1 ﬁmn — Tms ﬁmn + Yms

(6.4.15)
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where s € Ny and we have defined

Uy, JZ (Vinb) -3 U2
Unn = 'n;m m”( s = 1) s Vi = M: and (ms = e~ (6.4.16
" T2 Omn J%(and) ﬁmn C ( )

The singular behaviour required by condition (6.3.6) again influences the asymptotic
behaviour of Uy, and V., as n — 0o. Following a similar method to (2.4.18)—(2.4.24)
the edge condition is satisfied if both U, = O(n‘él') and Vi, = O(n‘%) as n — oo.

We now consider the following contour integrals

= lim i] f(z)( ! + s )dz, s € Ny, (6.4.17)

NS00 27 Z—"Yms 2T Yms
where Cy is a sequence of contours {to be determined) on which z — oo as N — oo
and f(z) is a meromorphic function satisfying the following properties:
P1l. f(z) is an analytic function of z except for simple poles at 2z = ay,, and 2z = Gy,
n e N.

P2. f(z) = O(z7%) as |2| — co on Cy as N — co.

Construction of f(z)

Following the work in section 2.4.1 we choose

f(z)} = g(z} h(2}, (6.4.18)

where g(z) is

- o (1 - z/’Ymn)
9(2) ._nl;[l(l o) = 2B’ (6.4.19)

and

_1+Z

The function g(z) is chosen as it satisfies property P1 stated earlier and is the appropriate

%m) (6.4.20)

function to employ when solving the problem in the limit as a/d — oo. The function
h(z) is chosen so that the zeros of g(z} at mn, are cancelled by the poles of h{z) at
these points.

To satisfy P2 we need to work out the behaviour of (6.4.19) as |z| — oc. This can

be done by examining the behaviour of g(z) for large z. With this in mind we write

_ B L =2V 25 1= 2/t 77 1= 2/ Yo (1 =2/ Amn)
g(Z) - }:‘[1 z/a'mn H z/ﬁmn }—[1 z//\mnn 1 1_2/;Ufmn)(l - Z/an).

(6.4.21)
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The first three products in (6.4.21) can be expanded as

0= -10-2) B0y O

n=1 1 - z/amﬂ n=1 an n=1 (amn + Vmn
oo l_z/ﬂmn o] ( k2 )% 00 ( L2 )
s = 1- 1- , 6.4.23
nl;[l 1 - Z/ﬁmn r:Ll;II Ju‘?nn 7;,1;[1 (Z - ﬁmn)(ﬁmn + Hmn) ( )
and
o0 ]-_Z/'Ymn 0a ( k2 )—% oo ( k‘2
ST 2 T (1 - = 1+ ) 6.4.24
r!;ll 1~ Z/Amn 1:1[[1 )\?rm 111;[1 (Z - )‘mn)()\mn + 'Ymn) ( )

We now make use of the results form Abramowitz and Stegun (1972), eqn 9.5.12 and

eqn 9.5.27. We have as n — oo,

Aond = Jrns1 ~ (n+m/2+ 3/4)7 + O(1/n), (6.4.25)
Umnb = Jmn ~ (Rn+m/2 = 1/4)7 + O(1/n), (6.4.26)
Vmn{d — b) ~ nm + O(1/n). (6.4.27)

Using these results we can compare the final products in (6.4.22)-(6.4.24) with 52, n~2,
and see that (6.4.22)—(6.4.24) are uniformly convergent on any compact set excluding
2 = Qny & = Bmn and z = Ay, respectively. Thus provided z — oo through a sequence

of values which avoids these points we have

X1~ 2/ Vmn 3 (1 —2/Ama)
z) ~Ch,
9(2) nl;‘[l l—z//\mnnl;ll (1 = 2/tmn 1 = 2/ Vinn)
o0 1 — —_—zh
~Cn [T (zc /B ) , (6.4.28)
n<i (1= ) (1 - i)
where C,, is a constant dependent upon m and independent of z. Using (2.4.43) we can
show
il (1~ Gpsms)  _ T(m/2+7/4) T(1 = zc/r) D(m/2 + 3/4 — zb/x)
oot (1 — a) (1 - WM‘) T(m/2 + 7/4 ~ zd/m) T(m/2 + 3/4)

(6.4.29)
We then find the behaviour of (6.4.29) as |z] — o0, z # || after using (2.4.45) to be

2m2e bim=1/2)

2 z
g(z)C’m(W) exp [-7-7- (bln(d/b) + cln(d/c))]. (6.4.30)
For the case when z is real and positive we use the reflection properties of the Gamma

function, see (2.4.48), and the asymptotic behaviour can be found to be

(zd/m —m/[2 — T/4)sin(mn /2 + 3w /4 — zb) sin(mn /2 + Tr /4 — zd)
9(z) ~ C’”( (1= 2¢/m)(m/2 + 3/4 — 2b)7) sin(zc) )
23 Hmt5/2) 3 z
(W) exp [;(bln(d/b) + cln(d/c))], (6.4.31)
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as z — 00, z # —|z| through any sequence of values which avoids the points z = n7/c,
z € N. If we choose the curves Cn to be a sequence of circles with centre at the origin
and radius Ry not equal to any of the points mentioned previously we can consider the

function

9(2) = exp [— Z (bIn(d/b) + cIn(d/c) )] 10:01 — z;;;j(/f’i”l ot (6.4.32)

which is O(z7%) as |2| — coon Cy as N — oo, and hence P2 is satisfied. It is interesting

to note that this function is very similar in form to the function (2.4.50) used in the

two-dimensional case.

We now apply Cauchy’s residue theorem to (6.4.17) to obtain

RS - ) (i o 2 )+ZR £+ ) (e )
Brmn

Cmn — Yms Cmn + Yms n=1 — Yms ﬁmn 1+ Yms

o0

n=1

+ f(Yms} + Cms f(~¥ms) =0, 5 € No. (6.4.33)

A comparison with (6.4.15) shows our solution is given by Un, = R{f : am,) and

Vi = —R(f : Bn) provided

f(’Yms) + Cmsf(_'Yms) =0, s € Ny. (6434)

For s € N these equations can be solved by an appropriate choice of the coefficients

Apn. We have for s € N,

Ams
ms(l - f}(ms/ams)(l - ’Yms/ﬁms)

= 1- ’Yms/’)fmn _
Xl{u—%ﬁ%mu—%dmm’ (6.4.35)

F(yme) = — exp{ -~ 7;:5 (bln(d/b) + cln(d/c))} (7

and

fl=ma) = (1- > —M-) oxp {222 (b10(d/0) +1n(d/ )}

4 Yms + Yon

y 2 ﬁ 1 4 Yins/Ymn
(1+ 'Yms/amS)(l + 7m3/ﬁm5) 2o (L+ 'YmS/O‘mn)(l + 'YmS/ﬁmn)'

n#a
(6.4.36)
Substituting both (6.4.35) and (6.4.36) into (6.4.34) we obtain,
Ams + Dips Z _ A _ Dins, s €N, (6.4.37)
n=1 Yms T Ymn
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where

(ams + 'Tms)(ﬁms + 'Yms)

% (L4 Yoms/Yoon) (L= Y/ @n)(L = Ve Br)
" ’I_Il (1 + 7‘”15/0""1”)(1 + ’Yms/ﬁmn)(l - IYms/'Ymn) ’ (6438)

D, = (2'7ms(ams - 'Yms)(ﬁms - 'Yms)) exp {2’::13 (bln(d/b) + cln(d/c) _ aﬂ_)}

n#s
Trapped mode condition

We now return to the one condition still to be satisfied, namely (6.4.34) with s = 0. If

we let Yo = —iv,,, where v = (k% — A2,,)% = (k® — j2,), this condition reduces to
621"}!:“0, — _f(_Z’Y:n)' 6.4.39
Fliv) (6.4.39)
From (6.4.32) and (6.4.20) we have
g(_i'}’l) 2i(xm+7¥., ) h("?")’:n) 2ie
_ =¢ mT fm , —— = m, 64.40
9(#) h{i,) (6440

where we have defined

Xom = i (ta,n_1 (ﬁ) —tan™} ( Trm ) —tan™! (%)), (6.4.41)

n=1 Ymn Xnn

© =~ (bIn(d/b) + cln(d/c)), (6.4.42)
and

T = arg (h(—ify,’n)) = arg (1 — i —Aﬂm) (6.4.43)

n=1 Ymn + z’ﬁn
The condition for the existence of trapped modes, (6.4.39), reduces to
Yot — ©) = xm + O + (n - %)ﬂ', n an integer, (6.4.44)
where X, © and o, are given by (6.4.41)-(6.4.43).

Antisymmetry about z =0

If we seek trapped modes antisymmetric about = 0 we replace the boundary condition

(6.3.1) by

$=0 onz=0, 0<r<d, (6.4.45)
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and hence the cosh and sinh terms in (6.3.41) are interchanged. Equation (6.4.15)

becomes
o0 o0
Umn( 1 _ Cms ) _ an( 1 _ Cms ) — 0,
n=1 Fmn = Yms Omn + Yms n=1 ﬁmn — Vms ﬂmn + Yms
(6.4.46)
where s € Ny, The equivalent condition to (6.4.44) is
No(a—0©) = xXm + 0, + 0, n an integer, (6.4.47)

where X., and © are given by (6.4.41) and (6.4.42) and o, is the argument of h{—4v.,)

with the A,,, coeflicients coming from the system of equations

2 A
—Aps + D — O = D s € N. 6.4.48
™ ngl Yims + Y ( )

6.4.1 Results

The results in this section are computed with the systems of equations (6.4.37) and
(6.4.48) truncated with a parameter N = 5. Typical results for the trapped-mode
wavenumbers are shown in figure 6.2 and figure 6.3, for m = 0 and 1. In both figures
the solid lines correspond to modes symmetric about x = 0 and the dashed lines to
modes antisymmetric about z = 0.

In figure 6.2 trapped-mode wavenumbers are plotted against a/d when b/d = 0.5.
We see that as a/d increases more and more modes appear alternatively symmetric and
antisymmetric about z = 0 for each value of m. The upper and lower cut-offs for the
existence of trapped modes are given by (6.3.38) are dependent on m. When m = 0
the modes appear from the cut-off given by the minimum of kd = j5;/0.5 ~ 4.810
and kd = vpd = 6.246, i.e. kd = jo1/0.5, and tend to kd = jy =~ 2.405 as a/d
increases. This minimum value changes however when m = 1, as the upper cut-off
becomes kd = v11d & 6.393 which is less than kd = 27, =~ 7.663. As a/d increases the
modes corresponding to m = 1 tend to kd = j;; =~ 3.832.

In figure 6.3 trapped-mode wavenumbers are plotted against b/d when a/d = 3.
The upper plot corresponds to the case when m = 1 and the lower plot corresponds
to the case m = 0. The dotted lines appearing on both plots are the upper and lower
cut-offs for the two different m values and show where the frequency ranges lie with

respect to each other. When b/d — 0 the only upper cut-off present for both plots is

111



Figure 6.2: A comparison of the trapped-mode wavenumbers for modes symmetric (—)

and antisymmetric (- —) about z = 0 plotted against a/d when b/d = 0.5.

the one corresponding to kd = 1, whereas when b/d — 1 the upper cut-off is shown
by kd = djm1/b for both values of m. When m = 0 the upper cut off changes from
kd = ng1d to kd = jpd/b when b/d = 0.436, and the largest number of modes appears
at this value. As m increases the value of b/d when the upper cut-off changes also

increases.

6.5 Summary

In this chapter we have considered the three dimensional laterally coupled waveguide.
The waveguide consists of two concentric circular cylindrical waveguides coupled by a
finite length gap along the axis of the inner cylinder and can be formed by rotating
the waveguide considered in chapter 2 about the z-axis. We used a modified residue
calculus method to computed trapped-mode frequencies below the first cut-off for wave
propagation down the waveguide.

We were able to look for modes with an angular variation cosmf, m € Ny, and
the trapped modes found are either symmetric and antisymmetric about the line of
symmetry perpendicular to the axis of the cylinder. During the formulation we found

that the upper cut-off is dependent on the values of m and b/d (the ratio of the two
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Figure 6.3: A comparison of the trapped-mode wavenumbers for modes symmetric (—)

and antisymmetric (- —) about x = 0 plotted against b/d when a/d = 3.

radii}. The results presented in section 6.4.1 show that the trapped modes occur for any
value of the gap length and ratio of radii (a/d and b/d) and the frequencies increase as

m increases.
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Chapter 7

Three-dimensional laterally coupled

planar waveguides

7.1 Introduction to the problem

In this chapter we consider the case where the two-dimensional laterally coupled waveg-
uide considered in chapter 2 is rotated about the y-axis to produce a three-dimensional
waveguide. The waveguide consists of two planar layers of widths b and d — b coupled
laterally through a circular hole of radius a in the common boundary.

When the two planar layers are of equal width the problem reduces to a Neumann
disc on the centreline {just as the two-dimensional laterally coupled waveguide reduced
to a Neumann plate on the centreline). In this chapter we initially consider the case
of a number of Neumann discs placed on the centreline of a planar waveguide, as the
symmetry of the problem allows us to simplify the analysis. We return to the case of
different width waveguides later in the chapter.

The chapter is presented in the following manner. In section 7.2 we review work done
concerning trapped modes around thin circular discs and vertical cylinders. Vertical
cylinders are considered as the plan view of both sets of problems is identical and so
we expect the formulation in two coordinates to be similar. We formulate the problem
for P circular discs on the centreline of a planar waveguide in section 7.3. This general
formulation allows us to provide results for various configurations.

In section 7.4.1 we consider a single disc on the centreline. When one disc is con-
sidered a number of simplifications to the formulation can be made and results are

presented for a typical radius. We investigate the case of two discs in section 7.4.2. Two
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problems are considered, the case when the discs are identical and the case when they
are different.

In section 7.4.3 we return to the problem of a laterally coupled planar waveguide.
We reformulate the problem and consider the case when the waveguide is coupled by a
single circular hole.

A summary of the chapter is provided in section 7.5.

7.2 Background

Although we are considering thin circular discs in planar waveguides, in this chapter, it
can be seen from figure 7.1 that the plan view of the problem is equivalent to the plan
view of a number of vertical circular cylinders. We thus may expect the formulation of
the problem in this chapter to be similar to the formulation for a number of vertical
cylinders in all but the depth coordinate. We therefore include work on trapped modes
around vertical cylinders in this review along with work on thin circular discs.

There has not been a vast amount of work done so far on thin circular discs in three-
dimensions, although from a physical viewpoint Farina and Martin (1998) note that the
equivalent water-wave problem may find application in coastal engineering, perhaps as
components in a breakwater or in a wave-focussing device.

Martin and Farina (1997) and Farina and Martin (1998) used a hypersingular integral
equation to calculate the waves radiated from heave (vertical) oscillations of a thin
circular disc and the scattering of water waves by a thin circular disc. In both cases
Neumann conditions were placed on the disc and a mixed boundary condition on the
surface.

Much of the work on trapped modes around vertical cylinders concerns parallel-plate
waveguides containing a symmetrically-placed cylinder. As the cylinder is assumed to
extend throughout the depth of the fluid the depth dependence can be factored out
and we are left with a two-dimensional problem. As in chapter 3 the symmetry of the
problem can be used to introduce a cut-off below which modes cannot propagate to
infinity.

Callan, Linton, and Evans (1991) proved numerically using a multipole method that
a trapped mode exists in a waveguide with such a geometry with Neumann conditions

placed on all the boundaries. The mode was antisymmetric about the mid-plane of the
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guide and symmetric about a line perpendicular to the guide walls and had a frequency
below the cut-off for wave propagation down the guide. No mode was found in the paper
that was both antisymmetric about the mid-plane and a line perpendicular to the walls,
although such a mode has been subsequently found for sufficiently large radius cylinder
by Evans and Porter (1999).

Trapped modes in the vicinity of multiple cylinders in a channel were considered by
Evans and Porter (1997). The authors considered the case of a number of different-sized
circular cylinders arbitrarily spaced along the centreline of the channel. Both Neumann
and Dirichlet modes were sought using solution based on a multipole method and the
use of addition theorems for Bessel functions. It was shown that there are up to N
trapped-mode frequencies below the first cut-off corresponding to any configuration of
N cylinders.

In this chapter we use a method based on a matched eigenfunction expansion to
calculate the trapped-mode frequencies for a number of discs on the centreline of a

planar waveguide. We begin by formulating a solution for P discs.

7.3 Formulation

In this section we consider P (> 1) discs placed on the centre-plane of a waveguide of
total height d. We introduce P+ 1 cylindrical polar coordinate systems, so that (r, 6, z)
is centred at the origin and (r;,8;,2), j = 1,..., P, are centred at (z;,y;,0), the centre
of the 7" disc of radius a;. The outer walls of the waveguide are at z = +d/2 and the
centre-plane is at z = 0. The various parameters relating to the relative positions and
sizes of the discs when P = 2 are shown in figure 7.1.

The symmetry of the problem allows us to seek trapped modes which are antisym-
metric about the centre-plane of the guide by adding a Dirichlet condition on the plane
z = 0, away from each disc and considering only the upper-half of the waveguide. Con-
dition (3.3.8) can then be used to extend the solution into the whole guide.

We now divide the domain up into P 4- 1 parts, 45]1- , 3 =1,..., P is the potential
above the ;' disc and ¢!/ is the potential exterior to the discs. We look for non-trivial

solutions ¢, = 1,..., P and ¢!, each of which satisfies the Helmholtz equation in the
J q
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disc j

Figure 7.1: Plan view of two discs.

relevant set of cylindrical polar coordinates,

19 (,%) L% o
ror\ ar 200?922

subject to Dirichlet boundary conditions on the planes

+ k=0, 0<z<d/2, r>0, (7.3.1)

T =00n2z=0, (7.3.2)
¢i=¢"=00nz=4d/2, j=1,...,P, (7.3.3)
Neumann condition on the discs

aqsf
Bz

and a condition that stops waves radiating to infinity,

=0onz=0r<a;, j=1,..., P (7.3.4)

#" — 0asr— oo (7.3.5)

We also need to apply the following continuity conditions at each regions boundary

a¢l a¢II
I_ 1 23 _ 7Y i
@5 * B T o onr;=a;, j=1,...,P. (7.3.6)

Separation of variables reveals that the appropriate eigenfunction expansions are

(0t ) UD ()€™

'm—z—oonz A Q’nI (anaj) 4 J = 1’ trry P7 (737)
P a & ﬂnTp) (2)( ) imbp

’ 7.3.8
pz—; m;ow;) 2 I, (Bnap) ( )

147



where I,(2) and K,(z) are modified Bessel functions and an, G,, ¥{V(z) and ¥{2)(2)
are defined by (3.3.13), (3.3.14) and (3.3.15). As in section 3.4 we find that if we restrict
the frequency so that

T < kd < 27, (7.3.9)

then oy is purely imaginary whereas o, and 3,, n € N will all be real and positive. This
restriction allows the mode corresponding to n = 0 to become wave-like local to each
disc, whereas all other modes decay as r becomes large.

In order to apply the continuity conditions (7.3.6) the eigenfunction expansion in
region I] must be written solely in terms of the coordinates r; and ;. This can be
achieved using Graf's addition theorem for Bessel functions, see Linton and Mclver

(2001} p169, which shows that provided r; < R;, for all p, we can write

n 'Bnra)q’(z)( Je im0
¢ r.?agJaz m;mnz ﬁn-[{ (ﬁna])

+Z Z EanW Z I ﬁnrj m— s(ﬁn Jp)e’w"e’(m s)a‘"ﬂ (7310)

r=l m=-00n= i J 83=—00
P#J

where fi;, is the distance between the centres of discs 7 and p, and a;, is the angle of
the centre of disc p from disc j, measured as shown in figure 7.1.
Matching ¢] = ¢ on r; = a;, j=1,..., P, we find

ana,)lI' 1)( ) imb;
anl,(ana;)

ﬁna’g)q’{g)( ) imf;
Z Z /Bn-[( (ﬁnaj)

m=-—00n=

(2
"'Z Z Z mn"“n—()' S L(Bn;) Ko o(Bn Rp)et*0rem=stin

r=1 m=—o0o n= /Gn (ﬁn J) $=—00
p#i

I

m=—co n=0

(7.3.11)

Similarly matching 8¢f/0r; = 04" /0r; on ;= a;, j =1,..., P, we have

Z ZA';M\IILI)(Z imb; — Z Z Bj \11{2) th_.,-
m=—oon=0 m=—oon=1
P oo o0 (

+> 2 ZanK M oa) S L (Bras) Komes (B Ry )00

p=1l m=—00 n=1 §=—00
p#i

(7.3.12)

We can convert (7.3.11) and (7.3.12) into an infinite system of linear algebraic equations

by multiplying each by \I!(l)( Yo% t e Nog, w €%, j =1,..., P, and integrating over
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z=0,d/2,6; =0,27. From (7.3.11) and (7.3.12) we find

Y] (ﬁtaj)dnt
Z Bur B K (ﬁtag)

n=

nedo(Bnt;) K mo(Bn R jp) €M% )
' D™ B Boar) , 7.3.13
; m;mngl ﬁnKm (ﬁnaj) ( )

p#s

Aj I, (ata'J

tatI (ataj)

and

i(m=w)a;,
wt_ZBfmderZ Z Z ””I (Bno) Hom-w (B , (7.3.14)

p=1! m=—00 n=I1 m(ﬁ”a’i)
P#j

where t € No, w € Z, 7 = 1,..., P in both cases and from (3.4.8),
2 a2 Av(—1)t
= — (2) (1) = — 3.
o = = /0 VR )z = . (7.3.15)
Eliminating A?, from both (7.3.13) and (7.3.14) we obtain

ataJ ZB nt‘i“i io: iB mI (ﬁnag) m—w(On Jp)e'(?n—w)ajp
m(ﬁna_y)

ath ataJ p=1 m=—oon=1
p#i
o0 ﬁa P oo 0 I (ﬁ a: )I( _ (ﬁ )ez‘(m—w)ajp
— B_Jw t] nt B nt wArMRY) m nilip , 7316
& PRI ) 2 i, P o o) (7:319)

which can be rearranged as

o i Ly(ewa;) _ Ku(Biay)
Z Bwtdnt(a I' (ataj) ﬁtI{:U(ﬁtaJ))

n=1

P o oo K. (ﬁ R. )I’ (ﬁ a_)ei(m—w)ajp
+ nym nt m—wi\Mn J'p w\Mnley

;;1_ mzznoo nz—_—:l JKm (ﬁﬂaj)

p#j

atf;,(ﬁgaj) /Gn (ﬁnafy)

wheret € Ng, w € Z, and 7 = 1,..., P. If we define

L Iw(ataj) _ Kw(ﬁtaj)
X’wntj = nt(atf:,u(ata’j) ﬁg.[{;v(ﬁtaj))’ (7318)

y ( L(oa;) (ﬁnag) ) =0, (7.3.17)

and

N e Kom - (Bn Rjp) 1oy (B )€ ™) [ I (0vay) _Lu(Bnay)
Ywnt}mp - m(ﬁna_j) (O‘tf;u(ﬁtaj) JBn (/Bnaj)) (7319)

we can simplify the left-hand side of (7.3.17) to

Z Z Z By Zuntjmp = 0 (7.3.20)

p=1l m=—00 n=
p#j
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where

Xwntj‘smw = j: (7 3 21)

antjmp = .
Ywntjmp D 5£ I

with d,,,, being the Kronecker delta and t e Ngw € Z, and j = 1,..., P in all cases.
We shall solve (7.3.21) by truncating m and w with a truncation parametef +M, n

and t + 1 with a truncation parameter N, and write

A =n+N(m+M)+NCM+1)({p—1), (7.3.22)
Ag=1+4t+ Nw+ M)+ NCM +1)(j - 1), (7.3.23)

so that any positive integer A;, A; = 1,..., N(2M + 1) P, corresponds to a unique triple,
(n,m,p) for i = 1, or (¢,w, ) for i = 2. To find a solution of (7.3.21) we are required to
find frequencies kd so that the determinant of the matrix Zy, 5, is zero.

We now consider the solution for different problems, starting with the case of one

disc on the centreline.

7.4 'Trapped modes below the first cut-off

7.4.1 Omne disc on the centreline

In this section we consider a single disc of radius a placed on the centreline of a planar
waveguide of total width d, as shown in figure 7.2. We can use the work in the previous
section if we take P = 1. If we take P =1 then the matrix Z,, , is simplified consider-
ably as no Y}, », terms appear, only X,,,¢. If we replace w by —w in (7.3.18) we find
that Xuynt; = X(Cwmej, and so the we only need to consider non-negative values of m

(or w) for the single disc case.

Results

For the results computed in this section truncation parameters N = 5 and M = 3 were
used. The differences between the results presented here and the results obtained using
a truncation parameter N = 10 are less that 1072, The value of M has to be chosen
sufficiently large enough so that all the possible trapped modes can be found. If M is
chosen to be 3 then all the modes are found up to a/d = 1. If a¢/d > 1 a larger value of

M is required to find all the trapped modes.
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Figure 7.2: Definition sketch.

In figure 7.3 trapped-mode wavenumbers kd/7 are plotted against a/d for m =
0,...,x£M. The solid lines correspond to m = 0, the dashed lines to m = X1, the
dotted lines to m = %2 and the dot-dashed lines to m = +3. We see that as a/d
increases the trapped modes appear from the cut-off kd = 27 and tend to the cut-off

kd = T.

1.6}

1.2

Figure 7.3: Trapped-mode wavenumbers, kd/m, plotted against a/d. The solid lines
correspond to m = 0, the dashed lines to m = £1, the dotted lines to m = +2 and the

dot-dashed lines to m = £3.
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The results plotted show that the m = 0 modes exist for all values of the radius
except when the radius is small and as a/d increases the number of modes increases.
As the value of |m| is increased similar features occur and the value of a/d below which
modes do not occur is increased for consecutive values of |m|.

The plot shown in figure 7.3 is complete when a/d < 1, but as a/d is increased a

higher value of M must be chosen to produce all possible modes.

7.4.2 Two discs on the centreline

In this section we consider the case of two thin circular discs placed on the centreline of
the waveguide. There are two problems to consider in this section, the case when both
discs are identical and and the case when they are not. When considering two discs
the resulting trapped-mode frequencies should be independent of the angle between the
centres of the two discs (a2 and apy, in figure 7.1). If we multiply each term in the
Matrix Zynejmp defined in (7.3.21) by exp(—i(ma;, — wey,;), we find thé,t we can remove
the angle dependence from the Yintjmp terms defined by (7.3.19) and the X,ns; terms
in (7.3.18) remain the same.

For the results provided in this section truncation parameters N = 5 and M = 3

were used to allow a comparison to be made with results in the previous section.

Equal radii discs

We consider the case of two identical thin circular discs placed on the centreline of the
waveguide.

Figure 7.4 shows the trapped-mode wavenumbers, kd/n plotted against R/d for two
identical circular thin discs of radii a/d = 1. The value R/d is the non-dimensional
distance between the centres of the two discs. The dotted lines are the trapped-mode
wavenumbers from the single disc case when a/d = 1 and are labelled with the appro-
priate values of m. The dotted lines can be interpreted as the case when R/d — oo and
the dashed line is the upper cut-off kd = 2.

The value a/d = 1 is chosen because if we then use the truncation parameter M = 3
all possible modes will appear on the plot, as mentioned in the previous section. If we
took a larger value of a/d we would have to use a larger truncation parameter M to

guarantee all modes appear.
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Figure 7.4: Trapped-mode wavenumbers, kd/w, plotted against R/d for the case of two
identical thin discs of radii a/d = 1. The dotted lines correspond to the trapped modes
from the single disc case with a/d = 1 and are labelled with the appropriate values of

m. The dashed line corresponds to the upper cut-off.

We see that when the two discs are touching, i.e. when R/d = 2, there are fourteen
trapped modes. We have two modes around each dotted line corresponding to m = 0
and four modes around the other dotted lines (two for the positive value of m and two
for the negative value of m). The exception occurs when m = +3 as this mode is close
to the upper cut-off and so only a single mode appears below the dotted line for each
m. As the value of R/d is increased, which means that the discs are moved apart, we

- find that each pair of modes converges towards the limiting case.
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Different radii discs

We now consider the case of two different thin circular discs placed on the centreline of

the waveguide.

gbimrrmrmm e e oo =~ WG M2, g/d=], M=TS ]

19t 4
a/d=1, m=0

1.8 s — ]
&/d=1, m=12

Loe a/d=0.75, m=t1]

1.6} ]

kd/m 15} P

14} ]
............ a/d=0.75, m=0
1.3} 1
a/d=1, m=0

1.2F / m=0 |

Figure 7.5: Trapped-mode wavenumbers, kd/m, plotted against R/d for the case of two
thin discs of radii a/d = 1 and a/d = 0.75. The dotted lines correspond to the trapped
modes from the single disc case with a/d = 1 and a/d = 0.75 and are labelled with the

appropriate values of m. The dashed lines correspond to the upper and lower cut-offs.

Figure 7.5 shows the trapped-mode wavenumbers, kd/m plotted against R/d for two
circular thin discs of radit a/d = 1 and a/d = 0.75. The dotted lines are the trapped-
mode wavenumbers from the single disc cases when a/d = 1 and a/d = 0.75 and are
labelled with the appropriate values of m. The dotted lines can be interpreted as the
case when R/d — oo and the dashed lines are the upper and lower cut-offs.

If we take discs of radii a/d = 1 and a/d = 0.75 then we can again use the truncation
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parameter M = 3 and figure 7.5 will be complete. Between the two cut-offs we find that
there are five modes from the single disc case with a/d = 1 and three modes from the
single disc case when a/d = 0.75.

From figure 7.5 we find that a single trapped mode exists for each value of m from
the single disc modes, apart from the highest frequency mode {a/d = 0.75, m = £2} as
this is very close to the cut-off and the lowest frequency mode (a/d = 1, m = 0) below
R/d ~ 1.7G8.

When the two discs are touching, i.e. when R/d = 1.75, the modes appear away from
the modes from the single disc cases. As the discs are moved further away from each

other the modes tend towards the cases of single discs on the centreline.

7.4.3 Laterally coupled planar waveguides

Using the work in the previous sections we can formulate a solution for the case of
a laterally coupled planar waveguide. The waveguide consists of two parallel planar
waveguides of widths b and d — b coupled laterally by a small circular hole of radius a
in the common boundary. As in chapter 2 we assume for convenience that b > d/2.

As with the waveguide considered in this chapter 2 this waveguide has a physical
relevance in quantum mechanics. Exner and Vugalter (1996) considered the case when
the hole was sufficiently small so that only one eigenvalue occurred below the essential
spectrum. The authors were then able to provide upper and lower asymptotic bounds

on the gap between the eigenvalue and the essential spectrum.

Fermulation

We introduce circular cylindrical polar coordinates (r,#,z) so that the waveguide is
axisymmetric about r = 0 and the planes lie at 2 = 0, z = b and z = d. We have
to find a non-trivial function ¢(z,y) which satisfies the Helmholtz equation within the

waveguide

(V24 k)¢ =0, 0<z<d, r>0exceptonz =05, r>a, (7.4.1)
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subject to the boundary conditions

¢p=00onz=0, r>0, (7.4.2)
¢p=0o0nz=>b, r>a, (7.4.3)
¢p=0onz=d, r>0, (7.4.4)

and a radiation condition specifying that no waves propagate out to infinity,
¢ — 0asr— oo. (7.4.5)

As in chapter 2 we divide the region into three parts. Region I is the region above the
plane outside the hole, ie. {r,8,2:r > a,b < z < d}, region II is below the plane
outside the hole, that is {r,8,2 : r > a,0 < z < b} and region III is the hole, that is
{r,0,z:7r < a,0< z<d} Asthe geometry is axisymmetric about r = 0, we are able to
look for a mode with angular variation cos mf, m € Ny. We can therefore represent the
function ¢;(r, 8, 2) by a function qnbi(r, z)cosmb, (i = 1,2,3), in each region and apply
the following continuity conditions

0% _ 9%

(]bi = ¢)3, g = (91" y n Li: 1= 1,2, (746)

where Liisr=a,b< 2<d, Lyist =a,0 < z < b and we write Ly for L; U L».

Following section 7.3 we find that the eigenvalue expanstons in each region are

(1) K (an'r')\ll,(ll) (2)

¢1(r,z) = nz=:1 Ul K () (7.4.7)

; _ > @ Kn(Bar) T2 (2)

$a(r, 2) = nzzjl U K o) (7.4.8)
N ) L () U8 (2)

$3(r,z) = ng U T o) (7.4.9)

where &, B, 7» and U (2), i = 1,2, 3, are defined by (2.3.31)-(2.3.33) and (2.3.27)-
(2.3.29). As in section 2.4 we anticipate a necessary condition for the existence of

trapped modes to be

< kd < d%, (7.4.10)

as vp will be purely imaginary whereas oy, 5, and ~,, n € N, will all be real and positive.
The mode corresponding to 7y will therefore be oscillatory in region 171 and all the other

modes will decay away from the hole. We now apply the continuity conditions (7.4.6}.
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Matching qg,- = r;£3 on L;, i=1,2, we have

= o dn(md) o roa U et U0(2), 2z € L,
Z Umn_[’——jq’n (Z) = 5 K ﬁaa;l 2) (7411)
n=0 Tn m(’yna oo U,,(m{'rzn('fén—q’( (Z), zEe Lg.
Similarly matching 8¢ /0x = 8¢3/dx on L;,i = 1,2, we arrive at
Tl URUD(2),  z€ Ly,
5 UREO () N (7.4.12)
n=0 % U ¥Q(z), z € Ly.

We can convert (7.4.11) and (7.4.12) into an infinite system of linear algebraic equations
by multiplying each by ¥, s € Ny, and integrating over Lz. From (7.4.11) and (7.4.12)
we find

U(3) Im(% ) — i Ui Km{ama) d Z U2 Km(Ba2)

N 4.13
(’YS ) n=1 an}(;n(()fna,) = ﬁnK;n(ﬂn ) Cnsy s € 0y (7 )

and
o0
UR =3 UG dus + Z UZ eny,  s€ N, (7.4.14)

where d,, and e, are given by (2.4.10) and (2.4.12).
Eliminating U} from (7.4.14) and (7.4.13) we obtain

iU(l) dns( Im’(’Yna) _ I(m’(ana) )
mn Y1, (vsa) anKm(ana)

2 ('Yn ) (/Bn ) —
Z U e (,y e ﬁn (ﬁna)) =0, s€N, (7.4.15)

We shall solve equation {7.4.15) by truncating the value of » and s+ 1 with a truncation

parameter N. We therefore have to find the values of kd so that the determinant of a

2N x 2N matrix is zero for each value of m € N.

Results

For the results shown in this section we use a truncation parameter N = 5.

Figure 7.6 shows a typical set of trapped-mode wavenumbers, kd/7, plotted against
a/d when b/d = 0.6. The solid lines correspond to the modes when m = 0, the dashed
lines are when m = 1, the dotted lines are when m = 2 and the dot-dashed lines are
when m = 3. As the value of a/d is increased the trapped modes appear from the upper

cut-off kd = 57/3 and tend to the lower cut-off kd = w. The results show that that
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Figure 7.6: Trapped-mode wavenumbers, kd/m, plotted against a/d when b/d = 0.6.
The solid lines correspond to m = 0, the dashed lines to m = 1, the dotted lines to

m = 2 and the dot-dashed lines to m = 3.

trapped modes occur for all a/d except when the hole is small for m = 0. As the value
of m is increased the value of a/d below which modes do not exist also increases.
In the paper by Exner and Vugalter (1997), the authors speculated that the asymp-

totic behaviour of the ground-state eigenvalue, kd, for small a is

o=

kd(a) ~ (%) (7r2 — exp(—¢; a's)) , (7.4.16)

where ¢; is a positive constant. It is difficult to compare this conjecture to the results
in this section as trapped modes were not found when a/d was below about 0.25.
It is fairly simple to extend the work above and consider the case of a pair of planar

layers coupled laterally by a number of holes.

7.5 Summary

In this chapter we have considered the problem of a pair of planar layers laterally
coupled by a number of circular holes. We initially considered the case when the planar
layers are of equal width, a problem equivalent to that of an array of thin circular discs
placed parallel to the walls and on the centreline of a planar waveguide. The planar

waveguide had Dirichlet conditions placed on the walls and the thin discs were placed on
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the centreline. The symmetry of the resulting problem allowed us to place a Neumann
condition on the discs, a Dirichlet condition on the rest of the plane containing the discs
and consider only the upper half-plane.

The problem was formulated in section 7.3 for a general array of P discs using a
matched eigenfunction expansion method. The frequency was restricted so that one
mode became wave-like local to each disc (this frequency restriction is the same as that
found in chapter 3 as the geometry is the same in the z-axis). To find the trapped-mode
wavenumbers we have to find the zeros of a determinant of an infinite matrix, which is
done by truncation.

A number of results are presented in this chapter. In section 7.4.1 we consider the
case of one disc on the centreline. For the one disc case we only need to consider m € N
as it is shown that the modes for negative m are equivalent to the modes for positive m.
In section 7.4.2 we consider the cases of two identical discs and two different discs on the
centreline. We find that when the discs are far apart the trapped modes are equivalent
to those occurring in the single disc cases. When the discs are moved closer together
we find that the total number of trapped modes present is independent of the distance
between the centres.

In section 7.4.3 we return to the case when the planar layers have different widths
and are coupled by a single hole. We reformulate the problem using ideas found in

section 7.3 and compute trapped-mode frequencies with different angular variations.
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Chapter 8

Annular waveguide.

8.1 Introduction to the problem.

One application explicitly mentioned in Parker and Stoneman (1989) is the case of
axial-flow compressors in turbo-machinery. The geometry of these compressors is highly
complicated but can be thought of, to a first approximation, as an infinite cylinder with
annular cross-section containing thin radial fins of finite length in the axial direction
distributed evenly around the guide.

The acoustic resonances that occur in engineering applications are excited by vortex-
shedding from the blades, which will only occur if a mean flow is present. Work by Koch
(1983) however has shown that for a flat plate cascade the resonant frequencies in the
presence of mean flow are very close to those in zero mean flow, provided the Mach
number of the flow is small.

A recent paper by Linton and Mclver (1998b} presented a method, based on matched
eigenfunction expansions, to determine the frequencies of trapped modes that occur in
a circular cylindrical waveguide in the presence of a number of thin radial fins of finite
length. The authors found that there were significant differences in the modes possible if
the number of plates was even or odd and that when the number of fins passed a crucial
value, a change in the qualitative behaviour of the resonance frequencies occurs. The
paper also presents approximate formulas for low-frequency modes when the number of
fins becomes large.

This chapter extends work done by Linton and Mclver (1998b) by replacing the
circular cross-section by an annular one to examine the possibility of trapped modes in

the geometry discussed previously.
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We begin in section 8.2 by reformulating the problem for the annular region. The
results computed from the formulation are then discussed in section 8.3, together with
curves displaying the variation of the frequency kd with blade length a/d, where d is
the outer radius of the annular cross-section. We see that as the inner radius of the
annular region and the number of blades increases past certain values a fundamental
change in the curves occurs. We also show an approximate formula for the frequencies
of low-frequency modes as the number of blades becomes large, and also see how varying

the inner radius changes the frequencies. Conclusions are drawn in section 8.4.

8.2 Formulation

We consider a cylindrical guide with an annular cross-section of inner radius b and
outer radius d and use cylindrical polar coordinates (r, 6, x) with the z-axis along centre
of the guide. We consider L{> 1) finite length identical thin plates placed at angles
B; =2ix/L,i=0,..,L — 1, around the guide. The plates are located at {# = 3;,b <
r < d,~a < z < a} so that the resulting geometry is symmetric about z = 0. Figure

8.1 shows a schematic representation of the configuration under investigation.

Figure 8.1: Definition sketch.

Initially we shall seek a solution which is even (symmetric) about z = 0, by consid-
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ering the semi-infinite sector Q = {r, 8,z :b < r < d,0 < 8 < B,z > 0} and seeking a

function ¢(z,y) which satisfies

0
£=00n$=0,b<r<d. (8.2.1)

The function ¢(z,y) must also satisfy the Helmholtz equation within the sector

(V2P+E)e=0, ¢eq, (8.2.2)

and Neumann boundary conditions on the inner and outer cylinders and the blades,

0¢
E—Oonr-bamdr—d, (8.2.3)
0
%=Oon9=03nd9=ﬁ1,m<a. (8.2.4)

In reality trapped modes are excited due to vortex shedding from the trailing edges of
plates and this is consistent with an antisymmetry boundary condition on the plane
which is an extension of the plates down the guide, (see Parker (1966) and Parker
(1967)). Thus we can add an antisymmetry condition about the planes § = 0 and

9=,61:
¢=0onf#=0and =7, z>a. (8.2.5)

The case of symmetry about these planes is uninteresting as these boundary conditions
lead to a simple guide whose cross-section is an annular sector with Neumann conditions
on all sides, and hence to a problem where trapped modes do not exist.

We require the trapped modes to be localised around the region of the blades and

hence the solution must decay at infinity and so
¢ — 0asz— oo (8.2.6)

We extend the solution to (8.2.2)—(8.2.6) into a solution in the whole semi-infinite guide
z > 0 by writing @ = nfh + 7, for a € [0,27), where n € Ny, and v € [0, 5), and
defining

—@ |g=p, - n odd ,
¢|0=a = qb |6 A (827)
é lo=vy n evern,

which ensures continuity of ¢ between neighbouring sectors, although ¢ is allowed to be

discontinuous across the plates themselves.
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Figure 8.2 illustrates the above extension when L = 4 and with symmetry about the
mid-plane of the sector. The plus/minus signs in figure 8.2 signify positive or negative
values of ¢. Each positive sector has negative adjacent sectors and vice-versa. For the
case ¢ < a the solid horizontal and vertical lines represent the blades. For the case of
x > a these solid lines represent the planes across which ¢ changes sign, i.e. from (8.2.5)

¢ = 0 on the planes.

Figure 8.2: Continuity of ¢ throughout the fluid, but not necessarily across the plates.

The figure shows the case when L = 4 of symmetry about the mid-plane of the sector.

To ensure continuity of the derivative of ¢, it follows from (8.2.7) that

99
I I (525
% |pey %g or n even.
Putting o = 27 into (8.2.8) we find that n = L and v = 0, and so
a¢
0p|  _ ] lomp  Eodd (8.2.9)
00 p=2r %g L even.
=0

Equation (8.2.9) shows that when L is even continuity of 8¢/d9 occurs, but when L is
odd we need to ensure that 9¢/06 has the same value on § =0 and 6 = §; in z > a.
Note that any ¢ that does not satisfy this condition will result in trapped modes that are
a solution to the sector problem (8.2.2)—(8.2.6}, but not for the full annular cylindrical
guide.

Expanding the Helmholtz equation (8.2.2), in cylindrical polar coordinates (r, 8, )

gives

i @ gy
el L + o2+ k=0, (8.2.10)

10 oo} 18%5 82¢
o ) T riger T o
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and we seek solutions of the form
o(r, 8, z) =U(r)V(O)W (). (8.2.11)

Substituting (8.2.11} into (8.2.10) we obtain

16(6[}) 1 8V

190Uy, 1oV ic‘)?W
Urdr \ or Vr? 962

.2 __
tk = W oz2°

(8.2.12)

Since the left hand side is a function of r and #, whereas the right-hand side is a function
of x only both sides must equal the same constant. As we require the solutions to decay
as £ — 0o we select the constant to be —a?, say with a > 0. For the inner region x < a

we use the boundary condition (8.2.1) and hence
W{z) = Acoshaxz, z < a. (8.2.13)
For the outer region z > a we use (8.2.6) and find
W(z) = Be™, z > a. (8.2.14)

If we multiply (8.2.12) by 72, the term %%Z’TZ is a function of # only and hence can be
set equal to a constant. The conditions (8.2.4) and (8.2.5) require the solution and its
derivative to be zero at § = 0 and 8 = ), so we need trigonometric solutions and hence

the constant is chosen to be —a?, with ¢ > 0. For z < a we use (8.2.4) to produce
V{(#) = Acosa(m)b, (8.2.15)
where
c(m) =mn/B =mL/2, m € Ny. (8.2.16)
Similarly in the outer region > a we use (8.2.5) and find that
V(0) = Bsina(m)b, m € N, (8.2.17)

If we substitute the chosen constants back into (8.2.12) we have

1dU 14U

2
1dU 18U a(m)”
rU dr U dr?

+k* +af - =0 (8.2.18)

If we let A? = k% + a2, r* = Ar and U*(r*) = U(r), then (8.2.18) becomes

] (T*c?Ui") L (1 _ U(W)Q) 0, (8.2.19)

or* ar* T*2
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which is Bessel’s equation for U* (r*) of order o(m) and has general solution
Ur*)y =U(r) = AJpem)(Ar) + B Yo(m) (A1). (8.2.20)
Using the first condition in (8.2.3) we obtain
U'(\b) = AXJ, (m) (AD) + BAY, (m)()\b) =0. (8.2.21)
Substituting (8.2.21) into (8.2.20) and rearranging slightly we have
U = A1 {¥y (1 (AB) Jom) (AT) = Ty (AD) Yoiomy (M) } - (8.2.22)
Using the second condition we find that
U'(Ad) = A1) { Yy (AB) Ty (M) = Ty (AB) Yoy (Ad) } = O (8.2.23)

If X is replaced by 1)(myn /b and we define § = d/b, the function ¢,y (r) can be introduced,
where g (r) = 0 and if (m,n) # (0,1) |

'ﬁbmn( ) = cr(m) (T)U(m)n)*] (m) (chr m)nr/b) g(m) (ncr(m)n)ya(m) (no(m n'r/b) (8224)

We define g1 = 0, and for n > 1 we let 7o, be the (n — 1}th positive zero of the function
Yy (z)Jg(2d) — Jo(x) Yy (8). If m € N, then 5, (mjn is the nth positive zero of the function
Yo oy (@) oy (28) — Ty (€)Y 1y (28). Returning to (8.2.12) we have

1
Omnd = [(Mo(mn6)” — (kd)?]*. (8.2.25)
The eigenvalue expansions in the regions z < a and z > a are
& = cosh
= mn 2.2
é(r,0,x) ngongl Grn ama”‘""(” coso(m)d, z<a, (8.2.26)
oo 0o —amn(z~a)
o(r,0,z) = > bmne———lbmn(?‘) sin g(m)#, T > a. (8.2.27)

1 —Omn

3
I
—

m

The function ¢ defined by (8.2.26) and (8.2.27) satisfies (8.2.3)—(8.2.5) and in order to
satisfy (8.2.6), it is essential that all the aun,, m,n € N in (8.2.27) are real and positive.

We now match ¢ and the z-derivative across x = a and get

i i A mn (1) cOST(M)E = i io: bran Wmn (1) sin a(m)@, (8.2.28)

m=0n=1 mﬂln—
00 O
> Zam@(}f—m’f%n( Jeosa(m)f = 3 Z "t (r)sino(m)d,  (82.20)
m=0n=1 mn m=1n=
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with b <7 < d and 0 < 8 < F; in both cases. We can convert these equations into an
infinite system of linear algebraic equations by multiplying the first by ¢, (v} sina(u)8,
v € N, the second by r 9, (r) cosa(u)f, 1 € Ny, v € N and integrating over the sector
b<r<dand 0 <8< f, to give

o0

Z Z/ f amnd}mn( )'Qby.y( )COSO’(m)OSlIIO'(M)HTdT‘dB =
m=0n=1
Z Z/ bmn’l,bmn(ﬂ”)ww(r) sino(m)@ sin o(p)6 r dr d6, (8.2.30)
m=1n=1
i/ f AmnWmalr ) (r) coso(m )Gcosa(u)BEOtZ—aﬂgrdrd9=
=On=1 mn
Z Z/ /,, b_;mnd}mn 7). (r) sino(m)@ cosa(u)d rdr dé. (8.2.31)

We now introduce some notation to simplify matters. We write

d
Loy = /b Yrn (1) (7)7 dr, (8.2.32)

and use the result that
I::z = JnVQ,u.m (8233)

where, see Appendix A,

({ (Ya{(,u) (WG(H)V) J:r(u) (%(u)vé)“

J(,u)(na(ﬁ )Y, or(,u,) (No(u) 5))2
+( () (Motyw) Jo) (Mo(uwd)—
Tt Motye) Yoty (Mo ‘5))2
2d72q,, = { [1 - (ﬁ‘,‘)—a)g]} (8.2.34)
—5 { (Yé(u) (Mot} Jotuw (Mot} —

2
Tot) Motuw) Youu) (na(u)u))

1- (#)]}) (o), ) # 0, 1),

(1-1/6%), (a(p), v} = (0,1).
We also make use of of the orthogonality condition
G I . Jé
f coso(m)f coso(p)d do =]0 sino{(m)@sine(p)f dff = — S (8.2.35)
0 [z
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where ¢, is the Neumann symbol, defined by ¢p = 1, ¢, = 2,4 € N. As in Linton and

Mclver (1998b) eqn 2.21 we also define

T ’T/ﬁ‘ (m)@sino(u)d dé ) o even, (8.2.36)
mp = — | coso(m)fsing = 2.
g )61 0 . EQ_Q—LmZ m+ odd.
Substituting (8.2.35) and (8.2.36) into (8.2.30) we have
> Y am B T2 = Y > L bt (Y (r) - O 7, v € N, (82.37)
m=0n=1 m=1n=1

The right hand side of equation (8.2.37) is zero unless m = p and so using (8.2.32) and
(8.2.33) we have

2
™

NgE

An Ity T = D by Iy = b (8.2.38)
1 n=1

o
3
i

In a similar way (8.2.31) becomes

oc oo bmn » 0o o d th mn
Z Z éIm,’,gT,nr.rn = Z Z /r=bamn¢mn(7')wyu(r)ﬁlco_aq'5myr d?",

m=1n=1 —Qmn T m=0n=1 E,u,amn

(8.2.39)

where p € Ng and v € N. The left hand side of (8.2.39) is zero unless m = g and hence

B cothaya

= — b‘mn ﬁ ny
Z Z - ;];ImuTum = a,u.uq,u,u (8240)
m=1n=1 mn

€upy
If the unknown coefficients b,, are eliminated from (8.2.38) and (8.2.40), we have

2 coth oy, oo [ @ @ I, T,
roothape, % { $ Zamn—“—“—}, (5.241)

26#0!”,, r=1s=1 | m=0n=1 —Qrs rs
and changing the order of summation gives

m?cothay,a & o oo fns pser T,
_—__ﬂ.auuqup — Z Zamn er—ru?n_r_ﬂ s 'ul e NO: v e N.

2e 0 m=0n=1 r=ls=1 Qrs qrs
(8.2.42)

The problem can now be restricted in one of two ways, as we can look for modes
symmetric or antisymmetric about the mid-plane of the sector, § = f;/2. For the

symmetric case, we have

o _ B
0= 0 on = 5 (8.2.43)
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and putting this into (8.2.26) and (8.2.27) we find

¢ =
@ =2

6=p1/2 m=0n=1

i o(m) cosh amaz

a'mn

Pma(T) sin (%) =0, =z<a, (8244)

(
Ctman Sinh a0
o o(m)eamn(z=a) mm

s é B () cOS (—2-) =0, z>a (82.45)

m=ln —C®mn

and hence a,,, = 0 if m is odd and b,,,, = 0 if m is even. As the potential ¢ is symmetric
about the mid-plane (8.2.43) implies that 9¢/50 on @ = 0 differs from d¢/00 on 8 =
by a factor of —1 and so it follows from the continuity condition (8.2.9) that such modes

do not exist when L is odd. The condition for antisymmetry about 8 = 3;,/2 is

$=0 on 0= %. (8.2.46)

Substituting (8.2.46

p—

into (8.2.44) and (8.2.45) we have

X & cosh T mm
gb'a:ﬁh/? B EORZ::I fimn Qmp Sinh amnawmn (r) cos (T) =0, T (8.2.47)
oo 0 _amn($-—a)
=> % bmne—-—— Ymn(r) sin (m) =0, z>a, (8.2.48)
m=1ln=1 —Qmn 2

and s0 amp = 0 if m is even and b, = 0 if m is odd. For antisymmetry about the
mid-plane the derivative d¢/80 on 6 = 0 is equal to 9¢/08 on 8 = 3 so we find that
modes exist for both even and odd values of L.

For the case of symmetry about the mid-plane of the sector we require non-trivial
solutions of (8.2.42), and so can assume that x4 and m are even and hence from (8.2.36)
it follows that r is odd. In this case b;; is non-zero and as we require exponential decay
down the waveguide we need ay; to be real and positive. Using (8.2.25} we restrict kd
so that kd < 1,(1y10. With this restriction we find that omn, m,n € N are all real and
positive and since 79; = 0 then ag, is purely imaginary, whereas oy, n» € N are either
real and positive or purely imaginary depending on the value of L and kd. If %5(1)1 > 7on

then we define

o {[(n0n6)2—(kd)2]1/2, d < o,
ot =

(8.2.49)
—'L[(kd)z — (T]()nCS)Q]l/g, ?’]0,15 < kd< ?70-(1)16.

We shall solve (8.2.42} using truncation. We introduce the truncation parameter N and

write

A=-’2fN+u, 1=CNyn = N+, (8.2.50)
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so that a given A € N corresponds to a unique pair y, v and similarly for { and ¢. If we

write
2 cothay,a
= 8.2.51
8 2e,0p 2 ( )
and
Ay = Guy, a4 = Gnn, Gy = Qrs, Gt = Gre, flt = I Do, (8-2-52)

we find from (8.2.42),

Il
gAaA-l—Za;Z PX -0, AeN (8.2.53)
o =1 Gede

We can truncate this to an NM x NM system of equations

b
Exix + Z iy Z s A=1,2,...,NM. (8.2.54)

= o1 G

When truncated, the required trapped mode frequencies correspond to the values of kd

for which the determinant of the matrix S whose elements are given by

Sn=qou+ Y, R Ml=1,2,...,NM, (8.2.55)

is zero. All terms can be evaluated using the previous workings, apart from the terms
I, and Iy, in the summation which involve integrals of products of Bessel functions and
must be evaluated numerically.

For the case of antisymmetry about the mid-plane of the sector, we obtain the same
system of equations as (8.2.54), but find that m and p are odd, r is even (starting with

2) and A, and t are given by

p—1 -1 _r=2
A= 5 N+ v, l— 5 N +n, t = 5

N +s. (8.2.56)

For the case of antisymmetry about the mid-plane we found that if m is odd then

bmn, n € N, is zero and so the boundary condition (8.2.6) is satisfied provided kd < 7,21

With this frequency restriction a,n, m = 2,3, ...,n € N are all real and positive whereas

apn,n € N, are all zero. To ensure wave-like modes occur in the inner region z < a we

need to restrict the frequency to the range 7,010 < kd < 7(216. We then define
[(11a8)? = (kd)?]'/2, kd < nind,

—z’[(kd)2 - (ﬂ1n5)2]1/2, Mnd < kd < Ua(2)15-
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To reformulate the problem for modes antisymmetric about = = 0, we change (8.2.1)

to
$=0 on z=0. (8.2.58)

The only alteration caused by this is to replace coth term in (8.2.51) by a tanh term.

8.3 Results

The results in this section were computed with truncation parameters N = M = 8 to
give a 64 x 64 system of equations. In this work a large value of § represents a case
similar to that of the cylindrical waveguide considered by Linton and Meclver (1998b).
The results obtained with a large value of ¢ are equivalent to those provided by Linton
and Mclver.

Results for the trapped-mode frequencies, kd, with L = 1 and & = 2 are shown in
figure 8.3, with figure 8.4 providing a schematic representation of the problem under
discussion. Figure 8.4 shows cross-sections of the cylinder for the one-fin case, the solid
lines represent the blade and the dashed lines represent the planes of antisymmetry
(¢ = 0). Since L is odd only modes antisymmetric about § = = exist,‘ as mentioned
previously. The solid lines in figure 8.3 represent modes which are symmetric about = (0
and the dashed lines represent modes antisymmetric about this line. It can be seen that
as a/d increases the trapped mode appear alternately symmetric and antisymmetric
about x = 0. In figure 8.3 the modes appear from the cut-off kd = dm; =~ 1.3547 and
tend to the cut-off kd = 1/, = 0.6792 as a/d — cc.

As the value of § is increased we find that both cut-offs increase to the values given
by Linton and MclIver. It can be shown, (see Appendix B), that as § — 1,7, — m, and
so the upper cut-off tends to ¢(2) = L and the lower cut-off tends to o(1) = L/2. The
results when L = 2 and § = 2, which corresponds to a flat plate spanning the guide, are
shown in figure 8.5, with the cross-section shown in figure 8.6. Since L is even modes
both symmetric and antisymmetric about the mid-plane of the sector, 8 = 7/2, exist.
The modes symmetric about # = m/2 appear when § = 2 from the cut-off kd = i1 and
tend to zero as a/d increases. The modes antisymmetric about # = 7/2 appear from
the cut-off kd = dny; =~ 2.6812 and approach the cut-off kd = ény; as a/d — occ.

Figure 8.7 shows how the frequency of the lowest mode symmetric about z = 0,

for the cases of both symmetry and antisymmetry about & = w/2 changes with a/d
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Figure 8.3: Trapped mode frequencies for modes symmetric (~—) and antisymmetric (-

-) about z = 0 plotted against a/d when L = 1 and § = 2. The curves correspond to

the cross-sections in figure 8.4.

for various 4. It can be seen that the mode symmetric about # = 7/2 varies most as
a function of & when a/d is small, and as a/d becomes large the resulting frequency
becomes independent 4. The mode that is antisymmetric about f = 7/2, shows greater
change because the frequency that the mode tends to as a/d becomes large depends on
J.

Results for L = 4 are shown in figures 8.8 and 8.9. The situation is qualitatively
similar to the L = 2 case with the appropriate cut-offs changing to kd = ény and
kd = édny = 5.1752. If one compares figures 8.3, 8.5 and 8.8 it is plain to see that as
a/d increases the number of modes appearing becomes greater for larger values of L.

The boundary conditions for these modes when |z| > a are artificial and imposed just
to reduce the problem to one in the sector 0 < @ < 3,. Figure 8.6(a) shows that some
modes exist for both cases when L = 2 and L = 4, provided the value of § remains the
same. In figure 8.10 curves corresponding to the geometries in figures 8.6(a) and 8.9(a)
with § = 2 are shown superimposed. In practice the modes corresponding to 8.6(a)
are unlikely to be generated if 4 fins are present since they do not have a condition of
antisymmetry on the plane that is an extension of the fins down the guide, and this is

the natural condition since the resonances are usually excited by vortex shedding. The
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Figure 8.4: Cross-sections for the results plotted in figure 8.3. The solid radial line
represents the single fin and Dirichlet conditions are applied on surfaces represented by

dashed lines.

L = 4 modes satisfy 9¢/36 = 0 on § = 0, 7 and look as though they would be solutions
for the L = 2 case also, provided § was the same. This is not however the case as the
I = 4 modes have discontinuities in ¢ which would be within the fluid for the L = 2
case, for example on 6§ = 7/2, |z| < a.

When L = 4 and with symmetry about the mid-plane of the sector imposed we find
that for any value of 4, we have 7,11 < 792 and so from (8.2.49), ag,,n € N are real
and positive. Similarly for antisymmetry about 6 = 3,/2 we find that 1,11 < 75(1)2 for
any value of é and so ay,,n € N are real and positive. As the value of L is increased
we find however that this situation changes. We now consider the L = 8 case and find
that this change can produce a qualitative change in the behaviour of the trapped mode
frequencies.

For the 8-blade case with § = 5, we have dnyqy ~ 5.3173 > bnr ~ 4.2357 and
Mo = 9.6474 > ne(1)2 ~= 9.2734, whereas with § = 1.001, ény ~ 4.0020 < dnpe =~
3144.7 and dngy == 8.0040 < dnyp =~ 3144.7. These cut-offs show that as & decreases from
5, i.e. the inner radius of the annular region increases compared to the outer radius,
there will be a certain value of § that causes dng; > dnge and/or dng; > dnge. The results
for 6 = 5 and § = 1.001 are shown in figures 8.11 and 8.12 with the corresponding
schematic representation of the problem given in figure 8.13. If we compare the curves
in figure 8.11 to the solid lines in figures 8.3, 8.5 and 8.8, there is a fundamental change
for the L = 8 case.

We now consider the lower set of curves in figures 8.11 and 8.12, i.e. those that

correspond to figure 8.13(a). Earlier work on trapped modes in two-dimensional acoustic
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Figure 8.5: Trapped mode frequencies for modes symmetric (—) and antisymmetric

(- =) about z = 0 plotted against a/d when L = 2 and § = 2. The lower set of

curves correspond to the cross-sections in figure 8.6(a), whereas the upper set of curves

corresponds to the cross-sections in figure 8.6(b).

Figure 8.6: Cross-sections for the results plotted in figure 8.5. The solid radial line repre-
sents the fins whereas the dotted lines represent surfaces on which Neumann conditions
are applied, and Dirichlet conditions are applied on surfaces represented by dashed lines.
The modes are continuous across the dashed and the dotted lines but need not be across

solid lines.
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Figure 8.7: Trapped mode frequencies for the lowest frequency mode symmetric about
z = 0, for modes symmetric and antisymmetric about # = /2, plotted against a/d
when L = 2 for various 8. The lower set of curves correspond to the mode symmetric
about § = 7/2, whereas the upper set of curves corresponds to the mode antisymmetric
about @ = /2. For both sets of curves the lower solid line corresponds to § = 1.001,
the dotted line corresponds to § = 2, the dot-dash line corresponds to § = 5, the dashed

line corresponds to ¢ = 25 and the upper solid line corresponds to the cylinder case.

waveguides by Evans and Linton (1991) showed how trapped-mode frequencies could be
found as the intersection of a tan curve and a positive curve, leading to the regular
spacing seen in the figures for lower numbers of blades. This simple behaviour still
remains when L = 8 and § = 1.001, but is lost as § increases to 5 between the frequencies
Onoe < kd < éng1. When & = 5, dn,(131 > o2, and therefore from (8.2.51), we find that
instead of only g; having zeros and singularities, go now shows similar features. For
the 8-fin case it can be shown that dny = dnp2 when § &~ 2.5823, and hence when
& > 2.5823 and kd > 5.2891 the phenomenon seen in figure 8.11 will occur. When L = 8
we find that a smaller value of § is needed for the modes antisymmetric about 8 = 3,/2
to display the phenomenon seen in figure 8.11. As the number of blades is increased
the value of ¢ at which this phenomenon for both modes symmetric and antisymmetric
about ¢ = 3,/2 occurs tends to one. This implies that when L is large 7,11 > 102 and
Ne(2)1 > Me(r)2 for all &.

If the lower set of curves in figure 8.11 are not examined too closely it appears
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Figure 8.8: Trapped mode frequencies for modes symmetric (—) and antisymmetric

(- —=) about z = 0 plotted against a/d when L = 4 and § = 2. The lower set of

curves correspond to the cross-sections in figure 8.9(a), whereas the upper set of curves

corresponds to the cross-sections in figure 8.9(b).

Figure 8.9: Cross-sections for the results plotted in figure 8.8. The solid radial line repre-
sents the fins whereas the dotted lines represent surfaces on which Neumann conditions
are applied, and Dirichlet conditions are applied on surfaces represented by dashed lines.
The modes are continuous across the dashed and the dotted lines but need not be across

solid lines.
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Figure 8.10: Trapped mode frequencies for modes symmetric {(—) and antisymmetric
(- —) about x = 0 plotted against a/d with § = 2. The lower set of curves correspond
to the cross-sections in figure 8.6{a) whereas the upper set of curves corresponds to the

cross-sections in figure 8.9(a).

that there are two sets of curves present, one of which is associated with A = 1 in
(8.2.51) containing curves appearing from the cut-off, kd = dny, and tending to zero as
a/d — oo, and the other associated with A = 2in (8.2.51) containing modes that appear
from the cut-off kd = dny; and tend to kd = énye as a/d — oco. A similar occurrence is
present in the upper set of curves as one set of modes corresponding to A = 1 appears
to start from the cut-off kd = éng; and tends to zero as a/d — oo, and the second set of
modes associated with A = 2 appear from kd = dng; and tend to kd = dnys as a/d — oo.

If figure 8.11 is examined closer however, it is clear that the curves do not cross,
and this would appear to be the case at all possible intersections. Similar examples
of near intersections can be found in eigenvalue curves given by Berry and Wilkinson
(1984) and Karim-Panahi (1983). Berry and Wilkinson examined eigenvalues dependent
on two geometrical parameters, one of which was fixed and the other allowed to vary.
Similar near-crossing behaviour was shown to occur and the authors explained that close
to a near intersection the eigenvalue curves are hyperbolas—the intersection of a plane
with a double cone. Karim-Panahi studied the dispersion relation of harmonic shear

waves in an infinite, elastic, and periodically triple-layered media.
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Figure 8.11: Trapped mode frequencies for modes symmetric about z = 0 plotted against
a/d when L = 8 and § = 5. The lower set of curves correspond to the cross-sections

in figure 8.13(a), whereas the upper set of curves corresponds to the cross-sections in

figure 8.13(b).

2
a/d

Figure 8.12: Trapped mode frequencies for modes symmetric about x = 0 plotted against
a/d when L = 8 and § = 1.001. The lower set of curves correspond to the cross-sections
in figure 8.13(a), whereas the upper set of curves corresponds to the cross-sections in

figure 8.13(d).
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Figure 8.13: Cross-sections for the results plotted in figures 8.11 and 8.12. The solid
radial line represents the fins whereas the dotted lines represent surfaces on which Neu-
mann conditions are applied, and Dirichlet conditions are applied on surfaces represented
by dashed lines. The modes are continuous across the dashed and the dotted lines but

need not be across solid lines.

We now examine one near-crossing occurring when L = 8 and § = 3 near to a/d =~
1.4, kd ~ 5.0. The two geometrical parameters in our problem are a/d and ;. If we fix
a/d and allow 8 to vary, which is possible by changing L because §; = 2x/L, we can
see that the eigenvalue curves behave in a similar way to those in Berry and Wilkinson
(1984). The numerical results suggest that as the number of blades increases, i.e. as
B, decreases, the two eigenvalue curves do not meet, as shown in figure 8.14. Figure
8.14 shows that as 3 is halved the two eigenvalue curves get closer and closer while the
crossing point increases slowly to a larger value of a/d.

Analysing the elements in the matrix (8.2.55) we see that as . — oo the value of
the summation tends to zero, indicating that the eigenvalue curves will become simply
the zeros of Sy; = gadn. These of course are the solutions of gy = 0, and as previously
mentioned when I, = 8 and § > 2.58 both ¢, and g3 have zeros. The solutions to g =0

are the solutions to coth agra = cot ka = 0 and so

ka = (m — %)w m € N, (8.3.1)
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Figure 8.14: An enlarged view of one of the near-crossings for § = 3. The different curves
demonstrate the effect of decreasing the angle 5, (dot-dashed) L = 8, (dotted) L = 16,
(dashed) L = 32. The solid line represents the limiting values as L — oo (8 — 0).

The solutions to go = 0 are

ka = [((m — %)W)Q + (%)2] 1/2, m € N. (8.3.2)
The solid lines in figure 8.14 correspond to (8.3.1) with m = 3 and (8.3.2) with m = 1.
It appears that the Berry and Wilkinson phenomenon does not occur in the (a/d, 5:)
parameter space in this problem but may exist when 3; — 0 at the edge of this space.
It is important to see that the solutions as L — oo given in {8.3.1) and (8.3.2) do not
depend on L, but do depend on 4.

Figure 8.15 shows a comparison between the 8-fin case with § = 5 and the large
blade approximation from (8.3.1) and (8.3.2). It is clear that the large blade curves
produce all the features required of the eight blade case (although as shown previously
the curves do not cross) and the approximation gets better as a/d increases and the
results move away from the cut-off dny;.

For antisymmetry about z = 0 we can produce similar solutions to (8.3.1) and

(8.3.2), but the zeros of g; = 0 are now

ka=mr meN, (8.3.3)
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Figure 8.15: Trapped mode frequencies for modes symmetric about £ = 0 and 6 = 5;/2
plotted against a/d when § = 5. The solid curves represent the case when L = 8 and

the dashed lines represent the large I, approximation.

and those of g = 0 are

ka = {(mﬂ')2 + (L?q)z} 1/2, m € N. (8.3.4)
The results (8.3.1)—(8.3.4) are all for the case of symmetry about the mid-plane of the
sector. The case of antisymmetry about (3,/2 is not of practical importance as the
number of blades becomes large since the frequency of the modes satisfy kd > dn,an
and so become large as L becomes large.

If a/d is fixed it is possible to see how the trapped mode frequencies vary as ¢ is
changed. Figure 8.16 shows the case for modes symmetric about x = 0, with L = 8
and a/d = 4. The modes symmetric about the midplane 8 = 3,/2 appear below the
lower dotted line corresponding to the cut-off kd = 6n,(j;. The modes antisymmetric
about @ = 3,/2 appear between the upper dotted line , corresponding to the cut-off
kd = 0ny(2)1, and the lower dotted line. The upper dashed line corresponds to the value
dns(1)2 and the lower dashed line corresponds to the value dnp,.

If we look at the modes symmetric about the mid-plane of the sector it is clear that

the frequency of the modes below 47y, is independent of §. The modes appear as almost

horizontal lines at regular intervals. The frequency of these acoustic resonances are the
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Figure 8.16: Trapped mode frequencies for modes symmetric about x = 0 plotted against
d when L = 8 and a/d = 4. The lower dotted line corresponds to the cut-off 67,(1); and
the lower dashed line corresponds to the value é7g2. The upper dotted line corresponds
to the cut-oft dn,(2y1 and the upper dashed line corresponds to the value 6n,¢1)2. The
lower set of curves correspond to the cross-sections in figure 8.13(a), whereas the upper

set of curves corresponds to the cross-sections in figure 8.13(d).

181



solutions of ¢; = 0 in (8.2.51) with a = 4, i.e.

T

kd=(2m = 1) m e N. (8.3.5)

1=\

We previously noted that when & > 2.58 the value ny, < 14 and so when the trapped-
modes frequencies are above kd = dng; with & > 2.58 there is a qualitative change in
the curves. If one does not look too closely at the lower curves in figure 8.16 it appears
that there are two sets of curves. One set corresponds to the results in (8.3.5) with
m = 7 and the other set follows the trend of the value kd = d7y, with an even spacing
between each successive line. The second set of lines is a solution to the equation g, = 0

in (8.2.51) with a = 4, i.e. from (8.3.2)

1/2

kd = [((2m - 1)’%)2 + (Jn02)2] ., meN. (8.3.6)

Figure 8.17 shows a close up of this region and it appears that the curves do not cross

but show the same phenomenon discussed earlier.

5.6

54k

5.2F

5

kd 48
16}

4.4

421

Figure 8.17: Trapped mode frequencies for modes symmetric about z = 0 and 8 = /2
plotted against § when L = 8 and a/d = 4. The dotted line corresponds to the cut-off

dnan and the dashed line corresponds to the value dngs.

The modes asymmetrical about the mid-plane # = 3,/2 show similar properties as

the symmetrical modes. The trapped-mode frequencies for the two sets of curves are

kd = [((2m - 1)%)2 + (57741)2} 1/2, m €N, (8.3.7)
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for the lower modes and

1/2

kd = [((Qm — 1)%)2 + (57742)2} . meN, (8.3.8)

for the modes appearing above kd = d7,2.

8.4 Summary

In this chapter we have extended the work done by Linton and MclIver (1998b) by
formulating the problem for a cylinder with an annular cross-section. We have provided
a simple theory that allows the prediction of the trapped mode frequencies that are
present in the case of a number of blades evenly placed around a cylindrical guide with
annular cross-section.

Thé results computed in section 8.3 allow us to make a comparison between the
annular case with small inner radius and the cylinder case with circular cross-section,
and also show how the frequencies of the trapped modes change as the inner radius is
increased.

We have been able to show that many of the features associated with the circular
cross-section case continue to occur in the annular case. Firstly we see that the nature
of modes occurring depends on whether the number of blades in even or odd. If we have
an odd number of blades, we can only find modes which are antisymmetric about the
mid-plane of the sector, whereas if we have an even number of blades, it is possible to
find modes either symmetric or antisymmetric about the mid-plane.

We have also found that as the number of blades and the inner radius increase above
certain values a fundamental change occurs in the trapped-mode curves plotted. For a
large number of blades we can provide an accurate simple approximation to the trapped-
mode frequencies. We also showed that for an annular region with a large number of
blades increasing the inner radius compared to the outer radius has little effect on the

low frequency modes.
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Chapter 9

Conclusion

In this thesis we have investigated the occurrence of trapped modes in the presence of
thin obstacles. The thesis has been split into two parts. In part I we consider two-
dimensional problems, with three-dimensional problems considered in part II. In this
chapter we shall draw conclusions from the work presented.

The work in chapters 2-4 concerns two-dimensional parallel-plate waveguides con-
taining thin obstacles. In chapters 2 and 4 the geometries of the problems are defined
by two parameters, whereas in chapter 3 the problem can be simplified due to symmetry
and has a geometry defined by a single parameter. The number of parameters defining
the geometry is important as we found that if a geometry was defined by N parameters,
we were able to find trapped modes in N 4+ 1 frequency bands. The exception occured
in chapter 2 as trapped modes were not found in the highest frequency band. In each
band a modified residue calculus method was used to calculate the trapped-modes fre-
quencies. In each chapter a variational technique was used to prove the existence of
trapped modes in the lowest frequency band for a sufficiently long plate.

In chapter 5 a different type of trapped mode was sought. We considered of an array
of parallel plates of equal distance apart each containing an identical finite length gap.
For this problem the trapped modes travel through the gaps and decay down the plates
and are known as Rayleigh-Bloch waves. The problem was described by two parameters
and trapped modes were found using the modified residue calculus method in three
frequency bands.

In chapter 6 we sought trapped modes in a pair of concentric circular cylindrical
waveguides coupled laterally by a finite length gap. A modified residue calculus method

was used to compute trapped-mode frequencies below the first cut-off and the modes
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found each had a particular angular variation.

The problem of a pair of planar layers coupled by a circular hole was considered in
chapter 7. When the planar layers were of equal width the problem reduced to a circular
disc on the centreline of a planar waveguide. Using a method based on the truncation
of an eigenfunction expansion we were able to find trapped modes below the first cut-off
for one and two discs on the centreline and one ofl-centre hole. It is fairly simple to
extend the work to consider the case of a pair of planar layers coupled by a number of
circular holes.

In chapter 8 we considered the problem of a circular cylindrical waveguide of annular
cross-section containing a number of thin radial fins of finite length. Using a method
based on the truncation of an eigenfunction expansion we were able to find trapped
modes below the first cut-off. We also provided an accurate estimate to the frequencies

when the number of blades became large.
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Appendix A

Integral of product of Bessel

functions

We consider the integral

1= [ bun (oW o)o do (A1)

With (o(u),v) # (0,1), we have from (8.2.24),

i)
Ir?::; = ./b (Y;(m)(na(m]n) JJ(m}(na(m)np/b)_Jc’r(m)(na(m)n) Ya(m)(no(m)np/b))

(Y;(u)(%m)u) J v(u)(na(u)vp/ b) _Jc’r(u)(’?o(uw) Ya(u)(na(u)uf)/ b))pdp, (A.2)

and when m = i we have

d
I;T: = fb ( Y,o'(,u.) (ncr(,u)n) Y::(,u)(ncr(u)u) Ja(#)(”a[u)np/b) JU(,u) (na(p.)vp/b)

=Y 00 Motn) T etun) Jotw) Motnp/6) Y ow) (Mo (uywn/b)
~ It Mown) Y o (Motw) Y o) Mo(yn 0/ B) T oty (M0 0/b)
+ Ty Motun) Ty (otue) ¥ o) Mot/ B) Y o0 (Motup /) p dp. - (A.3)

From Jones (1986), pG75 we find

/ "6 25 (kt) 200 (8) dt =2 {k 257 (k2) 28 (12)
— 12N ) 200N/ (K- (k£D) (A4)

2
Z m) n)

v

+ 2 (kz) 2 (kz) (1 - kz;)} (k=1), (A.5)
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where Z{1), and Z{? are J, and Y, respectively. We now define

V4
I = Y50 (Metn) Yo (Mot f Jo(wy Mot/ b) Jotw) (Meanp/b) p dp, (A.6)
Iy = =Yy (Moum} Jog) (o) f o) Mo (un/b) Yoy Matuwe/b) p dp, (A7)
Iy = —Jo( (Matun) Yo (Motu) f Yo(w) (Mo(um /) Jotu)(Mo(upp/b) p dp,  (A.8)

L = Jo ) (Motiin) o) (Mouyw) f Yo () (Mo(wyw£/0) Yoy (Mo /b) p dp. (A.9)
If n # v we can evaluate (A.6)-(A.9) as

Y, (%( )n)Y; ('f?a( )V) z b? No
I = ( o) (“2 ) “) (;)” Jo )41 (Mo (wyn 2/ D) Jotu) (Mo (u) 2/)
Mot ~ Mo (v

Nl
_ (bu) Jo () (Mo (yuyn 2 /) Ja(u)ﬂ(na(#).,z/b)}, (A.10)

Y, Matan) Jo Matuw) 2 B2\ [ 1
L= —( = ( G ,u),, 0(;)" Jo(wy+1(Matunz/5) Yo (Moun /)
No(wyn — Mo (u)w

Mol
N %u) Ja(u)(%(ng/b)Yo(u)+1(%(mu2/b)}, (A.11)

13 —_ (J"'(H) (no(,u)n) Yo(p,) (nd'(#)f’) z bg) { Na(w)n Y

z/0)J -l
(ng(‘u)n _ng(u)u) b J(.u)+1(7?o(u)n / ) o(u)(ﬂ (v / )

No(u)w
- g‘) Yo(u) Mo(un2/b) Ja(u)+1(7?cr(u)uz/b)}a (A.12)

Tot Moin) To Mow) 2 B2 [ Hton
Iy = ( o{p) ‘(”;" _(#)2 M)V (;) You+1(Ma(uynz/ ) Yot (Doqunz/b)
T]?'(P")'ﬂ nc’(,u)u

No(wv
- fb#) = Yo(uy (Mo(umz/b) YO’(“)"‘I(??(J'(u)uz/b)}- (A.13)

We now use the result

20 = La) - 2V (), m=12, (A.14)
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with (A.10)-(A.13) to produce

) oy Jo(u)

— No(wn Ja(,u,)

na(u)v o)

— To(wn i)

na (v Yo(n)

i (#)ﬂ or(,u,)

= Tlo(p)n Ya(u)

I = Y, Motan) Yoy (Mo} 2 B
(Taam = M)

I = (Y;(H)(%(u)n) () (Matuyw) 2 0
(770(#) nﬂ(u)v

I3 _ (J(;(u)(no'(ﬂ)n) ou) Wa(u)v z b

- 2

(Mo9m = Maguyw)

I = o) Motiin) Jou) T?cr(u ) 2 b
(ng(u}n 770 u)V

If we let

_ No(u)n
N
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(Totwn2/ D)) Mot 2/)
(%(ﬂ)nz/b)Jo(ﬂ)(”?o—(u}vz/b)}a (A.15)
(Mot 2/8)Y (1) (Mo 2/)
(Mo tumn2/b) Yoty (Mot 2/ b)} (A-16)
) (Notn2/8) Ty Moty /D)

(Motwn2/0) Jo(u) Mauyw 2/ b)}, (A.17)

Wo(u)v o) Mo(un /)Y, o) (Mot /)

(ncr(,u)nz/b)yo(u) (na(u)uz/b)}' (A]-S)

(A.19)



then we can rewrite (A.3) using (A.15)-(A.19) as

Yt (Mot} Yot (Moupw) 1
g _ [ 2o otn) Xo(u) Totuv) Moy {de otwmd)J! 5
” ( (ncr(,u,)n T]a p,)y) U(#)(n () ) U(N)(na(ﬂ‘)y )
—dby () (n"(“ nd) Jop) (no(u)vé) — b Jo (%(u) )J:’r(#) (ﬂa(u)b')
~ by (u (nﬁ(u)ﬂ)‘]r?(u) (??a(,u)u)}

_ Y;(p)(nf’(u)ﬂ) Ja(u)(no(u)v) Na (v
(Maim = Matuyw)

) {d b Ja(.u) (na(u)na)ya’(u) (nﬂ(#)l’é)

— dbY Jo ) (Mo (w36 Yo ) Moy 8) = 8% To() (Mo ) Yoy (Motuaye)
— b v Jﬂ(n)(na(u)n)yff(a) (770(#)!/)} |

_ (J:T (w) (o) Y;(.u) (Mo(wv) Notuw

db Y00 Mo(um®) ot (Mo )08
(ng(“)n_ng(u)y) ){ () (Mo (wn )51y (Mo 6)

— db7 Yy (rn0) Jotw) (o0 8) = 8% Yot (o) T (o)

~ by Ya(.u) (Mot ) o) (na(u)v)}

n ('](';'(,u,) (ﬁa(u)n) J;(,u) (Wa(u)u) No(u)v

dbyo a n(s YO" p U(S
(ng(u)n - ng’(u)v) ){ ) Moum ) Yoy (Mo ()0 )

—dbvY, (,u (na(,u.)nd)ya(l-ﬁ) (na(u)vé) - b Yo(u) (WU(M)H)Y;(,U,) (na(u)v)
= By Y Oltuan) Yot (o) -
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Expanding (A.20) we find

= (( 5 v L0k ) {5 Y50 (Mot ) Yo () (Matuw) Jotw) (Metwind) To( (Mot d)
Mo (uyn no(u)v)
— 87 Y5 (Motn) Yo (Mo(ui) Jo( (Motuynd) Jotu) (Mo (uwd)
- Ya’(,u)(nv(.u)n) Yc;(u) (na(u)b') Jo() (na(u)n) J;(,u) (Wa(u)r/)
+ 1Y 0 Motin) Yot Totuw) Jotw (Totun) Jow (Metuw)
= 8 Y50 Motuin) Jo(u)(Motunr) Jotw) (Ma(und) Yo (Mot 6)
+ 871 Y50 (Motwin) Jotuy (Touv) o (Matwnd) Yotu) (Mo(u)»0)
+ Y50 (Motayn) Jat Motw) Jow (otun) Yoy (Metuw)
VY500 Motun) Jo0 Motun) Tty (ot ) Yot (Moguw)
= 8 Ty Moun) Yot (o) Yot (otun6) Joy Metuyw6)
+ 85 Ty Motuin) Yaiuy Metur) Yo Tetwn®) Jow) (T 8)
+ oty (Motin) Yo (Mot} Yot (Metun) Joguy (Mour)
— ¥ ot Motun) Yo (Motuy) Yo (Matun) Jot (Metuyw)
+ 8 J5 0 Motun) o) Moty ) Yoiu) Mound) Vg (Mo (e 9)
= 871 Jo(y (Motwin) T (Motwrr) Yoruy (Mound) Yo (Megw»0)
= I Dotuin) ToguyMotun) Yoy Motuyn) Yoqn (Motuw)
+ 7 Iy Motwn) Toy Motwrw) Yo (Metan) Yo (nom)u)}. (A.21)

Collecting constant terms and terms involving &, §+, v from (A.21) and using (8.2.23)

we see that when n # v

v =o. (A.22)
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When n = v (A.6)-(A.9) become:

2 2 9 2 o (p) b
I =(1/2 },o(u)(no'(u)’/) z ) ']a(y.) (WU(#)VZ/b) + Ja(,u,) (na(u)vz/b) [1 - ] ’

Touyw 22
(A.23)
Iy =- (1/2 Y;(,u) (M) J:r(,u) (na(u)v) 22) {J:r(p) (ncr(.u)vz/b) Yt;(p,) (na(u)uz/b)
02 i b‘2
+ Jowy (Mo 2/5) Yoty Moy 2/b) [1 - ng(()) zg] } (A.24)
a(p)v
I = - (1/2 Y;(u)(ncr(ﬂ)v) J;'(p)(no(ﬂ)”) 22) {J;(”)(%(u)vz/b) Y;(u)(%(u)uz/b)
- o2 I b2
+ Ja(.tt) (Tfa(,u)vz/b) Ya(#) (ﬂa(u)vz/b) [1 - "72(( )) 22] }: (A'25)
a(uv
12 2 2 2 a’(u) b
I :(1/2 Ja(,u) (na(u)u) z ) Ya(p) (ncr(,u)uz/b) + Y;r(,u)(ncr(u)uz/b) [1 - 772( ) zg] . (A26)
a{p)v
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Using (A.23)—(A.26), we have from (A.1)

-2 v ' d ! 02(:“)
2d 2qu = {YO(EM)(%(#)V) ‘jcr?(#) (Mo(uyw0) + YG(QM) (WU(H)”) Jg(u) (Mo()6) [1 o 772( ) 52]
a (v
= 20y (o) oy (Motuyw) Tog Motapd) Yoo (Mo d)
, o*()
= 2Y,00 (o) Joy Motun) Jotwy (Mot ) Ya(m(na(u>u5)[1 R 52]
a(p)v

| ’ ’ o
+ Jog(u) (Mo (v ) 30(2;:) (Mo () 6) Ja2(u) (Mo (uyw) "2 (1) (7 (u09) [1 772( ) 52] }
o(p)v

A% Y, 2 a*(n)
— 6—2- Yg-(#) (nd{f—")v) JO’(,(L) (T]U’(,U. )+ (”)(’f]a(u}u) Ja(u)(na_(“)y) 1 — 5
Mo (u)w
a 2Y0(2.U) (n"(u)l’) Ja?(,u) (no(u)u)
= 2¥; 5 ) Jorn ) ot ) Vot (1 o?(p)
a(@\Te(wv) Yo(uy\Mo(w)v) Yo\ To(w)v) Lo} Me(uw) |1 — 7]2( )
o)y

’ ' ' 0'2(,&)
+ It Motuw) Yaiuy(Motuw) + Jotuy (o) Yo (o) [1 T ]
oy

2
= {(Y;(p) (na(u}u) J;(,u) (na(p)vé) - J;(u)(na(p)u) Y;(u)(%m)ué))

, 2 olu) \?
+ (Y (Moturw) Tt (Mot = Tt Moturw) Yot (Motuond)) [1 - (n (w9 ) ]}
()

1 ) ) 2 a(i) \?
‘ﬁ{(yom)(%(ﬂ)v) Jo((Motww) = oy (Motan) Ya(m(%m)u)) [1 — (—) ] -

No(p)v
(A.27)
When y =0 and v = 1 from (A.1) we have,
I —/ P dP— - ), (A.28)
and so
2d721% = (1 -1/6%). (A.29)
Combining (A.22), (A.27) and (A.29) we can define
I = 0nuuus (A.30)
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where

({ (Yo'-r(u) (WU(#)U) Jé—(,u) (na(p.}ué) -

Ty Mouw) Vg (e ))
( Yo (Matuw) J
Totwy (Motuyw) Yoty (Mot d )) ?
- (522)))
% { (Yéw) (Motuyr) oty Mouyw) —

2
J;(u) (Mouyv) Yo (%(#)V))

1-EY) ewmron

alp) (%{y)ny)

(1-1/8%), (o(), ») = (0,1).
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Appendix B

Zeeros of cross-products of Bessel

functions

Below we prove that if we write 1,,, as the nth non-negative zero of the cross-product
fm(z) = J}(2) Y, (6x) = Y. (2) J! (8z), 4> 1, (B.1)

then for m € N,
Tm1 < M < 0N, (B.2)

and therefore as § — 1,

fm1 — M. (B?))
We begin by noting that, for any m,
f 2 _ 2
A Ya@)]| _ _M 2 (B.4)
dz | J! (z) J2x)x? |7z

Integrating (B.4) with respect to z we have,

Vi0) Yila) 2 pimi—2?)
GO ATk

z, {B.5)

provided 0 < a < band J) (z) # 0, a <z <b. Putting a =z, b =z, and § >'1, into
(B.5) we find

2, N 26 (a(m)2 - 32) )
fm(x) - T o(m)( ) o(m)(w‘s)l; ng(;z(m)(s) d ’ (BG)

provided J;,,.(s) # 0 for s € [z, z4].
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For any m € N we have j;, | > m (see Watson (1944),§15.3) and therefore from (B.6)
we see that fi,(z) < 0 provided 0 < zé < m. It therefore follows that

0N > ™, m € N. (B.7)

Putting = = 7,1 in (B.6) we obtain

2, . $m1 (a(m)2 - 32) _
fm(ﬂml) - T o{m) (nml) Ja(m)(énml) /"?ml SgJ;?(m)(S) ds = O, (B8)
but from (B.7) J/,(9m) > 0 and J,(679m1) > 0 and so
0 <1 < m, m e N, (B.9)

Combining (B.7) and (B.9) we have the required inequality (B.2).
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