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Abstract

Einstein’s equations are nonlinear, therefore, when gravitational waves meet, they
must interact. This interaction process has been studied in detail for some cases,
particularly those involving plane waves. To understand the structure of the
space-time resulting from collisions of this type, many solutions have been gener-
ated. However, these have been obtained by first taking a “candidate” resulting
space-time, and then extending it back to give rise to the originating waves. While
these techniques are not too complex, it is not an easy task to obtain physically
acceptable initial waves, and this is the greatest disadvantage of this indirect
method.

The main aim of this thesis is to consider a direct approach, to find a method
that can overcome the difficulties indicated above, giving rise to solutions from
arbitrary colliding plane waves. A well posed initial value problem is formulated
for the collinear case. This is achieved by making use of generalised Abel trans-
forms. This method is successfully tested for some particularly well known cases.
However, when it is applied to more general cases, a number of problems arise.
Along the direct and inverse transformation process, there are several successive
integrations involved, and it is in these integrations that the main difficulties

appear, as the integrands themselves contain elliptic integrals.

Nevertheless, a final way is found to obtain a f{inal solution, which gives the
solution as a series expansion involving hypergeometric functions. Consequently,
assuming we can obtain the spectral functions generated by the Abel transforms,
the problem would be theoretically solved, although the calculations tend to

become extremely complicated when arbitrary colliding waves are taken.
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Chapter 1

Introduction

1.1 Introductory material

According to Einstein’s general theory of relativity, the gravitational field equa-
tions, as well as the electromagnetic ones, posses wave-like solutions, However, the
nonlinearity of the first ones imply that when two —or more— gravitational waves
meet, they must interact. Since the gravitational waves do not just propagate
in the space-time, but are disturbances of the space-time itself, the interaction
of gravitational waves also produces a variation in the properties of the future

region of the space-time after the interaction.

Apart from being an interesting mathematical feature of the field equations,
gravitational waves have not always been believed to exist physically. However,
since the controversial times when Weber began to claim he had detected gravita-
tional radiation [32], until now, this scepticism has decreased significantly in the
scientific community. Although no undoubted direct detection of gravitational
radiation has yet been obtained , there has been found indirect evidence from the
observations carried out by Taylor [30] on a binary pulsar. In that system, the
energy loss indicated by the increase of angular frequency balances perfectly with
the energy predicted to be radiated in form of gravitational waves. Nowadays,
different projects are being carried out to detect gravitational radiation directly

(an outline of these can be found in [31]).

It is expected that the gravitational waves that are likely to be detected will

have originated in very distant parts of the galaxy, which implics that they will



only be observed after a great number of interactions. A much simpler approach
to the study of gravitational waves interaction is given by the linearized theory,
where the variations in spacetime are considered perturbations (thus neglecting
higher order interactions). However, the most interesting effects, like the focussing
of colliding waves (giving rise to singularities) are nonlinear, and can consequently
be studied only in the framework given by the theory of exact collisions. It is
this exact theory that will be used to obtain the results appearing in this thesis.
Therefore, it may be seen how important it is to gain a deep understanding of

the phenomenon of gravitational waves interaction.

An important property of gravitational waves is that, as they travel, their in-
teraction with matter is much subtler than that of electromagnetic waves. More-
over, electromagnetic radiation has a predominantly dipole nature, whereas the
gravitational radiation process is dominated by quadrupole moment variations.
In other words, gravitational waves are consequence of coherent motions of great
mass distributions, whereas electromagnetic waves typically originate in disor-
dered collisions of charged particles, like gas concentrations. Therefore, not only
could they reveal complementary information about some situation, but in most
cases, the information provided by gravitational waves will be unattainable by

other means.

Gaining understanding about the collision of gravitational waves and the un-
derlying mathematical methods, can also shed more light in other areas, like in
string theory. For instance, as pointed out by Feinstein [11], there is a very close
relation between the solvability of the colliding wave problem and some problems

in superstring theory (the equations involved take the same form).

In order to study the collision between gravitational waves, simple mathe-
matical models have been constructed. The first ones were published by Szek-
eres [28, 29], and Khan and Penrose [21]. In those papers, exact solutions were
found describing the situation where two plane gravitational waves with constant,
aligned polarization axes propagating in a Minkowski background suffer a frontal
colliston!. A very important conclusion was found: the two waves mutually focus

each other, creating a singularity in the future region.

Since the time when these first exact solutions where published, a great num-

Note that we can always choose a refercnce frame for which the two waves can be observed

to collide frontally.



ber of exact solutions describing the interaction of gravitational waves has been
obtained (for a detailed review, see [14]). Nevertheless, most of these solutions
have been achieved by finding firstly a family of solutions of the field equations in
the interaction region. Then, the problem posed was to find, among the arbitrary
parameters characterising a family, the ones satisfying the junction conditions
corresponding to colliding plane waves. Finally, these functions were extended
back in order to obtain the particular waves whose collision would give rise to the
particular solution taken initially. However, most of these “initial’ waves have

physically unacceptable properties (infinite energy, ete.).

Thanks to the number of solutions generated by this “inverse” approach, the
general structure of these solutions has now been generally understood. However,
this does not seem to be the most appropriate way to approach the problem, as
it requires a prior knowledge of the solution to find the waves which previously
had to interact. A more satisfactory approach would be that of obtaining the
solution from initially known waves. This direct approach (in opposition to the
inverse one) has the advantage of enabling a free choice of initial waves, which

means that one may restrict this choice to consider physically acceptable cases.

The study of the collision of plane gravitational waves is particularly impor-
tant, as it can describe the situation involving realistic waves in an asymptotic
limit. But even for this simple assumption of colliding plane waves, there is still

much to be done, as no direct method was found to be practically applicable.

The direct approach to the study of collisions of plane gravitational waves
is not new. A general method was developed by Szekeres [29] in one of the
earliest publications dealing with the collision and further interaction of plane
gravitational waves with constant, aligned polarizations in vacuum. This method,
which makes use of Green'’s functions, works in theory, but is of little use when the
approaching waves are taken arbitrarily, as the calculations involved happen to
be too complicated. More recently, an alternative theoretical method to solve this
initial value problem was given by Hauser and Ernst [17], which was developed
by applying Abel transforms to the data on the junctions (in [18, 19, 20], they
also dealt with the non-aligned case). These give rise to two spectral functions,

which can be used to obtain the general solution.

In this thesis, the characteristic initial value problem for colliding plane grav-

itational waves with constant and aligned polarizations propagating in a flat
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background is formulated, and the practical applicability of the Abel transform

method is investigated in detail.

The Abel transform method is then implemented for some well known cases
(Khan-Penrose solution, Szekeres solution, series of Legendre functions). How-
ever, when it is applied to more complex cases (double impulse and sandwich
waves), difficulties are found when trying to obtain the exact solutions explicitly
in terms of elementary functions. These difficulties arise in the final step of the
process, when the final solution is being evaluated from the spectral functions
produced by the Abel transform. Arguments are given which indicate that such

solutions cannot be expressed in terms of elementary functions.

Finally, the general family of exact solutions in the interaction region is con-
structed for arbitrary initial data in terms of an infinite series of self-similar
solutions of the main field equation. The solution has the form of an infinite
series involving hypergeometric functions, whose coefficients are uniquely deter-
mined by a power expansion of each of the two spectral functions, thus avoiding

the difficulties mentioned above.

The reader will notice that there are plenty of integrals which are expressed in
the form of either logarithms or inverse trigonometric and hyperbolic functions.
When these integrals were evaluated, a table of functional relations, like that ap-
pearing in Appendix A, was found useful, particularly to contrast results. Hence

the inclusion of such a table.

1.2 Notation

Throughout this work, Greek indices will range from 0 to 3, whereas Latin ones,

will take values between 1 and 3 or, when indicated, between 2 and 3.

We will consider a space-time described by a metric g, with signature
(+,—,—,—), and a metric connection I'}, = 1¢**(gray + Javs — Guvia). The

Riemann curvature tensor is

# — TA A 3 TA g A
Rise =T),, —T),,+T2 ) —T2 TS,

KU, Kl

The symmetries of this tensor as can be found in many texts (for example, in



[23]), are given by
Rn)\(‘u.v) =, R(m\),uu =0, R.ﬂs[)\uu] =0,

where round brackets (., denote symmetrisation, and square brackets |..}, anti-
symmetrisation. These relations reduce the number of independent components
from 4% = 256 to 20. In most applications, the metric tensor is assumed to be C!
and piecewise at least C?, in order to make the curvature tensor be at least C°

(“Lichnerowicz conditions”, [22]).

The following decomposition can be made:

1 1
Rm\pw = Lraur + E(S,uvgun - S/\ug,t.m - S.oc,u,gu,\ + Snugu/\) + i_zR(g,\,ugvn - g)wg,un)a

where
R, = R%,., is the Ricci tensor,
R = R*, = R*® ;5 is the Ricci scalar,
Sy = Ry — i guv 2 is the trace-free part of the Ricci tensor, and
Croapr = R = 3 (Boanfun — RawGux — RepGun + Revgun) + 1 R(9ruGnv — DG

is the Weyl tensor — the trace-free part of the Riemann tensor. This also possesses
the symmetries of Ry, and, consequently, is antisymmetric in any pair of indices.
Note that the Weyl tensor has 10 independent components, S, has another 9,

and the remaining component is given by R.

According to Einstein’s equations, the Ricci tensor is completely determined

by the local distribution of mass-energy present,
1
Rﬂt/ = —87 (T,uu - 5 Taa gﬂ“) y

whereas the Weyl tensor is the component of the curvature that is not deter-
mined by local sources. Therefore the Weyl tensor represents a free gravitational
field, and includes the independent components of the curvature related to pure
gravitational waves. We have chosen units such that G =1, ¢ = 1. It is also
important to indicate that throughout the rest of this work, the cosmological
constant is asumed to be A = 0 (for waves in spacetimes with non-zero A, one

can see, for example, [26]).

Considering the timelike unit vector ¢,,, and the spacelike unit vectors ay, b,

¢y, all mutually orthogonal, there may be defined a null tetrad, specified by two
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real and one complex null vectors,

l#=%(tu'—cp.) n“::%(t#—i-cu) mu=w(a““ib”).
These can be used to define the bivectors
U = 2mpmuy; Viw = 2lmuy; My = lpny — mpmy,

in terms of which, any antisymmetric tensor can be expressed. In particular,
following the notation established by Newman and Penrose {24], the Weyl tensor
can be expanded as

Om\uu = _“lI,OUK,/\Up,U + 2@1(UmAMuU + MEI\UMV) - l:[J'Z(IJN/\‘/JMV + 4MH/\MLLU + V&)\Upw)

+2\II3(VKAM_LLU + Mm\Vuu) - \1141/;:,\1/;11/ + Complex conjugate.
(L1)

Its individual components can be defined by

Ty = —Copl™m *mY

Uy = —Copln*Fm?

Uy = —1 Coulin? (P n? — mAm”),
Uy = —Copun I n#m

Uy = —Cpun™mintm”,

and they are going to play a significant role, as they can be interpreted [27] as
follows:

Uy, denotes a transverse wave component in the n, direction

¥, denotes a longitudinal wave component in the n, direction

¥, denotes a Coulomb component

U3 denotes a longitudinal wave component in the /,, direction

U, denotes a transverse wave component in the {, direction.

In particular, we are going to be considering collisions involving transverse waves.
Regarding these, a well known theorem states that no solution of Einstein’s
source-free field equations exist for which Wg # 0, ¥y # 0 with Uy = ¥y = J3 = 0.
Since ¥y and V¥4 represent gravitational wave components along n, and [, re-
spectively, what this theorem implies is that two transverse gravitational waves
cannot be superposed when they collide, as there must be a component of the

Weyl tensor other than ¥y and ¥, different from zero?.

2A similar theorem has been obtained stating that two longitudinal gravitational waves

cannot be superposed [12].



1.3 Plane wave space-times

First of all, let us introduce the concept of pp-waves: these are plane-fronted
gravitational waves with parallel rays, which are defined by the property that
they admit a covariantly constant null tangent vector field (the parallel rays).
Identifying I, with this field, one finds that I,,, = 0 implies that the wavefronts
are plane (as the congruence is expansion-free), and the rays orthogonal to the

wavefronts are parallel.

A null coordinate u can be chosen such that {, = u,, and the metric can then

be written in the Kerr-Schild form
d52=2dudr+H(u,X,Y) du? - dXx? —dy?, (1.2)

where 7 is an affine parameter along the rays, and the coordinates X and Y span
the wave surfaces. For space-times with the line element of the form of (1.2), the

vacuuin field equations reduce to
Hyx + Hyy = 0. (13)
Using a natural tetrad, the only non-zero component of the Weyl tensor is

Uy ==(Hxx — Hyy +21i Hxy) . (1.4)

1
4
Thus the gravitational wave propagating along I, can be specified by the single
component ¥, = A €', where A is regarded as its amplitude, and o as its
polarization. The differential equation (1.3) is linear, consequently solutions with
different expressions for H can be superposed, i.e. independent gravitational pp-

waves travelling in the same direction do not interact [9, 2].

This class of pp-waves includes a possible family of sandwich waves, in which

the Weyl tensor vanishes everywhere except for a finite range of u [33)].

We are going to be working with plane waves, which are part of the class of
pp-waves: a plane wave is a pp-wave in which the field components are the same
at every point of the wavefront [8). Therefore ¥4 must be independent of X and
Y. Consequently, as may be seen from (1.4), H(u, X,Y} must be quadratic in X

and Y. This makes it possible to write
Hu, X, YY=hy X? 4+ 2his XY + hy Y2

7



The metric of a space-time containing a plane wave can be expressed in the

Brinkmann form
ds? =2dudr+ (hyy X24+2h1s XY + hoy Y?) du? —dX? —dY?,  (1.5)

where h;; depends only on u.

Now consider the coordinate transformation
X = Pr+Ay
Y = Bzx+Qy (1.6)
r = v+ = (PP + BBy 2 + = ! (AP’+PA’+BQ +QB)a:y+ (AA’+QQ)

(the null coordinate « remains unchanged) where P, A, Q, B depend only on u

and are subject to
P'"+hy P+hpB=0

A" +h1iA+hpQ =0
Q" +h12A+hnQ=0 (1.7)
B" + hisP+hoaB =0
AP — PA -BQ +QB' =0 .
This transforms (1.5) into the Rosen form of the line element,

ds® = 2dudv — (P* + B*)dz® — 2(PA+ QB)dzdy — (A* 4+ Q) dy®. (1.8)

The curvature tensor component is, in terms of this metric,

(QPH_PQH___BAH_l_ABn)_z-(APH_PAH_I_BQn_QBH)
2(PQ — AB) '

U=

It is convenient to express (1.8) in the form
ds® = 2du dv — e™Y [X dy? + x~}(dz - wdy)g] . (1.9)

where U, x, w are functions of u only. This is the form of the metric we are going

to be using from next chapter onwards, and is achieved by writing

2 2
b e e N |
X
Q2 = ¢V 1 \/xj +wz +l A2 = U 1 VxE+ w? 1
Vw? 2 2 Vw? £ 2 2x 2




where P, ), A and B are expressed in terms of only three functions (U, x
and w) because there is a redundant function in (1.8). It can be seen that the

transformation inverse to (1.10) reads

PA+QB _PQ-AB

— -U _
a2 xS

The symmetries of this metric, as shown in [8], include (but are not limited

to) the Killing vectors
& =az:} 52:'"83;- (111)

For a vacuum plane wave, H can be expressed by
H=h;(X? =YY% +2h, XY,
and the line element can be written in the Brinkmann form
ds® =2dudr+ (hy (X2 —Y?) + 20y XY) du? —dX? —dY?,  (1.12)

where hy; and hy5 depend only on u. The only non-zero component of the Rie-

mann tensor is
Wy = hyy +1 g = B(u)et®® (1.13)

3

Now consider the lincar® case: the gravitational wave has a constant linear

polarization if hyo is proportional to h;;. This can be expressed in the form
hi = h{u)cosa, hi2 = h(u)sinea,
where o is now a constant. In this case,
H=hu)[(X*-Y?%) cosa+2XY sinqg],
where h(u) is arbitrary, and the constant « is the polarization. Thus
Uy = h{u)e'®.

If the gravitational wave possesses linear polarization, the X and Y axes can be

rotated to make o = 0 everywhere. This results in the line element (1.12)

ds? = 2dudr + h(u) (X? — Y?) du? — dX? — dY?, (1.14)

*Here, “linear” is used in analogy with some electromagnetic radiation terminology, to indi-

cate that the wave is linearly polarized, i.e. with fixed polarization axes.

9



and W, = h(u), making this form particularly convenient to obtain the profile of
the wave, that happens to be just A(u), but only in the constant linear polarization

case.

When we take a line element of the form (1.8}, the constant linear polarization
makes it possible that A and B can be taken to be zero. Consequently, the line

clement is written in a much simpler form,
ds® = 2dudv — P*dz? — Q% dy?, (1.15)

Therefore, equation (1.6) is simplified to the transformation

X=zP
Y =yQ

1 1
r=v+§x2PP'+§y2QQ',

where P and @ are again functions of u only, satisfying now

P'+h(u)P=0 and Q"-h{u)Q=0. (1.16)
and the constraint equation
I (1.17)
P Q :
In this case,
1 QH PH'

As an example of its convenience, let us consider an impulsive wave [21]. It
is unfortunate that, since h{u) — &(u), a distributional term appears in the
metric,

ds? = 2dudr 4+ §(u)(X? ~ Y du? — dX? — dY2.

However, one can see that this metric, when written in the Rosen form (1.8), is

C° even when the function h(u) is the Dirac delta:

ds? = 2dudy — [1 — auO(w)]® dz? = [1 + auO(u)]” dy?.

10



Chapter 2
Colliding plane wave problem

The colliding wave problem is to obtain the metric characterising the interaction

region resulting from the collision of two given distinct plane shock waves.

The gravitational field equations are nonlinear, unlike Maxwell’s equations,
whose solutions can be superposed. This implies that, when the two gravitational
waves meet, they must interact. (Notice that these colliding waves may initially

be sandwich waves, as pointed out in the previous chapter).

We are going to study the problem corresponding to two colliding plane (grav-
itational) waves. Although this is an idealised model, the nonlinearity is consid-
ered completely, i.e. solutions, although not realistic, are eract. Thercfore, some

of the properties characterising this model should appear in a real collision.

It is assumed that the background region, into which the waves initially prop-

agate, is part of a flat Minkowski spacetime.

Initially, the problem will be formulated for the general (nonlinear) case.
Then, it will be restricted to the case in which the two waves have constant
and aligned polarization states: we will start with the given profile function A(wu),
which will make it possible to find the functions P{u) and @(u) when the differ-
cntial equations appearing in (1.16) are solved. Then, the metric functions U(u)

and x(u) can be determined from their definitions.

11



2.1 The space-time structure

We will consider two plane shock waves in a head-on collision. The null coordi-
nates u© and v label each wavefront when u,v = 0, respectively. This situation

clearly divides the space-time into four regions, as illustrated in Fig. 2.1 :

IT HI

u=20 v=>0

Figure 2.1: The structure of colliding plane wave space-times
These regions are:

e the initial space-time, where u < 0, v < 0, which is flat;

e the two regions containing the approaching plane shock waves are those

where either u > 0, v<Oorv >0, u <0

¢ the interaction region, specified by u, v > 0.

Let us consider region II, where there is only a u-wave. It is convenient to align
the direction of propagation of the colliding wave with the null vector [, = A~ ,.
This vector is perpendicular to the plane spanned by &; and 8,. Consequently,
A is independent of z and y. Indeed, this function A(u) arises whenever a trans-
formation of the null coordinate u is made, i.e. when the null hypersurface is
relabelled. When we apply the change u — 4 = @(u), the line element is also
modified, as dudv — @'(u) dudv, where @'(u) = di/du = A (u) . If is found to

be convenient to use the new metric function M (u), given by

M(u) = —log (&) =log (A) .

Similarly, in region III, we can align the direction of propagation of the other

wave with the null vector n, = B~'v ,,, which is also perpendicular to the plane
it y P 1%

12



spanned by 8, and §,. This would ensure that B is independent of z and y. We

then could define a function M(v) as
M(v) = ~log(?') = log (B) .

It is important to point out that the functions & and © above are C? functions
that, to ensure that the continuity is preserved and no coordinate singularity is
introduced, must verify dié/du =1 on w =% =0 and, respectively, do/dv =1

on v=9=40.

In the indirect approach, it is almost always necessary to use this gauge free-
dom in order to construct explicit solutions. However, in the characteristic initial
value problem we do not have to care about it, because this freedom is restricted

from the beginning as the problem is formulated.

In region I (u < 0, v < 0) the line element takes the form

ds? = 2dudw — dx? — dy® . (2.1)

In region II (u > 0, v < 0}, that contains one of the approaching waves, the

metric can be expressed using the line element
ds® = 2e M+ dydy — e U+ [X+dy2 + x4+ M dz — w+dy)2] , (2.2)

where the ; subscript has been introduced, and will be used in the rest of the
thesis, to indicate that a function, coefficient, ete, corresponds to region II, and

consequently, depends only on .

Region III will be described by a metric similar to (2.2), but with all the
metric functions having a dependence on v only. In this case, a _ subscript will

denote dependence upon v only.

If there appears no subscript, then the function will be referred to region IV

or the reference will be generic.

It has been indicated that regions II and III have the Killing vectors &, and
9y in common. Consequently, the simplest assumption is to consider that region
IV also has these symmetries; these are the kind of solutions we can search for as
a first attempt. If no solution with this feature is found, one would have to try

and look for solutions with less symmetries. Nevertheless, solutions of this type

13



are found to exist [29], at least for the vacuum and electro-vacuum cases, which

justifies this prior assumption. Then, the metric may be expressed in the form
ds? =2eMdudv—eY [X dy? + x '(dzr —w dy)2] , (2.3)

where now M, U, x and w depend on u and v.

Notice that the continuity of the metric requires that, at the junctions between

regions I-II and I-III,

Mu=0v<0)=Mu<0,v=0)=0,
xu=0v<0)=xu<0v=0)=1,
Uu=0,v<0)=U(u<0,v=0)=0,
wu=0,v<0)=wu<dv=0)=0

2.2 Field equations

For the metric (2.3), the vacuum field equations are (see [14])

U= UU, (2.4)
Wy = UZ + %(xﬁ +wl) - 2U, M, (2.5)
W= U? + %(xi + w?) = 2U, M, (2.6)

Xuw = i(XuXv — Whly) + %(UuXv + UnX) (2.7)

Wy = %(quv + Xowh) + é(Uuwv + Uyt (2.8)

WMy, = —U,U, + (wuX = wxu){wnX —wXo)  (Wu + Xa) (W@ + X0) (2.9)

Xw? +x2) x?

It follows immediately from (2.4) that
eV = f(u)+ g(v) (2.10)

for any arbitrary functions f and g satisfying f + ¢ > 0.

It may be scen that (2.7) and (2.8) are the integrability conditions for {(2.5),
(2.6) and (2.9), i.e. if we find U, x and w satisfying (2.7) and (2.8), then there
exists a function Af that satisfies (2.5) and (2.6). The function A can be obtained,
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once U, x and w are known, by integrating equations (2.5) and (2.6). Thus our

alm is to solve the main field equations (2.5) and (2.6).

Now if we introduce the complex function
Z=x+1tw, (2.11)

the main equations (2.7) and (2.8) can be expressed by the single complex equa-
tion

(Z+ 2)(2Zyy — UuZy — UpZy) = 4 2,2, (2.12)
which is just Ernst’s equation, usually written in the coordinate-invariant form
(Z+2)WV*Z =2(VZ). (2.13)
Thus, what will have to be done is to solve Ernst’s equation subject to the
appropriate initial conditions.
According to the definition given in [29], the scale-invariant components of
the Weyl tensor, denoted by a superscript ° below, are
o = ¥y B2,
¥ =0, A" B2,
U = W, (AB)"!,
Uy =0 B 248,
U = Uy A2,
where A and B are now functions of u and v. These scale-invariant components

can also be explicitly evaluated in terms of the metric functions as

o X — W

Vo = W("”f’ — Upxo + Myxo — 253 + 202)
w—1x
+ W Uv — M, Wy + 2 v
R T ot o0 T Uiy = Mo 2
e =0
1 1 {x + w}woXu — WuXo)

2= oM+ 7 . 2.14
\I’z 2 w 4 Xz(w2 + Xz) ( )
T3 =0

o — W
¥y X (Xuw = Uuxu + Muxu — 2X2 + 2u3)

Ve F W
w—1
’*‘”—“_"‘\/j_i_—j);.(wuu + Uywy — Mywy + 2quu) .
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From now on, we will be referring to these components and, for simplicity, the

superscript ° will be dropped.

2.3 Junction conditions and the initial value

problem

For the the field equations to describe suitably the space-time regions I, IT, IIT and
IV as a whole, the metric functions U, x, w and M must satisfy some boundary
conditions across the null hypersurfaces v = 0 and v = 0. These are usually taken
to be Lichnerowicz conditions, which seems reasonable, because the curvature ten-
sor comprises second derivatives of the metric tensor. However, these conditions
exclude impulsive gravitational waves, which are shown to give rise to a geomet-
rically acceptable space-time. O’Brien and Synge [25] proposed a less stringent

set of conditions to be satisfied across null boundaries. Take z° = u,

= v
the null hypersurfaces are denoted by z” =constant, where b = 0,1, with gy = 0.
Their conditions are that g, §*° gagp and g""’gaﬁ,b, where pu, v, 0,3 = 0,1,2,3

b —constant. It can be seen that the line

and o, # b, be continuous across z
element (1.8) corresponding to the impulsive wave satisfies the O’Brien-Synge

conditions (see next section).

The same form of the line element (2.3) is taken for all four regions. However,
the metric functions U, y, w and M must have different forms in each region.
The O’Brien-Synge conditions infer that x, w and A must be continuous, and
that U must be also C! across the null boundaries. Hence it is necessary that
f(u) and g(v) be C* —at least. We want to describe a collision of two plane waves,
therefore the metric functions U, x, w and M must be functions of u and v in

region 1V, of v only in region III, of « only in region II, and constant in region I.

Now, from the flat metric (2.1} in region I, we see that f + g = 1. The values
f=1 foru<0, g=3 forv<0 (2.15)

are particularly suitable in order to keep a symmetric formulation. Moreover, it

can be observed that, for continuity reasons, at the junctions with the flat region
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we have

Pan
<
St
I

—t

» we(0)=0, M, {0)=0

, w_(0)=0, M_(0)=0.
(2.16)

Consider in particular the junction between I and II. Notice that it is always

junction I-IT : U, (0)=U,,(0)=0, x4
junction I-IIT : U_(0)=U_,{0)=0

>I<

Ea
=]

S
I
—

possible in region II to make M, = 0 and, consequently, M,, = 0. Then,
equation (2.6) reads:

1
2Uw=U3+—X—2(xi+w3),

which clearly shows that Uy, and U, are monotonically increasing functions of
u. Therefore, e~Y+ must be a monotonically decreasing function of u, which near

the wavefront u = 0 can be expanded as

et =1 = (cyu)™ + o(u™), (2.17)

where ¢, > 0 and n, > 2 are constants. Consequently, f(u) = e™U+ — % is a

monotonically decreasing function of w at least in region II. According to (2.17),

Flu) =5~ (ex w™ + ofu")
near u = 0.

By means of the transformation w — @ = @(u), it is possible to put

Flu) = 5 ~ (eru)™ O(w). (2.18)

This relabelling of the null hypersurface is sometimes convenient to find solutions
using the indirect approach. However, it is not appropriate for the initial value
problem, as this function f(u) is explicitly determined by the initial data, since it
is given by f(u) = Py Q4+ — 3. This argumentation also applies to g(v) in region
III when (2.6) is replaced by (2.5). In order to avoid impulsive components in
the Ricci tensor, ny,n- > 2. Here ¢, (or c—, but not both at the same time)
can be equated to 1 by means of further rescaling transformations, but ny and

n_ cannot be changed, as this would modify the continuity of the metric.

If we take into account that the scale transformations which give rise to M
cannot reverse the directions of u and v, we find that f(u) and g(v) must be
monotonically decreasing, even in region IV. Moreover, since for any u,v > 0

there is a bijective relation with f, g respectively, these functions can be taken
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as coordinates instead of u and v. Notice that, because f and g are decreasing
functions, a singularity will occur when f+ g = 0. This may be either a curvature
singularity or an unstable non-scalar curvature singularity, as analysed elsewhere

(for a review, see [12]).

The characterization of A, written in terms of f, is given by

1
o1 [+
f2o2f+3) 24

which comes from (2.6). It is important to notice that this equation contains a

Myp=— (X3, +wly), (2.19)

singular term on the wavefront v = 0, on which f' = 0. Thus, to preserve the
continuity of M, across « = 0, it is necessary that, near the wavefront v = 0, x

and w, verify the so-called shock wave condition

2 2
. X3yt w u™
lim (J—Xg:ﬂ) = 2ny (ny — 1) it u™2, (2.20)
In terms of f, the shock wave condition reads
2 2
. Xirt+ w+f]
lim |(}~ f) 22— | =2k, , 2.21
where ky = 1— ;1 ie. 3 < k4 < 1. Anequivalent equation can be found for g,
2 2
. Xig+wo
lim [(% — g) —-9—2-—g} =2k_, (2.22)
93 X-
where k. = 1 — -1, jie 1 < k_ < 1. For a well posed initial value problem,

these conditions are automatically satisfied.
The Ernst equation (2.12) can be expressed in f, g coordinates as
(Z+Z)2(f +9)Zsg — Zs — Zg] = A(f + 9)Zs 2y,

The initial value problem then consists of solving Ernst’s equation for Z(f, g)

subject to

2(£,3) = Z+(f) = x+(f) +iwilf), Z(3,9) = Z_(9) = x-(9) + iw_(g),

and with Z(1,3) = 1. Now the shock wave condition (2.21) reads
1 _
Jim [(- - f) Z4 7 f] — %, . (2.23)
/~4\2
Therefore, the initial value problem will be solved when, from a given form of
¥, and ¥, defined on the junctions, we are able to obtain the metric functions

corresponding to region IV. In the general case of vacuum plane waves, these
initial data would be ¥4 = hy (1) e!®+® and ¥y = h_(v) et~ ),
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2.4 The linear case

In the colinear case (when the polarizations of both waves are constant and
aligned), the = and y coordinates can be matched for each wave, so that in
both cases their corresponding axes can be rotated to put w = 0 everywhere.

Now equations (2.4)-(2.9) take the simpler form

Um; = Uqu
X?
2y = UZ + X—; —2U, M,
2
W= U2+ 2%~ 2U,M, (2.24)
=mmx

Xuv X + % (Uuxw + UvXu)

2]\,qu = _Uqu + _X;:;(v )

where we must not forget that the first equation was already solved in {2.10),
finding U = —log(f(u) + g(v)} for the arbitrary functions f(u) and g{v).

The Ernst equation, corresponding to the fourth equation above (for yu.), is
now real. If we put x = e~V and rewrite this in terms of the coordinates f and

g, it is expressed as the linear equation
(f+)Vig + 3 Vi + 1V, =0, (2.25)

which is an Euler-Poisson-Darboux equation with non-integer coefficients. The
fact that this equation happens to be linear is very important, since it will allow
us in the next chapter to build up a general solution by superposition. In this
case, the initial data are given by two real functions Vi.(f) and V_(g), and the
solution V(f, g) in region IV must satisfy V(f,3) = V4(f) and V(3,9) = V_(g),

with V(L,1) = 0. Now the shock wave condition is given by

2132
f};rf% [(A-f)VH] =2ks, and f}gi?% [(A-9g) V2] =26_. (2.20)

It is convenient to notice that most of the colinear solutions now known have
been achieved by means of an indirect approach, based on finding a family of
solutions of the field equations in the interaction region, restricting its arbitrary
paramcters then to make it satisfy the boundary conditions (2.16) and, finally,
extending them back to obtain the initial form of the colliding waves. However,
it is not a straightforward task to find physically acceptable “initial” waves by

these means.
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2.5 Riemann’s method

Shortly after the first solutions were published [28, 21], a general method concern-
ing a direct approach, i.e. the derivation of a solution in the interaction region
when the two initial waves are initially known, was given by Szekeres [29]. This
produces an explicit integral expression for V' by using Riemann’s method. Let
us see this a little more in detail: first notice that equation (2.25) may be equiv-

alently written as

7
2(f+9)  2(f+g)
where the initial data are determined by the approaching waves:

V(f.3) = Vi(H), V(5,9) = V_(g), and V(},3) = 0. Because (2.27) is a linear

~hyperbolic equation, Riemann’s method can be used to solve it exphcltly for V.

V] =Vyy+ =0, (2.27)

In order to do this, one must consider the equation

~ R R
LR =Ry~ | =———} - |———] =0, 2.28
=Py (%f+m)J (mf+m)g (2:28)
where R is any Riemann-Green function satisfying the conditions
R
Rf————=0 atg= g,
T2 ) e
R
Ry~ ————=0 at f=f,, (2.29)
T o
R(fo,90) =1.

The solution of (2.27) is obtained by integrating RL[V] — V L[R] over the
rectangle PNML of Fig. 2.2 which, by Green’s theorem, can be evaluated as a

line integral around the boundaries of the rectangle, resulting that [10]

L |74 N Vv
V,=/RV——-———d fRV——~————d.2.3O
A specific Riemann function satisfying (2.28) and (2.29) is

. _ | St (f = fo)lg — g0)
R(f,9; fo, 90) = P P, [1 (f+g)(90+90)] : (2.31)

where P_1 [. . ] is the Legendre function of degree —3.

Therefore this method gives an integral expression for V(f, g). However, the
integrals that appear are in most cases simply too difficult to be evaluated ex-
plicitly in terms of elementary functions, which makes it rather impractical if we

intend to consider arbitrary approaching waves,
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g
3 02 L M(33)
N
P (fo, 90)
- f
9 1,0)
f+g=0
4

Figure 2.2: Region IV is represented in f, g coordinates by the region enclosed
by the triangle. The side AB is the focussing singularity, and the sides M A and
M B are the II-IV and III-1V boundaries, respectively. Given V(f, %) = V. (f) and
V(3,9) = V_(g), V(f, g) can be obtained explicitly at any point P by integrating
around the rectangle PNML.
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Chapter 3
Abel transform

This method of solving the E-P-D equation (2.25) was initially proposed by
Hauser and Ernst [17]. It makes use of a generalised version of the Abel transform.
First notice that {2.25) can be solved by considering a separable test solution in
the form V(f,g) = F(f) G(g), which results in

1

(f+9) ()G (5) + 3 F (N Glo) + 3 () G'g) =0.

If we re-arrange terms, the above equation reads

F(f) Glg)
2f+F(f—)=—2g—a@,

i.e. there are two independent ODE’s

2f+ml=k' and —29—9—('—9)-=k,

F'(f) G'(9)

where the parameter & depends neither on f nor on g. Consequently,

C1 Co
F(f) = ———e =
N=Tr—7 ™ U= 77555
. €1 Cy k T
Now, if we name A = 5 and o = 7 the separable solution is given by
V(f.9) = F(f) Glg) = -mmr
’ Ry Vo

Since equation (2.25) is linear, a superposition of such solutions will also be a
solution. Therefore, replacing A by A(o)+/o + 3, and adding a similar expression
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in which f and g are interchanged (the mathematical details are given in [17]), a

general solution can be obtained in the form

0)\/o“+2 )1/0-{—%
V0= [} Getato [ gt O

For this solution to satisfy the initial data, the following relations must be satis-
fied:

lin V(1.0) = Vi) = [ 22 do,

_ i B(o)
}_I_IE V(f? ) V—(g) _L ﬂda (33)

Since the initial value problem is well posed, the shock wave conditions (2.21),

(3.2)

written now in the form

lim [(§— AVL] =2k,

lim im [(3 — g)V2?] = 2k_, (3.4)
2z 2

must be automatically satisfied.

Let us find V] (f) near the wavefront f = ; to check that (3.2) satisfies the

junction conditions:

v, [ AW s d( 1
aF 55%_ JTre=7 f+eA(U)df (\f"‘-o—f) d"]
1

= I :‘A\%) RCE (75—_—7) d"}

A [ Ae o)
R [mLe*/m\/&—_fd}
AQ) |, AG)

2 +/f do.

7T
Equivalently, near the junction g = 1,
vl _ B(3) +/‘% B'(c) 4o
dg % -G g g—4g

Thus, if we substitute the expression above for V{(f}, and the corresponding

expression for V. (g), in (3.4}, the junction conditions are preserved if
A(1/2) = £/2k; and A'(1/2) < ©
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B(1/2) = +,/2k_ and B'(1/2) < o0

Now, for the method to be of use when it comes to solve the initial value
problem, the functions A(c¢) and B{o) should be obtained explicitly from the
initial data Vi (f) and V_(g). In other words, we have to invert equations (3.2)
and (3.3). To do so, consider the identity

=1, (3.5)

1 /” df
mJo J(o' = )(f-o0)
in whicho < f <o’ <« % To derive this identity, notice that

(@~ )=o) = k(@ =) = [f = 4" +0)]

Thus, making the substitution f— (¢’ +¢) =« in the above integral, we have

/a(a’) [ . 1( v )]c«(a')
= sin-
ot J‘a_o 7= Moo

_ [Sin—x (Zi:_(ij_"l)] (3.6)
g —a pu
™ (OJ - J) ! (0-—-0-’)
= sin - ~ sin p
gF — g o — 0
= .

This proves the identity (3.5). Now, multiplying both sides of (3.5) by an arbitrary
function A(o’) yields

= A("),

/ \/(a—- f—0a)

and integrating this with respect to ¢', changing the order of integration, gives

L A)de b
! N R J e

Thus,




by virtue of (3.2).
If the expression above is differentiated with respect to o, then

Alo) = -3 / 40"} do

“do

- _:; lim [ ﬁ(f)a _ : Vil f)(f—a ( fl_ a) df} (3.7)

_ 1y ( Vilo) |, Vi)

va—o f-o

1 2 Vi(f)
71'./0 \/}—adf’

since Vi.(3) = 0. Consequently, if V,.(f) is known, this integral determines the

spectral function A(g). The same procedure can be followed to derive B(c) from
VZ(g). Thus we have

b A®) BEW AN
V+(f)_£t \/Odea’ A(U)__;/a }-_o_dfa (38)
V_(g)=f: Ba_(i)gdo, B(@:-%/j V;(_g)odf.

These expressions are what we know as the inverse (on the left) and direct (on
the right) Abel transforms. It is normally assumed that the functions in the
integral are all regular. However, in this case V; and V. are unbounded on the
wavefronts although, as outlined in the previous page, the relations still hold.
Hauser and Ernst [17] have given a detailed mathematical proof of this fact.
Because of this particularity of V/, we should be referring to these equations as
the ‘generalised’ Abel transforms (although they take the exact same form as

those ‘non generalised’).

Notice that it is because of the linearity of the Euler-Poisson-Darboux equa-

tion that we can use this method, based on the superposition of terms.

From what we have seen, if the incident waves are specified, i.e. if f, V.(f) are
known in region II, and g, V_(g) are known in region III, this method allows us
to obtain the solution in region IV by first determining the explicit form of A(o)
and B{c), that we call the spectral functions, and substituting these into equation

(3.1). However, this is a theoretical result. The applicability of the method will
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be ultimately conditioned to the solvability of the emerging integrals, and it is

this that will be considered next.
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Chapter 4

Confirmations of the Abel

transform method

A method has been derived for solving the initial value problem for colliding plane
waves, at least in the linear case. Now it is time to test this method. For this,
we are going to consider a couple of well known cases, the Khan-Penrose solution
(single-impulse colliding waves) [21] and the Szekeres’ family [29] of solutions,

and also an extension to these, the combination of Legendre functions.

4.1 The Khan-Penrose solution
Consider first the idealized case of two colliding impulsive plane waves (presented
in {21]). The function h to be taken is
hy(u) = ad(u), (4.1)
which yields, from (1.16),
P=1-0auB(u) and @=1+auO(u).

Therefore, in region II,
Vi _ l—au
l+au’

2

eVt =1-a%?®, and e te. V. =log({l—au)—log(l+au).

Now, since e~U+ = £ + f, one obtains f = 1 — au?. Thus, in terms of f,

V+(f)=log(1— %—f)-—log(l-i—\/%—f).
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Consequently,

Al0) = -%ff Vi(f) dfz_lfa% df

1
2 S =11’ 2 ™
= ——p—=tan 2+0‘T_—- ———1—[0—5
Ty/5+0 Vv 7], T+ o
1
= — , (4.2)
%-!—0

where the integral that appears has been calculated by means of two successive
changes of variable: first f — (1 + o) = (3 — o) cos ¢, and then, ¢ = tan (%)
Operating in an analogous way in region III, it is achieved

-1

B(o) = ———. (4.3)
§+G'

Therefore, according to the method described in the previous chapter, the
solution in region IV (the interaction region) is given by the equation (3.1), which
now becomes

V(f,9) = ff% Alo)y7 + 3 d fgi Blo)yo +3 d

)
Vo—Jfvoxs '), Voxfve=g"

1
5 do

_ffi \/a——jlfi/m" 9 Vo+fo—g
A )

Vito-i-f Vitf—vi-g

= log = i + log = - , (4.4)
Vitg+ryi-f Viti+yi-g

where the integrals have been evaluated changing variables to @ = /o — f +

&+ g (for the first integral} and b = +/o + f + /o0 — g (for the second). This,

indeed, is the Khan-Penrose solution.

1/2

g

4.2 The Szekeres solution

The original solution obtained by Szekeres [28] involved a profile function with a
step hy(u) = O(u) v6(1—u?)~3. He later generalized this [29], obtaining incident

28



waves which can be characterized by [14]:

k 2 (cqu)+/2-2
_ 22 kel 2 +
hy(uw) = cini 1 (1 - ) A (couf o B(u) for ni>2, (4.5)

in which k4 = 4/2 (1 - H)
This, in fact, is a mathematical generalisation of the Khan-Penrose solution,
but with different profiles for the approaching waves. For simplicity, we will

assume ¢, = 1, as Szekeres did. Operating as in the single impulse case above,

1 foru <0 1 foru<0

k41 ky 41

P= 17 - and Q= !1+u‘§ )_tz_
T for0<u — for 0 < u.

(1+u2;) (l—u‘zt)_z_

This can be greatly simplified if we write f = % — u™+, resulting in

Vi(f) = kylog (l—ﬂlé—f) — ki log (1+1/%—f) )

Therefore, as we are integrating the same expression as in the Khan-Penrose

solution, but multiplied by a factor k., we have

k+ by
Alo) = — (4.6)
\/_\/— + f v % +o
and, analogously, k
B(o) = ——= (4.7)
2o

Together, these give rise to

R e e R e = S

as required for the Szekeres family of solutions.

4.3 Legendre functions

Now introduce new variables ¢ and z, given by
t=y5—fi+a+yi-o/i+ 7
e=\i-fita-i-a/fi+7.
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The main equation
2f+9)WVp+ Vi + V=0

can be written as [14]

(-tw), - (@-2"W), =0.

I

If we consider separable solutions of the form
V=T()Z(z),
the prior equation reduces to the pair of Legendre equations
(1-t)Tu - 2T, +n(n+1)T =0
(1-2%Z,,—22Z,+n(n+1)Z =0.

This gives rise to a class of solutions
V=3 (anPaOPal2) + 0a@n(OPu(2) + PuPa(t)Qn(2) + baQn(t)@n(2)) (4.9)

where P;(z), Q;(x) are the i-th order Legendre functions of first and second kind

respectively.
In fact, the above examples are included in this family of solutions:
Khan-Penrose: V = -2Qu(t) Po(z),
Szekeres: V = =2k + ko) Qo(t) Po(2) — 2 (k1 — ko) Po(t) Qol2),

which include only zero order terms. Another known solution [13] is obtained
from the first order term
1+1¢

V=aQ1(t)P1(z)=az[2log(1+t) —1] , (4.10)
This solution is worth being considered because we already know that the Abel
transform method can be easily applied to the zero order solutions above, and
since there exist recurrence relations for the Legendre functions, if the method
can also be applied for this first order solution, it will imply that it can be applied

to generate any solution of the form V = P,(z) Q,.(¢).
In region II, 2 =t = \/% — f, and thus (4.10) is given here by

14+4/5—
Viif) =5 (5= 1) 1os (—f) ~ayf3 - 1. (4.11)

Ny
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therefore

1+ f f
v/ = __10 , 4.12

where the two terms are identified separately. Hence

qu—uijﬂﬂo 1+4/5-f df “,f”Q fdf
Tawle P\1DIof) Vi-o (1+ 1) /E- V=0
(4.13)
a a
=§7—T‘I1—;I‘2.
Let us take firstly Io:
fdf

2_/1/2 fdf _/1/2 |
G+NVE-IT=7 % (e G -[-3Gro)

Introducing the change of variable given by

f—%(%-l—or):%(%—a) sin 8 :dfz%(%—cr)sinf?

and changing the integration limits according to

8(f) = sin™! (w) ;

5—0'

01/2) (2 + o)+ (L2 —0)cosh 0{1/2) 9(1/2) 0
L= (3 +0)+ (2 - o) do= [ a0~ [ d
0 0

a) (+a)+(——cr)cos€ (o} {o) (%+0)+(%—0)cosﬁ'

The sccond integral above is solved by using a further change, namely
t = tan(f#/2), which finally results in

e 1/2
I, = [Sin"']L (——2f l(j:-‘g))‘
2 a

2f—t~0 1/2
(% +O’) tan (% sin™! [f—2~—]) +i-0

T
! tan™! PR
é+g 2\/%'%0'
1
= 71— 2 . (4.14)
%-1—0
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Now, to solve [y, let us integrate by parts, taking

1+ /3 -
x=10g(—?f) =  dx=— df

S VT

dy=\/;li_a_ = y=2yf—-0.

Consequently, Iy is now given in a form that can be decomposed into two integrals

and

we already know how to solve:
12 /f—c df
Il = 2 /

) " df 1 . 1/2 af
i 2[f e e ey

L
o f1-222 ). (4.15)
%+a
Therefore
a a o
A = [, — 2y = — 4,16
(o) 5 I — b a (4.16)

Before proceeding any further, it is convenient to check that no mistake has

been made and everything works by applying the inverse Abel transform.

12 A(o) 1/2 .
do = —a do. 4.17
jJ: vo—f ff \/a—f\/%+0' ( )
To cvaluate this, let us put
1/1 1/1 {2+ L
“fa_fy=2{(= =cosh™! | =——2—~| .
a+2(2 f) 2(2+f)cosh9 = f(o) = cosh ( 147 )

This makes
[t = [ (o) (s
/L _
= S(3—1)log -F—f) —ayf = f=Vilf)
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Consider now region Ill: f =1 = t = —z = /1 —g. This particularizes
(4.10) into

1 1_
vo--§l-g (T eI
2

which has the same form as that of V,.(f) except for showing opposite signs and

the variable g appearing instead of f. Therefore

(4.19)

[ &1
+
)

Now the Abel transform method can be used to generate the first order solution
(4.10) we are considering, which using the variables f and g instead of z and ¢

takes the form

: L )
V , = - — 10 420
(f9) = Sla—1) g( Yy oy oy Jy (4.20)

~a (Vi-1Vi+e- 5+ 1/E-g).
The Abel transform method states that

V(f.g) = /1/2 Alo —+cr 1 +fgl/2 B(o)\/%—i—a q

FW VeFiva=g
1/2 o /2 o
= —a do+a do (4.21
t Vo—fJo+g /g Vo+fvo—g (421
= X+Y.

Applying the change of variable given by

o+ 50~ f)=5(g+ eoshs

to X, it gives rise to

X = i h@| do 4.22
= =5}, =9+ (f+g)cosho] (422)
I—f+g+24/5—f/5+

= %(g—f)log( Al iy Ak g)—a\/%Jrf\/%—g-
Analogously,
1+ f—g+2/L+ 13-
R e R e
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Now

(1—f+g+2w%ufdé+gK1—f+g+2g%—fM%+@

(f +9)?

a
X+Y=1:(g-f)log

o (T TEF - I imD). &

which is what we needed in order to prove (4.21): to see that (4.20) is exactly

the same as (4.24), we must only multiply and divide what appears inside the
logarithm in (4.20) by (1 -/ - f\/1+g+ /1 +F/i~g).

Analogously, if we denote A,(c) as the spectral function corresponding to

Vi, = Qn(t) Po(2) (in region I}, and Bn(o) as the spectral function corresponding

to V}, in region III, it can easily be found that

i 1
Aolo) = ——, Bolo) = ———,
2y/5+0 2g%+0
o o
Al(a) = - ¥ BI(U) = )
Jito N
2 _ 2 __
Ag(o) = — 12¢ 1 . Bylo) = — 120 1 ,
43 +0 44/t +0o
3 _ 3 _
A3(0)=200 3o Bg(O’)Z—QOG 30’
1 ! 1
2 §+O' 2 §+G'

and so on for arbitrary n (a list of the first few Legendre functions is provided
in Appendix B). These can be applied to obtain the corresponding solution in

region IV,

It would have been a desirable feature if the recurrence relations which char-
acterise the Legendre functions could be used to generate the spectral functions.
Unfortunately, no analytical expression for a general term involving only a few
order terms could be found. Nevertheless, the existence of such recurrence rela-
tions for the functions V. and V,,_ ensures the applicability of the Abel transform
method in order to generate the spectral functions corresponding to the initial
data. Moreover, it turns out to be very easy to generate spectral functions and

their corresponding final solutions by computing algebra.

It is important to notice that to satisfy the plane wave condition (2.20) —and

the equivalent for region III-, which requires the derivative of V with respect to
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f and g to be unbounded on the wavefront, at least one Legendre function of the

second kind must be included.

In general, solutions in the interaction region can be constructed as a linear
combination of Legendre functions, and the corresponding spectral functions can
be found as above. However, in practise this is only useful when the initial data
V., and V_ consist only of a small number of this kind of term, as all the higher
order terms should be taken into account, because they would all influence the

continuity across the junctions.
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Chapter 5

Double impulse and sandwich

waves

As pointed out by Szekeres [29], it is important to consider the collision of two
pairs of step functions of opposite amplitude, because in this situation, the en-
ergy content of each sandwich wave is finite, making this a physically acceptable
limiting case. Here we are going to consider the more general case in which the
amplitudes of each pair of waves do not have to be of equal sign or magnitude.

Thus the function A, (%) must be of the form
ha(u) = ad(u) + bS(u — uy) (5.1)

for some u; € (0, ﬁ) The interval u; between the two impulses is assumed to be

small. Now substituting this into the differential equations (1.16) results in

I 1 ifu<0
P = 1— au fo<u<uy
| l—au—Db(1—-aw)(u—u) ifuy<u
and )
1 Hfu<0
Q= 1 14+ au fo<u<uy
1+au+b(l+au)(u—1u;) ifwu <wu
Thus
1 ifu<0
e Ut = 1— a?u? fo<u<w ,

1—a?u?— (2ab+0? = VPa?ud)(u—u))?  ifu <wu
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or, alternatively,
e =1 — a®u? O(u) — (2ab + % — b2a®u®)(u — us)? Ou — uy).

Hence, defining f(u) by e"Y* = 1 + f(u), one obtains that

flu)= % — a*u?O(u) - (2ab+ b — b*a*u?) (u — 11 )*O(u — wy).

Notice that e™Y+ must be non-negative, and that a singularity occurs when
e~Y+ = 0. This singularity, as indicated before, is due to the focussing effect

of the wave. The initial restriction that 0 < u; < = is required to avoid the sec-

fa] I
ond wave appearing after the singularity. Also, since e="+ = PQ, and P and @
are piecewise linear functions, the singularity will then occur either when P = 0

or when ) = 0. For u > u;,
Plu) =1+ bu, —abul — (a+b— abus ) u
Qu) =1—=buy —abu? + (a+b+abu)u

Now consider the case when a,b > 0. The singularity occurs when P = 0 (it

cannot come from @ = 0, as ) is now increasing}, i.e. when

_ 1+ buy —abuf
T a+b-aby

(5.2)
This value of u is less than 1/a, as may be seen just by confirming that
a +boui (1 —awy) < a+ b1 — auy),

which is true because, as indicated above, au; < 1. Thus, the distance at which
the singularity is produced happens to be reduced when there are two waves
whose amplitudes have the same sign, instead of just one, i.e. in this case, the
second wave enhances the focussing effect of the first wave.

Now consider the case when the impulses have opposite sign. Take first a >
0,5 < 0: when =%~ < b < 0, P(u) is decreasing. Thus, for Tﬁgug <b<0,

equation (5.2) gives the placement of the focussing singularity'. Notice that now

the focussing distance has increased compared to that of the first impulse alone.

o <b<0to T;_gu!z < b < 0 because, as we will see

both P and ¢} are decreasing functions of u, but P decreases faster

IThe range of b is reduced from
soon, for —&— Toomy < b < =2 1+au

than @ in this common range only when b > —5'
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However, when b < 7%, it is Q(u) that decreases. Thus, for? =% < b <

auy? l—-au;

‘i“a—zg the focussing singularity occurs when

11— buy — abu}
a+ b+ abu,y

(5.3)

which is also greater than 1/a.

Observe that, for ; - < b< , both P and @) are decreasing. Hence the

1-{—a,
singularity will be reached either when P = 0 or when ¢ = 0, whichever comes

first. To see what happens first, let us consider the derivatives of P and ¢:

dP
a=abu1—(a+b),
d
—-—dg = abu; + (a +b).
Therefore
d@ dP d@ _
E>£<=>E'—E——2(a+b)>0<=>b<—a, (54)

dP d
and, since for this range of b, both — and _C_Q are negative, when —2- <
du du 1—awu;

d dP
b < —a, dQ > Tl and vice-versa: when —a < b < 1+__:17p we have that
d > d—Q{ Now the intersection point of P and @ with the hypersurface
u U

u=uy are P(u;) =1 — auy, and Q(u;) = 1+ auy, i.e. Q(uy) > Plu;). Thus the
equation P = @ = 0 & P(u;) =0, where u; = 2—‘115 is the value of u such that
P(u;) = Q(u;), will give us the value of b above which P becomes zero before
@ and below which @ becomes zero before P. This value of b happens to be
b= ﬁ{

However, the important feature is that when the sign of the second impulse
differs from that of the first, the second wave reduces the focussing effect of the

first one.

It can be seen that P and ¢ cannot be both increasing, and consequently,
although the focussing effect of the first impulse is reduced by a second one with

opposite polarization, that effect does not vanish,

2The range of b is reduced for the same reason as argued in the footnote above,
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_ 1 —a —a
b= —a mor < b< —a b < Toat?
o g U U;

Figure 5.1: Representation of how P and ¢ vary according to the value of b: here,
(Q is represented by the thinner line. The vertical axis represents both P and @,

and the horizontal one, u. On the u-axis, u; is the point of intersection between

P and Q.

From the expressions of P and () above, it is also obtained

'3

1 if u<0
l—au .
eV = Ty if0<u <y
I —au—b(1—aup)(u~—wu) iy <
L 1+ au+ b(1 + aug)(u — uy)
thus
1- 1-b (=em) (y -y
V+=log( au) O(u) + log (1 )( 2 O(u — ug).

1+au 1+b(ﬁ—“;5) (1 — uy)

At this point, it is important to notice that it is not possible in general to use a
transformation covering the whole of region II such that e+ = 1 4 f(u) with
f(u) = 5 —(cyu)™. This can always be done when there is one null hypersurface
as a boundary, since it is achieved by relabelling it, but when the incident wave is
limited by fwo null hypersurfaces, an appropriate transformation for one of them
would not give the satisfactory result when applied to the other. Therefore, in

these cases, it is going to be convenient to leave f in the form

flu) = P(u) Q) - §,

with P and @ as resulting from solving (1.16). Thus, since V = log P ~ log @,

equation (3.7) reads now

A(U) _1 QP' _ PQI

ljﬂu
du,
LY PQ\/PQ—%—O'

where ug is the positive root of P(u) Q(u) — 1 — o =0,

(5.5)
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Notice also that in the intervals where h, (u) = 0, P and @ are linear functions
of w:
P=c—ou, Q=c+cqu
for some constants ¢; (i = 1,2,3,4). To solve the integral in (5.5) it is helpful

to define the following constants:

heb(3-8)) bo(arg). Hodk(ieo).

£ ca

This results in

f QP -PQ . _ 2k du
PQ\PQ — cacik} Ve ) (1 — (u— k)2 — K — (u— k1)?]
2k, do¢
Veats J k3 sin® ¢ + k3 cos? @
sec? ¢ dg

k’g\/fm/ (k3/k2) + tan® ¢

2 tan (k2 ta qb)
n
k3\/cacy ks

where the variable ¢ given by u = k; + \/k? — k% cos ¢ has been introduced.

Therefore, the application of the method would require the inclusion of the

term
—2a
a+b(l—au) a + b(1+ auy) ~
(1 —au— b(1 — awr)(u — w1) "1 et (1 + auy)(u — u1) Ou —w).

into the integral used to obtain A(¢), which results in the integral being split in
two parts, one from 0 to u;, and the other from u; to uy. However these integrals
have already been solved formally in (5.6), so it is only necessary to obtain the

constants k; (where ¢ = 1,2, 3) for each integral.

M@=lf] QP - R g, Lo @R, (5.7)
™o PlQlVPIQl—él'_a U PQQ?\/PQQQ_%—O'
where

Pi=1l—-au, P=1-—au—>b1-au)lu—u)

h=1+au, Q:=1+au+bl+au)(u~1u).
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For the first integral, ¢; = ¢a = 1 and ¢; = ¢4 = a. Therefore &y =0, ko = 1/a
and k3 = l\/% + o, and the limits of integration change asu=0— ¢ =

a

and

w2

u = u; — ¢ = ¢, where ¢; is determined by

For the second integral, ¢; = 1 + buy(1 — auy), co = a+b(l —awy), 3 =1 —
bui(l + auy), and ¢4 = a + b{1 + au,). Thus

ko= by 2a+b(1—a’u?) ko = a+b(1-a?u?) k2 — 140
1= 1 (a+b)2-—a2b2u§1 ’ 2 = (a+b)2-a2b2u§1 » 3 (a,+b)2—a2b2u71 *

which put into (5.6) and setting the limits seen above for each integral, gives

2 s -1 %—0—‘12“% —1 { atb(l—a?u?) \/%—o—a%f

na- | T2 + tan i — tan Ty - .
T 5-}-0 au) 5—;—0 \/5+o ( )
5.8

This has a very complicated dependence on o, which makes it very difficult to

Alo) =

continue, so we are first going to attempt to reconstruct the initial data using the

transform

Vil(f) = ffi AG—-(J_)J,

To do this, it is convenient to decompose the space-time into the different regions,

do. (5.9)

which arise from having two pairs of colliding impulses. This is indicated in Fig
5.2.

For region I1,, (5.9) is

1/2
3 Alo) _ 3 do =l i 1 —
) e ==, Ve Jerl [lg(\[sz*V f)]f ’

in which the integral has been solved analogously as in (4.4). This yields

1 -1 (722).

i.e. the initial data for the Khan-Penrose solution, as expected. However, the
reconstruction of V, in region II, implies the integration of (5.9) with the form

of A(r) as given in (5.8), and

1
f= 3~ a*u? — (2ab + b — ba’ud),
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“Focussing” singularity

KFold”
singularity

111y

Figure 5.2: The structure of the space-time representing the collision of two
pairs of impulsive gravitational waves located on the null hypersurfaces u = 0,
u=uy, v = 0 and v = v;. Region [ is part of Minkowski space. Regions II and III
are also parts of Minkowski space between and behind the impulsive waves prior
to their collision. The regions IV represent the interaction region. Region IV,
is given by the Khan-Penrose solution. The other parts of region IV need to be

determined.

resulting in another complicated expression. As an alternative approach, the
initial data can be given on the wavefront f = f;, in order to avoid integrating

over II,. In this case, the resulting Abel transforms are given by

v =+ 1 2w ey =1 [ s a0

m

For 0 < u < w4, the form of the functions are the same as those using in the first
integral in equation (5.7), whereas for u > u;, the whole expression (5.7) should

be used. Thus we should obtain,

1 —auy o Ao)
Vi(f) = log ) do, 11
+(f) 0g 1+au1 ‘ \/OTf a (5 )
where
— a2u?) /i — o —au?
Alo) = —— 2 tan™! ““’(12 aw) Vs 3 (5.12)
Ve 4T T+o
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This can be simplified putting

_a+t b(1 — a’u?)
a2y

iy
Jito’ I

yielding the following expression for the previous integral:

ffl (o) E\/2+f1 h oz tan!{cz) 4 (5.13)
! U—f LEVE S A VR —22(14+22) '

To evaluate this, we can make use of the identity

tan~}(cz) = foc

3 fl __a'ulv r =

xdy
1+ z2y?

Therefore

A oz tan~(cx zdy ]

m(l‘i‘x / \/-Tﬂsl—f-:r?) [/Ocl-i-a:?y?

-/, Uf \/W(I—T—T?)(l+a:2y2)] dy,

where the order of integration has been changed. The integral between brackets

can be obtained by putting z = A sin ¢:

f z*dx _ f” h?sin® @
VR =231+ 22)(1 + 222)  Jrj2 (1 + h2sin?0)(1 + y2h2sin® 0)

_ 1 fo de B fo dé
11—y | Jx2 14+ h2sin?8  Jrj2 14 y2h2sin? 6

T 1 1
_20~y%[v1+h2_vl+h%4'

Consequently,
ho oz tan~!(ex) dg = /C dy 1] dy
VI — 22(1 + z?) 2VI+R2Jo 1—y2  2Jo VT+1ZP2(1 —y?)
14c¢ V1+c2h? + eyl 4 h?
NW [ (—c) - (m_cm)]
where the second integral has been evaluated introducing the variable ¢, given
by hy = sinh ¢. With this, the initial data, V,( f ), can be reconstructed:

dzx

Vi(h)

o (l—aul) 4 —+f1 r tan~!(cz)

1+ awy /1 hoVh?— 231+ 22)
_ oo (l—aul) (c-i-l) ev1l+h?— 1+ ¢c2h2
P \l4aw/ \e—1) \evVI+R2E+V1+2h2 /)|~
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After obtaining A(c) corresponding to region IVy,, in order to apply the method
to find the solution in this region, it is also necessary to obtain the expression
corresponding to B{(c) here. Notice that, since we are considering this sub-region
for which the initial value problem has been reformulated in terms of the data on
f=/1 andon g=3, V_(g) must be given by the solution obtained in region
IVga, but fixing f = f1. Therefore

V.(o) = (j :h\;‘*fl)_mg(\/?fl— %_g),

which gives rise to

V(g) = — 1 (\/“‘fl \/§+f1)-

fi+g \/2+g \/%-—g

Consequently,
Bl(o) = \/%—flf% dg +\/%+f1 /% dg
T Jo (itga—ayit+g T Yo (itgVog—oyi—g

To evaluate this, it will be convenient use in the first integral the change of

variable given by
g= %[( +0)coshf — (3 0)] :

and in the second integral,
g9=13 [(%+0)—(%—o)cos ] .

Applying these to the integral above, it now reads

B(o) auy feosh(3532) 244
g)=—
7w Jo (3 +0)cosh® + 1 + 0 — 2a%u}

\/1—a2 f 2d¢

3 +0—2a%ui — (3 —0)coso

(S

1
\/f1+0‘

Now the solution in region IV, should be constructed as follows:

fi Alo)\Jo+ 3 da+/% B{o) Vo + fi do
Vo— f oty Vo—gVo+F
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where
o (1R
V(fl: 5) = lOg —“1— )
1+4/5- N
B(o) is given by the expression above, and A(o) is the one given in (5.12), which

may alternatively be written as

2 _ \/fl - a
Alg) = ———tan"! [ e T | .
mjo+1 Jo+3
Using the same z, h, and ¢ than those appearing in (5.13), and defining another

1_
term a = Vi we can write

N \/f1+y’

[ﬁ Ao)Jo+ 3 oo b (3 + f) /0 z tan~1(cz) di
f Vo—-fyo+g m/+ fVT g L+ 22)WRE =21 —aa?

in which the identity (5.14) can be inserted, resulting

T tan~!(cx)

0
d
f’* (1 + 22)vh? — 22v/1 — a2x? *

el 0 z?dx
- ./0 [/f; Vvh? — 223/1 — a?z2(1 + 22)(1 + 2%?)
The integral between brackets is very similar to that appearing when A{c) was
obtained, except for a term v/1 —a222 in the denominator. Therefore the same

decomposition used then is used now:

z? 1 1

- = + - .
1+2?)(1+2%%) (1-p2)(1+27)  (1-y*)(1+2%7)
Thus it can be seen that we will have to integrate expressions of the form

0 dz _ fo d¢
[h VhE— 22 (1+ 2221 - a®x? I3 (1 4 h2y2sin’ gb)\/l — a?h?sin’® ¢

= 11 (-—h,2y2|a2h2) : (5.16)

where TT (—h%y?|a?h?) is an elliptic integral of the third kind. Moreover, this
still has to be integrated again with respect to y, which indicates it is extremely

unlikely that the result could be expressed in terms of elementary functions.



Chapter 6

Initial value problem for other

types of colliding waves

It is also appropriate to consider other types of colliding waves, to try to obtain
physically well-behaved solutions. However, at the very best, the complications
that emerge in doing so are of the same complexity as that described in the

previous chapter. A couple of these unsuccessful cases are described below.

6.1 Step wave

The Abel transform method for the collision of single-impulse waves was satisfac-
torily tested. Therefore, a reasonably good idea could be to consider the collision
involving exact step functions, as they are more realistic than the solutions of

Szekeres class, which are unbounded.

Let us therefore consider the constant step profile function given by h(u) =
a?O(u). When introduced into the differential equations (1.16), this produces

the results
P(u) = 1+ [cos(au) — 1]©(u), and Qu)=1+ [cosh(au) — 1]O(u) -

cos(au}

-Uy — 1 -1 =1 coshinn)
Thus e 1 + [cos(au) cosh(au) — 1) ©(u), and e + [cosh(au)

Therefore, for u > 0, V., = —atan{au)+tanh(au)], and f = cos(au) cosh(au) —
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Consequently, the spectral function is given by

1

1 /% V'L (f) df = %[“:f_l(i):f’ tan(au) + tanh(au) du
o - T Juo \/—% — o + cos{au) cosh{au)

bl

]

where u, = f7!(¢). We find two problems here: the lower integration limit
complicates the expression, as it is not possible to invert f = cos{au) cosh(au)— 1
in order to obtain u = u(f) explicitly. Moreover, no way was found to evaluate
the indefinite integral in terms of elementary functions, which makes it impossible

to continue applying the method.

6.2 Sandwich Szekeres-like incident waves

One of the most interesting applications of a direct method is to find the solutions
to more physically significant situations. A good starting point for this is to
consider sandwich waves with relatively simple profiles. The collision of square
waves presents the same difficulty as that appearing in the case above. Hence, it
could be worth considering the sandwich waves composed of part of the Szekeres’
family of solutions, because in this cause, the initial part of the interaction is

known.

The Szekeres class of vacuum solutions [29] was characterized by the incident
waves having their shape given by equation (4.5), consequently the function that

has to be taken is

ny/2-2
M) = & 2 % (1 _ % ) 3 _(C(Zfi)m]w/”* [O(w)—6(u—w)] for ny > 2.

This gives rise to

1 foru <0 1 foru <0
TEL Ll ke
(l*(c.;.u)_Zt J (1+(c+u)_2t)
P = — for0<u<u ; Q= — = for0 <u<y
(1+(c+'u)'2t) (1—(c+u)%)
| €1 — Coli foru; <u \ c3 + cqut for u; < u,

where, to ensure continuity of PP and @ across the junction, the constants ¢;_4

are given by
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G = N
(14 (cru)F) 2
n k-1 n ky+1
Ny g1 | kel (1—(C+U1)T+) P k-l (1_(C+ul)_2i) i
— 1 Fy n H
2 2 1+u? 2 1+
NS ny y S5
ny e Lk +1 (1= (cu) ™\ 7 k=1 (1= (cu)F\ °
cp = —(cyu1)™ "L L
2 2 1+ (cyu)2 2 1+ (cpu)=
oy R
(1+(c+u1)'2i) :
€ = T
(1-(c+u1)_2t) :
\ k-1 n ky+1
ny g | kel 1+(c+ul)TAr : ky—1 1+(C+U1)_":;t ’
+?’U;1 9 ny + 9 E3) !
1. - u12 1 - ’u12
n &:—1— hid k+2+1
e = Eeyw)F Byl (14 (eou) ) 7 k=1 (14 (cu)
2 2 1= (cqu)? 2 1—(cpu)®

Therefore, for v > u; within region II, we have a flat region, and it is therefore
possible to use (5.6} to evaluate a part of A(c) here. However, It may be observed
that, for uy < u, P and @ have the same form as the ones appearing in the
two-impulse waves collision, and similar complications arise now. Therefore, in
order to proceed with the calculations, it is necessary to overcome the difficulties

appearing in the two-impulse case.
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Chapter 7

The solution as a series expansion

of hypergeometric functions

Another way of approaching the problem is to consider the family of self-similar
solutions of (2.25), described in (3, 4, 5]. This gives a general way of obtaining
exact formal expressions for V(f, g) corresponding to the interaction region. First
of all, let us define new coordinates 7 and ¢ by
1-f+g
f+g
which are different from those originally considered in (3, 4, 5] in that f and g are

T=f+g, (=

i

replaced by f — % and g + % respectively, in order to adapt them to the problem

considered here for the wave with wavefront « = 0 corresponding to f = % The
1

2
the family of self-similar solutions
. 1—f+
V(r,{) = H((), te. V(f,9)=(f+9) Hy (—ﬁg—g) (7.1)
where k is any non-negative, real parameter. It can be seen that, in this case,
the condition V(f =2) =0 is equivalent to Hj(1) = 0. The main field equation

(2.25) can be written now as the O.D.E.

hypersurface f = = is expressed in these new coordinates as { = 1. Now consider

(1—CHH] + 2k~ 1)CH, — k*H, = 0. (7.2)

This equation admits a class of solution which can be given in terms of standard

Gauss hypergeometric functions by

1= f+g\ _ (L-f\V 113 -1
Hk( f+g )_Ck(fﬂr) F(§’5’5+k’f+g)’ (73)




The constant coefficients ¢, may be chosen such that Hj satisfies the recursion

relations )
= [ Heahac,

i.e. making it generally possible to write

Hi(¢) = He1(0), (7.4)

as stated in [4]. For integer values of k, explicit solutions can be generated
using (7.4) from the initial solution Ho(¢) = cosh™! ¢, which may be obtained by
making £ = 0 in (7.2) and imposing (7.1). In this case,

2¢T(3)

ce = (—1)* m ,

although for an arbitrary k, the only requirement imposed by (7.4) is

2

—— Cp_1-
k+3

Cp = —
Since the main field equation is lincar, an arbitrary linear combination of

higher order terms will also be a solution.

Now, taking the case of a wave propagating in the opposite direction, i.e. the
case corresponding to a wave with shock front on g = %, the expressions obtained
are analogous to the ones considered for region II, and the corresponding solutions

can also be combined in the same form, yielding a general solution in the form

0= Xt +ar i A  Su ot m L) @)

k=0
where, in order to satisfy the shock wave conditions, it is necessary that
ag=—2+v/2k; and by=-2+/2k_'. Notice that now, the shock wave conditions
place constraints only on the coefficients with £ = 0, unlike what happened in
the expansion in terms of Legendre functions, in section 4.3, where a constraint
appeared on all the coefficients. Particularly, tlaking only £ = 0, if we make

ap mb(): —].,

1The values of ap and by have been corrected with respect to those appearing in [15].
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V(f,g) = - (1_“f_ﬂ

3 fF(llgf %)_ %—gF(gggg—%)
Vitg \2°2'2 f+g) VFf+g \2°2'2 f+yg
f1_
= 2sinh™! (— ‘~’+f

_ log(ﬁiz;¢; )HOg(\/g -1y )

Vit f+yi-g

which is exactly the Khan-Penrose Solution (note: on the second line, the constant

¢g has been replaced by its value, 1; also, to express the third line in terms of
logarithms, it may be useful to use Appendix A)

The solution (7.5) above must coincide with the initial data specified on the
hypersurfaces limiting region IV. Therefore

and, similarly,

Vi(f) = ( ) Zak(‘ )HA(3

/)
+f

)=V (o) = S0 (149)" 1 (152)

3+9
Hence, if the initial data are re-written in terms of these a; and b, the general

solution can be easily obtained. The problem is how to find these sequences of
constants a; and by, from V,(f} and V_(g)

Notice that to each Vi, corresponds a spectral function
1 12 VI (f
Ap(o) = —= _+_’~(_..,).

Tle f-—c

3 —
df, where Vil f) = ax ( n f) ( f)

+f
The important point is that these particular solutions V}, can be obtained from
the spectral functions in the form




where the constant py needs to be determined [5]. Thus, the part of Vi(f,g)
cotresponding to Ag(o), that we may name Vi (f, g), is given by
)

Vie(fig) = pk[m \/——-—\(/fﬁ

.t AW
- ]t [H(f )t] dt
F(l)r(1+k)(%—f)5+’f 1 -
[G+8  Vi+s P(3nit+ ki),

where relations found in [1] have been applied. This is clearly proportional to the

N

expression in (7.3}, and, comparing both equations, one finds that

2°T(%) 2k=1

k 2 k

—_ { — —_— e . = —]_ a 7-6
pe=(=1) rOTa+k) " (=1) T(1+k) " (7.6)
Therefore the way to obtain the expression corresponding to the general solution
consists of, having specified the initial data V,(f) on the junction, to obtain

firstly the spectral function A{c), and then, to express it in the form

0o (o] (l _ o_)k:
= Ao} = 2 ,
o) kgo k(o) ,g)pk ,—% e

equating the coeflicients corresponding to the different powers of {1 —¢). Notice

that to preserve the distinet wave condition, if the initial data are well posed, it
must be automatically satisfied that pyp = —/2k; (and similarly, when operating
with B(c), go = —/2k_ ). After that, (7.6) gives the relation between p; and ay,
so this would produce the coefficients which, when substituted into the general

solution, gives it explicitly. Thus, we would have

Vife) = L0 l)k%ﬁ)—pk 7+ (12
=0
e 1+L) kH(l—f—f—g)
or, explicitly,
o0 o gkl 1 —f $+k gk
Vo) = 30 gy e e (A e] | B3 g ks

ok+1 (%—g)%‘”“ d*

+§;(_1) 2k+ 1 Jftg dot [B(U) %"LJL: F(
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Notice that the higher the &, the higher the differentiability of the correspond-
ing terms on the wavefront. This has the clear advantage that we could work with
a small number of terms, whereas in other series representations, like that using
Legendre functions (see Section 4.3), all terms should be taken into account, as
all of them would affect the differentiability. Consequently, it could be possible
to observe an approximate behaviour of V by taking the first few terms in the

expansiorn.

It is important to indicate that what has been obtained in this chapter is valid
for ‘global’ spectral functions. What this means is that, if we decompose the
regions, as was done in the two-impulse case, then the coordinate transformation
needed to use the self-similar solutions given in [3, 4, 5] would replace f by
f — fn, where fy, is the value of f at the hypersurface on which the new function
V, is defined (in the case of region IVy, in the double-impulse, f, = f1), leaving
g — g+ % as before. Analogously, when V_ is defined on the hypersurface
g = gh,l we should make ¢ = g —gp and f — f+ % When the initial data are
taken on different hypersurfaces, the spectral functions also take a different form

accordingly (the reasoning is the same as that of Chapter 5)

This affects the expression of the final solution in that portion of the interac-

tion region in the following form:

& p 2 (fn = f)3t*
Vif:9) —§ 2A+1)!!\/f+g+ — dak[ (F)5+ ]

oo 2k+1 _ %+k k
3 (=1 _ (g — 9) dk [ J/T+o ]
k=0 (2k+1)-. \/f_i_g_*_%__gh dO’ a=gn

o 9=Gh
v f+g+§_gh) )

Finally, it could be mentioned that it is possible to have the elliptic integral
which appears in (5.16) expressed as a series involving Gauss’ hypergeometric
functions (see Appendix C). However, if we try to use this approach instead of
the one we have just seen, we will observe that, to begin with, we will have to
handle products of hypergeometric functions. Therefore, and since the aim of this
thesis was to give a method as practically applicable as possible, it does not make

much sense to follow a more difficult way, whose results are going to show a form
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at least as complicated as that described in this chapter. Anyway, an exercise
could be proposed to find these results and show the equivalence between the

solutions produced in both cases.
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Chapter 8
Conclusion

This thesis started by giving some basic definitions and results necessary to pro-
ceed through the following chapters. As well as outlining some important proper-
ties of the spacetimes under consideration, a brief historic overview of the different
methods used and achievements obtained to find metrics subsequent to the in-
teraction of plane waves was given, for looking back in time is the best way to

understand the present situation.

The most important part of this thesis concerns the formulation and solution
of the initial value problem corresponding to the interaction of plane gravitational
waves in the linear case. Given the initial profile functions h, (u), in region II,
and h_(v), in region III, the metric functions characterising the colliding wave
metrics are taken in a particularly suitable form. From these A; and h_, we
obtain the corresponding functions Pr and @4, which determine Us and V4.
These metric functions, V; and V_ play a particularly important role, as they are
used as initial data on the characteristics. Qur main concern is then to obtain V
in the interaction region. To do it, we implement a theoretical method initially
proposed by Hauser and Ernst, based on the use of Abel transforms. This gives
a direct approach to the colliding plane waves problem, which is exactly what we
want. From Vi and V_ given on the wavefronts, the auxiliary spectral functions
A(o) and B(o) are evaluated by means of the {direct) Abel transform, and thanks
to these spectral functions, it is possible to find the function V in the interaction

region as long as the calculations involved can be done.

It is convenient to point out that, although finding the functions U (u, v) and

V{(u,v) would be enough to have the equations necessary to evaluate the func-
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tion M, which arises in the interaction region even for zero M, and M. as a
consequence of the field equations, it might not be possible to reach an explicit

expression for this function.

The problem is theoretically solved for the general case, assuming the spectral
functions can be found (sometimes difficulties appear at this stage which seem to
be unsolvable, like in Section 6.1). However, when dealing with arbitrary incident
waves, the expressions become extremely complicated. The difficulties found to
obtain exact solutions for arbitrary cases have also been indicated. Finally, a way
to overcome these difficulties is given, expressing the solution in terms of series

of hypergeometric functions.

When we tried to apply the method to the double-impulse case, the results
initially obtained were so complicated that made us desist to continue (the series
comprises terms of the form indicated in (7.8). Nor have we found any particular
realistic case whose solution had a relatively simple form. Consequently, although
a method has been formulated which makes it possible to solve the initial value
problem in the collision of plane, aligned gravitational waves, it has only been

found to be practically applicable for the simplest cases.

Nevertheless, the theoretical implementation of the Abel transform method
can be a powerful tool in order to study the properties of space-times resulting
from the colliston of plane gravitational waves in the linear case. A further step
in doing so could be the implementation of the method in computer simulations.
This could also be applied to other situations where the structure of the equations
is similar (for instance, in some cases of higher dimensional metrics of colliding

waves [16]).

However, as indicated above, this is only valid in the linear case, and no simple
extension seems to exist enclosing the nonlinear case. Dealing with this, work
is still being carried out by Alekseev and Griffiths [6, 7], involving a different

approach.
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Appendix A

Functional relations

sin"!(2) = —ilog (iz +V1-— 22) = —i sinh™'(iz)
cos!(z) = —ilog (z+ V22— 1) = —i cosh™!(z)

144z
1—1iz2

tan~1(z) = —% log(

) = —¢ tanh™!(2)

sinh™!(2) = log (z + V22 + 1) = —i sin™1(iz2)

cosh™'(z) = log (z + V22— 1) =i cos™(z)

tanh™'(z) = % log G -_I: z) = —i tan~'(iz)
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Appendix B
Legendre functions

Here is a list of some low order Legendre functions, that can be used to obtain

the spectral functions A(o)} and B(e) for the class of solutions given in (4.9):

Po(z) =1

Pi(z) = z

P(z) = ——;— + gazg

Pi(z) = _37:1: + gz3
Py(z) = g—%ﬁx?%—%x"

Qolz) = % lOg(1+:l:)

l—=x
Qi(z) = -1+§1og(1ji)
) = Foty(-1+38) s (177
i) = 3545 (5 (12

a8



However, as can be seen in section 4.3, operating by hand is a arduous proceés,
and it is not difficult to make some mistake. This task can be greatly simplified
with the aid of computer algebra. For example, if we want to find the A(c) cor-
responding to V = P,(z) Qn(t) for some n, using Mathematica, we can type

which defines the function A(o) depending on n, the order of the Legendre func-
tions involved. The expression corresponding to B(c) would only differ from the
one above in the different sign appearing in the argument of P,, as in region III,

t=—z=4/3—-9g.1

'To be precise, the variable f should be replaced by g, although it does not make any change
in the final expression.

59



Appendix C

[I(xz|m) in terms of

hypergeometric functions

The elliptic integral of the third kind is defined as

/2 4o
I = : C.1
(lm) ]0 (1 — z sin?6)v/1 —m sin? @ (C1)

Now, if we name (1 — z sin®#)~! = f(z), we find that the n-th derivative of f

with respect to z is given by
f(z) =n! (1 — 2 sin? )=+ gin?" 9.

Consequently, the function f{z) may be expanded about x = 0 to obtain

flz) = Z z™ sin®*
which can be introduced into (C.1), resulting in
o) nf 2n f
M{zjm) = 5 2™ sin (C.2)
n=0 o v1—msin®0
Defining the new variable ¢ = sin?#, the above integral reads now
T/2  sin®"f 1 1 {3
in (C.3)

0 \/l—msnl2 0 vV1—t/1—m

I(3)r(+n)
20(1+n)

found in eq. 15.3.1 of [1].

!Simply replace the constants by the following values: a =1, b=1+n,e=14n,2=m.

which is times the integral representation of F (é, 3 +n; 1+ mn; m) as
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Therefore we have

O(z|m) = i +n)F(ll+n'1+n'm) (C.4)
— 1 + n) 2, 2 bl H ¥ *
and the expression corresponding to (5.16) is obtained by making x = —h2¢?

and m = a® h?, resulting in

{—y* h?a? h?) = \/_ Z z" (hy)*™
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