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Abstract

Aggregated electrical activity from brain regions recorded via an clectroencephalogram (EEG),
reveal that the brain is never at rest, producing a spectrum of congoing oscillations that
change as a result of different behavioural states and neurological conditions. In particular,
this thesis focusses on pathological oscillations associated with absence seizures that typically
affect 2-16 year old children. Investigation of the cellular and network mechanisms for absence
seizures studies have implicated an abnormality in the cortical and thalamic activity in the
generation of absence seizures, which have provided much insight to the potential cause of this
disease. A number of competing hypotheses have been suggested, however the precise cause
has yet to be determined. This work attempts to provide an explanation of these abnormal
rhythms by considering a physiologically based, macroscopic continuum mean-field model of
the brain’s electrical activity. The methodology taken in this thesis is to assume that many
of the physiological details of the involved brain structures can be aggregated into continuum
state variables and parameters. The methodology has the advantage to indirectly encapsulate
into state variables and parameters, many known physiological mechanisms underlying the
genesis of epilepsy, which permits a reduction of the complexity of the problem. That is, a
macroscopic description of the involved brain structures involved in epilepsy is taken and then
by scanning the parameters of the model, identification of state changes in the system are
made possible. Thus, this work demonstrates how changes in brain state as determined in
EEG can be understood via dynamical state changes in the model providing an explanation
of absence seizures. Furthermore, key observations from both the model and EEG data
motivates a number of model reductions. These reductions provide approximate solutions of
seizure oscillations and a better understanding of periodic oscillations arising from the involved
brain regions. Local analysis of oscillations are performed by employing dynamical systems
theory which provide necessary and sufficient conditions for their appearance. Finally local
and global stability is then proved for the reduced model, for a reduced region in the parameter
space. The results obtained in this thesis can be extended and suggestions are provided for

future progress in this area.
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Chapter 1

Introduction

In this chapter, an overview of the problem is provided. We first highlight the importance and
the complexity in studying the central nervous system and then bring to the attention the the-
oretical hypothesis under which we pursue our study. A summary of basic neurophysiological

terminology can be found in Appendix A.

1.1 The need to study the central nervous system

The central nervous system - the brain - is an intriguing, complex and unique biophysical sys-
tem. Significantly, it determines the behaviour of an individual organism and allows for it to
interact with the surrounding world. The remarkable capabilities of the brain naturally gives
rise to challenging questions regarding the underlying mechanisms responsible for all activ-
ity arising, in normal and pathological states. Through increasing knowledge of the nervous
system, diagnosis and therapy of many neurological disorders such as epilepsy, depression,
Parkinson’s and schizophrenia has improved. Furthermore, understanding the neurophysio-
logical basis of brain activity may inspire great ideas in other scientific and engineering fields
and lead to the development of new technologies. The complexity of the brain is such that neu-
roscience is now an aggregate of different scientific fields and to unveil the secrets of the brain

may only be possible by unifying the efforts of these different methodologies and expertise.



1.1.1 Why study epilepsy?

In particular, this thesis focusses on epilepsy, one the most common neurological disorders,
with studies indicating a life-time prevalence of between 0.5% and 1% of the total popula-
tion [6]. For instance, approximately 2 million people in the United States have epilepsy, and
3% of the general population will experience a seizure at some point in their livés [7]. As
a chronic disorder, epilepsy carries significant mortality (> 2000 deaths per annum in the
UK) [34] and morbidity [25] as well as reduced quality of life. 1t is a disease with high medical
costs, for example, estimated £1.93 billion per year in the UK alone. The term ‘epilepsy’
encompasses over 40 recognized types of seizure syndromes [117] and because of this variety,
diagnosis can be complicated. This diversity arises from the numerous underlying molecular,
cellular and network mechanisms, as well as from the spatial and temporal characteristics of
the seizure oscillations. These may be observed via, electrical recordings using scalp electrodes
(EEG). Most seizure types are grouped in two basic categories: partial and generalised. Par-
tial seizures occur within localised regions of the brain, whereas generalised seizures appear
throughout the forebrain. If the partial seizure does not cause a disruption of consciousness,
it is said to be simple; if it does, then it is referred to as complex. Medical sciences havé
made significant progress in diagnosis and treatments of both types of seizures leading to the
development of a number of anti-epileptic drugs (AEDs) and surgery [140]. The majority of
patients have partial epilepsy, of which only 25% have a good response to AEDs and 30% show
no response to AEDs at all [53]. In fact, in some cases, chronic use of AEDs can cause toxic
syndromes. These patients, with poor or absent response to AEDs, account for the majority
of costs and mortality. Alternatively, surgery may provide a cure or alleviate the syndrome if
AEDs fail. The goal of surgical treatment is to remove the focal area producing the seizure.
However, only a minority of patients are suitable candidates for surgery as some types of
seizure lack a well defined focal region, which may happen in the case of generalised seizures
and some forms of complex partial syndromes. Furthermore, surgery should be carefully con-
sidered after establishing if the correct drugs were used in the diagnosis, seizure frequency,
severity of the attacks and risk of the surgery, where in some cases neurological complications
can develop [16, 115]. The shortcomings of these existing methods encourage the search for
new forms of treatments. One interesting option of study is to try to identify the cellular

or network mechanisms by which epilepsy develops (epileptogenesis), as this could provide



a means to control the cellular or neuronal network abnormalities. Importahtly, an insight
into the control mechanisms could provide a technique to suppress the seizure, which, in turn
would provide a novel approach to treatment. While compelling, this direction of study con-
fronts the inherent structural and functional complexity of the central nervous system. Thus,
to make progress in linking seizure activity with the underlying physiology, we must begin my

understanding the architectural organisation of the brain.

1.2 The brain as a complex multi-scale system

1.2.1 Structure and functionality of the brain

The brain may be viewed as a collection of interconnected neurons (typically 10'2 in the human
brain), and each neuron has approximately 10* chemical and electrical synaptic connections in
addition to being surrounded by glial cells. At an abstract level we could say that behaviour
results due to the direct sum of the neuronal activity. However, this view point does not
address the critical issue of neurons processing information at different spatio-temporal scales
and their organisation into functional circuits mediating behaviour. Furthermore, macroscopic
brain activity could result as more than simply the sum of the involved microscopic dynamics
(e.z. single neuron or neural circuitry). Some neuroscientists believe that the brain developed
by successive addition of more complex parts and behaviours imposing regulation on more
primitive parts [112]. Thus the brainstem, limbic system and neocortex form three distinct

levels of increasing complexity both in spatial organisation and evolutionary development.

1.2.2 Neocortex

The top hierarchical level of spatial cortical organisation is described via cytological stud-
ies {137], revealing an average cortical thickness of 3mm and having a layered appearance
because of differences in the relative densities of different types of neurons at different corti-
cal depths. The total cortical area is divided into 2 hemispheres each approximately 400mm

in diameter with about 10'° neurons. Within each hemispheres exists 10 lobes each roughly



170mm in diameter with around 10° neurons. Each lobe is defined in terms of prominent
features called sulci and gyri formed by the folding of the cortex. Pioneering work of Broca
supported the evidence of a regional functional organisation linking an impaired function to
well defined regional activation [24]. These regions are more or less 50mm in diameter with
nearly 10® neurons. They are connected via corticocortical axons which may span lem, con-
necting adjacent gyri (lobes/regions) or linking two separate cortical regions, such as frontal
and occipital lobes having axons nearly 20cm long! The largest functional elements have
been called cortical fields or macrocolumns approximately 0.5 — 3mm in diameter and 10°-10°

neurons reflecting ensemble activation in response to a stimulus.

This range of spatial operation is reported by several authors using techniques such as EEG [113],
functional Magnetic Resonance Imaging (fMRI) [112] or experiments using a Golgi-staining
method [19] showing that within a macrocolumn the majority of cells project their axons to
distances, of no more than 3mm. Furthermore, high-resolution techniques indicate subdivi-
sions (possibly overlapped) of cortical fields (columns) [24, 86] or laminar-vertical organisation
of neurons with a diameter in the range of 0.3mm and with about 103-10* neurons forming a
unit with a precise function, for instance a response to a specific stimuli {(e.g. the visual cor-
tex). This type of modular unit is defined by the spatial extent of its extracortical-columnar
input. That is, cortical axons that are not specific to sensory input (limbic and brainstem
systems) but originate from another column. Quantitative anatomic estimates, suggest there
exists 2 x 10° columns where each project excitatory axons to between 10 and 100 other
columns and receive input from a similer number [158]. This high degree of interconnectivity

makes it difficult to define any specific ‘neural circuit’.

Smaller scale activations are measured using extracellular electrodes which determines neural
ensemble activity spanning 10um or more. These methods include Single Unit Activity (SUA)
and Multi Unit Activity (MUA) [3, 99] and Local Field Potentials (LFP), of the order mm
to em scale [76, 118]. At small spatial scales the complexity of neural interactions increases
dramatically and the lack of specificity of intracortical connections contradicts the traditional
view of the neural circuit (micro circuits). Neurophysiological data demonstrates a high
degree of interconnectivity among neurons which suggests the idea of a ‘neural thong’, which
is not a circuit in the traditional sense but rather a mass of tissue [26]. These views are

supported by quantitative anatomical findings which shows that almost every cortical neurons



lies within two or three synapses of any other cortical neuron and are densely interconnected

with approximately 4-km of axon length per cubic millimetre [19]!

However, other experimentalists continue to seek a basic functional unit. The minicolumn,
approximately 20 —50um in diameter and containing roughly 102 neurons, has been proposed
as the basic unit [112]. These units can be defined by the characteristic short lateral spread
of axons of inhibitory interneurons. The axons of these cells run along the minicolumn axes,
so that interneurons are more densely connected along the cortical depth. These findings
are supported by physiological experiments using extracellular electrodes which show high
correlation of electric potentials at different locations along the axes, whereas lateral shifts
of the electrodes beyond the diameter of minicolumns have lower correlations. Estimates
suggest that approximately 856% of cortical neurons are pyramidal cells and the remaining
inhibitory interneurons [19], implying a column might be subdivided into approximately 100
minicolumns. Furthermore, physiologists conjecture that minicolumns sharpen the bound-
aries of modules by inhibiting pyramidal cells of adjacent columns, thereby limiting dynamic
interactions to more local regions [112]. A schematic of the multiscale structure of the brain

is illustrated in Fig 1.1.

Having considered the spatial extent, we now focus on temporal issues. The time scales of
processes occurring at the macro-column scale vary dramatically and most of these activities
occur simultaneously. For instance, multiple methods of information transfer occur concur-
rently at different time scales over short distances [26]. These include reciprocal synapses
directly between adjacent dendrites [129], fast chemical transport, and the passive spread of

extra-cellular fields that can excite adjacent neurons [159, 160].

A neuron itself is an elaborate dynamical element with a number of diverse dynamical pro-
cesses occurring on different time scales ranging from sub-milliseconds (opening and closing
of single ionic channels) to seconds (flow of ‘slow’ ionic currents), minutes (changes in synap-
tic conductances), days (growth and development of new synaptic connections) and decades
(death of neurons). Each neuron generates a brief electric impulse which lasts 1 — 2ms and
is sent along its axon, which synapses into the next neuron. The electric impulse stimulates
the next neuron generating a post-synaptic potential at the level of the dendrites, which lasts

about 1 to 10ms. The extracellular field produced by an action potential is less than the



diameter of a minicolumn [1] which suggests nonsynaptic interactions between neurons within
the same minicolumn. Thus the concept of ‘neural circuitry’ at small scales may also be inac-
curate. A burst of action potential discharge from corticocortical columns produces excitatory
input to other corticocortical columns. Since the distance between columns vary, their activa-
tion depends on the rise times of post-synaptic potentials and on delays due to finite velocity
of action potential propagation (6-9m/second in myelinated axons). For instance, in columns
linked by small axons about lem in length, i.e. connected to an adjacent lobe, the activation
delay neglecting the post-synaptic potential is 1ms. Whereas, delays along long axons 20em
in length are around 20 to 30ms. However, corticocortical axons consistently tend to project
more densely to close regions than to remote ones, which suggests the possibility of travelling
waves at relatively large scales spanning 1lem or more. All these processes occuring at different
spatio-temporal scales give rise to complex behaviour such as oscillations, synchronisation and
regularisation and as well as changes in the structure of local connectivity which is believed

to be related to learning or even to more complex behaviour.
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Figure 1.1: Levels of neural organisation and spatial temporal scales at which erperimental

studies of brain systems are performed. Figure adapted from Churchland and Sejnowski [33].

1.2.3 Theoretical hypothesis and mathematical modelling

Systematic experimental results on the multi-scale characteristics of the brain have induced

a number of theoretical and modelling approaches. The concept of modularity proposed by

6



Fodor suggested that the brain is composed of modules that perform ‘computations’ [56].
Modularism is an empirical formulation based on lesion studies and pathological damage in
humans and reflects the underlying stucture of rational thought and not the anatomy and
physiological structure of the brain. Alternatively, Shepherd considers the brain as being
composed of functional units and these elementary units are formed at different levels of
organisation [143]. The general approach here is to model brain function using networks.
However, the limitations of network theory stems from its failure to deal with the hierarchical
organisation of the brain: microscopic, mesoscopic and macroscopic. The previously high-
lighted experiments demonstrate that at small scales the concept of ‘neuronal networks’ is not
well established, at least when attempting to model a complex system such as the neocortex.
However, network theory suffices to model neural chains in limbic and brainstem systems (e.g.

sengorimotor systems).

Additionally, scientific theory must make connections to experiments determining laws that
characterise the observations. The dynamical hypothesis by Gelder [61] proposes that the
same laws that govern physical systems also govern the laws of cognitive systems, and that
therefore, cognitive science should use dynamical systems theory rather than syntax rules.
This view assumes that the brain operates on many spatio-temporal levels of organisation.
However, one of the reasons for the great progress seen in the study of non living matter
is the presence of the so-called separation of scales between fundamental forces of nature.
Separation of scales is a mathematical technique that allows to subdivide a complex problem
into smaller and manageable building blocks, each having a set of rules of interaction on
various scales. However, the presence of separation of scales in complex living matter, such
as the central nervous system, is not apparent and is still a source of great debate among
neuroscientists. One explanation for the uncertainty of this approach in neuroscience is the
fact that many processes in the brain operate on several spatial and/or temporal scales, thus
providing strong interactions between them. For instance, neurons produce spikes whose
timing is in some cases up to a millisecond precise {17, 103, 166]. On the other hand, there
are examples showing that a lot of information is transmitted between neurons via variations
in the average firing rate, which occur on the time scale of hundreds of milliseconds [18, 71].
Thus, it is still unclear when and how to ‘coarse-grain’ in order to move from one scale to
another, as well as if this procedure is applicable at all. This difficulty leaves open the question

of what is most important in the ‘neural code’, precise spike timing or average firing rate?
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The emerging answer seems to indicate that both of them are essential and that their relative
importance may depend on the situation and context [48, 101, 111, 165]. It may therefore
be impossible to separate temporal scales in this case and the dynamical processes with time
scales from 1 ms to 100 ms or even minutes should be analyzed simultaneously. Despite
this latter argument, dynamics - the modelling of change, is applicable at every level, from
subcellular to populations of neurons and using this theory mathematical models have proven
successful in characterising neuronal events at various scales. For example, Azonal activity by
Hodgkin and Huxley [73] which allowed one to explain the generation of action potentials, and
the extension of the dynamical equations using the cable equation explained the propagation
of electric activity along the axon. Assemblies of interconnected neuron models have been
shown to display synchrony and local oscillations [62]. Large scale simulations whereby the
trajectory of individual neurons are followed have been valuable in providing hypothesis of
how brain activity might be organised. An example of latter is a simulation of an orientation
hypercolumn of the visual cortex providing new insight into the origin of orientation in the

visual cortex [147].

The extreme complexity of neural interactions at small scales, in which dynamic function is
determined largely by physiological parameters of unknown magnitudes, provides substantial
motivation for the development of macroscopic theories of neocortical dynamics - Neural field
theory. The neural field theory views brain operation at hierarchical levels above the single
neuron, i.e the principal functional unit is a neural-ensemble (e.g. cortical column in the cortex
or glomerlus in the olfactory bulb) and not a single neuron. Properties of neuronal-ensembles
differ as much from those of a neuron as neuron properties differ from those of a patch mem-
brane. Different field theories have been developed, however, these are in general all tied to
the brain redundancy hypothesis. This assumes that strongly interconnected neurons within a
column have approximately the same pattern of synaptic connections and respond similarly
to very nearly identical stimuli. This redundancy might have various purposes, for example,
to increase reliability. Because of redundancy, we can study networks of local populations of
neurons by using continuum averages to obtain variables representing for example the average
number of action potentials generated by the neurons from a cortical column per unit time,
or any other averaged neuron characteristic. An example of this form of modelling approach
is that of Wilson and Cowan [169] where they use continuum variables to describe the aver-

age time activity of the interaction of inhibitory and excitatory neural populations of specific
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regions in the brain. An interesting application of this modelling approach was used to make
quantitative comparisons with the measured response of a rat whisker barrel neurons and the
resulting model provided insight in the understanding of spatial and temporal integration of
ensemble activity {124]. Alternatively, studies by Freeman [57] through physiclogical experi-
ments determined the dynamical model equations characterising the response dynamics of a
neural mass (generally columns) when stimulated by electrical currents. These studies demon-
strate that the neural-mass can be thought of as the principal functional unit to appropriately

characterise EEG and this is the approach chosen herein.

1.3 Aim and Scope of this work

One form of generalised epilepsy that has received particular attention during the last two
decades, and that this work further explores is the absence (or petit-mal) seizure {125]. These
seizures typically affect 2-16 year old children, and are associated with loss of cognitive abilities
and behavioural arrest, which may last a few seconds. When returning to normal activity the
patients have no memory of the event. Since these seizures can occur tens or hundreds of times
a day, an incorrect diagnosis of attention-deficit disorder or daydreaming is frequently made.
There is a classic pattern of three per second, generalised spike-wave discharges observed in
EEG during petit-mal seizures. This is illustrated in Fig 1.2 showing an intracranial EEG

trace.

i AN PN

"5

Figure 1.2: A 3Hz spike wave intracranial FEG trace of a patient undergoing an absence
attack. (Figure adapted from [157]).

For many years, the anatomical origin of absence seizures and the accompanying EEG pat-
tern were debated. The results of some experiments supported the hypothesis that absence
seizures originated in the thalamus. For example, electrical stimulation of the thalamus in cats

produced synchronous EEG discharges that resembled the absence pattern [81]. Also, record-



ings from electrodes implanted in the thalamus of a child with absence epilepsy demonstrated
three-per-second EEG discharges during typical scizures [167]. Other work, suggested that
the cerebral cortex itself was the primary origin of these seizures. For example, similar EEG
discharges can be produced by applying proconvulsant agents to the cortical surface [105].
The mechanism that generates absence seizures is now believed to involve an alteration in
the circuitry between the thalamus and the cerebral cortex [58, 93, 145]. The accepted tha-
lamocortical loop hypothesis for the epileptogenesis of absence seizure is supported by electro-
physiological in-vivo recordings (i.e. measuring directly from live neurons in an animal) and
from in-vitro neural-tissue slice preparations. In addition, neuronal network models [43, 151]
have complemented mostly in-vitro recordings which have allowed a hypothesis of a possible
‘control-mechanism’ within the circuitry loop causing the seizure. However, these models have
only been able to replicate the in-vitro findings which have led to some controversies about
the ‘control mechanism’ in the thalamocortical loop [39, 123]. Thus this work is driven by
the controversies and difficulties in implementing neuronal models at the microscopic scale by
alternatively proposing Freeman type macroscopic scale models [57] inspired by the thalam-
ocortical loop findings. This type of approach is appropriate since during seizure, the brain
enters a hypersynchronous state entraining nearby neural-mass to the same dynamical os-
cillations. The second motivation for this approach is because scalp EEG is a non-invasive

technique and is readily available to easily assist diagnosis.

The rest of this thesis is arranged as follows: Chapter 2 provides a general introduction
to dynamical systems theory, bifurcation analysis, normal forms and computational tools
that allows analysis of dynamical models. A section is also provided on the implementation
of the numerical integration and bifurcation code we developed to analyse our systems of
equations. We further introduce the concept of hybrid systems and piecewise linear systems
and show how this method can be used to understand oscillations in high dimensional systems.
In particular, this theory enables a proof of global stability of periodic solutions appearing
in dynamical models. These solutions are ubiquitous in brain oscillations, particularly in
epilepsy, and understanding their local and global properties is crucial. Chapter 3 gives
an introduction to the theory and mathematical description of EEG explaining the origin
of electric potential appearing in extracellular space. The complexity of the brain makes
these mathematical first principles inadequate to interpret spatio-temporal dynamics generally

observed in EEG. This difficulty leads to alternative mathematical approaches termed neural
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fields, population density and mass action. In particular this thesis follows the mass action
framework as it based on electrophysiologcal experiments measuring local field responses of
neural masses to stimuli or induced by electrical pulses. We also review the main brain
structures believed to be implicated in absence seizures. Previous experiments and detailed
computational models have clarified many competing hypotheses in the literature and the
overriding hypothesis explaining these types of seizures is presented. However, controversies
on the underlying mechanisms for epileptogenesis still persist mostly because of the difficulty
in replicating in-vivo activity observed when measuring the implicated neurons. Despite this
difficulty, ‘order parameter field models’ (i.e. models that lump important variables of a
physical system into a parameter) can still be applied and by applying bifurcation theory it is
possible to search for the important activity transitions in the parameter space. Thus the main
methodology used in this thesis is neural mass - order parameter field models (a combination
of mass action models and some features of neural field models). Chapter 4, presents the
mathematical formulation of the neural mass - order parameter field model which incorporates
key brain structures implicated in absence seizures. We then demonstrate how changes in
brain state as determined using EEG can be understood via dynamical state changes in the
model, which then provides an explanation for the observed pathological oscillations. Various
key observations in the global model leads us to a reduction of the model which allows for
some analytical interpretation of spike-wave activity. The solutions are termed ‘two-bump’
solutions as they resemble spike-wave forms, however they are not spike-wave as these are only
approximations and a possible interpretation. Chapter 5 is motivated by these reduction
findings and we further investigate these oscillations by applying numerical continuation tools
to understand the bifurcations appearing in this system and also by presenting analytical
conditions for their appearance. Chapter 6 further extends the results from chapter 5 by
applying normal form theory to the reduced system and then finally we apply hybrid systems
and piecewise linear systems to prove global stability of the periodic oscillations appearing in
the model, however in a restricted parameter set of the model. Chapter 7 concludes this
thesis by outlining the contributions achieved and suggests possible future work. All relevant
material and calculations performed in the thesis are provided in the appendix and numerical

codes developed are to be found in the attached CD.

Elements of chapter 4 appear in [21] and {136]. Results from Chapter 6-7 have been submitted

and are available as a preprints [134, 135].
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Chapter 2

Mathematical Framework and

Methodologies

This chapter reviews some of the mathematical and computational methodologies used in
this thesis. The first section introduces relevant theory from dynamical systems, bifurcation
analysis and normal forms. Here we assume that an ensemble of neurons can be represented
as a dynamical system. The next section introduces a new approach for the analysis of
hybrid systems and piecewise linear dynamical systems. The proposed approach allows for
investigation of some of the global properties of a system. The following section provides
the ideas used to implement the numerical simulation code to find approximate solutions
of dynamical systems with delays and associated bifurcation diagrams. The final section
then considers a brief discussion of continuation packages to numerically analyse the solution

behaviour of a dynamical system.

2.1 Dynamical Systems

The notion of a dynamical system is the mathematical formalisation of the general scientific
concept of a deterministic process. The future and past states can be computed to a certain
extent by the present state and the laws governing their evolution, provided these laws do not

change in time.
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Definition 2.1.1 A dynamical system is a triple {T,U,®'}, where T is a time set, U is a

state space, and ®t : U — U is a family of evolution operators parameterised byt € T.

For the precise definition and proofs refer, for example, to [20]. The state space U can be any
differential manifold, such as a circle, sphere or torus. However, this thesis will only consider
the Euclidean domain. T is a unidimensional set representing time. For example when T € Z
the system is called a map, however when T € R the dynamical system is called a flow.
Generally the flow is a solution to an initial value problem and we only consider the following
types: Ordinary Differential Equations (ODEs), Delay Differential Equations (DDEs) and
Deley Partial Differential Equations (DPDEs). In particular for DPDEs a search for global
uniform solutions in an infinite domain allows the reduction of this description to an DDE.

Furthermore, in some cases it is possible to reduce a DDE into an ODE.

2.1.1 Ordinary differential equations - ODE

In this framework, the evolution of the system is described in terms of a relationship that
contains functions of only one independent variable (usually time), and one or more of its

derivatives with respect to the state variables. This may be written in the following form:

T = F(z,v)

(2.1
2’:(0) = Tn, )

where zg is the initial state and F € C*(R" x R™, R") is the tangent field of the flow (a vector
field) given by

ddt(z)

F(z,v) = T

where v should be thought of as the control parameters. The term dynamics generally denotes
the description of solution behaviour obtained through quantitative, qualitative or numerical
techniques. Moreover, the solution z(t) = ®%(zo) : I x U — U is guaranteed to exist and
be unique in some interval I = (—7,72),7; > 0 by the smoothness of F. Furthermore, the

following conditions hold for any initial condition x4 and any ¢,s € T

1. T € R the flow is continuous. If T' € 7 the flow is discrete
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2. The flow preserves the identity, i.e °(z9) = z (no time, no evolution)

3. The flow maps a point in phase space back into the phase space; that is, ®***(zp) =
D B*(zp)) (determinism).

An orbit is a set of the form Or(zg) = {z : £ = ®*(xo),¢t € I} C U and the phase portrait is
the classification of the different types of orbits in the phase space. In particular two special

solutions that can occur on a vector field are:

1. Stationary solutions (or equilibria) z* € U are those that solve F(z*,v) = 0. Equiva-

lently, we have ®*(z*,v) = z* for all t € R” and hence {z*} is invariant.

2. Periodic orbits (or limit cycles) are points z* € U such that there exists 7 € R (7 > 0)
and @7 (z*,v) = z*. The periodic orbit is defined as the closed curve {z : z = ®*(z*),0 <
t < 7*}, where 7* is the smallest number 7 such that ®7(z*,v) = z*, and it is called the

period of the periodic orbit.

2.1.2 Delay differential equations - DDE

A delay equation depends on both the present and previous state of the system. This work

focusses on delay equations with a single fixed delay which is represented as follows:

&= F(z(t),z(t—71),v), t>0

o(t) = ot), t<0 (2.2)

where F € C*(R* x R™,R") and 7 € R is the fixed delay, while » € R™ represents a number
of control parameters and the functional component {z(t—7), —7 < t—7 < 0} represents past
states. The existence of a unique solution requires a continuous function (history) as initial
data on the interval [—7,0], i.e ¢ : [-7,0] — R™ The latter implies that the phase space is
an infinite dimensional space of continuous functions with values in the physical space R".
Denoting the infinite dimensional space as C then ¢ € C (contrast this with an ODE setting
where both physical space and state space are R™). The evolution operator is now defined as
%) : C — C which describes how the initial conditions ¢ € C evolve in time, . The solution

is then given by a vector valued function z(t) : [0, 00) — R™.
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2.1.3 Dynamics in the hyperbolic space

Once a dynamical system is defined it is necessary to study the solution behaviour in different
regions of its phase space. To predict the directions taken by phase trajectories of a system at
some location z of the phase space, one can compute the gradient of the flow in each direction
of z (i.e. evaluate the partial derivatives of the flow). The formalisation of this process is given
below, which under certain conditions will determine trajectories of the system. Consider the
vector field (2.1) with an isolated equilibrium 2* € U and let J be the partial derivative of F

with respect to z at (z*,v*), i.e.

J=DF(z*v*) = (gfj) .
i,7=1,....,n

Consider that the parameter(s) v are fixed. Let ¢ € C be the spectrum of J, i.e. the set

of all complex eigenvalues of J, where an eigenvalue of the matrix J is a scalar A € ¢ such
that the system of equation (J — A)e = 0 has nontrivial solutions. The eigenvalues are
then solutions to the characteristic polynomial det(J — AI) = 0. Furthermore, suppose that
E ={e1,...,en} C R" is the set of generalised eigenvectors of J (i.e. the set of eigenvectors
of J that solve in e the above system of equations which form a vector space with a basis
in R™ and such that the action of the matrix J on E as an operator becomes one of scalar

multiplication). These sets can be split into three disjoint sets in the following way:

1. Let E; = span{ey, ..., em, } be the stable linear-invariant subspace corresponding to the

eigenvalues of J having negative real part, i.e o, = {\ € o|ReA < 0}.

2. Let Ey = span{em,+1,.--,€m,} be the corresponding unstable subspace associated to

the eigenvalues having positive real part o, = {\ € o|ReA > 0}.
3. Let Eq = span{€my+1,---,€m} be the centre space corresponding to the eigenvalues of

J having zero real part, i.e o5 = {A € g|Re) = 0}.

The phase space is then the direct sum of the subspaces, that is, R® = E, @ Ey @ E,,. Let also
E" = E; & E,, denote the hyperbolic space. Furthermore we have the following definitions for

stationary solutions:
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Definition 2.1.2 The equilibrium point ©* is colled

1. hyperbolic if J has no eigenvalues with zero real parts. More precisely that detJ # 0 .i.e,

s nonsingular.

2. non-hyperbolic if J has at least one eigenvalue with zero real part. It may still be non-

singular.,

3. elliptic, if all etgenvalues have zero real part (but requires that the imaginary parts are

not zero).

The dynamics in the hyperbolic space is given locally by the flow z(t) = e’® and its qualitative
behaviour is completely given by the spectral properties of the linear map J. This is given in

the following Theorem:

Theorem 2.1.1 (Hartman-Grofiman) If the dynamical system (2.1) has an isolated hy-

perbolic equilibrium z* € U, then (2.1) is locally topologically conjugate to its linearisation
r=Jz. (2.3)

That is, there is a local homeomorphism (continuous mapping with continuous inverse) f :
R™ — R™ taking each orbit ®*(z) of (2.1) to an orbit in V¥(z) of (2.8). The homeomorphism
18 not required to preserve parameterisation in time; that is, for any x and t, there is a iy,

which could differ from t, such that
f(®*(z)) = ¥4 (f(z))-
If it preserves time parameterisation (t = t;), the equivalence is called conjugacy.
If the system has initial condition, g, in E, or E,, then zse’’, remains in E, or E, for all ¢.

Thus for any dynamical system with hyperbolic equilibrium z*, the flow will remain on the

following invariant sets:

M (z*) = {zeU: ¥z —a"t—c0,®zclU for t>0}

MP(z*) = {zeU:¥z—1"t— ~00,d'z€lU for ¢t<0}
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Ml and M are the local submanifolds of U with the same dimensions as E; and E, and
tangent to these eigenspaces at z*. The corresponding global manifolds allowing time to flow

forward/backward for the unstable/stable respectively are defined as

M=) = |Jo (M (")

Mu(z*) = oM@

Local stable (unstable) manifolds corresponding to distinct equilibria points cannot intersect.
However, intersections of stable and unstable manifolds of distinct equilibrium points or of

the same fixed points can occur. Such intersections are the source of complex dynamics.

2.1.4 Dynamics in the Centre Space

The flow of a dynamical system is considerably different if some of its eigenvalues have zero
real part. In the directions of the phase space where the eigenvalues have zero real parts
the systems behaviour cannot be predicted by Theorem 2.1.1. Thus the flow of the linear
version of a syétem cannot be directly related with its nonlinear counterpart. Fortunately, in
this case, one can address whether the nonlinear system possesses a manifold having similar
properties to the linear space spanned by the centre eigenspace and this can be answered by

the following centre manifold theory.

Theorem 2.1.2 (Centre Manifold} Suppose the following dynamical system
&t =Jzr+ N(z,v), z€R",veR™ (2.4)
If the spectrum oy of J is nonempty, then there exists a nonlinear mapping
he C*(Ey x R™, Ey), h{0,0)=0, Dhr(0,0)=0
and a neighbourhood U of x = 0 in R™ such that the centre manifold
M} ={(z,h(z,v)|z € By}, V|1

has the following properties:
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1. (Invariance) The centre manifold MY is locally invariant with respect to (2.4). More
precisely, if an initial state x(0) € M§ N U, then z(t) € MY as long as z(t) € U. That

is, z(t) can leave My only when it leaves the neighbourhood U.

2. (Attractivity) If the unstable subspace E, = {0}, that is, if no eigenvalues of J has
positive real part, then the centre manifold is locally attractive. That is, all solutions

staying in U tend exponentially to some solution of (2.4) on MY.

The centre manifold M} is parameterised by z € Ey and therefore it has the same dimension
as the centre space Ey. Moreover, it passes through the origin z = 0 and is tangent to E, at
the origin. The centre manifold is not unique, though any two such manifolds have the same

initial terms in their Taylor series.

2.1.5 Centre Manifold Reduction

To find the centre manifold and the restriction of (2.4) to it, the Iooss and Adelmeyer method-
ology [78] is employed in this thesis. Let II, and Iy be projectors from R™ to the subspaces
E; and Fj, respectively. It is required that

kerll, = Ey, and kerlly = E,,

that is, II, Fy = 0 and HoE), = 0. The projectors can easily be found by determining the dual

basis to Ey and E),. Recall, that the set of row-vectors fi,- - - f is dual to the set of columns

vectors ey, ..., ey if it satisfies the Kronecker delta function:
m . .
0 i#j
< e, fi >= Zeikfjk =0y =
k 1 ¢=j

where < -,+ > is the inner product of two vectors. The projectors are then given by

m2 m
My=) efi and Mo= ) e
i=1 i=ma+1

Notice that I + Il = I, where I is the identity matrix. The projectors also commute with

the Jacobian J, that is,
J =JI; and II,J = JIL,.
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Let z(t)} be the solution of (2.4) such that z(t) € M¥NU. Since by invariance the solutions stays

on M} for some time ¢, then it be can represented as the following near identity transformation:

z(t) = z(t) + h(z(t),v) (2.5)
where z(t) = Ilpz(f) is the projection onto the centre subspace Ey. Differentiating this with
respect to t and using equation (2.4) gives

z 4+ Dh(z,v)t = Jz + Jh(z,v) + N(z + h{z,v), V) (2.6)

It is now possible to project both sides of the above equation (2.6) to Ey and to Ep. Since
oJh(z,v) = 0 and I1,Jz = 0 two equations are obtained, the first one gives the flow on the

centre manifold:
2= Joz+ I N(z + h(z,v),v),
=20
and the second equation is a quasi-linear partial differential equation that can be used to

determine the unknown function b as follows:

Dh(z,v)z = Jyh(z,v) + i N(z + h(z,v),v)

2.1.6 Normal Form Theory

Normal form theory allows one to reduce an analytical vector field to a simpler set of system
equations describing the flow locally near a fixed point. The simpler set of equations contains

the essential terms of the Taylor series of the vector field.

Theorem 2.1.3 (Normal Form) There are polynomials P € C*(R™ x R™ R"*) and G €
C*(R™ x R™,R™) of degree < k with P(0,0) = 0, D,P(0,0) = 0 and G(0,0) = 0 and
D,G(0,0) = 0 such that by the near identity transformation

z =%+ P(Z,v) (2.7)
equation (2.4) transforms to the following
t=Ji+G(Z,v) (2.8)

where G(Z,v) is the normal form in a new coordinate system % containing only the essential

terms of the Taylor series of N(z,v) around x = 0.
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The Joss and Adelemyer method makes it possible to combine the centre manifold and normal
form reduction in one unique step. This technique was initially proposed by Elphick [49], where
it was shown that it is always possible to find a near identity coordinate transformation that
maps the centre space to the hyperbolic space and one can then incorporate this transformation
directly into the normal form. It is found in [49] that the near identity transformation (2.7)
~ can be substituted by (2.5). In this case, equation (2.8) is instead transformed to a new

coordinate system, having the following form:
2= Jz+ G(z,v). (2.9)

With this polynomial substitution it is possible to find the so called homological operator
which allows one to evaluate the coefficients of the reduced vector field G(z,») and the reduc-
tion function h(z,v) in one unique computation. However, the procedure differs from other
methodologies (for example Birkhoff normal form) in that it does not perform the Taylor
expansion directly, rather it assumes that the structure of the vector field on the centre man-
ifold is known. The Ansitze of the reduced vector field and the near identity transformation
are inserted into the homological operator to obtain the coefficients. Under this observation
we obtain the homological operator by substituting equation (2.9) into (2.6) and rearranging

terms which results as -

Jh(z,v) — D, [h(z,V))(J2) = G(z,v) — N(z + h(z,D),v) + D,[h(2,V)|(G(z,v)). (2.10)

2.1.7 Separation of time scales

A direct application of the centre manifold is the so called separation of time scales, a method

often used in neural field models. Consider a generic two-dimensional system given by the

following
dr 1
i T—xF (2,9),
dy 1
a EG(SC, )

where 7, and 7, are time constants. If 7, >> 7, then the time scale that governs the evolution
of z is much faster than that of y. In this case y can be treated as a constant in the fast

equation and the fast system will evolve in time until it reaches a (possibly time dependent)

20



steady state Z(y,t) which depends on the “parameters” y. Note that this procedure is only
valid if the fast variable has a unique solution when holding the slow variable fixed. That
is, suppose the slow variable is varied in a nearby region, then there must be only a single
behaviour for the fast system. Substituting the steady state solution z4(y,?) into the slow
system the following reduced system is obtained:

dy 1

EE = EG(xss(:% t): :U)

If the fast system tends to a time-dependent solution, such as a periodic solution, then it is

possible to apply the “Averaging Theorem” which states that the behaviour of

d 1
=~ —Glyt), with Gy,t+T) =Gy,
dt 7,
is close to the behaviour of the averaged system
dg 1 [T _,_
& T ) G(y, T)dT,

where T is the period of the system, 7 is the average of the system and the resulting averaged

equations depends only on the slow variables.

2.1.8 Local Bifurcations

Bifurcation theory is concerned with the persistence of steady state solutions and the change
of the flow of a dynamical system as the system parameters are varied. Smoothly changing
the system parameters corresponds to a change in the eigenvalues of the system and in-turn
the dynamics may switch from hyperbolic space to the centre space or vice versa. Thus
a continuous change in system parameters may result in a discontinuous change in system
dynamics. The continuity of the eigenvalues and persistence of hyperbolic equilibria with

respect to the parameters is determined by the following theorem.

Theorem 2.1.4 (Implicit Function Theorem) Consider the dynamical system (2.1) with
a hyperbolic equilibria at (z*,v*), also consider the definition of the spectrum of a dynamical
system. If 0 & o then detJ # 0 and J is invertible at (z*,v*), then there is neighbourhood of
v* in which the stability/instability is preserved under small changes of v. More precisely, it

is possible to find a unique C* function g : R™ — R" such that 2* = g{v) and F(g(v),v) = 0.
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This work only presents the Adronov-Hopf and Saddle-Node Theorems as they are the bifur-
cation types found so far in the model studied in this Thesis. However the reader is asked to

refer to [63] for detailed accounts of other local and global bifurcations sets.

Saddle-Node
The saddle-node bifurcation is the basic mechanism by which fixed points are created and

destroyed. As a parameter is varied, two fixed points move toward each other, collide, and

mutually annihilate.

Theorem 2.1.5 (Saddle-node bifurcation) Consider the vector field (2.1) on R™ and as-
sume that for all (z,v) near some point (z*,v*) = (0,0) F has some continuous (mized)
derivatives up to and including third order, i.e., %, E, %,- R f;—ﬂ;. If the follow-

ing conditions are satisfied:

1. F(0,0) =0,
2. The equilibrium is non-hyperbolic; that is, 2—5(0,0) =0,
8. The vector field has a nonzero quadratic term at the bifurcation point; that is, %{; # 0,

4. The vector field is non-degenerate with respect to the bifurcation parameterv = (Vy,+ - ,Upm);
that is, the m-dimensional vector a = c:;—f((),O) = (g—f%, oo, 2ENT £ 0, (This is referred

} S

to the transversality condition),

then the vector field (2.1) has a saddle-node bifurcation with quadratic tangency at the equi-
librium. From the above conditions it follows that any system with saddle node bifurcation
has Taylor series of the form: & = a + bx® + higher order terms, where a is given by the dot
product a = a-v and b = %%2;? #£ 0. Although v is a multidimensional parameter, only its

projection on the vector a is relevant (to the leading order).

Andronov-Hopf

Andronov-Hopf bifurcations first considered in {74] are amongst the most important bifur-
cations observed in neuronal dynamics, since they describe the onset (or disappearance) of
periodic activity, which is ubiquitous in the brain. A more intuitive version of the Hopf theo-

rem by Mee [109, 110] which allows for a graphical interpretation of the theorem is presented.
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The theorem states that if an n-dimensional ordinary differential equation depends on a real
parameter v, and if on linearising about an equilibrium point, pairs of complex conjugate
eigenvalues of the linearised system cross the imaginary axis as v varies through certain criti-
cal values, then for near critical values of v there exists a limit cycle close to the equilibrium
point. Just how near to criticality v is, is only determined when the curvature coefficient is
nonzero. The curvature coeflicient determines the stability of the limit cycle. The global Hopf
theorems do not transfer easily from 2 to n dimensions. The Hopf bifurcation theorem, how-
ever, is local and the transition is possible due to the invariant manifold and centre manifold
theorem which lets us take the eigenspace of the bifurcating eigenvalues as an approximation
to a two dimensional manifold (the centre manifold) that contains the limit cycle (if there is
one). The Hopf bifurcation theorem for two dimensions can thus be used to establish existence

of limit cycles in the centre space, which then implies existence in the whole phase space.

Theorem 2.1.6 (Hopf bifurcation) Consider the vector field (2.1) on R (n > 2) and
C¥k(k > 4) jointly in x € R* and v € R™. Let (z*,v*) = (0,0) be the critical point. Suppose

1. F(0,0) =0,

2. The Jacobian J of the critical point has a pair of complex conjugate eigenvalues Liw

(w > 0) and no other eigenvalues with zero real part,

3. The curvature coefficient (2.11) is nonzero,

then there is a range either positive or of negative values Av = v — v* in which every value
of v corresponds to a unique limit cycle at a distance O (1/|AV|) from v*, and of period
I+ O(Av). Furthermore,

1. Ifa < 0 and the real parts of all the other eigenvalues are strictly negative then the limit
cycle is attracting (supercritical), while if a > 0 and the real parts of other eigenvalues

are strictly positive the limit cycle is repelling (subcritical).

The curvature coefficient a is given by:

a= Re(ﬂb),

U= Up U Uk Yy (Ejpkl - 2ijer;q1FIgl - F?’m(J - 2iw);l}lFJ?k) !

(2.11)
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where 17 € E;, and v € Ej, normalised so that uTv = 1. Repeated subscripts imply summation
from 1 to n and Fj) = %%’% (where F,(z,v) is the p** component of the vector field F(z, v)
evaluated at the critical point (z*,1*)). For two dimensional systems it is shown in [109] that

the curvature coefficient is given by

1
@ = 15 (Fllll + Fioy + iy + Fiy) (2.12)
1
- E};(Fllz(Flll + Fp) — FL(Fh + FR) — FLFL + F212F222)) (2.13)

If the curvature is non-vanishing then the limit cycle manifold is parabolic and the limit cycle
grows as +/[v — v*| (i.e. much faster than |v — v*| at first). If the curvature vanishes, it is
possible, though not certain, that the parabolic manifold is flat out to infinity, in which case
the periodic orbits exists only at the critical parameter value. An example of this case is
given by the linear system % + vz + z = 0 and an example where the curvature coefficient
vanishes but the manifold is nevertheless not flat is given by, # + v& + z = g(z, ), where all
the partial derivatives of g at the origin vanish up to the 4%* order, but there is non-vanjshing
5% partial derivative. It is “unlikely” and generically does not happen in the one-parameter
family of systems that two pairs of complex eigenvalues or a pair and a real eigenvalue cross
simultaneously into the positive half of the complex plane. In the case of systems that depend
on two or more parameters, such cases may generically occur, giving rise to so-called “co-

dimension two or higher bifurcation”; see e.g. [66, 98].

2.2 Constructive Global Analysis of Hybrid systems

This section reviews a recent mathematical formalism for the analysis of Hybrid systems
proposed by Gongalves [28]. The theory presented in [28] can be seen as an extension of theory
of Poincaré Mappings for the local analysis of limit cycles on maps, but also generalises to
global stability analysis. Hybrid systems are characterised by interactions between continuos
(smooth) dynamics and discrete events. These systems typically contain variables or signals
that take values from a continuous set and also variables that take values from a discrete,
typically finite set. Discrete events, such as saturation limits, can act to trap the evolving
system state within a constrained region of state space. Therefore even when the underlying

continuous dynamics are unstable, the discrete events can introduce a stable limit set. In
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particular, we are interested in the results obtained for a class of Hybrid systems known as

Piecewise Linear Systems (PLS).

PLS are characterised by three components; a set of affine linear systems; a switching rule to
switch among them, which depends on present values of z and possibly on past values of the
state and switching surfaces consisting of hyper-planes of dimension n — 1 defined respectively

as:

T=Axr+ By, z€R"

a(z) € {1, , M} (2.14)

S;={zlCsz+d; =0}, j={1,---,N}
This‘work only considers switching rules that only depend on the present values of the state
z. In such case the state space is par-t'itioned into M (possibly unbounded) sets called cells
defined as U; = {z|a(z(t)) = i} with i = {1,--- , M} such that U;NU; =0, i # j. Altogether
there are M x N boundaries. In each cell, U;, the system dynamics is given by a linear system
& = Ajz + B;. A solution of (2.14), is a function (z(t), a(z(t))) satisfying (2.14), where z(t)
is simply the flow of the affine system within a cell and a(z(t)) is piecewise constant. ¢ is the

switching time of a solution of (2.14).

Assume that the existence of a solution is always guaranteed for any initial condition. If an
initial condition is an interior point of a cell, then the existence of a solution is guaranteed
at least from the initial condition to the first intersection with a switching surface. This
follows since the system is affine linear in the cell. When an initial condition belongs to a
switching surface, however, there may be a unique solution, multiple solutions, or no solution. -
Multiple solutions can occur if the vector fields from either side of the switching surface flow
in opposite directions, i.e. an initial condition zy belonging to the switching surface cannot
be uniquely attributed by a switching rule a(zq) to either vector field. The non existence of
solutions may occur if the vector fields from either side of the switching surface point towards
the switching surface. In this case as soon as a switching rule a(zg) is assigned to one of
the vector field, it must switch immediately. Since, by definition a switching rule is piecewise
constant, arbitrarily fast switches are not possible. Therefore this scenario does not result in
a solution. The reader will verify in Chapter 6 that this last case scenario does not occur in
the system model analysed in this thesis and thus the above technique is applicable. However

this problem has been extensively studied in [55], where the approach is to define a dynamical
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system on the switching surface and let the trajectory evolve until it can “escape” to either

side of the switching surface. This technique is known as sliding modes.

2.2.1 Local Stability

The section reviews the theory of Poincaré mappings to establish a link with the theory of

local stability of limit cycles in piecewise linear system.

2.2.2 Poincaré Mappings

The proofs and computational details can be found in [72, 119]. Consider a dynamical system

of the form:
z=F(z), zeR" (2.15)

having a periodic solution (or limit cycle) with peried T, ie. z{t) = z(t +T) V¢ > 0 and
denote it by v C R". Let S € R® be an (n — 1)-dimensional hyperplane (Poincaré surface of
section) transversal to v as well as all orbits close to «v. Without loss of generality assume that
7 intersects S in a unique point z*. Due to the continuity of the flow ®*(x) with respect to the
initial condition, trajectories starting on a neighbourhood D C S of z* will, in approximately
finite time T, intersect S in the vicinity of z*. That is, a Poincaré map effectively samples-
the flow of a periodic system once every period. Hence the first return map can be defined as

follows:
Tps1 = P(zz) 1= T (), T(m) »T, keZv (2.16)

The stability of the Poincaré map (2.16) is determined by linearising P at the fixed point z*.

ie.
A$k+1 = DP(:B*)Axk. (2.17)

From the definition (2.15), it follows that DP(z*) is closely related to the trajectory sensitiv-
ities %{ﬂ (Monodromy matriz). In fact it is shown in [72] that

VO T(zk) ™
DP(z") = (I— g( F()g)) 9% 3$( ), (2.18)
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where C® is a vector normal to the hyperplane S. It is also shown in [72] that one eigenvalue
of the Monodromy matriz is always 1 and the corresponding eigenvector lies along F(z*). The
remaining eigenvalues of %ﬂ coincide with the eigenvalues of DP(z*), and are known
as the characteristic multipliers m; of the periodic solution. Characteristic multipliers are

independent of the choice of the cross-section S and hence the following:

1. If all m; lie within a unit circle, i.e |m;| < 1,Vi, then the map is stable and periodic

solution is stable.
2. If all m; lie outside the unit circle then the periodic solution is unstable.

3. If some m; lie outside the unit circle then the periodic solution is unstable in some

directions, but stable in other directions. This can occur for example in saddle cycles.

Interestingly, there exists a particular hyperplane S*, such that
DP(z*)) = ®T® (z%)),

where A € §*. This hyperplane S* is the hyperplane spanned by the n — 1 eigenvectors of
®T@) (z*) that are aligned with F(z*). Therefore the vector C* that is normal to S* is the
eigenvector of ) (z*) corresponding to the eigenvalue 1. The hyperplane S* is invariant

under 7@ (z*), i.e T (2*) maps vectors A € §* back into S*.

An extension to the Poincaré mappings for local analysis of limit cycles in piecewise linear

systems is given by the following propositions (the proofs are found in [28]).

Proposition 2.2.1 (Existence of Limit Cycles for PLS) Consider the PLS. Assume there
exists a limit cycle -y with k switches per cycle and with period t* = t7 +t5+---+1t;, > 0. Then
the following conditions hold:

gk(tf, . ,t;) = Ck(I - Ek e El)—l

k-1
ZEk---E£+1(Ei_I)Zz' + (B — I)Zk] —dr =0,

i=1
where B; = e% and 2z = A7'B;. The periodic orbit is governed by system 1 on [0,t}), and
the by the system i on [t} + -+ +t;f_,tf + -+ +¢f), i = 2,..., k. Furthermore, the periodic

solution 7y can be obtained with the initial condition xj € S

!L'E=(I—Ek...E1)—l

k-1
ZEk .. Ei+1(E1' — Dz + (Ek - I)zk] .
i=1
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Proposition 2.2.2 (Local Stability for PLS) Consider the PLS. Assume there ezists a
limit cycle v with period t* and transversal to the switching surfaces Sy,...,S: ot z7,... 2k

respectively. The Jacobian of the map P is given by the concatenation of the intermediate

Jacobians W = W, ,Wy_; ... WoW, where

W; = (I - 2—%) et w=Axl +B;, i=1,...,k (2.19)

where C; are vectors normal to the hyperplane S;. The limit cycle -y is locally stable if W has

all its eigenvalues inside the unit disc. Note the similarity of equations (2.18) and (2.19).

2.2.3 Global asymptotic stability

The fundamentally new concept introduced in Constructive Global Analysis of Hybrid Sys-
tems [28] is to infer global dynamical properties of a system through finding quadratic Lya-
punov functions on the switching surfaces. Earlier studies [69, 122] had proposed continuity of
the Lyapunov functions along the switching surfaces and this result lead to the idea that the
intersection of two Lyapunov functions at a switching surfaces (one from each side) defined a
unique quadratic Lyapunov function on the switching surface. It is then demonstrated in [28]
that a quadratic Lyapunov function on the switching surface in a PLS denoted Quadratic Sur-
face Lyapunov Function (SuLF) exists and that SuLF (as opposed to searching for Lyapunov
functions in the state space) is sufficient to efficiently analyse global stability of equilibriums
and limit cycles. This follows since a PLS behaves linearly inside a cell and only three scenarios

can occur to a trajectory entering a cell at some point zp on a switching surface:

1. The cell is unbounded and there exists a trajectory that will grow unbounded without
ever switching. This occurs when zo belongs to an unstable region. If the piecewise

linear system has one equilibrium point or limit ¢ycle, then these are not globally stable.

2. There is a locally stable equilibrium point in the cell and the trajectory will asymptoti-

cally converge and will not switch.
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3. The trajectory will switch in finite time. This case is interesting as a system can switch

between cells and exhibit complex dynamics, in particular, limit cycles can occur.

In order to analyse a PLS using SuLF it is first necessary to define impact maps from one
switching surface to the next and by combining all the impact maps associated with the PLS

it is possible to study the above scenarios, in particular infer global stability of limit cycles.

2.2.4 Impact Maps

The central concept used to analyse the flow of a PLS from one switching surface to the
next switching surfa,cé is that of Impact Maps. An impact map is simply a function that
maps vectors from one switching surface to the next switching surface. To make things clear
consider system (2.14) where we only analyse locally the flow from switching surface ) to Sa.
Let both S; and 5> be defined on the boundaries of subset of cell I € R™ and the linear time
invariant system & = Aoz + Bo, € U is allowed to have stable, unstable or pure imaginary
eigenvalues. Define the departure set S¢ C S) where any trajectory starting at S¢ satisfies
z(t) € Sy, for some finite switching time t > 0, and z(7) € U* on [0,t], where U* is the
closure of U (i.e U* = U U {z{x is a limit point U}). Let the arrival set S§ C S be the set
of those points z; = z(t), that is, the image of S¢. Any point belonging to the switching
surface z; € S¢ and z; € S can be parameterised in their respective hyperplanes. For that,
let z; = 2} + A; and x5 = 25 + Ag, where z} € 5y, 25 € S; and Aj, A, are any vectors such
that A, € Sf — 2} and A, € 8% — z3. In this case C14A; = CA; = 0. The impact map then
reduces to the study of a map from A, to Ay. However, since the map is multi-valued (i.e. the
same initial condition A; can have multiple switching times) the following definition can be

introduced:

Definition 2.2.1 (Expected switching times) Let z(0) = z} + A;. Define ta, as the set

of all times t; > 0 such that the trajectory z(t) with initial condition z(0) satisfies Cox(t;) = d2
and z(t) € U* on [0,t;]. Define also the set of expected switching times of the impact map
from Ay € S¢ -zt to Ay € S§ — 13 as

T = {t|t € ta,, A € S¢ ~ 2%},
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In general a map between switching surface is nonlinear, however a map induced by a linear
time invariant flow, can be represented as a linear transformation analytically parameterised
by a scalar function of the state (in this case switching times £4,) and this is given by the

following theorem:

Theorem 2.2.1 (Impact Map) Assume Cyzi(t) # da for allt € T. Define the transition

function as

H(t) = e® + (23(t) — ap)u(t), H(t):R — R,
w(t) = dg_%z:j(z)

Then, for any A; € S¢ — x} there exists a t € T such that the impact map is given by
Ay = H(t)A,,

such t € ta, 1s the switching time associated with A,.

From the above theorem it is clear that A; is a nonlinear function of A;. However, fixing
the switching time ¢ determines the sef of points } + A; € Sp such that every point in that
set has a switching time ¢. In this view the map is linear. Furthermore, the set of points S¢
that have a switching time ¢ is a convex subset of a linear manifold of dimension n — 2 which
is denoted as S; and defined as S; = {t|t € ta,, 2} + A; € S¢}. Note that since the impact
map is multi-valued, a point S¢ may belong to more than one set S;. Also as ¢t € 7 changes,
S; covers every single point of S%, i.e 5§ = {z|z € S,,t € T}. Finally note that the above

theorem states that a trajectory cannot intersect the switching surface S; forallt € 7.

2.2.5 Quadratic surface Lyapunov functions

Previous studies {69, 122] have tried formulating piecewise quadratic Lyapunov functions for
piecewise linear systems and with success these results are able to analyse equilibrium points of
piecewise linear systems. These techniques are based on the search of Lyapunov functions and
determining their stability in the state space. Recall the following definitions for Lyapunov

stability testing:
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Definition 2.2.2 (Stability in the sense of Lyapunov) An equilibrium point z* of the
system & = A(t)r is Lyapunov stable, if for any € > 0, there erists a value §(3g,¢) > 0
such that if ||z(to) — =*|| < 4, then ||z(t) — z*|| < €, regardless of t{t > to). The equilibrium
point is uniformly stable in the sense of Lyapunov if 6 = é(€), i.e., if the constant § does not

depend on initial time t;.

The above definition makes clear that a stable time-invariant system is uniformly stable be-
cause the initial time ¢; does not affect the qualitative behaviour of the system. Furthermore,
the state vector will remain within distance e of the z*, only if the initial condition is set to
be at a distance from z* by an amount no larger that §. Clearly, the condition § < € must be
satisfied or else the system will have an initial condition not satisfying the desired bounds of
the state vector. Lyapunov stability does not require that the system in question approach
z*, but only that it remains within the bounding radius e. A Lyapunov stable system further
requires z* to be asymptotically stable, i.e. if ||z(t) — z*|] — 0 as t — c0. An equilibrium that
is globally stable is one such that the constant § can be chosen arbitrarily large. This implies
any initial condition will take the system to be bounded near z* or asymptotically approach
z*. For lineai' systems all stability is global since equilibria z* are either isolated points or
subspaces. However, for nonlinear systems multiple equilibria can exist, which means it is
sometimes necessary to define regions of attraction around attractors, i.e. stable equilibria.
These are called basins of attraction, denoting the region in the state space from which an
initial condition will approach the equilibrium point. While the definitions above give the
meaning of stability, they do little to determine stability of a given system (except that is now
easy to anticipate the stability conditions for a time-invariant system based on the locations
of its eigenvalues and in this case determine the directions of the phase trajectories). One
possible form to determine stability is to use the results of section (2.1.3) which uses the spec-
trum of the matrix to determine the stability. Alternatively, a different method for testing
stability of linear, zero-input system is called Lyapunov’s direct method. It is based on the

concept of energy and dissipative systems and is given by the following theorem:

Theorem 2.2.2 {Lyapunov Global Stability) Consider the vector field (2.1), withxz € U
and the parameters v fized. The origin z* of the vector field (2.1) is Lyapunov stable if there
exists a Lyapunov function (energy function) V(z) : U — R such that the following conditions

are satisfied:
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1. V{z) > 0 for all x # 0 and for all t, V(z) = 0 only when z = z*. i.e V{(z) is positive
definite.

2. ﬂ‘;tﬂ < 0 for all z # 0 and for all t, i.e. decreases along trajectories, in other words,
the ﬂ;tﬂ is negative semidefinite.

¥*

Futhermore, z* is globally Lyapunov stable, if in addition to the above conditions, V(z) is
unbounded as ||z|| — co. If the second condition is altered to Mdtﬂ < 0 for all z # 0 and for

all t (negative definite) then the theorem is strengthened to asymptotic stability.

Definition (2.2.2) and Theorem (2.2.2) are also applicable to discrete-time systems. However, it
is necessary to substitute the derivative Q_V_ditzl, by first difference, AV (2x) = V(zx41) — V(zx).
In the case of linear systems, it is sufficient to consider quadratic forms as Lyapunov functions.
This is largely because for linear systems, stability implies global stability, and the parabolic

shape of a quadratic function satisfies all the criteria of Theorem (2.2.2).

The above results are suitable when considering global stability of equilibriums of piecewise
linear systems, however they do not generalise to the study of piecewise linear systems that
exhibit limit ¢ycles. In this case it is possible to construct Lyapunov functions on the switching
surface (SuLF) and from this determine stability of equilibriums and also of limit cycles. The

following section reviews the main results proved [28].

Consider system (2.14) with the impact maps defined in section (2.2.4). It follows that to
demonstrate global stability it is first necessary to define quadratic Lyapunov functions 1}

and V; respectively on the switching surfaces S¢ and S¢ given by:
Vi(z) = 2T Pr — 227 g; + «,

where P, > 0, g; and o; are parameters to be determined, with ¢ = {1,2}. Once the parameters
are determined then the next step is to show that the impact map from S¢ to S¢ are contracting
in some sense. In particular, an impact map is quadratically stable if there exist P, > 0, o4,

g; such that

Vo(As) < Vi(4,), forall A; € 8¢ — a2t (2.20)
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Applying Theorem (2.2.1) to the above inequality (2.20) and using both facts that the map
A; to Ag is linear in S; and that, as ¢ ranges over 7, S, covers every point in S¢ the main

global stability theorem for impact maps is obtained:

Theorem 2.2.3 (Stability of impact map) Define
R(t) = P, — HtYTPH(t) — 2(g; — H(t)T g2)we + w] {01 — cg)wy (2.21)

The impact map from Ay € 8¢ —x3 to Ay € 8¢ — x4 is quadratically stable if and only if there
exist Py, P, > 0 and g1, g2, o1,00 sSuch that

R(#)>0 S —zi, (2.22)

for all expected switching timest € T .

Thus, if the above piecewise linear system exhibits a limit cycle (i.e. having trajectories from
S; to S; and in turn from S5 to Si) then it is first necessary to determine SuLLF on S; and S,.
Once the quadratic functions are determined it is easy to show that the limit cycle is stable
or not by applying Theorem (2.2.3) which proves that the impact maps ) to S and from S,
to S, are contracting. In other words, the trajectories contract to a global stable fixed point

in the hyper-planes.

2.3 Numerical simulation of Delay Equations

At present theoretical aspects of DDEs theory are elaborated with almost the same complete-
ness as the corresponding parts of ODE theory. However, unlike ODE even for linear DDE
there are no general methods of finding solutions in explicit form. Various specific numerical
methods are constructed for solving specific delay differential equations. For development of

DDE numerical analysis consult for example [12, 90, 120).

In general the procedure taken to numerically solve DDEs is to transform the DDE into an
ODE at each time step, and thus one can use the usual numerical schemes for ODE’s to

solve the equation at every time step. This method is known as the method of steps. For
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example, consider (2.2), if 2(t) = ¢(t) for ¢t €[—7, 0], where ¢ is a given continuous function,

then the solution z(t) for ¢ €[0, 7] for equation equation( 2.2) satisfies the following ODE:
—z(t) = H(z(t),v) for t€][0,7],2(0) = ¢(0), (2.23)

where H(2(t),v) = F(z(t),p(t — 7),v). This equation has a unique solution and the solution
of equation (2.23) coincides with the solution of equation (2.2) on [0, 7]. Once the solution z(2)
is known on [0, 7], then the same procedure can be repeated to compute z(¢) for [r, 27] and
so on. However it should be noted that additional numerical interpolation scheme is required
when solving DDE with variable delays, this requirement is necessary since sometimes points
{in between points) of the solution which were not computed are needed to evaluate the vector
field F at a later time step. The above requirement is reported in [120] and stated in the

following theorem, which in turn is proved in [8]:

Theorem 2.3.1 (Order of convergence) Given an ODE method of order p combined with
an interpolant of order q, if discontinuities not exceeding order r, occur only at meshpoints,

then the order of the resulting DDE solver is min(p, ¢, 7).

The above theorem underlines the fact that ODE methods can be used to solve DDEs with
the same order of convergence provided the right interpolating scheme is used. Hence this

results in the following numerical algorithm:

1. Consider a uniform partition ¢, =t +rh, r = {0,1,..., N}, of the interval [to, to + ¢]
where h = t;/N and assume the ratio 7/h = N, is a positive integer. Where o and ¢y

is the initial and final time of the simulations respectively.

2. Compute the approximate solution z,41 € R™ of the true solution z(¢,) by first inter-
polating the pre-history {z; : ¢ > 0,7 — Ny < i < r} denoted by {z;"} (corresponds
to the discretised version of ¢ : [—7,0] — R™) of the discrete model on the interval
[t — 7, %,]. The result of this interpolating is continuous set of values in this interval and
will be denoted by I({z:*}) where I is the interpolating function. Secondly calculate

Try1 = Zr + hF*(z,, I{{z;"}), v) where F* is some ODE numerical integration method.

3. Repeat the process until the final simulation time £, is reached. So zy,., will be the

approximate solution to the DDE.
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2.3.1 Implementation of the numerical code

For our purpose of this thesis the method as described in the previous section 2.3 is used. In
particular, the fourth order Runge-Kutta and cubic spline interpolation schemes are employed.
The relevant functions stem from [126] and the code developed can be found in a CD provided
in the appendix. The following next explains the specific implementation developed in this
thesis. Recall that the standard Runge-Kutta 4th order for the non-autonomous (i.e. explicit
dependence on time) ODE i = H(t,z(t),v), where H € C*R x R® x R™,R") and the

parameter v is considered fixed is given by:

n = hH(tmxraf/):

_ h D
P2 = hH(tr+2,mr+ )
p3 = hH(tr'l‘g;xr'l'%%sV), (2.24)
ps = hH(t + h,y. +ps,v),

V)

1
T4 = Tt (p1 + 2p2 + 2p3 + pa) + O(R®).

Since the objective is to solve an autonomous DDE the following transformation is applied,

H = F(2(t), p(t — 7),v) which gives rise to the following extended scheme:

Py = hF(zyZ,_n,,v),

1 1
pf = hF($r+p_r,$r_Nr+pr_—‘NL

5 5 V), |
P; Pin,
. = hF(zr+ o TN, T =5 Y), (2.25)

Pt = hF(zr+p3, zrn, +P§—N,’ V),

1
= o+ (o + 207 + 200+ 1) + O(h),

where the error term O(h?®) should be determined by the order convergence theorem. The

Try1

extended scheme can be seen as acting as a second order interpolant to find the midpoint for
the delayed values via steps k2 and k3. In other words, the scheme uses three time points
tr—N.y tN,+h/2 @04 t_p, 41 in order to evaluate at £, the next approximation value z,4;. Since
for the delayed variables the initial and end points are known it is possible to use cubic splines.

Thus by the order convergence theorem the method is third order accurate.

The pre-history function ¢ : [-7,0] — R™ was defined to be zero vectors for —7 < ¢ < 0 and a

non-zero vector for ¢ = 0. The discretised function {x;"} was implemented by a FIFO (First In
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First Out table) where for every new z,; value evaluated the FIFO shifts values one position,
updating z,4; in the first index (head) of the table. Since at ¢, every new approximation value
Zr4+1 depends on three time points t,—n,, tn,+r/2 and tr-n,+1 (2% 7/h)+1 entries are required

in the FIFO.

The main code execution considers two nested loops, in total, N; * [T'ransient + Print] itera-
tions where the inner-loop (T'ransient) ignores transient effects and only asymptotic dynamics
(Print) are observed, where N; = j* N, j € N (i.e. the code is divided into sequences of loops
of intervals [to, to + t7] where t, = tg+rh, r = {0,1,...,,N}). At every j the parameter of
interest v is increased or decreased uniformly. The next iteration j + 1 allows the initial con-
ditions to be either initialised to some random values or to be updated with the data from the
previous iteration (i.e. if the system starts in some basin of attraction it will remain closely to
it). In the latter case, to evolve nearby the basin of attraction the subsequent Transient loops
are omitted. In addition the Print stage allows one to print out both the data for the time
series solution z(t) at every change of parameter and the stable bifurcations. The bifurcations
are evaluated by determining the relative maximum and minimum of the observable(s). Thus

the amplitudes of the stable manifolds reveal the different dynamics.

Future adjustments to the code could address the following aspects:

1. Searching for discontinuities in the derivatives could be important if smooth solutions
to the time series are required. However from simulation we observe that the numer-
ical scheme is stable enough and provides an excellent approximation. Guide lines on

numerical treatment on this issue can be found in [50, 121]

2. If the system model depends only on a fixed delay 7 which in some sense is an easier
system to handle, then if we consider 7 = N x b (h = time step) then interpolation is
no longer required, this implies that only true pre-history values are used. With this
approach one can expect faster convergence to the solution and better results. The EEG
model used in this thesis could benefit with this change if future large scale simulations

is required.
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2.4 Numerical Continuation

The intention of this section is not to provide an exhaustive explanation of continuation
methods as the purpose here is only to provide a brief explanation of the figures produced
by the continuation packages XPPAuto and DDE-Biftool that are used in thesis. For an
excellent introduction to the subject refer to the fundamental paper of Keller [89], along with
other comprehensive books [96, 142]. Numerical continuation is concerned with analysing the
solution behaviour and determining the bifurcations that occur on a dynamical system as the
systems parameters are varied. Solutions in general vary as the parameters are changed and
in this view the solutions can be seen as being parameterised forming a smooth continuum,
which are called solution continuation branches or termed solution paths. In particular, a brief
review on continuation of only one-parameter family of stationary and periodic solutions is

presented.

2.4.1 XPP-Auto

XPPAuto is an integrated software package to compute numerically solutions of ODE and
to follow numerically solutions paths in parameter space. For early contributions in the
development of the package consult Doedel [44, 45, 46]. In particular this work uses the

current version by Ermentrout [52)].

2.4.2 Parameter continuation

Parameter continuation is a numerical technique used to compute invariant sets or attractors
(e.g. equilibria or periodic orbits) by directly solving a set of algebraic equations which are the
defining conditions for the invariant sets to exist. This is achieved by following solution paths
in the parameter space of smooth parameterised system (algebraic conditions) of n equations

in n unknowns

Flz,v) =0, F:R"xR'—R" (2.26)
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That is, the goal is to use a numerical strategy to compute a sequence of points along the
solution curve g(v) =~ {(z;,%),7 = 0--- N} such that F(z;, 1) = 0. The key idea to solve-
parameterised nonlinear systems of equation is to use the implicit function Theorem 2.1.4,
where a smooth path of solutions g{r) can be continued locally if the Jacobian of F is nonsin-
gular. As these solutions are followed, extra algebraic conditions can be monitored to detect
bifurcations and compute stability of the attractors. The resulting bifurcation diagram is the

signature of the problem.

2.4.3 Continuation of stationary solutions

Consider the initial value problem (2.1) where the aim is to follow a branch of stationary
solutions F(z,v) = 0 as one of the parameters in the vector v is varied. In this case the
algebraic equations to be solved are just the vector field of the initial value problem F(z,v) =
F(z,v) = (0. One strategy to solve the nonlinear equation as the parameter v is varied is to use
a fixed point iteration method such as the Newton’s method. That is, suppose a solution x; of
equation (2.26) at v; exists, as well as its derivative 2;* with respect to the parameter v. The
next iteration is to computé the solution x4y at 543 = v; + Av such that F(zip1,v541) = 0.

By Newton’s method the following applies:

J(xg-)l’ Vz‘+1)Amg-)1 = —-7'-(93—5'-121, Vit1),

i+1 - ; .
‘Bgu ) = Tip + Amgi)n J € No,

with 22, , = z;+Aag;”. If the Jacobian J is nonsingular, Av is sufficiently small and the initial
guess x; is sufficiently close to the true solution then Newton’s method will converge. After
convergence, the new derivative vector i}, , with respect to the parameter can be obtained by

solving the following:

J(@i+1, Via1)F1 = —Ju(Tip1, Vi),

where J,, is the matrix with partial derivatives with respect to the parameters. This equation

follows from differentiating F(g(v), v) = 0 with respect to v at v = v;4.

The above method works well if the solutions are regular, however will fail if a Fold bifurcation

occurs, since the implicit function theorem is not satisfied. That is, the Jacobian of the
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vector field becomes nonsingular. To solve this problem Keller [89] proposed the pseudo-
arclength method which allows the continuation of any regular solution, including folds. The
pseudo-arclength differs from other methods by not parameterising the solution curve (to be
found g) by the physical parameter v. Instead, it uses a geometrical parameter s. Thus a
parameterisation by s means that solutions of F(z, v) = 0 depend at least locally on s, i.e. the
solution curve is now g(s) = (z(s),v(s)). In this case for a particular value of s, the system
F(z,v) = 0 consists of n equations for the (n + 1) unknowns (z,») and thus one additional
scalar equation is needed to form an extended system. One possibility is to parameterise the
curve by some approximation to the arc length s along a curve, thus the following formulation
holds true, arc(z, v, s) = (xiy1 — 7:)* + (viy1 — %)% = As®. However, since this equation is
nonlinear, Keller proposes to linearise and replace the above with pseudo-arc length version,

thus the resulting method is the following extended system:

Flz;, v
F(z,v)= (@i41,V141) =0,
N\ <3y, (T —x) > + < vy, (Vg1 — 1) > —As

where (z;,7;) is the tangent vector to the curve (z(s), v(s)) at (z;, ;).

2.4.4 Continuation of periodic solutions

Finding limit cycles z(t), ¢ € (0,T) of the vector field (2.1), and following them as the
parameter v changes is more complicated and there are no regular ways to solve this problem.
Note that the period T of the solution is not known a priori, and moreover T" might vary
with the parameter v. One possible form of solving this is to fix the interval of periodicity by
the transformation 7 — ¢/T" and formulate the problem as a periodic boundary-value problem

(BVP) on a fixed interval. Thus equation (2.1) transforms to the following:

% = TF(:E(T): V)a

(2.27)
z(0) = (1),

where solutions of period 1 are to be found (i.e. T-periodic solution of equation (2.1)). Assume
that points (zg-1(+), Te—1, Ve-1) have been computed and it is required to iterate forward to
find (zi(-), Tk, vx). However, note that equation (2.27) does not uniquely specify z and T,
since () can be translated freely in time, that is, if z(7) is a periodic solution then so is

z(7 + 8) for any é. Thus, an extra phase condition ¢ is needed in order to “sclect” a solution
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among all those corresponding to the cycle ¢({z(7), T € [0,1]}) = 0. There are several ways to
set up a phase condition. One possibility is using a Poincaré section by defining a hyperplane

Sp that selects a solution passing at 7 = 0 through a point on the following surface:
So = {z €R": h{z) =0},

where h(z) is some smooth scalar function. In this case the following phase condition is

obtained:
¢(z) = h(z(0)) =< z(0) — 2%-1(0), Zx-1(0) >= 0. (2.28)

The above equation (2.28) specifies a solution xx_1(7) passing at 7 = 0 through the hy-
perplane orthogonal to the closed curve {z : z = z4—1(7),7 € [0,1]}. However, the most
reliable numerical condition is known as the integral phase condition which corresponds to the

following:

&z) = /01 < z(7), £p-1(T) > dr = 0. (2.29)

The above condition (2.29) is obtained by minimising the distance of the true solution z(r)
(possibly shifted z(7 + &) to zx-1(7). That is, a minimisation of the following equation has to

be carried out:

D(s) = f 27 +6) = T ()P

The optimal solution z(7 + ) satisfles 42 = 0, which results in:

/0 < z{r) = Zp1{7), Z{T) > d7 = 0.

Integrating by parts the above equation and using periodicity results in the integral phase
condition (2.28). So equation (2.27) and the phase condition (2.29) represent a well-posed
continuation problem for computing the unknowns z(0) and T. In practice, the XPPAuto
package uses the Keller’s method [89] to trace out a branch of periodic solutions. In particular,
this allows calculation of folds along such a branch. The Keller’s continuation equation has

the following form:
1
f <z(r) — 281(7), 2(7) > d7+ < T = Tj—1, Tiem1 > + < v — Vg1, P—1 > —As = 0.(2.30)
0

The complete formulation then consists of equations (2.27)-(2.30), which are to be solved

for z(-)g, Tk, and v,. These equations can then be solved by any boundary value problem
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(BVP) numerical technique. The most frequently used discretisation method for boundary
value problems are collocation, finite differences or multiple shooting methods which are not
presented here. However, for a complete reference on these techniques consult for example [44,
97, 106]. This then leads to a large system of algebraic equations F(z,v) = 0, where here
z = (zx, Tp) with £ = {1,--- ,N}.

2.4.5 Locating Codimension-1 bifurcations

When following a stationary or periodic solution branch, one can encounter bifurcation points,
where the solution losses hyperbolicity (i.e. eigenvalues with zero real part, or a periodic solu-
tion with at least one nontrivial Floquet multipliers of unit modulus). To detect codimension-1
bifurcations of stationary and periodic solutions of (2.1) continuation algorithms use test func-
tions. Such a test function 1(z, v} is evaluated along a branch during continuation. The basic
feature of a test function for detecting a bifurcation (z*,v*) is 9¥(z,v) = 0. That is, the
bifurcation is a zero of the test function. Moreover, it is required that 1 be continuous in a
neighbourhood of {z*,1*), and to change sign. With such a test function a bifurcation point
is detected between two successive points (ziy1,%41) and (z;, ;) on the curve and the test
function has opposite signs at these points ¥ (i1, ¥it1)¥(z:, vi) < 0. In such a case, one can
attempt to locate the bifurcation v* by applying some root finding algorithm (e.g. Newton’s
method) to the extended system: |

F(z,v)

Wz, v)
with initial point (xz;, v;) for example. The simplest test function is for Fold bifurcations. At
a fold point, the Jacobian has an algebraically simple zero eigenvalue and no other eigenvalue

on the imaginary axis. Thus the test function is the following
VYraa(T, v) = detd(z,v) = Ai(z,v) - - An(z,v),

where A;(z, V) are the eigenvalues of the Jacobian J.

The test function for Hopf bifurcation is the following

Yropt (@ V) = [ [ (i@ v) = X(z, 1)),

i>j
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where, as before, the A; are the eigenvalues of the Jacobian J. This function vanishes at a
Hopf bifurcation point, where there is a pair of eigenvalues A; » = Fiw. Clearly, ¥rqpy is also
zero if there is a pair of real eigenvalues A\; = k and A, = —k, in this case such points have to

be excluded when searching for Hopf bifurcations.

To test stability of an atiractor the eigenvalues A;, -+ , A, of the Jacobian are computed, with
A; = a +iw and the test is performed by the following test function:

¥s = maz{ay, - ,Qn}.

There are many more test functions for detecting other bifurcation sets, for review consult for

example the following books [96, 142].

2.4.6 DDE-Biftool

DDE-Biftool is a Matlab package for numerical continuations for delay differential equations
with several fixed, discrete delays. The package was initially developed by Engelborghs [51]
and is freely available for scientific use. The package consists of a collection of Matlab routines
for analysis of which only fixed point and periodic solutions schemes are presented as these

were used in this thesis.

2.4.7 Continuation of steady state solutions

Consider the delay equation (2.2) with initial condition ¢(t). The linearisation of equa-

tion (2.2) around a solution z*(2) is the variational equation given by the following:

WO _ oty + eyt - ), 2.31)

where, using F = F(z°, 2%, v),

OF _
Az‘(t) = %I(m‘(t),m'(t—v),y), 1= {0, 1}

If 2*(¢t) corresponds to a steady state solution,
() =z € R®, with F{z*,2",v)=0, (2.32)
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then the matrices A;(¢) are constant, A;(t) = A;. Substituting the sample eigensolution
y(t) = ve™! into the variational equation (2.31) leads to a characteristic equation which

results from evaluating the following:
det J =0, (2.33)
where J is an n x n dimensional matrix defined as:
J=XM—Ag— Ae™".

Equation (2.33) has an infinite number of roots A € C called the characteristic roots, which

determine the local stability of the steady state solution z*.

2.4.8 Continuation of periodic solutions

In studying the existence of periodic solutions of period T for a DDE, a Poincaré operator
is considered, which associates with each initial function ¢ defined on the interval [—7, 0] the
function Pg = ®% (i), i.e. the segment of the solution defined on [T"— 7, T]. Thus to compute
a periodic solution of a DDE it is necessary to find the solution of the fixed point problem
Py* = px, where the fixed point ¢* is a point in an infinite dimensional space (i.e. a periodic

function in C).

For a periodic solution equation (2.2) the linearised Poincaré operator DP(.) = 6—‘2,%91 is

defined by the following equality:
DP()A¢ =YT(Ap),

where YT (Ap) is the solution on [T'— 7, T of the variational equation (2.31) with initial fune-
tion A¢. In this case the variational equation (2.31) is obtained by linearising equation (2.2)

along the solution z*(t) (with initial function ¢, i.e. denoting z*(t, ©)).

The eigenvalues of the operator DP(.) are the Floquet multipliers of the periodic solution
z*(t, ). Thus, a periodic solution equation (2.2} is determined by the initial function (f),
—7 < 8 <0, and the period T. These unknowns are found by the following:

3T (p) —p =0, (2.34)
¢(e,T) =0, (2.35)
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where equation {2.35) defines the phase condition needed to remove the indeterminacy due to
the fact that phase shift of any periodic solution is also a periodic solution. For details on the

actual continuation and bifurcation algorithms refer to [51).
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Chapter 3

Field Theories and Brain dynamics

3.1 EEG and quantitative states of the brain

Spontaneous rhythmic activity was first observed in electrical recordings from the scalp of an-
imals by Caton (1875), and later by Berger (1924) in humans. They observed that electrical
activity of the brain is dominated by oscillations that have frequency and amplitude patterns
varying widely across different behavioural states such as level of attentiveness, sensation, cog-
nitive effort or vigilance. These oscillations not only occur in spontaneous brain activity but
also arise in response to a stimulus (e.g. electrical, auditory, visual, etc.) known as evoked re-
sponse potentials (ERP). Such signals are usually below the noise level (spontaneous activity)
and thus are not readily distinguished. To do so requires the use of a train of stimuli and signal
averaging to improve the signal-to-noise ratio. In general, high frequency, low amplitude ry-
thyms are associated with alertness and wake or the during rapid-eye-movement (REM) sleep.
Low frequency, high amplitude oscillations on the other hand are associated with non REM
(NREM) sleep stages and with pathological states such as strokes or coma. EEG frequencies
in humans typically vary from 0.5 - 80 Hz, and the amplitudes typically lie between -100 and
1001V, however more commonly between 10- 504V. In the power spectrum of the EEG these
oscillations are represented by certain peaks superimposed to a 1/f continuum where f is the
frequency. The five dominant frequency bands typically observed in the human EEG are delta
(0.5 - 4 Hz), theta (4 - 7 Hz), alpha (8-13 Hz), beta (13 - 30 Hz), gamma (30-80Hz) and ripples
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(100-600Hz). A brief description of each frequency band is given in section (A.2). Today EEG
is widely used to diagnose a number of neurological pathological conditions, particularly in
determining seizures [144] or comas [114]. It is also used for understanding behavioural events
where EEG is sensitive to changes occurring over milliseconds which is comparable to the
time scales of cognitive and behavioural brain activity [104]. Some progress has been made
in understanding the relation between EEG underlying brain dynamics, however associating
the spatiotemporal patterns observed in EEG with brain events is still poorly understood. In
the absence of any real theoretical description of cortical function, the most reasonable frame-
work to interpret spatiotemporal patterns of EEG is by using signal processing. The temporal
patterns can be understood by employing for instance spectral measures and/or alternatively
using new dimensionality measures proposed for nonlinear and chaotic systems [22, 23]. The
spatial information is usually studied via measures of coherency (as with spontaneous EEG) or
correlation measures (as with evoked potentials). However, mapping spatiotemporal patterns
to brain activity may be much more effective if based, at least partially, on theoretical models
of brain dynamics, so that the model parameters are fitted from EEG data. In this case,
several quantitative issues must be addressed before any attempt to connect brain functioning
with EEG. These include the spatiotemporal scales to be assumed and what are the primary

sources that contribute to EEG.

3.1.1 Sources contributing to EEG

EEG measures spatial averages of neuronal source activity. However these sources occur at
different scales. These sources are believed to be the electrical potentials that are generated by
large formations of mostly pyramidal cells. These cells roughly possessess an axial symmetry
and they are aligned in parallel, perpendicular to the surface of the cortex [38], as illustrated
in Fig. (3.1). This alignment of pyramidal cells occurs mostly within a gyri (typical length
is approximately 3-5¢cm and width is nearly lem), however within a sulcl the pyramidal cells
generally have their axis tangent to the surface of the scalp. Pyramidal cells receive excitatory
input at superficial apical dendrites from sub-cortical neurons (e.g. thalamus) as well as from
nearby excitatory neurons from either within the same column or from other cortical regions
and collect inhibitory inputs at the basal dendrites and their soma from local inhibitory inter-

neurons [38]. Excitatory and inhibitory synapses stimulate opening and closing of different
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jonic channels in the cell membranes leading to either depolarisation or hyperpolarisation,
respectively. In most excitatory synabses sodium ions flow into the cell, making the extracel-
lular space negatively charged; whereas in most inhibitory synapses potassium ions leave the
interior of the neuron, leading to a positively charged extracellular space. When both types of
synapses are simultaneously active, a single pyramidal cell behaves as a microscopic electric
dipole surrounded by its characteristic electrical field (Local Field Potential) (38, 113]. When
a mass of pyramidal cells within a cortical column (approximately 10* neurons) synchronise
they form a dipole layer whose field potentials sum up to an electric field polarizing the outer
tissues and scalp which act as a low pass filter [38]. Note that the cortical column must lie
within a gyri as the dipoles formed here sum up according to linear superposition. However,
within a sucli the dipoles have opposing directions and thus cancel out. It is possible to de-
fine a macroscopic state variable ®(r,t) which is related to observed potentials measured at
location r and time ¢ as the space average over a mirco-electrode surface tip in the following
way:

O(r,t) = L T(r,r ,t)®(r , t)d*r, (3.1)

S Jstr)

where S is the surface area of the electrode. The transcortical potential ®(r, t} is defined over
even smaller volume which can be denoted the ‘descriptive scale’ (chosen to match experiments
performed at that scale). Thus ®(r,f) measures the electrical potential in the ‘descriptive
scale’. Since brain dynamics may involve interaction at several scales, I'(r, 7' t) is defined to
represent a probability density function that weights ranges of the integral thus expressing the
dependence of the measured variables across different spatial and temporal scales. Because the
cortical macrocolumn of 3mm diameter lies just below the apparent limit of spatial resolution
of scalp EEG reéordings it is convenient to choose this ‘descriptive scale’ to define scalp EEG
state variables [113]). At the level of the macrocolumn activity arises from approximately
10° — 108 neurons and nearly 10'° synapses. The neurons and synapses cause micro-source
membrane currents i,(r,t) that sum up to form the transmembrane current density I,,(r,t)

which can be defined as follows:

A L
7 ( fc i 0t de + -/0 i,‘;’,.""pm"dc) , (3.2}

In=%

where L represents the depth of the cortical macrocolumn and A the surface area of the
macrocolumn. dc is the cross-section surface of a cable (in this case the dendritic branch)

and the surface area defined as AC = 2nrL, with r being the radius of a dendrite. The
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number of dendritic branches per unit surface area associated with excitatory and inhibitory
cells is defined by g%t and pi™* respectively. Thus I,, sums the sources from both excitatory
pyramidal cells and inhibitory interneurons resulting in a current distribution per unit volume
of the ‘descriptive scale’. Since p™" <« p®®* (since pyramidal cells outnumber inhibitory
interneurons by four to one) it is generally assumed that contributions are dominated by
pyramidal cells. Furthermore the currents generated at these dendritic branches are governed

by the following cable equation [87):

it =Cn + Ina+Ix+ I+ 10,

" = L& _1_3_"_’)
m 2rr 8r \ri+r, Or /1

(3.3)

where n = {ext,inh}, r; and r. are the resistance per unit length of the intracellular and
extracelluar media respectively. Since r. < r; then only 7; is taken into account and generally
r; is assumed to be passive (i.e. constant). Finally, the current source density I,, is related to

extracellular potentials ®(r,t) by the current conservation Poisson equation
V. o{r)VO(r,t} = —I,(r, ), (3.4)

where o is the local tissue conductivity [113]. The above equations ((3.1)-(3.4)) only explain
how electrical potentials emerge in extracelluar space, they do not allow deduction of how
different cells or key neuronal ensembles organise themselves to form the complex activity
observed in EEG. Suppose N electrodes are placed on the scalp where a large fraction of
the approximately 10'? neurons are recorded, or perhaps more manageable to mathematical
consideration, a large fraction of nearly 10* macrocolumns are monitored. How is it possible
to apply the above equations to make sense of this incredible volume of data? Since these
equations contain many unknowns, for example: the distribution of synapses and conduc-
tivity, distribution of maximal conductance for all different types of ionic currents along a
dendritic branch makes the problem of characterising EEG unwieldy. Is is therefore difficult
to understand the following: 1) Localisation of the fine distribution of electrical activation;
2) Understanding if local synaptic interactions are responsible for the neuronal synchrony
underlying cortical field potentials that form EEG; 3) Do rhythms in EEG originate from
neuronal pacemakers; 4) Do the dynamics of population of neurons lead to emergence of novel
properties not apparent at the neuronal level, but observed in EEG. In the subsequent section
it is shown that some EEG rhythms can be explained by neuronal pacemakers or ensembles of

neurons that share the same properties projecting their activity into the cortex. In particular,
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focus is placed on thalamic neurons which are able to display intrinsic oscillatory behaviour,
even after synaptic transmission is blocked. This characteristic of thalamic neurons plays a
fundamental role in absence seizures making it a crucial physiological brain structure to take
into account and thus emphasis is placed on this topic. In an effort to circumvent the above
problems of interpreting EEG, models can be employed as an alternative method to under-
stand the spatiotemporal characteristics of EEG. The dynamics observed in these models can
then be mapped to EEG state equations ((3.1)-(3.4)). The last section of this chapter intro-
duces some of the most influential neural field models that have been developed to understand

and account for some of the spatio-temporal dynamics observed in EEG.
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Figure 3.1: a) Section of the cerebral surface: the orientation of the pyramidal cells are normal
to the cortex surface except within a sulci. b) Cellular basis of EEG: Extra-cellular ion currents
from inhibitory synapses at the basal parts and excitatory synapses at the apical dendrites
of cortical pyramidal neurons give rise to source dipole currents. These are mainly due to
inflow of Na* and outflow of K+ currents due to postsynaptic potentials, which leads to the
depolarisation of the membrane potentials. The leading edge of the depolarisation activates
other nearby Na™ channels and a wave of depolarisation spreads from the point of initiation.
The EEG is the spatial sum of these potentials generated by a mass of about 10,000 neurons.
Figure adapted from [70].
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3.2 Thalamocortical networks and absence seizures

Investigation of the cellular and network mechanisms for absence seizures studies have impli-
cated an abnormality in cortical and thalamic activity in the generation of absence seizures [9,
102, 155]. The cortex and the thalamus are particularly prone to the generation of the syn-
chronized bursts of activity underlying absence seizures, owing to the presence of inhibitory
and excitatory neurons that intrinsically generate burst activity. A loss of balance between ex-
citatory and inhibitory influences can take the form of either tonic depolarisations or repetitive
rhythmic burst discharges that may give rise to 2.5-3.5Hz spike-wave oscillations. A schematic
showing the connection loop between the cortex and thalamus is illustrated in Fig. (4.1). The
thalamus is the main relay station for sensory inputs (audition, vision) and somatosensory
signals (arriving from the brain stem) and relays to the cerebral cortex (auditory, visual) and
motor cortex respectively. Additionally, sensory and motor signals can be blocked in the tha-
lamus during sleep or absence seizures. The two functional modes (relay and non-relay) of the
thalamus are associated with two distinct modes of action potential generation by the thala-
mic neurons. The tonic firing mode is associated with the relay function of the thalamic cells
which can occur during wakefulness and during REM sleep. In this state, incoming sensory
information may be transmitted accurately to the cortex. On the contrary, burst firing occurs
during NREM sleep and is associated with synchronized oscillations in the thalamus during
which the transmission of incoming sensory signals is depressed. During NREM sleep, thala-
mic relay (T'C) neurons burst activity arrives at the cortex in a synchronous manner, creating
visible patterns in EEG, such as sleep spindles [88, 150]. This “sleep state” of the thalamo-
cortical circuits is in contrast to the normal “wake state”, in which the thalamic relay neurons
fire tonically and the thalamocortical projections are transferring sensory input to the cortex
in a nonrhythmic manner. During absence seizures, abnormal circuitry causes rhythmic acti-
vation of the cortex (typical of normal non-REM sleep) during wakefulness, which results in
the characteristics EEG spike-wave discharges. The precise abnormality of the circuits has yet
to be determined, but there are multiple possibilities. The overriding concept however, is that
absence seizures are generated through alteratation of the normal cellular and thalamcortical
network mechanisms underlying the generation of slow-wave sleep EEG rhythms: the spindle
wave [64, 65]. The reader is asked to refer to Fig. (7.3) on page 231 of [43] for illustrations

of these oscillations occurring in the thalamus and cortex. This concept is reviewed as it has
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been investigated through detailed computation models [43] which have clarified many of the
competing hypothesis and also because it directly relates to the macroscopic thalamocortical

model analyzed in subsequent chapters.

Cerebral cortex

Inteterncurons (IN)

YAl

Pyramidal cells (PY)

il —

f !

Thalamic reticular < N\
Neuron (RE)

Thalamocortical
Neuron (TC)

Thatans Pre-thalamic

afferents

Figure 3.2: A schematic of the thalamocortical loop proposed for absence seizures: Thalamic
system consists of thalamic reticular (RE) which project GABAergic inhibitory connections to
thalamic relay neurons (TC). TC cells receive prethalamic afferent connections consisting of
sensory or motor inputs and relay thalamocortical excitatory fibre inputs to RE and cortical
cells where these connections are mediated by mainly AMPA receptors. The cortex is organ-
ised mainly by pyramidal cells (PY) which project NMDA and AMPA mediated excitatory
connections to inhibitory inter-neurons (IN) and also send corticothalamic feedback back to
the thalamus. The IN neurons synapse onto PY cells which is mediated GABAergic receptors.

(Figure adapted from [43]).

3.2.1 Cellular mechanism of thalamic neurons

The firing pattern of a cell is controlled by the level of its membrane potential. When a cell is
relatively depolarized it generates a train of single spikes (action potentials). A hyperpolarized
state promotes burst firing. However, the electrophysiological properties of a cell can broaden
or diminish the repertoire of possible firing modes. In TC and RE neurons, single spikes

(tonic firing) are mediated by the voltage-dependent sodium (Na™) and potassium (K™) and



this is a similar response in most types of neurons. In particular, TC cells (at depolarized
resting, membrane potential -50mv) fire action potentials at a frequency proportional to the
amplitude of the injected currents. In contrast, RE (rest membrane potential -68 mv) cells fire
20-60Hz. Through in-vitro slice preparations Jahnsen and Llinas [79, 80] demonstrated that
following a IPSP (inhibitory post synaptic potential), which provides hyperpolarisation of the
membrane potential (-80mv) TC cells enter burst mode (300Hz) due to slow calcium currents,
also known as low-threshold Ca®t or as T-current (Ir). Due to the burst only occurring upon
release from sustained inhibition, this phenomena was termed post-inhibitory rebound burst.
The same phenomena occurs in RE cells (at hyperpolarised membrane potentials of -90mv)
where Ca?* spike bursts of 400Hz are initiated by the rising phase of EPSPs (excitatory post
synaptic potential). However, the kinetics of Ir currents seem to be slower in RE cells, hence
termed Ir, [10]. The existence of mixed Nat and K+ currents termed Jg was determined by
McCormick and Pape [108] which is a current that can also be activated at the hyperpolarised
level. It is found that the interplay of Iy and Iz currents can generate delta frequencies
(0.5Hz-4Hz) in TC cells, while the interplay of other currents, namely Ix(cq) (calcium-activated
potassium current) and the non-specific currents Iosy and Iz, are identified in the genesis of
7—12Hz (alpha oscillations) in RE cells [14]. The TC cells display an extra oscillatory mode
of 0.5-3.2Hz which is composed of wazing-and-waning (waxing corresponding to growth phase
and waning to burst firing) envelopes of duration 1-2s and silent phases of 5-25s (the reader is
asked to refer to Fig (4.1) of [43] on page 90). This firing mode is activated by increasing the
amplitude of the Iy current which transforms delta oscillations into waring-end-waning. The
electro-physiological properties of TC and RE neurons make it possible for TC-RE network

to account for spindles waves and slow oscillations (< 1Hz — 4Hz).

3.2.2 Spindle waves

Spindles waves are 6-15Hz oscillations in the EEG that waz and wane (dictated mainly by
the cycle to complete a loop of activity between RE and TC neurons, taking approximately
70 ~ 150ms) over a period of 1-2s and recur approximately once every 5-10s during early
stages of sleep. The reader can refer to Fig (7.7) of [43] on page 237 for an illustration of
spindle waves in thalamic systems. The TC cells excite RE cells with glutamatergic AMPA

synaptic transmission whereas the activity from RE to TC neurons is an inhibitory action
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which hyperpolarizes the TC cells by means of GABAergic neuromodulators [95, 156). This
hyperpolarisation is mediated mainly by fast GABA,4 receptors in TC cells, since GABAER
receptors have a higher threshold for activation. The hyperpolarisation is high when RE
cells are burst firing which cause temporal summation of IPSPs. The summed IPSP may
result in (via inactivation of enough low-threshold Ca®* currents in the recipient TC cell) a
rebound low-threshold spike (LTS} [79, 80]. This in turn activates a burst of 1 to 4 action
potentials (due to Na™t). Because TC and RE cells are reciprocally connected, the burst of
action potentials in thalamocortical cells once again excites the RE célls (through I, }, thereby
initiating the next cycle in the spindle. The generation of spindle waves requires both TC and
RE cells be relatively hyperpolarized so that low-threshold Ca™ current may be activated. This
requirement explains the suppression of spindle waves by arousal. The increased activity that
underlies arousal (i.e. hypothalamus) releases neuro-modulators causing the net depolarisation
of RE, TC (enhancement of Iy current } and some cortical neurons through the reduction of

K™ conductances [107, 153].

3.2.3 Slow waves

Importantly, RE cells are linked via mutual inhibitory connections mediated by GABA,, and
also through longer lasting GABApg receptor {139, 163]. The role of these connections is to
control the discharge (amplitude and duration of excitation) of these cells by thalamic and
cortical activity, which may have important consequences for the generation of slow oscillations
(< 1Hz — 4H2) and consequently spike-wave activity [91, 146]. This can be observed by
application of intrathalamic injection (in-vivo or in-vitro slices) of GABA, antagonists that
block GABA 4 receptors through which RE-RE inhibition is mediated [88, 100, 150, 154]. This
results in a pronounced increase in action potentials, presumably from disinhibition of other
RE cells [13, 15]. Following disinhibition, RE neurons respond to bombardment of EPSPs
(either from the cortex or TC cells), which generate a prolonged burst of action potentials
and subsequently activate slow, GABAg-mediated IPSPs in their post-synaptic TC cells.
Functionally, the activation of GABAg receptors result in a slowing of the oscillatory activity
between RE and TC neurons, owing to slow kinetics and prolonged duration (150-300ms) of
these IPSPs. This is efficient in the removal of inactivation of the I current in T'C neurons thus

causing longer bursts in these cells. Following the near complete block of GABA 4 receptors,
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the time to complete a loop of activity between RE and TC neurons lengthens to between 300
and 400ms, therefore the network generates rhythmic oscillations between 2 and 3Hz. Because
this frequency is similar to that at which TC cells prefer to endogenously oscillate, owing to
It and the pacemaker Iy, the TC neurons discharge several action potentials every cycle of
the network oscillation. Blocking GABA 4 receptors in the thalamus may therefore result in

the transformation of spindle waves to 2-3Hz.

3.2.4 Spike-waves

Investigations of spike-wave seizures in cats have emphasized the important role of the cortex in
conjunction with corticothalamic interaction in generating pathological discharges [36]. While
intrathalamic injections of high doses of GABA, antagonists results in highly synchronized
2-3Hz (slow-wave) oscillations without any spike-wave discharge, on the contrary, the same
drug application to the cortex results in spike-wave seizures as long as the thalamocortical
network is intact [64]. This is based on experimental evidence, where lesions of the RE nucleus
causes cessation of spike-wave activity demonstrating the involvement of the thalamus [11, 27].
The participation of the thalamus in these pathological discharges is shown to be mediated by
GABApR receptors via intrathalmic injection of GABAg agonists which promote spike-wave
oscillations, whereas administration of GABAg antagonists suppress them [75]. Furthermore,
the removal of the cortex causes the underlying thalamus to generate only spindle waves
without seizures, but the removal of one cortical hemisphere shows seizures occurring in the
intact hemisphere [154]. These studies indicate that disinhibition of neuronal activities in
either the cerebral cortex or thalamus may result in abnormal 2-4Hz oscillation in the EEG, in
particular, with disinhibition of the neocortex resulting in activity that is most similar to spike-
wave oscillations in human epilepsy [64, 152]. One possibility, is that the abnormal discharge
of corticothalamic neurons, owing to an imbalance of excitation and inhibition in the cerebral
cortex, results in the strong phasic excitation of RE, TC and local GABAergic neurons. Thus
the strong activation of the corticothalamic pathway may result in both the direct excitation
of TC cells and the hyperpolarisation of these cells through disynaptic inhibition via RE
cells and local GABAergic neurons [42]. Initially, all cells, including the cortical neurons
discharge only weakly and intermittently in response to each phase of the spindle wave, while

the development of spike-wave discharges is associated with synchronised strong bursting in

o4



these cells during the spike and periods of hyperplorarization and silence during the wave.
The reader is asked to refer to Fig (8.28 A) of [43] on page 328 demonstrating how these

oscillations are generated.

Despite the progress made in developing computational models by Destexhe and Sejnowski [43],
questions and controversies regarding the underlying epileptogenesis of absence seizures still
persist. These models have been valuable in clarifying competing hypotheses in the literature
and showing that the switch to spike-wave occurs as a result of the blocking of GABA 4 IPSPs
and increase in GABAp IPSPs, and the resulting increase in burst firing in the TC neurons.
However, the biological evidence for this sequence of events is only from in-vitro work (i.e.
slices). In-vivo experiments do not find any increased burst firing during slow wave activity,
indeed the opposite is true. That is, the vast majority of TC neurons are hyperpolarized as
a result of the strong firing from the reticular neurons [39, 123]. To date there has been no
models explaining this behaviour and this is mainly because of the difficulty in replicating
in-vivo dynamics due to high variability of the intrinsic activity of in-vivo neurons and the
dynamics occurring as a result of the interacting populations of neurons. One plausible way to
circumvent these shortcoming is to first apply physiologically realistic neuronal macroscopic
models based on ‘order parameter fields’. This is a concept used in statistical mechanics
where the important variables of the system say GABAg, I and Iy are lumped into a single
parameter say, v = M(GABAg, Iy, Iy), where M is a function mapping the physical space
to the parameter space. The key aspect here is to scarch in the parameter space changes
in dynamics that correspond to the dynamics we search in the real system. Secondly, once
suitable parameters are found then mappings from the macroscopic models to realistic com-
putational models (which include the relevant physical variables) may be considered to reveal
the source of the underlying activity. However, finding suitable ‘order parameter fields’ and
suitable models is scientifically challenging and this is the topic of next section which provides

the most influential ideas used in macroscopic brain dynamies.
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3.3 Macroscopic brain models and EEG

Different modelling approaches have been proposed for macroscopic dynamics and they are
essentially categorised into three main groups: Neural Field, Population Density and Mass
Action models, however variants and mixes of these approaches exist. These different vari-
ants are an attempt to gain insight into the complexity of brain dynamics by avoiding the
overwhelming details of individual neurons as predicted by models of action potential gener-
ation, e.g. the Hodgkin and Huxley model [73]. As presented in Chapter 1, neurcnal activity
occurs at different spatiotemporal scales and in general the dynamical range that must be
modelled extends over several orders of magnitudes. However, existing modelling techniques
are incapable of dealing with such complexity and as such the general approach is to project
this huge range to a single scale and concentrate on a particular feature of the activity. These
models work under the assumption that precise trajectories for all single neuron activity is
not knowable and need not be known, but averages are sufficient to describe ensemble dynam-
ics. However, this is only true if spatially localized neural populations share nearly identical
responses to identical stimuli. This would allow to characterization of the population by a

single state variable.

3.3.1 Neural Field models

The first model to be considered was proposed Wilson and Cowan [168]. It suggests that a
population of neurons can be described by a single state variable representing the proportion
of neurons becoming active per unit time, which corresponds to the generation of action
potentials. In the following sections the Wilson and Cowan model is derived in a different
manner enabling a better understanding of the assumptions of their approach. The subsequent
derivations consider only temporal dynamics for a single recurrent population. Each individual
neuron is considered to be one compartment, that is, a neuron is a zero-dimensional process.
Furthermore the equations are formullated using the idea of separation of time scales (refer to

section (2.1.7) for details).

How do we model a neuronal ensemble consisting of N neurons with all to all coupling, that is

N? connections and relate the output to EEG? As a first attempt to model the system a single
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compartment Hodgkin-Huxley model [73] could be employed, where every neuron possesses
many synaptic gating variables from different ionic currents and a membrane voltage. Nu-
merically simulating such a system will be computationally demanding because every neuron
constitutes several dynamic variables (at different time scales) and also because information
(in this case spikes) has to flow within the network affecting responses of another neurons.
A first simplification that is often performed in the literature, is to reduce the complexity
of gating variables by ignoring the detailed dynamics of transmitter concentration in the
synaptic cleft. Instead, the transmitter-activated ion channels are described by an explicitly
time-dependent conductivity g;;(t) at neuron ¢ that will open whenever a pre-synaptic spike
from neuron j arrives. In this simplification neuronal activity is governed by perturbations of
the cells voltage V;, and g;;(t) which can be seen having invariant dynamics. The temporal
evolution of the above state variables can be written in the following form:

dav;
my = —ouVi %ZQUV Vi) + Loppis (3.5)

9 = /gsyn(t—s 2(5 )ds, (3.6)

meZ
where R = 1/g; is the resistance of the mémbrane of a neuron and C,, is the capacitance. Vi,

is the resting potential of the neuron, g;; is the maximal conductance and an external current
Ipp can be applied to measure the electrical response of the neurons. Equation (3.5) defines
the time course of the neuron voltage V; with a response similar to a resistance-capacitance
(tm = RC) circuit, where 7,, defines the constant of leakage. That is, for small current
amplitudes, the membrane potential increases exponentially to an asymptotic value which
depends roughly linearly on the applied current and in turn proportional to R. This linear
response is only valid for small applied currents. If the current exceeds some threshold value
V*hr (which depends on the neuron type), the behavior becomes highly nonlinear. A positive
pulse in the voltage is generated (i.e. action potential), with an amplitude of up to 100 mV
and a duration of about 1 ms. The activation of the circuit also depends on the synaptic
currents, g,-j(V,- — VE,-) where gi; corresponds to the synaptic conductance and V; a reversal
potential. If Vj; > V" then the reversal potential tries to pull V towards Vi; which excites
the neurons, i.e. an excitatory synapse, otherwise it is an inhibitory synapse. Equation (3.6)
defines the synapse g;; as a temporal convolution of sequences of spikes »°, 5 6(t — £i}) with
some integral kernel g% . to is some initial time and ¢;; is the time during which the action

potential travelled from the axon of neuron j to the presynaptic terminal of neuron i. The
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above network formulation results in a system consisting of N2 4 N dynamical variables,
resulting in demanding processing time and the data produced is hard to compare with the

important macroscopic EEG dynamics especially in the limit of large N.

To circumvent this complexity, neural field approaches assume that the firing rate of the
action potential is the desired measure of neuronal response to a stimulus, although additional
information may be encoded in other characteristics of the firing patterns. To see under which
conditions a firing rate description might be valid, first consider the simplest firing rate. We
choose a time interval T, count the number of spikes within this time period and then define
the rate as the number of spikes divided by the length of the interval. Suppose that a neuron
j is firing at a constant rate with period Tj, then the postsynaptic input is defined as the
following firing rate variable

Ti
Gi; = —f dtf gsynt—s)ZJ(s—t:’;)ds

meZ
- / gsyn S t,-j)ds, (37)

where v;(s — t;;) = :,—113 foT’ dt Y ,,ez 6(s — t7). From equation (3.7) we can investigate under
what conditions a spiking model can be turned into a non-spiking model for macroscopic
dynamics. Suppose that the response of the post-synaptic conductance gsyﬂ to a single spike
corresponds to a rapid rise and subsequently an exponential decay with some time constant
T;j, Where the rise represents the opening of ion channels and decay the closing. Furthermore,
assuming that 7;; has a much larger time scale than the interspike interval T; of the pre-
synaptic neuron, then §; approaches periodic behaviour. During each interspike interval, §;;
decays exponentially by the same amount that it is incremented by the next spike, in this case
we have §;; = v;. However, in reality neurons do not fire with perfect periodicity indefinitely,

and some care must be taken to define appropriately the firing rate of a neuron.

Defining the firing rate of a neuron as a function of the membrane potential, that is, v; =
6j(V;), allows to some extent generalisation of the above discussion for varying firing rate.
The preceding discussion was for constant pre-synaptic frequency. If the frequency of the
pre-synaptic neuron v; = ¢;(V;) varles slowly, then the approximation, §; = v; will still
hold, allowing a definition of a macroscopic firing rate model. For this to be possible it must
be assumed that the synapses evolve on a much slower time scale than that of the voltage,

ie 7, € 79, which implies that voltage reaches its steady state faster than that of the
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synapses. However, in reality 7, and 7% are of the same order of magnitude and thus the sep-
aration of scales cannot be performed cleanly. Using separation of scales allows the solutions
of fast dynamics for its asymptotic value V,,, and then use this solution in the slow dynamics to
understand the slow process. A further assumption for this is to assume that all conductances
are constant in time. In particular, the reversal potentials V; — V;; in Equation (3.5) should
be constant to allow the voltage settle to an asymptotic value. However note, this might be
a reasonable assumption for excitatory neurons, but a very strong assumption for inhibitory
neurons. For example, consider gampa(t)(V — Vaarpa) which is an excitatory synapse, with
the reversal potential Vipypa = Smu. Also consider the resting potential of a pyramidal cell
Viest = —70muv and threshold V" = —50mv. In general experimental studies show the fol-
lowing amplitude difference |V — Vyprpa| & 70mu, however the fluctuations (deviation ov)
are very small oy € |V — Vaupal- In this case it is possible to apply the approximation
9i; () (Vi — Vis) = 935 (8) (Vrest — Vij) = 9;AVi5, where AVj; is now a constant. On the contrary,
using the above procedure for the inhibitory synapse ggapa(t)(V — Veapa) is not a correct
one, since Vgapsa = —70mwv and because the fluctuations are large o, = 10mv. However, for
the derivation of nonspiking models to be possible the above assumptions are necessary which
then allow the determination of the asymptotic voltage by setting % i‘—fl = (0. This then yields
a steady state value for the voltage V,° =V, + ﬁi’ 35 85 AVi; + —gi-‘i‘j—. In this case, a given
setting of the post-synaptic conductance cannot produce spiking unless V,*° > V. Without
loss of generality further simplification is made by assuming Vy, = 0, I; = I—;ﬁi and by
defining the synaptic weights v4; = %A‘Vﬁ. The separation of scales essentially reduces the
system from N2 + N to the following N? equations.

t
05(0) = [ gt = 9)5(Vy(s = t)ds (9)
to
Because all internal neuronal structure has been ignored (such as dendritic tree and the finite

propagation times along dendrites), the synaptic activity (3.8) in cell i can be linearly summed

to obtain the following
3i(t) Zf gt — &) (VP (s — tiy))ds. (3.9)

Under additional constraints the network may be simplified. Most of the time course of the
postsynaptic potential gsw depends only on the postsynaptic cell ¢ which is captured by the
following equation (from [83]):

g2, (t) = ki3G5 (), (3.10)
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where G;;(t) is related to the time course of the diffusion process of transmitters in the synaptic
cleft after release at the pre-synaptic terminal and their binding process to the receptors on
the postsynaptic terminal. «;; is a constant scaling factor representing the magnitude of the
this process. Applying equation (3.10) allows us to rewrite equation (3.9) in the following

form
t
W) = [ Gult=5) 3 o (3 usdi(s = t) + Ipni)ds, .1
o j i

where the inverse Gy;(.)™* of the integral operator Gy;(.) will be the sum of differentials with

constant coefficients ¢,.

'm( chatnga

Gi;(t — s) can have either exponential or polynomial form, however synaptic activity is best
represented as either bi-exponential with an exponential finite response rise time representing
opening of channels and an exponential decay time identifying the closing of channels. For
example, a simple, but often used, integral kernel is Gy;{t — s) = e~{~%)/7 that assumes an
infinite rapid response time and a finite exponential decay. This then leads to the following
differential equation for sufficiently small time delay, ¢;; ~ 0 with ¢y =1, ¢ = 7; and ¢}, = 0;

n>2

T:ng =g+ Z KijSj (Z Vi;9j (t) + Topp, %) (3. 12)

A further reduction is to assume that all synaptic time constants are the same 7;; = 7. Then
all synapses g5, -+ , gn; emanating from a single presynaptic neuron have the same temporal
behaviour. With this simplification, the model (3.12) reduces from N?% to N variables defined

as follows:
TG = — + AijSi (wij G5 (2) + Tapp,i), (3.13)

where w;; = N;v;; defines the synaptic weights and the coefficient A;; = N;«;; can for example

regulate the firing rate.

The final simplification is to assume that macroscopically, the behaviour of a cell assembly
can be characterized in terms of the time or ensemble averaged behaviour of a homogenous

collection of neurons that populate it. For large assemblies, we can consider an individual
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cell variable §;(t) a sample path from a random process, §(t). The corresponding system
level parameter of interest is the sample mean, Em, or expectation < §(t) >. A macroscopic
average model reduces the system description from a set of N coupled equations to a few
equations involving expectations and standard deviations of these random variables. The
Law of large numbers shows that the expectation approaches the sample average as N — oo.
Thus the following averages are defined:
30 2 3 36 m< 900) >,
JEN

and by definition

dgt) d |1 <. 1 —diu®) &k
"%T=E[ﬁj§g*(t)] P ahbrs

jEN
Applying the above average equations to the model (3.13) results in a single recurrent mean

neural field model equation:
1§ = —g + A{wg(t) + Iopp), (3.14)

where it is assumed that 7, g, A, w and I,,, represent averages. Equation (3.14) equation
is equivalent to the Wilson and Cowan model [168]. However, Wilson and Cowan defined
empirically the dynamic variables to represent the proportion of active neurons in a population
per unit time, whereas in the above derivation the variables show explicit dependence with the
temporal dynamics of the synapses. Also in their model they also accounted for the refractory
period and later publications accounted for spatially interacting excitatory and inhibitory

populations [169].

An alternative formulation of neural field equation was proposed by Nunez [113] and further
generalized by Jirsa and Haken [84]. In this approach, the activity of the neuronal ensemble
is governed by the time scale of the membrane voltage, that is, the synaptic conductance are
assumed to have a faster time scale. Consequently, a model of N interacting populations will

have the following structure
TV = —¥% + Zwijs'(‘vj (1)), (3.15)
i

where 7 defines the intrinsic time scale on which the voltage v; evolves. The model equa-
tions (3.14) and (3.15) are in essence similar and capture essential temporal macroscopic

dynamics.
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3.3.2 Spatial propagation of neuronal activity

The previous section introduced equations for temporal dynamics where the assumption was
that each neuron is a point process (zero dimensional). However, neuronal activity is also
spatially distributed and in general this activity is a function of the network topology defined
with some boundary conditions and synaptic weights. The network connectivity addresses
how the effective geometry affects dynamics while synaptic weights introduce a quantitative
meastre of these connections. Moreover, there are multiple spatial scales of brain organisation
traversing single neuron to the level of scalp EEG. Over these scales the connection topologies
change from perhaps probabilistic to structured and hierarchical as found in the neocortex

presented in Chapter 1, which shape the spatial dynamics observed at each level.

At the level of EEG Amari was among the first to study spatially and temporally continuous
neural fields [4]. The temporal dynamics correspond to equation (3.15), however to account for
spatial activity it incorporates a continuum physical space: wy; — w(r, R)dr, vi(t) — ¢(r,t)
and 3. — fp where r and R are identified as being two different spatial locations and D
represents a cortical surface area (of some geometrical form) and thus the equations are defined

as follows:

Taéﬁé?;, t) _ —(r,t) + /D w(r, R)<(¢(R, t))dR. (3.16)

In this model formulation, time delays caused by propagation times are ignored. This assump-
tion is valid if the delay is small compared to the time scale on which the system is studied.
The macroscopic EEG connectivity of the system is defined in w(r, R) which in general is
defined as being excitatory for proximate connections and inhibitory for greatef distances as
observed in macrocolumns. Furthermore, Amari considered the macrocolumns to be spatially
symmetric and translationally invariant in which w(r, B) = w(|z — R|). This type of model
does not account for oscillations, but locally excited regimes may exist and self-sustain without

external inputs.

Later work by Jirsa and Haken [84] incorporated delays in the above equations to consider
long range connections between cortical regions that resulted in the well known wave-like
equation. These equations allow the study of propagation and oscillatory properties of the

cortical surface. In this section the derivations of the wave-like equations are provided as
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the primary model studied in this thesis incorporates this. Incorporating delays into Amaris

equations (3.16) results in the following:

3¢(r t)

5 = —é(r,t) +/Dw(r, R)s(p(R,t — r_R

a

)R, (3.17)

1';:'3)) is the firing rate of action potentials at location R resulting in late

synaptic activity at location r, dependent on the separation distance |r — R| and the action
potential velocity v,. @(r,t) represents the field activity at the end of axon terminal. The
number density of fibres connecting locations R and r with propagation velocity v, is described

by a connectivity {distribution) function

r—R
fa

2r,

w(lr — R|) =

Here the spatial connectivity of the activity is assumed to decay with distance, which is in
agreement with experimental observations [149]. r, is the spatial range (i.e mean axonal range)
which also indirectly defines a hierarchy of time scales over which ¢ operates. Furthermore,

an isotropic distribution of axons is assumed. Equation (3.17) can be re-written as

o(r, 1) f dvfw(r,

Phenomenologically the spike velocity and spike shape does not change along an axon and

(3.18)

incorporating this observation reduces (3.18) to:

B(r,t) = wa('r,R) r_ &

)dR. (3.19)

Expressing the time delay via propagation along corticocortical fibers as a delta function
S(t—~T~— J%{l) the solution of equation (3.19) can be written in-terms of a Green’s function

G of the following form:

b(r,t) / f G(r — R,t— T)<(R, T)dTdR, (3.20)

with
B Iy — R')e—]r—R]/ra

Vg, 2r,

Gir—Rt-T)=4(t-T
This permits Fourier transformations of the individual terms in (3.20) as follows:

— _2 f-ﬁo fm ikr—wt¢(k w)dkdw,
q('r t) f_ [2o eFr=ivte(k, w)dkdw,
G(r — R,t —T)= L2 [ [0 ekr=R)=iwt-T)g(k 1)dkduw,
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Thus in Fourier space the following relations are obtained:
$(k,w) = g(k, w)c(k, w). (3.21)

Specifically, applying the inverse Fourier transform of g(k,w) results in the following:

(k w) _ fm /oo G('l‘ —Rt— T)eik(r—R)Hw(t—T) - '72 — i'Yaw (3 22)
e —o0 J—00 , B ('Ya - iw)2 + k2v, .

where the parameter v, = . Finally, substituting (3.22) into equation (3.21) and rewriting

the resulting relation back into the space and time domain yields the following wave-like

equation:

(5 + gy 22 =20 = O = () (5.29
where V? is the Laplacian operator. Thus equation (3.23) describes pulse propagation along
an axon in terms of the generated firing rates ¢{r,t). For inhibitory neurons connectivity
is short range, typically axonal ranges of about 0.lcm. This implies that the connectivity
function for inhibitory connections reduces to the following [(r, R) = d(r — R) which results
in a simpler formulation. Alternatively v, — co which implies that equation (3.23) transforms

to ¢(r,t) =¢.

Neural field models are nonlinear spatially extended systems and thus support pattern for-
mation. The analysis of such behaviour typically involves linear Turing instability, nonlinear
perturbation theory and numerical simulations. The pattern formation include global peri-
odic, standing and spiral waves [37] and as well other complex patterns, for example related
to epilepsy [35]. The nature of these patterns solutions to some degree relate to the wave
patterns observed in EEG and local field potentials, however the theory is far from being
complete in that it cannot interpret the observed and simulated global patterns in terms of
lower scales of activity. This difficulty arises because of the separation of scales assumed in

neural field models and thus information exchange between levels of activity is lost.

3.3.3 Population density models

As an alternative to neural field approaches, population density models can be applied. The

| population density method allows grouping of neurons into populations and tracking the
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distribution of neurons over the state space of each population. Neural field models also
group neurons into populations, but on the contrary, the state of each neuron is lumped into
a single state variable. For this reason neural field models can be seen as a particular case of
population density models, where the density distribution is uniform or alternatively a delta
function (i.e. higher statistical moments are not considered). The population density approach
allows modelling of fast temporal dynamics observed in transient activity [62], and also a more
accurately representation of refractory activity by incorporating refractory densities. However,
it is computationally more demanding than the neural field approach. For excellent reference

papers on this topic see for example [47, 116].

The theoretical approach taken is to consider a reduction of the phase space of the dynamics
governing the activity of single neuron, where it is then possible to define the fraction of neu-
rons per unit volume of the phase space in the mathematical limit of an infinite number of
neurons. This then allows use of the Kolmogorov-Fokker-Planck equation which describes the
time evolution of the probability density function. The advantage of this formulation is that
it allows one to model the variability of neural activity as probability densities over trajecto-
ries through the state space and thus, for example taking, into account stochastic processes.
However, it assumes that the such processes are smooth, which then allows interpretation of
the randomness as a diffusive process. To make things clear, suppose that the state of neuron

z is governed by some dynamical system of the following form

‘;_: = F(z) + S(z, g(t)),

where F' is the vector field, which could be that of the Hodgkin-Huxley model {73] and
S(z, g(t)) denotes incoming synaptic currents that depends on z and conductances g(¢) (which
may represent noise input). The state space for each neuron in the Hodgkin-Huxley model is
four dimensional x = (V, m, h,n), where V is the membrane potential, m governs the sodium
activation, h the sodium inactivation, and n the potassium activation. A direct simulation by
following the trajectories of all neurons in a network of Hodgkin-Huxley like models introduces
high computational cost and is not amenable to mathematical analysis. Suppose it is possible
to find the probability density function p(z,t) for a neuron, that is, a function that satisfies
J22 p(z,t)dz = 1, and in this case [, p(z,t)dx = Pr(the state of a neuron € ). By ignoring

the trajectories of individual neurons and assuming a population of N similar neurons, p(z, )

65



can be interpreted as a population density, that can be defined as

. neurons with z € Q
lim (

)= ] p(z, t)dx = Fractions of neurons whose state € Q2.
N—oo N Q

The evolution of density in the phase space can then be described by the Kolmogorov-Fokker-
Planck equation (KFP):

W) - 0 (Feele ) - - (3.24)

where pg is the initial distribution and J is the flux in terms of probability of neurons crossing
the boundary (2, dependent on the S(z,g(t)) term. The sum of the terms %3’:—’0- + 2.
(F(z)p(z,t)) = 0in equation (3.24} defines the transport or drift equation, while the derivative
of the flux represent a diffusion term. The KFP equations with p depending on the full
phase space x is computationally demanding. To reduce computational effort, two different
approaches have been suggested to reduce the phase space of neural system to one‘dimension.
Consider for example a homogenous population of leaky integrate-and fire (LIF) neurons with

the input to the population dispersed by noise

Cr = =gV — Vi) + I + 0€(2),

(3.26)
if (V > Vthr) = | = |/reset

A homogenous network implies that all neurons have the same parameters, Cy,, membrane
conductance, the same leaky currents, identical threshold V**" and reset valies V7¢®t, The
input current I contains both the external drive and synaptic coupling. The term o corre-
sponds to a noise dispersion and £(t) is a white noise process, i.e. the average of the process
£(t) is zero for all time: < £(t) >= 0 and the autocorrelation function has infinite power:
< &(t)€(t) >= 7,,8(t — ') which implies power spectral density P(€(t)) = Tin, Where 7, is the

membrane time constant).

The first approach assumes the evolution operator p is fully described by the membrane
voltage V. This approach is valid only if the voltage is a monotonically increasing function
in time. However, if at two distinct time moments ¢ and ¢t + At the voltage have the same
value, ie. V() = V(t + At), then the approach fails since it is impossible to distinguish
between the two voltages in phase space. Thus this solution is only typically employed to

describe a population of LIF neurons [62] and thus p(V,t) is the membrane potential density
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of the population. A derivation of p(V,t) into as a KFP is demonstrated in [62] which can be

expressed in the following form:

B 4 [gu(V Vi) + 150+ T
Al = (3.27)
(v, t)|t=0 = 6(V = V1),

where the first two terms of the KFP is the transport equation and the third term due to noise
defines a diffusion term. The second equation defines the boundary condition when neurons
reach a threshold. The third equation relates to the initial condition. This approach has been
applied in modelling for example event-related potentials (ERP) [67]. In this work, the noise
term £(¢) is modeled by measuring and quantifying the averaged firing response of a population
of neurons to different experimental trials of the same experimental stimulus paradigm. This
allows one to encode to some degree the variability of ensemble responses. However this is
valid under the assumption that the averaged firing rate of a neuron constitutes the primary

variable relating neuronal responses to sensory experience.

An alternative and more robust method is to use an auxiliary variable usually denoted t¥,
which for a single neuron is the time elapsed since its last spike [47]. Here, p(t,t*) is referred
to as the refractory density [62]. This approach has the ability to distinguish in phase space
two spike time moments having the same membrane voltage. In this case the KFP for the

LIF ensemble (3.26) has the following form:

dp(V, t*,¢) + Op(V, 1", 1)
ot ot

Sp(V.ent) | o(t) &%p(V, 1)

=0. (3.28)

A population model of the form (3.28) has been extensively studied by Chizhov [32] where
the third and fourth terms of equation (3.28) was substituted into the right hand side and a
good approximation give the hazard function p(¢,t*)H. The final form of the equation is then
by the following:

6p(t|t*) B.p tyt‘) —_— %

SplttT) 4 J__. = p(t,t)H(V

3;V avat ,0( ) ( ) (329)
Cle+aw)=—alV-V)+I

where the first KFP equation is reduced to a drift equation with source term being the hazard
(firing rate) function, p(t,t*)H, which is dependent on the noise amplitude o and the firing
threshold V", The second equation defines the drift equation of voltage V dynamics V for

all t*. This approach has been further refined in [32] to take into account averages of fast and
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slow ionic currents over the cell populations and the variability in intrinsic cell properties and
in synaptic input. The model has been shown to simulate to a good precision extra-cellular

stimulated postsynaptic responses and gamma-oscillation of a hippocampal CA1 tissue [31].

3.3.4 Mass Action models

Mass action models were first proposed by Freeman [57] as an alternative approach to mod-
elling population dynamics. The crucial difference being they were based on results obtained
from electrophysiological experiments, measuring local field responses of neural masses to
known stimuli or induced by electrical pulses. These experiments aimed to relate single cell
recordings at the microscale and demonstrate that the macroscopic dynamic properties of a
neural mass are related to, but distinct from those of an individual neuron (i.e. neural masses
cannot be understood at the level of action potentials). In these experiments neural masses
are electrically stimulated by extracellular electrodes which activate large numbers of axons
(termed nerve tracts) that synapse into an ensemble of neurons and cause their activation. The
ensemble output response field potential, after, suitable averaging to remove the background
activity is treated as an impulse response of the system. In a series of recordings carried
out on the olfactory system of both trained rabbits (i.e. to recognise smells and to respond

with particular behaviours to particular smells) and untrained ones, Freeman developed a set

of dynamical phenomenological models called the Ki set hierarchy, where # = {0, 1, TT, TTT¥."™""

These sets are both a model of population dynamics and a description of the connectivity
architectures to describe interactions made by neural masses. The KO set is the most basic
and simplest component in the hierarchy consisting of three parts, biologically resembling a
real neuron. Specifically, KO sets model a neuronal ensemble forming part of a cortical column
within which all neurons share the same physiological and functional properties. They receive
spatial inputs (dendrites) that are weighted and summed. Further they include a soma where
pulse spike densities are produced and the internal dynamics (the transmembrane potential
of a neuron) follow a linear time invariant system with second order dynamics. The output
is then shaped by a nonlinear saturating function, that essentially provides a measure of the

relationship between the transmembrane potential and the pulse density of the neuronal mass.
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The response of the model to an impulse P(¢) function is described as follows:
LV (r,t) + (a+B)LV(rt) + afV(r,t) = P(r,t),
¢(r, £) = <(V(r, 1)),

where r varies continuously over some domain and represents the spatial location of the

(3.30)

process. V/(r,t) is the transmembrane potential at the ‘neural mass soma’. ¢(r,t) is a sigmodal
function relating the V(r, %) to the firing rate ¢(r, ) (pulse density) of the ensemble of neurons
and o and 3 correspond to the rise and decay of the response signal. Observing the dynamics of
the first equation it could be argued that they correspond to post synaptic dendritic responses
of a single neuron, only here representing aggregated synaptic events. However, note that the
precise relationship between the electrical potentials of single dendrites and the resulting
summed dendritic potential of an ensemble of neurons is not known. Nevertheless, in the
literature (e.g. [130]) it is assumed to be related to synaptic dendritic responses where these

are written alternatively and interpreted in the following way:
o0
Virt) =1 / L{t = £)P(r, £ )dt . (3.31)
—00

In this version all observables represent local averaged values of some physiological process
and now this equation relates the averaged induced transmembrane voltage V(r, t) at the soma
with the incoming averaged post-synaptic potentials P(r,¢) after these have been filtered in
the dendritic tree and summed. The induced transmembrane voltage perturbation propagates
along the dendrites and reaches the cell body with some attenuation and lag. Both depend
on the distance of the synapse from the cell body, with the factor ! used to represent the
average attenuation and convolution of P(r,t) with a unit-area function L(t) representing
lag. o and 3 are now constants representing the inverse rise and decay times parameterising
the dendritic response to an impulse. In effect, diffusion during dendritic propagation smears
out the temporal response and the dendritic tree acts as a low-pass filter. The kernel of the

convolution usually assumes the following form:
72 (exp(—at) — exp(=ft)) a#8
ot exp(—at) a=j

The final chapter of this thesis will suggest yet another possible interpretation of these equa-

L@t) =

tions, which is shown to be important if mappings between scales are to be considered.

On the next level of the hierarchy, a KI set is formed by two KO0 sets and defines the coupling

relationship between them. However, this structure allows populations to be only either

69



exclusively excitatory or inhibitory and no auto-feedback is allowed. Subsequently, a KII set
consists of two KI sets (or four KO sets). KII networks can function as an encoder of signals
or as an auto-associative memory, [57, 128]. Mathematically, KII sets may have several fixed
points and can also have limit ¢ycle attractors depending on the parameters of the system
and the initial conditions. At the final level of the hierarchy is the KIII set. These KIII
networks may have different layers of KII sets representing for example different anatomical
regions of the mammalian brain. As an example, a computational KIII network designed to
model the olfactory system has been studied by Heng-Jen et al. [30]. The KIII network may
have strange attractors and positive Lyapunov exponents, consequently exhibiting chaotic
oscillations [128, 68]. A complete understanding of the total hierarchy would represent the
knowledge to mimic and predict EEG signals and thus comprehend brain functioning at the

macroscopic level [94]. In general, a Nth order system is defined as follows

N
TV 1)+ @+ B Svilrt) + aBVilr ) = 3 (s (50 ) + ¥ stV )]
i#i
+ ¢external

where f; can represent the extracelluar field potential spread affecting nearby neuron ensem-
bles and ¢epternar an external stimuli or impulse. Reductions to Ki sets are also possible by
considering subsets of connections. In particular, this thesis is concerned with a subset of the
KII models denoted reduced KII (RKII). In this simplification each column within the RKII
set consists of a coupled inhibitory and excitatory neural population. Thus a set of NV coupled

columns (or local brain region) may be represented by the following form:

LV, ) + (o + H)EVelr, ) + ofV,(r,) = o (vesslVa(r, 0] + & Doy Vs (Vo1 1))

E’IV(T t) + (O.’ + 6) & ('I‘, t) + aﬁV(r, ) aﬁVieg[‘/e(Ti t)]s
(3.32)

where V, represent the average field potentials of an excitatory population and V; of an in-
hibitory population observed at a macroscopic level. The parameter v, gives the coupling
gain or strength from the excitatory (V) to the inhibitory (Vi) population whereas v,; is the
strength of the reciprocal coupling. The coupling strength vy, is the gain from an exter-
nal excitatory population from columns p (since long range connections are only established
by excitatory neurons). These parameters can be interpreted as having the following form
Vab = NgpSy where, Ny is anatomical or structural in character representing the mean num-

ber of connections from neural ensemble of type b on a population of type a. The term S,
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is physiological or functional in nature representing the size of the impulse response associ-
ated with synapses of type b, i.e the time integral of the perturbation to the transmembrane
potential, as measured at the synapse. The nonlinear interaction is in general realised by
some sigmoidal function ¢[-]. External inputs or stimuli can be applied to ¢ither excitatory or

inhibitory population.

The theoretical framework most often applied to neural mass approach is signal processing
techniques and this context only some understanding is possible. When compared to neural
field and population density approach, neural mass models are the least studied in the context
of dynamical systems theory. Thus the understanding of their dynamics is still scarce. Perhaps
this could be related to the fact that it is not clear how to interpret the equations, specifically,
those second order in voltage dynamics and the parameters modulating the dynamics of the KO
set. It is reasonable to think that relating multi-scale recording and multi-scale modelling of
the observed signals is the key to modelling brain dynamics at different spatiotemporal scales.
Hence, with this in mind, the mass action approach deserves further research to understand
how macroscopic dynamics and Ki sets could be mapped to lower scales of activity, which

could then lead to interesting results.
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Chapter 4

Analysis of the neural mass

corticothalamic model

The aim of this chapter is to explain the critical features of human generalized seizures by
investigating the dynamical bifurcations of a global (spatially invariant) corticothalamic brain
mean-field model. The model belongs to the class of mass action models. However, it also
incorporates further refinements to take into account key physiological processes such as prop-
agation delays, corticothalamic feedback, and as well as treating the cortex as a medium for
propagation of waves of electrical activity. Previous analyses have demonstrated descriptive
validity in a wide range of healthy states, such as the alpha and gamma rhythms., Further
it is here shown that mapping the structure of the nonlinear bifurcation set predicts a num-
ber of crucial dynamic processes, including the onset of periodic dynamics which explains
the transitions observed in generalized seizures. A quantitative study of electrophysiological
data supports the validity of these predictions. Hence we argue that absence seizures are pre-
dicted by the bifurcation diagram of the model’s dynamics. Finally a reduction of the model
is considered, which allows for analytical treatment and interpretation of these pathological

rhythms.
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4.1 Corticothalamic Brain Model

The model described and analysed herein stems from [131], This system can be viewed as
a merge of three theoretical viewpoints: Freeman’s mass action to describe the population
dynamics within a macrocolumn [57]; The thalamocortical feedback loop as a physiologically
motivated feature to allow interpretation of generalized seizures at the macroscopic level (refer
to section (3.2)); and the wave-like equation formalism to model the EEG wave propagation
phenomena on the cortical surface [84]. Given that the model is formulated within these three
theoretical standpoints it inherits the assumptions made by each and because it merges these
it is denoted as the neural mass corticothalamic model. However, in this thesis it is simply
called the corticothalamic model. The model also incorporates a further refinement to account

for signal propagation delays in the thalamocortical and corticothalamic projections.

The thalamocortical loop hypothesizes that four main types of neurons are involved in gener-
alized seizures and these consist of excitatory and inhibitory neurons in both the cortex and
the thalamus. The hyper-synchronized state of local neurons observed in generalized seizures
makes it reasonable to group and average over the ensemble of neurons. Thus, each brain
region can be modelled by an RKII set (introduced in section (3.3.4)) which describes the in-
teraction of a population of excitatory and inhibitory neurons. Hence, coupling two RKII sets
forms the corticothalamic feed back loop. The dynamical variables within each population
are the local mean potential, V,, the mean firing rate, ¢, and the propagating axonal fields,

¢,. Consequently, each neural mass is governed the following three equations

1 892 1 1.8 '
la—ﬁb‘ﬁ + (‘a + 'ﬁ')a + 1] V;,(T: t) = Pa('r: t), (4'1)
Qma:r:
Ca(ry t) = 2 3 (42)
1+ exp (-%(M LAt ))
1 {82 i,
5 [E T ugvz] o(r, 1) = ol ), (4.3)

where a refers here and in subsequent equations in this chapter to the neural population
(e=excitatory pyramidal cells, i=inhibitory inter-neurons, s=specific relay nuclei, r=reticular
nucleus, and n=nonspecific sub-cortical inputs). The first equation (4.1) corresponds to voltage
response V,(r,t) of a K0 set to incoming averaged post-synaptic potentials P,(r,¢) after these

have been filtered in the dendritic tree and summed. The second state equation (4.2) refers
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to the generation of action potentials, ¢,(r,t), (mean firing rate or pulse density) whenever
the membrane potential V,(r,t) reaches a threshold ,. In other words V,(r,t) determines
the output firing rate of the neuronal population and the level of activity is modulated by
a response probability sigmoidal function ¢[V,(r,t)]. The response is a a smooth transition
from 0 to Q7%", with a standard deviation, o,, that reflects the va;riation of threshold levels
encountered in real populations. Note that the maximum of %%‘ is 9%? at V, =0, and the

constant €' = —-% was chosen so that the 922 approximates a Gaussian. The last equation (4.3
V3 av, q

uses the wave-like equation developed by Jirsa and Haken [84] to model the propagation of
the firing rates g, as fields ¢, (for details refer to section 3.3.2). However, Robinson et al. [131]
find that the term (2 —"ya,g;) on the right hand side of the wave-like equation can be dropped
as this does not influence the numerical simulations. A characteristic axonal propagation

1

velocity, v, = 6 — 10 ms™", is assumed as well as an isotropic distribution of axons.

Coupling of the cortex and thalamus by directly incorporating the above equations gives rise
to a high dimensional system of equations, thus reductions should be considered. Reducing a
system of equations should be carefully considered and any reduction must lie within the limits
of physiological constraints. There are significant differences in the mechanisms underlying
the spread of activity in cortical and thalamic slices. Computational models and experimental
animal models of spindle waves and epilepsy, indicate that thalamic slices waves propagate at
velocities of less than 1 em/s whereas cortical neurons discharges propagate with a velocity
range 6 — 10 ms™! [43]. The differences in velocities are due to axonal range within each
brain area. Within the thalamus the axons of both excitatory and inhibitory neurons project
closely to nearby neurons. This observation allows a reduction of the wave-like equation to
$a = {1, 1), because -y, — oco. Within a column of the cortex the same holds true. However,
only pyramidal cells project their axons to other cortical regions (long range connections)
where these fields are readily measured in EEG. Thus, the wave equation is considered for
the pyramidal cells.. An observation worth pointing out is the fact that the wave equation
indirectly introduces delays to these connections. For the connectivity between the cortex
and the thalamus these are considered to be long range connections as the cortex and the
thalamus are far apart. Since corticothalamic and thalamocortical projection activity are not
measured at the EEG (i.e. as these are closed fields) the wave equation is dropped. However,
the activation of one brain region due to ancther brain region depends on the rise times

of post-synaptic potentials and delays due to finite velocity of action potential propagation,
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thus delays are considered. A final assumption is that incoming fields from different neural
pbpulation are linearly summed at dendrites of a neural mass. This allows to define the

coupling between the different neural populations as follows:

DoVe(r, £) = Veee(r, ) + Veidhi(r, 1) + Vests(r, t — 7), (44)
DoVi(r,t) = Viege(r, t) + vishi(r, 1) + viss(r, t — 7), (4.5)
DoV (1,1) = vrehe(r,t = 7) + vrshs(r, 2), (4.6)
DoVs(r,t) = Vsee(r,t — 7) + Vsrr (1, £) + Vonn (1 1), (4.7)

where D, = [a—lﬁai:g + (& + %)% + 1] , T = to/2, with t, considered to be the total propagation
time for signals to project to the cortex and return back to the thalamus. Only the specific
relay nuclei (T'C neurons) receive sensory inputs ¢, which may be either a time invariant sig-
nal or noise. The model is further reduced by dropping equation (4.5), because the existence
of spatial symmetry between populations of pyramidal cells and inhibitory inter-neurons is
assumed as in [131]. The argument presented is that intracortical connectivities are propor-
tional to the numbers of synapses involved, which implies V; = V, and Q; = Q.. However, we
assume that the author meant that EEG is mostly contributed by pyramidal cells and thus
fields produced by inter-neurons are negligible. Finally, during generalized seizures, brain
activity may be dominated by very large scale, or even whole brain processes. In this case
the dynamical variables may not depend greatly on the spatial position r. Hence we drop
the spatial variable r and consequently the Laplacian term »2V?, along with the boundary
conditions dependent on 7, are ignored. In this case only global invariant solutions can be
considered. However, note this is only an approximation and spatially varying behaviour can
be recovered by coupling N discrete nodes (i =1,--- , N), each governed by a corticothalamic '

model. The coupling would consist of cortico-cortical excitatory projections defined as follows
D (t) = Qe(t) + Cis(¢', ) /12,

where 7, is the characteristic axonal range, D is the wave-like equation (without the Laplacian)
and the connectivity matrix Cj; is a suitable numeric approximation of the Laplacian operator

V2 (e.g. first order approximation to V2 [2]).
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A complete derivation of the spatially invariant system is shown in section B.1 and a schematic
of the model is illustrated in Fig. (4.1 a) and the firing rate shown in Fig. (4.1 b). The
parameters of the model were fitted from data using an algorithm developed in [132, 138].

The relevant parameters can be found in section B.1.1 in Table B.1.

a) o, o b)
! 1 - - 250,
Cortex |- >
y 200
g(va) 150)
Reticular "
Nucleus w
Specific
Relay M) [] 0@ 004 006

Nuclei

Figure 4.1: a)Thalamocortical model, schema of principal neural fields and loops within the
corticothalamic model. Fields include e=excitatory cortical; i=inhibitory cortical; s=specific
thalamic nucleus; r=thalamic reticular nucleus; n=nonspecific subcortical noise. Connec-
tivity and loops include intracortical (ee,ei), corticothalamic (er,se.es ) intrathalamic (sr,rs)
and ascending noise sn. b) The neurons (inhibitory and excitatory) are coupled by a unipo-
lar sigmoidal function, which transforms the neurons transmembrane potential V, (generally
expressed as wave amplitude) into the firing rate ¢(V,) (termed pulse density), i.e voltage-
frequency relation. Note the scale of the r-azes and y-ares (-0.03,0) to (0.07, 250). This is
related to the averaging performed over a mm® of neural tissue, which is a highly nonlinear

operation.

For purpose of discussion and completeness, results from [131] are provided in section B.2.
These are linear stability analysis in the frequency domain, describing healthy EEG instability
boundaries parameterised by z, y and z variables, which measure the level of activity in the

cortex, reticular-specific and specific-reticular connections respectively.

Clinical research suggests that several pathological processes, such as seizures [5] and abnormal
rhythms in pathological states [148] have a strong nonlinear component. In [131] it was
proposed that the transition from resting-state EEG to seizure activity may be viewed as a

bifurcation from linear to nonlinear oscillations, whereas different types of seizures may be
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viewed as bifurcations between distinct types of nonlinear dynamics [133]. In particular, this
chapter focuses on 3Hz instability associated with the frequency at which absence seizures
initiate. The behaviour of the model at and beyond such instabilities is compared with EEG
data sets. Beyond the 3H 2z instability an extra structure in the bifurcation diagram is found
whose origin remains unresolved. In an attempt to understand this phenomena a piecewise

approximation of an RKII set is considered to explain the genesis of absence seizures.

4.2 Method for the analysis of the EEG data

The absence seizure data sets were drawn from a database of 13 adolescent epileptic patients
from the Department of Neurology, Westmead Hospital, Sydney where the ethics approval
was obtained prior to data collection. The scalp EEG electrode placement followed the inter-
national 10-20 system (refer to section A.3 for details) with linked earlobe reference and the
data were collected at a rate 200Hz and filtered with 70Hz low-pass filter. The Analysis of

the data was also performed as a collaboration work with M. Breakspear.

4,2.1 Methodology for Nonlinear data analysis

In order to test whether seizure activity is associated with nonlinearity (implicit in the hy-
pothesis that a seizure occurs after a nonlinear bifurcation) a nonlinear prediction algorithm
from [29] was employed. Briefly, the data is divided into discrete time windows. In each
window a “nonlinear prediction error” is calculated. This error reflects the ability of a local
nonlinear model to predict the data. Low errors indicate a good fit and hence a nonlinear
structure. Using a resampling scheme (applied to the original data), an ensemble prediction
error is then calculated to represent the null hypothesis that the values of the errors are due to
purely linear correlation within the data {162]. The data are said to contain nonlinear struc-
ture if the observed (experimentally derived) prediction error lies outside the distribution of
these “surrogate” errors [161]. Nineteen surrogates were constructed to allow for nonpara-
metric statistical inference at 95% confidence within each window. For graphical clarity, the

inverse of the prediction errors, which we term the “nonlinear prediction indices” is plotted. A
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modification to this algorithm allows multichannel EEG data to be tested for evidence of non-
linearties [161]. A multivariate surrogate algorithm in {127] is then employed to exclude the
contributions of purely linear correlations. This can be used in conjunction with the general

version of the thalamocortical model to estimate the predicted nonlinear interdependencies.

4.2.2 Methodology for Numerical Data

The numerical data is constructed by performing the numerical integration of the systems
equations (B.2) according to the scheme described in section 2.3. To analyse the asymptotic
systems behaviour, bifurcation diagrams across a varying range of the parameter v, (the
excitatory influence of cortical pyramidal cells in the specific thalamic nuclei) are produced.
This parameter is chosen because of its simple physical meaning and the role of excitatory
corticothalamic feedback in the pathophysiology of absence seizures [43] (for details refer
also to section 3.2). The resulting time series of the bifurcation data is plotted for each
parameter value. For the time series comparison of the model and EEG data, the macroscopic
excitatory field ¢, is plotted as these best represent the cortical correlate of scalp potentials
up to a linear transformation of the amplitudes [114]. Specifically, the scalp potential is
proportional to the cortical potential, which is proportional to the mean cellular membrane
current, which in turn proportional to the firing rate. Hence, apart from a (dimensional)
constant of proportionality and the effects of volume conduction, scalp EEG signals correspond
closely to ¢, [114]. To better simulate a real physiological system, small amplitude (signal
noise ratio=0.90) autocorrelated stochastic terms were added to the parameters (system noise)

to produce numerical time series plot. Such noise was generated according to

8(tn) = ps(ta-1) + /1 — p2r(ts),

where r(t) is drawn from of a set of zero mean independent random numbers, s(to) = r(to),
and the desired autocorrelation factor ¢, between adjacent time series steps is related to the

fixed parameter p by
¢ = A2
¢ In(p)

Such a model of parameter noise represents the simplest method for the simulation of an

autocorrelated stochastic process. It should be noted that such noise is only used in the time

series plots and has no impact on the calculation of the bifurcation diagram.
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4.3 Understanding of absence seizures

4.3.1 Results from the corticothalamic model

The nonlinear instability occurring at approximately 3Hz is studied by first choosing physio-
logically plausible parameters that place the system in the vicinity of a weak 3Hz instability as
given in Table B.1 in section B.1.1. As stated above, v, is then varied to study the geometry

of the bifurcation set.

Some results are presented in Fig. (4.2). The bifurcation diagram Fig (4.2 a) exhibits a Hopf
bifurcation to periodic dynamics with an initial (supercritical) instability at v, ~ 1.8 x1073Vs
and beyond the instability an extra structure appears at v, = 3.4 x 10°2Vs and v,, =
4.2 x 10~3V's whose origin remains unclear, but for the sake of this discussion the term ‘spike-
bifurcation’ is adopted. These are noise-free plots and it can be seen that only periodic
oscillations occur. Complementary numerical results are provided in section B.3 with the
analysis performed using DDE-Biftool and XPPAuto. However, the origin of the ‘spike-
bifurcation’ remains unresolved as DDE-Biftool is unable to flag the corresponding conditions
for this bifurcation. These could correspond to a global bifurcation which is a feature that goes
undetected in DDE-biftool and so a more detailed numerical treatment should be considered
in the near future. An interesting feature of the ‘spike-bifurcation’ is that by varying the
time delay (7) parameter this structure is observed to appear at different parameters of v,
and disappear if the delay 7 is removed. This is illustrated in Fig. (B.4) in section B.3 (a
discussion of this instability is also presented). An exemplar model simulation, with added
system and measurement noise, is given in Fig. (4.2 b). This was created by dynamically
ramping v, from the linearly stable (weakly damped region) upward into the region of linear
instability illustrated in Fig. (4.2 d). The dashed lines in Fig. (4.2 a) show the extreme values
of the ramp function. Close up images of the onset Fig. (4.2 ¢) and offset Fig. (4.2 e) of the
seizure exhibit a number of key phenomena: 1) Shortly after the onset of ramp-up of v, at
t = 5s periodic oscillations of growing amplitude appears in the field potential. These occur
as the system passes through the periodic regime in the bifurcation plot. 2) After 2-3 cycles,
spike and slow-wave oscillations appear. These continue throughout the seizure, although

their amplitudes are modulated by the combined effects of system and measurement noise. 3)
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Figure 4.2: Results for $Hz bifurcation analysis in the corticothalamic model. a) Bifurcation
diagram. Time series of: b) the cortical ¢.. Period-doubling oscillations evident at the seizure

onset ¢) and offset e). d} These time series are performed by ramping the (noise perturbed)

corticothalamic “gain” parameter vq,.
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During the ramping down of v, at t = 19.55 the amplitude of the spike and wave oscillations
diminish. The spikes disappear at approximately ¢ = 20.55 as the system passes through
the simple period 1 regime. 4) Finally, the remaining oscillations are damped away, and the
system returns directly to the same pre-ictal EEG state, governed by stable damped stochastic
fluctuations. This is reflected in the spectrum of the seizure given in Fig. (4.3 a), showing
similar pre-and post-ictal spectra. The seizure spectrum is dominated by the 3Hz spike and

wave osclllation and its harmonics.

A 3-dimensional time-delay-embedded phase portrait of a simulated (noise-free) seizure is
shown in Fig. (4.3 b). Gray arrows indicate the flow of orbits away from the unstable fixed
point subsequent to the bifurcation and onto the limit-cycle attractor. The growth in ampli-
tude of the spike (at the far side of the attractor) can be seen as the orbits spiral outward. The
orbits follow the same unstable manifold (but spiraling downward) at the conclusion of the
seizure (not shown). Fig. (4.3 d) depicts the morphology of the seizure in the space spanned
corticocortical, corticothalamic, and intrathalamic “stability” variables x, y, and z {as given
in section B.2). As expected, the seizure is located outside the tent-shaped stability zone.
Because the seizure corresponds to limit-cycle dynamics, it can be embedded in this 3 dimen-
sional space without crossing the orbits (i.e., with uniqueness of the solution curves). This
indicates that, during such seizures, a dynamical system of reduced dimensionality should
be able to sufficiently describe the macroscopic neural dynamics, or equivalently, a relatively
small number of physiological processes may be responsible for the onset and maintenance of

the seizure activity.

Fig. (4.3 c) shows the 3 principal fields ¢, (a={e,r,s})} during the model seizure, normalized
by their own means, to illustrate the underlying mechanism from which the waveform is
generated. For convenience the peak of ¢, is chosen for the starting point, which corresponds
to t ~ 10.0s. It must be stressed that this is an arbitrary choice because the periodic nature
of the dynamics imply that the waveforms have no particular beginning or end but are an
emergent feature of the entire corticothalamic system. When ¢, (dashed line) is at its highest
value, @, (solid) is at an intermediate value and ¢, (dotted) is low. The thalamus is in its
positive-feedback, excitatory state. The reticular nucleus responds immediately to the high
activity in the specific nuclei and in addition to the incoming signal leaving the cortex at ¢o/2

earlier. This sudden increase in ¢, acts to suppress ¢, rapidly, and the thalamus switches to
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Figure 4.3: a) Contour representation of the dynamic spectrogram of ¢.. b) Time-delayed
phase portrait of the seizure onset transient and seizure attractor. Arrows indicate the direction
of the flow. ¢) Dynamics of the excitatory cortical ¢, (solid), specific thalamic ¢, (dotted),
and reticular thalamic ¢, (dashed) activities rescaled against their mean values. c¢) Seizure

plotted within the phase space spanned by the stability parameters x, y and z.

its negative feedback, inhibitory state (¢ ~ 10.05s). At time t,/2 later, the peak in activity in
the specific nuclei reaches the cortex and ¢, rises accordingly, with the peak slightly broadened
by synaptic rise and decay time. Another t5/2s later, the spike activity in the cortex reaches
the thalamus, exciting the reticular nucleus and hence further suppressing the specific nuclei
(t ~ 10.05s). This represents negative corticothalamic feedback, and the response of ¢, results
further broadening of the signal. With near-silence in the specific nuclei, the cortical neurons
relax. At {y/2s, there are no inputs to the reticular nucleus and hence it too relaxes, leading
to a period of near-silence in all 3 fields (£ ~ 10.05s). In the meantime, the specific nuclei
have been receiving the external input stimulus ¢, ., which is sufficient to cause the specific

nuclei to reactivate once the reticular nucleus has been suppressed, and so ¢, rises. This
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corresponds to the thalamus switching back to its positive feedback state. Immediately, ¢,
responds slightly, enough to subdue the growth of ¢, but not before the increased activity
is substantial enough to excite ¢, a time #;/2s later than the original intermediate value.
Meanwhile, the specific nuclei have been receiving external stimuli continuously, and so while
#, is still low, they are able to fire, completing a full cycle (t ~ 10.05s). The delicate balance of
this process highlights the sensitivity of the shape of the waveform to changes in the various
parameters. Indeed, a variety of spike and wave and polyspike morphologies are possible
under modest changes in parameters. This may explain the varied morphologies observed
in clinical absence seizure EEG recordings. It is also consistent with a previous study of
absence seizures employing autoregressive nonlinear signal analysis methods, which showed
that similar combinations of time-delayed nonlinear (quadratic) terms could explain a variety

of spike-wave morphologies [141].

4.3.2 Results from the data

The first step of the experimental EEG data analysis was to test if seizures correspond to
bifurcations from linearly stable to nonlinear oscillations. As discussed above, this is achieved
by using a measure of nonlinear predictability and comparing EEG with phase-randomized
surrogated data. An exemplar absence seizure (F, electrode) is shown Fig. (4.4 8). In Fig. (4.4
¢), the normalized nonlinear predictability index is given as the solid line. Plots obtained from
occurrence of the seizure 19 surrogate sets are dashed lines. It can be seen that the occurrence
of the seizure is coincident with a sudden and large increase in this index of nonlinear structure,
consistent with the appearance of nonlinear oscillation. Also noteworthy is that the pre-
and postictal EEG are associated with intermittent and weak nonlinearity, evident as an
occasional increase in the nonlinear predictability of the real compared with surrogate data
(arrows). This is consistent with noisy perturbations of a weakly damped nonlinear system.
In other words, pre- and postictal states represent a system close to a bifurcation. Comparable
results were observed for absence seizures studied. Fig. (4.4 b,d) illustrates an example of a
numerically simulated absence seizure, integrated over a time frame comparable to the real
seizure. Because the seizure was generated by pushing the system through a nonlinear ‘spike-
bifurcation’, it is not surprising that a coincident increase in nonlinear structure is seen. Prior

to and following the seizure, the system has been set just below the Hopf bifurcation (see
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Fig. (4.2 a)). Hence, occasional slight increases in nonlinear structure in the model over the
surrogate data time series (arrows) during these times are to be expected, when fluctuations

toward the bifurcation occur.

The nature of the nonlinear oscillations in the absence seizure is studied in Fig. (4.5 a-f).
Fig. (4.5 a) shows a complete seizure, revealing an approximately symmetrical appearance.
The spectrum of this seizure (Fig. (4.5 ¢) is dominated by the 3Hz spike and wave morphology.
Notably, the postictal spectrum returns rapidly to its relatively featureless preictal form. In
diagrams Fig. (4.5 b) and Fig. (4.5 ¢), the onset and offset of simple periodic, then spike and
wave oscillations are clearly visible. A time-delay-embedded reconstruction of this seizure is
given in Fig. (4.5 ¢). The seizure onset (t=3-5.8s) is given in blue and the remainder of the
seizure (t=>5.8-19.5s) in black. This plot directly illustrates the outward periodic spiral (blue)

of the system onto a large-amplitude oscillatory “attractor”, comparable with Fig. (4.3 b).

It finally remains to determine the nature of the oscillations during the clinical seizure. Calcu-
lating dynamic “invariants” such as Lyapunov exponents are avoided as these are notoriously
unreliable in short, noisy time series data [40]. Rather, the Poincaré first-return map is used,
which is an assumption-free method of visualizing the nature of oscillatory dynamics [164].
Briefly, level crossings of a dynamical variable are noted. Denoting the temporal period be-
tween successive crossings as Ty; the graph of T;, against T,,—1 gives a truncated representation
of the full dynamics. A plot of the Poincaré first-return map is given is given in panel Fig. (4.5
f). For ease of interpretation, we plot f,, = 1/7;, (the pointwise frequency of the system). The
first feature to be noted is that the points fall close to the line f, = f,—;. That is, the system
is nearly periodic (the level crossings was chosen below the spike so that in effect we produce
a second-return plot (i.e. a true full period of the oscillation). As indicated, the frequency
starts above 3Hz and quickly falls to approximately 2.6Hz. It then varies around 2.6Hz in
a manner without any obvious geometrical structure, that is, not confined to any obvious
low-dimensional invariant. We interpret this as noisy modulation of a fixed point (i.e a noisy
limit cycle of the full dynamics). This is consistent with the findings of a purely empirical

study using a different methodology [54].

In summary, the evolution of this seizure quantitatively matches that of the numerical seizure

generated by the corticothalamic model in a number of crucial aspects, namely, the “spike
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Figure 4.4: Nonlinear time series analysis of the EEG absence seizure (left) and corticotha-
lamic 8-Hz seizure (right). ¢) EEG seizure (F, electrode) and b} evolution of the nonlinear
predictability index (NPI). The solid line is the real data and dotted lines are derived from the
19 surrogate data sets. ¢) Ezcitatory cortical field ¢ and (d) corresponding NPI evolution of
the corticothalamic model. Arrows show instances of week nonlinear structure (slight increases

in the real compared with the surrogate nonlinear indices) before and after the seizure.
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bifurcation” onset and offset, the similar pre and postictal spectra, and the periodic nature of

the full seizure. The bifurcation plot of Fig. (4.2 a) explains these phenomena.

4.4 Two-bump solution in a piecewise linear reduction

The second stage of this study is to investigate the conditions for the appearance of ‘spike-
bifurcation’ and provide some explanation of the genesis of spike wave activity. Motivated
by key observations from the results presented in the first part of this chapter the model is
reduced to a piecewise linear thalamic RKII set driven by an ‘external signal’. This signal
should be considered as an excitatory cortical drive. There are several motivating factors for
this. Firstly, in clinical EEG recordings of the onset of absence seizures, the transition from
pre-ictal to ictal dynamics is typically heralded by oscillatory behaviour, prior to spike-wave
activity being observed, as illustrated in Fig. (4.6). Furthermore, in the absence of a cortical
signal, the thalamic subsystem is quiescent and spike-wave activity (a periodic signal with an
extra spike per period) was generated via periodic dynamics from the cortex fed into both
specific relay nuclei and the reticular nuclei populations. Also motivating this reduction is that
observations from the full model suggests that there is a phase shift in the dynamics of the
specific neuronal populations when compared to both corticel and reticular populations, this
is depicted in Fig. (4.3 c). This feature is supported by both in-vivo and in-vitro experiments
[10, 41, 42, 43] that demonstrate spike-wave activity is first initiated in the specific relay nuclei,

which then propagates to the cortex and is finally induced in the reticular nuclei.

Thus, as an approximation to the full model after the first nonlinear bifurcation has occurred,

a driven thalamic circuitry is considered:

EI,_G' [é‘_:fv;,(t) + (a + ﬁ)%u(t) + aﬁV,(t)] = Vrsg[vs(t)] + Ure@eorticats

48
L [a‘%v;(t) +(a+B)EVe(t) + ozﬁVs(t)] = Ver§[Ve (8)] + VsePeorticat + Vonbn.- )

where ¢[V;(t)] corresponds to the same equation (4.2) and all the parameters have the same
interpretation as for the full model. This model is illustrated schematically in Fig. (4.7). A
similar model for the study of olfaction has been considered in [170] where linear stability

analysis was performed and stability curves in the parameters space were derived.
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Figure 4.6: Illustrating a comparison between the bifurcation diagram for the full model con-
sidered in the previous section (panel a)) and a clinical EEG recording during the onset of an
absence seizure (panel b)). Upon varying the parameter vy, there is a transition from steady-
state to oscillatory dynamics, via a Hopf bifurcation, before a further transition gives rise
to spike-wave like behaviour. This sequence of events replicates that observed in the clinical
recording. The aim of the present section is to characterise the transition between stage 2
(oscillatory behaviour) and stage 3 (spike-wave). Consequently, we assume the corter is gen-
erating a periodic oscillation and thus we drive the thalamic subsystem with a periodic signal

of a type that is amenable to analysis.
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Figure 4.7: Schematic of the RKII set with cortical drive. All interactions illustrated by arrows
are assumed to be excitatory. The one between reticular and specific nuclei illustrated by a

circle 1s inhibitory.

4.5 Analysis of the periodically forced model

As mentioned previously, in-vivo and in-vitro experiments from animal models [43], as well
extensive numerical simulations of the full model suggests that the abnormal rhythms as-
sociated with absence seizures initially appear in the specific relay nuclei. Subsequently, if
the excitation between specific to reticular, or specific to cortex, is strong enough then these
abnormal rhythms may also be observed there. Simulations (Fig. 4.8) also indicate that the
subthalamic input plays no part in the generation of abnormal rhythms. We further observe
that the solutions to V,.(¢) are always periodic and that only the amplitude of these oscillations

change when the parameters are varied.

Thus, for the purposes of understanding the genesis of abnormal activity in this reduced case,
the following assumptions are made. First, assume that there are no interactions between the
specific relay nuclei and the reticular nuclei populations, i.e. v, = 0. Second, assume that

the subthalamic input is also zero, i.e. v, = 0.

Under these assumptions, the homogeneous solution V" for the individual modules, a = r, s,
is a combination of decaying exponentials. This can be seen by studying the roots of the

characteristic polynomial derived from either of the differential operators in (4.8),

r’+ (a+B)r+af =0,
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Figure 4.8: In this plot, it is shown that the subthalamic interactions have no effect on the
occurence of spike-wave like activity. The two graphics are numerical simulations of system
(4.8) using XPPAuto. The top graphic shows V(t) with vs non-zero. The bottom graphic
shows the same system with vy, = 0. In both cases the abnormal rhythm persists, with the

subthalamic input acting effectively as an amplifier.

the solution for which is given by
V() = Ael=2) + Bel=5), (4.9)

A further important point to note is that the dynamics of each individual system is over-

(a4-13)
24/ (af)
wave activity can not occur due to any intrinsic dynamics within the individual thalamic

damped: with the damping factor given by { = > 1. This demonstrates that spike-

modules.

4.5.1 Forcing function ¢.,,..., = sin(wt)

For the purposes of analysing the model, the following forcing function is employed. ¢ i =

sin(wt). In the absence of the excitatory input from the specific relay nuclei, the solution for
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the reticular nuclei can then be derived explicitly and is given by the particular solution:
VP(t) = K sin(wt + 4), (4.10)

where K, = 1/(CZ? + D2) and 4, = arcsin(D,/K,) with

C = (aB — w2)Vrea/8
© (ot B + (f - PPN aB — w?)

and
= TG A% (@B - )P

Note that this particular solution is also valid for the cortical forcing part of the specific

module, i.e. a = {r, s}.

Consequently the long-time behaviour of the specific module, V;(t), is governed by the solution

of the differential equation:

1 [d?

L EVilt) + 0+ Bl + b, (t)] = UurslVo(8)] + Vnerrion (4.11)

where V,(f) is given by the sum of equations (4.9) and (4.10).

Since ¢(z) is a unipolar sigmoidal function, the resulting equation is transcendental and con-
sequently an explicit solution to this equation is not possible. However, a result from [85]
shows that it is possible to relate the stability of the full system to that of a related piecewise
linearized system. Essentially, a piecewise linearization of the unforced system is performed

and then the forcing term is reapplied in each case.

In order to do this, XPPAuto is used to determine the steady-states (V;*, V.*) of the system.

Linearizing about these steady-states gives the following:

dx
— =L .
% z + Bu, (4.12)

where the vector B comes from the cortical drive,

0

B ofvse sin(wt) ,

0

afvye sin(wt)
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and L is the piecewise linear vector field of the system,

0 1 0 0
L — —af —(a+B) afray (V) 0
0 0 0 1

afvrsya (V) 0 —af —(a+B)

Essentially L is the Jacobian matrix of the unforced system for each of the piecewise linear
segments of the function ¢(z). The first order Taylor approximation of this function at a point

Xo, is given by

Qe Qresy (— 55 (52
Y0z = -2 +HOT. (4.13)
1+e__\/'§( 2 ) [1"‘6(_75( & ))]2

Hence, the specific piecewise approximation we consider is

y()lvr —co<v<h,

Yo(v) = (4.14)

y(?))lv; b <v< oo,

where b > 0 is the intersection point of the lines (at this point the derivative loses continuity).
Note that we could have considered more line segments in the whole domain of the function
s(z). However, this would not change the conclusions, as the solution V,(t) is bounded and
evolves around a steady state and consequently the solution for V,(t) will also be bounded.

Considering more approximations will only smooth out the solutions obtained.

The composition of this piecewise linear approximation y,(v) in (4.14) with the explicit solu-

tion for V;() given in (4.10) results in two regions of interest:

Region; = {t ER,NeZ:

arcsin(g) — 6 + 2N« i arcsin(%) — & + 2N1r} (i15)
w - w ’

—arcsin(L) — m— 6+ 2N in(L) — 6+ 2N
Regionn={t€R,N€Z: aresin(y) —m—0+2Nm _, arcsin(y) —d+2Nr 4.16)

W W

It is now possible to explicitly solve this piecewise linear appoximation to (4.11) using the

method of variation of parameters, taking care to ensure that the boundary conditions for
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each interval are satisfied (details of the calculation are shown in section B.4). The resulting

asymptotic solution for V,(t) has the following form

K, sin (wt + 6) + AV7 sin {wi + 5) + f(e~¥t ¢), t in Region,,
8

K sin (wt 4 8) + BV} sin (wt + 6) + g(e™®%¢), tin Regiony,

(4.17)
where V7 and V)7 are the amplitudes of the piecewise linear approximation to the steady
state of V. and V; respectively. The parameters .4 and B incorporate the inhibitory effect of
the reticular on the specific vy, as well as a and 8. There is also a different phase shift 5
of the composite function compared to the cortical forcing. The functions f and g involve
exponentially decaying and constant terms, which do not affect the asymptotic form of the

solution.

4.5.2 Description of the spike-wave solution

The key aspects of the solution (4.17) are illustrated in Fig. (4.9). Essentially, the spike-wave
oscillation arises as a result of the interaction of the sinusoid due to the excitatory cortical
input and the opposite facing sinusoid-like function resulting from the composition of the
piecewise linear approximation to ¢ with V,.(t). This composite function has the same total
period as the cortical signal, however, it consists of two sinusoids of different amplitudes and
phases acting on each of the Regions I and II. The peaks of each bump in the combined
solution correspond to the transition between regions. Noting that the area of Region; is less
than that of Region,, this can be classed technically as a spike-wave oscillation, since the area
of the spike part of the solution is less than that of the wave. A comparison between the
explicit solution and that numerically generated for the same case using XPPAuto is given in
Fig. (4.10). The fact that the solution of the two parts are opposite facing in each region is
also crucial for the generation of the abnormal rhythm. Were both to point the same way,
then only a one-bump solution would be observed. These opposite facing solutions are due
to the inhibitory effect of the reticular nuclei on the specific relay nuclei and explains why no
such solutions are ever observed in the reticular nuclei in the absence of activity in the specific
relay, since the synaptic interactions between them are excitatory in nature. Finally, note
that the gradient of the sigmoidal function ¢ varies dramatically between the two regions and

it is this marked difference in gradient that leads to the different amplitudes on each Region,
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Figure 4.9: In the top graphic, the upper solution (in red) is the solution of the system when
driven by the periodic forcing term vgsin(wt) and the lower solution, is that of the system
when driven by the composition of the piecewise linear approzimation y,(v), and V,.(t). The
difference in amplitudes of the second solution on each of the regions, combined with Region
I being less than half the period gives rise to the spike-wave activity, illustrated in the lower

graphic. The length of these regions can be adjusted by varying the paramelers b = arcsin (?’?E)

and 0 as indicated on the circle.

which in turn gives the spike-wave solution. This illustrates the need for at least a piecewise
linear approximation to ¢ and explains why previous attempts using linear stability analysis

and Heaviside approximations to explain this phenomena were unsuccessful.

A final point concerns time-delays in the system. The mechanisms responsible for generation
of the abnormal rhythms elucidated in this section do not require any time-delays, which is
consistent with the work of [43]. However, the full model [130, 131, 132, 133], from which this
reduced model was obtained, has delays between cortex and thalamus. Thus, it is imperative

to determine the precise role that these time-delays play in the full system.
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Figure 4.10: The top graphic shows the solution of Vi(t) from the numerical package XPPAuto
for the piecewise linear system in the absence of vs,. The bottom graphic shows the explicit

solution obtained, demonstrating precise agreement between the numerics and our analysis.

4.6 Summary

In summary, the first part of this chapter performed a bifurcation analysis of a model of large-
scale brain activity. A Hopf bifurcation to periodic dynamics with an initial (supercritical)
instability commences the transition from healthy resting EEG to absence (3Hz) and beyond
the (supercritical) Hopf an extra structure (‘spike-wave’) appears whose origin remains unre-
solved. This yielded a time series realisation with periodic spike and wave morphology that
closely resemble scalp EEG data taken from an absence seizure data base. Moreover, the
nature of the bifurcation set yields a symmetrical on-off character that is also observed in
the EEG data. The results presented extend the predictions concerning the onset of epilep-
tic activity [131] that seizure phenomena arises when corticothalamic dynamics lose linear

stability in specific regions of parameter space. The model employed was initially proposed



to explain EEG temporal and spatial spectra in healthy resting and sleep states, when the
activity is weakly damped and the nonlinearities can be neglécted. However, surprisingly ex-
tending the analysis by studying nonlinear instabilities demonstrates that the model explains
key features of absence seizures. Further results carried out in [21] also demonstrate that the
model] predicts tonic-clonic seizures showing that the model unifies in a unique framework the
explanation of generalized seizures. The behaviour of the model’s dynamical variables during
nonlinear dynamics permits predictions to be made regarding real physiological processes. In
this chapter; such prior predictions [131] were further elaborated and compared to physiolog-
ical data. Finally a nonlinear prediction algorithm was employed in order to verify that the
onset of generalized seizures corresponds to a bifurcation from damped to strongly nonlinear
behaviour. The present study thus represents a predictive application of an existing model in

a novel direction.

The second part of this chapter attempts to understand the nature of ‘spike-wave’ bifurcation
to explain the genesis of these pathological oscillations. In this attempt, key observations
of a time series resulting from thalamocortical model allows us to consider a reduced RKII
set. In particular, by considering a piecewise linear approximation to the sigmoidal activation
function we can write down a mathematical solution explaining the transition from oscillatory
to spike-wave like dynamics, demonstrating that the phenomena is due to properties of the
thalamic pathways, rather than intrinsic properties of the individual thalamic modules. These
solution approximations are termed two-bump solutions which map to the spike and wave
regions of the time series of the full system. The spike-wave activity arises first in the specific
population as a combination of excitation from the cortical source and inhibition from the
reticular nuclei. This finding demonstrates why spike-wave behaviour is not observed first
in the cortex or reticular nuclei in this mean-field model, where only excitatory processes
occur. Through feedback from the thalamus to the cortex (in the full system), such a two-
bump solution would, given suitable conditions, be expected to iteratively reshape cortical
output. In fact, this may explain why full spike-wave activity can only be maintained in the
presence of cortical excitations [43]. Such a process of iterative reshaping would be expected to
have a strong influence on the eventual spike-wave character of the observed Absence seizure

waveform.
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Chapter 5

Numerical continuation and Local

stability of reduced model (RKII set)

The previous chapter demonstrates that the thalamocortical model exhibits limit cycles that
emerge only if the connection strength from the cortex to the thalamus is “strong enough”.
For this reason we focus only on the thalamic system and in particular understanding the
oscillations arising in RKII sets. By first investigating a single RKII set and then extending the
theoretical results to the dynamics of coupled RKII sets an understanding of the interactions
of the thalamocortical loop will be provided. Interestingly, results for RKII networks with
three hierarchical levels would offer insight in studies related to connections of three areas of
the brain, for example interactions of cortical, thalamic and basal ganglia (striatum). This
could shed light on understanding complex partial seizures [60]. Furthermore, extending these
results to higher dimensional systems could provide a theoretical basis for exploring the genesis
of other oscillatory patterns observed in EEG [57). In this chapter we develop linear stability

theory and contrast this with numerical continuation results obtained using XPPAuto.

5.1 Stability analysis

In this section an overview of results concerning linear stability analysis is provided, which we

outline here for completeness. Bifurcation analysis of the model is performed, examining the
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possible types of dynamics of the RKII set. Necessary conditions on the parameters of the

model for stability of a limit cycle oscillation are shown.

Using the appropriate substitutions, system (4.8) (without cortical drive) is re-written as four
coupled first order ODEs:

,

V() = (),
Lyt) = —afVi(t) - (a+ Byw(t) + aBVas[Vi(t)] + Vendn)
V() =(t),

\ do(t) = —afVi(t) ~ (a+ B)u(t) + abrs[Vs(t)].

The stability of the equilibrium points of this first order system may be be analysed by ensuring

(5.1)

that the linearised version of (5.1) satisfies the Hartman-Grofiman theorem (Theorem 2.1.1).

Thus, the Jacobian matrix of (5.1) is the following:

0 1 0 .0
J= —O!ﬁ “(Of + 18) aﬁVSTg [Vi"'*] 0 , ' (52)
0 0 0 1
afvres [V 0 —af  —~(a+p)

where V" and V;* are the values of V; and V; at some equilibrium point and ¢'[V;] = z&-¢(V4)
(i.e. the derivative of ¢(V;) with respect to the transmembrane potential). The equilibrium

state being determined by setting the RHS of system (5.1) equal to 0, thus giving:

{ Ve = Vsrg[VF] + Vsnd’n, (53)

V= Ursc[%]-

The eigenvalues of which are given by the roots of the characteristic equation (for completeness

the derivations can be found in section §C.1) resulting in:

_ —(a+pB) £ \/(a — B)? L diaf/|vatrs | Vi2I6 V]

: (5.4)
Defining the square root of a complex number as
1 y>0
Ve iy = —= {\/ 22+ 2 + 2 + isgn({y)y/ /22 +y2 — z| where sgn(y) = 0 y=0
-1 y<0.
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Setting z = (@ — 8)? and y = 4afB+/|Vervrs|s'[V;*]s'[V] it is apparent that there exist two
complex conjugate pairs of eigenvalues, with one pair trailing the other (by which it is meant

the real part is smaller). Furthermore, the real parts of the eigenvalues are defined as

Re()) = > [— o+ )% 2o P+ GoBPlar S AR WG] + (a— B

2

A Hopf bifurcation will occur when Re(A) = 0. The form of this expression makes verification
difficult and a more convenient treatment is to use the Lienard-Chipart criterion (derived
from the more familiar Routh-Hurwitz Theorem) {59]. Using this criterion the same result
obtained by Xu and Principe [170] is derived (refer to section §C.3.1), obtaining the following
hyperbolic curve in the |vsv,s] parameter space:

1 (a+ B)?
SV V] ap

|Verrsl >

(5.5)

A graphical representation of this is shown in Fig. 5.1(a). It is important to note that the right
hand side of {5.5) is also a function of v,, and s, implying a nonlinear dependence on [Vgrtyps|.
If condition (5.5) is satisfied then the equilibrium has a transition from a stable to unstable
equilibrium state, via a supercritical Hopf bifurcation. This may be proven analytically by
considering the normal form of (5.1) which is developed in Chapter 6, or by evaluating the

coefficients of curvature (refer to equation (2.13)).

In the following discussion, analysis of system (5.1) is carried out in the autonomous case and
when driven by a time invariant signal. The latter case may be considered as a transformation
of the coordinate system, describing the transition to instability in each scenario. The null-
clines of the system may be calculated from (5.3) and an illustrative example is presented in
Fig. 5.1(b). Observe that the system has a unique equilibrium state since ¢(V') is a monotone
increasing function. Furthermore, the equilibrium state can be either in the first or the fourth
quadrant of the state space (V,V's), depending on the strength of the external input v,. A

result of this is the following proposition:

Proposition 5.1.1 Since v,s > 0 and ¢(z) > 0, V z € R, then V¥ > 0. Further, since
Vsr < 0, then if vy, = 0 we have V* < 0; else V¥ > 0. Further, V.* will be in the first quadrant
of the state space (Vi, V3) if ventdn > vers(VSY).
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Figure 5.1: o) Illustrating the stability condition (5.5) in the parameter space |vstys|. In this
case, the values of the fized point are given by V. = —0.01222 and V* = 0.005962. The
curve is hyperbolic, giving a stable and an unstable region. This transition from stable to
unstable defines the branch in parameter space where a supercritical Hopf bifurcation occurs.
b) Illustrative example of the nullclines of system (5.1) in the state space (Vi, V;). Since
the sigmoidal curve is monotonic, there ezxists o unique equilibrium point for a fized set of
parameters. The equilibrium can either be in the first or fourth quadrant of the state space

(Ve, V,.) depending on the level of the strength of external input vy,
5.1.1 Autonomous case
As previously discussed, in the autonomous case, the equilibrium is in the fourth quadrant of

the state space (V;,V,). Further, from Xu and Principe [170] the following properties of the

equilibrium state are given:

i) V¥ is a decreasing function with respect to both wu,; and |u|, that is, %’:} < 0 and
dv.
dlugr] —

il) V* is an increasing function with respect to u,s but decreasing with respect to |ug,|, i€,

avr dv?
dur, 2 0 80d g7 < 0

A derivation of these properties is presented in the section-§C.2 for completeness.

From these properties, a local region is derived (since finding a global region is analytically
intractable) for which the stability condition (5.5) is satisfied and hence gives rise to a tran-

sition between a stable equilibria and a stable limit cycle. For condition (5.5) to hold true
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it is necessary that if |vsv4,| increases then 1/(<'[Vi*]s'[V.*]) should decrease to a minimum
in order to satisfy the inequality. In other words, <'[V,*]¢'[V¥] should be maximized. Since
¢'[Vi*] is a Gaussian-like curve, depicted in Figs. (5.2:a) and (5.2:b), then the product of these
two derivatives will also be Gaussian-like. Thus, the idea is then to maximize the area of the

resulting function.

Ideally, one approach would be to apply the convolution operator to these two functions

g =¢ (V¥ ®c¢ |V *]), and then search for a V such that g > — . us givin
V) = <[V @< [Ve]), and th h for a V such that g(V L_@+8)? Thug giving

[1’.!1' vrs| of

the resulting area of the Gaussian that is unstable. However the problem here is reobtaining
the individual components V; and V,.. Another way to define the region is by noticing that
the equilibrium is in the fourth quadrant and by tuning the parameters v, and v, according
to Properties (i) and (ii) (see Fig. 5.2). From this, we can find a lower and upper bound for
V> and V}*. Again, from Figs. (5.2:a) and (5.2:b), we have that if both V; < # and V; < 8
then the only form that maximises ¢ [V,*]¢'[V] is to first fix v, = v, and then increase v,,

until condition (5.5) is satisfied. Note that increasing v,, decreases V.
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Figure 5.2: Both plots o) and b) represent the derivative of the sigmoidal ¢(V,) (with a =

{r,s}), where the mazimum is 2::;3" at Vo, = 8. The figures try to demonstrate how to
use the control parameters v,s and |vs,| in order to satisfy condition (5.5). The right hand
side of (5.5) depends on the product of the derivatives, i.e ¢ (V*)<' (V*). To satisfy (5.5) the
quantity |Vetys| has to be increased whilst minimising ?(T/;_)lq"(v_;)’ i.e mazimising ¢ (V)< (Vi¥).
Thus the shaded area “represents” the area where s (V)¢ (V*) is minimum and condition (5.5)
is not satisfied. a) If [z_zs,.] increases then the equilibrium V) decreases, eqﬁally if Vps increases
then V}* decreases. b) If |ve| increases then the equilibrium V} decreases, conversely if vy,

increases then V¥ increases. The change in parameters will allow the equilibrium to fall in or

out of the stable region.
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The following sections further investigate the behaviour of the RKII model numerically using
the software package XPPAuto, both to examine the many interesting dynamical features
of the model and also to verify the analytical findings. Consequently, the first investigation
was to examine the (v, vy,) parameter space and compare these results with condition (5.5).
Here, an unexpected result was that the stability curve in (v, 1rs) parameter space was
more far reaching than that expressed by condition (5.5). In addition to the hyperbolic curve
described by condition (5.5), there was also a fold point on the same branch in parameter
space. To obtain this branch numerically, first a Hopf bifurcation point was found and then

two parameter continuation was carried out, depicted in Fig. 5.3.

The notation used is the same as the software package XPP to denote special points, i.e Su-
percritical Hopf (HB), Fold or Limit point (LP) and Branch point (BP). Starting at any point
on the (v, vrs) curve, for example HB1, and then by varying only 2, it can be observed
in the bifurcation diagram (V,, v»s) that the system will have periodic orbits with increasing
amplitude. This amplitude however decreases when the parameter v, increases. An example
of such a scenario is depicted in Fig. 5.4(a). Conversely, starting at HB1 and varying the
parameter v, by increasing it, an upper branch of the (i, ve) curve is found which em-
anates from the fold LP1. Thus, the resulting diagram will have periodic orbits that have an
increasing and subsequently decreasing amplitude until convergence at a second Hopf point.

This latter idea is illustrated in Fig. 5.4(b).

The existence of a fold point in the (v, V) parameter space suggests that the parametric
curve depicted in Fig. 5.3 is globally parabolic with the vertex given by the fold point (LP1)
and locally hyperbolic as described by condition (5.5). The difference between these two curves
(Fig. 5.1 and Fig. 5.3) is to plot condition (5.5) V;* and V,* must be fixed, so it is only a local
representation. Another way of seeing this is by examining how Properties i) and ii) affect the
stability condition (5.5). For convenience, we construct a table of all possible combinations of
the direction of increase/decrease of the parameters v, and 14, and observe how this changes
the value of the equilibrium point (V¥, V,*) and consequently the change of condition (5.5).
From Table (5.1) and following Fig. 5.3, notice that the first entry of the Table corresponds
to the direction taken by the curve from LP1 to HB1, i.e. In the direction LP1 — HB1 both

parameters increase in size. For example, starting from LP1, an increase of |v,,| decreases
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Figure 5.3: Illustrated is ¢ two parameter branch of Hopf bifurcations in the (vs, vys) pa-
rameter space. A numerical continuation finds extra structure in this parameter space. The
lower part of the curve confirms the hyperbolic nature of the (Vsr, Vrs) parameter space given
by Eqn (5.5), however there is additionally a fold point (LP1). From this fold point, two Hopf
bifurcations are born, both supercritical (HB1) and (HB2). All values of the special points
depicted are given in Table (C.2) in section §C.4). |

both V, and V,. The same direction implies increments on v, and consequently causing a
decrease in V,. However V, compensates by changing the growth direction and consequently
the system would still be placed on Hopf point. The second entry corresponds to the opposite
direction, HB1 to LP1l. Equally, by applying the same arguments to the third and fourth
entry it is verified that these relate to the upper branch of the (v, v,5) curve. Furthermore,
taking the latter arguments and following the curve depicted in Fig. 5.1(a), a change in v, will
change the equilibrium locally as follows: V;* = vV, and V¥ = 1,,(V}*), i.e. the equilibrium
will mainly follow the V; = 1,.¢(V;) equation. Conversely, a change in v will locally-a.ﬁect

the equilibrium according to: V* = 1,,V; and V¥ = ves(Vy).
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Figure 5.4: a) Plotted is a bifurcation diagram (Vy,1ys) for the autonomous case. Commencing
from HB1 and varying v,s, the amplitude of the periodic orbits appearing from HBI gradually
augment to a mazimum but never decays. This characteristic can be verified by ezamining
the previous Fig. 5.3, since it is a parabolic curve. If the system starts from HB1 with vy,
ﬁ:bed and simultaneously varying v,s then the system never intersects a section of the (v,
vrs) curve. The labelled points of interest have their actual values in Table (C.2) in section
§C.4). b) Hlustrating the bifurcation diagram (Vv ). Starting from HBI and varying v, the
amplitude of the Hopf grows to a mazimum and then decays until it finds HB2. Note the extra
unstable fixed points starting from HB1 and moving up diagonally until it gains stability. The
point where it gains stability is very close to the fold point LP2. This point was numerically
unstable and XPP found it difficult to follow the Hopf bifurcation close to LP2. The special
points marked in the figures have their corresponding values in Table (C.2) in section §C.4).

Urs | Worl || Va(trs) | Va([¥srl) | Ve(ors) | Va(lver])
[ l ! T !
b4 7 T l 1
T ! ! T T T
L7 1 ! ! !

Table 5.1: Summarising how e change in parameters |vs| and v,s affect the V, and Vr. The
arrows indicate respectively increase and decrease in value. For example the first entry indi-
cates that if there is an increase (in modulus) in both of the parameters, then V, will decrease,

however V, will vary respectively according to a specific parameter.
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5.1.2 Analysis of RKII set driven by a constant signal

In the following sections a time invariant signal, ¢, = 1 with v,, > 0, applied to system (5.1)
is considered and then a region of phase space where an instability occurs is determined.
Since this driving force is constant, the resulting system is equivalent to the autonomous
case with an applied coordinate transformation, thus the type of bifurcations that occur are
essentially the same. However, the signal essentially adds extra dimensionality to the problem
and consequently the manner in which the system is driven to instability may be different to

the autonomous case. From [170] the following additional property is required:

iii) The fixed points V;* and V;* are both monotonically increasing functions with respect to

the strength of the external signal v, that is, j—z’; > 0 and g—l:% > 0.

Setting all parameters of the model to the physiologically realistic values shown in Table B.1
and only varying the amplitude of the external signal the bifurcation diagram in Fig. 5.5(a)
is obtained. As the strength of the external signal is increased, a Hopf bifurcation occurs at
the point HB3. Further increasing the strength of the external signal causes the amplitude of
periodic oscillations arising subsequently to HB3 to increase for a time, but then subsequently
a turning point occurs after which the amplitude of oscillations decreases until another su-
percritical Hopf bifurcation occurs at HB4 and the oscillatory behaviour ceases. The actual
values for HB3 and HB4 are shown in Table C.2. The following proceeds in the same manner
as per the autonomous case to investigate the (v,, vr;) parameter space and see if there is any
change in the structure of the curve in parameter space when the amplitude of the external
signal Vs, is increased. XPPAuto allows one to plot bifurcation diagrams of a system, whilst
varying an additional parameter value on the same plot. We choose to use this facility for
better comparison of the dynamics of the model during various regions, whilst varying the
external forcing strength. Starting from HB3 (when v, = 0.01707) and numerically continu-
ing this branch of Hopf bifurcations in (v, ¥s) space a similar parabolic curve is obtained to
that determined in the autonomous case with an additional fold point, LP2. However, if there
is an increase in the amplitude of the external signal until v, = 0.2073, i.e. where the second
Hopf, HB4 occurs, a widening of the parabolic curve is observed and this is geometrically very

different to what would be expected from the study performed for the autonomous case. Both
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of these curves are shown in Fig. 5.6. For the case where v, = 0.2073, the curve suggests that
there were extra fold points in the (vq., v;s) space, i.e. one very close to the point we denote
HB6 and the other perhaps close to but lower than LP3. However, numerically XPPAuto
did not identify these as being fold points and only the fold point LP3 was found, which is
consistent with the autonomous case. The values for the special points HB3, HB4, LP2 and
LP3 can be found in Table C.2 (in section §C.4). The precise nature of the points HB5 and
HB6 will be elucidated later.

a} . . ‘ b}
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V 0.05# \
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Figure 5.5: a) Bifurcation diagram in (V,, ve,) space. An increase in the strength of the
external signal will cause a Hopf Bifurcation HB3 and further increasing the strength will
cause periodic oscillations to initially increase in amplitude before a decrease until another
supercritical Hopf bifurcation, HBY, is found. The respective values for HB3 and HBJ can be
found in Table C.2. Part b) complements part a), showing the configuration of the nullclines
and the supercritical Hopf points HBS and HB4 in the state space (V,, V;) for two different
strengths of the external forcing. Note that the intersection points of the nullclines are both in
the first quadrant. We further notice that the values assumed by Vs and V, ot the bifurcation
points HB8 and HB4 are very close to the 8§ — o and 0 + o. The values for V, and V, can be
verified in Table C.2.

Consider now the bifurcation diagrams generated for different amplitudes of the external
forcing v,,. Note that although v, increases the dimension of the parameter space by one,
new forms of bifurcations are not observed. The following bifurcation diagrams only help to
isolate the regions of the parameter space where a certain supercritical Hopf is generated or
destroyed in the (vyg,t4e,Vsn) Parameter space. Choosing initially the points HB3 and HB4,

the parameters of interest v, and v,, are then varied resulting in Figs. (5.7 - 5.11). From
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Figure 5.6: @) and b} represent the continuation of supercritical Hopf points in the (Ver, Vrs)
parameter space, where the diagram b) is a zoom in of ¢). Note, we use the numerical software
package XPP feature to superimpose two continuation diagrams in the same plot, allowing a
better comparison for different external strength case. Two cases are shown, for v, = 0.01707
we observe the curve consisting of points HBS, LP2 and HB5 and for the case v, = 0.2073 the
curve is composed of points from HB{, HB6 to LP3. For the latter case, the curve (Ver, Vys) 15
much opened and geometrically very different to the former. This poses guestions to whether
extra fold points are born as the external strength v, is increased. For the external inputs
considered in this plot we observe fold points on both curves, thus, indicating that the curves

are locally parabolic. The values of the special points in the Figures are given in Table C.2.

diagrams (5.7:a) and {5.7:b) observe that starting at HB3, where here v,, = 0.01707, varying
Uy results in oscillations of increasing amplitude as we move away from HB3. No fold occurs
in this case, and further increasing 1., does not bring about a decrease in the amplitude of
oscillations. However, upon increasing the amplitude of the external signal (ve, = 0.2073), the
structure changes dramatically. Here from the Hopf point at HB4, decreasing v,, observe that
the amplitude of oscillations increases initially as we move away from HB4, until what appears
to be a fold occurs and the amplitude decreases, until we arrive at HB6 where oscillations
cease. Considering the bifurcation curve in (v,,V,) parameter space (Fig. 5.6) does not result
in a fold. This change is of particular interest, as it demonstrates that an external signal may
be used to destroy oscillatory behaviour. If such oscillatory behaviour corresponded to seizure-
like activity, the application of such external forcing would be highly significant. This change
in amplitude from HB4 to HB6 can be explained by the Fold LP7 in the (vys,Vs,) parameter
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space, see Fig. 5.8. Note also that in the same diagram, it is shown a second fold point exists,
denoted LP6. The existence of LP6 justifies the alteration of the amplitude of the periodic
orbits seen in Fig.5.5(a).
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Figure 5.7: a)The plot shows the bifurcation diagram (V;, vys) at two different levels of the
external signal strength, at v, = 0.01707 and ve, = 0.2073. XPP allows one to automati-
cally superimpose the two bifurcation allowing easy comparison. The supercritical Hopf HBS
corresponds to the lower level of external signal strength while HB4 and HB5 corresponds to
a stronger input. The difference in external strength causes a change in the bifurcation dia-
gram. The labeled points shown in the figures have their related values in Table C.2. b)The
illustration shows the bifurcation diagram (V;, vys) at two different levels of the external sig-
nal strength, at vs, = 0.01707 and vy, = 0.2073 thus very similar to figure a) where here
the objective is to observe the variable V. and so only complements the previous plot. The
turning point in the amplitudes of the periodic orbits emanating from either HB4 or HBE6 is
explained by the two parameter continuation diagram (5.8). The special marked points have

their corresponding values laid up on Table C.2.

Conversely, in Fig. 5.9, a different scenario to the one just outlined is observed. Here both
bifurcation diagrams, at different strengths of the external input, eventually have the same
dynamical transitions. That is, an increase followed by a decrease in amplitude. This is
because at each level of the external input there exists a fold living in (v, vs,) parameter space.
This is illustrated in Fig. 5.6. Fig. 5.9 is slightly misleading for the case where v, = 0.2073
for the following reason: Commencing at HB3 where v, = 0.01707 and varying v,; increases
the amplitude of the limit cycle oscillations, further increasing v,.¢, a fold point LP2 occurs in

the (vps, Vsr) parameter space which causes a decrease in the amplitudes until HB5. Equally,
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for the level of input v, = 0.2073 the scenario repeats, however crossing at the fold point LIP3
depicted in Figure 5.6. It should be pointed out that the bifurcation diagram (V; ,v,) for this
level of external input is also misleading because for this input the effect of the turning point
does not appear noticeable. This is because the scales of the two bifurcations are such that it
would not be possible to represent both effectively on the scale of the fold point. Furthermore,
examining closer the bifurcation diagram (V;,v,) with gradual transitions of the strength of
external input reveals the existence of a limit point LP4 as shown in Fig. 5.10. From this
diagram it is observed that as v, is increased, the supercritical Hopf HB5 is shifted to the
right and the parameter range of v, where the periodic orbits exists, increases. From the
limit point LP4 a further increase of vy, will have the opposite effect of dragging the Hopf to
the left, hence the previous Fig. 5.9. Additionally, the limit point marks the region where the
second supercritical Hopf, for example HB7, ceases to exist in the (v, vs,) parameter space.
This fact is also confirmed by the continuation of the two dimensional curve of supercritical
Hopfs in the (v;y, Vsn) parameter space illustrated in Fig. (5.8). Increasing vy, will only destroy
the second Hopf in this parameter space, however it will persist in the projection onto (v,
vsr) Space, as may be seen in Fig. (5.6). Here, for example fixing all parameters and starting
at some supercritical Hopf on the top branch of the two dimensional (s, Vs } curve and then
smoothly decreasing v, will only have the effect of meeting the bottom branch of the same
curve. Furthemore, tracking the second Hopf through one parameter space and into the other,
following v,,, for example, shows only an extension of the range of the parameter v, where

the periodic orbits exist.
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Figure 5.8: Depicting a continuation of supercritical Hopf points in the (Vps, Ven) parameter
space. The existence of two fold points (LP6 and LP7) indicate a change in the oscillations
of the model when vg, or vy is varied and the two dimensional curve is only locally parabolic

near these two fold points.
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Figure 5.9: a) Bifurcation diagram (Vi, vy) at two different levels of the external signal
strength, one at vs, = 0.01707 and the other for vy, = 0.2073. XPP allows one to automati-
cally superimpose the two bifurcation allowing easy comparison. The bifurcation consisting of
points HB8 and HBS5 corresponds to the case when vs, = 0.01707 and the other corresponding
to the higher level of external input. An important point in this figure is to note that all oscil-
lations emanating from HB/ will have an increase in amplitude but as v, is further decreased
the amplitudes will shrink to zero. For this point the reader is asked to refer to figure (5.6),
showing the existence of the fold LP3. b)The illustration shows superimposed bifurcation di-
agrams (V;, ve) at two different levels of the external signal strength, at ve, = 0.01707 and
Ven = 0.2073 thus very similar to figure o). Here the aim is to observe the variable V,, which
only complements the previous plot. The turning point in the amplitudes of the periodic orbits
emanating from either HB3 or HBS is explained by the existence of a fold point LP2 in the
two parameter continuation diagram (5.6). The values corresponding to the labelled points is

revealed in Table C.2).
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Figure 5.10: The plot shows the bifurcation diagram (Vi, vs) at two different levels of the
external signal strength, showing the gradual transition from v, = 0.01707 to a limit point
LP4 (here ven, = 0.01955). XPP allows one to automatically superimpose the two bifurcation
allowing easy comparison. The figure on the right is e zoom in of the diagram on the left. As
Vs increases there is a shift of the Hopf point HBS to the right and a shift to the left of the
Hopf point HB3, thus the domain of v where the periodic orbits exist augments. A further
increase of ve, will destroy the HB7 (which is a branch point). A complement for the analysis
of this figure is the next illustration (5.11). The actual values for the marked points can be
obtained from table C.2.
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Figure 5.11: Both illustrations show a two parameter continuation of supercritical Hopf bifur-
cations in the (Vs vsn) parameter space. The figure on the right is a zoom in of the diagram
on the left. Surprisingly XPP detects at least two fold points in the (Vs Ven) parameter space
indicating that the curve is not parabolic, perhaps being only locally parabolic at the limit points

LPj and LP5. The concrete values for the indicated points can be obtained from Table C.2.
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5.2 Summary

In this chapter, the dynamics of a RKII set are considered, with particular emphasis on the
existence and local stability of limit cycle oscillations. Analytical stability conditions on the
parameter space for the loss of stability of the RKII set is determined. Further, numerical
analysis is carried out by employing the software package XPPAuto to numerically find the
bifurcation set for both an autonomous and non-autonomous RKII set. The analysis performed
in this chapter determined the appropriate parameter sets where the system is stable and where
control of stimulus (in the non autonomous case) can be applied to control these oscillations.
The results of this chapter are important in that in provides a foundation to understanding
the coupled RKII set. A rigourous understanding of the dynamics and transitions is crucial
to understanding patterns observed in RKII sets and coupled RKII models. The following
chapter is a further step in this direction is taken by considering normal forms and using a

recent formalism, Global Analysis of Piecewise Linear Systems [28).
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Chapter 6

Normal forms and Global stability
analysis of reduced model (RKII set)

The purpose of this chapter is to consider analytically the unfolding of bifurcations in a RKII
set using normal forms to give sufficient conditions for the existence of limit cycles and to
subsequently study global stability of these oscillations. To understand global properties of
the limit cycles in a RKII set, a piece-wise linear reduction of the system is considered and
global stability is proved for a restricted region of the parameter space. To achieve this a recent
formalism termed, Global Analysis of Piecewise Linear Systems [28] is used. The formalism is
applicable to piecewise linear systems {PLS) which are characterised by a finite set of linear
dynamical models together with a set of rules determining switching between each model. The
main idea consists of inferring global properties of a PLS solely by studying its behaviour at
the switching surfaces which are determined by these rules. This is made possible by the study
of impact maps, i.e. functions that map one switching surface to another. It is then possible to
prove global stability by constructing quadratic Lyapunov functions on the switching surfaces.
In general, impact maps are highly nonlinear, multi-valued, and discontinuous which makes it
difficult to obtain analytical results. However, impact maps induced by Linear Time Invariant
(LTT) systems between two switching surfaces can be represented as a linear transformation
analytically parameterised by a scalar function of the present state. This representation
permits the analysis of quadratic surface Lyapunov functions (SuLF) to be achieved by solving

a set of Linear Matrix Inequalities (LMI) [122]. From this, global properties of the dynamical
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system such as existence and stability of limit cycles can be inferred.

6.1 Normal form calculation for an RKII set

In Chapter 5, the linearised flow of the RKII model was investigated and necessary conditions
for local stability were identified. In this situation varying the control parameters of the model
will not change the structural stability of the system. However, from numerical simulations it
is found that for some parameter regimes the RKII set produce limit cycles, i.e. a structural
change in the flow. In this case the implicit function Theorem (2.1.4) shows that a solution
cannot be continued smoothly because the Jacobian of the system becomes singular. In par-
ticular, according to the Hopf bifurcation Theorem (2.1.6) the instability emerges because
two conjugate eigenvalues cross the imaginary axis which gives rise to dynamics in the centre
space. To unfold the dynamics in the centre space the centre manifold Theorem (2.1.2) and
the centre manifold reduction is used. The results of the previous chapter are extended by
calculating the centre manifold of this system. Furthermore, through linear stability analysis
only necessary conditions for the appearance of a supercritical Hopf bifurcation were made
possible. However, according to the Hopf bifurcation Theorem (2.1.6), it is also necessary to
demonstrate that the curvature coefficient is nonzero, which provides a sufficient condifion
for the Hopf bifurcation to occur. The sign of this coefficient determines the local stability
and if positive (negative) indicates it is a supercritical (subcritical) bifurcation. In general,
the expansion of the curvature coefficient becomes complicated for high dimensional systems.
Alternatively, calculation of normal forms allows one to study the vector field locally in some
neighbourhood. This is achieved through an iterative procedure, either simplifying or identi-
fying the nonlinear terms from the Taylor approximation of the vector field that corresponds
to the observed dynamics. From this method the minimal set of equations describing the
flow is determined and indirectly provides the specific coefficients for the Hopf bifurcation.
Once this set of equations has been determined then, for example, an option is to consider
the coupling of the reduced nonlinear equations and look for dynamical features observed in
the full system of coupled RKII sets (i.e. without normal fofms). The calculations follow the
methodology of Tooss and Adelemyer which is detailed in section (2.1.6).
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6.1.1 Notation

The KB order multivariate Taylor series expansion for P € C*(R™ x R™; R*) may be repre-

sented concisely using the following formula:

P(z,v) = z Pllv.)bcll [2%, %] + O(|2|¥) + |v]X), (6.1)
Pers
XEA™

where z € R", and v € R™ is the set of parameters. The multi-index sets are defined by

™ = {(¥1,%2, - ,¥a)l¥i €{0,1,2,--- }}, (6.2)
A = {(XI:X2:"° ,Xn)IXi € {O? 112)"'}}:

where the order of the polynomial is defined by the order of the multi-index || = ¥ + ¢2 +
yYpand x| =x1+ X2+ Xn = k. By[2¥, 0] is a |¢|-linear map on z and |x|-linear map
on the parameters, where 2¥ = 2¥'--. 2% and v¥ = v}*...vX» . In coordinates, the i-th

component is defined as follows

(P )= Y (whetv) (6.3)
1|+ x|=k

where p’é represents the polynomial coefficients expressed by

% = e o) () @) ()]

The above representations give a clearer illustration of the k-linear map property of the Taylor

[{z.v)=(0,0)

expansion, which provides a more abstract means for using the Taylor expansion to derive the

normal forms.

6.1.2 Setup and Statement

Consider the RKII model (5.1) which has the following form:
i=F(z,v) z€RveR? (6.4)

where z = (V;,w, V;,v). v = (Vg, Uys) are the only parameters allowed to vary and the vector

field F € C*(R*,R?) for sufficiently large k. To simplify the complexity of the calculation,
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we may rewrite system (5.1) by first considering a linear change of variables that shifts the
Hopf bifurcation, say (z*,v*), to zero and then expand the vector field around (Z, ) = (0, 0).
Setting the linear change of variables to T = x — z* and ¥ = v — v* and substituting these

appropriately into equations (5.1) we obtain the following:
T = F(Z,D), (6.5)
where F(0,0) = 0. Further expanding the vector field with respect to T gives:
z=JE) +N@E@), N=O0(z(z 7)), (6.6)

where J is the Jacobian (5.2) and N denotes the nonlinear terms. Specifically for a Hopf bifur-
cation the Taylor expansion should have terms that depend both linearly on the coordinates

and also on the control parameters, resulting in the following:

0 0
oSl 0
NM(3) = Pav vV , NPYE) =
0 0
0 ‘ aﬁ%%l‘ZV;s

The subscript (1) indicates derivative with respect to £ and the superscript (1,0) and (0,1)
denotes derivative with respect to 4, and v, respectively. Equally, the expansion of N should
have terms that are cubic in the coordinate space, but independent of the parameters. Thus

we have the subsequent expansions

0 0
. 52 R *
1 aﬁus,—g{-lw,lw,g 0f o 1 a—ﬂ@%ﬂfr%s
N)(£,£) = o v , N3(£1,%3,%3) = 5
2 ] o e, 3 K} e e,
Bvr, TV, 1V, vt =LAV, VeaVis

where NY is the third order expansion with respect to ¥ and the superscript zero indicates no
dependence on the parameters U. The computation of the coefficients of the cubic terms NG
depends indirectly on the quadratic coefficients N2 shown above. The eigenvalues of J and
the stability curves in the parameters space are as presented Chabter 5. At a Hopf bifurcation
the stability curve given by equation (5.5) becomes an equality and substituting this into

equation (5.4) we can determine the following four eigenvalues:

A2 = £iv/af

, (6.7
Aa=—(a+B) £ivop
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and the associated eigenvectors can be evaluated for one of the conjugate pairs, giving:

‘r

£ ]
—Var

8¢ [V;* 7

3

P

.

\

= * a-:;vg}
(0‘+»%‘3' —Vgr v, Otﬁ
* 8¢ V*] : *
s iy e SN
E; /a5 = { (@+8) 7e€C ) = Span { T : (6.8)
=iyl —ivaBla +6)
L v | ) L L (@ + Bap 1)
E_(atp)+iveB (6.9)
([ u;,ﬂi’ﬁl(l—i(aw)\/&‘ﬁ),ﬂ 1 ( o BV . 13
o CTy ) Vsr—gﬁf_l(l —i(a+ f)vap)
: » 4’[ * .
NS iaBv, S (e + B) +of)
J (a+8) :7€C) =Span | v
i ~((a+ B) +ivapP)(a + B)
o~ 2
o v ) J (L (@+B(e+b)+af) |

The linearly invariant centre space is spanned by E; 5z and its corresponding conjugate

eigenvector (i.e a two dimensional manifold), which is denoted by F,

span{eg, €} and

the linearly invariant hyperbolic space spanned by the remaining two eigenvectors, we denote

by Ej, = span{en,én}. Note also that R* = E, & Ep. According to the centre manifold and

normal form arguments [78] (section (2.1.6)), there exists a neighbourhood I € R? around 0

and a neighbourhood U € R* around 0 and a smooth map i € C*(Ey x R% E;) with the

following properties:

1. h(0,0) =0 and D,A(0,0) =0, for z € Ex.

2. For © € I, the manifolds My(?) = {(2,h(z,0))|z € Ey} are locally invariant to sys-

tem (6.5) and contain all solutions of the RKII set near to T =0, V¥ ¢t € R and the map

satisfies D,h(z, )% = 3, where z € Ey and y € Ej,.

. According to the normal form theory [78](section (2.1.6)) it is possible to determine a

polynomial G € C¥(E, x R?; E},), with G(0,0) = 0, D,G(0,0) = 0 such that by a near

identity coordinate transformation T = z + h(z,#), z € Ey the system (6.6) may be

normalized to:

2= Jz+ G(z,0),
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In this particular instance, using the assumption that the flow on the centre manifold is locally
~periodic, the presence of the Hopf bifurcation implies that equation (6.10) has a known form.
In particular the Jacobian of system (5.1) on the centre manifold has simple eigenvalues

+iv/afB. Using complex notation the centre manifold can be expressed in the following way:
Ey= {Z = Zep+ Ze_o ]Z < (C} (611)

Here Z and Z are the coordinates on the manifold and it follows that the normalized flow is

given by:
2= /0B 2+ ZQUAP, Vors ) + OUZI*) (6.12)
= ~ivVaBZ + ZQ(|Z 2, vir, Vis) + O Z|2+2)
where Q(|Z|?, Vi, Urs) 1s a complex polynomial of degree £ in |Z|? with Q(0,0) = 0 that de-
pends smoothly on the control parameters (¥, V;s). In particular, expanding ZQ(|Z[?, tsr, Vrs)

using (6.1) gives:
ZQUZP Vir,Vis) = Gr0Vir Z + GigtheZ + -+ + 91222 + -+ + giVe 22 + -+, (6.13)

where the coefficients gi’g # 0, gl o # 0 and 951 # 0 are to be determined. Polar coordinates

are used to simplify the equations:
Z=re’, reRY, ¢eR/27xZ
Substitution into equation (6.12) results in the following

e + ire? L = §\/afret + giovire'® + glovisre’® + g3.r3%e* + h.ot,

| (6.14)
e — jre't 2 = i \/afre® + gy Yvire® + ghiviere’® + g2 yrie® + ho.t.

Proving persistence of periodic solutions is beyond the scope of this work and hence higher

order terms are ignored. Solving the above equations (6.14) with respect for £ and —‘é we get:

0,1, 0.1 0 4 q0
9 o+’ 91009 ~ 931+
%= 102011/5,-‘!'4- 102 Ol 4 2129127,3

0,1_ 0,1 (+] i)
_ 9’10 901 - g1.0=%.1_, 921=91,3,.2
= \/aB + 5 VerT + - o VrsT + T

(6.15)

o o+90 1

) 1,0

Introduce the following constants ¢fy = & Re(g2y), &g = X T g" TN m{g1)s €y =
Re(gl"o), chy =1 m(gljo), cfy = Re(g?,) and ¢ty = Im(g?,). Since the a.bove equations (6.15)
are now decoupled we can first solve for r and by quadratufe solve for ¢. Furthermore, in

equation (6.15), % defines the normal form for either the supercritical (subcritical) pitchfork

118



bifurcation dependent on whether the sign of ¢}, is positive (negative) respectively and the

equilibrium points are given by:

;T . oaT
T*zi\/m’ =0 (6.16)

m
C12

Of particular interest are the non-trivial, stable states. These are satisfied for small (Vg V)
parameters, provided M‘%”—'ﬁ& > 0 which implies that the vector field admits in a small
neighbourhood about 0 € R? a unique periodic orbit with radius »*. Substituting 7* into %%
a stable solution ¢* is obtained which describes the phase of the orbit and consequently the
solution is locally a periodic limit cycle defined by Z = r*e*#"t with period T = \/2'716

The next section provides the computation of the normal forms obtained by applying the

methodology of Iooss and Adelmeyer [78](section {2.1.6)). The main idea of the method |

is the so called the homological equation which incorporates the nonlinear term N{(£,7) of
equation {6.6) and assumes that the higher order terms G(z,?) of (6.10) and the centre
manifold reduction function h(z,?) have a known structure. These assumptions reduce the

number of steps to compute the normal form coefficients.

6.1.3 Computation of the normal form

The derivation of the homological equation is given in section (D.1). From the operator,
we can determine the coefficients of the Taylor expansion of the reduction function h €
C*(Eyx R%; Ey) and the coefficients of the polynomial G € C*(Ey xR?; Ej,) can be determined.

Define the operator as follows:
Jh(z,0) — D,[h(z,0))(Jz)} = G(2,0) — N(z + h(z,D),?) + D,[h(z,))}(G(z,7)), (6.17)

where the Ansatz is given by

] |
hz,7) = Ei’i’ﬁg RE[29,0%] = Y, _,2¥0% + X, 29X oo with b= O(l2]|(z,9))),

XEA™

{ [1]|=2n-+1
nel
XEA™
(I¥l:1x1)##(1,0)

N(,0) = Eﬁﬁf; N¥[3¥,0X] = N 290X + NX,_ 890X + .- ,with N = O(|#]|(%,2)])-
k XEA™
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First identifying terms in equation (6.18) of the same order in both coordinates and control
parameters are identified, i.e. (2,0), and replaced in the homological equation (6.17). For
terms that are linear in z and linear in the control parameters, that is, O(z#) the following

first order homological operator is obtained:
JhY(z,5) — Dl (z, M](J2) = Gi(z, 9) — N} (zD). (6.19)

Expanding and evaluating the individual terms in equation (6.19) and then grouping those of

the same order (details in section D.2) gives rise to the following four equations:
£
.
(J - ivaBI)his = gigeo — Ny (eo),
(J — #/aBI)hys = gipe0 — N7 (eo),
1,0 1,0 ’
0,1 = 91,00

01 01
L 91,0 = %01

(6.20)

In equation (6.20) the constants gi’g and g?:é must be obtained. These are the first order
coefficients of the normal form. However, the operator (J — #\/af) is not invertible. Hence,
for a solution hi’,g or h?:tl, to exist, the right-hand side must belong to Range(J — iv/aBI).
However, Range(J — iv/aBI) = Ker(J* + iv/aBI)*, where J* is the adjoint operator of J.
Hence, equation (6.20) has a solution if the inner product of the right hand side with fois

zero, where fp is the adjoint dual base of ey and with the following form

( ~aguy, 2R (0 +6)2+ap) \
—af{a+B)+ivas(a+s)?
vt 205l (ap—iv/aBla+5))

fo= —((a+B)2+i/aB(atB)) . (6.21)
—ivafs

.o

Thus to obtain the coefficients gi:g and gf:é project every term of equation (6.20} onto the

space Ker(J* +iy/aBI)t, which corresponds to applying the following procedure:

< (J —iaBDhiS, To >= o018 < e0, fo > — < NM(ep), Fo >

> - o (6.22)
< (J = iv/aBDhi%, fo >= g% < €0, o > — < N} (eo), fo >

where < - ,- > denotes the inner product of two vectors. Given that for any any vectors
a,b € Cthen < Ja,b >=< a,J*b > and < Xa,b >=< a,A\b > (where J is the linear operator,

J* the adjoint operator and ) an eigenvalue), then the left hand side of equation (6.22) equates
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to < hy'g, (J* +iv/aBI)fo >=0and < hl o, (J* + /B fo >= 0. Hence:

gl,O — < Nll’o(eo_),fb >
Lo < eg, fo >
aﬁ) (!V; (!V_I_*
& (@b v o0 o% (6.23)

40:6(0: + 8) + ivaf{a + 8)? Vors

and for the other coefficient:

< N‘l)'l(e())a-f_()>
< eg, fo >
(af)2y B 3l

Ver av, 8V,
“iaBla+B) +ivailat B (6.24)

Only the real parts need to be considered, which corresponds to a negative value in both

0,
1

9 =

cases. To evaluate higher order terms of the normal form, in this case the cubic terms, first
it is necessary to resolve terms that are quadratic in the coordinates of the centre space and
that have no dependence on the parameters v, (i.e. ©(Z?)). The reasoning becomes clearer

as the calculations progress.

By reducing the homological operator to quadratic terms the following is obtained:
Tha(2) = D, [h3(2)](J2) = ~N3 (2, 2). (6.25)

From equation (6.25) the following coefficients are determined (for details of this calculation
refer to section (D.3)):

ho = =(J = 2iv/aB)™ Na(eo, &),

h’ll = -—J_ N2(60:-e_0)3 (6.26)
ho,z = hg,o»
thus,
0 _ _(aﬁ)2ysr
720 = STaet(J - 2in/a) (6.27)
where
[ (=3ap+2ivale+ B)i-(a+ B + (aB)¥( s,)z %%fl (e
- (af)(a + ﬁ)ZM‘—’él[zL (o + ) + 6i/aB) + 2iv/aB(aB)2 (v, 6_:/&’;1 _<1¥.£l
~apla+ ) %%’sl—ﬂ’fl + ot ZEH (X)) 308 + 2iv/aB(a +8)
| —2iv/aB(eh) o + B3, EEIZLE) _ a(apyivr a—ﬂ’fl(—&’sl Y[2(e+ B) +3iv/aB] |
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and det(J — 2iv/a8) = 3aB({(a? + 8%) + afB) + 4iv/afB(o + B)). For the other coefficient:

(a+ﬁ2m’ﬂ+ afB) —ﬂé‘il(—‘ﬂﬂ vL)?

M= g I s |- 629
’ 2.[(0{4-,8) +O{ﬁ] v [ le‘l“ﬁ 23_*:‘[,‘@_1 [ f + (Otﬁ ;raacVVE _ﬂ!g_l
0

Having evaluated the quadratic coefficients, terms that are cubic in the coordinates of the
centre space and that have no dependence on the control parameters are now determined.
These are precisely the coefficients for the unfolding of a Hopf bifurcation. Reducing the

homological operator to cubic terms gives the following:
Jh3(2) — D[R (2))(J2) = GS — 2N2(z, h3(2)) — Na(z, 2, 2). (6.29)

Expanding the individual terms in the homological operator and grouping terms of the fol-
lowing orders Z2Z, ZZ%,Z° and Z?° four equations are obtained (details of the calculations
can be found in Section D.3.1). However, for the Hopf bifurcation only those equations that

depend on ZZ2, Z%Z need to be considered:

00 00 (6.30)

(L —iv/aBI)R; = gyteo — 2N3(€0, halg) — 2Ng(eo, h73) ~ 3NY(eo, €9, )
Nz = G271

From equation (6.30) g % and g ® must be evaluated. Similarly to before, the operator (J—
iv/afI) is not invertible and the same procedure as performed for the first order terms is used,
that is, to apply the inner product to all the terms of equation (6.30) with the adjoint dual
base of eg, denoted then by fy. This gives:

<(L-ivVaBDhy, o> = g3 <eo,fo> =2 < N3(&, hy6), fo > =2 < Ny(eo, h1D), Fo >
— 3 < N(ey,e0,85),fo > - (6.31)

The left hand side of equation (6.31) equates to < (L — ivaBl)h},, fo >&< Ry, (J* +

iv/aBI)fy >= 0, thus resulting in the following cubic coefficient for the Hopf bifurcation

&0 = 2 <N0(6’0,h20) Jo > +2 < N{(eo, b3 1) fo > +3 < N{(eo, e0,85), fo >
a < eo, fo >

(6.32)

Once again, only consider the real parts, giving:

(aB)vevys(el + 2 + c3)
213[(a? + af + 32)? + 1608(a + B)?][(a + 5)? + af][(a + B)? + af){a+ B)’
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where ¢l corresponds to

i = 2(a+6?+af) (2(aﬁ)2(a+ﬁ)3vr : 3‘[‘”) (el
,O[V*] 0%¢[Vx] 0% [V
+ o - D(esor o B ;[/;2]
2 3 2 & [V*] [Vt 4
+ (aB) (v, v (—6(eB)? + (o + B)*)( e )( af/})
b vt o+ + 1sap) it - SR
and the constant ¢2 is given by:
_ . 22 V] 3€[V*] 2 0s[Vi] &[]
2 = 12afv; [(a + aff + 3°) +16aﬂ(a+ﬂ)]( aﬁg a7, (a+B)°2 a0, af./;2
AR AN IROIAENA 232<[V*]
+ St ( P + e on (a+8) ,-
2 52<[V*] [Vl ys
Finally the constant ¢3 has the following form:
3 = 12[(c® +af + 5 + 160(c + B)"]((a + B)* + o) (( +ppZell] a«;[;’*]

oty 120V Bl
+ 16( sr) 3?3 ( 8V ))

s
Numerically ¢7, is observed to be a negative coefficient, however some analytical considerations
can be made to determine that this is indeed the case, by first noticing that all parameters are
positive except v, and then comparing term by term. This implies that the system exhibits
a supercritical Hopf bifurcation, confirming the numerical results of Chapter 5 Furthermore,

the reduction function %(2) is composed of the quadratic coefficients AJ g, 22, and AJ,.

6.2 Global analysis of limit cycles in the piecewise linear

model

Having used the normal forms to determine analytically local stability results, global stability

of limit cycles is now considered. The approach chosen to study global properties of the limit
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cycle is developed from Constructive Global Analysis of Hybrid Systems [28] (section (2.2)).
This theory allows the construction of a piecewise linear approximation of a system and to
study analytically both the local and global properties of the dynamics. In particular global
stability analysis of limit cycles of PLS can be proven using quadratic stability of Poincaré
maps. The procedure consists of first finding suitable switching surfaces and to then express
Poincaré maps induced by an LTI (Linear time invariant) flow between two switching surfaces
as linear transformations analytically parameterised by a scalar function of the state. The
central idea here is to compute quadratic Lyapunov functions for the Poincaré maps where
these functions are obtained by solving a set of LMI (linear matrix inequalities). In the
following sections results are presented for the model {5.1) under consideration. The model
can be reformulated in the form of a LTI system where it is essentially separated into linear

and nonlinear terms and re-written in the following form:

Z = Az + Bu,
y=Cz + Du,

where z = (V;,w,V,,v). The matrix A contains only linear terms, while B contains the
coefficients of the nonlinear and the forcing terms, in the case of model (5.1), u corresponds
to the sigmoidal functions. ¥ = Cz + Du denotes the output equation where for this case
D = 0 (the feed matrix). The matrix A is defined as follows:

A0 - 0 1
A= B , A=

0 A —af —(a+f)
Note that A is invertible and all the eigenvalues lie in the left half plane. The definition of the
matrix B and the vector u, and consequently the switching surfaces will depend on the specific
form of the piecewise approximation of the nonlinear functions. The first approximation of
the saturating function ¢[V,(¢)] considered is a Heaviside function. The original saturating
function is unipolar (i.e. it assumes only positive values), but for the purpose of this discussion

and generality we will neglect this limitation and will assume that it may also attain negative

values:

<4,
u=0(y—0)= voY=

b otherwise

where we assume that (a,b,6) € R. Since the saturating functions are dependent on the

dynamic variables V; and V, an approximation for each function is defined independently,
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allowing for more general results. Further, two switching surfaces are obtained (one for each
function), by allowing the LTI flow from the lower asymptote (a) to the upper asymptote (b)

of the Heaviside function. Hence, the complete formulation is as follows:
& = Az + Bytip + Bty + Bytiy, © Az + Bu,
v = Cyz,
Y= Clms

where Cy = [0,0,1,0]%, C; =[1,0,0,0}7 and

. Qi Y S 8’&':
= O;(y — 6;) = : .
b; otherwise
with ¢ = {0, 1} and the vector u = [ty, 11, %]%. Note ; is due to the ¢, term in system (5.1)

and here it assumes the form, ¢, = 1. The matrix B is then defined as:

0 0 0

B = affVer 0 v,
0 0 0
0 (o179 0

Since A is invertible, the equilibrium of = Az+ Bu can be readily evaluated as z2* = —A~'Bu

and has the following form:

4 srﬁo +v snﬁ2

. 0
X = y
Upsth]
0
where

T =B -1
A"l _ A0 , 2 — B of
0 A 1 0

A schematic of the reformulated model is depicted in Fig. 6.1.

Furthermore the two switching surfaces (hyperplanes in R3) are defined as follows:
SQ={IE€R4ICO$=90} and SI={$EIR4:01.’13=91}.

Since there exists two switching surfaces it means that the projection onto the (V;, V;) state

space is divided into four regions, where the dynamics of each region is governed by a separate
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Figure 6.1: The diagram shows the piecewise approximations applied to the original model.
- The nonlinear terms are approximated and are seen as driving terms to the LTI system and
since the system also includes a time invariant signal thus three vectors representing inputs
to the system are defined (Ug,1,Us2). The two most relevant hyper-planes are defined as Cox

and Ciz for which the systems solutions intersect.

system of the form #; = Az + Bu; with 7 € {1,2,3,4}. Denote each of these by System,;.
Fig. (6.2) schematically depicts this, from which the conditions for the existence of a globally

stable limit cycle are derived.

The existence of a limit cycle depends on several different factors, for example whether or not
the matrix A for each system is stable, and in which region the equilibrium of each system
lies. Depending on the location of the equilibrium points, the model may give rise to rich and
complicated dynamics and even chaotic behavior. Finally the initial conditions also play an
important role. If the matrix A of each system is stable then a limit cycle can occur if each
system has an equilibrium point in a different region. That is, for example, System; (in the
third quadrant) must not have its equilibrium in the third quadrant. If System; contains its
equilibrium elsewhere (except region 3), then the LTI flow will intersect a hyperplane S, or
S, at some finite time moment * when the governing equations of some other system will
take over (in this case either system 2 or 4) and the same scenario could repeat until a closed

trajectory is formed. However, it is important to note that this scenario does not guarantee
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Figure 6.2: The figure shows the state space (V,, V;) and how the hyperplanes situate in this
projection space. The hyperplanes are defined as Cox and Cix which are orthogonal to one
another and which are denoted as the switching surfaces Sy and S, respectively. Each subspace
is defined by an independent LTI flow of the form & = Ax + Bu, where all the four systems
differ in how the vector u is defined. The vectors are defined as u; = [tp, Uy, Ua]”, with
i € {1,2,3,4}. The values assumed by Uy and 14y are related to where System; situates with

respect to the Heaviside function thresholds 8, and 81 respectively and here iz = ¢, = 1.

a limit cycle since the system can be chaotic. On the other hand, if matrix A was unstable
it could be that all systems have equilibrium points in their own region, however the overall
model posseses a limit cycle, since the equilibrium would be unstable and so depend on the

initial conditions.

In general, solving the existence conditions for limit cycles is non-trivial (as it involves expo-
nential matrices), however using results giver in ([28], pp. 43-46) allows one for example, to
simulate the system and obtain switching times and intersection points when the trajectory
traverses a switching surface. This information then permits verification of the stability of a
limit cycle. For system (5.1) the matrix A is stable (having all its eigenvalues on the left half
plane), and so four systems are stable. However, the equilibrium state of each system lies in

a different region, due to the different vectors w;, with 7 € {1, 2, 3, 4}.

For ease of derivation of the limit cycle conditions, denote Bu; as simply B;, then the following

are necessary conditions for the appearance of limit cycles:
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Proposition 6.2.1 The switching surfaces Sy and S {governed respectively by the equations
of the hyperplanes Cox and Ciz) divide the state space (V;, V,) into four regions, each of
which has an independent LTI flow z; = Az + B; with i € {1,2,3,4}. Since A is a stable
matriz, then the existence of a globally stable limit cycle is only true if the following necessary

conditions are satlisfied:

1. System 1: —~CoA™'B) > 6y or —C1A™'B; > 01 = { Vpgay > o 0T Ugr@g + Pplen > 61 }.
2. System 2: —CoA™1By > 8y or —C1A™ By < 61 = { Upshy > Op 07 Vsr0g + Ppven < 61 }.
3. System 3: —CQA_]'B3 < 6y or —C1A_1.83 < = { Vrsbl_' < G or Vs by + Prien < 01 }

4. System 4: —CoA™1By < 8y or —C1A7 By > 0; = { vpsa1 < Oy 07 Vpby + Prvsn > 01 }.

To study the local and global stability of a limit cycle, a region of interest in parameter space
is selected from the numerical results of Chapter 5. Without loss of generality, a band is
chosen centred around HB1 (refer to Table C.2) with small variations in the parameter v,
and the parameter v,, is allowed to vary freely. In this parameter window it is verified that
the dynamic variable V. is always positive and gradually goes from sub-threshold to supra-
threshold as 1, is increased (where the threshold in the nonlinear function is ). There are
numerous ways for determining a reasonable approximation to the nonlinear function. For
example, one easy way is to generate the time series of the dynamic variables and use these
as an input to the nonlinear functions. This method allows investigation of the region of
nonlinear function space being visited. The approximation chosen for V, in this parameter
regime is a Heaviside function with parameters (aq,bo,8s) = (0,250,0.015). In this case 6
coincides with the threshold of the sigmoidal function. Conversely V; has only sub-threshold
dynamics occupying mostly the lower asymptote of the nonlinear function. The sigmoidal
function considered is very steep indeed and a small variation in the input has dramatic
changes in the 6utput, so the approximation must be chosen carefully. Since V; lies mostly on
the lower asymptote, a function of the form u(t) = maz{0, Cz + 6,}, where C is some vector
could be used. However, for the purpose of demonstrating global stability a simpler function
will suffice. In this case, a reasonable choice is a Heaviside function with the parameters
(a1, b1, 8) = (0,250, —0.015). As an example, we present a simulation using a MATLAB code

we developed using the symbolic math toolboz (see Fig 6.3).
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The code uses the ideas discussed where a limit cycle is generated and the switching times
and the Poincaré surface coordinates are determined. Here the code is run with the initial
conditions z} = [0,0,0,0]7 and with the control parameters fixed to (Vsy, Vrs,Vsn) =(-0.008,
0.006, 0). We observe a limit cycle in the clockwise direction where we can easily interpret
the results using the derived conditions from Proposition 1. In this simulation Systems in the
second quadrant, starts running and its trajectory tends towards its equilibrium point which
lies in the first quadrant. As it evolves, a switch occurs at Sy where then System; takes over
and the same scenario for the other systems repeats as the limit cycle develops. The code is
run long enough until the switching times reaches a tolerance (|t} — t| < TOL, where TOL

is some time parameter). The switching times and Poincaré surface coordinates are stored in

Table D.1.

6.2.1 Limit Cycle v with period ¢*

Here use is made of the proof of existence of limit cycles given in ([28] pp. 43-46) which
provides an algorithm to derive the analytical solution of the trajectory of a limit cycle. From
the numerical simulation it is observed that the trajectory ¢(¢) of the limit cycle + traverses
each switching surface S with & € {0,1} twice, in a sequential manner. Denote Si as the
subsection of a switching surface S where the trajectory first intersects it and ¢ as the
time moment of the intersection, where i = j(mod4), with j € N}. For example, S is the
subsection of the switching surface So where the trajectory traverses it at time instant t§ (since
it is a limit cycle we consider ¢ = t} since &} = t},,,44)- Hence the limit cycle «y starting at

5
the some initial condition z¥ € St has period * = ¢} + t5 + £ + £ and satisfies:
i € O 1HiaTi3Tiy

L $(t}) =2t € S
2. Pt +t8)=z5€ 52
3. ¢t +t5+t5) =23 € 5}

4. pE+t5+t5+) =5 € S

Each System; has a solution of the following form
:c(t),- = eAt(CCO - A_IB,') - A_lB,;.
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Figure 6.3: Simulation of the four systems of each partition of the state space and with the
initial condition z} = [0,0,0,0]7. The control parameters are set to ve = —0.008, vy, = 0.006
 and Ve, = 0 which corresponds to the Hopf bifurction point HB1 (Table C.2. System, starts
running and its trajectory is towards its equilibrium point which lies in the first quadrant and
a switch occurs at Sp. In the first quadrant System; takes over and moves towards its own
equilibrium on the fourth quadrant and a second switch occurs at Sy. For the other two final
systems (4 and 1) identical scenarios occur, where System, has its equilibrium on the second
quadrant and Systems on the third quadrant. Note that if S| was shifted slightly upwards then
the limit cycle condition would no longer be satisfied and the limit cycle would vanish. Thus

this also explains the generation of the Hopf bifurcation HBI.

From Proposition (2.2.1) the piecewise trajectory ¢(t) is governed by the following switching

conditions .

go(t?v E,tg,tz) CO:EE - 00 =0
gl(tt? ga ;JZ) = C]_.’L"{ - 91 =0
92(#]; ;s E,tZ) = 0035 - 90 =10

L 93(15;, ;,t;,tZ) = 015€§ —-6;,=0

where Cy and C] are the output matrices (describing the hyperplanes) defined in the previous

section and the periodic solution of the piecewise linear approximation is obtained with any
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of the initial conditions:

xa — (I _ eA(t;+t;+t§+t;))—1 eA(t;+t;+t;)(eAt; - I)A“lBl + 6A(t;+t;)(eAt; — I)A_]'Bg

e (e — NA1B3+ (eMi =T )A‘lB4] ,

x; — [I _ eA(t;+t;+t§+t;))—1 eA(t;+t;+t;)(eAt5 _ I)A—IB‘Z + eA(t;+t;)(eAt; _ I)A‘lBg

etti(edt — A1 By + (et — I)A‘lBl} ,
x5 = ( I — eA(t;+t;+t;+zg))—1 [eA(t;+t;+t;)(eAt; — I) A1 Bs + 6A(t;+t;)(em; _ I) A-1 B,

A% (A — IYA™1 By + (e ~ I)A~1 B,

b

= (I - eA(t3+ta+t;+tz))-1 eA(t;+t3+t;)(eAa; ~NA-1B, + eA(t;+:;)(eAt; _DA-'B,

eMi(es — I)A™1 By + (e — I)A‘IB;;J .

6.2.2 Local stability of Limit cycle v

The local stability of the limit cycle can be verified by considering a Poincaré map, P, from
some point =} € S}, to the point when the trajectory returns to Si. ie P : Si — St and
then verifying that the Jacobian of the map has all its eigenvalues inside the unit disc. The
Jacobian defined in Proposition (2.19) is derived by considering small perturbations in time
and space in each intermediate switching surface and then neglecting higher order terms. The
Jacobian, W, of a piecewise linear system is then determined as being the composition of all

the intermediate perturbations and defined as W = W3W,W W, where,

W; = (I Ck'vi) e,

and v; = Az} + B; and k = i(mod2). Substituting the values from Table D.1 gives
547e-4 2.Tle-6 9.58e-03 4.79%e-5
-2.73e-2 -1.36e-4 -4.79¢-1 -2.39e-3
¢ 0 0 0
2.64e-05 1.3le-7 4.62e-4 2.31e-06
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W does have all its eigenvalues inside a unit disc, therefore the limit cycle is locally stable.

6.2.3 Global stability of limit cycle v

The fundamentally new concept introduced in Constructive Global Analysis of Hybrid Sys-
tems [28] is to infer global dynamical properties of a system through finding quadratic Lya-
punov functions on the switching surface. Earlier studies [122, 69] had proposed continuity of
the Lyapunov functions along the switching surfaces and this result lead to the idea that the
intersection of two Lyapunov functions at a switching surfaces (one from each side) defined a
unique quadratic Lyapunov function on the switching surface. It is then demonstrated in [28]
that a quadratic Lyapunov function on the switching surface in a PLS denoted Quadratic
Surface Lyapunov Function (SuLF) exists and that SuLF (as opposed to searching for Lya-
punov functions in the state space) is sufficient to efficiently analyse global stability of limit
cycles. This follows since a PLS behaves linearly inside a region (partitioned state space).
In order to analyse the PLS using SuLF it is first necessary to define impact maps from one
switching surface to the next and by combining all the impact maps associated with the PLS
it is possible to infer global stability. An impact map associated to the LTI flow in each of the

four regions is defined following Theorem (2.2.1):
Hi(t) = e + (27 (8) ~ o) wi(?t)

and for each region i the following

CleAt CoeAt
wolt) = ————— T —
0( ) 91 - C1$6(t) wl( ) 90 - Co.’III(t)

C At CeAt
wy(t) = e, w3(t) =

6 - Cizi(t) ' b0 — Coz3(t)’

Since an impact map is nonlinear, multi-valued and discontinuous then for every impact map
i define for a given initial condition in S% a set of all expected switching times ¢; € 7;. This
allows each impact to be represented as a linear transformation analytically parameterised by
the switching time. Then for any A; € S% — z} there exists a set of expected switching times

t; € 7; such that the impact maps are given by

Aipr = Hi(tip1) A,
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where each ¢; is the switching time associated to each perturbation A;. Furthermore, pa-
rameterising the impact map with ¢; defines the set of initial conditions S{“‘ € Si in a given
switching surface that have the same switching time. This set of initial conditions Sf. is found
in [28] to be a convex subset of a linear manifold of dimension n — 2 (in this case an R?
surface). To show that these four impact maps are contracting in some sense, define a SuLF

on each S} given by
Vi(z)} = 2T Pz — 227 g; + 0.

Global asymptotically stability of the limit cycle follows if there exists P, > 0 (positive defi-

nite}, g;, @;, such that
Vir1(Qis1) < Vi(Ai) & Vi(A) + Vi (Hi(tin)As) >0 VA € 5) — =z}

The above inequality is computationally hard, however using the fact that maps from one
switching surface to the next are linear in Sf and that as t; ranges over 7;, S, covers every point
in S¢, it is possible to define approximations with a set of LMI. Conservative conditions given
by Theorem 4.1 and Corollary 4.2 (refer to [28] pp. 62) are used, which is computationally
very efficient. Equivalently, the limit cycle is globally asymptotically stable if there exist
FP; > 0and g;, 8; = @; — @41 such that

Ri(tiy1) = P — HI (ti1) P Hi(tig) — 2(gi — HY (tip1) giv)wi(birr) + wT (Eig1) Bwi(tivr)
Ri(tit1) >0 on SF —a} for all expected switching times ¢; € 7.

Furthermore, parameterising the impact map by a switching time corresponds to defining a
linear operator H : R*~! — Rl In view of this, while A; are vectors in R", the impact
maps have solutions restricted to hyperplanes in R, Consequently, this allows the definition
a basis for the switching surfaces where each vector A; € Si can be expressed as linear
combination of the basis A; = II;6; (with II; being the basis and d; € R"!). An easy choice
for the basis is the orthogonal complements to C;, i.e II; € C;L. It then follows that the last

LMI condition can be rewritten as

Ri(tiy1) = Qi — FT (tiy1)Qin Fi(tiv1) — 2(pi — FF 1) pirr)wi(tivn) + W] (ip1)thiws (ti41)

{6.33)
Ri(tiy1) >0 on SF—a} for all expected switching times ¢; € 7;,

where Q; = N7, PIL, F(¢) = IL, KL, o = O,a00, o = 75,615 and wi(t) =

T, ,wi($)I1L;. Since the systems within a single region are linear, then simple candidates for
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the quadratic surface coefficients are p; = 0 and 9; = 0. The final aspect to note about
condition (6.33) is that it defines an infinite set of LMI for all ¢; € 7;. Computationally, to
overcome this difficulty it is necessary to grid this set in order to obtain a finite subset of
expected switching times ¢; = 0 < ¢t} < --- < #§ = ¢}, for some j € N. To compute the
above conditions a set of MATLAB routines using the IQCS toolbor was developed [82]. The
objective being to find @; > 0 and to confirm that (6.33) is satisfied for all switching times
[t:,tf] by plotting the minimum eigenvalue of {6.33) on [t;,%]], and thus showing that this
is indeed positive definite. The largest switching time sets for which (6.33) are satisfied were
Ti=[5.71e-2, Te-2], To=[le-2, 2.5e-2], T3=[2.2¢-3, 8.85¢-3] and 7;=[1.5¢-2, 6.4e-2] which can
be confirmed in Fig. 6.4. In particular, for the switching times presented in Table C.2 the

following positive definite matrices exist:

363 1382 0 ) [ 23301 0 0
Q:=| 1.382 897-1 0 , Qa= 0 4.88  -2e-01
0 0 2.3%1 ) \ 0 2601 91701
161  -1.61e02 0 \ [ 237¢:03 0 0
Qs = | -1.61e-02 3.16e-01 0 , Qa= 0 2.49  4.22e-03
0 0 25402 | \ 0 4.22c03 7.75¢-02

Thus satisfying Theorem (2.2.1) the proof that the piecewise linear approximation is globally
asymptotically stable is complete, Other piecewise a}l)proximations could have been used
but the approximation considered is sufficient to prove global stability. Note that global
stability can equally be proven for this PLS system with time invariant inputs by applying
the same procedure. For this case in particular, a more straightforward approach could be
used by first applying a coordinate transformation. Having proven global stability of the limit
cycle for a subset of the control parameters, it leaves the question of how to obtain a suitable
approximation for the nonlinear functions that permits analysis of the system for the complete
parameter range. Clearly, consideration of higher order piecewise approximations will increase
the accuracy of the system, whilst also increasing the computational complexity of the LMIs,
which seems to be unnecessary. Naturally an interesting extension of this work would be to
determine the simplest partition of the state space (V;, V,) that permits the global analysis

of the limit cycle for the whole parameter domain.
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Figure 6.4: SuLlF for all the four impact maps are stable. FEach plot shows the minimum
eigenvalue of (6.38) on the respective sets of switching times T; for each impact map. The
etgenvalues of (i 6'.33) are always positive for T; (feasible) meaning that a positive definite matriz
always exists and thus a SuLF for each impact map exists and is stable. In this way it is shoun

that the limit cycle is globally asymptotically stable.

6.3 Summary

This chapter provided theoretical and computational insights into the dynamics of an RKII
set. Using normal forms and the theory of centre manifolds the coefficients of the Hopf
bifurcations of the RKII set were determined. The coefficients confirmed the supercritical
nature of these bifurcations as observed numerically in Chapter 5. The second part of this
chapter then considered a piecewise linear reduction of the RKII set and global stability the
of limit cycle arising in this approximation is shown for a narrow region in parameter space.
This was achieved by employing a Constructive Global Analysis of Hybrid Systems [28]. The
strength of this methodology suggests the potential for understanding coupled RKII sets and
possibly the Ki set hierarchy.
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Chapter 7

General discussion and conclusions

7.1 Discussion

The main purpose of this thesis was to investigate the mechanisms underlying the develop-
ment of abnormal oscillations in a neural mass model and to provide insight into spike-wave
oscillations arising from thalamocortical circuits. The model incorporates key anatomical
structures and physiological features, however it assumes that some level of understanding
of a neuronal system is possible without consideration of all the detailed features of the un-
derlying thalamocortical components. Thus, the model groups neuronal structures governed
by plausible physiological dynamics and indirectly combines some of the important system
variables into parameters where then different system solutions are identified by varying the
relevant parameters. These neural mass model cannot be proven to be sound or correct, how-
ever to increase confidence in a model, model predictions should be confirmed experimentally.
Indeed, previous analysis of the model have demonstrated its descriptive validity in a wide
range of healthy states and yielded specific predictions with regards to seizure activity [131]
(Fig. B.1 of section (B.2) illustrates the main EEG oscillations perdicted by the model within
a restricted parameter space). This work further extends these results by specifically looking
into absence seizures and encouragingly, further analysis reveals that the model also accounts
for tonic-clonic seizures [21). In particular, by performing bifurcation analysis of the full

corticothalamic model a supercritical Hopf bifurcation is found commencing the transition
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from healthy resting EEG to periodic pathological oscillations and discover a further ‘spike-
bifurcation’ which initiates (3Hz) absence seizures. This yielded time series realizations with
periodic spike and wave morphology that closely resembled scalp EEG data taken from an
absence seizure data-base. Furthermore, the nature of the bifurcation set yields a symmetri-
cal on-off character that is also found in the EEG data and the power spectrum of pre- and
postictal EEG is comparable to the data. Interestingly, although there are some differences
in comparison to the Destexhe and Sejnowski model [43], both models emphasize increased
excitatory loops between the cortex and the specific and reticular nuclei, of the thalamus un-
derlying the generalized seizures. Furthermore, the onset of seizures is demarcated in Destexhe
and Sejnowski model [43] by a phase shift of the voltage trace of the TC neurons when com-
pared to the oscillations of the RE neurons and the cortical neurons which suggests that spike
activity is initiated in the specific neurons. Similarly, the phenomena is also observed in field
activity of the full corticothalamic model. Destexhe and Sejnowski treated axonal propagation
times as negligible, and hence, there was no time delay. However, the activation of seizures is
mediated by GABAp receptors between the reticular and the specific nuclei which is a slow
or delayed process that is activated once the corticothalamic feedback is strong enough. In
contrast, the presence of time-delay in the corticothalamic model is a crucial parameter in the
generation of absence seizures waveform. In fact, qualitatively similar spike-wave oscillations
can be generated by our model with a variety of time-delayed feedback loops that differ in
some detail from those presented in this thesis. This is interesting because it is known ex-
perimentally that absence seizures can arise as a result of changes in a number of different
neuronal pathways. However, the present model incorporates the important components of
the corticothalamic system together with time delays that, due to finite axonal conduction
speeds. Finally, the corticothalamic model employed here does not explicitly include ionic
currents such as Ir and Iy or receptors such as GABAg within the thalamus. Although the
present model is not inconsistent with such channels, future research would benefit by con-
sidering mappings of the full corticothalamic model to more detailed physiological approaches
which then would bridge the gap in our understanding. In fact, one challenging objective of
neural mass models is to identify relevant parameters of the observed activity and then try
to decompose the parameters into the state variables or parameters of the real physical sys-
tem [77]. Specifically for the delay incorporated in the corticothalamic model, future studies

would benefit by numerically continuing the bifurcations arising due to the delay as these may
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be global bifurcations.

The second part of this thesis addresses oscillations arising from the thalamic system, as mo-
tivated by a number of key observations. Firstly, in clinical recordings of the onset of absence
seizures, the transition from pre-ictal to ictal dynamics is typically heralded by oscillatory
behaviour, prior to spike-wave activity being observed. Furthermore, in the absence of a cor-
tical signal, the thalamic system is quiescent and spike-wave activity generated via periodic
dynamics from the cortex fed both into both the specific and reticular nuclei populations. Also
motivating this reduction is a phase shift of oscillations arising in the specific nuclei when com-
pared both with the cortex and reticular populations, which suggests that absence seizures
originate in the thalamus. Thus, the cortex was decoupled from the thalamus and this gives
rise to a reduced system of equations that Freeman termed RKII sets. An unexpected finding
was to observe through simulations that an RKII set driven by sinusoidal signals generated
‘two-bump’ solutions resembling spike-wave morphology. Moreover, through simulations it
was observed that varying the coupling strength between the specific and reticular neurons
does not influence the wave form of the oscillations, only the amplitudes of the signals arising
in the reticular neurons varies. Thus, a functional composition of the incoming signal from the
cortex with the sigmoidal activation functions of the reticular neurons can be considered as an
appropriate approximation of the wave form. Consequently as a first approach to understand
these solutions, a reduction of the RKII set with a plecewise linear saturation function was
considered which determined two regions of interest for the solution. The two regions were
then compared with the spike-wave activity, where one region is associated with ‘spike’ and
the second region with the ‘wave’ explaining the two-bump solutions observed in RKII set
and potentially offering insights to spike-wave oscillations. However, these solutions should be

regarded as approximations and as such future studies would benefit by further investigation.

To further understand RKII sets, existence and local stability of limit cycles by developing
linear stability theory and contrasting with numerical continuations results obtained using
XPPAuto was considered. Stability curves in parameter space were found explaining the
transitions to limit cyele oscillations in the thalamic system. A further contribution of this
thesis was to calculate normal forms to determine the unfolding coefficients of the Hopf bifur-
cations arising in the thalamic system thus determining sufficient conditions for the observed

limit cycles. An interesting option of study would be to consider the coupling of the unfolded

138



equations and investigate local behaviour of these oscillations, in particular the normal form
equations driven by sinusoidal inputs. However, the motivation here was to first understand
the global properties of oscillations arising in RKII set as these properties could lead to inter-
esting theoretical results which would benefit the understanding of the activity arising from
coupled RKII sets. To acheive this a new methodology termed constructive global analysis of
hybrid systems [28] which allows one to consider piecewise linear approximations of a system
and to study both the local and global flows of the non-smooth vector field. In particular
global stability is proven for the RKII set within a subset of the parameter space and for
a particular piecewise approximation. However, several interesting questions remain to be
answered in all the above research avenues followed in this thesis. Therefore, the discussion

is concluded with possible future continuation of the present study.

7.2 Future directions

7.2.1 Mapping between Neural mass and conductance models

An interesting future study is to consider the mapping between different scales of neuronal
activity. As mentioned above, one aim of neural mass models is to decompose a set of param-
eters into a set of meaningful variables and parameters of the real underlying system. This
mapping could for instance be applied between the corticothalamic model considered in this
thesis and the Destexhe and Sejnowski models [43]. This would enable consideration of ionic
currents and synaptic receptors believed to be significant in the genesis of absence seizures. In
particular, mapping between the Freeman Neural Mass model and condﬁcfa.nce based models
is proposed and conditions are given for the mathematical mapping to hold true. However,

this is only one possible mapping and other strategies should be also considered.

Assume a population of inhibitory and excitatory neurons where these could either be cortical
or thalamic neurons. Furthermore, these neurons can either be treated as a pointwise system

or a system in a homogenous 2-D medium. Considering the activity at a microscale the post
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synaptic potential (PSP) V(¢,7)} is calculated using a conductance based model:

A
CE = —gL(V - VL) + Is (71)
I, = —gp(V—Vg)~gi(V—-Vi)+ I,

where V7, is the neurons voltage steady state, gy, is the specific neurone membrane conductance,
C is the specific membrane capacity (the membrane time constant 7, = -g%) and I is the sum
of inhibitory synaptic currents mediated by GABA receptors, here denoted with the subscript
[, excitatory synaptic currents mediated by AMPA, NMDA receptors, denoted E and by some
external current 7°®*. The synaptic conductances depend on incoming spike pulse frequency
¢; (with j={I, E}) from pre-synaptic cells and obey a second order differential equation which

describes the response to these impulses.

2. .
TJTTf'qgj_(t) + (7 + TJﬁ)Ei{:I—P + 9;(t) = g7 ¢5(t), (7.2)

where 77 and 7] (j={I, E}) are the rise and decay times respectively of the response, g; is the
maximal conductance and f is only a scale parameter. For a mapping between the Freeman
model (which is second order in voltage) and a conductance model to hold true a reduction of
equation (7.2) is necessary. A possible simplification is assuming the rise time of the response
77 is zero and the decay time is finite, that is, the rise is infinitely rapid response and only a
decay is observed. Dropping this parameter can be justified for small times scales and intense
inputs to a neuron, giving rise to a first order response of the conductances in the following

way:

7 dgjf) +95(t) = 957¢5(t). (7.3)

A simplification of the synaptic currents I, in the conductance model (7.2) should also be
considered. Here it is assumed that the V — Vg and V — V; terms are constants which is
a strong assumption, but nevertheless necessary for the derivations to be possible and thus
Iy = —gp(V = Vg) — gr(V — Vi) + I*** = cggE + crgr + I°™, where ¢g and ¢y are constants.
However, it is worth bearing in mind that the current amplitudes ge(V — Vi) and g:(V — V1)
are approximately of the same order, but V7 « Vg and gr > gg where gr generally has
large fluctuations. Multiplying both sides of equation (7.3) with the constant ¢z and another

instance by ¢y gives two equations with the following form:
a4 p
[’rj o + l]cjgj(t) = ¢;3;7¢;(t). (7.4)
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summing the two instances of equation (7.4) and some external current J¢* gives

d d p
[TEdt + 1] cegr(t) + [TI T + l]cEgI( )+ [ Tear s +1]I=t =

":(CEQE‘]ZSE( ) + CIQTI‘;ﬁI (t) + cemtgemt¢ext(t))- (75)

A further assumption is setting 7§ = 78 = 72, = 75 to obtain

[7. jt + 1] (cege(t) + cgair(t) + I**) = 7(cedpde(t) + c10191(t) + CertGextPert(t)

;t +1]I, = 7(cedpdr(t) + c1drdi(t) + CeatGortPeat(t). (7.6)

e[
Using equation (7.2) to obtain I, and substituting in the above equation (7.6) results in a

formulation which is second order in voltage:

d av

[7s st + 1] [C —+ 9. (V-Vi)] = #(cegedet)+ cigrér(t) + certGeriPent (t))
o [TS% + 1] {Tmi + 1] vV = %(CEQ—EQSE(t) + CIg_IiI(t) + cea:tg;zt(ﬁemt(t)) _ VL(7-7)
L

On the other hand, for the macroscopic dynamics consider the following thalamic Freeman
model, with two neuronal populations (inhibitory population - Reticular nucleus denoted by

r and excitatory neurons - Specific nucleus denoted by s).

+ ]_] V. ('r t) = aﬁ(z/s,.qé,-('r, ) + Vse¢emt(t))

s (7.8)
132 +1)Va(r,t) = aBrrsds(r, ) + Vredene (),

where the variables V, (a = {r,s}) generally represent averaged post-synaptic dendritic po-
tentials evaluated by extracellular measurements of EEGs. Each thalamic submodule (specific
and reticular neuron) is governed by a second order ordinary differential equation which cap-
tures a population’s characteristic responses when stimulated with incoming dendritic pulses
¢.. The parameters « and 3 are constants representing the inverse rise and decay times pa-
rameterising the dendritic response to these impulses. The conversion from pulse density ¢,
to wave amplitude is implicit in the synaptic weights ve € R™ and vy € RY. veetbens(t) and
Vre®ert(t) represents external inputs to the thalamic specific and reticular neurons respectively.
Note that synaptic weights are not directly measured experimentally and can only be inferred
through modelling, i.e. an indirect measure of the synaptic transmission. In other words these
synaptic weights may be thought of as of the form 1, = Nj;5;, representing the coupling
strength between neuronal populations ¢ and j. N; is anatomical or structural in character

representing the mean number of connections from neurons of type j on a neuron of type
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i. The term S; is physiological or functional in nature representing the size of the impulse

response associated with synapses of type j.

For the mapping between the microscopic and macroscopic level to be possible it is necessary
further to assume that the intracelluar activity is in some sense proportional to the extracelluar
activity (in this case EEG). Finally, comparing the left hand side of equations (7.7) and
(7.8) we obtain a possible interpretation for the macroscopic parameters written as = = 7,
representing the synaptic time constant and -}; = T, corresponding to the membrane time

constant.

The advantage of coupled systems consisting of equation (7.7) is that GABAg receptors, Ir
and Iy ionic currents which are believed to play an important role in absence seizures can
be directly incorporated. Also a direct comparison between the neural mass corticothalamic
model and Destexhe and Sejnowski model [43] can be achieved to investigate the nature and
importance of delays in abnormal oscillations. Thus the proposed method will be considered
in the near future to further improve understanding, in particular of the thalamic system

underlying the epileptogenesis of absence seizures.

7.2.2 Bifurcation and synchronization of piecewise RKII sets

RKII sets appear to be the important functional unit of neural mass models and their inter-
pretation is crucial if progress is to be made towards understanding EEG in the framework
proposed by Freeman. Global stability for a particular case of a piecewise linear RKII sys-
tem and for a narrow region in the parameter space has been shown. Extensions of these
results are possible by defining finer piecewise linear approximations, thus ‘smoothing’ the
nonsmooth RKII system to enable the study of a wider region of parameter space. However,
it is important to note that a direct comparison between a piecewise linear approximation
and a smooth dynamical system is not trivial and perhaps in some cases not possible. For
the case of RKII models and in general neuroscience this question is very important indeed.
It is believed in general that these approximations and in particular for firing rate functions
are justified. Recall that the firing rate is not necessarily a smooth function. In particular,

for the mircoscale models such as Hodgkin and Huxley type models [73], these will typically
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have a non-smooth firing rate. Only by considering a population of neurons with dispersion
of voltages are these functions smoothed out, for example by, a Gaussian. Thus, approxi-
mations to the “true” firing rate function (which is generally not accessible) are implicitly
determined at what ever scale and detail a neuronal system is modelled. Hence, from this
perspective approximations seem plausible. Moreover, an emerging theory called “regulariza-
tion” (the name has not yet been formalized) has as its objective to understand and compare
the dynamical behaviour between a smooth dynamical system and a nonsmooth version of
the same system. However, this theory has only just begun to take shape and will take some
time before any concrete answers to this question can be given. Other research avenues is to
develop techniques for studying coupled RKII sets and synchronization between them as well
determining the bifurcation sets for the nonsmooth RKII systems. Again these questions are
very complex as the theories for non smooth systems are again only emerging and fundamental
results do not exist. The main reason for this is that mathematical perturbation tools were
designed for smooth dynamical systems and are theories for local analysis. For example the
Taylor series expansion considers local derivatives however, it assumes continuum systems in
a local neighbourhood where then analysis, such as bifurcations is possible. In contrast, it
is not possible to consider a local neighbourhood in a nonsmooth dynamical system and by
this argument piecewise linear systems are therefore global problems. Global theories, such

as global bifurcations and global analysis are in general non trivial problems.

7.2.3 Seizure prediction

An interesting question, which can be addressed, is whether the identification of mechanisms
in a model that explains the transition to seizure, can contribute to improvement of epilepsy
treatment in clinical practice. For example, to simulate complex pharmacological effects,
seizure suppression or even predict seizures. The answer to this question is a crucial one as
it is the ultimate predictability test for a model. The corticothalamic model employed in
this thesis shows that particular changes in a single parameter, governing the rate of synaptic
interactions between cortex and specific relay nuclei (v4), provides an explanation of the
transitions to absence seizures, as well as demonstrating a good agreement to clinical data.
Consequently, an interesting step forward with the corticothalamic model would be to test the

predictability of the model by implementing a seizure prediction method based on parameter
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fitting of the model parameters from clinical data. This could be achieved by the development
of a parameter-fitting code which tracks changes in parameters of interest in the model when
fitted to different segments (epochs) of EEG. Most of the parameters would be constrained
to a close interval of the initial inter-ictal state and the parameter(s) of interest fitted using
subsequent epochs of data. Therefore a potentially useful algorithm would be to issue a
warning if parameters came within some distance € of determined bifurcation points 6. The
precise value of € would need to be statistically determined so as to maximise the anticipation
rate, and minimise the false positive detection rate. This would need to be determined on a
subject-to-subject basis. § will also be determined on a subject-to-subject basis, as numerics
have illustrated that changes in the other parameters of the model result in slightly different
values of the bifurcation point. The parameter fitting algorithm will also have to ensure the
underestimation of the parameter by taking into account system noise, measurement errors as
well as the nonlinear nature of the clinical data. If this methodology proves to be successful
then it could also be extended to other forms of seizure, for instance complex partial seizures.
However, this extension is not trivial as this depends on the type of the bifurcation associated
with the transition from normal to pathological state. The difficulty, lies in the fact that the
nature of bifurcation associated with a particular transition is hardly accessible from signals

generated by a system. This work is our current focus and is funded by the EPSRC.

144



Appendix A

This appendix provides some very basic terminology used to describe neuronal activity. For a

more detailed review on the biophysics of neuronal activity the reader is asked to refer to [143].

A.1 Elements of a neuronal system

This section provides very basic terminology used to describe neuron activity. For a more
detailed review on the biophysics of neuronal activity the reader is asked to refer to [143].
The elementary processing unit in the brain are neurons which are connected to each other
forming very complex networks. A schematic illustrating the relevant concepts are shown in
Fig. (A.1). In real brains, neurons and their connections are packed into a dense network with
more than 10* somas and several kilometers of axons per cubic millimeter. In all areas of the

brain there exists different neurons of different sizes and shapes.

A typical neuron can be divided into three functional parts: 1) dendrites; 2) soma; 3) azon.
The dendrites play a role of input devices that collects signals from other neurons and transmits
them to the soma. The soma is the central processing unit thé,t activates nonlinearly if
the total input exceeds a certain threshold, then an output signal is (action potential or
spike) is generated. The output signal is propagated along the axon which delivers signal to
other neurons. The junction between two neurons is called synapse. The sending neuron is

commonly referred as the presynaptic neuron and to the receiving as the postsynaptic neuron.

Generally the axon of a presynaptic neuron makes contact with either a soma or a synapse of
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a postsynaptic cell. The most common type of synapse is a chemical synapse. At a chemical
synapse, the axon terminal comes very close to the postsynaptic neuron, leaving only a tiny
gap between pre- and postsynaptic cell membranes, called the synaptic cleft. When an action
potential arrives at a synapse, it triggers a complex chain of biochemical processing steps that
lead to the release of neurotransmitter from the presynaptic terminal into the synaptic cleft.
As soon as the transmitter molecules have reached the synaptic side, they will be detected
by specialized receptors in the postsynaptic cell membrane and open (either directly or via
a biochemical signaling chain) specific channels so that ions from the extracellular fluid flow
into the cell. Examples of receptors mentioned in this thesis are excitatory receptors: AMPA
and NMDA and inhibitory receptors: GABA4 and GABAg. The ion flux, in turn, leads to
a change of the membrane potential at the postsynaptic site so that, in the end, the chemical
signal is translated into an electrical response. The voltage response of the postsynaptic

neuron to a presynaptic action potential is called the postsynaptic potential.

———————- threshold (-55 mv)
- resting state (<70 mv)
5\ raciory peid__

Figure A.1: Figure showing the relevant components in neuronal systems: Dendrite, soma and
azon. The inset shows and example of a neuronal action potential (schematic). The action
potential is a short voltage pulse of 1-2ms duration and an emplitude of about 100mv. This
signal is transmitted from a presynaptic neuron j to a postsynaptic neuron t. The synapse is

marked as a small dashed circle.
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A.2 EEG frequency bands

The most common EEG frequencies are shown in Fig. (A.2) and are described as follows:

1. Delta (6) activity (0.5-4Hz) is not normally recorded in the awake adult but it is a
prominent feature of sleep and becomes increasingly dominant during the progress from

stage 2 to stage 4 sleep. Delta waves have the largest amplitudes, normally between
20-200V.

2. Theta (8) patterns (4-7Hz) are seen in normal drowsiness and sleep, and during wake-
fulness in young children. Theta is also present in normal waking adults. It is generally
noted that lower theta is associated with drowsiness and higher theta activity with

cognitive effort.

3. Alpha (a) rhythms tend to be the most dominant brain oscillations in the human EEG.
However it does tend to increase in amplitude during rest and relaxation (e.g. awake and
eyes closed) and desynchronizes or becomes suppressed during intellectual functioning.
Alpha rhythms often have a mean frequency centering around 10Hz with the maximum
voltage over the parietal and occipital lobes, where amplitudes vary in the range 15 to
50pV. Evidence provided by Klimesch [92] indicates that within 8-13Hz alpha ra.nge.,
different frequency bands should be differentiated. These studies were able to show
that desynchronization in the range of about 6-10Hz (lower alpha) reflects attentional
processes whereas upper alpha desynchronization (in the range of about 10-12Hz) is
selectively associated with processing of sensory-semantic information. The a-rhythm

is thought to be generated in thalamocortical feedback loops.

4. Beta () waves (> 14 Hz} occur in all individualls, are usually of low amplitude and are
normally distributed maximally over the frontal and central regions. Generally speaking

beta rhythms signal an activated cortex.

5. Gamma (30-80 Hz) and Ripples (100-600Hz) these fast and ultra fast activities frequently
coexist and may be present at various states of vigilance. Spontaneous brain rhythms
during different states of vigilance may lead to increased responsiveness and plastic
changes in the strength of connections among neurons, thus affecting information flow

in the thalamocortical system.
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Figure A.2: Ezample of various EEG rhythms. The delta, alpha and beta are Scalp EEG
electrodes. The theta and gamma oscillations are depth electrodes. The X axis is seconds, Y

azis: pV (5, o and B), mV (9 and ). Figure adapted from [157].
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A.3 EEG electrode placement

According to the international 10-20 system 20 electrodes are placed on the scalp for recording
EEG. In this system each electrode is placed in terms of its proximity to particular brain
regions - Frontal, Central, Temporal, Parietal and Occipital (in general the interlectrode
distance is 60mm). Sites are given an odd number when on the left side of the head and an
even number on the right, and midline electrodes are labeled ‘z’. A schematic of the system

is illustrated in Fig.( A.3).

left side j

Figure A.3: F-Frontal lobe, T-Temporal lobe, C-Central lobe, P-Parietal lobe and O-Qccipital
lobe. “Z” refers to an electrode placed on the mid-line. (Figure obtained from the internet:

http://uwww.dee.uchile.cl/ peortega/abi)
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Appendix B

This appendix provides the derivation of the continuum mean field model describing the
temporal dynamics of a corticothalamic network and the parameter values used to simulate
absence seizures activity. A brief description of the linear stability variables z, y and z for low
frequencies is presented and results of the nonlinear analysis performed by software packages
XPPAuto and DDE-Biftool is presented. The final section derives an analytical solution for

two-bump wave form to provide an approximation of spike-wave oscillations.

B.1 First order delay differential equations for the global

invariant model

Starting with the propagation of fields in the cortex and only considering spatial invariant
solutions allows one to drop the Laplacian term, ©2V? in equation 4.3, which results in the

following:

L8 s+ 2260 +6.0) = Q0. B
v di Ye dt

Equation (B.1) is equivalent to the following first order system:

£0e(t) = (),
() = 72 (= e (t) +s[Ve(®)]) — 2%0(2),

by the following transformation:

F0:(t) = y(t),

2
&%y(t) = 'C?TZ e(t)1
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where the the equality Q. = ¢[Ve(?)] has been applied. The same transformations are also
applied for the synaptic coupling between the different brain regions. Consider first the cortical
synaptic activity:

[162 1 1.8

-&55%5 + ( + ﬂ)at + l:l Ve(r t) - Vee¢e(r t) + Veigﬁi('r t) + Vesés( T)'

Applying the following transformation:

{ 4y, (f) = 2(t),
4(t) = L Vi(2),

and further using the model assumptions from Chapter 4, the following equalities are em-
ployed: spatial symmetry considered in [131] between pyramidal cells and interneurons al-
lows the following —vei;(t) 2 veede(t). Furthermore, considering local approximations,

Uei®e(t) 2 Ueis[Ve(t)], and vesds(t — 7) = vess{Va(t — 7)), allows us to derive the following:

SVe(t) = 2(0),
52(t) = @B (—Ve(®) + veide(t) + vees]Va(8)] + vess[Valt — 7)]) — (o + B)2(2).
The same procedure is applied for the following couplings:

2
[55;2 (1 + ;)gf. +1] f(rst) = Vre¢e(rst“7) +Urs¢3(1‘,t),

2
2 )2 10 = b= s e

with the following transformations respectively:

{ Zvr(t) = (), and { Ay () = w(t),

Lo(t) = SV.(9), L(t) = LVi(t),

which finally results in the global invariant averaged brain-corticothalamic field model

[ 26,0 =v00),

2y(t) = 72 [=¢e(t) + s(Ve(t))] — 27e3(2),

SVel(t) = (1),

< 2 2(t) = aB [~ Ve(t) + Veee(t) + veis(Ve(t)) + vess(Vi(t — 7))} — (a + B)2(2), (B.2)
2Ve(t) = w(?),

Fw(t) = aB[~vs(t) + Vondn + Vaete(t — 7) + vers(Vo(8))] — (@ + B)u(t),

LVil(t) = v(t),

f;v(t) = af [V, (t) + trePe(t — 7) + trss(s(8))] — (¢ + B)u(?).
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B.1.1 Parameters values employed in the model

The parameters values used to simulate absence seizures are given in the following table:

Quantity | Description Petit Mal
Ye Average ratio between pulse velocity and axon range. 100 s7!
g Threshold of membrane potential before a cell fires. 0015V
o Standard deviation (versus voltage) of an ensembles firing rate. 0.006 V'

Q@™ | Average maximum firing rate of a cell. 250 571
o Receptor inverse of decay time of potential produced at synapse. 50 s~1
i} Receptor inverse rise time of potential produced at synapse. 200 571
to Corticothalamic return time {complete return loop). 80ms
Ve Inhibitory corticocortical coupling strength. -18e-4 Vs
Vee Excitatory corticocortical coupling strength. 10e-4 Vs
Ves Specific thalamic nuclei to cortical coupling. 32e-4 Vs
Ve Cortical to specific thalamic nuclei connection strength. 0.0044 Vs
Vg, Thalamic reticular to specific thalamic nucleus coupling strength. | -8¢-4 Vs
Ven Nonspecific subthalamic input strength into specific neurons. 20e-4 Vs
Vye Excitatory cortical to thalamic reticular nucleus parameter. 16e —4 Vs
Urg Specific to reticular thalamic nuclei coupling strength. 6e-4 Vs

Table B.1: Parameter values for absence seizures (Petit mal or spike-wave activity).

B.2 Frequency domain linear stability analysis and re-

duced parameter space

Studying the linear stability criteria for the above system (B.2) permits mapping of the bound-

ary that marks the transition between steady-state behaviour and nonlinear oscillations. Pre-

vious studies of the model for realistic parameter ranges revealed a small number of key

instabilities that constrain the way nonlinear oscillations may arise [131]. In these earlier

studies, the model reveals the following instabilities: 3-Hz (which is further analysed in this
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thesis), alpha, slow-wave (< 1Hz) and spindle (approximately 12 Hz). The occurrence of only
a small number of instabilities suggests that it may also be possible to study the dynamics
and stability of the brain in a phase space of low dimensionality. Indeed formal analysis of
low-frequency instabilities suggest that 3 variables z, y and 2 (parameterising corticocortical,
corticothalamic, and intrathalamic instability) capture the parameter combinations at which
the brain model loses instability. Figure B.1 illustrates the boundaries and the variables are
defined as follows

_Gee
l_Gex 2

G¢8¢+
Y= Gt (B.3)

= Gsrsaf
(a+83)?

T =

z =
where the gain G, = palas is the response in neurons a to unit input from neurons b, sigmoid
glops p, = do(V,)/dVa, With Gee = GesGasy Gusre = GasG s Gre 818 Gy = GGy In [131],
these parameters have only been used in the steady state where they were derived. In this
thesis these are redefined to define a coordinate transformation of the dynamical variables
Va(t). The parameters z,y and z give a measure of the level of activity in the brain structures
comprising the model. Specifically x describes purely cortical activity, y describes activity in
the 2 corticothalamic loops (i.e between the reticular and specific nuclei). Thus, z,y and 2

relate to cortical, corticothalamic, and intrathalamic stabilities respectively.

Figure B.1: The linear stability zone for the corticothalamic model within the truncated space
spanned by the 3 stability variables x, y and z. The shaded surface represents the values at
which the system loses stability at theta (red), spindle (blue), and alpha (green) frequencies.
Within the tent are shown representative values for eyes closed, eyes open, and sleep stages 1,
2 and 4. The present study concerns the onset of nonlinear oscillations as the system passes

outside of the stability zone. Figure from [131].
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B.3 DDE-Biftool results for corticothalamic model

This section provides complementary results obtained by DDE-Biftool and XPP auto. In
DDE-Biftool, solution branches are computed and stability analysis are performed in each
branch point. To numerically follow solutions branches, initial data (preferably stable} ob-
tained from simulations have to be entered into the software package. Thus, a natural starting
point for the continuation process is by entering stable fixed points data obtained from nu-
merical simulations of the delay equations (B.2). Focusing on the cortical field (¢,) and the
parameter of interest v, allows one to follow the stable branch solution shown in Fig. (B.2 a).
Note that DDE-Biftool does not distinguish graphically between unstable and stable points.
Instead it is necessary to iterate along a solution branch and determine for each branch point
the corresponding eigenvalues. At v, = 1.8 x 1073V s a supercirtical Hopf bifurcation is found
and this highlighted by the first dashed box in Fig. (B.2. The corresponding eigenvalues are
plotted in Fig. (B.2 ¢) which shows two conjugate pairs (in red stars) crossing the imaginary
axis. Note on the left hand side of the complex plane an infinite number of eigenvalues, this is
due the characteristic quasi polynomial obtained from the delay equation (see section 2.4.6).
Continuing varying v, the stable fixed point becomes unstable (however this is not graphi-
cally differentiated by DDE-Biftool) and further along the branch a saddle node bifurcation
are found at v = 1.5 x 1072Vs (shown in the following red dashed box). The eigenvalues
corresponding to the saddle node bifurcation is shown in Fig. (B.2 d) which illustrates a single
eigenvalue crossing the imaginary axis. Coexistence of stable and unstable solutions lie in
the region 1.8 x 1073Vs < u,, < 1.5 x 1072Vs, where the stable steady state corresponds to
¢e = Q™ (maximum firing rate of a neuronal population). Subsequently, following the Hopf
solution branch shown in Fig. (B.2 b) illustrate the amplitude of the limit cycles gradually
increasing. Towards the end of the continuation branch of the periodic solutions, a curve
(e, Vse) folds back towards itself is found. Its precise nature and stability is yet to be deter-
mined. A close up of this curve is illustrated in Fig. (B.3). Further analysis of this solution
path was not possible as DDE-Biftool becomes rather unstable. However, interesting future
work would be to determine precisely the behaviour of the solution path by determining the

Floquet-multipliers to verify if these are in fact unstable solutions.

Recall from section 4.3.1 that the ‘spike-bifurcation’ related to the spike-wave form of absence
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Figure B.2: a) Continuation of steady state solutions. The first red dashed bozx indicates
a Hopf bifurcation at vs =~ 1.8 x 10™* Vs. Subsequently varying the parameter results in a
saddle node bifurcation which is highlighted by the second red dashed boz at vs =~ 1.5x 1072 Vs.
Coezistence of stable and unstable solutions lie in the region 1.8 x 107 Vs < ug < 1.5 x 1072
Vs, where the stable steady state corresponds to ¢. = Q™ (mazimum firing rate of a neuronal
population). b) Continuation of periodic solutions (Hopf branch). At us > 6 x 107> Vs, the
branch turns back on itself and its precise nature and stability is yet to be found. Future work
will further investigate this solution path by determining the Flogquet-multipliers. ¢) A plot of
the eigenvalues (for vee = 1.8x107% Vs) demonstrating a conjugate pair crossing the imaginary
azis (red stars) Hopf bifurcation. d) A plot of the eigenvalues corresponding to the saddle node
bifurcation at (vg ~ 1.5 x 1072 Vs). The saddle occurs when a zero eigenvalue crosses the
imaginary azis as the parameter ug. varies through the following values: ug = 1.499 x 1072,

Uge = 1497 5 1072, iy = 1.482% 1072,
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0,(s)

Figure B.3: A close up of Fig. (B.2) highlighting that via numerical continuation the branch
of periodic solutions folds back on itself at uz > 6 x 107 Vs. The precise nature nature of

the solution path will be investigated by determining the Floguet-multipliers.

seizures remained unresolved. This difficulty was because DDE-Biftool was unable to flag the
conditions for this bifurcation as these could correspond to global bifurcations. However, a
time series realization of the ‘spike-bifurcation’ shows an extra period per oscillation. This
almost seems like a period-doubling, however the bifurcation branch takes the same minimum
as the previous period oscillation but a different maxima when compared to the first period
oscillation. Furthermore, numerically varying the delay parameter 7 the “spike-bifurcation”
initiates at different parameter sets of v,., where an increase in 7 give rise to “spike-bifurcation”
appearing in the solution branch of previous Hopf solutions. That is, the periodic solutions
seem to bifurcate in a similar way as it would occur in a period doubling. This is illustrated in
Fig. (B.4 a). Further, by removing the delay term in the corticothalamic model it is verified
that the “spike-bifurcation” disappears and this is shown in Fig. (B.4 b). Unfortunately
running DDE-Biftool with the ‘period-doubling’ point obtained from numerical simulation
results in a non-convergence of the solution branch, therefore the software package fails to
follow it. Future work remains to determine the nature of these solutions which could be

important to reveal the genesis of absence seizure observed at macroscopic levels.
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Figure B.4: A comparison of the bifurcations to determine the nature of ‘spike bifurcation’.
An increase in the parameter T has the effect of increasing the parameter range window of v,
where the ‘spike-bifurcation’ is observed. A further increase seem to give rise to a bifurcation
similar to a period-doubling. Here the ‘period-doubling’ results in a periodic solution with
the same minima of the previous period solutions but with a different mazima. However, the

origin of this bifurcation remains unresolved. a) System with increased delay T = 0.2. b)

System without delay.
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B.3.1 XPPAuto results for corticothalamic model without delay

Results from DDE-Biftool are here complemented with those obtained by XPPAuto. The
corticothalamic model is reduced by removing the time delays and a complete bifurcation
is carried out. The removal of delays is justified when trying to find steady solutions of
the corticothalamic delayed model. The precise formalization of the steady state of a delay
equation is given in section (2.4.6) by equation (2.32). Carrying out the continuation of the
solution branch (¢e,v,.) the steady state solutions of the delay equations are observed and
these results can be compared to those obtained by DDE-biftool. Starting from a branch of
fixed point solutions and varying v, a Hopf bifurcation is born at v, = 0.0022 Vs. Further
varying v, the branch of steady solutions becomes unstable and subsequently the unstable
fixed point bifurcates to an unstable saddle node bifurcation appearing at u, = 0.0149. The
unstable saddle node then leads to a stable branch giving rise to multi-stability. Coexistence
of stable and unstable solutions lie in the region 0.0022 Vs < u,, < 0.0149 Vs, where the stable

steady state corresponds to ¢, = Q™** (maximum firing rate of a neuronal population).

X} T T L RS

0 0005 on 0.015 002

Figure B.5: XPPAuto solution branch continuation for the corticalthalamic model without
delay for the absence seizure case. A Hopf bifurcation is born at ug = 0.0022 and an unstable
saddle node bifurcation appears af ug = 0.0149 Vs. Multistablity exists for parameter regimes

0.0022 Vs < e < 0.0149 V. |
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B.4 Two-bump solution of a reduced piecewise linear

RKII set

This section presents the calculation of the piecewise approximation equations for a ‘two-
bump’ wave form arising in specific relay nuclei. This equation of motion for the specific relay

nuclei is given as follows:
Ve + (& + B)Vi + 0BV, = verfBs [Vo(2)] + Vsemornar: (B.4)

As indicated in section 4.5, the homogeneous solution for the specific neurons are identical to

that for the reticular neurons hence,
VE(t) = A7 4 Bef=9,

Equation (B.4) can be solved for each part of the RHS separately, thus the solution for the
external forcing is equivalent to that in system (4.10) (section 4.5), replacing the parameter
Ure DY Ve In the appropriate coefficients. For the remaining part, the is aim to find a solution
of equation (B.4) using the method of variation of parameters. Specifically, we seek to find

functions ¢;(t) and ¢(t) satisfying,

F(t) = VE(t) = ¢y (t)e™ + cy(t)e ™, (B.5)
such that,
G (1)e% 4 6 (0)el=P) = o, (B.6)
—ac; () — e (0)el) = F(t), (B.7)
where

F(t) = afvss Vi (1)].

Finding an analytical solution in the present form is not possible due to the sigmoidal nature
of the function ¢(z). In order to obtain a closed form solution an approximation solution to ¢
must be taken. From numerical simulations of the system, it was observed that the solution of
V,(t) was bounded in a region determined by oscillations about steady-state solutions for V,(t)
and V;(t). Interestingly, for all parameter regimes considered, these steady-states occupied

the lower part of the sigmoidal curve where the transition from a shallow to a steep gradient
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occurred. This nonlinear phenomena could not be captured either by linearizing about one
of these steady-states nor by taking a Heaviside approximation, hence a piecewise linear
approximation was chosen for ¢. This was chosen by linearizing about each of the steady-
state solutions for V,(t) and V,(t) (which was determined by XPPAuto) and the linearised

equations is given in section 4.5 equation (4.14).

This resulted in the following form:

1/;:1 Sin(wt + (5) + V;Ed &g_’"’ <t< 2N‘JT:B—5,
SVa()] = Q Vimsin(wt + 8) + V3, 2mb=f o < CGNHDT-(48) (B3)

v Sin(wt + 5) _!_V;gl ’ (2N+12£—§5+62 <t< (2N:121r’

where V™ and V2, are the gradient and intercept respectively of the linearization for the steady-
state solution of V,(¢) and b = arcsin (%) is the intersection point of the two linearizations
(i.e. the point at which the derivative loses continuity). Rearranging (B.6) and (B.7) results
in
(B-a)e(t) = F(t), (B.9)
(a-B ol = F), (B.10)

where
F(t) = aBrag[Va(t)] -

The aim is now to solve (B.9) and (B.10) for each of the intervals for ¢ in (B.8). Without loss
of generality, solutions for the first period only are presented, assuming the initial conditions
to be zero. Thus, solutions of ¢;(¢) and ca(t) are given by

t

_ ! F(r)

aft) = o) 0/ —dr |, (B.11).
_ 1 tﬁ('r)

eaft) = a7 Of —adr ), (B.12)

on each of the appropriate intervals.
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B.4.1 Interval I: 0 <t < A—;é

From equation (B.11) we obtain

t
a(t) = (ﬁV— )Of e sin {wr + §) dT+ )] e*Tdr,
= (a2+31§n;ﬁ 5 ( at (sin(wt-l- 5)—Ecos(wt+5)) —Sin6+§cos&)
Vb ot
2 2 =a) (e ~1),
I/ST o . - )
= (a2+32)(ﬁ-—a) (et(Aasm(wt-F(SQ))—Aasta)
Vb
ey L Gl (B.13)
where
Ay = 1+°—"32
T~
and
6% = 4 + arcsin (;%)

Note from comparison of (B.11) and (B.12) that solutions for c;(¢) are similar to those for
c1(t), the coefficients « and 8 being transposed in (B.13) resulting in the following form for

ea(t):

) = G (¢ (e (14 5)) - Aron)
+”ﬁ_(%_ﬁ5 (e —1). (B.14)

Substituting (B.13) and (B.14) into (B.5) the solution to the particular function F(t) on the
first interval is obtained:

aVm A, , -~ —at Ve —a
I/sP(t) = (a2+w2) (ﬁ—-a) (sm (&Jt +6a) —é ts1n5a) +-Q£_(-6_:-_C¥-)_ (1—-(3 t)
BV Ag . - e
+ Ftod) (@=F) (sm (wt+55) —e ﬁtsméﬁ)
V” gt
— . B.15
s (1) B

It is important to note that this solution consists of decaying terms and a periodic term, with

phase shift 3, which is different to that for the external forcing, which has phase shift 4.
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A

B.4.2 Interval II: =% < ¢ < T=2=0
To solve for ¢;(t) and ¢a(t) on this second region, note that the solutions will be dependent on
the behaviour of the functions on the previous interval. Denoting f,(¢) = V= sin(wt+8)+V},,
the solution to ¢;(t) will behave as

o t}?‘(*r)
al) = 5= Of )

b-8

i

1 T T
= (=) / Fs{r)dr + ] e fo(r)dr | . (B.16)
0 b=4
Calculating the integrals in (B.16) results in
— Q'Aa m  at _: -
alt) = CESICEYD) (Vr*e sin (wt+5a)

+ (V;T—KT)GﬂL;ﬂ sin (5+3§“5) ~ KTsintS/g)

1 b_at T R P o) S
—_— @ Vo — o — . 1
+ ) (V,,*e + ( Ve |74 (B.17)
In a similar fashion to the previous subsection, the solution for ¢z(t) is found by transposing
the coefficients « and g in (B.17) to give
- BAs t o =
e2t) = CERCEYD (erﬁ sin (wt + %)

+ (Vi =-V e'ﬁ‘(bﬁ:ﬂ sin (6-{-3;3:—5) —KTsingg)

ﬁ(al 5 (Vb oy (VE~VE) e-ﬁ-@‘,,_—sl - Vs‘;) : (B.18)

Finally substituting (B.17) and (B.18) into (B.5) the solution to the particular function F(t)

+

on the second interval is determined:

P _ aA, . e~
v, (1) = (8 - a) (a? + w?) (V;-T s5in (wt + 67 ) -V e &  sin (b + 5 5)
—_— %Te_at Sin g;:) (ﬁ — ( + (I/; V ) o 5-6..‘,” Vb -at)
. (aﬁg?$+w)(ﬁ’1“61n(wt+§;)+ = Vi) Hﬂsin(a-{-g—;—fs)
- vRnE) e (v + (2 - ) 255 - “‘") (B.19)

For this period of time, the periodic component has the same phase shift, 3::, but a different

amplitude, V7.
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B.4.3 Interval III: o=b=f <t < 21

Once again the solutions for ¢;(¢) and c;(¢) on this final region, will be dependent on their
behaviour in both of the previous regions. Proceeding in a similar manner to subsection B.4.2,

the solution for ¢;(t) will be given by:

alt) = (ﬁia)( = dr)’

t
5;5. r—b—45
w

= t

= @ _1_ ) / e* fo(T)dr + f e f(T)dT + [ e f(r)dr | . (B.20)
0 b=4 w=bud
The solution of (B.20) is given by
alt) = = ac;éaz o7 (Vs’;‘e"“ sin (wt + 5::) + (Ve -V e gin (13 6% — 5)
+ wr—vmye s (E +8; - 5) —vm singg)
& W—B— o ‘—
b (R - SR (- o) e

From (B.21) the solution for cz(t) is obtained by transposing a's and §’s to give

_ BAg
20 = GopE T

(6-8) . —
+ (VR -V et sin (b+ 85 — 6) - V;TsinJE)
Lo !
Bla—B)
Finally substituting (B.21) and (B.22) into (B.5) the solution to the particular function F(t)

5§

(Vs’;‘eﬁt sin (wt + Eg) + (V7 - Vi) 2 (5 + Ef; - 5)

(vaer+ (vh - V) 52 + (2 - Vi) 257 ) e

on this third region is found:
P — Qan m . ": m_ m % w—B;S—wt . ~ ‘-:F _
Vi) = 5= 0) (217 (V;* sin (wt + 50,) +(Vi-V0 e sin (b + 63 6)

c(b—g=wt

+ (Vo —Vi)e = sin (3 +6; — 5) — Ve~ sin SE)

a(f-a)

ﬂAﬂ m . - - m Blr—b—b—wt) s T
+ (a—ﬁ)(ﬁ2+w2) (I@*sm(wt+6ﬁ)+(v;*—-1@*)e o sm(b+5ﬁ—5)
!E- —ut! ~ —t— ——
+ (Ve -V e™5 gin (b +85 — 6) — Vmeht sincSE)
w=b—f—wt beb—wt
+ ﬁ—(a-l_—ﬁj (Vs'i T T 14,’15“)(323)
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These solutions may then be continued for all time intervals of (B.8) by matching bound-
ary conditions for each interval. For reasons of conciseness these are not presented, as to
understand the origin of the ‘two-bump’ solution a single period is sufficient. Observe that
the three regions highlighted in (B.8) may be reduced to only two which is finally given by
equations (4.15) and (4.16) (see section 4.5). |
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Appendix C

This appendix provides all the necessary calculations made for the RKII set. The first section
presents the computation of the eigenvalues of RKII model, the following section evaluates in
a small neighbourhood of parameter space how the equilibriums of RKII change. Subsequent
sections then evaluate through the Lienard-Chipart criterion the region in parameter space
where the RKII set loses stability. The Lienard-Chipart theorem is provided on the next
subsection. Finally, all the critical points evaluated by XPPAuto (see 2.4.1)) are shown in
Table C.2. For notation, here the apostrophe is used denote the derivative. For example f'(x)

is the derivative of f.

C.1 Eigenvalues of the RKII model

Applying the determinant rule to the jacobian (5.2) gives:

A -1 0 0
AL 3] = af At (a+8) —afugs [V 0
0 0 A -1
—a P [V 0 af A+ (a+8)

Since det(\L — A) = 35, a;;Cy;, where Cj; is the cofactor of a;; defined by Cy; = (— 1)/ M;;

and M;; is the minor of entry a;;. This operation results in

AQA A+ (a+ ) +aB(+ (a+ B))) + aBAA + (a+ B)) +aB) — () tertirss [ V7] = 0
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Simplifying the above equation (C.1) results in the following:

O+ (@ + 8)) + af]? — (aB)Uatrgs [VFIS V] =0 &

AA+ (a+ B)) + aff = £(af)Vusurss [V V)] &

X Ma+ B) = —aB £ (B} usrtrss’ [V [V2]

A2 + 4o+ B) = ~40B £ 4(0B)\/ Usrtires (VIS V2] &

A2 + dM(a+ B) + (a+8)? ~ (a + B) = —4aB £ 4(aB)V usurs [V VY] &
(27 + (@ + 8))° = (@ + )? — 408 % 4(aB) v/ urtirss (V216 [V5] &

L (et 8) % (@~ )+ 4(ap) i VE V]
2

Since ug, is negative the following implicit formula can be equated:

\_ ~latB) & /(e 2+ it(of) Vlurtr FCE V]
- 2

C.2 Rate of change of Equilibria with respect to param-

eters

This section provides only the derivation of the derivative of V* with respect to the control

. dv* dvy dv* dvr av
parameter v,,. The derivations for T T T T and T follow the same steps as the

one here demonstrated. |

From the nullclines equations (5.3) the following holds:
Ve = vees[V2] + vendhr (C.1)

Applying the derivative with respect to v, equates to:

av; 3 A V) + v
dVrs dyf‘ﬂ
' dv>
= o2y flatzyy  VerS [Vo ]2
Ho(e)=9(eY Fo(a)) Vgn
+ov ey BWrsS[VE])
= . Vsr€ V=
use eg (5.3) [ r ] dVrs
P 18Vrs PN { e
:(f(m)g(m)}'=f(m)'+g(m)' Vg€ [V; ] (([V; ]dV.,.S + V€ []’/3 ]dTN) (0-2)
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From the above equation (C.2) results in the following:

dV* ! * ’ * dV* ! * *

dV:s — Var§ [V irss [V ]d_yj"s' = Vers [VIs[VS] &

dV;* A Pad PR TS — "y *

T (l — Vertys$ [V [V2 ]) = vus [V [V &
Ay _ ves [V
dvrs 1 — Vg pef [Vs*]c’ [V;'*]
A N LAY LA

(C.3)

Qe 1 [Uertins|d (VIS [V
Since all terms of the right hand side of equation (C.3) are > 0 it can be concluded that

avy
&Y
oo < 0.

C.3 Calculation of the stability curve

C.3.1 Stability curve in parameter space

Applying the Lienard-Chipart criterion (given in the next section C.3.2 for completness) en-
ables one to calculate the stability region of the system, based on the coeflicients of the
characteristic polynomial, which it is here denoted by the vector ¢ = (ag,a1,...,an). This
criterion requires that any one of four equivalent conditions be satisfied in order for the roots
of the characteristic polynomial to lie in the left half-plane and hence the system be stable.
These conditions involve the n** element and in addition all of the odd or all of the even ele-
ments of the vector a, denoted Coef?® and CoefS"*™, and the determinants of specific matrices

defined in terms of the elements of the vector a:

a1 az as ---  A-1

dy Gz Q4 +-- Q-2
Ai = 0 ay az -+ O3

0 0 0 a;

Again, we are concerned with either all of the odd determinants, det2* or all of the even ones,
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dete™*. In particular, we the following condition {Coef?® A det2*® > 0} for stability is used.
a g a a

The characteristic polynomial of system (5.1) gives

a=(1,2(a+B),(a+ B)* + 208,28(a + B), (aB)(1 — vavrs [V V).

Hence, the following is obtained:

Il

Coef2®

deto™

(a4>0)/\(a3>0)/\(a1>0)
(A1 > 0)A (A3 >0)

a; as 0
< a;>0A Qg 0o a4 >0
0 a1 as

& 2a+B) > 0Aajasas — alay — agaz >0
1 3

Knowing that v,, < 0, then the last condition can be rewritten as the following implicit

expression:

1 (a+ B)?
Vel aB

deto™ = 2{a+ ) > 0A Vet > 7
This defines a stability curve in [vsv.s| parameter space.

C.3.2 The Lienard-Chipart stability criterion

The Lienard-Chipart criteria is a set of conditions on the coefficients of a polynomial that is
both necessary and sufficient for the roots of the polynomial to belong to the complex open
left-half plane C_ = {r € C;Re(r) < 0} where r are the roots of a polynomial of degree n

with real coeflicients.

P(T) = zn: an_jri _ (04)

0
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The Lienard-Chipart is simpler than the Routh-Hurwitz criterion [59] in that involves odd or

even coefficients of the polynomial and Hurwitz determinants defined by the logical statements:

Coefo™ = a,>0A0p_1>0Aar3>0A--Aa; >0,
Coefi"™ = a, >0Aap-2>0Aa,4>0A -+ Aa; >0,
DetOdd = A1>0/\A3>0-",

Det?” ™ = A;>0AA;>0---

Where
a1 a3 Az -+ Q-3
Qg G2 Qg4 -+ Q22
0 a a3 -+ a3
A=
0 a ay -+ agis
a;

The indices in each row increases by two, whereas the indices in each column decrease by one.

The term a; is set to zero if i < 0 or i > n.

Theorem (Lienard-Chipart Criterion): The Polynomial C.4 with ao is Hurwitz stable if and

only if any one of the four conditions
{Coef2® A Det*™} , {Coefo™ A Det®** }, {Coef™™ A Det*®} , {Coef&™ A Det™™}

is true. This means that the simplest of the four formulas is sufficient to imply the polynomial

is Hurwitz, and the polynomial being Hurwitz implies all four conditions are true.

Polynomial Property Definition
Huwirtz Stable vr € C{P(r) =0 = Re(r) < 0}
Unstable Ir € C{P(r) =0 = Re(r) > 0}
Neutrally Stable | ¥r € C{P(r) = 0= Re(r) < 0}
Skew vreC {P(r) =0 = Re(r) =0}

Table C.1: Left-plane stability properties of polynomial P(r).
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C.4 Numerical Bifurcations in RKII set

The following table contains the relevant bifurcation points found by numerically continuing

the solution paths in the RKII model using the numerical package XPPAuto.

Label | Type Vi V., Vsn, Ver Uyrs

LPL | Fold point from which two Hopf | -0.008262 | 0.01026 0 -0.0001714 | 0.04654
are born.

HB1 | Supercritical Hopf. -0.01222 | 0.005962 0 -0.0008 0.0894

HB2 | Supercritical Hopf. -0.009158 | 0.01504 0 -7.28e-5 0.0894

HB3 | Supercritical Hopf. 0.00452 | 0.006057 ) 0.01707 | -0.0008 0.0006

HB4 | Supercritical Hopf. 0.01026 | 0.02887 | 0.2073 | -0.0008 0.0006

LP2 | 'Fold point from which two Hopf | 0.007693 | 0.009741 | 0.01707 | -0.0002215 | 0.0003938
are born.

LP3 | Fold point from which two Hopf | 0.01488 | 0.0007072 { 0.2073 | -0.05868 | 5.765e¢-6
are born.

LP4 | Fold point from which two Hopf | 0.008016 | 0.0162 } 0.01955 ) -7.824e-5 0.0006
are born.

LP5 | Fold point from which two Hopf | 0.006247 | 0.009935 | 0.1521 | -0.0002017 | 0.0006
are born.

LP6 | Fold point from which two Hopf | 0.01858 | 0.009692 | 0.05205 | -0.0008 5.191e-5
are born.

LP7 | Fold point from which two Hopf | 0.01522 | 0.02685 | 0.2098 | -0.0008 | 0.0002079
are born.

HB5 | Supercritical Hopf. 0.00752 | 0.01425 | 0.01707 | -8.595e-5 0.0006

HB6 | Supercritical Hopf. 0.01831 | ' 0.0244 0.2073 | -0.0008 | 0.0001335

HB7 | Supercritical Hopf. 0.003583 0000 0.01955 | -0.001541 0.0006

Table C.2: The relevant critical points for the numerical unfolding of the RKII model.
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Appendix D

For completeness this section provides additional material relating to the calculation of the

normal forms for the RKII model.

D.1 Derivation of the Homological Equation

The normal form and centre manifold methodology introduced by Iooss and Adelmeyer (see
section 2.1.6) is based on the homological operator. The theory states that the transformation
of some vector field to a normal form is possible by the following near identity coordinate
transformation £ = z + h(z, D), where & = (2,y) € R™ with z a vector on the centre manifold
(i.e. from equation (6.11) z = Zeg + Z&), ¥ a vector on the hyperbolic space and & € R the

control parameters. To illustrate this, consider the following vector field
& = Ji+ N(z,0), (D.1)

where J is the linear operator (note that Iooss and Adelmeyer consider the Jacobian) and
N € C*(R" x R™;R") contain the nonlinear terms. The objective is to transform (D.1) to a

normal form on the centre space having the following structure:
2= Jz+ G(z,7), (D.2)

where G € C*(R" x R™;R"). First, apply the derivative operator to the near identity trans-

formation which gives rise to:

il

x

24 D,[h(z, 2)](2). (D.3)
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Applying (D.1) to the above equation (D.S) results in
2+ Di[h(z, 2)|(2) = J& + N(%, D). (D.4)
Again, introducing the identity transformation into the above equation (D.3) generates
24 Dh[h(z,0))(2) = Jz+ Jh(z,D) + N(z + h(z, ), D). (D.5)

Finally applying (D.2) to the previous derivation (D.5) and rearranging terms results in the

homological operator:

Jh(z,0) — D,[h{z, D)](Jz) = G(z,0) ~ N(z + h(z, D), D} + D,[h(z, D)) (G(z, D).

D.2 Derivation of the O(1) normal form coefficients

The terms that depend linearly on the parameters and coordinates give rise to a homological

operator with the following form:
Jhi(z,9) = D;[hi(z, 9)|(J2) = Gi(2,9) — Ny (2D).

Since z = Zeg + Z€; and control parameters are = (Vir, V) then the expansion for A} have

the following form:
hy = hyguerZeo + h'5vrs Zea + hy'yVer Z80 + ho'1Vrs L 0. (D.6)

Applying the linear operator J to the above equation {D.6) results in

Jhl = JhySverZeo + Jh s Zey + Jhg' e ZEs + JhQ1Vrs 260, (D.7)
Also apply the multivariate derivative operator D, to equation (D.6) to obtain

{m%wm=

10_-~ 0,1 =~
hl:oysreo + hl:oyrseo
DolB0( 2 Y] = A0 == 01 » —
Z[hz(z, V)] - ho:lysreo + ho:lurseo

(D.8)

The term Jz in the homological equation equates to:

Jz = J(Zeo +7§E)
ZJ(eo) + ZJ(e_o)

ivaBZey —iv/afZe. (D.9)
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The expansion of the polynomial G} has the following form:
GY = g9V Zeo + gosvhsZen + 9y SVan 265 + 901 Vhe 280 (D.10)
and the nonlinear term N} is the following
N} = Vn ZN{Heo) + 1o NP 2 (70). (D.11)

Finally substituting equations (D.7),(D.8),(D.9),(D.10) and (D.11) into the homological op-

erator and then equating terms of the same order gives rise to the following four equations:

( - Z\/_ﬂ-[)hq 0= 9‘1 030 Nll'o(eo)s
{ (J - Z\/?I)hlo = 9‘1 030 Nf'l(eo)s
9%

gz

(D.12)

O

9

0
1
1:

O =o

0
0 = 9,

\
Only the following terms are considered g’ P 9 and g . To evaluate these coeflicients the inner

product with the adjoint dual basis of e, and here we denote it as fp must be applied to all
terms of the first two equations of {D.12). This results in the following:

1,0 -« 10, \
g1’ < eo, fo >=< Ny (eo), fo >,

1 - 01,
g < eo, fo >=< Ny (eo), fo >

where the operator < .,. > denotes the inner product of two vectors and < a,b >= a*b.

(D.13)

a,b € C and a* is the complex conjugate transpose of vector a and fj is given by equation (6.21)

(refer back to chapter 6), thus:

< e, Jo >= af[2(a + B) — (@B)] + i(e + B)[VeBla+ B) +afb] (D.14)
and
0 0
—apl ;
Nll"o(eo) _ Cdﬁ it 2\/(()%(0! + IB)Vsr , Nf’l(eo) — g
0 ~(B)vy SE R k.

D.3 Derivation of the O(2) normal form coefficients

From the order 2 homological equation the coefficients 42 can be determined. The equation

is written in following form:

Tha(2) = Da[R3(2)](J2) = =N (2, 2)
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Using the same steps as applied to the order one coefficients and by first performing the Taylor

expansion for h(z) of order 2 in z and no dependence on parameters results in
B = 3, Z% + 3, ZZ + 1S, 7. (D.15)
Applying the linear operator J to equation {(D.15) gives
ThY = Jh3Z% + Jh\ZZ + Jh3, 7. (D.16)
Applying the multivariate derivative operator D, to equation (D.15) results in

{ Dlh§(=)] = 2307 + 3,7 D17)

Dz[h§(2)] = B3, Z + 218, 2

Since Jz = [ivaBZ, —iv/af|* and then by combining with (D.17) results in the following:

D, [R(2)|(J2) = 2h3yin/eBZ% — 2h4i\/aBZ - (D.18)

For the nonlinear term NJ, we use the bilinear property of the Taylor expansion for second

order terms, which then NY equates to:
N)(z,2) = NY(Zey + Ze5, Zeo + Z85) < Z:N(eo, e0) +2ZZ Nleo, &) + Z2N(2s, &)-(D.19)

Substituting (D.9), (D.15), (D.18) and (D.19) back into the homological equation and grouping

terms of the same order gives:

(J ~ 2iv/afI)h3 5 = ~Na(eo, o)
Jh1,1 = —Ny(eo, &) . (D.20)

(J + 2v/aBIh3 o = —Ny(e5, €o)
Note that the eigenvalues of J include Fiv/aF, so the operator (J — nl) is invertible for

1 # iv/apB, thus allowing to determine the coefficients k9 , A2, 90 and ;. Where the inverse

of the linear operator J at the bifurcation point is given by

( ot 1 _.,3,(0,+5)5;VZ;: Vsr gg"*
T (@82 FaB) ((atB)FraB) @if)rap)  (aip)+ah)
1 0 0 0
-1 __
il . e
@tPitel)  ~[@thi+aB)  (@hi+ah)  (othY+ab)
\ 0 0 1 0 }
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and also at the Hopf bifurcation point the following holds true:

~Taf(a+ B) + 2iv/ap((a + B)* — 3aB)
= 1 af(-2ivaf(a+ B) ~ (e + B)? + 3aB)
(-] - 2‘&\/_)Column 1 det(J — 2‘&\/&?) aﬁu,s?ﬂgéﬂ(a Iy 2%\/?)

ofves 2R (— 40 + 2iv/aB(a + )

(D.22)

—3aB + 2iv/af(a + B))

i el 1 ~aB(4(a + B) + 6i/aB)
(J 22\/Cl_)coiumn 27 det(J - 2ivapB) aﬁ”fﬁ%%ﬂ |

i/, XL
5

(D.23)

aﬁus,-a—;%’f:l(a + B+ 2i/apB)
| . 1 vy 2l (—4ap + 2iv/af (o + B))
J=2 mn 3 = : o
( Z\/—)Column 3 det(J - 21\/&3} -7&[3(& + ;B) + zim((az 5 ﬁ2) - aﬁ)
aB(3aB — (a + B)? - 2ivap(a + )

(D.24)

aﬁvsra—ca%f:l
1 afve, 2812\ /aB
det(J — 2iv/apB) | —3ap + 2iv/aB(a + B)
—206(2(a + B) + 3ivaB)

where det(J — 2iv/apB) = 3aB(((a® + £7) + af) + 4ivaB(a + B)).

(J - 27:\/ aﬁ)aglumn 4=

(D.25)

Furthemore, the bilinear terms have the following form:
0

— t Fij (V
N3(en,0) = 5 (@b)(e Zﬁ) B , (D.26)
(a)up, (3, P o (B

Vs

aB)(a+ B 21/;;4-5—18211/*
Meoa =2 | 0) o, (D.27)

(aB)?ut, (v, ) (B2

vy
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D.3.1 Derivation of the O(3) normal form coeflicients

From the order 3 homological equation, it is possible to extract the coefficients that are cubic

in the coordinates of the centre space and independent of the control parameters, that is,

ZO(|Z|%). The operator takes the following form:
Th3(z) — Du[hs(2)](J2) = G — 2N3 (2, hy(2)) — Ns(2, 2, 2).
The third order Taylor expansion of h(z) gives the following:

1Y = 130 Z% + W3, Z°Z + W0, 27 + h§aZ.

(D.28)

(D.29)

In same way as for order one and two coefficients, the linear operator J to equation (D.29) is

applied. Also, applying the differential operator D, to (D.29) gives:

Dy [hY(2)] = 3k, 22 + 23, ZZ + KO, 2"
Dyh(z)] = 13,2 + 210,27 + 337"

Then by combining (D.30) and (D.9) this gives rise to:
DLJRY(2))(J2) = in/aB(3hS 2% + B3, Z°Z — K0, 27" — 3h0,Z).
In this case the nonlinear term N? and its derivation is as follows:

NY(z,h3(2)) = N§(Zeo+Zeg,h3Z" +h,\ ZZ + H§,7)
& NP(eo,h30)Z° + N(eo, 121)2%Z + No(eo, h3,) 22"
+

N3(@5,h3,0)Z 7" + N(eo, b)) 2Z° + Na(e5, 13.) 7 .

Equally for the third order of the same nonlinearity results in:

N z,2,z) = N(ey, eo,€0)Z% + 3N§’(eo,eg,e_0)Zz_Z_

+ 3NY(eo %, %) 27 + N (5,2, %) 7 -

The expansion for the cubic terms of the normal form G has the following styucture:

Gy = 21212Pe + 9152|215

& g2 7o+ 377 7.
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Substituting (D.9), (D.29), (D.31), (D.32), (D.33) and {D.35) back into the homological equa-

tion of order 3 and grouping terms of the same order results in:

( - 23\/71)17,30 = —2N3(eo, hg o) ~ N3 (eo, €0, €0),
(L +i3v/aBI)h3 s = —2N3 (&, hf5) — N3 (&, %, %),
(L — iv/aPI)hoy = goreo ~ 2N3(e5, hlg) — 2N3(eo, hY) — 3N3 (o, €0, ),
| (L +ivaBI)R); = 9v2% — 2N5(eo, ho'a) — 215 (25, hy'g) — 3N3 (eo, &, Eo)-

(D.36)

Here, only the following coefficients are evaluated g‘l):g and gg,’?. To solve them apply to the
last two equations of (D.36) the inner product with the adjoint dual basis of ey which we

denote as fo, which gives:

{ g2 S<ep fo>=2< No(eo,h20) fo>+2< N°(e0,h‘1’1) fo > 43 < N{eg, €0,), fo ?D 37)

91,2 = 92,1

where < eg, fo > is given by equation (D.14) in section §D.2, and

0 — (aﬁ)S( sr)2 Vrs
N3(eo, n3) = Mot P o (D.38)

0

, a%[V* 2 8g[V*] 62V % 0 ;V* cv*

Ny — z\/aB(a-!-ﬁ)—Lf—laﬁ [(a+B) _Lé'law, —Lflaﬁ + afv sr—Lf-lV _Lélav,.
0

OB o+ S 0 PR

Furthermore,
< N{(eo, h%)), fo > _[((Si) g()yzsiz aE] (V oelve] 32g£1/2*] [( + mgag;%*] 8;5?1
o (s BB UM [l
+ (ool T OLE ]>3D (0.39)
The next term equates to the following;:
Np(es,h3p) = — aB) v ) Moo, (D.40)

4det(J — 2iv/ap)
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where My is the subsequent matrix

0
o | VaBla+ AL (o oy S o) B L) (=306 + 2i/aB( + D))
o = T 3 bl s "
0

_6;%? %%1(‘35“)8 + 2ivafB(a+ B))[—{a+ ﬁ)2§2_‘%§1 + (), Na_;éyfj _ﬂ}@

which then applying the inner product with fp results in

os 0y F oo _ __ (eB)e) . O%[Vr] 65 V] 20%[V}¥] 9¢[V¢]
<N2(80:h2,0)’f0> = 4det(J sz) ( ( ﬁ) Vrs »;2 8V3 (a+ﬁ) 8‘22 3‘7‘;
a1 AT U2 ﬁ+2z\/0f_ﬁ(a+ﬁ)]]
oV, V;
2 * * *
ZAE 305+ 21 /Bl + B) | -+ B o)
ov,” oV v,
*5‘2 Vv, 8¢V
+ (@R ;,[)82]( e, D (D.41)
The third order nonlinearities are given by the following:
0
2 * O3V
Wenend) = = | VPO et
: 0
() (v, R D)
and
_ s a Vs* 53 V,.*
< N(eo, e0,0), fo > = (am; = ((a+ﬁ)2 ;[?] z;t[/}""]
& [V*J [V s
+ (Vsr)(ﬁ) s (6V ))
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D.4 Poincaré surface coordinates of the piecewise linear

RKIIT set

The following table contains the Poincaré surface of coordinates determined for the piecewise
linear RKII set. Each entry corresponds to the coordinates and the switching times for the

hyperplanes Si, 52, 5% and S (refer to chapter 6 for discussion).

Switching times Poincaré surface coordinates
t} = 5.8¢-02 7} = [-1.48e-02, 7.41e-01, 8.39-04, -4.19e-02]7
t5 = 1.6e-02 | z} = [-1.38¢-02, 6.88¢-01, 1.57¢-02, 1.87e+01]7
£ =3.0e:03 |z} = [-1.58¢-02, -2.5¢+00, 7.01e-02, 3.42¢+01]7
th=6.36-02 | 2% = [1.90e-01, -5.15¢-01, 1.45¢-02, -7.25¢-01]7

Table D.1: Switching times and coordinates intersecting the hyperplanes: S1, 52, S3 and S9.
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