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SUMMARY 

Dewatering may be defined as the displacement of nuid from 

a saturated porous meditun. The mechanism of the process is not 

I 
fully understood, but is lmown to be strongly depe~ent on the pore 

structure of the porous medium because of the action of capillary 

forces in the pores. This investigation attempts to describe the 

microscopic effects of moisture in porous media and to relate these 

to the macroscopic process of dewatering. This is divided into 

three parts: The first is concerned with the static effects of 

moisture retained in porous media, for which a model of pore space 

is developed; The second deals with the now of nuids in partially 

saturated porous media and an attempt is made to relate the model of 

pore space to this; Finally a simple theory of dewatering is 

developed to demonstrate the effects of the various variables. 
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CHAPrER ONE: 

INTRODUCTION AND DD1ATERING THEORIES 

1.1 INTRODUCTION 

In saliqfliquid separation the cycle which starts with a slurri 

and ends with a moist cake is often referred to as dewatering. Thus' in 

some processes certain filters or centrifuges are called dewatering' 

filters or centrifuges. This is especially so in sanitary engineering 

practice where dewatering means the whole process of removing water from 

a sewage sludge. The term is used here however in a mora restricted 

sense to refer to that part of the filtration cycle when fi1trate is 

mechanical~ removed from an already formed filter cake. This 

definition also excludes vibration dewatering used in coal and sand 

preparation when drainage from a slurry is promoted by vibration on a 

screen. Filtration is therefore considered to be composed of two 

processes, the formation of a saturated cake by filtration proper, and 

the dewatering of that cake by applying pressure stress on the cake to 

remove some of the filtrate. Usual~ it is possible to remove moisture 

thoroug~ by thermal drying but mechanical dewatering has the advantage 

of being much cheaper and does not involve loss of the liquid or possible 

damage to the solid. The process is however limited since there is 

always a residual moisture which cannot be removed by dewatering. The 

residual moistures reached in laboratory experiments and approximate~ 

predictable by theory are rare~ reached in practice for reasons which 

are not properly understood. 

The final moisture content of filter cakes can be of importance 

for several reasons. If the filter cakes is an intermediate in a 

process the moisture content may have to be reduced below a critical 

level for further processing. e.g. if the next operation is granulation. 

Furthermore! the filtrate itself' or dissolved solids in it may be valuable 

or may contaminate the filter cake and have to be removed. It has been 
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observed (Himus 1958) that if water used in washing coal to reduce ash 

content is not itself removed it can constitute a larger percentage of 

impurity in the coal than did the ash originally. When the filter cake 

is a final product, moisture content can be important because it increases 

transportation costs per unit weight of solid as the water also has to be 

carried. Furthermore, moisture in stored materials can lead to 

degeneration or can cause handling difficulties in trucks or bunkers by 

causing caking or freezing up in winter. 

If filtration is taken as being concerned with the separation of 

solids from liquids then both filtration and dewatering should be 

considered together in producing this separation, and the final moisture 

content should be chosen by optimisation of the whole filtering operation. 

The filtration part of this sequence has been studied intenSively in 

recent years. The theory is well developed and has a large literature 

much being based on the work done in the general topic of fluid flow in 

packed beds. Grace (1959) has stated that the theory of filtration is 

in advance of the practical application of that theory. Dewatering and 

the allied topic of tlfo-phase flow in packed beds have been studied to 

a lesser extent and are not yet fully understood. The authors of the 

recent Ninistry of Technology review of solid liquid separation literature 

(Poole and Doyle 19(5) stated that liNo satisfactory theory exists to 

relate the degree of dewatering of a filter cake to its parameters". 

Research into dewatering has been tackled in two ways. One an 

empirical approach in which the dewatering process is studied as a 

function of the variables which affect it. The other a theoretical 

approach which tries to describe the process mechanistic ally and 

mathematically. 

In discussing these theories here, moisture contents are 

expressed as either a"percentage of the void volume of the porous 

medium or as a percentage of the dry weight. The first method is 
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preferred and used when the pot-osity is available~ The second is more 

convenient to calQulate but does not allow easy comparison between 

different materials. It is however more useful than moisture contents 

expressed as a weight peroentage oh a wet basis as these give no 

grounds at all for comparisons even with the same material. Only 

the moisture existing between grains in a free state is aocessible to 
/ 

dewatering and oonsidered here. Hater held by ohemical or adsoxption 
, 

forces is taken as part of the solid phase and if it exiBts oorreotion 

must be made to moisture contents determined by drying and weighing. 

For generality the fluids existing in a partially saturated porous 

medium should be termed, either wetting or non-l~etting phase, here 

'however, water and air are used as representative of these. 

1.2 EMPIRICAL CORRELATIONS 

Dahlstrom and his co-workers (1952-61) have developed an 

empirioal correlation for dewatering based on results obtained from a 

variety of sources. These include laboratory tests, pilot plant work 

and full scale plant tests, all on a variety of materials. 

The factors taken as affecting moisture oontent are divided 

into two groups, filter feed variables and operating variables. The 

first includes, size distribution of solids, solids concentration, and the 

viscosity of liquid. The second includes, dewatering time, cake 

thickness, pressure drop across the cake and air rate through the cake. 

These variables are interrelated and no one variable can be separated, 

e.g. the cake thickness is dependent on the filtration time and this 

affects the time available for dewatering. The cake thickness also 

affects the air rate through the cake. The optimum conditions for cake 

dewatering are also not the same as for filtration and therefore the 

true optimum is always decided by economic criteria. This makes 

the correlation prooedure very useful for practical problems. The 
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eo~relation was taken as 

rair rate] plotted against L area 

moisture content, Piros, Brusenback and Dahlstrom (1952). This 

results in two similar curves shown in Fig. (1). The higher curve 
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on the moisture content axis is for the case ,{hen a significant 

percentage of fines are present and the lower one when it is removed. 

The sharp corner in the curve indicates clearly that filters should 

be operated to the right of this point. Too far to the right would 

however mean axpensive over design for little benefit in terms of 

reduced moisture content_ 

Silverblatt and Dahlstrom (1954) investigated the effects of 

surface tension and viscosity on the correlation. Laborator,r scale 

axperiments showed that viscosity had a large effect on the rate of 

approach to equilibrium and that surface tension did have a 

statistically significant,but nevertheless minor,effect on the 

equilibrium. The correlation was modified to include viscosity 

[air rat~ 
[ area J 
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N~son aDd Dahll!!trom. (1957) extended this using theoret:toal relation.. 

ships for the permeability of filter cakes and developed the 

lapproach factorl 

This was found to be accurate but less convenient than the correlating 

factor for design purposes (Simons and Dahlstrom 1966). 

Later papers, Emmett and Dahlstrom (1961), Henderson Cornell, 

Dunyon and Dahlstrom (1957) have used the correlating factor for a 

variety of materials and processes. The method has also been applied 

to the study of steam aided dewatering. Shoenberger and Burch (1964), 

Silverblatt and Dahlstrom (1964), Simons and Dahlstrom (1965), Simons 

and Dahlstrom (1966), Grice, Hajor-Marothy, Simons and Dahlstrom (1966) • 

In this steam'is applied to the face of the filter cake during 

dewatering and gives significant reductions in moisture contents. 

The improvement is taken to be caused by the reduction in viscosity at 

the steanVfiltrate interface and the correlation is successful in 

dealing with it. 

Lyons (1950) has reviewed dewatering practice in coal 

preparation and indicated a relationship between moisture content, 

particle size and ash content. He has also compared results obtained 

in dewatering coal by various types of centrifuge (May 1951) and 

correlated published results in industrial operations for dewatering 

coal by a log. log. plot of moisture content versus ash content 

(Oct. 1951). This correlation gives a series of straight parallel 

lines for different processes. He concluded that "apparently all 

the makes of filter currently available are equally effective from a 

moisture reduction standpoint". No theoretical development was 

included. 
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The empirical approach studies the dewatering characteristics 

of particular systems as a function of changes of the variables. The 

method therefore lacks generality in that the fundamental mechanism of 

the process is obscured. And whilst the Dahlstrom correlation, in 

particular, has been shown to be of value for the optimisation of many 

processes, it is not possible to attack the optimisation of the design 

of dewatering machines unless the actual mechanism of dewatering is 

properlY understood. For this reason no matter how successful a 

correlating procedure is devised it is necessary to pursue theoretical 

enquiry which observes the phenomena occurring in dewatering and seeks 

to explain them. Two main lines of theory may be discerned. That 

based mainlY on the flow of fluids in porous media and that based 

mainlY on the capillary effects of moisture in porous media. 

1.3 THEORY BASED ON Fro. IN POROUS MEDIA 

The first significant work in this field is that of Brownell and 

Katz (1947). They developed a semi-empirical correlation for saturated 

flow in porous media which they extended for two phase flow and applied 

to dewatering. 

The correlation is based on a Reynolds number, Friction factor 

plot analogous to that used for flow in pipes. The Reynolds number 

and Friction factor are extended to include parameters to describe the 

porous media, e.g. Particle size, sphericity and roughness and porosity 

of the packing. 

Re = s..u ,-em 
r = 2 g d .6.P en 

L V2P 

Data from a variety of sources was plotted on log log axes and a curve 

similar to that obtained for flow in pipes was obtained. 

To extend this to two phase flow, one fluid is taken as wetting 

the solid and flowing in contact with it. The non-wetting fluid is 

6 
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considered to be flowing in a porou" l1ledium modified by the presence 

of wetting fluid. Thus a Reynolds number and Friction factor can be 

defined for each phase in the same way as was done for saturated flow 

but with the parameters changed by the relative properties of each 

fluid. 

Investigations showed that an important feature of two phase 
e. 

flow is the exist~nce of a residual saturation of wetting fluid. 

This is considered to be the pore-space el:lJninated from flow by 

capillary forces. Saturations used in the correlation are therefore 

effective saturations that is actual saturation minus residual 

saturation. It is therefore necessary to know the residual 

saturation and for this it was shown that log log plots of residual 

saturation against a dimensionless group called capillary number gave ., 

a straight line 

Cap. No. = ~ 
L g T cose 

This is defined as the ratio of the forces driving the fluid 

out of the bed to the forces retaining the fluid in the bed. 

The equation of the straight line obtained is, 

Sr = 1 [K AP ]-.264 
8.63 L g T cose 

With this effective saturations can be determined and a Reynolds number 

and Friction factor can be defined for each phase 

vTetting phase 

Non-wetting phase Re = dvp 
,Ce )~ 

, 

f = 4-."'; d Ap en Se2y 
Lv2p 

• 
where e is a wetted porosity defined as the ratio of the volume of the 

, 
voids occupied by non-wetting fluid and residual saturation of wetting 

fluid divided by the volume of the bed. 
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The exponents or porosity and saturation \lhioh oan be seen 

in "the definitions are taken to be determined by partiole siZe and 

shape. Roughness figures \lere taken for partioles above ~16n dia. 

to be oaused bY' \laves at the \letting fluid interfaoe and below ~16" 

to be the same as for saturated flow. 

The method was used by Brownell and Katz (1947) and Brownell 

and Gudz (1949) to make calculations for the various parts of the 

oycle of a rotary vacuum filter. This included the deposition of 

the cake, washing and dewatering the cake, and also a calculation 

of the oapacity required for the vacuum pump. Brownell and Crosier 

(1949) applied the method to a rotary filter dryer and calculated the 

flow of hot air through the tilt er cake. In these applications 

dewatering is taken to be equivalent to non-steady state two phase flow 

and the method used is a step-by-step application of the correlation. 

The method is therefore tedious to use. Furthermore, some of the terms 

required are diffioult to evaluate accurately. The method has also 

been criticised for the way in whioh the various exponents have been 

used. (See Lapple in the discussion of part 1 of the series of papers). 

These can be taken as basically empirioal correlation factors and have 

been applied without proper consideration of the actual characteristios 

of flow in porous media. For instance the exponent used for porosity 

can be shown to be only applicable around 40%. A more fundamental 

critioism is for the use of Reynolds number for flow in porous media. 

The use of such a correlation is only valid if the systems compared 

are dynamically similar. This cannot be assumed for porous media 

especially for the wide differences used in the correlation. 

Furthermore,the onset of non-linearity in 

flow in porous media is not due to turbulence as in pipes but to the 

emergence of inertial effects in laminar flow caused by irregularities 

in the flow channels. 
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Another approach which essentially depende on oonoepts of 

saturated now in porous media is that of Nenniger (1956) and 

Nenniger and Storroy (1958) who have developed differential 

equations to prediot the drainage rate of packed beds by gravity or 

by centrifugal force. They assumed that flow in the packed bed when 

the interface had penetrated the bed was the same as for saturated 

flow but with a constant retarding force due to the capillary pull 

in the pores of the bed. This was taken as numerically equal to the 

height of capillary rise in the bed. Thus the interface is taken 

as moving down the bed under thi~ retarding force and leaving a 

residual moisture in the pores behind it. Residual saturation was 

taken from the Brownell and Katz correlation. Capillary rise was 

measured both oonventiorially and by a method based on the change in 

flow rate observed when the interface enters the draining bed. All 

the parameters required by the equations could therefore be obtained 

from a gravity drainage experiment. 

The equation which was derived predioted a more rapid approach 

to equilibrium than was found in experiments and two possible 

explanations were put forward for this. Firstly that variation in 

capillary suction throughout the bed could oocur. Secondly that as 

the interface falls through the bed film drainage of the liquid from 

the partioles takes place. This latter explanation was adopted and 

a simPle equation was derived and experiments carried out to test it 

on draining films in burettes and on strings of beads in contact. 

The equations were amalgamated and a series solution obtained. This 

gave results which agreed olosely with experiments both for gravity 

drainage columns and centrifuge cakes. 

1.4 CAPILLARY THEORY OF DEl-fATERING 

A more fundamental approae:h to the problem of dewatering is 
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baocd on a study of the e£fouta a~~ociated with the retention of 

moisture in porous media by capillary or surface tension foroes. 

This was promoted by investigations into dewatering by gravity 

drainage which is a quite widely used method of dewatering in coal 

preparation practice. This is similar to filter dewatering except 

that the displacing force is not air pressure but the hydrostatic 

head of the contained water. In this process capillary forces play 

an obvious and important role and the study of these has been 

extended to dewatering in general. 

Gravity drainage as a method of dewatering coal was studied 

by Gillmore and Hright (1952). They packed columns with fine coal 

slurry and allowed them to drain for up to 24 hours.. These columns 

were then sampled and the saturation at various heights determined. 

This showed a transition l',one between residual moisture and COIllplete 

saturation usually called the capillary height and analogous to 

rise in capillary tubes. This zone was shown to move down the 

column with time but became substantially stationary after about 

24 hours. The equilibrium position of this capillary height was 

shown to be dependant on particle size distribution of the coal and 

surface tension of the water. 

Burton and Thomas (1953) and Phillips and Thomas (1955) 

extended the technique by using an electrical moisture meter to 

determine the saturation at various points in the column without 

disturbing it. They fully recognised the importance of capillary 

effects and considered the problem in two parts. The quantity of 

water remaining as residual moisture, and the rate of approach to this 

state. liThe equilibrium residual moisture represents a balance between 

surface tension and displacement forces such as gravity, hydrostatic 

head or air pressure". They showed that capillary rise is related 

10 



t.c some sort of mean POri> sue Gnd this mean pore siZe also controls 

tha permeability of the bed and hence the rate of approach to 

equilibrium residual moisture. They also recognised that residual 

moisture in the form of discrete amounts at the points of contact 

of the particles could not be caused to £10;1 because they do not form 

a continuous phase. The effect of reduction of surface tension by 

surfactant a and of viscosity by heating was investigated and shown 

to be in accord with their explanation but to be uneconomic for 

industrial use. The importance of particle sue distribution in 

dewatering was emphasiZed and it was shown that coal slurrits with 

a large proportion of -300 mesh were very difficult to dewater both 

because of the capillary height involved and the small pore size 

available for flow. 

Bate1 (1954-61) has made an extensive studY of the properties 

of granular materials containing moisture. This includes the 

effect of moisture on mechanical properties and granulation (1956), 

on siaving capacity (1955), as well as an investigation into 

dewatering as applied to gravitational drainage and centrifugal and 

filter dewatering (1954) (1961). He emphasises the importance of 

capillary effects in dewatering and has noted that dewatering can 

only occur when the displacing forces are greater than the capillary 

height, for which he presents an expression in terms of cake 

parameters. In considering the rate of approach of saturation to 

equilibrium residual lOOisture the process is taken as being composed 

of three parts. Part one in which the most rapid removal of 

DEWATERING CURVE ACCORDING TO 

% BATEL (1961) 

Moisture 
Fig. (2) 

Time 

11 



, 

moisture occurs 1-rhen the fluid is being driven out of the capillary 

spaces. Part two in which the rate of removal is slower since there 

are ~ess ~pillary spaces to be emptied but with the rate augmented 

by some flow of the liquid from the film of moisture left on the 

pore walls. Part three in which the rate of removal of moisture 

is slowest of all and the equilibrium residual saturation is 

approached only by the flow of the remaining moisture from the pore 

walls. This description is essentially the same as that of Nenniger 

and Storrow,previously mentioned,but has only been developed 

qualitatively and shown to be capable of giving saturation time 

curves of the requisite shape. 

Column drainage experiments have demonstrated the importance 

of capillary forces acting in the pores of materials during 

dewatering. They are however an unwle:ldy way of measuring these 
, v 

effects and a more simple and accurate method is available, called 

the capillary pressure technique, which has been used for a number 

of years in soUs testing and other work. Harris and Smith (1957), 

Gray (1958). Hards (1959) and Morrow(1962) have introd'uced this 

into dewatering research. 

The method essentially involves measuring the fluid removed 

from a sample of porous material allowed to come to equilibrium with 

a given displacing pressure. This is increased after each 

equilibrium until the sample is completely desaturated. The technique 

is analogous to gravity drainage experiments but requires less time 

to perform, less sample and is capable of a greater accuracy. The 

results can be analysed to give a pore size distribution of the sample 

used. Harris and Smith, Harris. and Morrow were concerned mainly 

with adapting the technique and its theoretical aspects to dewatering. 

which is covered more fully when the method is discussed in the next 
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section. Gray (1958) used the teohnique for the etudy of praotioal 

problems in fine ooal dewatering such as the effect of partiole 

size distribution, porosity and of chemioal additives such as 

wetting agents and flocoulants. 

As mentioned, the pore size distribution of a filter oake oan 

be measured using this teohnique and hence the mean pore size 

determined. The experimental results for mean pore size of filter 

oakes formed from various particle size distributions were 

oorrelated by Gray against the peroentage of -120 mesh and -240 mesh 

in the distribution. A oorrelation of inoreasing porosity with 

increasing fines ~las ilso noted. Sinoe the volume of water held in 

a bed at saturation is governed by the porosity of the bed and the 

difficulty of its removal is governed by the pore sizes in the bed, 

these results allow at least a qua1itati~e assessment of dewatering 

problems from consideration of the particle size analysis of the 

filter feed. The possibility of splitting a particle size 

distribution of a slurr,y into two or more fraotions and dewatering 

them separately before reoombining was investigated but the improvement 

was shown to be small or nonJ-exist.l!~t. Flooculants were demonstrated 

to have a beneficial effect on dewatering, even though the 

porosity of the filter oake is increased and hence the volume of 

water retained at saturation also increased. This is because the 

mean pore size of the f10cculated cake is greater and the moisture 

can be rsmoved more easily. VTetting agents were shown to effect 

some improvement in the dewaterability of a slurr,y but the adsor~tion 
of the agents on the solid surfaoes meant that the amounts required 

were uneconomio (as was found by Phillips and Thomas). The addition 

of oil together with wetting agents was found to be a practioal way 

of aiding dewatering beoause the coal surface is preferentially 
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wetted by oil and 8.IJY' oil residue after dewatering enha.nces the 

calorUio value of the coal. 

By considering a bundle of tubes as a model of the filter 

cake with a distribution of tube sizes derived from the experiments 

Gray was able to calculate the saturation versus time relationship 

for the dewatering process. These calculated results sho~Ted a 

much faster approach to equilibrium than did experiments. He 

concluded that the model used was too simple and that connectivity 

between capillary tubes should be incorporated. 

1.5 DISCUSSION 

The ultimate requirement of a theory of dewatering is the 

prediction of the saturation versus time relationship. The two 

types of theory outlined may be divided by the way in which they 

approach this by considering different aspects of the dewatering 

process. The capillary theory starts from a consideration of a 

microscopic description of the phenomena associated with moisture 

retention in packed beds. The flow theory concentrates directly 

on the way moisture flows out of a bed and relates this to the 

saturation versus time curve. 

The second may be criticised because of the application of 

saturated flow relationships to what is essentially a two-phase 

flow problem. These two types of flow in porous media have 

important differences which should not be minimised. Saturated 

flow can be treated by using average pore properties and overall 

permeabilities, but when two fluids are occupying the "lame porous 

medium then these average and overall properties are not valid for 

either fluid. There is some reason therefore to think that 

Nenniger and Storrow should have applied the other of the two 

alternative explanations for the failure of the simple case. 
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Brownell and Katz attempted to overcome these criticisms by 

considering each of the two phases in the porous medium as 

separate fluids flovTing in porous media defined by the presence 

of the other fluid. They also drew a clear distinction between the 

wetting and non-w~tting phases. This approach however relies 

essentially on a correlation of saturated flow phenomena. 

The capillary theory on the other hand avoids these difficulties 

by considering a microscopic description of the effects of moisture 

in packed beds. It has been able to show that the retention of 

moisture is controlled by the pore structure of the packed bed because 

of the way surface tension forces act in the pores. The flow of two 

phases in packed beds has also been shown to be strongly dependent 

on tlle pore structure of the bed by similar corisiderations. However 

Gray has demonstrated that the pore size distribution applied to a 

bundle of capillary tubes model is insufficient to describe this 

and a more realistic model of pore space in porous media is required. 

Therefore it may be conclud~ that for an understanding of 

the dewatering process the nature of pore space in porous materials 

must be described as it is this which controls the process both in 

the way moisture is retained in a porous medium and the flow 

characteristics of its removal. The action 0"£ surface tension 

forces in porous media which produce the capilla~ pressure curve can 

give a description of the pore properties of porous media more 

simply and completely than most other measurements. Furthermore, it 

describes the pore space in terms which can be readily related to 

dewatering characteristics. The next sections are therefore devoted 

to a study of these capillary effects and the interpretation of them 

in terms of the characteristics of pore space operating in dewatering. 
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CHAPl'ER TWO 

EFFECTS OF MOISTURE IN POROUS MEDIA 

2.1 GENERAL 

Associated with the retention of liquid in porous media are 

phenomena caused by the action of surface tension forces in the pores 

of the material. The effects include, the depression' of the 

freezing point, the vapour pressure lowering, and the capillary 

pressure exerted by the liquid retained in the pores. These effects 

may be related to the curvature of the meniscii of the liquid in the 

pores caused by surface tension, which may in turn be related to the 

geometry of the pore space. Croney, Coleman and Bridge (1952) have 

given a comprehensive review of the methods available for measuring 

these effects and the calculation of pore properties from them. 

However only the capillary pressure and the vapour pressure lowering 

will be discussed here as they aremore generally encountered. 

2.2 CAPILLARY PRESSURE 

A pressure difference exists across a curved liquid meniscus 

such thati1P 0( C where (C) is the curvature of the liquid/air 

interface. This is often called the pressure deficiency of the 

interface. The constant of proportionality is the surface tension 

of the liquid (T). The mean curvature may be expressed by the radii 

of two curves on which the surface cuts two mutually perpendicular 

planes containing its normal. If these are taken as rl and r2, 

conventionally considered positive if the centre of curvature lies 

on the same side of the interface as the non-wetting (i.e. air)phase 

the mean curvature is 

G =[~l + ~J 
and the pressure drop across it given by the Laplace equation 

16 



If' the liquid is contained in a circular capillary radius (a) ani 

the interface has a contact angle (a) against the wall of the 

capillary then the curvature is given in terms of the radius of 

the capillary tube lJ. = rZ = a/ cos 9 

.c.p = hpg = ::IT cos 9/ a 

This is the equation governing the well lmown phenomena of rise of 

liquid in a capillary tube. 

In porous materials the curvature of the menisctis at a given 

saturation of capillary pressure from equilibrium considerations must 

be everywhere the same. The equation given shows that the curvature 

may be expressed in terms of the capillary pressure to which it 

gives rise. The actual shape however is extremely complex and is 

dependent on the geometry of the pore space as well as the degree of 

saturation. If circular capillaries are assumed the relationship 

between curvature of the meniscii and pore size can be solved. 

Therefore for this simple case it is possible to relate the expression 

for capillary pressure to the radii of the capillaries. This was 

illustrated by the derivation of the equation for capillary rise of 

liquid in a tube. To displace the liquid in such a tube the 

pressure required is just greater than that given by the equation. 

Considering a bundle of tubes full of water. If the displacing 

pressure is increased from zero there will be no moisture movement 

until a pressure is reached which is just greater than that which the 

largest tube in the bundle can support. Tubes of this size will 

then be emptied. The pressure may then be increased to displace 

water from the next largest tube size and so on until all the water 

is removed. It is possible in this way to build up a tube size 

distribution since values of displacing pressure are inversely 

proportional to tube radii and the volume of water removed at a given 
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pressure is proportional. to the volume' of tubes of the oorresponding 

size. Therefore a plot of pressure versus the summation of the 

volume of liquid displaoed is equivalent to a oumulative tube size 

distribution. Fig. (3). This assumes that the porous medium is 

CAPILLARY PRESSURE 

CURVE 

I. Volume removed 

Fig. (3) 

rigid and does not deform under the applied pressure stress. 

2.3 VAPOUR PRESSURE L(llERING 

It oan be shown thermodynalnioally that at a curved liquid/ 

gas interface the liquid exerts a lower vapour pressure than at a 

plane surface. The Kelvin equation gives the relationship 

C = 1: ~ In[EJ 
T Mu ho 

which can be related to capillary pressure 

Pt: = TC = ~ In[El 
Mu hoJ 

This phenomena may be treated in a similar manner to that 

adopted for capillary pressure by using a bundle of capillary tubes 
-
as a model. Consider a horizontal capillary, ~ompletely filled 

with water and not in contact with any outside source of liquid. 

Placed in an atmosphere of 100% relative humidity the liquid surfaces 

at the ends of the capillary will be plane. If the relative 

humidity is reduced a slight evaporation will create a concave 
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meniscus according to the equation given. . If the surrounding relative 

humidity is reduced further a state will be reached when the radius 

01' curvature of the meniscus will be equal to the radius of the· 

capillary itself and aqr further reduction in the relative humidity 

will eause the meniscus to retreat into the tube and all the water 

will evaporate at this value. Therefore at a given relative 

humidity all the capillaries with a radius greater than a given value 

will be empty, and all those smaller than a given value will be full, 

if equilibrium is attained. Clearly by' measuring the saturation of 

a given porous medium in equilibrium with atmospheres of a range of 

relative humidities it is possible to determine the curvature 

saturation relationship and for capillary tube bundles the pore 

size distribution. 

2.4 RANGE AND APPLICABILITY OF THE EFFECTS 

The upper limit of applicability of these relationships is 

that when the curvature is plane.1and the lower limit is when the 

curvature is of the order of molecular dimensions and interfaces 

have no real existence. Table I gives the capillary pressures, 

pore radius 
)1 

110 

22 

11 

78 

5.4 

1.1 

.11 

.011 

.002 

TABLE I 

Capillary Pressure Relative Humidity 
cm Hg % 

0 100.000 

1 99.999 

5 99.995 

10 99.990 

14 99.986 

20 99.980 

100 99.901 

1,000 99.025 

10,000 90.668 

50,000 61,270 

19 



relative humidities and radii of various circular capillaries calculated 

for water with zero contact angle and surface tension 72.5 dynes/c~ 

The two effects,capillary pressure and vapour pressure lowering,can 

be seen to be of use in different pore size ranges. The relative 

humidity relation is not suitable for pore sizes greater than .o~ 

and the capillarJ pressures become very large for pores smaller than 

In general here the pore sizes covered in the range of the 

practical applicability of capillary pressure effects \/.ill be 

considered. The capillary pressure effect iSJ moreover, better 

Buited to studying dewatering,because the adjustment of equilibrium 

is by fluid flow in partially saturated porous material caused by 

a displacing pressure. It is possible therefore to say that 

capillary pressure saturation measurements are analogous to 

dewatering. Furthermore the results of capillary pressure experiments 

can be considered as a pore size distribution defined in terms of 

dewatering parameters. 

The vapour pressure lowering effect on the other hand does 

not bear this analogy to dewatering as equilibrium is attained by 

mass transfer across the liquid! gas interface. This also means 

that the approach to equilibrium is slow and the technique is less 

convenient to use. 

For these reasons therefore the capillary pressure saturation 

relationship will be used here in studying capillary phenomena 

applied to dewatering. 

2.5 MEASUREMENl' OF THE CAPIIJ,ARY PRESSURE 

SATURATION RELATIONSHIP 

2.5.1 Introduction 

In the description of the capillary pressure saturation 

relationship in terms of a bundle of capillary tubes it was 
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mentioned that the method involves.measuring volumes of water held 

in the porous material for various displacing pressures. Several 

methods exist for dOing this and have been reviewed by Croney. 

Ooleman and Bridge (1952) and Ooleman (1963). together with methods 

based on the other capillary phenomena. 

2.5.2 Gravity Drainage Method 

Gravity drainage of a column of porous material is historically 

the first method used for investigating the capillary pressure 

saturation relationship. In a continuous water column the height 

of a point above a free water surface is the hydrostatic stress 

exerted at that height. Therefore if a saturated column is allowed 

to drain. or a dry column is allowed to imbibe. then water 

movement will continue until the meniscii in the pores are able to 

support a column of water of a height corresponding to their size. 

The height at which a zone of a given saturation is found in the 

column gives the capillary pressure at. that saturation. 

This teohnique has been used since before the turn of the 

century by many workers. chiefly soil scientists. civil engineers 

and oil field researchers. For a review of this work see Prill. 

Johnson and Morris (1965). In the literature on dewatering 

the technique has been used by Leverett (1941). Dombrowski and 

Brownell (1954). Gillmore and vlright (1952). Burton and Thomas (1953). 

Phillips and Thomas (1954) and Harris and Smith (1957). 

One of the main difficulties in using this technique for 

measurement of capillary pressure saturation relationships is in 

the measuring the saturations at various heights. Various methods 

have been used. Leverett cut his columns into sections and 

determined the saturation of each section directly. Gillmore 

and Wright took small samples of material at the various heights. 
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These methods however can only be used once on a given column and 

it is difficult to study the approach to equilibrium. Furthermore, 

these techniques may introduce errors as the column is disturbed 

to take samples and moisture may be redistributed. To overcome 

these criticisms Dombrowski and Brownell used an x-ray photographic 

technique, and Burton and Thomas and Phillips and Thomas used an 

electrical resistance method. Other workers (pril1, Johnson and 

Morris) have used manometers to measure directly the capillary 

pressures at various elevations. 

The time required for equilibrium to be reached in gravity 

drainage is excessive. King (1899) found that even after zt years, 

drainage was not complete. Other workers find that within 

acceptable experimental error a lesser time is required but this 

may still be in terms of days. More seriously the method is not 

capable of high accuracy because large quantities of sample, and 

for small pore sizes very long columns, are required. This can 

lead to difficulties in obtaining uniform packing along the length 

of the column. 

2.5.3 Suction and Pressure Plate Methods 

These are a more simple and convenient way of measuring 

capillary pressura saturation relationships. They consist of 

applying a displacing pressure directly to a sample of a porous 

material and measuring the volume of water removed or retained. 

The main feature of the technique is the use of a support plate 

for the sample which has smaller pores than the sample. Therefore 

in the range of pressures requi.red to desaturate the porous 

material the support plate itself will remain saturated and able 

to conduct fluid. A range of suitable materials are available for 

this such as sintered glass, sintered metal and fine pored plastic 
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membranes. Other requirements are for a method of applying and 

measuring the displacing pressures and a method of measuring the 

volume of water removed. The technique 1~as first used by Haines (1930) 

Fig.(4) shows'his apparatus. 

Sample 

RAINES'S 

APPARATUS 

Fig. (4) 

It consists of a buchner funnel with a fine pore support plate (Haines 

used a sealed in filter paper) on which the sample rests. The suction 

applied to the sample is the difference in level between the sample 

and the water in the burette. Adjustments to this can be made by 

moving the buchner funnel relative to the burette, or allowing some 

water to run out of the burette using the double stopcock. The 

'water removed from the sample is measured by the change in level in 

the burette. 

The apparatus has faults, notably that the water displaced 

from the sample ch~nges the level in the burette and thus equilibrium 

is approached under varying pressure conditions. This is especially 

unfortunate due to the existance of a hysteresis in capillary 

moisture properties between the moisture advancing and the moisture 

receeding conditions ,'hich is discussed later. Flexion in the 

rubber connections can also make the measurements of volume erroneous. 

Furthermore,the apparatus is limited by the length of burette to 
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oapillary' preaeures below about 150 ClIIB of water. This oan be 

extended by using mercury as a ~anometric fluid when the upper limit 

becomes 1 atmosphere, sinoe it is a suction method. 

Richards and his co-workers (1943) have developed a pressure 

plate apparat~s which is essentially the same but uses pressure 

instead of suction, The limits of this type of apparatus are those 

imposed by the size of pore in the support plate. Using regenerated 

uncoated cellulose membranes, pressures of up to 10,000 cms of water 

can be used. However with pores fine enough to support this 

pressure the approach to equilibrium is slow. 

Many workers have Used an apparatus of this general type for 

investigations where pore properties or capillary effects are 

important. In soil science it is a standard technique, it has 

also been used in Civil Engineering by Coleman (1963). Textile and 

Paper research, Christensen and Barkas (1955), and Preston and 

Nimkar (1952), Oil Field researoh Puroell (1949), Rose and Bruce 

(1949) and by Chemical Engineers Newitt and Conway-Jones (1958) and 

Pearce and Donald (1959). 

In problems involved in dewatering the method has been 

used, as previously mentioned, by Harris and Smith (1957), Gray (1958), 

Harris (1959) and Morrow (1962). In the final form of their 

apparatus Morrow and Harris (1965) used a controlled vacuum source 

to provide displacing suctions and measured the volumes of displaced 

water in a horizontal measuring tube with a small bore to keep the 

meniscus vertical. This is very convenient for following the 

approach to equilibrium and is also very accurate. 

The method can be used on very small samples, Morrow and 

Hams (1965) obtained reproducible results for samples of down 

to five particles thick. For these small samples the approach to 

24 



Capillary Pressure Apparatus 

Morrow (1962) 

Sample -

Sintered Glass 

~:..---
ililiiil/'IIIIII" i I i 

Measuring Tube 

FIG. 5 

water and Mlcury 
Manometers 

To Vacuum 

Pump 



equilibrium is Cjuite rapid and a whole capillary j1tessure curve can 
: 

be traced in a few hours. The essential simplicity and accuracy 
; 

, . ; 

of the technique has lead to a greater insight into the phenomena 

of capillary pressures and the properties of porous materials in 

general. 

2.5.4 The Mercury Porcsimeter 

This is a similar method to that of the pressure plate tech­

nique. Mercury Hhich is a non-wetting fluid (analogous to the 

air phase in the preceeding section) is forced into the porous 

material under pressure, the siZe of a pore determining its entry 

pressure. 

The method has been used by Ritter and Drake (1945) to obtain 

pore siZe distributions of· several different porous materials such 
, ,I, I 

as diatomaceous earth ahd sintered glass. In more recent years 

Kruyer (1958), Mayer and Stowe (1965) (1966) and Iczkowski (1967) 

have also investigated the technique. Several commercial instruments 

are available and have been reviewed in an article in 'Chemical 

Processing' volume 14 1968. 

The method is not considered further here because the 

capillary desaturation technique is simpler and better suited for 

investigating dewatering. Furthermore for a given siZe of pore 

a greater pressure is required in this method than in capillary 

desaturation which increases the danger of disturbance of the sample, 

especially with unconsolidated media considered here. Uncertainty 

is also associated with the effect of contact angle which is 

mentioned later. 

2.6 CHARACTERISTICS OF CAPILLARY PRESSURE CURVES 

The capillary pressure curve has been described in terms of 

a bundle of capillary tubes with a distribution of radii. In 
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general however the pores in porous media are not circular and it 

must be remembered that what is actually measured in the technique 

is the relation between the volume of liquid retained in (or 

removed from) a porous medium and the curvature of the meniscii. 

This meniscus is of complex shape but of constant curvature at a 

given saturation when at equilibrium. It is possible to describe 

any part of it (and therefore the whole) by two radii of curvature 

r1 and r2• 1-/hen the curvature is [~l + ~J then by considering 

r 1 = r2 this becomes ie which can be defined as the radius of an 

equivalent spherical meniscus which will exert the same hydrostatic 

stress, or pressure deficiency, as the non-spherical meniscus. This 

gives a reasonable description of pore radius which for most 

purposes is not very different from the actual geometrical pore 

radius which may be indeterminate. Caution must be exercised 

however in using this to relate the volume of water displaced at 

a given pressure to the number of pores, since it is not a 

geometrical quantity and cannot be used as such. It is therefore 

more correct to say only that a given volume of water is held in 

pores of a given radius and not to use number of pores. 

The bundle of tubes model can therefore give a good picture 

of capillary pressure curves from the point of view of pore size, and 

distribution and the nature of entry pressure. Capillary pressure 

curves of real porous media however exhibit further characteristics 

Fig. (6) which cannot be reproduced by the simple bundle of tubes 

concept. Most obvious of these discrepancies is the exist~Ece of 

a defin;.~e quantity of residual moisture which cannot be removed 

no matter how high a displacing pressure is applied. 

Furthermore capillary pressure curves for real porous media 

exhibit a hysteresis: On desaturating a given porous material the 
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Fig. (6) 



curve A in Fig. (6) is followed. Then if the returning or imbibition 

curve is traced by relaxing the displacing pressure in small amounts 

and measuring the amount of water imbibed for the new equilibrium, 

curve B is traced. This imbibation curve does not return tolOO% 

saturation. . • On further desaturationsbf the sample the new 

desaturation curve rises to coincide with the first desaturat10n 

curve and then follows it. Further cycles of de saturation or 

imbibition can be made to follow this hysteresis loop. If the 

desaturation and imbibition are interrupted at intermediate 

saturations then minor hysteresis loops can be described as shown. 

Thus a capillary pressure for real porous material is not 

a unique function of saturation and the previous saturation history 

of the sample must be known to define the capillary pressure for a 

given saturation or vice versa. 

This behaviour cannot be reproduced by a simple capillary 

tube model. Explanations have been offered (Scheidegger (1956» 

in ~terms of the hysteresis in contact angle between moisture 
/ 

advancing and moisture receeding but the magnitude of the effect is 

too great for this to successfully account for it. 

Furthermore it is necessary also to explain the trapping of 

air on imbibition. A better approximation to the pore space in 

unconsolidated media is provided by sphere packs and with some 

properties of such a model an explanation may be advanced. 

2.7 EQUAL SIZE SPHERES IN OPEN AND CLOSE PACKING 

Spheres may be packed in a variety of regular arrays but the 

most simple and useful of these are those arrays known as open and 

close packing. The geometrical properties of these were investigated 

by Slichter (1898). 
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He showed that in open packing 1"ig. (7) each sphere touches 

Open 
Packing 

Fig. (7) 

six others and the lines joining the centres of eight spheres forms 

a cube of side length 2r which is the smallest representative 

element of the packing and called a unit cell. The porosity is 

47.64%. The pore space may be taken to be composed of a central 

void which can hold a sphere of size .732r and is connected to . 

other similar voids in the packing by six outlets, one in each 

face of the unit cell. The largest sphere which will fit th"rough 

these is of size .414r. 

In a close packed system Fig. (8) each sphere has twelve 

Close 

Packing 

Fig. (8) 

points of contact and the unit cell is a rhombohedron or cuboid 

formed by passing planes through the centres of eight conti~us 

spheres. The length of side is 2r and the face angles are 600 
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and 1200. This gives rise to adjoining cells of two kindfl; a 

smaller having tetragonal form which can contain a sphere of size 

.225r and a larger having a cuboidal or rhomboidal form and which 

can contain a sphere of size .29r. The continuity of pore space 

can be imagined as joining the apices of the two kinds of cell. 

Each of the four apices of a tetrahedral cell being joined to an 

apex of four different rhomboidal cells, whilst eight apices of each 

rhomboidal cell are joined to eight tetrahedral cells. Thus there 

are twice as many tetrahedral cellv as rhomboidal and communication 

is always between cells of different kinds. The waists between 

each cell are all the same size and can contain a sphere of size 

.155r. The porosity of close packing is 25.95% and is divided 

between large and small cells in the ratio 6 : 13. 

g.8 MOISTURE DISTRIBUTION IN SPHERE PACKS 

Versluys (1917) identified 3 states of moisture distribution 

in sphere packs. Capillary or saturation state in which the whole 

of the pore space is filled with water. The moisture content in 

this case is equivalent to the porosity of the packing. Pendular 

state in which water is held at the points of contact of the spheres 

as pendular rings. In this the air phase is continous and can· 

flow but the water phase is discontinuous and cannot. Therefore 

moisture can only be removed by evaporation. This state therefore 

corresponds to the residual moisture found in porous media at the 

end of a capillar,r pressure experiment. Using the geometrical 

properties of sphere packs it is possible to show, Keen (1924), 

that in close packing the maximum size of pendular rings which do 

not touch each other subtend a half angle of 30° at the centres of 

the spheres. In open packing this angle has a maximum of 45°. 

Fig. (9) 
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Pendular rings in Open and Close Packing 

Fig. (9) 

Using a sImplification that pendulAr ring menisc¥ are 

circular the volume of a pendular ring between two equal size spheres 

radius (r) which subtends a half angle (a) has been shown by 

Wilsdon (1924) to be: 

v = 8 TT r2 sin4a [1 -tan 29[l!:2 - 2911 
00s2 29 J 

Therefore it is possible to calculate that the maximum amount of 

moisture held as pendular rings in open packing is 18.2% of the 

void space and 24.3% of the void space in close packing. Fisher 

(1926) has shown that thetrue shape of a pendular ring meniscus 

is a?odoid. however this makes little difference to the 

calculations of volume. The residual moisture found in practice 

in sphere packs is of the order of 5 - 10% of the void space, this 

discrepancy will be explained in the next section. 

Intermediate between these two states is the Funicular state 

which can be imagined as when the pendular rings are large enough 

to meet at their points of nearest approach and to coalesce. 

They then form a network or mesh with air still occupying the 

wider spaces of the pores. Both the air and the water phases are 

continuous and can flow. This is the moisture state most 

concerned in capillary pressure curves. 
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2.9 HAINES THEORY OF CAPILLARY PRESSURE CURVES 

2.9.1 Introduction 

The effects as moisture distribution in sphere packs varies 

between capillary state and pendular state were the subject of a 

series of papers by Haines (1925-30). He was concerned with the 

cohesion found in packings due to capillary effects. In a 

controversy lfith Fisher (1926) (1928) he advanced a theory of 

capillary pressure in granular porous media which is still the 

most complete available. 

The explanation is based on the two cases of regular sphere 

packs previously considered, namely open and close packing and the 

essentially cellular nature of the pore space. The various 

stages as water is removed from a packing can be followed for this 

example of the desaturation of a close packing. 

2.9.2 Desaturation of Close Packing 

At first when the packing is saturated a water interface 

will surround it which has negligible curvature. As water is 

removed the film is drawn into the surface pores, which have 

waist like constrictions and open into wider cells beyond (as 

previously described). As the meniscii in the surface pores 

advance the curvature will increase and the pressure deficiency 

of the interface will rise until the narrowest part of the waist 

is reached. This has been shown to have a siZe of .155r and at 

this point under a pressure deficiency 01 
[ 

1 1 
P = T/r .155 + .155 = 12.9 T/r 

at some pore minutely wider than the others, the meniscus passes 

the unstable point and abruptly expands into the cell beyond. 

The displaced water redistributes itself and the shape of the film 
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in the evacuated cell is Made np of meniscii at each corner 

(except the one of entry) ready to penetrate further into the 

packing by similar leaps. These meniscii are joined round the 

cheeks of enclosing particles by filIna which are portions of not 

yet fully formed pendular rings. Further decrements of moisture 

are made at the same pressure deficiency since the waists are all 

the same size. 

The process of evacuation extends cell by cell through the 

packing until only pendular rings are left as immobile residual 

moisture. The pendular rings in this case have a pressure 

deficiency of 12.9T/r, the pressure existing at their formation 

and are therefore not at their maximum size of subtending a haJ.f 

angle of 300
• At this maximum size a pendular ring has two radii 

of curvature rl = .155r and r2 = -.422r, r2 is convex and therefore 

negative according to the convention. The pressure deficiency in 

this case is given by 

P = T/r [.f55 - .4%J = 4.1 T/r 

2.9.3 Imbibition in Close Packing 

If a reversal of moisture movement is considered i.e. the 

case of imbibition. The capillary suction is decreased and the 

water film in each cell sags towards the centre until in one cell, 

minutely smaller than the rest the bubble detaches from the wall 

of a cell and collapses by evacuating air through the open pore. 

The point of instability in the rhomboidal cell (radius .29r) is 

P = T/r r 1: + 1 J = 6.9T/r t29 .29 
Therefore the entry to the pore remains open up to this point 

because the pressure deficiency would have to fall to 4.1 T/r 
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before the pendi.u.ar rings coalesce at the waist. The smaller 

tetragonal cell would fill at a higher pressure deficiency 

P = T/r [1 + 1 1 
.225 .22~ 

= 8.9 T/:;: 

. but these are always separated by the larger rhomboidal cells and 

hehce the water movement will not be general until the larger 

cells are able to fill. 

2.9.4 Desaturation and Imbibition in Open Packing 

The case for open packing is similar but simpler since 

there is obly one size of cell as well as one waist size. 

The entry value for decreasing moisture is controlled by 

the waist siz e and is 

P = T/r r 1 

t414 
+ 1 1 = 4.8 T/r 

.'414J 
all the moisture in the packing is removed at this value leaving 

pendular rings. For returning moisture the bubble in the cell 

will collapse at 

P = T/r [1 + 1 ] = 2.7 T/r 
.73 .73 

Since a pendular ring at its maximum size in open packing has 

two radii of curvature rl = .414r and r2 = -.586r then this has 

a pressure deficiency of 

P = T/r [ 1 1 J = .7 T/r .414 - .586 

and therefore the waists will remain open to allow the collapse 

of the meniscii in the cells. 

~lO EXPERIMENTAL VERIFICATION OF HAINES THEORY 

Haines was able to substantiate these theoretical results 

in two experiments carried out on real sphere packs. Firstly 
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hG used 3/32" ball bGarings arrangod by hand in regular paoJdngs 

and observed the menisous IIlOvements as paraffin oil saturating 

the pore spaoe was removed. The results show good agreement with 

the theor,y and are listed in Table II. 

Theor,y 

Experimental 

TABLE II 

entr,y 
value 

pendular rings oollapse of 

12.9 T/r· 

1l.3 - 11.5 T/r 

ooalesoe rhomboidal oe11 

4.1 T/r 

4.3 T/r 

6.9 T/r 

6.7 T/r 

Further experiments were oarried out using 190p glass 

spheres in random packing of between 36 and 37% porosity using 

the apparatus shown in Fig. (4) and described in section 2.5.3. 

The results of this experiment are shown in Fig. (10). 
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Fig. (10) 
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Saturation % 

The irregular packing gives rise to a variable· pore size, 

which is in general wider than the ideal case and thus gives 

lower values of pressure deficiency. The theoretical value for 

entr,y will therefore be expected at the end of the funioular 

stage just before the breakup into pendular rings. Conversely 

for returning moisture the olosure will oommence at the 
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theoretical value. From Fig. (10) it can be seen that for the 

desaturation curve general entrY takes plaee at about 6Jl T/r 

at which pressure most of the moisture.is removed indioating a 

uniform pore size. The final breakup into pendular rings oocurs 

at about 11.0 T/r whioh compares well with the experimental and 

theoretical results shoWn in Table II. The olosure of the oells 

in imbibition oommences at around 6.5 T/r whioh also oompares 

well with the theorY and the previous experiment. General 

olosure ocours at around 4.1 T/r. The trapping of air on 

imbibition , shown in Fig. (10) by the ourve not returning to 

100% saturation, was taken as being oaused by the irregularities 

in the paoking. Thus some oells, larger than the average may 

beoome isolated as the water front advanoes. 

Further oorroboration of Haine s'theorY has been provided 

by Haokett and Strettan (1928). They tested the assumption that 

the entrY pressure required to overoome a menisous in the pores 

of sphere paoks could be taken as the largest possible insoribed 

cirole in the pore. Ball bearings were arranged in groups in 

contact and the suction required to pull the water/air interfaoe 

through the pore was measured. The result of 11.3 - 1104 T/r 

is olose to Haine~ experimental result. This was considered 

also as good agreement with the theorY bearing in mind the 

complexity of the phenomena and the simplicity of the assumption. 

The entrY pressure for random pacldhg of equal spheres of 

porosity of 36 - 40% was found to be 4.75 T/r which is lower 

than Haines value for random packing of 36 - 37% porosity, whioh 

was 6.1 T/r. 
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CHAPl'ER THREE 

CHARACTERISTICS OF CAPILLARY PRESSURE CURVES 

3.1 HYSTERESIS 

The Haines theory demonstrates that hysteresis' in the 

capillary pressure-saturation relationship is due to genuine 

alternative configurations of the meniscii in the pore space. 

A general theory of hysteresis called the domain theory has been 

developed by EveTett and his co-workers (1952-5) which considers 

the case of any system in which a physical property depends on an 

independent variable in a non-reversible manner. It is assumed 

that such a system comprises of a large number of small regions 

or domains which are eaoh capable of taking up more than one 

meta-stab1e state for a single value of the external variable 

oontrol1ing the system. It is further assumed that transitions 

" between these states occur at defi~te values of the external 

variable, these values differing aoco~ing to whether this variable 

is increasing or decreasing. Enderby (1955, 1956) has extended this 

by allowing that changes from State I to State II may either aid or 

hinder the transition of neighbouring domains from I to 11. Thus 

for a given domain the ocourence of a transition depends not only 

upon the behaviour of the external variab1e,but also upon the 

states of its neighbours. 

T'he domain theory has been applied to capillary hysteresis 

by Poulovassilis (1962). The total volume of ~later taking part 

in a hysteresis loop can be divided into volume elements specified 

by the capillary pressures at which they empty or fill by 

experimentally determining the volumes involved as capillary pressure 

is relaxed or imposed. Assuming these elements retain their 

identity during changes in suction it is possible to prediot the 
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state of the system after an;r sequenoe of oapillary pressure changes. 

Excellent agreement was found between predicted and experimental 

curves. Philip (1964) has extended this on a less rigorous basis 

by assuming that the distribution in geometrioal relationships 

between desaturation and imbibition curves is independent of pore 

size. This has the advantage of allowing a full description of 

hysteresis behaviour from only one curve, either desaturation or 

imbibition. 

In dewatering only the desaturation curve is involved and 

the hysteresis behaviour is of interest only because it is related 

to the pore sturcture of the porous medium. Fig. (11) shows three 

different pore shapes and, also their behaviour in emptying or 

filling. 
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Pore (a) does not exhibit hysteresis and the relationship 

between displaoement pressure and volume is reversible. Pore (b) 

represents an independent pore domain whioh empties at one pressure 

and fills at another. This is a oontrast to pore (0) which empties 

at one pressure and fills in two stages of different pressures. 

This sort of non-independenoe was not detected by Poulovassilis 

and the whole pore space behaved as an assembly of pores of 

type (b). The domain theory may be considered as equivalent to 

that of Haines,but on a more general basis. 

3.2 RESIDUAL MOISTURE 

The residual moisture held in a porous medium at the end 

of a oapillary pressure experiment has been shown to oonsist of 

pendular rings at the points of contact of the particles. The 

maximum amouht df water held in this form in olose paoking has been 

shown to be 24.3% of the void volume and in open packing to be 

18.2% of the void volume. These values were reconciled with the 

5 to 10% moisture usually found at the end of a capillary pressure 

experiment by the Haines theory which shows that pendular rings 

have a size dependant on the pressure defficiency existing at 

their formation. The ideal case for close packing in which pendular 

rings are formed at 12.9 Tlr predicts a moisture content 

comparable with residual moistures obtained in practice. 

As a consequenoe of this it is to be expected that different 

pendular rings in different parts of a desaturated packing will 

exist at different pressure deficiencies and have different volumes 

since they were formed at different capillary pressures. This has 

been confirmed by Harris and Morrow (1964) who made direct 

measurements of pressures in pendular rings with a micro-manometer. 
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Clearly in cases such as this when liquid in the bed is held at 

various pressure deficiencies true equilibrium conditions do not 

obtain. Since pendular rings are not in hydraulic contact with 

one another equilibrium can only be attained in such systems by 

evaporation and condensation. This will occur because of 

vapour pressure lowering at a curved surface. Pendular rings 

with a high curvature will grow by condensation and those with 

a small curvature will evaporate until they are all at the same 

curvature and pressure deficiency. This process is slow and the 

effects in terms of volume of water involVed is small and may be 

ignored for all prabtical purposes. 

Most theoretical calculations of the volumes of pendular· 

rings rely on an approxiInation of a circular meniscus Hilsdon 

(1924). Keen (1924). Von Englehardt (1955) Rose (1958) and 

Mayer and Stowe (1966). Fisher (1926) however demonstrated that 

the true shape is that of a nodoid and that the gain in accuracy 

by using this to calculate the volumes of pendular rings was 

small but could be significant for large curvatures. Kruyer 

(1958) and Iczkowski (1966) took the shape to be that of a 

hyperboloid of revolution which gives a better approximation than 

that of a cirvle. Melrose (1966) (1967) has given mathematical 

functions for an accurate solution which are stated to be in a 

more convenient form than those given by Fisher in his accurate 

solution. All of these concern the pendular ring formed between 

two equal and touching spheres. Rose (1958) considered the 

general case of two non-touching unequal spheres. He showed that 

the separation and the non equality of sphere sizes do not have a 

very ~arge effect on the volumes of residual moisture. 
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Residual moisture has been shown experimentally not to vary 

very much with either surface tension or oontaot angle (Morrow 1962). 

Nenniger and storrow (1958) however, did find that the volume of a 

pendular ring formed in a bed as a water interface passed through 

the bed could vary slightly with the velocity of the interfaoe. 

This effect is, however, insignificant and for most practioal 

purposes a sufficiently accurate estimate of the volume of a 

pendular ring in a packing can be made by knowing the pressure 

deficiency when it was formed and assuming the meniscus to be 

circular. 

~.3 SURFACE AREA 

An interesting and useful feature of capillary pressure 

curves, mentioned by Haines, is that they can be 'used to give 

the surface area of the sample used. The work done in removing 

moisture from the sample is ~p ay which is the area between 

the capillary pressure curve and the volume displaced axis. This 

is equivalent to the work done in creating the new surface of the 

liquid,which at residual saturations tends to the surface area of 

the bed. The area of the hysteresis loop can be taken as energy 

wasted irreversibly. Haines showed that his results from Fig. (10) 

were in reasonable agreement with calculated surface areas of the 

glass beads used. 

This relation was also derived independently by Leverett 

(1941) who studied column drainage. He considered the curvature 

saturation relation to be too complex for analytical treatment and 

used measured curves as functions which characterised the pore 

space in the packed bed. He derived on thermodynamic grounds 

the relationship 

42 



A2 - Al = r S2 P dS 
JSl 

which in the limits of 100% and 0% saturation gives the surface area 

of the bed. Leverett also showed that there are uncertainties 

associated with using this. These are that the relative proportions 

of solid/liquid and liquid,! gas interfaces are indeterminate and that 

residual moisture leads to predicted surface areas less than the true 

values. Furthermore the existance of hysteresis must also be 

considered. 

Payne (1953)(1954) and Rinquvist {,1955) investigated the 

method as an alternative to measurements of surface area br 

permeabilitYl They obtained good results for a range of materials 

and particle size distributions with an error of not more than 10%. 

The main advantage is that a shape or tortuosity factor is 

not required as in permeability measurements and the method is 

independent of particle shape or size distribution. There is also 

an additional advantage in that it is possible to measure the area 

contribution of different size components of a packed bed by 

stopping the summation of the area at appropriate limits. 

J.4 CORRELATIONS FOR POROSITY VARIATION 

An important feature of packed beds is that porosity is a 

variable which depends on the way a given bed is formed. For 

instance,particles packed into a container by pouring can have 

their porosity reduced by tapping or vibration. Scott (1960) 

had identified these two states as loose random packing and dense 

random packing. Maorae, Finlayson and Gray (1957) and Haorae and 

Gray (1961) have shown that in packing formed by pouring, an 

increasing impaot velocity decreases p~rosity up to a limit. 

Packing formed by pouring particles in a liquid is generally looser 
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than that formed by the same particles in air although Rutgers 

(1962) has found that the porosity of the dense random packed 

state is reproduC~le in both air and water. Different materials 

of the same shape pack to different poros1ties dependent on their 

resilience (Maorae and Gray (1961» and their surface roughness 

(Leva (1947». 

Theoretically porosity should be independent of particle 

size as it is the ratio of void volume and bed volume of a packing. 

It has however been demonstrated by Andreasen (1940) and Frazer 

(1935) that fine particles pack to a higher porosity than coarse 

ones. This is generally attributed (Gregg and Hill (1953» to 

the larger surface areas of fine particles and the effect of surface 

forces or adsorbed layers. It is possible also that this could be 

due to the lower permea bility of packings of small particles which 

inhibit air or liquid displacement necessary for compaction. 

McGeary (1961) attempted some packing experiments in a. partial 

vacuum but the results were inconclusive due to air leaks causing 

transport of the particles. From the point of view of the capillary 

pressure curve porosity variation will affect both the volume of 

the pore space and the siZe of the pores. Consideras a given' 

pack of particles which may be packed in different porosi-ties.· At 

the end of a capillary pressure experiment the packing with the 

higher porosity will have released more water than the packing with 

the smaller porosity because it contains more. The values of 

capillary pressure will also be different because the packing w~th 

the lower porosity will contain smaller pores and hence give rise to 

higher capillary pressures. These effects may be seen in Fig. (12) • 

The saturation axis may be normalised by expressing the volume of 
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water removed as a percentage of the volume of water which can be 

removed. On this basis all saturations in capillary pressure 

experiments are between 0 and 100% and residual moisture is 

ignored. The capillary pressure axis correlation is more complex 

since what is required is a correlation for the variation of pore 

size with porosity. 

Smith, Foote and Busang (1931) attempted an .analytical 

treatment of this based on an idealised packing. All packings 

were considered to be made up of close packing with spheres 

separated· b.1 a distance (d) which can be adjusted to give the 

required porosity. A relationship can be derived between sphere 

radius, separation and porosity 

(2r + d)3 = 4 12 rrx3 
3 (I-e) 

It had earlier been shown that the capillary rise in an 

irregular pore could be related to the maximum value of perimeter/ 

area. 

The pore space governing desaturation may be defined by 

three different minimum pore siZes in the assumed unit cell. 

These are shown in Fig. (13) together with their relative frequency 
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a 

Pa = TT r 

,Aa = /3/4(L2) - tTr2/2 

n = 2 a 

b 

Ph = 21Tr 

Ab=L2 -nrZ 
x;, = .3 

Fig. (l.3) 

c 

Pc = 21Tr 

Ac = /3/2(L2) -TTrZ 
n = .3 c 

of occurence. The mean value of this quantity for the assmned unit 

cell is therefore 

! = 2pa + .3pb + .3po 
a Ua + .3Ab + .3Ao 

and by oombining these relationships the maximmn oapillary rise is 

H =[ 2 2]-] T 
[.959 / (l-e)'.~ -1 r p g 

From thisJcapillary rise is calculable for any mono-size 

pack of spheres of any porosity. Experimental results from 

drained oolumns were shown to agree with this. A similar expression 

could not be derived for the case of imbibition but results were 

shown to lie olose to a line given by 

H = 2 (I-e) 1'. 
e rpg 

This was d.erived by considering a random cross-seotion of the packing 

but oould not be gained rigorously. 

Leverett (1941) correlated experimental "results gained from 

column drainage and imbibition experiments by plotting the dimension­

less group 

h...P..-g/i 
T J~ against saturation 
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This is called the Leverett j function is usually expressed (j) s 

and gives two curves one for drainage and a lower one for 

imbibition for a variety of tested materials. The group can be 

derived from either of two assUlllPtions. 1. That capillary height 

is inversely proportional to an equivalent circular diameter of 

the voids which is calculated from porosity and permeability. 

2. That the interfacial surface area between two fluids at a given 
c" f Q 1'Hc(eS 

saturation is a defi~te fraction of the total surface of the aaftd. 

The correlation has been used by oil field research workers and 

was modified by Rose and Bruce (1949) to include contact angle 

(j)s = Pc nr 
T cosS J e 

Carman (1941) showed that the Laplace equation could be 

expressed in terms of a hydraulic radius 

L),P = T 
M 

where M = volume of a column of water in a capillary 
area of wetted surface of a capillary 

this value of M is the diameter of a circular capillary with the 

same ratio of perimeter to area 8S a given non-circular capillary. 

This was compared with values of [1 + 1 J for a variety of 
rl r2 . 

regular shapes such as, parallel plates, ellipses, rectangles etc. 

and found to show good agreement with both calculated values and 

experimental results based on capillary heights in tubes of various 

shapes. The hydraulic radius of a packed bed may be calculated. 

The area of the wetted surface is L A 5 and the volume occupied 

by liquid is L A e, therefore 

M = LA.e = 
LTS 

but since 5 = (I-e) 50 

therefore P = 50 (I-e) T 

e 

.!! 
5 
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The same relationship for hydraulic radiua has been 

derived by Debbas and Rumpf (1966) from consideration of a 

random cross-section of any irregular packing. 

The experimental results 6fRackett and Stl'ettan (1928), 

and of Smith, Foote and Busang (1931) show agreement with this. 

Furthermore, the Leverett (j) function can be derived from this 

by substituting the Kozeny-Carman equation for permeability. 

Harris (1959) amplified this by noting that the same bed 

packed in different porosities would nevertheless have the same 

total surface area. Therefore in Fig. (12) the areas under the 

two curves should be the same. 

Calculations of mean hydraulic radius from both the area 

underneath a capillary pressure curve and the average pore size 

are possible 

M = 2 T 
11m p g 

Harris found good agreement between these methods which , 

corroborates the correlation relationship. 

An alternative correlation has been proposed by Thomeer 

(1960) for consolidated samples in mercury porosimeters. He 

noted that capillary pressure curves plotted on log. log. 

co-ordinates approximate to hyperbolae. Assuming that this is 

always the case he has derived a relationship to define the 

location and shapes of capillary pressure curves in terms of a 

'pore geometrical factor'. This is basically an empirical 

correlation and no data,has been given to allow its extension to 

unconsolidated.media nor to the effect of porosity variation. 

It may be concluded that it is possible to produce a 

unique curve for a given pack of particles no matter what their 
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porosity- variation. Both Gray and Phillips and Thomas experieneed .. . 

difficulty with reproducifbility of paoking and hence capillary 

pressure curves in their experiments. This could have been over-

come by using the correlation method. Furthermore by ineluding 

specifio .. surface all capillary pressure curves for the same pore 

size distribution should be correlatable to the same ourve and 

differenees in pore size distribution will be shown by the shapes 

of the curves only. 

3.5 EFFECT OF CONTACT ANGLE 
.e. 

The exis~nce of contact angle has not so far been 

considered and it has been·assum6d that the solid phase has 

always been ful~wetted by the liquid, that is the contaot angle 

is zero. For greater generality the oontact angle should be 

inoluded in the oapillary pressure relationship. For the case of 

a oapillary tube this was demonstrated in section 2.2 and it is 

usually extended to other cases as a multiplying faotor to the 

surface tension by analogy. 

Bartell and Osterhoff (1927) used the relationship 

P = 2 T oos6/ r 

to determine oontact angle in porous systems by measuring the 

pressure required to resist imbibition of liquid. Rose and 

Bruce (1949) incorporated the oontaot angle in the Leierett (j) 

funotion in a similar way 

(j)s = 2- fiK 
T cos6 e 

Bethel and Calhown (1953) found that this was not suffioient to 
t 

aooo~ for the effect of contaot angle in porous media. The 

horizontal part of the capillary pressure ourve fitted the 
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correlation but at the extremes of saturation it did not. 

The fallacy 6f using contact angle in porous media by 

analogy with the rise in a dapiilary tube may be seen by conside~ 

ing the capillary rise in aconical capillary of angle (~) to the 

vertical, and radius (r) at the liquid/air interface. If the 

meniscus can be assumed as having approximately spherical 

symmetry then 

p = 2 T cos(a - ~) 
r 

Thus the contact angle interacts with the geometry of the porous 

medium in a more complex way than the simple capillary tube can 

account for. A fUrther complication is that contact angle 

exhibits a hysteresis between moisture advancing and moisture 

receeding conditions. 

Harris, Jowett and Morrow (1964) attempted to overcome 

these difficulties by discussing the effect of contact angle in 

porous media in terms of the correlation of capillary pressure 

curves. Using 

o = Ap M 
T 

they took that capillary pressure relationships are always of the 

form 

S = f(6.) 

and results of different capillary pressure experiments are 

correlatable if for zero contact angle the function above gives the 

same curve. For a correlatable bed having a contact angle greater 

than zero an experimental relationship may be obtained 

where (~) is analogous to (f). To account for the effect of contact 
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angle a correlating factor is introduced in terms of an apparent 

contact angle (e) such that 

S '" f(Ca / cose) 

Therefore a plot of (c / cose) against (S) gives the same 
e 

curve (f) as was obtained when the contact angle was zero. 

The apparent oontact angle measured using this method for 

various treated coals,was compared with equilibrium contact angles 

measured by the sessile drop method on polished coal surfaces. 

It was shown that apparent contact angle for the imbibition case 

was equivalent to the equilibrium contact angle but for de saturation 

the equilibrium contact angle was three times greater than the 

apparent oontact angle. 
e. 

In practice unless the existAnce of a contact angle is 

def~tely established it is usual to assume that the solid is 

fully wetted by the liquid. Mercury exhibits a contact angle on 

most solids of around 1400 and this introduces fresh complexity 

in to the meroury porosimeter method for measuring pore size 

distribution. 

The effect on variation of contact angle on residual 

moisture in both bedsof glass spheres and fine coal was found by 

Morrow (1962) to be negligible. 

3.6 PORE SIZE DISTRIBUTION AND THE 

NETWORK MlDEL 

The effect of pore size distributions in porous media on 

capillary pressure curves has been discussed in terms of a bundle 

of capillary tubes model of porous media by the method used by 

Ritter and Drake (1945) and Gray (1958). .Real porous media however 

do not consist of single pores going from one face of the material 
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through to the other,but rather of a complex three dimensional 

network of small interconnected pores. These interconnections 

~hich are ignored in the bundle of tubes model, to mske 

mathematical operations on the model simpler,are important when 

considering the effects of a pore size distribution on the 

desaturation mechanism. A more realistic model for pore 

structure has' been proposed by Fatt (1956) and can be used to 

demonstrate this. 

Fatt considered that the network of pores which exists in 

real porous media could be represented by a relatively small 

regular two dimensional array of capillary tubes. 

This is equivalent to assuming that the actual irregular 

configuration of connectivity in the medium is less important 

than the fact that it exists, and that its three dimensional 

aspect can be represented in two. As a justification of this he 

noted that a very thin slice of sandstone sandwiched between two 

planes has the same properties as a cube of the material. It is 

also assumed that the whole porous medium can be represented by a 

relatively small number of tubes (Fatt used 200 to 400) • Morrow 

(1962) (quoted in Morrow and H~rris (1965» found that capillary 
'--c.. 

pressure curves were reproducfible for very small samples of the 

order of five particles thick which lends support to this. 

To obtain a capillary pressure curve from the network model 

a pore size distribution is divided into a number of pores or tubes 

which are then randomly located in a regular array as in Fig. (14). 

The volume of a tube of a given radius is required for this and 

sinoe it can not be measured Fatt used an assumption, later tested, 

that the length of a cylindrical pore is inversely proportional to 
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its radil.ul. A stepwise desaturat10n procedure can now be followed 

by assuming the model to be filled with wetting phase and 

surrounded by non-wetting phase (i.e. water and air) and applying 

and imaginary displaoing pressure in inorements oorresponding to 

the radii of the tubes in the network 

.A P = 2 Tlr 

A tube may be emptied if the displaoing pressure is suffioient to , 
overcome the oapillary pressure in it, andif thei!e is a non-wetting 

phase path to it. For the first pressure increment the tube must 

therefore be connected to the edge of the network. Any tubes in 

the interior of the network will remain full if they oan only be 

approached through smaller radius tubes. The network is 

examined for all displaoeable tubes and their volume contribution 

summed. The values of pressure and displaced volume correspond to 

one point on the oapillary pressure curve. Further points are 

obtained by increasing the displacing pressure until the model is 

completely desaturated and a full capillary pressure ourve traoed. 

It can be seen that as a contrast to the bundle of capillary tubes 

this model shows that a capillary pressure curve is not a true 

cumulative pore size distribution as it underestimates the 
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oontribution of large pores and overestimates the oontribution of 

medium size pores~ 

Residual moisture is not considered in the desaturation 

process desoribed above, and may be taken to oonsist of immobile 

fluid aoting like a part of the solid matrix. Alternatively the 

. trapping of moisture oan be simulated if, in addition to the other 

'desaturation rules', the requirement of a continuous wetting 

phase path to allow removal of moisture from a pore to be displaced is 

s1;.ip,iliit6<i;- When- this-rule-is -adopted- quite-large- amounts- of-wetting-­

phase beoom& trapped and it is morQ convenient to assume that this can 

be removed by film flow on the pore walls or through a oonnection in 

the third dimension. 

Fatt tested the model by applying the desaturation procedure 

to several different pore size distributions and different network 

arra:ys with 4, 6, 7, and 10 tubes connected to eaoh tube. In all 

cases the curves gained from the model were similar to usual capillary 

pressure ourVes. The results showed that as the number of oonnections 

per tube inorease or the pore size distribution is narrowed, the 

capillary pressure curves more approaohed those given by the bundle 

of tubes model. The bun4le of tubes model can therefore be 

oonsidered as a well conneoted network best suited to mono-size 

pores. However the oapillary pressure ourve was more influenced 

by the pore size distribution than by the network type. The 

relationship between pore radius and length mentioned earlier as 

being needed to divide a continuous pore size distribution into a 

discrete number of tubular elements was found not to be very oritioal. 

Several relationships including a random combination of pore radius 

and length were· tested and found to have little effect on the 
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derived capillary pressure curves. The assumption that the length 

of pore was inversely proportional to radius was preferred because 

of the flow properties of the network which are discussed in a 

later seotion. 

A network model has also been used by Harris (1965) applied 

to a pore size distribution. He noted that any plane or straight 

line drawn through a random packing exposes a section which should 

be representative of the packing. This can be represented in two 

dimensions by-the rows and- columns of- a latin- square.- Capillary 

pressure curves of the appropriate shape were obtained using a 

similar set of desaturation rules. Harris also included the effect 

of residual moisture in the form of pendular rings by designating 

the volume of a pendular ring formed by the penetration into a pore 

by the pressure difference existing at the time of entry. He also 

examined the effects of a variation in pressure stress through the 

model such as occurs in gravity drainage. Finally he mentioned 

the possibility of building up series of these latin square models 
lA. 

to represent three dimensions in the packing, but did not ~rsue 

this. 

A network model has also been used by Dodd and Kiel (1959) 

for capillary pressure curves, to investigate the effects of 

variable wettability in porous media. 

It may therefore be concluded that the network model provides 

an intimate description of the desaturation mechanism which leads to 

a capillary pressure curve. This demonstrates that a capillary 

pressure curve is not a true cumulative pore size distr.ibution as 

the contribution of large pores is unde~estimated and that of medium 

pores ove~estimated. 

55 



A quantitative assessment of these effects has been made 

by Meyer (1953)~ He used probability concepts based on an 

assumption that the different size pores in a porous material are 

distributed randomly, and did not include the factor of connectivity. 

An expression was derived by which correction could be made to a 

capillary pressure curve to give a true pore size distribution. 

The method of using this involves a trial and error procedure and 

is tediouB to use but does give corrections of the right order. 

-~ However-it has not~gained acceptance-and-the assumption-of the 

bundle of capillary tubes is still used without correction in 

calculating pore size distributions from capillary pressure curves. 

3.7 CAPILLARY PRESSURE CURVES FOR SPHERE 

SIZE MIlCTURES 

The only quantitative prediction of capillary pressure 

curves mentioned so far are those applicable to regular packings 

of m:>n<>-size spheres. The main value in capillary pressure curves 

is however that they allow pore size distributions and their effects. 

to be handled. The Fatt network model gives a qualitative 

description of the effects of pore size distribution but it requires 

a pore size distribution to do this. Some assumption is therefore 

required about the nature of pore space in non-regular packings 

such as those with a range of particle sizes. Naar and I-J'ygal 

(1962) have developed a method which has successfully predictpd 

capillary pressure curves for mi."Ctures of up to 13 components. 

In this the properties of mon<>-size random packs 81'e 

considered as known. Binary mixtures of these are tAken as 

consiwting of two zones: one zone where the grains form the most 

dense mixture possible the properties of which can be calculated, 
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the other containing only small component or large component 

depending on. whiDh is in ·ti:teess. The porosity of these binary 

mirCures oan be conlputed wheh the respective volumes of the two 

zones are known. The permeability and capillary pressure curves 

are taken to be defined by a weighted average of the two zones for 

which the averaging functions can be determined experimentally and 

should be independent of the composition of the mixture and of the 

size ratio of the particles. Two exceptions to this are made 

_______ which cannot be dealt-with. If the small- particles are small--­

enough to flow through the pores in the packing of the large 

particles the mixture segregates into two distinct layers and the 

packing is anisotropic. When the small grains cannot flow 

through the packing of the large ones but can be retained in the 

pores then the number of grains per pore is not likely to be constant. 

This requires a probabilistic approach which was not attempted. 

The method is therefore restricted to particle size distributions with 

a spread of about 4.5:1. 

Mixtures of more than two components can be considered as 

being made up of a number of binary mixtures. For example a ternary 

mixture will consist of three different binary mixtures 1/2 2/3 3/1. 

If the theory is consistant the averaging functions found 

experimentally for binary mixtures can also be used in predictions 

for multi-component packs. 

The theory does not make any assumptions about particle 

shape but since this will affect pore size distributions spherical 

particles were used to test the theory. The effect of particle 

shape could be investigated in isolation afterwards. Uniform 

pores resulting in flat capillary pressure curves will be exhibited 
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b;r mono-size packs of spheres and also binary mixtures at maximum 

density. The other binary mxtures will have capillary pressure 

curves which will be weighted averages of the flat curves given by 

the different zones and will also contain uniform pores. Multi-

component mixtures will also display a narrow range of pore sizes 

due to the limitations on the ratio of the size of large particles 

to small ones. 

Extensive tests were made on binary mixtures with a range 

of siZe- ratios- and on multi-component-packs- of 3, - 5- and 13 

different sizes. The results confirm the theory and also compare 

well with porosity results for ternary mixtures given by Graton 

and Frazer (1935). 

The method is limited to size ratios less than 4.5 to 1. 

and also relies on a rather rigid conception of how different sizes 

of particles interact with one another in random paCking. It is 

also difficult to use the technique in a microscopic description 

of the moisture effects in porous media which would allow extension 

to illustrate the mechanism of dewatering. 

3.8 DISCUSSION OF CAPILLARY PRESSURE CURVES 

RELATED TO DEWATERING 

From this survey of the capillary pressure effects in porous 

media it can be seen that the capillary pressure curve provides an 

intimate description of the nature pore space in porous media in a 

way which other properties such as permeability or porosity cannot. 

The curve can be interpreted to give surface area, pore sil'l~ 

distribution or mean pore size, and the results Can be ".:sed to 

calculate porosity. The nature of residual moisture is illustrated 

and the exist~ce of hysteresis also "nows further ch'tracterist.ico 

of the structure to be analysed. 
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From the point of view of dewatering the ,oapillary pressure 

curve provides information on how moisture is held in packed beds 

and shows that this is controlled by the pore structure of the bed 

especially the distribution of pore sizes. Furthe~re,since the 

various quantities which can be measured from the capillary pressure 

curve are equivalent to those used in permeability relationships . 
, v 

is should be possible to use them to pred~ot the way moisture 

flows out of a desaturating packed bed without involving specifically 

saturated flow phenomena. 

However, the analytical treatment of the capillary pressure 

curve, such as is provided by the Haines theory, only deals 

quantitatively with ideal packings of mono-sized spheres. Deviation 

from ideal behaviour such as is shown by the shapes of the curves 

and the trapping of air during imbibition were recognised by Haines 

to be due to the inevitable irregularities present in real porous 

media but were not treated quantitatively. These effects and the 

effects of a particle size distribution must be included in the 

theory because of their importance in dewatering. 

Two approaches have been discussed which try to account 

for these. The qualitative description provided by Fatt's 

network model (section 3.6) and the quantitative prediction of 

capillary pressure curves from a sphere size distribution by Naar 

and Wygal (section 3.7). 

The Naar and Wygal approach, although it is suppo~-ted by 

experimental evidence, relies on a rather rigid conceptio1l. of how 

particles of different sizes and relative proportions :il:'.;eract in 

a packing. Furthermore, it is restric-t.ed to a small l'unge of 

particle size distribution which only involves l'<'llat::'yaly UJ,i.f.r.,;".L! 
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size pores. It is alao difficult to see how the approach can be 

extended to give further insight into either capillar,r pressure 

curves or the mechanics of dewatering. 

A more satisfactor,r extension of present theor,r would be if 

the network model could be made predictive. This would allow a 

more rigorous test of the model than the subjective ones possible 

in its present form and would provide a detailed description of the 

action of the two fluid phases in a porous medium during dewatering. 
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4.1 INTRODUCTION 

· . 

CHAPrER FOUR 

PROPOSAL OF THEORY 

The need for a theo~ to represent the pore space in packs 

of particles with a distribution in sizes has been emphasized. The 

Fatt network of capilla~ tubes model has been shown to be success­

ful in representing qualitatively the effect of pore size 

distribution and the inte~connections of pore space on capill~ 

pressure-curves;~--But· in- this- the- tube· radius -distributi6n-must-··· 

be derived from a pore size distribution and the lengths of the 

individual tubes cannot be properly specified. (For example a 

long narrow tube may have the same volume as a short fat one). 

Furthermore as the model was derived mainly for consolidated media 

the effect of porosity variation was not considered. In order 

to make this model predictive and applicable to unconsolidated media 

the pore space in a particle pack must be described. 

4.2 PARTICLE SIZE DISTRIBUTION AND PACKING 

The effects of particle size distributions on packing has 

been the subject of inqui~ for many years because of its importance 

in many fields of technology. It has been established that packings 

of mono-size particles have in general higher porosities than those 

composed of a distribution of sizes. Thus two different sets of 

uniform particles having separately the same porosity ,.,ill when 

mixed together produce a packing of a lower porosity. 

As a first step to the problem it is possible to compute 

the sizes of spheres required to just fill the interstices ir. 

regular packings. Horsfield (1934) ar~ White and Walton (1937) 

have made calculations of this sort mld shown that close r':Cicini; 
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can have its porosity of 25.95% reduCed to 14.9% by the addition of 

sets of smaller spheres of five selected sizes. If finer and finer 

siZes are added the porosity will tend to zero. This however takes 

no account of the complexity of the interactions of different sizes 

and relative proportions in random packing. 

Experimental investigation of the problem has resulted in 

empirical methods for predicting the minimum porosity of mixtures. 

Furnas (1929) (1931) added fine particles to coarse ones and 
-~ 

represented his results as a series of curves. These can be used 

to prediot minimum porosity for different numbers of oomponents 

from their relative proportions and size ratios. Andreasen (1940) 

has made a similar study. other empirical investigations have been 

carried out on irregular particles by Fuller and Thompson (1907), 

Westman and Hugil1 (1930), Adwiok and Warmer (1966) and on spheres 

by Graton and Fraser (1935), Smith and Lea (1960), Parrish (1961), 

Epstein and Young (1962), Bo, Freshwater and Scarlett (1965), 

Ayer and Soppett (1965), McGeary (1961) (1967) and Ridgeway and 

Tarbuck (1968). 

Several theoretical treatments have also been advanced. 

Lewis and Go1dman (1966) have given two theorems by which the 

characteristics of particle size distributions may be used to 

predict weight ratios of different sized components to achieve 

maximum packed density. Weickowski and Strek (1966) have given 

equations to predict porosities of mixtures in terms of the 

properties and relative proportions of components in a mixture. 

Ben Aim and Le Goff (1968) investigated the effect of the container 

wall on the radial variation of porosity and have extended the 

treatment to binary mixtures. These theories are usually based 
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on an assumption of a perfect ordered miXture of the various sizes. 

Rose and Robinson (1965) have shown that. this state is unobtainable 

with praotical mixers and the best that can be hoped for is a 

perfect random miX. This leads to higher porosities than the 

theories would predict. 

None of these treatments are capable of the extension required 

here, as they mainly concern the bulk property of porosity and leave 

aside pore size distribution. MOre fundamentally however the 

nature of random packing has not yet been adequately described even 

for mono-sizes. Muoh interest has been directed to the problem 

because of its relevance to the theory of the struoture of liquids, 

Bernal (1964). Random packing of spheres by computer simulations 

have been attempted. Walkley and Hillier (1967), Mason (1967) and 

Smalley (1962). In general these are not satisfactory because of 

the unrealistic methods adopted to produce the packing, involving 

e;:panding spheres, or progressive removal of overlapping spheres 

etc. These types of operation are made necessary by the fact that 

partioles occupy a finite amount of space and cannot overlap one 

another. In addition to these geometrical effects, which are 

even IlIOre complex for mixtures of sizes, must be added statistical 

effects due to the randomness of the packing. A study of this 

for unequal spheres has been made by Higuti (1961). 

The complexity and importance of the interactions of these 

two effects have led. Blum and l-rilhelm (1965) to state that the 

solution of the packing problem requires a new discipline called, 

by them, statistical geometry. Debbas and Rumpf (1966) have used 

an amalgamation of geometry and statistics applied to a random 

packing. This was done by application of an expression derived 
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bYWickse11 (1925) by which the particle size distribution in a 

packed bed can be related to the particle cross-sections EDCpOsed 

by a random section of the packing. It is dir£icult to see how 

this can be made predictive as it depends on tlie situation already 

existing in a given packed bed. A more direct application of 

statistics and geometry to the problem has been made by Wise (1952). 

He described how the properties of a packing of unequal spheres at 

its minimum porosity could be related to the sizes and relative 

numbers of spheres in a packing. This approach is covered in 

the-next section and is extended to predict a tube size distribution 

for a network model. 

4.3 WISE MODEL OF RANDOM PACKING OF 

UNEQUAL SPHERES 

Representations of pore space already existing, such as those 

of regular packings are used because the geometry is manageable and 

adequate for the applications considered. Here however the 

distribution of particle sizes in a random packing must be 

considered. Wise (1952) and Hogendijk (1963) have provided a 

mathematical description of one limiting case of this type of packing 

which can be used to extend the network medel. 

An assumption is made that in the densest packing possible 

of a set of unequal spheres each sphere touches its neighbours. 

Thus the space in the packing can be divided up by imaginary lines 

joining the centres of touching spheres forming tetrahedral units 

containing both solid and void. Fig. (15) shows thls ir.. two 

dimensions. In practice this assumption is false and there "rill 

always exist gaps such as that marked jn the figure. 7he fill::JJ.g 

of these gaps will be promoted the wid",r t.he sphere size dlGt"~b1J.tion 
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Fig. (15) 

but they may hever be completely .. l:imii:.ated. Here howeverthey-­

are assumed hot to exist. The packed bed is therefore divided into 

tetrahedral units which completely fill the space occupied qy 

the packing. The properties of the packed bed can then be given 

in terms of these units. 

Assuming (n) different radii of spheres in the packing 

the number of different tetrahedra that are possible is given by 

n (n + 1) (n + 2) (n + 3) I 41 

Hogendijk (1963). Therefore in a 3 component pack there exist 

15 different tetrahedra which can be constructed from these 

3 different sphere sizes, they are listed in Table III 

TABLE III 

(1) 1111 (4) 1122 (7) 1222 (10) 1333 (13) 2233 

(2) 1112 (5) 1123 (8) 1223 (11) 2222 (14) 2333 

(.3) lll3 (6) 11.33 (9) 12.3.3 (12) 2223 (15) .3.3.3.3 

The relative frequency of occurence of these tetrahedra in a random 

assembly of spheres will depend both on the relative numbe~s of • 

the different spheres and also their relative sizes., This can be 

illustrated by considering a three component pack with spheres of 
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radii 1, 2, and 3 units and relative proportions by number 

50, 30, 20 say. Since there are more spheres of radius (I), then 

tetrahedra oontaining (1) will be favoured. From the point of 

vieW of size however a smaller sphere can fit less other spheres 

arotmd it than a large one, and so aan take part in less tetrahedra. 

Therefore tetrahedra with (3) in will be favoured Fig •. (16) shows 

Fig. (16) 

EFFECT OF SPHERE 

SIZE ON TETRAHEDRON 
FREl:lUENCY 

this in two dimensions. For a three dimensional measure of this 

Wise used the solid angle subtended at the centre of a sphere by 

another touching sphere expressed as a fraction. Therefore the 

probability of a sphere taking part'in a tetrahedron will be 

related to 

r I A 

where (r) is the number frequency of the sphere in the paaking and 

(A) is the average solid angle subtended at that sphere by the others 

in the packing. Assuming that the tetrahedron system in a packing 

is obtained by a random combination of groups of four spheres then 

the relative frequencies of the various tetrahedra are given by the 

respective terms of the expansion of the expression 

66 



For example the tetrahedron 1233 will have a relative frequency 

= 12 

This can be generalised to 

!d 
al bl cl 

where (a) (b) and (c) are the number of times 1, 2 or 3 appear in 
• 

the given tetrahedron. For the example above this becomes 

However the mean solid angle (A) for each of the different spheres 

in the packing cannot be determined analytically unless the 

frequency distribution of the tetrahedra in the packing is known. 

This in turn cannot be determined without knowing the mean solid 

angle for each sphere size. Therefore a solution must be gained 

by successive approximations. The logical scheme below may be used 

Assume a mean solid angle for each sphere size 

+ calculate f I A for each sphere size 
~ 

calculate tetrahedron frequency distribution 
~ 

calculate mean solid~angle for each sphere ~ize 

compare calculated and assumed values for 

mean solid angles for each sphere siz~. 

If the same~f different 

continue 

t 
repeat using calculated 

value ------__________ -1 
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It is therefore possible to obtain the frequency distribution of 

the tetrahedra oonstituting the paoking. From this Wise has shown 

that porosity and number of oontact points oan be oaloulated. This 

has been verified theoretioally by vFise (1952) for a log. normal 

distribution of sphere sizes and by Hogendijk (1963) for a disorete 
, 

radius distribution. No experimental verifioation has yet been 

reported. 

4.4 PORE SPACE IN THE WISE MODEL 

4.4.1 Pore Size Distribution 

The unit of pore spaoe enolosed by a tetrahedron of four 

spheres oan be taken to oonsist of a large oentral void from whioh 

protude four narrow waists. Using the Haines simplifioation, 

this oan be taken as a oentral spherioa1 void and four oapillar,r 

tubes, see Fig. (17). 

PORE SPACE IN A TETRAHEDRAL 
UNIT 

Fig. (17) 

Knowing the radii of the spheres making up a given tetranedron it 

is possible to oaloulate the radii and lengths of thE:' ir.dividual 

tubes and the radius of the oentral spherioal void. W:!.se -:1960) 

has given an expression for the radius of the intersti-i;ial ;!pllC,;c,; 

in a tetrahedron formed by four spheres. 
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Letting the reciprocal of the radius (ri) of a given sphere 

be represented by- (xi) 

xi = 1/ r i for i = 1 to 4 

then 

where 

The relationships for calculating the lengths of the tubes 

and their radii are given in appendix 1. 

In a 3 component pack it has been stated that there exist 

15 different tetrahedra possible. Therefore 15 different sizes 

of interstitial sphere are possible. A tube extending from an 

interstitial void has a radius dependent only on the 3 spheres 

bounding it, and therefore in an (n) component pack there are 

n (n .. 1) (n .. 2) / 31 

different tube radii possible. 

10, as listed in Table IV. 

(A) III 

(B) 112 

(c) 113 

(n) 122 

In a three component pack that is 

TABLE IV 

(E) 123 

(F) 133 

(G) 222 

(H) 223 

(I) 233 

(J) 333 

The lengths of these 10 different tubes will however depend 

on the fourth sphere in the tetrahedron and therefore each of the 

tubes can have (n) different lengths and hence volumes. In this 

case that is 3 different lengths. Thus a pore size distribution 

for the packing is cal0ulable from the sphere radH :nakine:; up ';;!le 

various tetrahedra and the relative fl'equency of occur"!),:,, of th"se 

tetrahedra. A computor program has b6Gll written to pGrfurm th8;;(': 

calculations and is given in appendix 2. 
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4.4.2 Continuit~of Pore Space 

To use this information the continuity of the pore space 

must be specified. Fig. (18a) shows an assembly of the spheres 

PORE SPACE APPROXIMATION 

2 
j 

(A) Fig. (18) (B) 

1, 1, 2, 3, 3. This is equivalent to two tetrahedra 1233 and 

1133 connecting together at a 133 face. The pore space can be 

taken as being represented by Fig. (18b). Further tetrahedra can 

be formed on the system by adding on spheres in the same manner. 

Pore connectivity is therefore always between interstitial cells 

by two meeting tubes both having the same radius but not necessarily 

the same length. In theory therefore the structure of the pore 

space can be described. In practice however this is much too 

complicated to be used since the tubes will extend from the central 

voids at different angles. Furthermore the assumption of gapless 

packing will quickly breakdown as it becomes apparent that there 

must be discontinuities. 

An approximation to pore s~ce connectivity may be made by 

assuming the Fatt type regular network. The tetrahedral syr;tem 

dictates a 4 tube per junction network of the form shown i~ 

Fig. (19). . Each circle in this repres,mts one intcrst.ttlaJ. void 

and each connecting link between voids represents tHO tubes of the . 

same radius. 
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4 CONNECTION 

NETWORK FORM 

Fig. (19) 

, 

To assign the pore sizes in this network the tube size 

distribution is considered separately from the void size distribution. 

This is because it is not possible to keep the tetrahedral pore unit 

intact and still have the two tubes meeting between each pair of 

voids alwayS of the same radius. The tubes are therefore located 

randomly in the network and for Simplicity each pair of tubes in 

one connection is taken to be of the same type i.e. length. 

The void spaces can be assigned in several ways. For instance 

by selecting the void for a given junction on the basis of the 

predominant tube size at that junction; or dependent on the largest 

tube size at the junction. These schemes show little difference 

from assigning the void sizes in the network randomly and since this 

is simpler this procedure was used. 

4.5 SETTING UP AND USE OF THE NET\~ORK MODEL 

The largest practicable number of different components in 

a particle size distribution before the model becomes too unwieldy 

for pen and paper operations is 3. 

For example using 4 components provides 35 different 

tetrahedra and 20 different tube radii, as compared with 15 and 10 

for 3 components. The network configuration is fixed by the 
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tetrahedral unit of pore space at 4 connections per junction, but 

the size and shape of the array must be decided upon. These will 

affect capillary pressure curves obtained from the model in two 

ways. Firstly the size of the network must be large enough to 

statistically represent the whole whilst still being small enough 

for convenient use. Secondly the shape of the network will affect 

the initial part of the capillary pressure curve, in that the proport­

ion of the disp1acab1e pores trapped in the interior of the model 

at each increase in displacing pressure, will be related to the 

ratio of the number of pores on the perimeter of the model, to 

those in the interior, as well as to the pore size distribution. 

There is no absolute method of deciding on these matters and a 

qualitative choice only is possible based on results from the 

model. 

From the relative numbers and the radii of the three 

components in a packing the computor program given in append:!x 3 

calculates the porosity of the most dense packing, the relative 

numbers of the 15 different tetrahedra and also the cell radii 

and the tube radii and lengths associated with each of them. 

The cells are numbered 1 to 15 and the tube radii A to J (see 

Tables III and IV). The length of each tube is defined by the 

tetrahedron in which it occurs, therefore a complete specification 

of a tube size is given by a combination of a letter and a number 

e.g. A1, A3 or 012, etc. 

The number of times a given tube size occurs in a given 

tetrahedron is also known. For instance tetrahedron (8) 1223, has 

faces 122, 123, 123, 223. That is face D once, E twice and 

H once. Therefore a complete specification for tetrahedron (8) 

72 



• 
is, one D8 ~ube. two E$ tubes and one H$ tube. Since the 

relative number of tetrahedron $ in the packing can be calculated 

then so also may the relative numbers of the different tubes. 

Knowing the relative numbers of the various size cells 

and tubes the network model can be constructed. Each cell 

location in the network is numbered consecutively and the various 

size cells to be fitted in these are listed and given a random 

number between 1 and the number of cells in the network. These 

random numbers are matched with the numbered cell locations in the 

network, and so the cell siz es are randomly assigned. The same 

procedure is adopted for the tubes. 

This network model is now little different from that used 

by Fatt and the desaturation rules used by him may be followed to 

obtain a capillary pressure curve. Two differences exist: 

one edge of the network is designated as an outflow face as 

opposed to the single pore used by Fattj and thera exists a void 

space at each junction. The desaturation procedure needs 

modification for this latter difference. 

The rule adopted is that as soon as wetting phase enters 

a pore then the voids connected to that pore will also be 

emptied. It can happen that in a wide distribution of pore sizes 

the largest tube radius is bigger than the smallest cell size and 

because of the way of fitting the sizes in the network these may be 

connected to one another. Therefore logically in this case the 

cell could not be emptied. However, in practice the cell size 

connected to any tube must be always larger than the tube and the 

rule is therefore not unreasonable. No other modification of 

Fatts rules were made and therefore capillar,y pressure curves 
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may be obtained in the same way as previously desoribed. 

The neoessity for this representation of the pore spaoe 

in the network form is greater here than in the model used by Fatt. 

In the Fatt model it is possible to oompare the results for 

oapillary pressure curve with a capillary tube model sinoe the 

only extra effect is that of isolation of large pores by small ones. 

This is not possible in this model as there is no way of assigning 

the volume of a given cell to a given pore size in desaturation 

without the network form being available. 

4.6 PRELIMINARY TESTS 

The justifioation of the model can only be made by 

comparison between experimental and predicted oapillary curves but 

as a preliminary the model waS' tested to give some idea of the size 

and shape of the array needed. 

Three different sizes of model were tested with 90, 190 

and 285 cells or junctions. That is with roughly twice these 

numbers of tube sizes each tube representing two pores connected 

together. The resulting capillary pressure curves are shown in 

Fig. (20). Little difference is exhibited between the 285 and. the 

190 cell models and not much more between these and the 90 cell 

model. Therefore the 190 cell model was adopted. This is about 

the same size as that used by Fatt. 

The figure also shows the results for two different shapes 

of 190 cell models, one of 10 x 19 cells the other of 7 x 27 cells. 

The long 7 x 27 cell model gives results tending towards those of 

the small 90 cell model and the 10 x 19 cell one is almost the 

same as the larger 285 cell model. A 10 x 19 shape was adopted. 

These simple tests cannot be considered as exhaustive but 
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the results for each model are not very different and therefore 

bear out Fatts conclusion that with a network model the pore size 

distribution is the major factor in determining the shape of 

capillary pressure curves. To this extent this model is 

successfull in that quite widely different model types do not 

mask the effect of pore size distribution. 

To apply the model to continuous sphere size distributions 

a method must be devised of reducing this to a discrete number of 

components (3 in this case). To do this 3 points on a particle 

size axis of a distributionvere selected which are roughly the 

mid points of 3 equal sections of the spread of the distribution. 

The number frequency associated with these selected sizes was then 

taken. To test the effect of this rather crude procedure. four 

such sets of 3 components were selected from an assumed sphere 

size distribution of approximately normal shape. Fig. (21). 

Capillary pressure curves were obtained frcm these sets by using 

the model, and are shown also in Fig. (21). Little difference 

can be seen between these results for the different sets. This 

may be taken to indicate that as the relative positions of the 

selected components are moved the change in particle size is 

matched by the change in relative number and the resulting pore 

size distribution is corrected. 

In applying the model to experimental results this method 

of obtaining the 3 components was only applied to much less wide 

distributions than that used here. The spread of the distribution 

used in this test is 240)lfor a mean size of 280p. The widest 

distribution split by this method in the experimental section 

had a range of l5p about a mean of 5~. Wider distributions 

were made by mixing sets of 3 selected components. 
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4.7 SUMMARY 

The Wise model of random packing of unequal spheres has 

been extended to describe the pore space existing in such a packing. 

This description of pore space has been used to construct a Fatt 

type network model using 4 connections per junction. 

Preliminary tests indicate that for a 3 component packing 

of spheres a 380 tube 190 cell model with a shape of 10 x 19 cells 

is adequate to give capillary pressure curves. A simple method 

of splitting a continuous sphere size distribution into a set of 

3 components has been tested and found to give consistent results 

when applied to the model.' 
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CHAPTER FIVE 

EXPERIMENTAL TEST OF THEORY 

5 f l U'TRODUCTION 

Capillary pressure curves have been obtained trom the 

theoretical model and compared with experimental results for similar 

size distributions of glass beads. The comparison is made by means 

of the previously mentioned correlation method. 

The size distributions used in these experiments were 

various mono--size and three component packs of glass beads. Each 

sample has been tested in both of two reproducible porosities. 

Capillary pressure curves have also been determined for a 

range of grades of filter aid material and compared using the same 

correlations. 

5.2 DESCRIPTION OF APPARATUS 

5.2.1 General 

The apparatus used in the experiments is shown in Fig. (22). 

It follows the design used by .Morrow (1962) which is shown in 

Fig. (5). There are three main components, the sample cell, the 

volume measuring system, and the vacuum system. 

5.2.2 Types of Cell 

Three different cells 'fere used in the experiments. Each has 

a different size and fine pore support plate. The largest cell and 

the one used in most or the experiments is shown in the general 

layout Fig. (22) and in Fig. (23). It has a diameter of 10.8 cms. 

and a fine pore support plate of a sintered bronze disc with a pore 

size of approximately 3 r set in a perspex holder. This could be 

used to support a cellulose acetate membrane which are available in 

pore sizes down to fractions of a micron. 
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Two support plates were oonstruoted: One Inwhieh the porous 

diso was the same diameter as the glass oontainer and relies on 

Araldite for sealing into the perspex (Diso A}i The other, in whioh 

the gasket on the jOint faoe of the glass oover also seals the 

slntered diso together with the Araldite, in the perspex holder. 

(Diso B). This latter design was found to be more satisfaotory 

from the point of area available for flow. Both are shown in 

Fig. (24). 

The sample in the oell is enolosed and oonneoted to a 

buffer oontainer of about 45 litres as shown in Fig. (22) as 

reoollllllended by Morrow (1962). This serves to oontrol the 

atmosphere above the sample and inhibit evaporation. 

The oell is fitted with a bath whioh oan be filled with 

water to allow assembly of the oell oomponents under water. This 

feature was inclnded beoause of the diffioulty in exoluding air 

bubbles underneath the sintered diso or between it and the plastio 

membrane when used. 

The water oan be removed before experiments are started in 

oase it should leak in to the oell and oause errors in the volume 

measurements, or alternatively it oan be left to serve as a oonstant 

temperature jaoket if required. 

Using a plastio membrane this oell should be oapable of 

supporting more than one atmosphere without air penetration of the 

support plate. However the fragility of the plastio membranes and 

the large area used meant that in praotioe this was diffioult to 

aohieve. The large area also lead to diffioulties with 

variability of oalibration (see seotion 5.3.3) whioh also made the 

use of plastio membranes in the oell unreliable. 
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For experiments there£ore which required displacing pressures 

greati!.rthan about 250 cm. of water, the limit of the sintered metal 

disc, an alternative cell was used. This was constructed from the 

filter holder of e. "miili-pore" filter which has a diameter of 

3'~6 ems. and is shown in Fig. (25). The plastic membrane is 

supported on a ground flat sintered glass support plate and the 

components are held together by a spring clamp. A lid was fitted 

to inhibit evaporation. 

A third type of cell was also used and is shown in Fig. (25)t 

It was constructed from a sintered glass buchner funnel and has a 

diameter of 6.5 cms. This is the largest diameter of sintered glass 

disc available with a plane surface, larger ones being domed to help 

support pressure. A lid was fitted to inhibit evaporation. 

5.2.3 Volume Measuring System 

The different cells were used on a wide range of sample sizes 

and therefore the measuring system must be capable of flexibility. 

The system used is shown in Fig. (26). Displaced volumes are 

measured differentially in the horizontal tube and collected 

cumulatively in the burette. This allows high accuracy and a 

large capacity. The horizontal measuring tube system is also 

convenient for follOWing the approach to equilibrium at each pressure 

increment. 

The tube has an accurate bore of about .3 ems. and is about 

50 ems. long. It can therefore contain nearly 3.5 ccls, which is 

sufficient in most cases for the volume removed in one pressure 

increment. This volume can be transferred to the burette without 

relaxing the pressure on the sample, or disturbing the pressure 

system, by using the appropriate stopcocks. Measurements are made 
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on a oentimetre scale which may be read to within one millimetre. 

The tube was calibrated (aection 5.3.1) against this scale for 

conversion in to ccts. One millimetoo:: on the scale represents about 

1% of the total volume of water removed from a 100 gm. sample of 

glass beads. 

To minimise discharge errors as the meniscus is moved back 

and forth, the tube was treated'with tRepelcotet which is a 

2 per cent v/v solution of dimethyldichioroJ'(1silane in carbon 

tetrachloride for giving a water repellent surface to glass. 

5.2.4 Vacuum System 

Displacing pressure$are applied by vacuum using the system 

shown in Fig. (22). A vacuum pump evacuates a large container 

(approximately 45 litres) in which vacuum is controlled by a two 

valve air bleed system (one coarse, one fine). The pressure across 

the sample is measured, by a 250 cm. water or a 76 cm. mercury 

manometer. Accuracy of control of better than t cm. of water 

was obtained. 

Using the large cell, previously described, it is possible 

to use positive pressure for displacement, this was not attampted • 

.5.3 CALIBRATION OF THE APPARATUS 

5.3.1 Calibration of the Measuring Tube 

The measuring tube was calibrated for volume after treatment 

with the silane solution. The tube was filled with distilled water 

which was run out in small amounts which were collected and weighed. 

Two calibrations were performed, each with 17 readings, which showed 

that 14.304 cms. length on the scale was equivalent to 1 cc. with a 

standard deviation of .27 cm. on the individial readings. No 

variation in diameter along the length of the tube was detected. 



The calibraticn was carried out at room temperature of 18°0 which 

was the temperature usually obtaining during all the experiments. 

5.3.2 Oorrection to Pressure Readings 

To obtain the pressure stress ·on a sample correction must be 

made to the manometer readings for the height of the sample above 

the measuring tube, and for the slight capillary pull of the 

meniscus in the measuring tube. These two corrections may be 

measured in one operation. The burette connected to the measuring 

tube is clamped near to the cell. Water in it is allowed to now 

into the measuring tube until an equilibrium is reached between 

the level in the burette and the meniscus in the measuring tube. 

The water level in the burette is now at the same height as the 

measuring tube with the height equivalent of the capillary effect 

in the measuring tube included. The difference in levels between 

the top of the support plate in the cell and the water level in 

the burette can be measured to within a millimetre. This value 

is a constant for each type of cell and must be added to all 

pressure readings from the manometers to give the pressure stress 

on the sample. 

In addition correction must also be made for the height of 

the water level inside the sample during an experiment. This 

varies with the saturation, being equal to the sample height at 

100% saturation, and zero at 0% saturation. For a full correction 

therefore the capillary pressure curve would have to be known 

beforehand. But with samples used here, which are less than 1 cm. 

thick a correction of sufficient accuracy may be made by adding 

half the height of the bed. This correction therefore applies 

strictly only at about 50% saturation, but this is the most 
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'1Ulllerable part of the CurTe trom the point of view of error in the 

pressure readings. Some experiments wer& perfol"llled on beds of up 

to 5 cm. thick to test this assumption. 

5.3.3 Correction to Volume Readings 

The measurements of displaced volume of water must be 

corrected for the fiexion of the support plate. For this a calibration 

curve was obtained for each plate by performing an experiment in the 

usllal way but yithout a sample. A curve may then be drawn of volume 

of water displaced against pressure from which interpolated results 

can be used to correct experimental data, making the assumption that 

the presence of a sample wUl not affect the calibration. This is 

reasonable for the rigid support plates, sintered metal and glass, 

but when a plastic membrane is used care must be taken to seat this 

on its support plate by employing a high initial pressure. This 

difficulty yas never successfully overcome on the large cell when 

using a plastic membrane, and this lead to the construction of the 

other cells used when high displacing pressures were required. 

Calibrations were performed several times on each support 

plate and were found to be reproducible. The maximum correction 

applied is about 3% of the void volume of a sample of 100 gm. of 

glass beads, The 'mUli-pore
' 

cell did not require a calibration. 

One short-coming of disc A was detected during calibration. 

The dead zone at the edge of the disc where the Araldite sealed it 

in the perspex holder tended to retain water yhich extended the initial 

drainage period for the experiments to about 30 minutes. The 

modification introduced in Diso B overcame this as it allows full 

use of the whole area of the cell. 



5.4 EXPERIMENl'AL PROCEDURE 

Before an experiment is COlIll1leneed the apparatus lIIUst be 

assembled. This involves ensuring that the support plate is fully 

saturated and that no air bubbles are retained beneath it. The 

latter point was taken care of, as mentioned, by assembly of the 

various components underwater. To saturate the support plate it 

was kept in a high vacuum for several hours, then air free distilled 

water was flooded in on to it. The support plate was not taken out 

of the water during assembly. This prooedure need not be performed 

often, as it is possible to remove samples from the cell without 

dismantling it. 

To obtain capillary pressure curves after the apparatus is 

assembled the following procedure was used. 

The sample was weighed and prepared as a slurry with distilled 

water using an ultrasonic probe. This ensured that no air becomes 

trapped iD. the beads and the whole sample is thoroughly wetted. The 

sample was then introduced into the assembled cell which contained a 

few centimetres of water, by being washed down a funnel and tube 

projecting under the surface of the water in the cell. This prevents 

inclusion of air in the packing. The shallow depth of water in the 

cell inhibits segregation as particles sediment on to the support 

plate. Care was taken that none of the sample was lost in these 

operations as its weight is important in calculating the results. 

The surface of the sample was then levelled out under water 

using a wire probe. This was found to give a reproducible packing 

with a porosity of around 39% for mono-size beads. A more dense 

reproduoible packing was obtained by vibrating the bed formed in this 

way with an electric vibrator, which gave porosities of around 35%. 
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All glass bead. samples were tested ~ith'both of these types of packing. 

When beds of glass beads with a greater depth than a centimetre were 

used, the reproducibility of the packing is more difficult to ensure. 

Therefore in experiments of this sort only the dense packing \lB.S 

used and this was formed Qy vibrating the bed as the glass bead 

slurry was run into the cell. 

Having prepared the packed bed the excess water above it was 

allowed to drain through into the measuring tube. This is 

equivalent to applying a cOZlStant pressure of the height difference 

between the sample and the measuring tube, to remove the water. 

This difference in levels is small compared with the capillary height 

of the samples used but provides a starting point when the packing 

may be taken to be just 100% saturated. Usually about 15 minutes 

was allowed after the meniscus in the measuring tube had stopped 

moving to ensure the accuracy of this point. 

The capillary pressure curve is then obtained by measuring 

the incremental volumes of water removed by increments in displacing 

pressure. The equilibrium at each pressure level can be found by 

following the meniscus in the measuring tube and waiting until 

movement had ceased. The time required for this depends on the siZe 

of the pressure increment, the amount of water to be Eemoved, the 

saturation of the bed at that point and the pore siZe of the bed. 

This can be as much as an hour, but by careful planning of the 

pressure increments used, a full curve can be traced in about 6 hours. 

At the end of the experiment, when ne more water can be removed 

by increasing the pressure, several samples of the bed were taken 

withcut relaxing the pressure, using a scoop. A moisture content 

determination was made an each sample Qy drying and weighing. Care 
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:was taken in this operation to elUlure that no beads :were lost, all 

may be then returned to the oe11 afterwards and a repeat of the 

experiment may be made. 

The data taken of, weight of sample, total volume of water 

removed after oorreotions have been made, and the moisture oontent 

at the end of the experiment together :with the speoifio gravity of 

the beads, oan be used to oaloulate the porosity of the bed. The 

surfaoe tension of the :water used was oheoked by the Du Nouy 

ring method. 

The proOedure followed in the experiments using filter aid 

material was slightly different. Preoautions against segregation 

by sedimentation as the oake was being formed in the oe11 :were 

neoessar,r, beoause of the wide partio1e siZe distribution of the 

material. This :was done by using a thiok slurry \lhioh \laS poured 

direot1y on to the support plate. The :weight of slurr,r used \laS 

found by difference, and the dr,r :weight of solid found by a material 

balance by following the amount of :water removed in eaoh of the 

subsequent operations. When the oake \laS formed its surfaoe was 

prioked :with a pin to puncture any surfaoe layer of fines whioh oould 

not be avoided and :whioh \lould inhibit drainage. This technique :was 

used by both Gray (1958) and Ranis (1959) in their experiments on 

fine ooal samples. The rest of the prooedure was the same as 

previously desoribed. 

5,5 EXPERIMENTS PERFORMED 

Capil1ar,r pressure ourves have been measured for a series of 

samples :whioh may be divided into three types. Mono-siZe paoks of 

glass beads, three oomponent mixtures of glass beads and samples of 

filter aid material. All the experiments on glass beads :were 
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performed with both of the two types of packing previously described, 

i. e. poured or vibrated. Bed depths were of the order of half a 

centimetre except where special experiments were conducted to test 

the correction to the pressure readings for bed depth. In these 

cases depths of up to 5 cm. were used. 

Four different mono-size packs of beads were used ldth a range 

of sizes. Two of these, 36/52 and 150/120, were produced by a si've 

cut from the appropriate grade of glass bead. The other two, 

52/60 and 72/85, were prepared by elutriation of a sieve cut to 

produce a narrower distribution. Size distributions were obtained 

by microscope counting and are given in Appendix Ill. The samples 

are labelled by the sieve cut producing them. 

Four three-component mixtures of glass beads were also used. 

These were prepared from mono-size packs which had had their mean 

diameter determined from a microscope count. The details of these 

mixtures are also given in Appendix III. The sizes of beads used 

in these packs were not very different, the main variation between 

. the packs being in the spread of the distribution of sizes. The 

mixtures are lebelled 1 to 4 in ascending order of the spread of 

their distributions. 

Five different samples of filter aid material were used, all 

from the Johns Manville Celite range. They were, Celite 560, 545, 

535, 503 and Hyflow Super Cel. Particle size distributions taken 

from the manufacturers literature are given in Appendix UI as a 

guide to the differenoes. The surface areas of these samples were 

measured both by a Fisher Sub-sieve Sizer, which is a permeability 

method, and also by a Strolhiem gas Adsorption Area Meter. 
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5.6 RESULTS ANPDISCUSSION 

5.6.1 EXperimental Results 

5.6~l.l Reproduoibility 

Eaoh oap:uiaiy pressure chrl~ obtailled i'or the glass bead 

samples is the result of at least two experiments in both porosity 

oonditions used~ With the exoeption of those i'or mixture 4 whioh 

were only done once for eaoh porosity, and the 36/52 alld 150/120 

paoks which were tested more times) as the results of the deep bed 

.experiments are also included. 

The reproducibility as shown by the figures may be seen to 

be satisfactory, with the exception of the initial part of the curves 

near saturation for the thick bed samples. It was realised in 

using the pressure correction for depth of bed that this would only 

apply strictly to the horizontal part of the curve, this 

discrepancy is therefore not unexpeoted. The correotion may be 

seen to be successful in the horizontal part of the curves. 

In the experiments using filter aid only the curve for 

Celite 560 was repeated to test reproduoibility. This shows 

oonsistanoy. All experimental results are tabulated in Appendix V. 

5.6.1.2 Porosity Variation 

The effect of porosity variation on capillary pressure 

curves can be seen most clearly in Fig. (27) which is a plot of 

capillar,r pressure against volume of water removed for a given 

weight of the 52/60 bed in poured and vibrated packing, This is 

taken as representative of the other glass bead samples. It can 

be seen that the curves tend to retain their shape but higher 

porosities give larger pore sizes and lower capillary pressures than 

lower porosities, and the volume of the pore space is also greater. , 
The normalisation of oapillary pressure curves has been described 

(seotion 3.4) Fig. (28) and (29) and (50) show the first stage in 
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this wlier~ the ~esults 01' disp1a,Hid volumes are plotted as . 

peroentage~ cif the total volum~ ~isplaOed in a run f~rsus oaptilar.r 
, 

The similarity. in the shape~ of 

iha b~~s for different porosities is now more easily seen. The 

n~Jtt stage in the normalisation prooedure oan be fol101.1ed in 

Figure!!' (.32) I (3.3), (34). Here all the results for 

the various classes of samples used. have been plotted. The figures 

show that the correlation 

P .!! •. versus saturation 
'! (1 -e) 

is sucoessful in reducing capillary pressure cUrves for a given 

sample to the same ourve for a~ porosity. This function has not 

been applied to the filter aid samples since each is a distinct 

material and each haYe been tested at only ohs porosity. If 

plotted the dorraiation would oniy shbw the curves in their 

respective positions as on a plot ot capillar,y pressure versus 

saturation. 

5.6.1.3 Surface Area 

It was previously mentioned in section .3 • .3 that it is 

possible to calculate surface areas from capillary pressure curves 

using the relationship 

A'" ~ JPdV '. 
If curvss are plotted in terms 01' saturation and capillary 

pressure I expressed in terms of centimetres of nUid) it is neoessary 

to modify the equation. For example 

P = hp g 

•.. A = ¥ jh dv 
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The relationship between saturation (as defined here) am 

volume of fluid is easier to derive if a 'pseudo' porosity (efE) 

is defined. This is taken as the porosity of a bed oaloulated 

by assuming the volume of fluid removed in oapillary pressure 

experiment is the void volume of the pack. That is the residual 

moisture is oonsidered as part of the solid phase whioh is the same 

assumption as that used in oaloulating saturations. Therefore 

R rJK = e - ~ -2::! 
>'W 100 

(1 .i e) 

in whioh (!lw) is the residual moisture expressed as a weight per­

oentage. Therefore for a given sample the volume of fluid 

assooiated with a value of saturation may be given as 

v = S ~ ~ 
100(1: e) Ps 

e'« ex' h dS 
therefore A = .Ed lti. 1 

(1-:: e) T Ps 100 

or So = e~ .J1,.g 1 L1
°O h dS 

(1-:: e) T 100 

Surface areas have been calculated from the curves using a 

straight line interpolation between the points and the above expression. 

These results are given in Table V and VI together with surfaoe areas 
",hI"c '" 

whichAfor the glass beads have been calculated from microscope counts, 

and for the filter aid samples were measured experimentally by both 

a permeability method, using a Fisher Sub-Sieve Sizer, and a gas 

adsorption method, using a Strolhiem Gas Adsorption Area Meter. 
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TABLE· v 

Sp~oifio Surfaoes of Glass Bead Packs (cn?- / cm'3) 

Srunp1e CalcUlated Results from Experimental Results 
Theory using 

11.4 T/r 12.9 T/r 

36/52 162.3 157.1 177.9 160.3 158.4 159.4 162.2 175.6 

177.8 161.2 159.2 152.4 

52/60 236.1 210.4 238.1 230.0 222.4 240.8 233.7 

72/85 319.~6 304.1 351.2 315.2 313.3 310.0 311.2 

150/120 514.3 491.2 556.1 520.8 538.6 547.1 529.9 

533.0 539.2 538.7 

Mixture 1 233.8 218.3 246.8 218.4 228.7 227.3 231.0 

Mixture 2 160~9 149.7 169.2 167.3 160.4 160.6 159.9 

. Mixture 3 226.4 239.2 271.0 216.9 213.3 227.2 231.0 

Mixture 4 202.2 199.1 225.1 196.9 196.4 

TABLE VI 

Specific Surfaoes of Filter Aid Samples (om2 / cnh 

Gas Adsorption Permeability Experimental 

Celite 560 13,400 9,100 7,164 7,414 

Celite 545 14,700 11,900 9,733 

Celite 535 20,800 13,300 12,389 

Celite 503 24,800 18,200 14,529 

Hy flow 43,500 22,600 18,823 
Super Ce1 
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The specific sllr£ao,,~ ,,,u.cul,,ted £= the capillary presstn"e' 

curves compare quite~ell with the calculated specific surfaces. 

They- are,in general, lower than the results fI'om microscrope count 

data,which is to be expected since what is lIIoosured is the !l.rea of 

the air/water film which will not exactlY be that of the solid bed, 
e. 

'due to the existance of residual moisture. 

The results for the filter aid samples given in Table VI 

show less good agreement. Comparing the two standard laboratory 
e 

methods, the gas adso~~tion method,as expected,gives much higher 

specific surfaces than those given by the permeability method, as it 

includes minute cracks and pores on the particles which are not 

accessible to the permeability method. The permeability results are 

closer to those from the capillary pressure curve but cannot be taken 

as absolute values for comparison since in their calculation, using 

the Kozeny-Carman equation, a factor is introduced which cannot be 

independentlY clwoked. The value usually assumed could be in error, 

hearing in mind the irregular nature of the particles, the high 

porosity of the bed (approximately 88%) and the wide size distribution. 

Nevertheless there is correspondence between these results and those 

calculated from the capillary pressure curve. The error is again 

on the expected side and in this case,since residual moistures of 

around 20% of the void volumeJthis is more exaggerated. 

It is therefore possible to conclude that surface areas 

calculated from the capillary pressure curve compare with those 

calculated from microscope counting for glass beads, and from 

permeability for filter aid material which is a very extreme case. 

The errors may be in part attributable to the surfaces in the bed 

covered by residual moisture at the end of a capillary pressure 
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curve. The fact that the surfac~'area measured by this method is 

domparab1e with surface areas invoived in permeability ~e1ation­

ships is important for further extension. 

5.6.1.4 Full Correlation 

The first steps in the correlation 01' capillarY pressure 

curves has been covered and illustt'atec1 in Figures 

(:32), (3.3), (.34). It is now possible to introduce the £ull 

oorrelation given by Carman (1941) and in section .3.4 where 

U.!! versus Saturation 
T So (1 - e) 

is plotted and normalises all capillary pressure curves. It is 

obvious that dividing similar shaped curves by the area underneath 

them will always give a single curve on replotting. In this case 

however it has beeri demonstrated, both theoretically in section.3 • .3, 

and experimentally, that the area under the capillary pressure curve 

has a physical meaning. Its use in this way is therefore reasonable. 

The correlation applied to mono-size packs is given in 

Fig. (.35) and for the .3 component nWctures and filter aid samples 

in Figures (.36), (.37) &(.38) • In each case the correlation normalises 

all the curves between the axes. These three sets 01' curves are 

all plotted together on Fig. (40). 

It was realised that the correlation does not affeot the 

shapes of capillary pressure curves, it merely moves them up and 

down the pressure axis to make them co-incident. The mono-size 

packs all have a similar particle size distribution, and therefore 

pore size distribution,and hence they all correlate to one curve. 

This curve is fiat showing a predominantly uniform pore size in the 

paoks. The particle size distributions in the .3 component packs 
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were not the same and the ccrrelation in this case shows a family 

of curves for the different samples. It may be noticed that the 

wider the spread of sizes in the pack, the wider the pore size 

distribution i.l:Jdicated by a gl"sater inol;ina.tion of the middle parts 

of the curves to the horizontal. The results for the filter aid 

samples follow this. These samples have a very wide particle size 

distribution and give a very wide pore size distribution, the 

irregular shape of the particles also promotes this dispersion. 

The fact that one curve oan be drawn through all the points plotted 

for the various grades of filter aid indioates the similarity of 

the pore size distribution of the various grades. 

These effects may be seen more· closely in Fig. (40) where 

all the correlation results are plotted on the same graph. This 

correlation which uses the same function as the Kozeny-Carman 

equation for permeability indicates both the success and the failure 

of the equation. The correlation shows that the function does 

give a reasonable mean pore size in that all the curves for the 

different samples come to the same point at around 50% saturation. 

However the correlation cannot account for the spread of pore size 

distribution as is shown by the· shapes of the curves. This point 
et is p~rsued at greater length later. 

5.6.1.5 SUI!!!DBl'Y 

The capillary pressure curves measured experimentally have 

been shown to be reproducible. 

The correction applied to disp1aoement pressures to account 

for the depth of the bed has been shown to be successful for the 

horizontal part but not the initial part of each curve. 
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Specific surfaces calculated from the capillary pressure 

curves compare well with surface areas obtained by other means and 

are equivalent to the surface areas inrolved in permeability 

equations. 

The correlations introduced in the literature survey have 

been shown to be successful in reducing all capillary pressure 

curves for a given particle size distribution to one curve. The 

correlation also emphasises the differences due to pore size 

distributions. 

5.6.2 Results from Theoretical Model 

5.6.2.1 Porosity Correlation 

Having justified the use of the correlation method on 

experimental results it is now permissible to use the methods in 

comparing the experimental results with the results from the 

theoretical model. This is made necessary because the model refers 

to a dense random packing of around 20% porosity which can never be 

obtained experimentally. It has been pointed out in section 3.4 

and section 4.2 that the porosity of a pack of particles depends 

both on the mode of formation of the packing and the properties 

of the particles themselves. The porosity of a given pack can be 

taken to be determined by a balance of the forces causing lessening of 

porosity, i.e. vibration compaction, and the ability of the particles 

to rearrange themselves. In practical cases the lack of freedom 

of movement of the· particles to rearrange themselves is the main 

limit to porosity reduction below about 30%. The Wise model may 

be taken therefore to predict the pore space in a pack of particles 

not subject to this restraint and able always to rearrange th~ 

selves to the limit of porosity determined by the particle size 

115 



qietribution. It follows from this also that a particle size 

distribution which will give the most dense packing is that which 

gives the best chance of the particles to flow and arrange them­

selves and is not a static geometrical problem. The Wise model 

cannot do this but the porosity results do tend to follow the 

experimental results (Mixture .3 and 4). 

The capillary pressure curve results from the theoretical 

model have been plotted on the appropriate figures 27 - 40, and 

are tabulated in Appendix V. In Fig. (27) for the 5~60 bed, 

which is taken as representative of the other results, capillary 

pressure versus displaced volume has been plotted. The model does 

not provide absolute values of volumes removed and this data has 

been calculated, for comparison purposes, from saturation data using 

a value of 100 gms. for the weight of the bed l which is 

approximately that used in the experiments. The trend of the curves 

for porosity variation is demonstrated. This is continUed in 

Fig. (28)10' (30~ where the saturation axis is normalised. The 

first stage of the correlation plotted in Figs. (.32 - .3~) shows 

however that the model predicts too high a capillary pressure 

(or too small a pore size) for the porosity of the bed. That is 

the assumption that the pressure required to blow a bubble through 

a group of three spheres can be calculated from the siz e of sphere 

which will just pass through the assembly gives an over estlmatel 

and the pore size governing this is slightly larger. Alternatively 

the value of capillary pressure calculated may be correct and the 

porosity calculated by the model be too small. 

This first conclusion is supported by the experimental 

resultsaf both Haines (19.30) and Hackett and strettan (1928) who 
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found a value of ll.4 T/r expe~hnental for this pressure as opposed 

to 12.9 T/r oaloulated on the assumption used. A oorreotion of 

ll.4/ 12.9 has been applied to the oapillary pressur~s on the 

theoretioal ourves and is shown on the figures in dashed lines. 

The oorrespondenoe between theory aiJd experiment is improved. 

2.6.2.2Surfaoe Area aEd Residual Moisture 

To calculate specific surfaces from these theoretical 

curves an estimate is required of the residual moisture existing in 

a pack of spheres at around 22% porosity. The experimental results 

for porosity and ~esidual moisture ~e too close together to allow 

any predictions on this basis, it may however be done theoretically. 

The change in residual moisture with porosity is governed 

by two opposing effects. As a packing becomes more dense the 

number of contact points per particle incraases and also the values 

of capillary pressures in de saturation rises. The first effect 

will tend to give an increase in residual moisture as porosity 

becomes lower, since there will be more pendular rings formed. The 

second effect will tend to reduce residual moisture as porosity 

becomes smaller, since a pendular ring in a paoking takes up a :d.ze 

dependent on the capillary pressure existing at its formation being 

smaller for higher pressures. To make calculations for these 

effeots three relationships are required. Firstly the volume of 

a pendular ring as a function of its formation pressure, seoomly 

the variation of oapillary pressure with porosity, and thirdly the 

variation of co-ordination number with porosity. The first has been 

given in tabular form by Fisher (1926) for oapillary pressures 

expressed in terms of T/r. The second may be given by the 

oorrelation 
P e = constant 
(1 = e) 
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b7 using one TaIua of the oapil1ary ~roseare at one porosity to 

calculate the others. An estimate of the third has recently been 

given by Pietsch and Rumpf (1967) as 

C a = TT 

This follows the results of Smith, Foota and Busang (1929) who 

found an almost straight line relationship between co-ordination 

number (C) and porosity. 

Using b~th 11.4 T/r and 12.9 T/r as the capillary pressure 

at 22% porosity in a mono-size bed,·calculations have been made 

using the relationships. The results are given in Table VII. 

TABLE VII 

e P Vo1./r Residual Moisture P Vol. Residual Moisture 

T/r x 102 wt.% Vo1.% T/r x 102 Wt.% Vo1.% 

22 12.9 .70 .80 8.5 11.4 .80 1.2 12.8 

35 6.7 1.85 1.34 7.4 6.0 2.23 2.1 11.8 

40 6.1 2.10 1.32 5.9 4.8 2.65 2.2 9.9 

There is little to choose between the two sets of results 

for residual moistures as the predictions for 35% and 411f, all lie 

in the range of experimentally determined residual moistures, though 

the results for 11.4 T/r are a little closer. The agreement is 

good considering the coarsneSB of the assumptions. Also the 

predicted value of capillary pressure in a random packed mono-size 

bed of 6.0 T/r calculated from the value of 11.4 T/r at 2~ is very 

close to experimental results given by Ha1nes,and Hackett and 

Strettan for random packing of 35% porosity. 

Specific surfaces have been calculated from the theoretical 

capillary pressure curves using both of these values. The results 
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are given in 'l'ahl.. .. V. The results using 11.4 'X/r shoW' a better 

correspondence. This is not as obvious as it might appear from 

the positions of the burves on Fig. (32-34)Sinoe the oorrections 

applied by the resildual lII)istUl'es are quite large (of the order of 

10% of the void volume at 22% porosity). The same value of 

residual moisture has been applied to both mono-size paoks and 

the 3-oomponent paoks. This agreement supports the use of 11.4 T/r 

for the pressure required to blow a bubble through a pore formed 

by three spheres as opposed to the value of 12.9 T/r. Full 

justifioation oan however only be made by a full theoretical 

treatment of the problem. 

5.6.2.3 Full Correlation 

Using the values of speoifio surfaoe oaloulated from the 

oapillary pressure ourves the oorrelation may be oompleted and is 

plotted in Figs •. <" 35,36,37,38,39 and 40). There is no 

difference on this basis between the ourve using the 11.4 T/r value 

of entry pressure and that using 12.9 T/r this is beoause the areas 

under the respeotive ourves are used in the oorrelation. In the 

oase of the ll.4 T/rvalue however the speoifio surfaoe values do 

oorrespond with measured results and the correlation is justifiable. 

The oapillary pressure ourves predioted from the model do 

exhibit the correot shape and tend to follow the curves determined 

experimentally. In general however they exhibit a narrower range 

of pore sizes than do the experimental results. This variation of 

pore size distribution with porosity may be a real effect, not 

detectable in the small range of porosities available experimentally. 

Or more likely it may be due to ignoring the effects of gaps in 

sphere packing in the Wise model. These would tend to promote 
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more randomness in the packing il.nd consequently a wider pore sUe 

distribution. It may also be that if a proper evaluation of the 

pressure required to blow an air bubble through an array of three 

spheres were available this would increase the distribution of 

pore sizes. If the assumption used breaks down for three equal 

spheres it is also likely to be more 10 error for an array of say 

two large spheres and a small one. 

Despite this however the theoretical results do show that 

a dispersion in particle size in a 'mono' size sphere pack as 

small as 30)1 in 130)1 is significant enough to be exhibited in the 

curves. This particle size distribution is nmch narrower than 

that given in a sieve cut which is often used as a way of 

preparing mono size packs. Furthermore the results for the 3 

component mixtures have a tendency for the correct shape and as 

plotted in Fig. (39) and do show the correct relative positions 

even though they are very close together. 

used 

It must also be remembered that the sphere siz e distributions 
b 

in the model are much abreviated from that actually existing in " -
the packing. Since the model has been shown to be sensitive to 

quite small dispersions in particle size a closer correspondence 

may be obtained if more components were used in the calculations 

than three. Also the approximation of the pore space in the packing 

given by using tubes and spherical cells is very coarse. Calculation 

shows that this accounts for only about 5Q% of the real pore space 

in the tetrahedral packing. If these improvements were to be 

incorporated then the setting up of the network and the desaturation 

procedure would have to be carried out automatically on a computor. 

This would not be impossi~e. 
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One po~ on the curve for mixture 4 has been left out in 

drawing the curves~ This may be justified by an inspection of' the 

results tabulated in the appendix. It can be seen that this point 

includes a very large prop6riiori of is01ated pores whioh are 

available f'or emptying if' a path to them was established. As 

this is a wider distribution than the others it may be taken that 

the size of array used is too small in this case. 

5.6.2.4. Summary 

The theoretical model predicts the properties of' a dense 

random packing of' arouni 20% porosity and these can only be compared. 

with experimental results on the basis of the correlation. 

Using the correlation methods the capillary pressure 

curves derived· from the model can be seen to exhibit the correct 

shape, and position relative to experimental results for the same 

sphere size distributions. 

Improved correlation with experimental curves is achieved 

if an experimental value for entry pressure into the assumed pore 

shape is used instead of the theoretical value derived f'rom a 

simplification. 

This improvement is reflected in values of' specif'ic surf'ace 

calculated f'rom the curves obtained f'rom the model. 

Estimates are made of' the variation in residual moisture 

with porosity variation in sphere packs these show·reasonable 

comparison with experimental results. 

5.7 CONCLUSIONS 

The correlations for capillary pressure curves mentioned 

in section 3.4 are successf'ul f'or eXperimental results. 
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Specj.fie surfaces calculated from experimental capillary 

pre"flt<re curves shOW- agreement with 'those obtained by other methods 

for the same samples. 

The theoretical model predicts a low porosity relating to 

the densest possible packing. 

Capillary pressure curves obtained from the theoretical 

model of pore space in sphere packs are of the correct shape but 

give a narrower pore size distribution than experimental results 

for the same particle size distribution. 

The entry pressure into the pore formed by three Equal and 

touching spheres is nearer 11.4 Tlr than 12.9 T/r. 

Using this value for entry pressure into a pore the results 

from the theoretical model correlate with experimental results. 

This indicates that the model gives correct values of porosity, 

specific surface, residual moisture and pore size. The agreement 

is less good for pore size distribution. 

The model shows that the particle size distribution in so 

called mono-size packs is important in promoting pore size 

distribution. 
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CHAPTER SIX 

FLOH OF FLUIJ)S IN POROUS MEDIA 

6.1 INTRODUCTION 

The capillary pressure curve only involves the equilibrium 

effects of moisture in porous media, but dewatering is a flow 

process and the rate of flow from the desaturating porous medium 

is the main factor involved in a~ optimisation of the operation. 

Therefore,having stUdied the equilibrium effects of two fluid 

phases in a porous medium,this section is concerned with the flow 

of two immiscible fluids in porous media. This is a particnlar 

part of the generai topic of flow of fluids in porous media. 

There are ma~ points of contact between the equilibrium" and 

dynamic effects of' two fluids in porous media and these will be 

emphasised. 

6.2 Single Phase Flow in Porous Media 

6.2.1 Capillary Tube Theories 

The permeability of a porous medium is introduced by the 

Darcy equation as a characteristic of the porous medium. It is 

determined by the structure of the bed but this is so complex: in 

practice that if further description is required. simplification 

must be introduced. This is in the hope that theoretical 

considerations can show how to attach physical significance to the 

various parameters which can affect permeability. 

A common analogy for flow in porous media is with straight 

capillary tubes. The Navier-Stokes equation, fundamental for fluid 

flow, can be solved for this case and the result is knoW1las the 

Hagen-Poiseuille equation 
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vI in this case is the now velocity in a single capillary tube. 

If the analogy is made between a porous medium and a bundle of 

capillary tubes, the apparent velooity (v) over the whole paok of 

tubes is given by 

v = vI/e 
This is called the Dupuit-:-Forcheimer assumption and is only valid 

for an assembly of capillaries if the pore velooity is an actual 

statistioal average. Combining (n) capillary tubes as a bundle 

gives 

v = n r2 AP 

81t T 
or q = n 7T :r!+ I:!.P 

8, I\. T 

where (q) is a volume 1'1011 rate. By analogy with Daroy1slaw the 7'Qtct( 
, 

permeability K is then 

K'= nTrxl+/8. 

Assuming unit cross-sectional area for the tube bundle 

• • • K = e r2 / 18 . = e r2 / t 

The factor a is usually replaced by a faotor (t) whioh is termed the 

tortuosity factor and is introduoed to correot,for the differences 

between the model and an actual porous medium. To introduoe 

isotropy into the model it is possible to arrange 1/3 of the, 

capiliary tubes in eaoh direotion and insert a factor 3 in the eq'uation. 

This does not alter the essentials of the model as this can be in-

corporatad in the tortuosity faotor. However it invalidates the 

implioit use of the Dupuit-:-Foroheimer assumption in that a faotor 

3 must also be introduoed in this. 

6.2.2 Kozeny-Carman Theory 

The average radius of the capillary tubes is required for 

124 



the above equation and it is a difficult quantity to realise in 

practice, especially as in general the pores in porous media are 

not circular. In empirical correlations for flow in non-circular 

channels it is found that a hydraulic radius (M) defined as the 

ratio of cross-sectional area to the perimeter of the cross-section 

can be used in its place. 

K = 'e M2 
kot 

Therefore 

where (k) is a factor which is determined by the shape of the o 

cross-section. For a circular capillar,r ko = 2, for flow 

between two parallel plates ko = 3, and for most other shapes 

(ko) varies between 2.0 and 2.5,Carman (1948). 

as was shown in the previous section 

= e 

In a porous medium, 

M = pore volume 
pore surface area (1 - e) S o 

• • • K = r? 2 
(1 - e) S 2 

o 

This equation is the same as the Koze~-Carman equation which was 

derived by Koze~ on a different theoretical basis. Koze~ took 

that the porous medium was not a system of pores which require a 

definition of average radius but as one large channel of complex 

shape. This channel retards flow by friction at its surface. 
e.. 

The tortuosity factor was introduced by Carman. Scheideg~r (1953) 

has stated that although the Kozeny-Carman equation makes use of 

fewer assumptions than the capillaric model, only involves concepts 

of internal surfaces and leaves aside pore size distribution, it is 

fundamentally the same. An inspection shows that it is based on a 

two dimensional analysis of the cross-section and is therefore 
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equivalent to a parallel set of capillaries. Debbas and Rumpf 

(1966) have derived (11) on the basis of the inter--section of a 

plane in a random packing which emphasises this point. Neverthe­

less the equation is accepted as one of the most useful 

descriptions of permeability in terms of pore structure that is 

available. 

6.2.3 Tortuosity 

The factor (t) in the Kozeny-Carman equation is usually 

taken as (Le / t) 2 whlch is the sj!quare of the ratio of the actual 

flow path length in the porous medium to the thickness of the 

POk-OUS mediUm. The value of ko (Le / L)2 has been shown by 

Carman (1937) to be about 5.0 for a wide variety of unconso1idated 

media. Barte11 and Osterhoff (1928) have shown that (Le I L) is 

equal to 7T/2 for close packing of equal spheres which gives a 

value of k (Le / L)2 approximately equal to 5. Coulson (1949) 

has made extensive tests on a variety of regular shaped particles 

in different packings and has found the factor to vary with both 

shape and porosity mainly between 4 and 5, but it can be as lOll as 

3.5 or as high as 6. Sullivan and Hertel (1942) measured 

tortuosity values for arrays of parallel fibres and found it to 

be given by 1 I (sin 2 e), where (e) is the average angle of 

orientation of the fibres. WY11ie and Gregory (195'5) have shown 

that pore size distribution and porosity can affect tortuosity and 

Bo (1968) has shown theoretically how (Le/L) varies with porosity 

for random packing. Values of tortuosity much different to these 

mentioned have been reported by Hyllie and Rose (1950) for 

consolidated media and Grace (1953) who found values ranging from 

5 to several thousand for flocculated filter cakes. Drennan (1964) 

126 



introduced the concept of inert porosity in consolidated media to 

correct these to more normal values. This may be applied to 

flocculated systems by excluding the pore space in floes from 

flow calculations, but it is usually taken that these sYstems 

are beyond the true range of applicability of the Kozeny-Carman 

equation. 

6.2.4 Discussion 
. .efucd''''' 

The Kozeny-CarmanAis widely accepted as giving good results 

for many different materials and is often used to measure the 

specific surface of powders. If tortuosity values are properly 

evaluated this can be quite accurate, lfyllie and Gregory (1955). 

There are however important conditions which must be observed for 

the validity of the equation which have been listed by Carman (1948) 

1/. No pores must be sealed off, this would affect the value of 

absolute porosity but not the porosity available to flow. 

2/. The particles must be in random distribution and reasonably uniform. 

'3/. The porosity must not be too large. 

4/. Diffusion and surface effects must not be involved in the flow. 

In addition to this Scheidegger (1954) states that the 

equation implies a well connected space lattice to allow the pressure 

profile in the medium to be even and perpendicular to the flow. 

Childs and Collis-George (1950) have severely criticised 

the equation on a more fundamental basis. They show that surface 

areacan be altered almost independently of permeability since large 

pores contribute most to permeability but small pores contribute 

most to specific surface. For example in fissured clays the 

fissures can contribute negligibly to porosity and specific surface 

but dominate permeability. Furthermore the equation cannot be 
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applied to anisotropio permeability sinoe neither (e) nor (So) are 

direoted quantities. Wyllie ahd Spangler (1952) have pointed out 

that tortuosity can be varied to account for anisotropy and they 

cite the example of Sullivml and lIertel' s \fork on flo\f past fibres. 

This hO\fever seems to place too great an emphasis on tortuosity as a 

factor in the flow. And since tortuosity was not introduced in 

Kozenys treatment it must be seen as essentially a correction to 

a bundle of tubes model. 

The Kozeny-Carman equation was developed by Childs and 

Collis-George for a bundle of tubes with a distribution in sizes, 

to make the error more apparent. In such a tube bundle each group 

of capillaries of a given size has assooiated with it a portion 

of the solid to give each group the same porosity (e) as the total. 

The cross-section of the group (e.r) with capillaries radius (r) 

contributes to the total permeability 

K = ~rKr 
~ar 

where (Kr) is given for each group by the summation of Poiseuilles 

equation for n capillaries 

q = n a:i-
8.!}. 

K,. = n Trr4 
81l. 

which may be written 

K~ = ~~ [*r 

= 

tip 
L 

nrrr2 
8if 

;J.' 
- 2 (1 - e) 

[2n~r 2T7'r 

where (V / A) is the reoiprooal speoifio surfaoe of the particles. 

Therefore 
K = 
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The final te:nn may be written as (V i A)2 which represents the mean 

value of (V / A)2 for all the groups. This is not the same as the 

overall value of (V / A)2 for all the channels together since the 

first is dominated by the larger and the latter by the smaller 

channels. The only sense that the equation has applicability is 

if two structures are considered such that for every group (~ in 

the other structure then 

(v /A)2r = 
(V 7 A)2IDr 

= 1 
M2 

Childs and Collis-George conclude that it is impossible to obtain 

a sufficiently wide range of porosities or pore size distributions 

to test equatiohs properly, and furthe:nnore the success of the 

Kozeny-Carman equation may only reflect the essential similarity 

of most porous media. 

Brooks and PurceH (1952) have studied the Kozeny-Ca:nnan 

equation from the point cf view of surface area measurement and they 

conclude that it is only valid for unifo:nn pore size. This study 

relies on concepts of pore size distribution and .,ill be mentioned 

later. The correlation used in the previous chapter also 

illustrates these points as it Is essentially the Kozeny-Ca:nnan 

function. It can be seen from Fig. (40) that it correlates for 

value of 50% saturation for all shapes of distribution, but it does 

not involve the shape of the distribution. Therefore in the wide 

distribution curves, such as those in the figure for'Celite, there 

are fewer large size pores than in the more uniformly flat 

distributions and it is the large pores which contribute most to 

pe:nneability. It is of course possible to correct any value of 

pe:nneability or surface area obtained from the Kozeny-Carman 
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equation to a correct one b,y using an appropriate tortuosity factor. 

This is however not sufficient if concepts of pore structure are 

investigated. 

6.3 TWO PHASE FLOJ.[ IN POROUS MEDIA 

6.1.1 Experimental Study of Two Phase Flow 

in Porous Media 

In considering the flow of two fluid phases in porous media 

it is necessar,r to start from Daroy's Law where permeability is the 

constant of propOl'tiOhality between rate of flo~lof fluid and pressure 

drop. When two phases are flowing in a porous medium, differentiated 

as wetting phase (watel'), and non-wetting phase (gas), it is possible 

to define a permeability for each phase. These permeabilities will 

var,r for a given porous medium with the relative degrees of 

saturation. 

An experimental study of this was made by WycoH and 

Botset (1936). They flowed water and carbon dioxide mixtures 
.e.. 

through a horizontal tube 10 feet long and 2 inches di~er containing 

granular packings. The total pressure drop and the individual rates 

of flow of each phase were measured conventionslly and the 

saturation of the packing measured by an electrical resistance 

method for which the water was made slightly conducting. Their 

results are best discussed by reference to Fig. (41). The 
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per.meabilities for each phase are expressed as a fraction of the 

saturated permeability and range therefore from 0 to 1 and are . 

termed relative permeabilities. Saturations are expressed as 

percentages of the void spaces and range from 0 to 100%. 

Considering the wetting phase (water) it can be seen that 

the permeability drops sharply as the saturation is reduced from 

100%. At 80% saturation the relative permeability is .5 and at 

50% it is.1. The curve reaohes zero permeability at a finite 

saturation (10 - 15%) whioh corresponds to the residual saturation 

which exists as phase continuity is broken. The non-wetting 

(or gas phase) shows a similar shape. It oan be seen that 

phase oontinuity oeases at about 90% saturation and also that from 

o - 20% saturation the permeability is substantially 1.0. That 

is the residual wetting phase has little effect on the non-wetting 

phase permeability. The two curves cross at between 50 - 60% 

saturation and about .15 relative permeability. By adding the 

two curves together the total permeability at a given saturation oan 

be arrived at. It can be seen that this is only 1 at 0% and 100% 

saturation and that there is a pronounced minimum. The experiments 

were repeated for various sands with saturated permeabilities ranging 

from 17.2 to 262 DarcY'e (1 Darcy = 9.87 x 10-9 cm2) all of which 

gave the same curves. An interesting point is that marked (K ) eq 

on the curves. At very low gas/liquid ratios i.e. below this 

point, the steady state of flow is not attained. Gas accumulates 

in the pores until the saturation reaches this point and flow begins. 

This is a definite oharacteristio whioh varies with the porous 

medium and was called equilibrium permeability or saturation. It 

has been mentioned by Eisenklam (1956) as being one of the causes 
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of ano,""lol1~ permcabillties in saturated flow. 

Some exper1ms!lto wero aloo performed on oil/water mixtures , 

which gave similar curves but with a ~ider scatter of the points. 

Wycoff and Botset concluded that the curves applied generally to 

the flow of gas/liquid mixtures in unconsolidated sands and were 

probably valid also for immiscible liquids. These findings have 
I 

been supported by Leverett (1939) for o~water mixtures in 

unconsolidated sands and by Botset (1940) for gas/liquid mixtures 

in consolidated sands. Leverett in his work concluded that 

relative permeability is substantially independent of viscosity 

and is related to pore size distribution,as the non-wetting phase 

tends to flow in the larger pores and the wetting phase in the 

smaller ones,at any given saturation. 

6.3.2 Determination of Relative Permeability 

Multi-phase phenomena are of great importance in oil 

production and the measurement of relative permeability of rock 

cores is a routine laboratory technique. The methods available 

for this have been reviewed by Osoba, Richardson, Kerver, Hafford 

and Blair (1951) and Richardson, Kerver, Hafford and Osoba (1952). 

Using rock core samples which are much less long than the 10 feet 

used by Hycoff and Dotset, difficulties are experienced with the 
(>.. 

boundry effect. 
A 

(>.. 

This boundry effect was described by Leverett 
A 

(1941) and is caused when fluids flow past a discontinuity in 

capillary properties. In the interior of a uniformly saturated 

porous mass the capillary pressure acts in all directions and hence 

cancels itself out, at the in-flow and out-flow faces however, the 

fluids are flowing in a region of no capillary pressure and this 

leads to a distortion of the saturation profile. The effect is 

132 



not critical in long samples but mnst be overcome for small samples 

such as rock cores. 

The variobs methods used in relative permeabilitt may be 

divided into three groups. 

1/. ExperiIrients in which measurements are made under steady-state 

flow conditions with both fluids flowing simultaneously. The 

boundary effect can be overcome by having independent systems for 

each phase to hold a pressure difference between them or by making 

measurements only on the central part of the sample. 

2/. Experiments made under steady-state conditions with only one 

fluid flowing. One fluid is held stationary by capillary forces 

exerted through fine pore membranes and flow measurements made on 

the other fluid. 

3/. ExperiIrients in which measurements are made under transient 
().. 

saturation conditions. The bo~ry effect is not eliIriinated but 

is included in the theory by which the calculations are made. 

Richardson et. al. (1952) found good agreement between 

the different methods of measuring relative permeability except·for 

the method using transient saturation cOl1ditions. All the methods 

however suffer from complexity and require upwards of a day to 

complete a permeability saturation plot. Moreover the methods 

are not well adapted for unconsolidated media and for high 

permeabilities generally. 

Childs and Collis-George (1950) in their work used a method 

rather siIriilar to that of Wycoff and Botset. They noted that when 

water flows down a sufficiently long packed column to a water table 

the moisture content is uniform over an appreciable length of the 

column. The zones of variable moisture being limited to each end 
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of the column. In the zone of uniform moisture the pressure is 

sole~ gravitational and therefore known, and the moisture content 

adjusts itself to provide the necessar,y permeability to conduct the 

imposed flo,.,. The permeability may therefore be calculated from 

the rate ot flow and the moisture content of the column. This 

latter determination must be made indirect~ and an electrical 

method was used. 

The method suffers from the same shortcomings as the 

column drainage method for determination of capillary pressure 

curves. That is saturations must be determined indirect~, large 

amounts of sample are required and the experiments take a long time. 

A method based on the pressure plate technique for capillary 

pressure determination has been reported by Gardner (1956). In 

this relative permeability is determined from flow data at each 

pressure increment using two assumptions. The slope of the 

capillar,y pressure curve is constant for small increments of pressure 

and the flow resistance of the fine pore support plate is negligible. 

This latter assumption can lead to error and Richards (1965) has 

given a method for allowing for a non-negligible support plate 

resistance. 

All of these determinations are however tedious to perform 

and open to error, furthermore relative permeability curves do not 

vary very much even between different materials. A more attractive 

approach is therefore to investigate the mechanism involved in two 

phase flow and to produce relative permeability curves from more 

eas~ obtained characteristics ot porous media. 

6.3.3 Characterisation of Two-Phase Flow 

Initially it was assumed by analogy with Darcy's Law for 
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single phase flow that relative permeability could be defined for 

each phase in two phase flow. Using. experimental techniques this 

has been established withih the limits which also apply to Darcy's 

law for homogeneous flow in porous media. That is within the 

latninar region and also including gas slippage effects for gas 
.e.. 

phase relative permeability.· However the existAnce of capillary 

hystereSis leads to different results depending on the direction of 

saturation changes. In general permeability at a given saturation 

is greater when wetting phase is decreasing than when it is 

increasing. Naar and Henderson (1962) report that this is true 

for unconsolidated media but the reverse applies to consolidated 

media, no explanation ~/aS offered. 

Visual studies have been made on two phase immisriihle flow. 

Chatenever and Calhoun (1952) studied a mono layer of glass ,or 

perspex beads contained between two flat glass or perspex faces. 

When a mixture was flowed through the system each fluid was 

observed to flow in its own network of interconnecting channels 

which varied from one grain diameter to many in width. These 

meandered tortu~lY through the bed but Illtlintained fixed 

geometries and positions with steady-state flow. With a change 

in saturation the geometry of the channels was altered, an 

increase in water saturation was accompanied by a general gTowth 

in the size of the water channels and a decrease in the size of 

oil channels. There was a tendency for the channels to hold their 

position in the flow bed and in the case of temporary disturbances 

the channels adjusted elastically, returning to their former 

configuration when the disturbance was past. 

At static equilibrium the distribution of two fluids in 
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a porous medium has been shown to depend essentially on capillary 

forces and the structure of the porous medium In which they act. 

RapopOrt and Leas (1951) described the change as the static 
'. ' "", .• '", ' ! :,. ' '\ , 

equilibrium is turned ihto a dyilamio one~ "fOr each static 

int.erfac'e he dynamic (i, e. flowing) pres'eure gradient will act 

as a 10ca1 disturbanc~ a~ tb1swl11 be supe:t'ooimposed on the 

static capillary pres·sUrel ThiS breaks down the equilibrium 

since the pressUre dro~ over each interface will vary. Each 

interface will therefore have a tendency to modifY its position 

to assume a new equilibrium which will include capillary and 

dynamic forces. However in general the dynamic pressure gradient 

will be orders of magnitude less than the capillary pressure 

gradient and the dynamic equUibrium 'fill not be much diff'eren!; 

to the static equilibrium" ~ . That is the now of non wetting phase 

will tend to be in the large pores and the wetting pha.se in the 

small pores. Templeton (1954) studied displacement in uniform 

glass capillaries down t04)lin diameter and found that oapillary 

pressure was independent of' interraoial velocity. This gives 

some corroboration of this view. 

On the oloser examination it has been shown that the 

presence or one fluid contained in a porous medium can be taken 

as a factor which controls the geometry of the paths available to 

the other immiscible fluid which is also saturating the porous 

material. Each fluid acts on the other in the same way that the 

porous medium acts on them both. In this sense the application 

of Darcyslaw to each phase is not unreasonable. 
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6.4 DERIVATIONS OF RELATIVE PERMEABILITY 

6.4.1 Capilla17 Tube Theory 

With this explanation for re1ative permeability it is 

possible to make struotural assumptions about porous media and 

arrive at mathematical expressions for unsaturated now as wes 

done for saturated flow. There is an extra incentive for this 

in relative permeability work since the ourves do not vary muoh 

for different materials and beoause the determination of relative 

permeability is tedious, diffioult and therefore open to error. 

The simplest possible desoription is that provided by a 

bundle of tubes model of uniform oapillaries. This would give two 

straight lines on a permeability-saturation plot for no~wetting 

and wetting phase whioh would interest at 50% saturation and 

relative permeability of .5. The sum of these two lines would 

be oonstant and equal to saturated permeability. The obvious 

failUre of this model has lead to pore siZe distribution being 

included in the model. 

Puroell (1949) assumed a bundle of tubes model arrl used 

the oapillary pressure ourve as a desoription of the pore size 

distriQ~tion. Starting with Poiseuilles equation 

AE 
L 

when V . == volume of a tube nr?- L 

U:sing the capillary pressure to define the radius of a pore 

, r = 2 T oos9 IPa 

v = [Tp:osef 
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Cori~idering a bundle of n oaptllart tub~s with a distribution of 

cy 1= 
/ 

from which 

:2 
(T ci/!e) 
2Z\,: 

11 

2 
1 

The volume of eaoh capillary (V 1) may be expressed as a percentage 

(Si) of the total void volume (Vtot) 

••• S1 = ioo Vi /Vtot 

and since A x L is the volume of the porcus medium 

e = (Vtot / A L) x 100 

(T cos9~e 
n 

• K = 2 S1 0' • 

2xl - 2 
1 (Pc) 1 

The quantity 2:s1 / (Pc) i 2 can be shown to be equal to 

~dS'/ (Pc}2 and .is the area underneath a plot of 1./ po2 

versus saturation. Finally a faotor (f), so oalled lithology 

factor is introduoed to acoountfor differences between the model 

and a real porous medium. It may be seen that (f) is equivalent 

to reciprocal tortuosity 

K = r 2 (T cos9) e 

2 x 1002 
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Gates and Leitz (1950) extended this expression to relative 

permeability 

= f LW dS /po2 

i lOO 
<is / p/. 

This assumes that the term (T cose).2e can be cancelled out. 

The lithologioal factor is, noli used to.correct observed relative 

permeability curves to those that were calculated. This was 

shown to require variation with saturations but was taken as an 

, average value by using that obtained at 65% saturation. No 

relation was formed between tortuosity and either porosity or 

permeability. Gates and Leitz expressed saturations as percentages 

of total void space though it is more normsl to express them as 

percentage~ of total void volume less residual moisture. In the 

discussion on this paper it was stated that if this was done the 

correlation is closer. 

In the, previous section the Leverett (j) function was 

shown to correlate different capiUar.y pressure curves to one 

curve when 

(j) W = (Po I T cose) J We 

is plotted against saturation. Rose and Bruce (1949) used this 

relationship in a similar expression for relative permeability as 

that just given. This allows relative permeability curves to be 

predicted £romone point on the capillar.y pressure ,curve. 

Fatt and Dykstra (1951) made an improvement in the method 

by taking the tortuosity to be a function of saturation. During 

desaturation the wetting phase retreats into smaller pores and it 

is assumed that liquid in these pores has a more tortuous now 
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path. This is allowed for by making (t) ~ary with (~). 

t = a/rb where a arx1 b ai'~ oOlistants.lls1ng a siniiiar 

derivation to Puroells, 

K = (~ o()sa~2 .h~ii) ~ 
3a 

in relative permeability the eoristEilit (s.) is cancelled. out 

and Kw = fos ~(i+b) 
flOO pd~ (1 +b) 

o 0 

which if b is taken as t beoomes 

K. w 

(fllq fld1ll 
Gates and LeitzAcan be seen as a special oase withb = o. 

The expression can be evaluated from a plot of (l/p 0'3) versus 

saturation. Comparison with experimental results show that (b) 

must also vary with the type of porous medium for best fit. 

6.4.2 Tortuositz from Electrical ResistivitI 
. ~~ 

The analogy between nuid nOY"the conduction of e1ectrioity 

has el10yed tortuosity values to be derived from resistivity data. 

Winsauer, Shearin, Masson and ~lil1iams (1952). Formation factor 

(F) is defined as the ratio of the resistivity of a porous material 

saturated with c:onducting fluid to the resistivity of the nuid 

itself' 

= Reslstiv~of Saturated Sample 
Resistivity of Fluid 
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Wyllie and Spangler (1952) show that 

F = ~ = Le lL = .t~ - e Rw e 

therefore t = ~,2 e2 

If the Kozeny-Carman equation'is used with a pore Ilize distribution 

given by the capillary presSl.U'e curve 

this is only strictly valid for a set of uniform po'res but it may be 

olaimed that at ally saturatiorl (Sw) end corresponding oapillary 

pressure (Pc) a fiotitioull porous medium is considered whichhis a 

porosity of (e ,6SJ and has uniform pores of mean hydraulic radius 

(e ~ Sw) / Soi where (Soi) is the specifio surface of that group 

of pores. 

~ = (e ~Sw) T2 

k t P 2 o 0 

and 

since the qusntity of fluid passed by all such groups 

Q = K P 
I\.L 

= a Q where K is the overall 

permeability of the porous medium 

'. • • 1\ = 

by the method of Purcell in the previous section 

= 
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this is clearlY the same and can be used irt an expres~ibn for 

relative permeability. However with the electrical definition 

of resistivitt this oan be developed further. Thorliton (1949) 

has shown that for partially saturated porous media 

F = 1/ISy 

where (1) is the resistivity index Fe I r for the saturation S • 
w 

If the permeability at any saturation is given by 

Ke = 1 . i~ ~ (Fe'). e Sw2) ko p 2 
c 

and relative permeability by Ke I K = l<rL 

~L = T2 (F e2 e) k [Sw ~ - TT 0 

(Fe2e S.}) ko roo dSy 

o p2 
c 

L
S 

[Ei 
y~ 

KrL = 1 o pl-
Fe ~2 £100 dSw ~ 

o p 2 
c 

[Sw dSy 

KrL = 1 p 2 
Q 

12 Sw2 foOO dSw -p2 
0 

this assumes that the shape factor (ko) is invarient with 

saturation. It has also been demonstrated Hassan and Nielsen 

(1953) and Arobie (1942) that (I) can be expressed as a function 

of saturation 

I = Sw-n 
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This is called Arcbie' s la\l~· . Wyllie ari:! Spanghr (19~2) showed 

that the relationShi~ hoi~~ for the fUll ~ange of saturations even 

to the final bre~p tif wetting phase into pendular rings. 

6.4.3 KoZeny-Carman Applied to Relative 

Permeability 

An alter~at1ye approAch has been takeil by Rapoport and 

Leas (1951) ill using the Kozeny-oarman equation 

K = 83 
k t 82 
o 

1his can be extended to two phase now by replacing porosity by 

effective porosity for the phase considered and using the area 

bounding that phase 

and for relative permeability 

~L = 8
3 

(ALl A)2 

It was shown in a previous section that surface areas can be calculated 

from capillary pressure curves by taking the integral of, or 
e. 

measuring the area underneath, the curve. The existance of 

residual moisture can be taken into account by considering it as 

part of the solid matrix and using effective saturation and effective 

total area 

~e = 8 3 
e 

(AL/Ae) 2 

For any moisture content less than 1ClO% saturation several intel"-

facial areas can exist. Solid/liquid, solid/ gas and gas/liquid . 
and it is not possible to arrive at defi~~e expressions for each. 
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It is ho~rever POs~1\'1.e to take th~ limiting cases which are 

and Kz.L (max) 

for the cassot (KrL min) this is physically that the fluid 

distribution is such that the liquid interface is a maximum which 

means that the gas ihterface ie a mi~the opposite is the case 

£01' (KrL 1IlaX). Experimental I'esults were shown to lie between 

mexilnum and minimum relative permeabiUty curves. For a 

synthetic alundum core the agreement was good and for a natural 

core was less good, though still reasonable. This was Il8cribed to 

the greater homogsnaity of the synthetic Core, 

6.4.4 Discussion 

The limitations i·rhich apply to the bundle of tubes model 

are the same for multi-phase flow as for saturated flow. This is 

made oleaI' by the need for the tortuosity parruneter. It has been 

mentioned that a bundle of uniform capillaries leads to a straight 

line relationship between relative permeability and saturation snd 

the two lines intersect at 50% saturation and 0.5 relative 

permeability and add together to a constant value equal to 

sa.turated permeability. The adoption of a pore size di.stribution· 

leads to an improvement in this in that at 50% wetting phase 

saturation the wetting phase will be oontained in the smaller pores 

and thus have a permeability less than 0~5. However the non­

wetting phase will be oontained in the la.'gar pores end i~ill 

therefore have a permeability or more than 0.5. The sum of the 
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two curves will still be constaht arid equal tb ~aturated 

permeability. Therefore pore S1z~ distribution s.lone is not 

sufficient to dtiSt~rtbe re18tive permeability curves. 
, " 

Tcrtuosity is seen therefore to be more than a correction 

for path length of flow and must be related to the structUre of 

the POl-CUS medium, Ih particUlar it mUst be reiated to the Way 

the networks of wetting and ndb-wettln/t phase interact with one 

another. Therefore though the connection between resistivity and 

tortuosity may be valid it cannot overcome the way the parameter 

is used in the equations. 

The same limitations also apply to the use of the Kozeny-, 

Carman equation in multi-phase flow as were mentioned in the 

section on saturated flow. "yUie and Spang1er (1952) in their 

derivation, as given previously, take note of the criticisms of 

Chi1ds and Co1lis-George (1950) but since the end result is the 

same as other derivations the,r cannot be taken as having overcome 

the criticism. The criticisms moreover have more validity in 

multi-phase flow. It was shown that the equations cannot be used 

for porosity and pore siZe distributions too far away from the 

usual. In relative permeability the effective porosities range 

from(O) to (e) and the effective pore size distribution is truncated 

at each given saturation. Childs and Co11is-George discussed the 

use of average pore properties and how this must be properly 

defined and be representative. This is impossible in multi-phase 

flow se large pores in general conduct one fluid and the small 

pores the other. The relative siZes and proportions of these 

change with saturation and cannot be represented by average 

properties. From this even the similarit.y crit.orion advlUlOed for 
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sat6rated flow requires m6re rigorous applioat1Otti. 

A !'urlher dGmonstration by Brooks and PuroeU (1952) 101111 

Berveto emphasise these points.· :tt hl!.1! beAn shown that the 

Kozeny-Carman equation can be derived from a bundle of tubes model 

by Ilsing f'wlotions 01' surfaoe area.' It has also been shown that 

the sur!aoe area of a porous mediuni oan be taken as 

A =.2 1 [100 Po dS 
(1 - e) T 

o 

.L 
X 10.9) 

which 1s :l.ndepen1eilt of porE! size distribution. 

the equation 

K = eT2 ~ 

1:
100 

- 2 kat 2 x loaf 0 Pc 

has been derived for a bundle of capillar,y tubes with a distribution 

of sizes. By combining these tw equations to eliminate the 

surface tension term 

{

lOO [100 ]2 K = ) dS .f Po dS x~ --- p2 ~~~~ 
kt(1_e)2 A2 0 . 

o 0 0 

this only reduoes to the Kozeny-Carman equation if 

x = 10'1-

whioh 101111 only occur if (P) is oonstant for all values of . c 

saturation. That is if all the pores are the same size. 

It may be ooncluded that for multi-phase flow, relation­

ships must allow use of pore size distribution and that pore inter-

oonnection is important and cannot be i'ully described by tortuosity 

parameters. 

146 



§.5 THEORIES INCttlnING PORE INl'E&-CONNEX::TlbN 

6.$.1 Cutting and Joining MOdel$ 

The neEid tor iholtiston ot pore inte:r-o~nnections in 

expressions tor reiativ~ pe~eabilit1 has·baen realised and attempts 

have been made to do this to g1V'e better representation of 

unsaturated now. The cutting andjo1hl.hg lIlOdei was tirst 

stigkested and used by OhiMs and CbliifloolGebrge (1950) and since 

then has been developed by a number ot workers Marshall (1958) 

Wyllie and Gardner (1958) and Millington and Quirk (1%1) •. 

Reviews ot this work have been made by Marshall (1%2) ,Wall (1%5) 

and Laliberte, Brooks and Corey (1968). 

Consider a bundle ot capillary tubes with a distribution 

ot tube radii. A slice through the pack normal to the length 

will expose two planes) (A) and (B) showing the same pore size 

distribution.' Many such slices may be made and rearranged in 

random juxtaposition to retorm the porous medium. ChUds and 

Collis-George in their treatment arrived at an equation tor 

permeability in tel'\!ls ot the pore size distribution, porosity, and 

an unknown tactor. Experimental justification ot the equations was 

made tor unsaturated fiow but the range ot materials used was not 

sufficient to say much about the character ot the tactorJ which was 

gained by graph fitting. The treatment here is that given by 

Marshall (1958) which is fundamentally the same but which at arrives 

at an equation with no indeterminate tactors. 

The assumption is made that permeability is controlled by 

the cross-sectional area of the necks tormed between pores at the 

joins in the planes. The cross-sectional area ot the neck when 

the tit ot one pore to the next is pertect is taken as that of 
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, . 
the smaller pore. Since the fit is often imperfect, 411~noe 

is made in this case for a reduclt16ri in the size of thE! neok 

when th~ t~o pbres in random alignment do hot fit perfectly on to 

one another~ A mean cros~sect1onai area of ali the necks is 

obtained and is taken to represent that of a tribe through which 

flow occurs. lt iJ assum9d thRt the material is isotropic that 

is the fraotiorial ptlre area elcpos6d in a slice is the same as the 

void volume. The pore size distribhtion is divided up in to n 
'.. . .. ' 

equal Pore classes each of area 1/n. The mean neck area for each 

of n pdrtiohs of surface (B) with pores (rl ) in contact with the 

first portion of (A) will be 

•• 
.. . . . 2 •• e nrn •. 

taking the smallest pore in a sequence as determihing the 

resistance thus rl>r2 >rn• Also on average the area of contact 

is taken to be (e) times its area. Similarly the portion (A) 

containing pores (r2) contacting with (B) will be 

enr22, eTTr2
2, eTTr:32 •• .. .. enr 2 n 

This series is continued in this way until the nth portion of 

surface containing pore radii (rn) has been considered. This 

last portion will provide a neck area of e/Tr 2 for each of the 
n 

n portions of surface (B) with t{hich it makes contact. Therefore 

the average area of neck cros~section for all n2 portions of 

surface is 

err/n2 [er' 2 + r 2 + r 2 •• 
1 2 :3 



or 
2 . ~ . . 2 ell /n r 2 r r 2 •• •• rn 1 2 .. ,3. 

2 :;!, 2 r2 r2 1"2 1"3 •• • j n 

rl r,32 i-:? •• •• .' 2 
rn 

. ~ • i. ; •• •• • • •• 
r2r2r2 n n n •• •• r 2 

n 

this area of neck ls taken to represent the cross-sectional area 

ot tube radius (~) controlling now, where r2 is divided into 

From tliil!l Ii.ni Poieeuilles equation .. 
l '. 

The averaging prooedure is only valid beoause equal areas .for eaoh 

pore olass were used. In the partioular oase for uniform pore 

sizes this equation reduoes to 

K=e2 r2 -g 

whioh is analogous to the Kozeny equation 

K = ~ 
S2 k t 

o. 

if kot is taken a 2/ e. Tlat is kot = 5.0.Therefore the porosity 

must be 0.4 whioh is reasonable. 

MilUngton ani Quirk (1%1) used the same treatment but 

differed in the pore area resulting .frominteraotion. The 

probability of oontinuity o.f pore spaoe in the model is dependent 

on (e). Therefore the pore area resulting from an interaotion will 

lie between (e) am (e) x(~ The area resulting from an interaotion 

can be taken to be ~ that is ex interaoting with r to give an 

er.fective area for now. Furthermore eX ~ be regarded as a 
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maximum area and e2x a minimum area. Therefore tha maximum area 

oooupied by solid is (1 - e)x and the minilnuin pore area given by 

1 - (1 - e)X. These minimum pore interaotion areas should be 

identioal 

• • • e2x + (1 _ e)x _ 1 = 0 

tor values ot e between o.i and 0.6 x is between 0.6 and 0.7 

arld may be taken a 2/3 the equa.tion for permeability is theretore 

given as 
; n 

K = (e2/~)2 ~ (2i .;, 1) 
an2 L 

i = 1 

Wyllie and Gardner (1958) allowed for It reduction in erea and. of 

individual pore size and their equation contained. a factor ~ 

K = ~ 1! 
'8 n a 

The factors B and a are introduoed in the derivation 

and. go out when the equation is used for relative permeability. 

Generally the equations if used for unsaturated permeability 

have the summation stopped at the appropriate pore size and also 

the porOSity junction modified by the saturation. Thus H:lllington 

and qUirk give: the following tor nOIPwetting and wetting phase 

permeabilities 

(e s.)4/3 
n 

K = L 2(1 - l)r1
2 

w 
8 n2 

Sw 
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these mUst be divided bY Ksat to give relative ~ermeabilities. 

The cutting andjolning model when the pore interaction 

factor is taken as i· gives an essentially two dimensional model 

of por& space continuity. It neglects the routes in the third 

dimension which are available in real porous media. The 
4/3 

(e ) fec~or in the Millington\\:l~uirk equation is an attempt to 

recognise this and provide opportunitles for these extra connections. 

The equation has beeh shown t~ give a bett.er £it for relative 

permeability values, Ma1'Shali (i962), Wall (196.5), aM this must 

emphasise this point. 

Marshall (1962) extended. the model into .3 dimensions by 

considering stacks of cells each containing uniform pore siZes which 

together gave a distribution 

n 
K = c2~r2r2 - 1 i n 

1 r2+r2 
1 i 

2 2 2 ~ + 2r2 r 1 + .. + 2rn r1 
2 2 ~ 2 

r +r r"'+r 2 1 .. n 1 

1f the smaller pores in two connecting cells are taken as dominant-

ing the permeability: then this reduces to 

K - C ~ (2 1 _ 1) r 2 
- ~ L.. 1 

1 

where 0 1s a constant determined by the material. 

6.5.2 Lattice Models 

Lattice models, in which the structure of pore space is 

taken to be composed of small units which can· be added together to 

form a porous medlum,have been proposed by Flood (1958) and Le Goff 

(1967). • 
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Le Goff (1967) approached the·problem from consideration 

of a framework which aUoml repeating epaee fUling elements to be 

used tQ oharacterise the now regimes in two phase now in packed 

columns. The simplest elAm~nt which does hot ~uire orientation 

for epace filling is the cube. Relatively few parameters are 

required to· characterise the now properties of this model and 

they can be determhied by Eiltperlment. Knowing these parameters 

allows prediction of behaviour under a range of conditions. 

A similar model has been described by Flood (1958) to allow 

statistical representation. of pore space. It has been extended 

by Wall (1965) to provide an expression for permeability in terms 

of the pore size distribution and the pore structure defined by 

the porosity and the formation factor. 

The cubical elements comprising the porous medium have a 

range of edge sizes (li). Each cube contains a model pore, as 

shown in Fig. (42), where the :;quare capillaIY neck has a side 

Flood (1958) 

Unit Pore 

Fig. (42) 

of H/a and the central cubical void a side of bU/a. This allows 

the porosity and the fotmation factor to be calculated 
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e = ~ + 3a:'" 3b 

a3 
F = a(a ;ob) + .! - 2Ha ... b) 

b .~(b2 _ 2a-2b) 

Plots ot porositr veri;l~s formation factor oan be made for various 

values of (a) and (b). Therefore if (F) or (e) is known for a 

real G,1stem it is possible to evaluate an expression form 

permeabil1tyin terms of the pore spaoe parameters. Wall 

derives the equatioh 

K = ····1 .... Lr i 2 
aa (a • b) ~ 

where (ri ) is the equivalent radius of the oapillary neok. This 

is essent1slly similar to the other expressions, but really 

oonsiders pore space as a sequence of identioal pores. The 

mension to relative permeability may not therefore be success-

full. 

6.5.3 Network Y~els 

A more direot introduotion of pore space conneotivity 

was made by Fatt (1956) with the network of tubes model of 

porous media. This is the S8Jl1e as previously desoribed in the 

oapillary pressure section but utilized for permeability stUdies 

and more especially two phase permeability_ Fatt was not able 

to oalculate the permeability of the model directly for a 

reasonable size of network because the number of variables was too 

great for oonvenient working with the size of oomputer then 

available. He therefore oonstruoted an eleotrical analogle using 

the oorrespondence between Ohllls Law and. Poiseuiiles Law 

v = RI i1P = ~ .. C{. ~ ...• 
Trr'4 . ,. 

Resistance : ~ 
TT r'4 

-= CL 
~ 
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It only relative values are l'«lutred it is sufficient to lUJe 

resietalloe proportional to L / .z!.. Kmwing the radius and 

length ot eaoh tube in the network it is thereto re possible to 

oaloulate an equtvalent electrioal resistance. A network ot 

appropriately sized resistances was then set up and the total 

resistance (or permeability) ot the network measured direotly. 

By removing resistances to simulate desaturation (as previously 

desoribed) it is possible to measure the permeability ot the 

network at different saturations. The removed resistanoes were 

titted into an equivalent network which represents the non-wetting 

phase flow path and the resistance ot this was also measured. 

ThIUJ a oomplete relative permeability saturation plot was obtained 

tor both wetting and ncn-wetting phases. The relation between 

resistivity and saturation was also investigated. This however 

requires ancther set ot reslstances since the electrical resistance 

ot a fluid filled tube is proportional to L / l· as oompared \11th 

L/ r4 for the flow resistance. 

Fatt applied the technique to difterent network configurations 

and a range of pore size distributions inclUding mono-size pores, 

just as in his capillar.y pressure work! He was able to show that 

the shape ot the relative parmeability curves could be reproduced 

by this network model and that the sum of non-wetting and wetting 

phase relative permeabilities was alw~s less than unity. This 

even applied to a network of mono-size tubes which were desaturated 

in random sequence. The non-wetting phase relative permeability 

was found to be more sensitive to changes in network shape than the 

wetting phase, but the characteristics ot two phase flow in general 

were shown to be mainly a consequence of the intero-conneotions in 
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. . 
the network. The measuremebts ot rell1stiv1tj' t~t- dUferent 

saturations foho~ed Archias l:.a;.,; 

Relatiye Resistivity = S-n 
11 

for all satllrations. The exponent (n) was shown to be related to 
" I, , 

the number ot intel'-connections per pore in the network but not 

the pore !!Iue distribution. From measurementll ~f re1ativll . .,. 
. .... .. 

resbt1vitJ' on uncotleol1dated media Fatt concl~ed tbilt netWorks 

in these have between 4 and 13 conneotiohli at each junction. 

In a Ilimilar but indeperrlent work Probine (1958) used a 
fin" 

6 connectionAjunction network arranged in three dimensions. 

This was chosen to represent the pore space occurring in a cubical 

packing of equal spheres. Even with a relatively small network of 

64 resistances this gave a better fit with the measured relative 

permeab1lities ot Ch1lds and ColUs-George than did their expression 

for permeab1lity. 

Rose (1957) extended Fatts network concept to larger sues 

by using a digital computor. He considered a three dimensional 

tetragonal network which has a high degree of connectivity and pore 

path possib1lity. This could be altered to other less well 

connected networks qy fitting in zero pores randomly. Rose showed 

that the number of connections per pore is not sufficient by itself 

to specifY network configurations in three dimensions as it cannot 

account for the number of pore paths available between adjacent 

junctions. Therefore Fatts conolusion from hill essentially two 

dimensional model that the shape of relative permeab1lity curves is 

mainly determined by number of intel'-connections per pore must be 

seen as too simple. 

Two methods were outlined for operating on the large network 
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with a cOmPutor; one was a direct milt:hbd of following consec~tive 
-:.~ I,;', ; ,;. ~ ... ,' .. ",',: ,.< r, ,,':',: 

pr~esses in peres, the other a neiwotk:relaxation method as 

desc~ibed by urkstra and Parsona (19Si)i k~se was not primarily 
, : ' . . ' • \ l . ~ " :. >: :., 

'ooncerned with using the model as il trl.efd$(jbilid description of 

fluid 1'10\1 in pbrous media but rath~i'or using it to represent the 

macroscopic pro6eseee involved in ell reservoir~. The techniques 

llre aPplicable' in principle to m1c!roscoplc descriptions since he 

merely used a less fine network in which the correspondence is not on 

the basis of individual pores. 

So far nb expression for permeability in term of the 

parameters bf pot-ous medii!. has been derived !tom network models. 

6.5 SUMMARy 

The flow of nuida in porous media has bsilh discussed in 

terms of expressions for permeability given by parameters of pore 

space. It has been shown that models based on the bundle of tubes 

concept including the Kozeny-Carman equation rely on tortuosity 

factors to account for the true nature of pore space in an unrealistic 

way. These relationships are not very satisfactory for single phase 

flow in porous media but breakdown seriously in oharaoterising two 

phase now. This is because of the way two immiscible nuid phases 

distribute thamselves in a porous medium which does not allow average 

properties to be used. It has been emphasised therefore that in 

expressions for relative permsability pore size distribution and 

pore space connectivity must be incOrPorated. The network model 

of Fatt is important in this respect as it successfully reproduces 

relative permeability characteristics for even a system of mono-

size pores. The theoretical model which is s~ar to Fatts model 

may therefore be applied to this problem. 

156 



cHAPitttSE1]EN 

NETwORK MJDEL APPt:rED TO Fr.U:ili FIja-l 

7.1 INTRObUCTION 
Etist~ relationships rot the per~eability ot porous 

Iiledia haVE! bl3en mentioned and the:l.~ short-bo;Urigs diSoussed. In 

general they- are not satisfa.otor,t because they do not take full 

aooount of the true nature of pore spaoe~ This is especially so 

for two phase immiscible fiow where pore size distribution and pore 

oonnectivity- have been shown to be critical, factors~ In Chapter IV 

a theoretical model of the pore space in a pack of unequal spheres 

in dense random pacldng was develOped,in which the connectivity- ot 

the pores was approximated by- a reg\llar two dimensionai array. 

Capillary- pressure curves were 6btained from this model which cbDipare 

quite well with experimental results. The model is based on that 

used by Fatt (1956) who obtained permeabilities of the model by 

construeting electrical resistance analogues and direotly measuring 

the total resistance of the arrays. The use of electrical relation­

ships is based on the analogy between Ohms law for electrical 

resistance and Poiseuilles law for fiow in capillary- tubes 

I = ViR q = or 4p 
81l L 

1 - rrr4 • R 0<.. L/ r4 - • • - 8ltL R 

Thus. the fiow resistance of a network of different sizes of capillary­

tubes can be represented by- the eleotrical resistance of a network 

of appropriately sized resistors. The direct measurement of the 

resistance of specially constructed arrays of resistors is of 

limited use, but Kirchotfs laws can be applied to the network and the 
.... 

total resistance calculated. In the next sections a matrix 
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expression of Kirchofi's laws is developed whioh is related to the 

permeability of the network of capillary tubes model devel.oped in 

Chapter IV. The derivation is taken i'rom electrioal network 

theory but the inter-changeability of these and capillary tube 

relationships has been demonstrated. 

7.2 l1ATRIX EXPRESSION FOR THE RESISTANCE 

OF A NETWORK 

The following treatment is based on that given in text­

books on eleotrioal network theory such as those by Stigant (1964) 

and Trapper (1962) whioh are basea on the work of Kron (1939). 

The performance of any given network may be derived fram 

the performance of the individuelelements in the network. In 

Fig. (43) the real network (a) may be reduced to the so-called 

RI R2 
1 2 3, - -

R3 
ea 

e18 !V ~ eo 
i( i l 

ib . (I C I~ 
,,' . 

. (a) (b) 
NETWORK PRIMITIVE . NETWORK 

Fig. (43) 

"primitive" network form (b) and the relation between the two systems 

can be represented by a transformation or oonnection matrix. In 

Fig. (43) (b) Ohms law may be expressed 

ea RI 0 0 la 

~ = 0 ~ 0 ib 

0 0 R3 
• e '\:1 c 

te'] = [R] [iJ 
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But !'ram the real netvork in Fig. (43) (a) 

= 
= 
= 

which ~ be expressed 

~L ~_. 
I). 

J ;c 

1 0 

o 1 

1 -1 

[i] = [c] [iJ 
where [Cl is the transformation or connection matrix and provides 

the rillationship between the currents in the actual network and the 

primitive network. 

Similarly the relationship between the voltages in (a) 

and (b) may be given in terms of a matrix which is the transpose 

of CC] 
= + 

= 

Le] = [cl [e} 

The connection matrix is a rect~gu1ar matrix with (i) 

rows and (j) columns where (i) is the number of elements and (j) 

is the number of loops in the actual network. To define the 

connection matrix for a network the elements and the loops in the 

network are numbered and the directions of current now arbitrarily 

assigned, Here loop currents are taken as being clockwise and 

currents in elements taken as either left to right for horizontal 
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elements or top to bottom for vertical elements. The elements of 

the matrix maT be designated according to these rules: 

C1j == 0 If element (i) is not part of loop (j) 

Cij = +1 If the assumed direction of current now in element 

(1) coincides with the assumed loop current now 

in (j) 

Cij = ... 1 If the assumed direction of current now in 

element (i) is opposite to the assumed loop 

current now in (j) 

Therefore going back to the expression of Ohms law for the 

prilllit.ive network 

[e'J = [R] [1] 
• [e ] = [clt [R] [i'J = [01 [RJ [cl Ll] •• 
• Ohms law for the actual network may be expressed • • 

[e J = L zJ [1 ] 

where [z 1 = [olt [R] [c ] 

In electrical terminology this is called the 'mesh impedance 

matrix' and is an operator which acts as the resistance of the whole 

network. 

[z] = rc~ + 1)) 

L -~ 

o o 11:3 

160 

o 

1 

1 -1 



This [Z] is a symmetricalaquare niatrix with its order gi'iren by the 

number of loops in the network, in this case 2 x 2. This may also 

be defined directly by a set of rules: 

Zii = The eum of resistances in loop (i) 

Zij = Zji = - (The sum of resistances common to 

loops (i) am (j) ) 

Thus a matrix expression for the performance of a network 

may be given by 

[eJ = [zJ [iJ 
where [ e J and [1) are oolumn vectors representing the current am 

the voltage souroes in each ldO~. The mat:r'ix [z] may be d\)tilied 

either from the connection matrix am a diagonal matrix of the 

resistance elements 

[Z] = [eJt [R] [e] 
or directly from the configuration of the network am values of 

the resistances. 

It must be remembered that a matrix may only be used as 
~ 

an operator on other matrices and is not a defi~te quantity, 

therefore the total permeability or resistance of a network may 
only be obtained· in terma of potentials am the currents in the 

network. That is, where in general the potential drop across an 

array of resistances is know, the mesh impedance lJlB.trix can be used 

to caloulate the loop current matrix from 

[Z]-l [e1 = [11 
Therefore knowing the potential drop across the network and the 

current it causes, the· total effective resistance of the r.etwork may 
be oalculated. In general therefore the problem is one of fWing 

the inverse of the mesh impedance matrix. 
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7.3 APPLICATION OF THE RELATIONSHIPS TO-IH! 

NETWORK MODEL OF POROUS MEDIA 

The matrix relationships may be used in calculating the 

performance of the network of capillary tube model. The form of 

the network used in Chapter IV for oapillary preseure curves is 

slightly changed for convenient operation by using a square arrey 

and removing the voids at each junction. This latter change is 

equivalent to assuming that the permeability of the network is 

governed by the narrow tubes between junctions. An example of 

the network form used is shown in Fig. (44) in which there are 

13 loops and 21 elements 

I NETWORK MODEL 

:> ') ') 

') ') ') 

I) ') ') 

) ') ') 

I Fig. (44) 

In this by analogy between Ohms law and Po1seuilles law 

Resistance 0< L I .J+ 
and voltage 0<.4 P 

4P 11 

. [ZJ-1 0 '-2 
0 = ~ 
I • • 

0 i13 
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Since there is only one potential source in this· problem then the 

\lhole of the imrer;re or [z ] is not requil"ed. .Assuming the imrerse 

of [Z] to be [XJ 
.1P Xn X12 00 Xll3 D.P .1P Xn il 

I z 1-1 0 X21 X22 o. X2l3 0 D.P X12 ~ 
0 = X3l X

32 •• X3l3 0 = IJPX
l3 = ~ 

: 0 0 . 0 0 : • 0 0 0 0 

0 Xl31 Xl32 •• X13l3 0 D.P Xl13 1:3 
Therefore it can be seen that only the first column of the imrerse 

of [z ] ls required. BJ derinition or the imrerse of a matrix 

[z J [zJ-l = [I] 
Where [I J is the unit matrix which is a diagonal matrix in which 

each non-zero element is unity. Therefore the first column of the 

inverse of [ Z J may be obtained by the solution of a set of 

simultaneous equations in which the right hand side co-efficients 

are given by the first column of [I] 

Z12 •• •• Zn3 

Z22 •• ". Z2l3 

Z32 •• •• Z313 

: I : 

= 

1 

o 

o 

: 

o 

The overall permeability of the network shown in Fig. (44) may then 

be obtained from 

K = il/L:lP 

but since '-1= APXn 

therefore K = Xn 
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'. '. '. {_."- .'. ' .' ",': ._ ;.e . 'i;: 

Thus the oVerall permeability of tnij network isgiveh by oria el~ 
. . , " . 

of the :l.nve~se of the mesh impedahce inat~ix~ 

Thl~ applies generally no iDatter which way t.he loOps in 
the network are h~ered as the ~~tiiteJ sOlht!6n will always be 
given by the equation with a right hand side co-effid!ent of L 

This is obtained trom the appropriate coltimn of the unit matrix •. 

The solution may therefore be seen to be an application of Kirchoffs 

voltage law that, the algebraic sum of the products of current and 

resistance in each part of a closed circuit is equal to the applied 

voltage in the circuit. 

However the statement of the reiat16nships in the form 

given by the mesh impedance matrix allows the contributions due to 

the individual elements and the contribution of the network to be 

differentiated 

[z] = [C]t [RJ[C] 
The matrix [R] can be taken to be related to a pore size distribution 

since the terms it contains are made up of the resistances of 

individual pores. This may be defined almost independently of the 

actual configuration of the porous medium by a oapillary pressure 

curve. Furthermore capillary pressure curves for similar particle 

size distributions have been shown to be oorrelatable to one unique 

curve for any porosity or absolute particle size by using the relation 

e 
(I"':'" e) So 

This could therefore be incorporated in [Z] as a scalar 

multiplier to the [ R ] matrix. Thus the individual resistive elements 

in a porous medium may be defined by a function similar to that used 

by the Kozeny-Carman equation. Here however an additionsl factor 

of the structure of the pore space is also included. The success 



of the Kozeny-Ca= equation may be therefore understood by the 

success of the correlation used in Chapter V for capUlary- pressure 

curves, and also that the [c ] matrix for an actual porous medium 

either does not vary very much or) is not critica1]in most oases 

and oan be represented by a single ooeffioient such as the 

torluosity .. 

7.4 USE OF THE MATRIX METHOD FOR PERMEABILITY 

AND RELATIVE PERMEABILITY 

The matrix expression for the performanoe of a network has 

been shown to be equivalent to a ,statement of Kirohoffs voltage law 

and to require the solution of n simultaneous equations where n 

is the number of loops in the network. It may be possible to give 

the solution of the equations for the one element' required in terms 

of a series expression involving the ooefficients of the equations. 

This would then be equivalent to other relationships for 

permeability. In practice however it is more convenient to retain 

the matrix form and to treat the problem on this basis as a set of 

simultaneous equations. The main limitation on the use of the 

method is in the size of computor storage required for the matrices. 

For example a network of 100 loops requires solution of 100 

simultaneous equations which means storage of 10,000 coefficients. 

Therefore the direct method of defining the mesh impedance matrix 

is preferred as the expression in terms of [c ] and [ R J requires 

storage of these also. 

The largest network able to be solved with the computer 

available has 91 loops and contains 171 resistances, using the method 

given as a computor program in appendix 6. A list of the radii and 

the volumes of the capillary tubes calculated from the Wise model 
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of pore apace is used. The now resistance of each of these iii 
- ... ,! ""'\';,'-:',::"'t'!'~'''''''' ;::.,.,."' :,: ~""""-"": .... ~- .,,-. '". :,,,' ""',-, . ,""',\ 

ealci2£~t~ rfo~ i>;1i~auilles law (i.~i t./ ,'11+) and th~'~e1!startde 
vaiu~~ are th~J ~khl1ged in random bid~r in the ileti:rb~k bj ~tk 
th~ librliIj s~~utln$ ZORMAL t~), trcim thiS the ~ash 
linp~atid~ ma~rb( ls specified by theJ ilt1~1'Outine 2: (t.t) 1:Iy 

assuming the network form in Fig. (44)~, This su~routihe defines 
the matrix from the number of loops in the network and the 

appropriate number of resistance values to fill the network, and 

thus the matrix need not be stored. Tbe 91 simultaneous eqriad.ons 

defined ,by this and the first column of , the unit matrix are then 

soiVed using the ii.bi-ary su~routine F2S0L'VE. This is a sub-routine 

for the solution of silinlltaneous equations with partial row pivoting 

and row normalisation. The permeability of the network is then 

picked out of the solution. 

To apply the method to relative permeability, simplifioation 

has been introduoed. As the network desaturates, that is the larger 

tubes empty and no longer oontributeto the network permeability, 

the oonneotivity of the network ohanges. Therefore at eaoh stage 

in the desaturation a new Cc] and [n] should be evaluated. Here 

however thedesaturation is taken to be simulated by the substitution 

of very high resistances for tubes whioh have been emptied. The 

network form and the Cc] matrix are therefore oonsidered to be 

unohanged by de saturation. Also for oonvenienoe the network 

desaturation prooedure used in defining the capillary pressure ourves 

from the network is not used and therefore isolation of large tubes 

by smaller ones is not considered. This greatly simplifies the 

opex'ations on the matrix and may be used as a first approximation. 

These methods of using the relationships are oapable of 
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improvement sinoe the mesh ~edanae matrix is ~etrioal 

(as shown in 7.2) and is also quite sparse, for the network form 

used here. it should therefore be possible to reduoe the storage 

required for the matrix by using these properties. A solution of 

the equations in terms of the compressed coefficient matrix will 

then have to be devised. This must be an accurate solution using 

pivoting as a s~le elimination procedure was tried and found 

to be unsatusfaotory'. 

7.5 RESULTS AND PISCUSSION 

7.5.1 Saturated Permeability 

The matrix expression of the permeabillty of a network has 

been applied to networks of oapillary' tubes caloulated from the 

tUse model of sphere paoking given in chapter rv. From this the 

radii lengths and relative numbers of the various oapillary' tubes 

making up a network are known and their individual resistanoes can 

be caloulated. It is possible to apply the method to radii or 

pores determined from an experimental capillary' pressure ourve by 

making some assumption about the relationship of pore volume to 

radius but this was not attempted and the method is only applied 

to the derived network models. That is relating to the four mono­

size packs of beads and the four 3-component mixtures previously 

mentioned. 

The various resistances are fitted into the model network 

in random order using the library' sub-routine ZORMAL (~). 

Where (~) is an integer between 1 and 9 whioh is used to vary' the 

starting point for the calculation of the random number series. 

The effect of changing the randomising order 6n the calculated 

permeabilities is shown in Table VII. 
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TABLE VII 

Bed Permeabilities for different Average Average 
randOlll arrnngeme:nts value value 

xSo x 1()-2 

36/52 9.44 9.45 9.44 9.44 9.58 9.49 9.47 15.34 

52/60 3.41 3.42 3.41 3.41 3.46 3.46 3.42 8.C1l 

72/85 1.33 1.33 1.31 1.32 1.32 4.22 

15q/120 .31 .31 .31 .31 .31 1.59 

Mixture 1 2.83 3.15 2.86 2.91 2.93 6.85 

Mixture 2 7.69 8.60 8.81 8.18 8.32 13.39 

Mixture 3 1.56 1.56 1.56 1.52 1.54 1.56 1.55 3.50 

Mixture 4 1.36 1.25 1.21 1.26 1.36 1.27 2.58 

It can be seen that in general the variability of the 

results is greater for the three-component mixtures than for the mono-

size packs. This is because there is a greater capability of 

variation in these networks as the pore size distribution and therefore 

the resistance distribution is wider. This variability should be 

reduced if the net~TOrk size was greater. 

To compare these results with other results for permeability 

it must be remembered that the relationship between the size ,and shape 

of the network, to the element of the porous material it represents 

must be included. The network form and shape has been kept constant 

for ea€h bed and therefore each network represents a similar element 

of pore space. However for the given constant number of tubes in 

the network the system represents ~ larger element of the pore space 

for the 36/52 bed with an average sphere diameter 37Dp than that 

of the 150/120 bed with an average sphere diameter of 117]10 The 

average values of the network permeabi1ities given in Table VII must 
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· ,:, ~: '. , 

therefore be dlv:l.ded by the average sphere diBlDeters of the pack the," 

represent. That is multiplied by the specific surface as is 

presented ··iXl the last column of Table VII. These values are not 

absolute values of ~bility for the various sphere packs but may 

be only" taken td be proportional to the absolute permeability as a 

constant multiplying factor for the network shape used must also 

be included. 

Permeabilities for each of the samples used has been 

calculated using both the Kozeny-Carman equation, 

K = ~ 
2 2 

5.0 (1 - e) So 

and also from the experimental and theoretical capillary pressure 

curvea using tha expression of Millington and Quirk given in 6.5.1 
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IOQ = Permeability by Millington & Quirk 

KKC = Permeability by Koze~-Carman 

TABLE VIII 

PERMEABILITIES OF M:lNO SIZE PACKS c~ ~ 10-8 

. j6L~~ 

e .• 2191 .3575 .3547 .3528 .3524 .3508 
KlQ 15.58 113.16 113.45 109.53 108.15 91.25 
KKC 1.3.22 84.04 81.37 79.60 79.23 77.77 
.IOQ/xxo 1.17 1.34 1.39 1.37 1.36 1.17 

e .3532 .3725 .3583 .3926 
IOQ 91.16 138.31 117.29 196.92 
KKC 79.97 99.67 84.82 124.54 
IGq!KKC 1.13 1.38 1.38 1.58 

52/60 

e .2135 .3528 .3519 .3952 .4003 
K}Q 7.68 52.50 54.23 84.23 92.49 
KKC 5.64 37.60 37.21 60.53 63.97 
IGq!KKC 1.36 1.39 1.45 1.39 1.44 

72/85 

e .2199 .3517 .3445 .3844 .3839 
IOQ 4.19 26.54 24.40 42.45 41.41 
KKC 3.42 20.26 18.63 29.34 29.18 
KM¥KKC 1.22 1.30 1.30 1.44 1.41 

12QL120 

e .2195 .3471 .3504 .3466 .3469 
IOQ 1.58 8.82 8.83 8.56 8.78 
KKC 1.31 ·7.42 7.71 7.37 7.40 
KM¥KKC 1.20 1.20 1.14 1.16 1.18 

e .3420 .3495 .3967 
IOQ 8.18 8.63 16.38 
KKC 6.99 7.63 12.97 
~KKC 1.17 1.13 1.26 
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TABLE IX 

PERMEABILITIES OF :3-COMPONENr MIXTURES (cnf x 10-8) 

Mixture 1 

e .2l22 .3503 .3537 .3924 .3952 

Km 6.69 53.74 52.29 en .30 86.55 

KKO 5.63 ')7.26 38.76 59.88 61.74 

KM¥KKO 1.18 1.44 1.34 1.45 1.40 

Mixture i? 

e .2112 .3434 .3434 .3enl .3881 

KMQ 13.75 88.73 92.11 168.33 164.84 

KKO 1l.69 72.53 72.5') 119.24 120.56 

KM¥KKO 1.17 1.22 1.26 1.41 1.36 

Mixture J 

e .1975 .3316 .3325 .3902 .3867 

Km 3.87 44.32 46.91 91.18 85.17 

KKO 4.67 31.85 32.20 62.36 60.01 

KM¥KKO .82 1.39 1.45 1.46 1.41 

Mixture 4 

e .1792 .3033 .3404 

KMQ 3.64 63.96 40.39 

KKO 4.18 44.37 28.]3 

KMWKKO .en 1.44 1.43 
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TABLE X 

PEmlEABILITY OF FILTER AID SAMPLES cm2 x 10-8 

Sample ..e. So IOQ KKC Kl-Q/KKC 

c~/cnf? 

560 .8650 7,164 27.16 13.84 1.96 

560 .~47 7,414 29.68 15.51 1.91 

545 .8633 9,733 11.64 7.08 1.64 

53~ .8566 12,389 6.47 3.98 1.62 

503 .8611 14,529 6.35 3.14 2.02 

Hy Flow .8547 18,823 2.52 1.67 1.50 
Super Cel 

These show that the 

permeabilities calculated by the Mil1ington and Quirk expression 

are higher than those ca1cul§ted by the Kozeny-Carman equation by 

a constant factor of about 1.3 except for the filter aid results for 

which it is around 1.8. Also the tables show that the permeabilities 

calculated from the results of the theoretical model are consistant 

with those calculated from experimental results. These calculated 

permeabilities for the model are compared with permeabilities for 

the network model obtained by the matrix method in Table XI. 
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TABLE XI 

Matrix method Ja.Q K matrix KKC K matrix 
Ja.Q KKC 

36/52 15.34 15.58 .98 13.22 1.16 

52/60 8.CJ7 7.68 1.05 5.64 1.43 

72/85 4.22 4.19 1.00 3.42 1.Z3 

150/120 1.59 1.58 1.00 1.31 1.21 

Mixture 1 6.8, 6.69 1.02 5.63 1.21 

Mixture 2 13.39 13.75 .97 11.69 1.14 

Hixture 3 3.50 3.87 .90 4.67 .74 

Mixture 4 2.58 3.64 .70 4.18 .61 

The results shown for the three different methods of calculating 

the permeability of the DDdel sphere packs are each different by 
~ 

a constant value, they may theref'ore be taken to be consist,llnt with 

one another. Comparison with the experimental results for the 

Kozeny-Carman equation and the Hillington and Quirk expression 
-e.... . 

have been shown to be consist,ant with the· calculated values for 

the model results and may therefore be also taken to support this. 

Permeabilities calculated for the'network model by the 

matrix method are therefore consist~ia with other methods of' 

calculating the permeability of the model and also with calculated 

permeabilities f'rom experimental results. 

7.5.2 Relative Permeability 

The permeability equation of Hillington and Quirk may be 

used to calculate relative permeabilities f'rom capillary pressure 

curves by a modification of the porosity term to include saturation 

and by stopping the summation of' the radius terms at the appropriate 

point. Thus 
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KzM = (e (1 - Sw) )4/3 

8 n2. 

5-1 2. (2 i- 1) rl 
1 

and the '~ia.ti~~ peI'lll63.bilities are given by these expressions 

divided bY the saturated permeabilities. These expressions have 

.. been aPill:l.ild to the measured capillary pressure curves using 100 

inorements in the summation and a straight line interpolation 

between the experimental points. The results are plotted as 

relative permeability curves for the mono-size packs in Fig. (45), 

for the three-component packs in Fig. (46) and the filter aid 

sampies in Fig. (48). The same results calculated from capillal".Y' 

pressure curves obtained from the theoretical model are. shown with 

the mono-size pack results on Fig. (45) ani for the three-component 

separately on Fig. (47). 

These curves exhibit all the chsracteristics noted by 

Wycoff ani Botset ani mentioned in Chapter VI. The permeabilities 

of both the wetting and non-wetting phases approach zero for quite 

appreciable saturations. Residual moisture is excluded from the 

expression of saturation, therefore a margin of an extra 5% - 10% 

must be added to the low saturation side of these plots in which 

the wetting phsse permeability is zero and the non-wetting phase 

relative permeability is 1.0. In each case the wetting an! non­

wetting phase curves cross below about .25 relative permeability 

and only add up to 1.0 at 0% and 100% saturation. 

The results from the experimental capillary pressure curves 

for the mono-size samples all lie on the same curve with the results 

from the theoretical capillal".Y' pressure curves slightly to one side. 

Comparison with the results for the three-component packs and for 

the filter aid material show that wider pore size distributions 
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moVe the cr<>sa:..over point of the pairs of curves towards the higher 

wetting phase s~turations. Therefore since in general the 

,theoretical model predicts a narrower pore size distribution than 

was found in practice,the relative permeability curves are to the 
, , 

right of the results calculated from the experimental curves to 

which they 'relate. 

,Relative perm!'ability curves have also been, calculated for 

the theoreticlal model using the matrix method. The results are 

shown for all the eight particle size distributions on Fig. (49). 

In these calculations only one value of the rarrlomising function 

has been used which goes some way to explaining the wide scatter 

of the points. The variability may also be ascribed to the small 

size of the network used and to the limitations of the pore size 

distribution derived from the Wise model arrl mentioned in Chapter V. 

The main deviation is that due to mixture 4 which has the widest 

particle size distribution and which gives the greatest variation 

for different values of the randomising function and also the poorest 

fit for saturated permeability results. There is also doUbt attached 

to the values of saturation at each point since the desaturation 

procedure used in determining capillary pressure curves is not used 

and also the void spaces which contribute a great deal to the total 

pore volume are not included. However a curve can be drawn through 

the points which follows the main features of the relative permeability 
{)... 

c.J:rves given by the Mlllington and Quirk expression. It is however 

not possible to pick out the features due to pore size distribution. 

Considering the assumptions made in the derivation of the 

pore size distributions used in these calculations from the Wise 

model, the simplification introduced in setting up the network arrl 
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t.he small size ot th .. net'H'Ork tt:!ed the agreement is not unreasonabl" 

and at least justifies a further investigation of the procedure. 

However the main point may be taken ail the corroboration of the 

conclusion made by Fatt that the oharacteristic shape of relative 

permeability curves is a result of both the pore size distribution 

and the struoture of the pore spaoe of porous media. Of these 

the most important feature in relative permeability curves may be 

taken to be the structure since the effeot of pore size distribution 

oan be shown to be quite small and only to make minor alterations 

in the configuration of the ourves. 

7.6 SUMMARY AND CONCLUSIONS 

A matrix expression for permeability has been developed 

from eleotrical network theory which includes terms for both the 

pore size distribution and the structure of a porous medium. 

Permeabilities for the packs of beads used in the experiments 

in Chapter V have been calculated using the matrix method, the 

Kozerv-Carman equation and the expression derived by Millington 

and Quirk. The results for eaoh method bear a oonstant relation 
e. 

to the others which is taken as indicating self consist~y. 

Relative permeability curves have been oalcUIatedfrom 

experimental am theoretical capillary pressure curves using the 

expression of Millington and Quirk. These curves show all the 

characteristics outlined in Chapter VI. The effect of pore size 

distribution on the curves has been noted and the results 

caloulated from the theoretical capillary pressure curves show the 

effect of the narrowness of their pore size .distribution. 

Relative permeability curves calculated by the matrix method 

show a scatter about curves which are similar to the previous 

calculated curves. Reasons for this scatter have been advanced. 
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CHAPTER EIGHT. 

DEVIATERING AS A FtcMPROCESS 

8.1 INTRODUCTION 

..rhe capillary theory of det.rater!ng has been appiied t+ 
previous workers to filter cakes Cw discussing the effects shown 

by capillary pressure curves. However dewatering is primarilY a 

flow process .and for an1 optimisati~n of the operation the relation­

ship betweeneaturatiorl and time d~ing dewatering is essential. 

Nenniger and Storrowand Batel have·deseribed saturation versus 
I 

time curves for dewatering by including the flow of water ae a film 
e. 

on the pore walls. But the exist,llnce of this phenomena in porous , , 

media has not been supported by an1 of the work covered in the 

literature survey. Gray calculated saturation versus time curves 

for fine coal filter cakes using a bundle of tubes model of porous 
e. 

media but showed that this gave poor correspo~~ce with experimental 

results. The failure 01' this model may be Understood from the 

criticism of it in Chapter VI. 

The discussion on two phaee flow phenomena in Chapter VI 

has shown that a permeability may be defined for each phase, in a 

given partially saturated porous medium, in terms of the saturated 

permeability which is depe~ onlY on the saturation of the'" 
• 

material to the phase considered.' Using these considerations a 

description of the dwatering process may be advanced as a succession 

of steady-state flows governed by relative permeability. An' analYsis 

is presented on these lines which,though it is not complete)does 

enable the effects 01' the various variables to be illustrated. 
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§':2 DEWATERING AS A FLCM PROCESS WITH 

A SUCCESSION OF· STEADY-STATES 

The dewaterirtg of a filter oake by a displaoing pre~sUre 

may be oonsidered !l.!l taking pieoe in twO stages. In the first 

stage water alone flows from the material and at a uniform rate of 

flow. This gives way to a seoond stage when the zone of change in 

saturation reaohes the outflow faoe of the filter oake and both 

water and air flow simultaneously. This stage is oharaoterised by 

a steady deoline in the rate of flow of the water phase. 

The prooess may be represented by a oell model of the form 

shown in Fig. (;0). The filter oake is divided horizontally into 

1 

2 

3 

N 

v 
n Fig. (50) 

(N) seotions as shown, with no. (1) seotion oonneoted to the inflow 

faoe arxl nQ. CN) to the outflow faoe. Flow in the filter oake is 

through these seotions oonneoted in series) where the Daroy equation 

applies to eaoh seotion. A pressure drop is applied aoross the 

porous medium to displaoe the saturating water. Small increments 

of time are oonsidered arxl a volume (Vi) can be oaloulated whioh 

flows from eaoh seotion in to the next in the series. The saturation 

change in each seotion is therefore given by (V i-I - V 1) • For the 



first time increment each seotion is 100% saturated and therefore 

has the same permeability. (Vi! is therefore the same for each 

section and all remain fully saturated except for the first. The 

whole filter cake is reduced in saturation by the amount (VN'o) which 

the section (N) releases to the outside. In the next time increment 

the permeabilit7 of Cl) is no~ less than previous17 since its 

saturation is less, therefore (VI) is smaller. Thus section (2) 

becomes less than 100% saturated since (V 2> V 1) • All the other 

volumes flowing from section to section are the same and the total 

saturation of the whole porous medium is again reduced by the same 

amount. This procedure may be followed for further increments of 

time and the progress of the saturation changes in the various 

sections and the whole bed may be traced. The saturation change 

for the whole asaembly of sections may be seen to be always given 

by section (N) and as long as this element remains 100% saturated 

the rate of flow out of the filter cake will be uniform. From the 

point when the zone of saturation change reaches this section the 

rate of flow out of the filter cake declines according to the 

relative permeability saturation plot and the saturation changes 

in (N). 

Calculations on this model using relative permeabilities 

calculated from capillar,y pressure curves by the method of Mi11ington 

and Quirk mentioned in the last chapter, were performed. The model 

as described does not make any assumptions about the nature of 

relative permeabilities used but this expression has been shown to 

give at least the correct sort of result and may be used here for 

demonstration purposes. In the calculations incremental times for 

each steady-state flow are chosen to give a saturation change at 
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each increment of about 1%. 

As a preliminary test the effect of the choice of number 

of' divisions of the porous medium was checked. Calculations were 

made with N = 1, 5, 10, 20 and 30. These results are plotted 

on Fig. (51) and show that 20 divisions is sufficient to achieve 
e. 

consistanoy in the calculated curves. The case represented by 

N = 1 is equivalent to the dewatering curve of an infinitely thin 

£il ter cake. 

Several simplifications are introduced in this treatment. 

The main one is that the effect of the air entering the desaturated 

spaces in the filter cake is ignored. This is equivalent to 

assuming that the Viscosity of air compared to that of the water is 

small enough to be neglected. The effect of the air flow through 

the cake on the pressure drop across the cake is also ignored. In 

practice this will depend on the relative permeability characteristic 

of the filter medium and the capacity of the vacuum pump. The 

displacing pressure gradient across each section of the bed is 

assumed constant and the effect of the medium resistance is not 

included. 

Even with these assumptions the model is able to show dewater­

ing curves of the correct shape, as described by Nenniger and Storrow, 

Batel,and Gray, without using assumptions about film flow etc. It 

is also able to show the relative effects of the various variables 

in the process and the true nature of residual moisture. 

§.,3 THE VARIABLES WHICH AFFECT DEWATERING 

The procedure for calculating the dewatering curve used in 

the computer program is basically an application of the Darcy 

equation 
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ll"/ = KA6P 
t:t -Lll... 

Since LIs = uV/A L e 

l:.S = (K} {hP} ..1 t 
L2 \ e 

In this both (K) and (11 1') vary with saturation. The variation of 

permeability with saturation is given by the relative permeability 

curve and it is this uhich dictates the shape of the saturation 

versus time curve. The effective pressure causing £low varies with 

saturation due to the contribution of capillary pressure 

4p = (Pd - Pc) 

where (~) is the applied displacing pressure and (Pc) is the 

capillary pressure at the saturation at a given time. From this 

it is clear that unless Pd> Pc no saturation will take place. 

The effects of changes in these variables given in the 

equation is shown in Figs. (52) to (58). Figs. (52) (53) and (54) 

show the effect of changes in the direct variables of Viscosity bed 

depth and displacing pressure. Fig. (55) shows the effect of 

surface tension which acts on the displacing pressure. Figs. (56) 

(57) and (58) show the. effects of variations in permeability due to 

porosity changes, changes in particle size and in particle size 

distribution. In all these plots an assumed value for residual 

moisture left due to pendular rings is taken to be 10% and has been 

added to the curves. 

8.4 PISCUSSION 

In general the variables which affect the dewatering curves 

do so in the same way as they affect saturated permeability. It 

would therefore be possible to normalise dewatering curves by 

plotting a function such as 
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versus saturation 

This could be extended to include porosity and specii'1c surfaoe by 

including a Kozeny-Carman type tunotion. 

This does not include the effeots of relative permeability 

or capillary pressure. However according to the Mil1ington and 

Quirk expression, relative permeability curves do not vary very 

much as may be seen from Figs. (45), (46) and (48). The result of 

these smal.l changes may be seen from Fig. (28) where dewatering 

curves are plotted for a mono-size paok and a 3-oomponent pack 

with similar saturated permeabilities. The mono-size pack has a 

permeability characteristic whioh is higher for a given saturation 

than the pack with a distribution of pore siZes. Thus for a given 

set of conditions, after break through of air, the mono-siZe pack 

becomes desaturated slightly faster. The effect may however be 

seen to be small. From the way capillary pressure is included in 

the expression for giving the effective pressure causing flow, it 

may be taken to have a quite large effect on the ourves. However 

variations in oapillary pressure by ohanging surface tension will 

have a quite small effect and the variation due to saturation msy 

be taken to be also small. Therefore in general the effective 

pressure causing flow will only vary with the applied pressure. 

The main variables which affect dewatering curves may all therefore 

be included in normalising functions of the type shown and a unique 

curve may be plotted which would give the dewater1ng charac:teristics 

of a wide range of materials. The suc:c:ess of the Dahlstrom 

correlation may be understood from these considerations. 

Emphasis must however be plaoed on the nature of residual 
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moisture shown by the dewatering curves given in the figures. The 

change of saturation with t1me rapidly becomes small at saturations 

shown here of around 30% because t.he wetting phase permeability at 

these saturations is ver,y small. If a sufficient amount of time 

were allowed the saturations would eventually reach those obtained 

in oapillar,r pressure exper1ments, but for all practical purposes 

the saturations cease to change at values about 10% saturation above 

true residual moisture. The residual saturation reached in 

dewatering is therefore also an effect g1ven by the shape of the 

relative permeability curve. From this the sucoess of the Brownell 

and Katz 'capillary number' correlation for residual saturation nay 

be taken to depend also on the similarity of relat1ve permeabil1ty 

curves for most materials, and also on the fact that residual 

moisture as pendular rings is constant for a wide range of mater1als, 

and is not affected by the variables mentioned. 

The importance in the model of the last section (N) has 

been emphasised. In practioe the last section consists of the 

filter medium and the characteristics of this may therefore have a 

large effect on the performance of a dewatering operation. In 

capillar,r pressure experiments a fine pore filter medium which always 

remains saturated am allows now of wetting phase is used. In 

practical dewatering operat1ons the permeability saturation 

characteristics of the filter medium may be such that it desaturates 

faster than the filter cake when the air/liquid interface reaches it, 

restricting and eventually stopping now whilst the filter cake is 

still able to lose some more water. This effect would be dIff1cult 

to predict in actual filter media as it would depend on the inter­

action of the filter cake and the medium,and also on the lateral 
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connectivity of the pores in the tilt er medium. 

The relative permeability characteristics of the filter 

medium also exercise another important effect. Apart from the 

residual saturation reached in a given time the efficiency of a 

dewatering operation is dependent on the permeability of the filter 

cake to air as it is this which mainly determines the capacity 

required for the vacuum pump. The model used here is capable of 

calculating this) given relative permeability data for the non­

wetting phase, and it would show that the air now rate at a given 

saturation is always smaller for a mono-size pack than a bed with a 

wider distribution in pore size. However the decisive effect is 

thet of the relative permeability characteristic of the filter 

medium. Suggestions have been l!Iade. Gray (1958) that fine pore 

media as used in capillary pressure experiments would allow the use 

of a much smaller capacity vacuum pumps and a consequent gain in 

econo~. However)practical difficulties have not yet been overcome, 
.,to lire 

mainly with regardAtragility of high permeability fine pore media 

such as cellulose acetate membranes, and the low permeability of 

strong fine pore media such as sintered metal. Proper evaluation 

of these effects has been inhibited by the lack of a proper description 

of the mecahnism ot dewatering, but using the model given here at 

least preliminary calculations could be made. 

For proper evaluation the filtering and dewatering operations 

should be both considered together and a true optimisation of the 

whole of a solid/liquid separation process could then be attempted. 

The similarity of the variables for these two stages should allow 

this to be done. The value of a theory of dewatering is mainly 

that improvements to the process such as the application of fine 

pore membranes or steam aided dewatering may be evaluated more 
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precisely. Furthermore,as mentiort~ by Dahlstrom (Nov. 1966~ if 

the variables which affect dewatering are isolated then instrumentation 

can be carried out to control a process by operating on the variables. 

This removes the need to measure such things as cake thickness or 

moisture content which require more complicated devices than those for 

flows or pressure. 

8.5 CONCLUSIONS 

Dewatering must be considered as a flow process and the cell 

model presented here, despite simplifications, predicts the major 

characteristics of the saturation versus time curves. The shape of 

these curves is dictated by the permeability saturation relationship 

and the variables which affect saturated permeability. A significant 

feature is the small effect of surface tension on d~atering. 

Residual saturation: reached in dewatering is also a direct result 

of the relative permeability characteristics. The filter medium is 

shown to have important effects on the efficiency of a de~ratering 

operation. These findings generally support empirical correlations 

such as that of Dahlstrom for dewatering and that of Brownell and 

Katz for residual saturation. 
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CHAP'1'ER NINE: 

SUMMARY AND SUGGESTIONS FOR FURTHER WORi 

2.1 INTRODUCTION 

The dewatering process in packed beds and filter cakes was 

shown by previous workers to be dependent on the structure of the 

pore space in porous media, as a consequence of the capillary 

properties of liquid retained in porous media. However a 

satisfactory description of the mechanism of d'ewatering and an 

expression of the relationships involVed in the saturation versus 

time curve was not available. This investigation has therefore 

attempted to follow the microscopic effects occuring in unsaturated 

porous media due to the retention and flow of water and also to 

relate these to the macroscopic process of dewatering. 

The investigation may be taken as a discussion of the 

properties of porous media which are important in dewatering, this 

has been divided into three parts. The static properties of 

moisture in porous media are discussed with ~eference to the capillary 

pressure curve and the nature of the pore space which it reveals. 

The dynamic properties of unsaturated porous media are discussed with 

reference to relative permeability curves and the way in which the 

nature of pore space in porous media is simplified for use in 

expressions for permeability. The conclusions from these investigations 

have been used in a simple theory to explain the main features of 

dewatering curves and which allows a discussion of the role of the 

main variables of dewatering. These three divisions are followed 

in the next sections. 
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9.2 CAPILLARY PRESSURE CURVES 

9.2.1 Summary 

The prOperties of moisture retained in porous media have been 

investigated using the capillar,y pressure curve and the characteristics 

of these curves described by relation to the nature of pore space in 

unconsol1dated media. The analytical treatment of capillary pressure 

curves has been extended to multi-component mixtures by using the 

Wise model of random packing of unequal spheres applied to the Fatt 

network model. Capillary desaturation curves obtained from this 

model have been compared with experimental results by using established 

correlations. The model gives a reasonable prediction of porosity, 

residual moisture, surface area and pore size, but predicts a 

narrower pore size distribution than was found· in practice. The 

chief feature of the model is that the nature of pore space is 

considered in two separate parts, the distribution of pore sizes, 

and the connectivity of the pores. 

9.2.2 Experimental Hork 

The comparison here of capillary pressure curves obtained 

from the model with experimental results provides, as far as is 

known, the only experimental test of the Wise model of sphere packing. 

One feature of the derived model which is not fully utilized ·is the 

specification of the void 

tetrahedral pore element. 

spaces in the interior of each 
-e.. 

The exist.ance of these is supported by 
/ 

the fact that their inclusion does not destroy the shape of 

desaturation curves, but to test properly for their validity the 

experimental stUdy should be extended to imbibition curves which are 

chiefly determined by these voids. 

The treatment given of capillary pressure curves is almost 

exclusively for sphere packs. The extension of the theory to 
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irregular partlct~s is difficult to envisage but d.n experimental 

treatment could be useful. In general the greater the deviation 

of particle shap~ from that of a sphere, the wider will be the 

resulting pore siZe distribution for the same particle size 
, . 

distributionl This will be shown iri the capillary pressure curves 

. and may offer a useful definition of particle shape for use in 

other workJespecially in permeability expressions. 

9.2.3 Extensions of TheorY 

The capillary pressure curves obtained from the theoretical 

model predict too small a pore size, if the entry pressure into a 

pore in a sphere packing is calculated on the basis of the largest 

possible sphere which will fit in the pore. When an experimentally 

determined value for this is used the correspondance becomes much 

closer. This use of the experimental value requires to be 

supported by a theoretioal treatment for its validity to be established. 

If such a theoretical treatment could be made for an assembly of 3 

unequal touching spheres it may also improve the description of pore 

size distribution as the error which has been noted for an assembly 

of 3 equal spheres is likely to be much greater for 3 unequal spheres. 

The model used to obtain capillary pressure curves is an 

assembly of two parts. The Wise model to provide a description of 

pore size distribution and the Fatt model to provide a description of 

pore connectivity. Both of these may be considered separately and 

improved independently. 

The Wise model has not been used primarily as a model of 

packing but as a description of how the various sizes and relative 

numbers of particles in a multicomponent mixture interact with 

one another in 3 dimensions. From this point of view the assumption 
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that the partloio <I1'T!Ulgemsnt !oo a pert'eetl:r ordered ndxture should 

be improved to be more in accord with praotical cases which can at 

best only be pertect random mixtures. Such a treatment may result 

1n a better description qt pore size distribution as it will in 

general make it wider. 

Considering the Wise lIiodel as a description of the paeking 

of particles, the main doubt is in the neglect of the gaps which 

exist between spheres. It may be that the method of testing the 

model used here cannot reveal this sort of effect. For example if 

a gap exists between two spheres in a packing the result will be that 

two tetrahedra will open into one another without an intervening 
.e. 

small pore. By the indepe~nt domain concept of capillary pressure 
.e.. . 

curves, two indepe~t domains become one and take up the entr,y 

pressure of the lower of the two previous cases. This sort of 

effect may be revealed by a careful analysis of a full hysteresis 

loop but this is not certain. An mension to the model by 

including open tetrahedra is known to be in progress, Berresford 

(1%7) and this may reveal more detail. 

The hydraulic radius correlation of capillarY pressure curves 

for porosity variation may only be checked experimentally in a ver,y 

small region. In view of its importance here, a theoretical 

extension to both low and high porosities would be of great value. 

The Wise model modified by open tetrahedra may be capable of this 

sort of analysis as porosity variation in packings must be accompanied 

by either an increase in size or number of the gaps between particles. 

Alternatively extension ot' the Debbas and Rumpf theor,y, which is also 

known to be in progress, Scar1ett (1968), may also be capable ot 

covering changes in capillary rise due to porosity variation. Such 
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thsol'etical treatlllents may show' that the narrow pore size 

distribution predicted by the model used is a real etfect oaused 

by the low porosity. 

The Fatt network model used here is primarily a simple 

approximation to real three dimensional connectivity in porous media 

which only retains the actual fact that connections exist. This 

is suffioient for the major features of capillary pressure curves 
.e. 

which are mainly depenqant on pore size distribution. However if 

the treatment of capillary desaturation were extended to include the 

trapping ot moisture due to lack of phase continuity, more refinement 

'should be included~ The network form ought to be developed to 

include an approximation of .3 dimensional connectivity. The nature 

of .3 dimensional connectivity is indicated by the description of pore 

space given by the Wise model and this may provide a starting point 

for progress. 

Extension to the network model should be made with computor 

models. These would allow tar more extensive and accurate tests to 

be made on much larger arrays than can be managed by hand. A 

calculation of the transient phenomena betw~en each equilibriUll1 in a 

capillary pressure experimeht may also be possible. From the point 

of view of dewatering filter cakes this Bort of elaboration might not 

be justified but such models are of use in oil production where the 

same sort of problems are involved. 

MOre immediately the assumption of simple network forma may 
~ 

allow an eXpression to be drived to correct pore size distributions 
J\ 

calculated trom capillary pressure curves. The expression given 

by Meyer may be valid but a more useable, if less accurate 

relationship would be more useful. 
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9.3 PERNEl\BILIIY< AND m;LATI\IE PER}.!EABILITY 

9 ~ 3 a SUllllDa17 

Existing expressions for permeability have been discussed 

by relation to their assumptions about the nature of pore space. 

The flow of two immiscible fluids in porous media has been shown to 

be characterisable by relative permeability curves and the discussion 

of the expressions is extended to this case. 

The uncertainty about permeability expressions centres on 

their treatment of pore size distribution and pore connectivity which 

are shown to be especially important for two phase flow. Using the 

model derived in the capillary pressure section and applying 

electrical network theory an expression for the permeability of the 

model has been derived. This involves separate matrix expressions 

for pore size distribution and net~lork connectivity. 

Permeability and relative permeabilities have been calculated 

using the expression and compared with values calculated using other 

relationships. 

9.3.2 Experimental Work 

Permeabilities and relative permeabilities calculated using 

the matrix expression compare reasonably well with results calculated 

in other ways. 
. . e. 

But this correspo~ce also requires experimental 

verification. 

A method has been mentioned of using measurements on the 

rate of approach to equilibrium in capillary pressure experiments 

which appears attractive. In one experiment a large amount of data 

oould be obtained about the nature of a porous medium such as 

porosity, pore size and distribution, surface area, permeability 

and relative permeability. The theory for the extension of this 



sore to flow problems is holl6Ver not oomplete. 

More direotly the nature of the model used could also be 

tested experimentally using miscible displacement, residence time, 

or perhaps frequency response methods. These techniques allow 

more information about the internal structure of a porous medium 

tb be obtained, whioh could be oompared with results from the 

network model. 

9.3.3 Extension of Theory 

The main limitation to the matrix expression for permeability 

is the large computor storage required for the ooeffioients. This 

has lead to the application of the method to quite small networks 

which give rather variable results. Using the properties of the 

matrix solution it should be possible to extend the method by 

deriving a series expression for the permeability of a given network, 

or by devising a computor solution for the matrix which does not 

require storage of the zero elements. Once the problem of siz:e of 

the network is solVed a study of both the effects of pore size 

distribution and the structure of the porous medium could be attempted. 

It might also be possible to relate this to the extensive tests of 

the Kozeny-Carman equation which have been made and expressed by the 

variation of the tortuosity factor with such as porosity and particle 

size distribution. 

The relative permeability curves were shown by Fatt to be a 

consequence of the connectivity of pore space. His tests however, 

and those here, were essentially static and the conclusion could be 

checked for a dynamic case by a computor simulation of unsaturated 

now in a network. This could be extended by testing various network 

forms including three dimensional ones. 
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Here the pore size distribution and the connectivity of 

pores in a porous medium are considered to be independent of one 

another. The discussion about the continuity of pore space shown 

by the Wise m6del (section 4.4.2) indicates that this is only an 

approximation, If the network form in real porous media were to 

be investigated this should be bojlirne in mind. Furthel'lllOre the 

variation in permeability with porosity has been taken to be 

determined by the changes in pore size given by the correlation 

function. Thus pore size distribution and pore connectivity have 

been assumed to remain constant. If theoretical treatment of 

porosity variation mentioned in 9.2.3 was successful then this 

-giew might have to be revised. For instance if the changes in 

porosity in packed bed were shown to take place by variation in the 

size or number of gaps between spheres the fourfold connectivity of 

the assumed network would no longer be sufficient. For instance two 

tetrahedra which open into one another due to a gap between spheres 

would then give a void with sixfold connectivity. This Beems likely 

and the inclusion of porosity in the matrix expression as a scalar 

multiplier to the [RJmatrix may have only restricted validity. 

9.4 DnTATERING 

9.4.1 Introduction 

Using the conclusions gained from the study of the statio 

and dynamic effects of water in unsaturated media a simple oell model 

for the mechanism of dewatering has been devised. Despite the 

simplification introduced the model shows the main features of 

dewatering curves and allows evaluation of the various variables 

which oan affeot dewatering. The results support existing 

correlations. 

206 



9.4.2 Experimental Work 

The dewatering curves derived using the cell model have not 

been tested experimentally. For this to be done satisfactorily 

relative permeability data must be available for the material 

involved, as the data used in the model is derived from an expression 

which had not itself been tested. The uncertainty attached to the 

effect of the filter medium il'l dewatering has been mentioned and 

experimental verification may be more satisfactorily made on a 

system using a fine pore filter medium. For this a medium should be 

used which has a higher permeability than the sample, otherwise the 

rate of flow out of the bed will be more affected by the medium than 

the saturation changes in the sample. Difficulty will also be 

associated with following the saturation changes as this is not an 

easy quantity to measure, especially as it will not be constant 

over the whole of the sample. A test program on the dynamics of 

dewatering has been reported using x-rays, Rozkydalek (1967) • 

If the process is as sensitive to the effects of the filter 

medium as has been indicated it may be more fruitful if further 

experimental work on dewatering is performed on actual equipment 

to test the effects of the variables given here. This could be 

done in conjunction with tests on the value of improvements such 

as using fine pore filter media, steam aided displacement or 

modifications to cake structure by vibrations. The true value of 

these can only be fully assessed in full-scale tests. 

9.4.3 Extension of Theory 

The theory presented for dewatering is simplified because 

the viscosity of air in relation to water can be neglected. The 

use of liquids to displace liquidS has been mentioned by Atkinson 
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(1949) as having some advantages in oertain oircumstances and it 

may be of value to extend the cell model to the general case and 

include the visoosity of the displacing fluid. 

The difficulties inherent in experimental verification of 

the theory have been mentioned. A oheck oould also be made by a 

computer simulation of the transient phenomena as a network 

desaturates. This has been mentioned as being of value for the 

other sections of theory and may provide a more convenient test 

here also. 

This investigation has been solely ooncerned with displace­

ment dewatering but this can only be performed if the displacing 

pressure exceeds the capillary pressure of the filter cake. This 

therefore only applies to relatively coarse materials (> 20 J). 
For filter cakes with particles smaller than this a pressure applied 

to the cake can only displace filtrate by compressing the cake. 

This problem is in many ways analogous to displacement dewatering 

as it is also a flow process in which the permeability of the cake 
c<tS4!. 

varies with the progress of the process, in thisAdue to the change 

in porosity. Furthermore preliminary experiments which were 

performed using the apparatus described earlier for the filter aid 

samples, indicate that a pressure/saturation equilibrium curve can 

be plotted which is analogous to both a capillary pressure curve 

and a stres~strain plot of mechanical properties. 

An additional feature of this sort of dewatering is the 

occurrence of cake cracking which can be s problem in industrial 

filtrations. A greater understanding of the process would lead to 

a better understanding of cake cracking. 
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APPENDIX ONE 

GEOHETRICAL RELATIONSHIPS OF TETRAHEDRA FORMED 

BY FOUR SPHERES 

The pore space in a tetrahedron formed by four touching 

spheres has been approximated to a central spherical void from which 

protrude 4 cylinders. The dimensions of these may be calculated 

from the radii of the spheres fOrming the tetrahedron. 

Wise (1960) has given an expression for the size of an 

interstitial sphere in such a tetrahedron which is quoted in (4.4.1). 

The radius of the tubes.protuding between:3 spheres is a two 

dimensional problElllt as shown in Fig. (59). The area of a triangle 

Fig. (59) 

in terms of the lengths of its sides is 

D, = /S (S - a) (S - b) (S - c) 

where a, b, and c are the lengths of the sides and 

S = (a + b + c)/2 

For the triangle formed by :3 touohing cirvles radii RI, RJ, RK 

S = (RI+RJ+RK) 
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• e. the area = [s (S _ (RI + RJ) ) (S _ (RI + RK) ) (S _ CRJ + RK) )] * 

= [(RI + RJ + RK) RI RJ RK ] * 

InFig. (59) Area IJK= Area IJE + Area IKE + Area JKE 

e e. [(RI + RJ + RK) RI RJ RK]* = [(RI + RJ + RE) RI RJ RE]* 

+[<RI + RK + RE) RI RK RE]* + [(RJ + RK + RE) RJ RK RE]* 

dividing throughout by[(ru: + RJ + RK) RI RJ RK RE}* 

[1 t = r(RI + RJ + RE)J+ f(RI + RK + RE) 1* + l(RJ + RK + RE) J* 
~ [RI+RJ+~ ~RI+RJ+~~ ~+RJ+~RI 

No way was found of isolating (RE) but as the expression was to be 

incorporated in a computor program a trial and error solution was 

used. An assumed value of (RE) was used in the right hand side 

to calculate a value of (RE) which was used for the next substitution. 

This may be seen included in the program in Appendix 2. 

The length of a tube from the face of a tetll8.hedron to the 

surface of an interstitial sphere is a .3 dimensional problem 

see Fig. (60). 

z 

A"-, 
.. I 

// I 

.. I 

y 

Z Fig. (60) 

J 

I 

I, J and K are the centres of three of the four spheres making up a 

tetrahedron. C is the centre of the interstitial sphere formed 
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by these a~ the fourth sphere not shown, 

The volume of a tetrahedron in terms of the radii of the 

spheres constituting it has been given by Wise (1952) 

Volume : [2 (aa bb - aa2 cc) /9Jt 

where aa: RI RJ RK RC 

bb : RI RJ + RJ RK + RI RC + RJ RK + RJ RC + RK RC 

cc: 1/RI2+1/ru2+1/~+1/RC2 

also the volume of a tetrahedron = (base area x height) /3 

,00 z co-ordinate of sphere C = (3 x volume of tetrahedron)/height 

This can be found from the above relationship for volume and the 

preceding one for area, 

The x co-ordinate of sphere C is (RI + RC) cos~ 

where cosO : (RI + RC)2 + (RI + RK)2 - (RK + 00)2 
2 (RI + RC) (RI + RK) 

The y co-ordinate of sphere C may be found from the right angle 

triangle ex Q using Pythagoras theorem. The co-ordinates of the 

centre of the circle in the face of the tetrahedron marked E in 

Fig, (60) may similarily be found 

Z co-ordinate = 0 (by choice) 

x co-ordinate 

Y co-ordinate 

where cos9 

: (RI + RE) Cos~ 

: (RI + RE) [1 - cos2.Q 1t 
= (RI + RE)2 + (RI + RI{)2 _ (RE + RK)2 

2 (RI + RE) (RI + RK) 

The length of the tube joining these two points (d) may be found from 

the expression 

d = L(X2-Xl)2+ (Y2- y])2+ (Z2-Z1)2]t 

The length of the tube in the model is therefore (d - RC), These 

relationships are included in the computor program given in Appendix 2. 
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50 

o 

2 
3 
4 . 
5 
6 
7 

o 

26 
27. 
28. 
2R 
30. 
31 

APPE~~IX TWO COMPUTOR PROGRAM FOR PORE SPACE 

IN THE WISE MODEL 

MA S; r;rl DODO. . ... _ . ._ . 
DIMENSION R(3),X(31,YMEN(I'),XMEN(151,FX(191,~OL(50),FREQ(50) 
flEAD( I ,<lOIN 
)F(N.E~.9Q)"TOP 

I~ = N' ( "i" 2) * ('-J + I ) /6. . 
NI~=~·I'" ('1+3 In. 
DOj5!=',N 
REAfl( I ,41 lA ,8 
I«J)=A 
X (j ) ",,'I 
YMF.!-J( i )" 1. . 
Ci'N:-I NUR 
DO 10 1=I,N .... 
XMEN( I )::YME'JU) 
FX( i I"~( I I/xMEN( I' 
DO g<l j:;l, ~I 
M 1 "c: 
DO 8;.,J=1,N. 
DC! 82 K=,I,N .... 
DO q(\ 1 L::I(, 'L 
MI=!-1j+1 

. _. ,- _. - ._---

l F{ F X ( IJ-F X (.J ) I 13 d 2 • 13.. __. __ 
W=W+I . __ 
IF(FX( I )-FX(I( I '15.14, 15. 
W:;W+! 
IF ( FX ( I I -!" X ( L I ) I 7 , ! 6 , 17 
W=W+l 
z=w+ 1 .... 
C.4"? . * ~ ( I ) * ( ( R ( I ) + R ( .) ) .. R ( K »)/ ( ( R III + RI JJ). ( Rill + R I I( I It)- L. 
C fl:::? • *" u ) * « R I I ) + R ( J ) + RI l I ) / ( ( RI H+ RI J U • ( R (L ) ... R U I U )-1 • 
CD = 2 • *:' ( I 1* (LR ( I I'" R ( K ) • R (I.. ) J/ ( I R U) + RI KU * ( R U). RI L I )) 1-1 . 
SA=SQRT(I.-CA*CAI 
Sfl=SQRT(J .-Cfl*CA L._. 
SC=SQRT(l.-CO*CD) 
AA::AcaS( (CA·CB*CDJ/(SiHSe» ... __ ._. 
f\B=ACOS ( (CR-CA .CD) /( SA .. se) 1.._ ... _ 
CC=AcaS( (CD·CA*C8)/(SA*SS) L . __ _ 
SOL(MI)=(·(A4+B8+CC~3.1415~)/12.~6639)~._. 
IFCZ-3. )20.16,19 .~_ . . .. _ .. ___ .... ..... ___ ~ 
P = 0 • ." ._~. ~..~ .. 
! F( J- U 927.926,921.. .. _ .... __ . ___ ... __ ..... 
P=P+l. . '. . ..... ~ .. . 
IF(J-K)929,928,929_ 
P=P.l.._ _ ... _ ....... __ . 

. ! F( ,J-L) 931, :)30, 9~ L. _._.~_. ...._ .. _ .. ~_ .... ___ ~ ... 
P=Pt 1 •...... ~ ........ _._ ............ ~._ .. __ _.~_._.. .._ .. _ .. _' .. _ ........ _ .. _. __ .. __ ...... _. __ ... ~ ..... _ 
IF(K-I.)933,q32,933 ... _._._. ~ 



8 

23 
24 

25 

9 

p=p+! • 
IF(K-I)93~,q34,q35 
p",p + 1 • 
IF! l-L )q:n, 'l36,Q37 
P=P+l, 
IFIP-2.)923.921,18 
V=6, 
1;(1:0 gill 
y=4. 
GU TO qO! ~ 

IFIP-I. )9::15.924,924 
Y::i?. 

GO TO q81 
Y = I • 
r, 0 TO Ill! L . '.. ... . . .._..... .... . 
FREQ (:.11 ) "FXU ) *F X CJ) *F X (K ) *FX (L. ).'!'*Z ... ~. __ ..... _. 
CON I I :~ IJ E...... .... '." 
WN"! N',)E 
$UMSot.=O. 
SlJMF >lE Q"o. 
DD;;!. . .,,!::),'1 ........... . 
SUMSOL~SUMSQL+SOL(MI)·FREQ(MI). 
SUMFREQ=SlJMFREQ+FReO{Ml) 

· COIH I NWE .... 
YMEN(!)=SlJMSOL/SUMFREQ __ _ 

· CONTINUE.. ._........ . .." ... ' ... ' . 
l F( i\flS (XMEN U ) -VI~EN ( U )-.0'101 ) 2,?" 350 ..... __ ..._ ... . 
DO 3 I" 1 , I< ... ... ... .. . _.... ....... _._ ..... _ ... _ .... _ ... . 

.. WR liE (2,42) I'll I ), X U), YMENU )....._ ......... . 
FXI r ):q Cl l!VMEN( U ...... . 
M I =(, . 

· SMO[)=-O •.. 
SFREQ=:) •. 

· SBED .. O,-_. 
S::>PER"O. 

SUVOL=:J '. 
DO 1l9'l.. 1=1 ,"l. 
DO.1l99,J=I'.'J. 
DO 899 K=J,\I .. . 

DO 899.L=K ,"l. . ... _ 
SPH':RF. 5=0. . .._ 
MI=HI+! 

.N=(J.. .......... ........ . 
.. .1 F.U -J) 813,912,81 :s,._ ........... ".' ........ _ ........ _ ........ ' ... '_ .. . 

,? . \·I='~+ 1 •... _._... . .. _."_ .. _... ._._ .... ~~ .. _ ...... '_' . 
,;) IF U -KJ 81 ~,~ 1.4 r 81 !L ... _ ..... _~ .......... __ .. _._ ...... _ .. _...... ... _. 

-------- -,-----~.----.--•.. -.-- -.------. 



1 11 
15 
lG 
j 7 

21) 
21 
2:' 
25 
2H 
29 

27 

18 

1'-1 
III 

I 

\~=\HI • 
I r I ! -L ) 81 7.3! 6,817 
W=W""t. 
Z":'H 1 " 
IF! Z~3. )820,1118,1319. 
iFIZ-2. )822,821,822. 
IFIL-KIA27.R23,827 
IFIJ-KI828.925,82e 
IFIJ-LI827.818,827 
IFIL- Kl!l29.Q27,829. 
Y=/?4. 
G:J -; U 
y= 1 ? . 

?; III 

GC: r(]'I!1I. 
Y"Il. 
1;0: (] i~ '11. _.._ .__ .. _ . _____ .. __ .... ___ . 
y=! • -. ... .. .... _ ..... _ ... _._ ... .. 
FREQ(MI l=F .. XC I )*FX(J)*FX(K)*PXIl.)." ," 
"iFRr.;Q=SFRF.n .. I=REQ01I l._. __ ....... _ . 

. r. = I , I i '1 ( I )*:< r I ) l .. 1 • I ( R ( ,I) ". R ( ..I) HI. I (.R U< ) • R ( K U + L I C R ( L ) ". R ( L ) ) 
D=l./RIIl+i./RCJ)+I./R(K)+I./RCLI 
RG::(O/2.+SQQT«.75*O*D)-1.5*C» 
RCEI.L"I./Rt;. 
VCELL=~.*3.14159*(RCELL"'*3)/3 •. 

. WRI:EI2,43)~I,FREQ(MI),RCELL,VCELL .. 
FACl~ ,V'10D"'O • 

.. FI\CE"PI\CE+l •.. _ . 
8 1 ='.' .. . . ___ ". 
REI""l ._ .. . ..... ___ _ 
XI=SQRT! (RU)+R(J)"RF.I )/( (RI I )+R(J'+R(l(n.R(K»)_ 
X 2 "S OR T ( ( R Cl ) .. R ( K ) .. R P. j )/ ( ( R ( I l+ R( ..I I ... R ( K l ). R ( J ) ) ) . 
X3" S (jR T I ( R ( J )+ R ( K HR El) / ( ( R ( ! )+ R ( J l+ R ( I( ) ). R ( U ) J . 
AI" X 1+ X 2 + X 3 
RI=i ,/{ Al*Atl. 
!F(Afl:;(fl1·R=ZJJ~.OOOl )4.4,.'\ . _._ .. _ 
AAA"R Cl ).R U ).R (!() *RCELL . _ _ 
BfHl=R ( I l,;R (J I +R U ) .R( K ) +R U ) *RCELl"R (J) .R( I() +R (J) *RCELL+R (K) .RCElL. 
C::: 1 • / { R ( I ) " ~ ( I U ·01 .I ( R ( J l * R ( J ) ) + 1 • I ( R ( K) 11 R ( K II + 1. 11 RC ELL * R C ELL) .. 
VTEC"SQRT( 12. *AAA"f\BA-AAA",AAA",C )/9,1 _ ... ____ ._~_. 
1\ R 11" 5 Cl H ( ( R ( U + fj( J ) ... R ( I( ) ) ... R Cl., * R ( J J • R ( K 1.>-.....___._ 
C IJ" 2 •• R ( I l • ( CR ( I ) + 1'1 I( l .. B 111 ( ( R ( U+ R ( )( ) ),Ir( R ( t ) ."'11 ) ) ) -I •. 
C T" 2 ., '" R ( I ) * ( ( R ( 1 ) .. R ( K ) .. R C E L LlIC ( R U ) + R ( I() ) '" ( R ( I ) + R C E L Ll ) ) -I • 
XC.,CO*( R( lJ +B I) -CT.* (R ( Il +RCELI. L 
7.C=;\ •. "'.\lTEe/IIRA. ...._. ... ... ... _______ __ . 
YC,,'lQRT_( (!.-CrJ*CO). (RU) +8 1) '" (R ( 11 +B 1 )l._._~. 
YC::: YC - SQRLU I • -CT*CT I'" (R ( I ) +RCELL ). (R U.l+RCElU ~ZC.ZCL._ 



2 

XL1~SQ~T(XC.XC+YC*YC·ZC*ZC)-RCElL 
VT!=3,1~159.~I*Rl*XLI 
VMOO"V\lOD.VT 1 .. 
'1RJ;E(2,tO')1,.,J,K,81,VTI ... 
FOR:4~TC3H 1=,I2,3H J=,I2,3H K=,I2,4H R1=,F8.6,5H.VT1=,FA.6/). 
NA:or 
I::J 

.J=K 
K=L 
L=NA 
IF(FACE-/l, )?1 ,22,~2 ....... __ ........... . 
v!~on" ( VMnp.vCELL) *FREQ (M.U ......... _._. __ .......... . ... . 
C A=? , * R ( u*r ( R ( I ) .R ( J HR ( K ) ) I( CR ( I· '+FUJJJ*tR (I) +R( I( ) )) ) -1 • 
Cfl,,2,·'=l( I )*I!RU)+R(J)+R(I.»/( (R( U+RtJlJ*IR.(I.J+PJIll) )-1. .. 
(;0=2, * R ( U " ( CRJ I HR ( K ) +R (I.) )/ ( ( R ( U + R( I(JJ'irtR ( U+R ( L)' u.- 1. 
SA==SqRT CL -Ci\*CA) ................. __ ............ . 
Srl=SOPT (1. -CB*Cfll. . ...... _._ ............. _..... ........ . 
S C= S'1R T ( 1 • -CO. CD).. .. __._. _. __ ... _._............ . 
4A=ACOS ( (CA-CB .CD II (SFI*SC) ) ............. _ ............. . 
BR",!\COS( (Cfl-CA.CD)/( SA*SC)) .............. _._. ___ .......... . 
CC==ACOS( (CD-CA*CFI )l( SA.sa) ).. ..... __ .... __ ...... . 
501. t M I) == / ( A ~+BB+CC-3 •. 1415Q 1112.56639 ) ___ .. _............ 
IF (~11-'~) 11 , 11 •. 9... .. _ ........ _ .. _. __ .. . 

· SPHS RE S"FRE?/M U * z,., 501. ( 1,1 Xl. . ............ __ ............................ . 
A A A:: q Cl ) * RCJ l* R (X) * rH l. ) .............. __ ..... __ ... ___ .... . ....... . 
BRB"n ( I H, R ( J )+ R( U* R (KJ+ R ( I )* R (L) +R ( J ). RtKJ+R LJ )*R ( Ll o4oR (K )*R ( L I ......... . 
CZ=l'/(R( U*RU»+I./(R(J)*R(J»+I./(R(KJ~R(!o.l+LICR(U.R(Ll) 
VTE""S~fn ( Ct:!.* AA A ,.,FlBR-AA A Ir AAA.C Z) 1.9 ,U*FREQ (M IL ........ . 
St~OD"S\1()D+\l110D.... ...... .... __ ... _ ..... _._ .. . 

.. SBED"Si\~D .. \lJEl .................. _._._._ ........ . 
$'>P ER"'S"P ER +SP HERES. ... ... _ ... . 
Cr,'NTlNUF. . .... . ... _ ... ' ... '._' ..... . 
IJNFS::SSPER ...... __ .... . 
flU 5 I" I ,N..... . ......... ___ ...... _ ... _._ .. 
U\lOL,,( L.3.1 1l 1.59).XU ).(R( 1)**3113 •... __ .... __ .... _ ................ . 
S U VOl.::: S I) ;JOL+ VV Ol.... . . .............. _ ........... _ .... . 
V SpHER ~ S::: ( U'J !'1"SIX ID). SlJVOL . ._._ .. _ ...... _ .......... . 
POROS I TV" 1:1).* (SBED-VSPHERES lISBED ......... . 
REMOIST::10Q_*lSBED-VSPHERES-SMOD)/lSAED-VSPHERESI .. __ 
WRiTS( ?dOUPOROSITy,REMOIST. . ......... _ ... . 
FORt1AT( 10H POROSITY=,F7 .5,ClHREMOIST",F7 •. 5/.1_ ...... _. 
D (\ 7. M I = 1 I N '1...._.... .... .... . ...... _. ___ .................... . 
1'(l:d 90. "'FRE') (M U ISFReQ ............... ____ .. _ ..... . 
WR lir: ( ~, 1(2) Fa .. ... .... .... . 
FOR I~ A T ( 4 H Fa =, F 7 , :'l IlL .. .... _._ .. .. 

· FORI~I\T Cl 2 ) ....... _ .. _. ................ . ...... ____ .... _ .. _ ... . 
· FOR ~1 AT ( 2 F.5 • 2L .. __ ..... .... .. . .. _... __ ........._... . 

FORMA r( 5H .. R U.!.=., F.9 .• 5 ,GH_X tu" •. F..9,.5, 9H .... 'l.MEN tU'" F9, 51) . 
FORMA T (4H. t~! =, 12,10ILFREQ (M I)", F 15., 4 '.7fLRCELL"!. Fa, (;,7fL VCELL .. , Fe. 6. 

11) ...... -"... . .. . . . ........... -.- ..•.. 
GIl ';'0 5t)... ........... .. . . ...... - ........... . 
STOP.. ........... ...... ....... - .. 
END ..... --.. - ... --... .. . .......... ---.-.-.. -. ... . ..... _ 



APPENDIX THREE 

SAMPLES USED IN THE EXPERIMENTS 

3.1 Glass bead samp1e~ 

preparation: sieve cut 

36/52 specific surface = 162.28 crf. / crr? 

specific gravity = 2.99 

microscope count:-

dia. ef> 308 318 328 337 347 357 366 376 385 395 

no. 10 33 39 45 40 37 29 29 23 21 

dia. er) 405 414 424 434 443 453 463 472 481 

no. 23 21 11 10 1 1 1 1 

preparation: e1utriated .sieve cut 

52/60 specific surface = 236.12 ci'-/c~ 

specific gravity = 2.98 

microscope count:-

dia. c,J.) 218 223 228 232 237 242 247 252 257 261 266 

no. 3 3 22 38 48 60 66 63 63 36 41 

dia. er-> 271 276 281 286 290 295 300 315 

no. 21 27 19 6 4 1 1 

preparation: elutriated sieve cut 

72(85 specific surface = 319.62 aof/cJ 
specific gravity = 2.98 

microscope count:-

dia. (r-> 145 150 155 160 165 169 174 179 184 189 

no. 1 1 5 11 22 31 60 57 23 

dia. (p) 194 198 203 208 213 218 223 228 

no. 24 16 16 15 9 5 3 1 
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preparation: sieve cut 

150/120 specific surface = 514 • .30 cri!-/ err? 
specific gravity = 2.9S 

microscope count:-

dia. (r> 7.3 7S S.3 88 9.3 98 102 107 112 117 122 

no. 2 3 2 7 9 12 19 26 44 29 26 

dia. er> 127 132 137 141 146 151 

no. 15 12 5 5 3 .3 

Mixture 1 specific surface = 233.81 cri!-/c~ 

specific gravity = 2.96 

mean radius weight number 
microns grammes % 

COIllPOnent 1 90 22.259 52.37 

Component 2 124 36.292 32.37 

Component .3 170 43.968 15.27 

Mixture 2 specific surface = 160.91 crrl-/cr:? 

specific gravity = 2.98 

mean radius weight number 
microns grammes % 

Component 1 128.0 23.322 55.42 

Component 2 186.5 43.404 33.32 

Component 3 257.7 38.546 11.25 

Mixture .3 specific surface = 226.37 cuf. / cTt? 

specific gravity = 2.98 

mean radius weight number 
microns grammes % 

Component 1 45.9 5.477 61.64 

Component 2 117.0 42.126 28.86 

C oIllPOnent .3 186.5 55.478 9.30 
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11ixture 4 speoifio surfaoe 

speoifio gravity 
... 
mean radius 

miorons 

Component 1 58.3 

Component 2 102.9 

Component 3 25'7.7 

~.2 Filter Aid SaIIlP1es 

40 

30 

Partic1
2
e
O 

Size 

( 11·) 

10 

Oel1 te 

Oe1i te 

20 

= 
= 

202.16 om2/cr? 

2.98 

weight number 
grammes % 

10.647 66.17 

25.750 29.08 

65.982 4.75 

y F10 ~~~rr 

Particle Size 

Distributions 

of F 11 ter Aid 

o 
%. Finer Than 
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APPENDrk FOUR 

jj;JfAMPLE OF OBTAINING CAPILLARY PRESSURE CURvES FROH· MOD~ 

MiXture 2 porosity .:a12 
", 

No Rad. 
Pressure Drop 

El .'iTol. J I H F G E D Cl A 
1111 I 5 .2En7 .09972 1 1 1 2 

ill 4 11 20 .1980 .0289.3 20 
1112 2 20 .3l42 ' .i3ooo 4 1 11 4 

11i 1 A2 20 .1980 .03489 20 
112 .3 B2 60 .2221 .03827 60 

ti13 3 10 .3350 .15744 1 2 6 1 
111 1 13 10 ,1980 ~03891 10 
113 3 C3 30 .2406 .04685 30 

1122 4 29 .')449 .17188 1 3 15 10 
112 2 B4 58 .2221 .04741 58 
112 2 D4 58 .2520 .05083 58 

1123 5 30 .3694 .21112 22 8 
112 1 B5 30 .2221 .05360 30 
113 1 C5 30 .2406 .05931 30 
123 2 E5 60 .2755 .06249 48 IQ 2 

1133 6 8 • .397.3 .26276 1 6 1 
113 2 C6 16 .2406 .06780 16 
133 2 F6 16 .30.35 .07710 8 4 4 

1222 7 18 • .3802 .23026 2 2 5 7 2 
122 1 D7 54 .2520 .06532 54 
222 3 G7 18 .2893 .06652 8 8 2 

122.3 8 29 .4089 ~28643 2 .3 1.3 9 2 
122 1 D8 28 .2520 .07516 28 
123 2 Ea 58 ~2755 .08281 48 8 2 
233 1 H8 30 .3194 .08055 6 4 12 8 

1233 9 15 .44J.7 ~36092 1 1 6 5 1 
12.3 2 E9 30 .2755 .09668 20 10 
133 1 F9 14 .3035 .10636 2 2 10 
233 1 19 16 .3555 .09572 4 8 4 

1333 10 3 .4792 .46089 1 1 1 
133 3 FIO 8 .3035 .12642 8 
333 1 JIO 4 .3991 .10815 2 2 

2222 11 4 .4203 .31094 1 2 1 
222 4 G11 16 .2893 .09022 8 4 4 

2223 12 9 .4534 .39036 4 3 2 
222 1 G12 8 .2893 .10629 4 4 
223 3 IU2 28 .3194 .11472 4 4 12 4 4 

2233 13 7 .4908 .49519 1 1 1 4 
223 2 H13 14 .3194 .13792 2 2 6 4 
233 2 I13 14 .3555 .14631 2 4 8 

2333 14 3 .5329 .63391 2 1 
233 3 Il4 10 .3555 .18060 6 4 
333 1 J14 2 .3991 .18509 2 

3333 15 0 
333 4 J15 0 

Capillary pressure data given with other results in Appendix Five. 
Network shown in Fig. (61). 
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APPENDIX FIVE: CAPILLARY PRESSURE RESULTS 

F~ = Flso p~ = capillalY 
pressure not 
corrected for 
depth of bed 

~=~~~~=~="---:"~="---===~---= --=~~"=-~~~ -= ~--=-~~-= -= --"=~~~ --=--- ~=~ -- "=-- -=~=:-~=~~~ 
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APPEi,DIX SIX: COMPUTOR PROGRAM FOR THE PERMEABILITY, OF A 

NETWORK 

=ORTRAN GI2', J I nODns 
NO TRlleF. 
MASTER ~I\TX 
DIMENSION Ri 171) ,1\(91 ,ql) ,P-(9!) ,NRR(171);RF.!~TT911 
cm·l~10N l.,R 

666 READ( t, q!)L 
91 FORMAT();!) 

STVOL=O,O 
KT=O 
SKER=I,O ., 
IF (l.. E ", 9'19) STOP 
READ(I,IOA)~En,ND_ 

108 FORMAT(A',A5) 
WRITE(Z,IU3IBED,NO 

103 FORMAT(//eH_BED~NO ;A5,A5/) 
REACl( 1 , 113) )E~ 

113 FORMAT(F'3.1) 
NG=2*L*L+L 
NF=L*(L+\)+! 
DO 104 1"1,\lG 

104 R(I):O,O 
,. TOT=O,~, , , 
, READ( 1, UH\ )INDEY 

198 FORMAT( !2) .,_ 
26 IFCIND!X,EQ:IO)GO.T050 

READ(I,2'IRID,VOL,NO,NRD 
?4 FORMAT(F5.4;F5.5,12.12,l_ 

GO TO 5! 
50 READ(!,25)R.O,VOL,NO,NRD 
25 FORi~AT( F6.S;F6.,,12,I?,) 
51 IF(DEr.i, EQ. t :O)VOI.",VOL*O.t 

R S T N = 2 .00,. V '1 LI (31 4 1 ; 5 *R A O. ;,/:,') .-, -~--=~--- =::_'-'-- . 
XNO=NO 
TV OL= V Cl\. *)( NJ,., 
STVOL=STliOL+TIIOL 

. VIR I rE (2,27) :iAb, v()L;r,6;RST';';'fVr'-C;'sfl/iJC'--.--~__-_ _, ... 
27 FORMA T ( ? ~ , F'I, 5 , 2X d' 6. 5.? ~-;13 ,? >: ,,F,1l .5, 11 ~r£ El ,5. 4 X • F c;.. ;; ) 

DO 2/\ r" I, N:J,."''' ______ _ 
;)9 RN=ZOR'~AL! 51 

J=RN*171;O"'~.5 
IF(J-O )0,29;0 , __ ",_. ______ _ ___ , __ ~,_._,,_ ,_,._, 
IF (R (J) -0. 0 12Cl,0, 29 _______ . _ _', ___ " .. ,,' __ ,, __ 
RCJ)=2.,OO.V:JLI(3141.5*RAD**"')_~_ .. _,. ,_, __ , _______ ._, ___ . ___ , 
NRR (J) ::NRD,_ .. ,. 

28 TOT:::TOT+LO ..." 
IF(TOT-t-JG)2<,dJl,!11 

I11 CONTlN~E 
KT .. KT .... I ,. , 
DO 30 I=t,N!" 

30 El( I )=0,0 
B(I)=1.0 
DO 31 I=1.N:' 
DO 31J"'1 ,N=, 
A ( I , 'J ) = Z ( ! •. J) 

31 CONTINUE 

1 -, 



N=NF 
NA=NF>\jF 
NB"NF 
I N= I 
CALL F~SOI_V=(A,D,N"IA,N8,IN,D~ID,IT,~~!~T) 
IFIKT.EQ.I)~K~R=B(!) 
RELP=8 (1) IS(ER 
WR!TEI2,37)!T,B(1 ),RELP;KT 

37 FOHMATI!A,2r,FIO.4,2K,F7. 4 ,2X;14j) 
!FIKT.GT.IOiGO TO 110 .. 

109 

110 

DO 109 J=j,'IG 
IFINRRIJ).L:~KT)R(J)=q99.q99 
CONTlNJE· ... 
GO TO III 
(;0 TO 566 
STOP 
END 

NO OF SEGMB\lT, L=NGTH :' 74, NAME MAn 
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FUNCTlDN 7.(I,J) 
DIMi=.NSION RI 171) 
COM~j6N L,,, 
Z=O. 
I I = I 
JI=J 
I 1=2.1 H + ( 1-2) IL 

10 IF( I.D.I )(;1; TO 2 
IF(J-!'1,5,5 

I K = I 
I=J 
J=K 
11=2*1+1+( 1-2 Ill. 
GO TO 10 

5 IF ( J • 0 . I .. L~' Z =;'rd 11 -3 , 
IF(J.GT.L.L+2IGO TO 53 
IF(J.E~.I"'I.AND.M()D(J-",L) .NE;O,i"';'RTfI-':'2) GO TO 53 .. - - . ---.......... ".- --- -- - .---- - - ... -.... . 

2 IF ( ,I • E:). 1 l G 1, T 0 3_~ __ 
NN=( ,)-2 'IL ~~~ ._ ...... _ .~ _ _ __ _ 
IF (MOO ( ,1-2 , Lil. Er), 0, AND. J. LE.( l."'l.-l.+2 n Z=-R «2*1.+1) "'NN+ I )~_ 
GO TO 53 

3 S=O.O 
NS=L*t.';'L':1 
DO 11 K"I ;~is;t. 
NN=( K,.,I )/t. -

4 S=s+R«i~L~riiN~~ij 
Z=S 
GO TO 53 

5 IF ( I . L~;, t. ... 1 rGDT (151 
IF( 1.GT .L"'L+I )GO TO 52 
Z = R ( I1 -11 ) ... R I I I -:3 )+ RC 1 1 ;.~)+ R cl! ';'/1';' 2*CT . 
GO TO 93 ~~ ---~ 

-. 51 I F Ill. (;r~a.) F'~ (~i 1-11) 
Z=Z+R( II-31+RCII-21 . 
GO TO 53 

52 Z=R( Il-4-2*UI 
531=11~ .-~ 

J=JI 
RETURN 
STOP 
END 

ID OF SEGMEn, L::1'IGTHIf('lQ,-NAMF.Z 
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Appendix Seven: Computor Program for Relative Permeability and 

Dewatering Curves from Capillary Pressure Data 

R T RAN G 01'>1, -.-- 0 I'J 0 0 S·--· -.-. --- ----------------------... --.. --... ----~- .. --------
MAS~·ER:-CORP______ .--- --- - ------------- -------___ . ______ ---
o I MEN S I ON-P C( 10 I,·) , SlOO 1-) , R (I n 1-),-SX(-10 1-)-, R X (-\ 0 l-I,-T·(·\ 01-),NWPE R (·1 02)-----

1 , WP E R ( I:) 2)-,;>X( 1 0 I ) , SAT ( 101 ) , V ( 101-> , TI M (-500 ) ,C S AT-( !l0 () ,C SE C (.5 OOI.-YSA T~5.('.C 
__ 2A.T.( 500 1. ___ .____ _ ___ __ _____ . ___ .~ __________ . _____ . _______ _ 

REALL__________. __ -. - . _____ . _______ .. __________ _ 

--.- REAL-N;jPER--~---------·------·--- --------- ._-------

o 6 READ (-1 , 19 I N----------------- -------.. - ---- .----------- ----------------. 
19FOR~lATC·13-)--· ------ --- ----------
----1 F (N. E~'. 999) STOp-------- -------------.--.--
.- NO I V"O------ _____ .__________ _ _____ . ____________ _ 

READC 1 ,26IB;0,NO---- - ----__ .. __ . --_ 
2B-FORr~AT C AS, A<;I---·-------·-· .---- -----------.---
---.-WRIIEC2, 29 I ~ED,NO----.------- ---.---------.---- --------
29 FORMAT C//BH--8EO-NO--, AS, MYI ----------,------------
- - __ READ Cl ,25)Tx, 0,01 A., "IT, OS, E-----------------.---------
20- FOR~lAT (3F5._:>, F9.4, F6.4, F5. 4)------ -.-.-. ----- ---.----~-

REA 0 Cl, 3 ().) R <&I M -- - ---- ---- ---.---_.____. ___ . ______________ .. _ .• __________________ _ 
30 FORMAT C Fo.-3.)---
---VI S = 0 • .;) 1--·----·-----·---·-------····---~------------·····--- --------.----------------.--- -.. -.-----.. --
---IF( E. L c'.O-.2-5) WT= 1 00,0----- .-.. ----
-_A=3~1415*OI UOI A/4.u _______ . ____________ .. ____ . ____ . __ ._ 
----.- L=W-U (oS'" L1..-D..-E-) *A) __ ._. ____ ._ .. _ .----- _____ _ 
--- WR l~;E ( 2.3 2'.r..x, 0--.---- .. ------.---------.--.-

32-FORMA TC-I-7H-SURFACE-TENS 1 ON--, F5. 2,-16104- L! QU I O-DENS ITV--,F5.2!-)-------·---­
--WRFE C2,33-'-4T,01 A, L. OS, E ,.V I S-----------· ------.--.-.---.. -----

33--F.oRt~A H4H-W T--, F9. 4,5104-0 1 A-, F 5.2,8104 -HEI GHT-,F6.2,4H-SG·-, Fo·, 4,,10H-PO--
-1 RDS !-lY--,F5.h4H- VS-, FS.411-- ----- .. - .------------... -----.---.---~---

_ PCLl-) "J. .. 0 ________ -.-----_ .. __ . _________ -________ . ___ . _______ ._ ... _______ _ 
__ S T('~-) "0. 0 ----__________ -_ -- ... -.----. .--. _. __ .... " ... ______ ._. __________ .. ----------------
--- R (.1-' .. 1 • .()---------------. ----.---- -.-.---- .. ----

__ c. - 00- 1--1 ,,2., N ... 1-----·-------··------- . -.-. --------.---------.--- -.-.---- - --.----------------,----
--- RE ADC 1,21-1 PC(-H,ST (·1-1-----·-------------- ------
2LFDRMAT (2F7-.3~1---------·-·- ---- ..... - .. ---------.-.-------------.--
_____ RLL) = ( 2.:,..0 *-T-xJ/ (PC (I) *0*981.1; ,-___________ .. _______________ _ 
--'-WRUE (2:,23J ~ (.l), PC (I)., ST Cl) - .-------
23 ... F Ll R ~1 AT C-3 FlOc •. 5 , ... -.------------- -----------... ---- .--------- .--_._----_._._._-- --_. __ .--

- PC (\..) ,,?C ( 2)---·- ---- - ----------.. ----. ------- .. -------- -------------.. ---.. -------
-- RC-I-) .. R C-2-)----------.. -
-----! = I . ----.---.---- .. ----____ . __________ . --------
-. S XC 1-) = J.'. ________ -- ___________________ .~ ___ . ____ _ 
--- PX Ll-' "0...--.------.---____ ------- - - - .. -... ____ . ___ . _______________ . __ ._ .... __________ _ 
---- DO-9-J,,2 0-1-0\---
--_ X .. J -1-------------.-.-... -- -----.-------.. --.-----.---------.--- .. ------ -.----.- .. ----------.-------. 
. ---SXCJ·) .. x---------- -- .---------
6-1FIS HI-)- S X IJ).l3 ,4,5 __________ .. _ .. ------------____ ._._ -.-_________ _ 

_ 4_R X-W). R-t 1-,1-___________ .-_____ . ______ ; __________________________ _ 

--.GO-TO--2:------- --.--- .--- .. ----------______________ .. 
5-T AlP= (RI-! -1-) -R (I-,)l( SHI··) -ST ( 1 .. 1)·)- ----- ---.-.------------
.- RX( J I =IH-I~t-)-~SX (J) -SlCI -1 '),r,TALP----
.-- G D---T 0- 2-'---------------------·-·-· .------ -------- -----.-.. -- --.--.. --.-----~----------
3 _I = 1 + 1 --_______ . ___ . ____ ... -.- ----- . ---- .-.-- -- .. --- ______ ... ___ . __________ _ 
___ Goro_ 0' ____________ . ___ .__ - ._ ... __________________________________ _ 
2 CON':INUE---- -- ______________ . __ . __ . _______________ . _____ _ 

--- l' X (J) .. 12.-0* rX-1 I IRX IJl*O*98 I. () ).- .. -------'.....----



9 CO N : I NUE________ ____ - . ------___________________ . ___ ., _______________ _ 
PER=O. )_______ ___________ _____________ _ 
AREA=O. __________________ _ 

_ 00 7 J .. 2 .10 1_ __ ___ __________________________________ _ 
F= (2.J~3)---------- ________________ . __________________ _ 
T( J ) .. F"'RX( J l-RX (J) _ -. ------____________ -----______ , ___________ _ 
SEG::: ( S l( (J) - t; X ( J-l» _ ( P X ( J ) +P X ( J-I ) )-E 12.- _____________________________ . ____________ _ 

__ AREAIIAREA+S;G _. _______________________ . _____ _ 
_ 7 PER==PERH (J ,__ __ _________________________ . _____ _ 

FPER .. ( E. '" L3333) * 1250. O*PER __ _ _ __ _ _____________________ _ 
WR I -rE ( 2,35) .PER, AREA _._ ____ ____ ._ _ _ _______________________________________ _ 

35 FCRt~A l( 1'10.1,,1'20. a) _ .... ________ ______________________________________ _ 
AN: c • ______________ " ._____ ___ ___________ . ______________________________________________ _ 
OC_ 8 J =2 . ..1_01 _____________ .. ____ , __ , ____________________ __ 
A N= AN + TlJ L __ . ___ ._. __ __ _ _ __ ___ __ .... _______________________________ . 
NWPER ( J.) = ((~*SX( J) 11 00.) *'" I. 3333 I *AN* 1250. o IF PER---___ _ 

- -WPER ( J 1 == Cl E '" Lt 00. -SX (J » IIO_ll.._lu 1-.3333) * (PER ~ AN) * 12 50~1 FP ER ------. -----
_ aCON'INUE _____________ , ________ . ________________________________________ _ 

-__ RX 1.1_) =}. Q ___ :...._________ _ _______ , ________ .. __ 

.. ___ .NWPER ( 1 1=0_ • .J.________ __ _ _ . __________ ._ 
.. __ NWPER( 10U=LO ___ . _________ ,. __ .. _______________________ _ -------- -----
. __ N W PER ( 1 0 2) .. L 0____ __ .. _ _ _______________________ _ 
- W PER !1 I = L.O _________________ - - ____ _ 

___ W PER Cl OU .. 0-':0 _______ _. ______________ , ---_._---------------
- __ WPER (I n.) =0;--0 ___________ _ 
_ _ . _ ND IV:2] _______ . _________________________________________ _ 
_ __ . ___ NK='_. _______ . _________ ._. ___________________________________________________________ _ 

___ V A C" 3 \) ) ,.0________ __ _ _ __ . __________ .__ _______________ _ 
,55 _ NK "'NI( +1-___________________________ . ____________________ _ 
_ __ ___ .. .0 CJ __ 1.0_ .. 1=1. ,N_,) I V +L ... ____ .____________ _ ____________________ _ 
-1 U __ S A T-I-I-l .. u_.O _________ -'___________ ____ _ _____________ _ 
. _______ .T I M.c U .. D+ 0 ___ . ___ ... ______ .________ _____ __. _____________ .. 

____ , __ c S A!' CLL= O_~O ______________ .. __ __ _______________ _____ . ____________ -' ___ _ 
___ Vl!)=O • .D _ ________ _ __________ _ 

- ----.J= 1------------------------------------ .------------------------
---C SEC ( LI = O~Q___ _____________________________ . __ . - .----------
----WRITE(2:,361·\J0IV ---------------- -.,--.---. ----------
35 __ FDRMAlC5H_N:) IV=,I 3 )__ ______ -- -__________________________________ _ 
_ . ___ 8DLV .. N DIV _____ ._. _____________________ , ___ .__________ _ ________ . 
1 LN SI::: SAn N D I v + U ______ ____ . _._ _ _ ______ __ _ _______ . __ _ 
___ x S A:f = 0 • .0 ____________ ---------_______ __ ._-----------------------
____ J=J+ L. __ .. _. ___________ . ______________________________________________________________ _ 

----S V ER =FPER*III :>ER INS 1+1-)---------------------
__ T S EC .. U*I.-*VIS* E *loo.O • .l I( S V ER. VAC'" 80 I V-I *BO IV _______________________ _ 

___ D O __ iL_I: 2, W) I V + L ____________ ~_____________ _ _________ _ 
____ N S Cl SAT- L1-I------------------ __ .______ ________ _______________________ __ ____ . __ , _______________ _ 
---SNS" N S * 100-----------------··-··-------
... --SNS2=SAT-l-!.).! OO-.-O-SNS---------- ------------ -----------__ 
---SPEH=F ?ER.III~ER (NS+I-)'" 1-1 FPE~*IIIPER (NS+2·) -FPER"'IIIPERI-NS+ 1-)·) "'SNS2/1 00 rO---
__ LL _______ . ___ . __________ ----__ ____ -__________ ,, _________ , ____ _ 
__ . __ ,--V_LU "US2ER-*h LVAC-f'X I NS+ I ) 1 *TSEC I l( L",V I sn"'o ... o.OOn.0098I ______ . ____ _ 
___ SA.LUJ =SA UiJ+ UV IIJ .. V U-u ) *eol V*lo0. OH( l."'hEL------
____ 1 f'tSAT ( 11_ G;!rIOO.O) SAT l-11=!.:.O-.lL-----_________ -----.--------------

. __ XSAr..xSAT+SATU_) _______ _ 

-- 11-C 0 N:L1 NU E-----------------------------
_____ CSA:r_tJJ=CSkT_LJ.,jJ + (V (NO! V+U "'lOO. 0) 1..1 l.*hEJ_. ___ , __ _ 
___ YSATI J I =xSAr/BO I V----,-,------ .. _,,, " ____________ _ 

CSEC (J 1 =TSE..::,----_ -_ . . _____ _ ____________________________ _ 
____ T I M (J) =1'1 M (';)N I)+TSEC------- -----'----------- -------

IF(J.GT'.499)GO TO 94 
---I F(CS AT-(·J·l-''''E.9 0 ,D) GO- TO-I 2------
94--DU--13-1 = I+J--··-------·------- ----- ---,------­

_ WR LiE.l-2. 31-)-CSA T( !J,-U M (- 1.1, CSEC 11 ) iV SA T(I-)----
--- ---------

13- CUN"f-I NUE~-~---_______ .. ____ . ___ "'-'"---- ..... -,----"-----.,,------------------------ --,-------
31-FORMAT-( 2X,F-~,4 ,2X, I' 12.10, 2X, F12. 10, 2X, FI{)..4-1 --------- ---.-. 
-- --Go--rO--&5------.--------------------- ------------------------.---
- -- ... STOP----------------------- ----- ---------.-----------.------
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