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Frequency-Domain Characterization and
Performance Bounds of ALMS Loop
for RF Self-Interference Cancellation
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Abstract— Analog least mean square (ALMS) loop is a promis-
ing method to cancel self-interference (SI) in in-band full-duplex
(IBFD) systems. In this paper, the steady state analyses of the
residual SI powers in both analog and digital domains are
firstly derived. The eigenvalue decomposition is then utilized to
investigate the frequency domain characteristics of the ALMS
loop. Our frequency domain analyses prove that the ALMS loop
has an effect of amplifying the frequency components of the
residual SI at the edges of the signal spectrum in the analog
domain. However, the matched filter in the receiver chain will
reduce this effect, resulting in a significant improvement of
the interference suppression ratio (ISR). It means that the SI
will be significantly suppressed in the digital domain before
information data detection. This paper also derives the lower
bounds of ISRs given by the ALMS loop in both analog and
digital domains. These lower bounds are joint effects of the loop
gain, tap delay, number of taps, and transmitted signal properties.
The discovered relationship among these parameters allows the
flexibility in choosing appropriate parameters when designing the
IBFD systems under given constraints.

Index Terms—IBFD, self-interference cancellation, ALMS
loop, frequency-domain analysis, matched filter, and eigenvalue
decomposition.

I. INTRODUCTION

PECTRAL efficiency is always a critical issue in wireless
S communications as the number of mobile devices has been
booming recently. In-band full-duplex (IBFD) transmission
is a promising solution for this problem because it allows
simultaneous transmission and reception in the same frequency
band [1]. Moreover, IBFD transmission provides other bene-
fits, such as avoiding collision due to hidden terminal problems
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in carrier sense multiple access networks and reducing the end-
to-end delay in multi-hop networks [2]. However, a critical
challenge encountered in implementing IBFD transceivers is
that the strong self-interference (SI) imposed by the transmitter
prevents its co-located receiver from receiving the signal of
interest emitted from the far-end. Hence, SI cancellation (SIC)
is a fundamental issue in IBFD communications.

Numerous approaches have been proposed in the litera-
ture to tackle the problem of SI. These approaches can be
classified as passive suppression, analog cancellation, and
digital cancellation [3]. Passive suppression methods intend
to attenuate the level of SI in the propagation domain by
separating transmit and receive antennas [4]-[6], or using a
circulator to share one antenna [7], [8]. Analog cancellation
attempts to generate a reference signal which is a replica of
the SI to subtract it from the received signal at the input
of the receiver. Digital cancellation is implemented after the
Analog-to-Digital converter (ADC) where the residual ST is
estimated and subtracted from the received digital signal
samples [5]. Note that no single method of cancellation can
be sufficient to remove the effect of the SI, but a combination
of them is always required [2]. However, analog cancellation
plays a critical role in the above mentioned three steps of
mitigating the SI. The reason is that passive suppression is
limited by the device size, and the level of suppression is
not sufficient to protect the ADC from being saturated by the
strong SI. As a result, the digital cancellation cannot be solely
implemented without the analog domain cancellation. Among
many different analog domain SIC techniques, the radio fre-
quency (RF) multi-tap finite impulse response (FIR) adaptive
filtering approach [9], the multiple RF bandpass filter (BPF)
approach [10], and the RF FIR frequency-domain equalization
approach [11] are some of the notable ones. The approaches
proposed in [10] and [11] directly synthesize the frequency
domain characteristics of the SI channel, but the RF BPFs
and FIR filter are all static though they can be reconfigurable.
Due to practical impairments, such as non-linearity of the
transmit power amplifier (PA), as well as the variation of the
SI channel, an adaptive mechanism which can adjust the phase
and amplitude of the cancellation signal seems more effective.

An obvious problem here is how to synthesize the weighting
coefficients of the multi-tap adaptive filter in order to minimize
the power of the residual SI after cancellation. A promising
method is to utilize a least mean square (LMS) loop in
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the adaptive filter. Unlike conventional LMS algorithms in
the digital domain, it is very challenging to implement an
LMS loop in the RF domain due to the lack of RF inte-
grators. Therefore, many existing SIC filters implement the
LMS algorithm at the baseband stage. Besides the baseband
integrator, additional down-conversion and ADC circuits have
to be added to digitize the residual SI for the LMS filter in
baseband [3], [9], [12], [13]. Unfortunately, these additional
blocks not only consume more power, but also produce further
noise and interference to the receiver. Other SIC methods
synthesize the weighting coefficients from the digitalized
residual SI after the ADC in the receiver chain and gen-
erate the RF cancellation signal by an additional transmit
chain [14]-[16]. However, in a conventional receiver, an auto-
matic gain control (AGC) amplifier is always required to avoid
the problem of fading and ensure the wide dynamic range of
the receiver. Since the level of residual SI is stabilized by
the AGC amplifier, the weight coefficients synthesized in the
digital domain are inaccurate. Furthermore, the involvement of
the transmitted baseband signal in the control algorithm also
makes the cancellation circuit become more complicated in
practice.

A novel analog LMS (ALMS) loop purely implemented at
the RF stage is proposed in [17]. By employing a simple
resistor-capacitor low-pass filter (LPF) to replace the ideal
integrator, the weighting coefficients can be synthesized with-
out any involvement of the complicated digital signal process-
ing. The performance and convergence of the ALMS loop
are comprehensively investigated by examining the weighting
error function in both micro and macro scales. The spectra
of residual SI obtained from experiment results show that
the ALMS loop enhances the SI at the two edges of the
signal spectrum. However, this phenomenon has not yet been
analyzed and its impact on the SIC performance is not fully
understood. As further studied in [18] and [19], the properties
of transmitted signals have significant impacts on the perfor-
mance of the ALMS loop, but the roles of the tap delay and
the number of taps in ALMS loop in relation to the SIC per-
formance have not been considered. As we all know, as long
as the level of passive suppression and analog cancellation is
sufficient to allow the received signal to be digitized within
the ADC’s dynamic range, the SIC performance in the RF
stage does not show the real impact on the performance of
information detection since further optimal receiver algorithms
including matched filtering and equalization will be performed
in the digital domain. Therefore, it would make more sense to
consider the performance of the ALMS loop in the digital
domain after the matched filter. However, the analyses on
ALMS loop performance in [17]-[19] are all conducted at the
RF stage.

To overcome the aforementioned shortcoming, in this
paper, we analyze the performance of the ALMS loop
proposed in [17] by evaluating the interference-suppression-
ratios (ISRs) in both analog and digital domains in the
receiver chain. In particular, the ISRs before and after the
matched filter are firstly derived by a steady state analysis,
and eigenvalue decomposition is then performed to derive the
frequency domain presentation of the ALMS loop. We prove

IEEE TRANSACTIONS ON COMMUNICATIONS

that although the ALMS loop has an effect of amplifying
the frequency components of the residual SI at the edges of
the signal spectrum, this effect is significantly reduced by the
matched filter, leading to a much lower ISR at the output of
the matched filter. Hence, unlike [17], the real effect of the
ALMS loop on the SI suppression should be considered after
the matched filter in the digital domain instead of before it in
the analog domain. Furthermore, the lower bounds of ISRs in
both analog and digital domains are derived to characterize the
performance of the ALMS loop with regards to the transmitted
signal property, the loop gain, the tap spacing, and the number
of taps. From the relationship among these parameters, the full
potential of SIC given by the ALMS loop can be determined.

Contributions of this paper are twofold. First, this paper
characterizes the phenomenon of frequency component
enhancement produced by the ALMS loop to the residual
SI, and proves mathematically that the matched filter reduces
this enhancement, leading to a significant improvement of
ISR in the digital domain. Second, the lower bound of ISR
given by the ALMS loop in the digital domain derived in
this paper allows the designer to determine the expected level
of suppression from the parameters of the transceiver and
the cancellation circuit. More importantly, this expected level
can be achieved by adjusting the remaining parameters when
others are under constraints.

The rest of this paper is organized as follows. Section II
describes the system architecture and the signal models and
performs the steady state analysis to find the expressions
of ISRs in both analog and digital domains. In Section III,
the ISRs are analyzed in the frequency domain and their lower
bounds are derived respectively. In Section IV, simulations are
conducted to verify the theoretical findings. Finally, conclu-
sions are drawn in Section V.

II. STEADY STATE ANALYSIS OF ALMS Loop

A. IBFD Transceiver With ALMS Loop

The architecture of an IBFD transceiver employing an
ALMS loop in the analog domain proposed in [17] is shown
in Fig. 1. The ALMS loop works as follows. A copy of the
transmitted signal is passed through the ALMS loop, which
includes L taps. In each tap, the transmitted signal is delayed
and multiplied by the amplified and looped-back residual SI
with an I/Q demodulator. This product is then filtered with the
LPFs to obtain the weighting coefficient w;(t). These weight-
ing coefficients modulate again the same delayed transmitted
signal. The outputs of the L-taps are added together to produce
the cancellation signal y(t), which is then subtracted from the
received signal r(t) at the input of the receiver.

Signal models are described as follows. Assuming a single
carrier system, the transmitted signal x(¢) at the output of the
power amplifier (PA) is modeled as x(t) = Re{X (t)e/?™ft}
where f. is the carrier frequency, and X (¢) is the baseband
equivalent which can be mathematically modeled as

oo

X(t)= > aVxp(t—iTy)

i=—00
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Fig. 1. The ALMS loop structure.

where a; is the i-th complex data symbol, T is the symbol
interval, Vx is the root mean square (RMS) value of the
transmitted signal and p() is the pulse shaping function
with unit power fo (t)|> dt = 1. The transmitted data
symbols a; are assumed to be independent of each other,

e., F{afay}

1, fori=1
0, fori # 1
ensemble expectation. The average power of X (¢) is defined as
= fOT" E{|X(t)]*}dt = VE over 1 Q load. Due to the IBFD
operation, at the input of the receiver, there are presences of the
SI z(t), the desired signal s(t), and the additive Gaussian noise
n(t), i.e., r(t) = z(t) + s(t) + n(t). The baseband equivalents
of these signals are denoted as R(t), Z(t), S(t) and N(¥)
respectively. The cancellation signal y(¢) is combined from
the L taps as

where E{.} stands for

:Re{Zw

=0

X (= 1Ty)e 2 1m0 )

where w;(t) is the complex weighting coefficient at the
[-th tap obtained by filtering the outputs of the I/Q demod-
ulator, T; is the delay between adjacent taps. As proved
in [17], using a simple resistor-capacitor LPF with the decay
constant « (o = 1/RC), the weighting coefficients w;(t) can
be written as

2ua /t _
e
KiK> /o

where K7 and K are the dimensional constants of multipliers
in the I/Q demodulator and I/Q modulator respectively, and
24 is the gain of the low noise amplifier (LNA). Assume
that the SI channel is modeled as an L-stage multi-tap
filter where each tap has a coefficient h; and delay Tj.

U= (7) = y(r)
X (1 = 1Ty)e® = dr (3)

wy (t) =

Hence, the baseband equivalent of the SI z(¢) can be expressed
as Z(t) = S22  hi X (t — IT,). Obviously, the performance
of the ALMS loop is determined by the difference between
the cancellation signal y(¢) and the SI z(¢). This difference is
represented by the weighting error function defined as

ul(t) =h;—w (t)ejQ’rf“le. 4)

As derived in [17, eq. (11)], u;(t) can be expressed as

—a(t—T7) ,
R / [Z u

+5*(1) + N*(T)‘| X(r—=1Ty)dr. (5)

ul(t) = h; — T _— Ta)

B. Steady State Analysis

1) Steady State of Weighting Error Function: Now we apply
the steady state analysis to derive the residual SI power and the
ISR at the output of the ALMS loop. The system is assumed
to be steady after an initial start-up so that all the weighting
coefficients are in their converged values. Both ensemble
expectation and time averaging denoted as E{.} are used to
evaluate the random processes involved in this analysis. The
normalized autocorrelation function of the transmitted signal
is defined by

o(r) =

KlKQE{X (X (- 7)

Ts
_ TKQTS /O B{X*()X (t — 7)}dt

_ /Oo “(O)p(t - 7)dt
CEdGT )P T

2 o0
:‘;{—/ p*(0)p(

where A2 = VZ/K;K> = ®(0) is the normalized power of
the transmitted signal. To simplify (5), we assume that the
transmitted signal is independent of the desired signal and
the additive Gaussian noise, i.e., E{S*(t)X(t — 7)} = 0
and E{N*(t)X(t — 7)} = 0 for all 7. Performing both
ensemble expectation and time averaging and applying the
above assumptions to (5), we have

t L—-1
w(t) =h; — /wc/ e—at=7) Z ay (1)®
0 =0

t—7)dt (6)

((1 = 1"Ty)dr,

(7

or, in matrix form

u(t) =h— ua tefa(th) u(t)dr

@) —h—p /O Bii(t)d ®)
where 4, (t) = E{u;(t)}, a(t) = [uo(t), u1(t)---ur_1(t)]",
h = [ho, hl, cee ,thl]H, and

®(0) ®(—Ta) o(—(L - 1)Ta)
ol | P 2(0) &(~(L - 2)T,)

B((L — 1)T) B((L — 2)Ty)
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When t — oo, u(t) converge to their steady-state values u so
that u(t) can be taken out of the integral in (8). It is also noted

that ozf(f e‘“(t”)dr’ — 1. Therefore, (8) becomes

t—oo

u=nh-pudu )
and hence
u= (I +pu®) 'h.

2) Interference Suppression Ratios: ISR is an important
metric to evaluate the performance of the cancellation circuit.
In this subsection, we derive the closed-form equations of ISRs
before and after the matched filter in the analog domain and
digital domain respectively.

a) ISR in analog domain: After SI cancellation, the nor-
malized power of residual SI v(t) = z(t) — y(t) is derived as

(10)

Put) = e B{le0) — y(0)}
L—-1
:KllKQE{[ {{ lz;hl—ul
X(t—1Ty) }eﬂﬁf" H }

- 2K1K2E{‘Z(t) - ?;(hf —uf ()X (t - le)‘Q}
- zKiKgE{ [j_ol up ()X (¢ —1Ta)

x Lilul/(t)X*(t . l’Td)} }

1’=0

~
_

= -af(t)[® — o(0)I.]a(t) u; (t)
l=0

(1)

where @7 (t) = E{|u;(t)|} is the time-averaged mean square
value of w;(t). From (5), following the steps shown in

Appendix B in [17], when @ =0, u?(t) satisfies the
equation
(14 pA?) Z i2(t) = Refaf’n} — paf (® — A%, )u.
1=0
(12)
Substituting (10) to (12), we have
L—1
> @ (t) =h"(I, + u®)*h (13)
1=0

and the steady state power of the residual interference is
obtained from (11) as

1
P, = §hH(IL+u<I>)‘1<I>(IL+u<I>)_1h. (14)
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If there was no cancellation, the normalized SI power would be

I - 2
&Kgﬂmm}

2
= K1K2 {[Re{Zh;‘X (t — ITy)es2mIet }] }
= gKlKQE{th*X (t—1Ty) th' t_le)}

P, =

_ 2K1K2 Z Z hiE {X t—IT)X*(t —1 Td)}hl/
: L_lL_l1 0 lI'=0
= > hi®((L—1)Ta)he = —hH<I>h (15)

Therefore, 1.S R before the matched filter in the analog domain,
denoted as ISR,, is determined by

P, h# (1 ®)1P(1 ®)"'h

= 1
P, hf®h (16)

b) ISR in digital domain: After down-converted to base-
band, the residual SI, denoted as V' (), is expressed as

V(t)=Z(t)-Y(t)
L—-1 L—-1
=Y WX({t—1Ty) =) wi(t)X(t—1T,)e I Ie!Ta
=0 =0
L—-1
= W)X (t—ITy). (17)
=0

After the matched filter with the impulse response p*(—t),
we get the filtered version of V'(t) as

L—

V() p'(—t) = > uj(t)X(t—1Ts)  (18)

=0

V(t) =

where * stands for a linear convolution operation and
X(t)=X(t)*p"(-1)

is the filtered version of the transmitted baseband signal.
Similarly, the steady normalized power of the filtered residual
SI is calculated as

19)

Py = e BV}

K1K2

- K1K2 {Zul X(t—1Ty) Zul'

XX*(t—l,Td)}

L—-1 L-1 L—1
= i (00 (-1 Ta)ar (1) + 0(0) 3 @ (1)
1=0 I'=0,1#l" =0
L—-1
= @ (1)(© - O()IL)a(t) + ©(0) 3 (1)
=0

=h (1, + pu®) 'O, + u®) 'h (20)
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where O(7) = 7= X*(t—7)} and
©(0) 9(—Td) - O(=(L - 1)Tq)
o o(Ta) ©(0) - O(=(L - 2)Ty)

o((L : T, O((L - 2)Ty) 0(0)

are the normalized autocorrelation function of X (t) and the
corresponding autocorrelation matrix respectively.

Meanwhile, if there was no cancellation, the steady normal-
ized SI power after the matched filter would be

Py = i@ K ——E{|Z(t) xp*(-t)[*}
_ KlKQ {|Zhl (t —1Ty)] }
L—-1L—-1
= ZZhl (1= 1) Ta)hur
=0 l'=
= hH®h. (1)

Therefore, the ISR after the matched filter in the digital
domain, denoted as ISR, is
P hH(IL—FM‘I))*l@(IL—i—u(I’)’lh

I =
Sha = P, h# ©@h

(22)

III. FREQUENCY-DOMAIN ANALYSIS OF RESIDUAL SI
A. Eigen-Decomposition of Autocorrelation Matrices

The L x L matrix ® can be decomposed as & = QAQ !
where Q is the orthonormal modal matrix whose columns are
the L eigenvectors of ¢ and

No O - 0

0 N\ - 0
A= . . )

0 0 AL—1

is the spectral matrix whose main diagonal elements are the L
eigenvalues of ®. When LT} is sufficiently large, the autocor-
relation matrix ® can be approximated as a circulant matrix
& composed of a periodic autocorrelation function (1) =
oo o ®(r+1LTy). As proved in [20], the circulant matrix
® can be decomposed as ® = FSxF~! where F is the
discrete Fourier transform (DFT) matrix of order L,

1 e jwi —j(L—1)wy
F:
1 e Jwr-1 e*j(Lf'l)wal
with w, = 2tk = 0/1,---,L — 1, Sx =

diag{ S (¢740), Sx (e91), -+ , Sxc(e#e-1)}, and Sy (e5)
are obtained by taking the DFT of ®(ITy), i.e.,

Z (ITy)e Iwr!

for kK = 0,1,---,L — 1, which are the L samples of the
normalized power spectrum Sy (e/%) of the transmitted signal

e]wk

(23)

o L

L L
-1 -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 1

0 | "
-250  -200 -150  -100 -50 0 50 100 150 200 250
k

Fig. 2. (a) Raised cosine spectrum; (b) Sx(e/*); (c) Sx(e/“*) versus
eigenvalues \g, with L = 256, A2 = 100, B=02T;="Ts/2, Ts = 1.

sequence X (nT,;) uniformly spaced about the unit circle.
It means that when L is sufficiently large, the eigenvalues
AL can be approximated as the power spectrum samples
Sx (e?“*). To confirm this approximation, the eigenvalues \j
are compared with the power spectrum Sy (e/“*) as below.

Suppose that the transmitter employs a root raised cosine
pulse shaping filter. The autocorrelation function ®(¢) is a
raised cosine pulse, which has the frequency response

T for0<|f|<¥
Ts[ - B
~2 11 4+ cos ( 5 ))}
P(f)={ 2 B 215 (24)
for =0 <11 < ”5
0 for 2—;6

where [ is the roll-off factor. Hence, the normalized power
spectrum of X (t) is A2P(f). With the sampling period
T,, the relationship between Sx(e/*) and P(f) can be
expressed as

e}
w n

, 1
Sx(e¥) = 7 > AQP(27TTd ~ E). (25)

n——oo

If T, <Ts/(1+ ), there will be no spectral overlapping and
hence

2

o A w
Sx(e’) = EP(QWTd

), for —7m <w <. (26)

Fig. 2 shows the raised cosine spectrum P(f), Sy (e/*),
Sx (e/“*), and properly ordered A\ for L = 256, A% =
100, 8 = 0.2, and T, = Ts/2 where T is normalized to 1.
We see that \; are very close to Sx (e/“*).

The same approximation can also be applied to the
autocorrelation matrix O, ie., it is close to a circu-
lant matrix © when L is sufficiently large. In this
case, ® can be decomposed as e = FS;F~ 1
where S = diag{S¢(e/“0), S¢(e7), - ,SX(e]“’L D}
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Sg(e?r) for k = 0,---,L — 1 are the L spectrum com-
ponents obtained by taking DFT of @(le)2 with ©(7) =
Yoo O(T + ILTy), and Sg(e?¥) = %PQ( “ ) for

27Ty
< w < T.

B. Frequency Domain Characterization of ALMS Loop

From the above decomposition, we can simplify (16)
and (22) as

ISR,

hHF(IL + ,LLSX)ilFleSXFle(IL + ,LLSX)leflh
hZFSxF-1h

Sx (e7K)
R 2

[1+NSX (e7“k )]

h#Fdiag{Sx (e7~r)}F~1h

hHFdiag{ }F—lh

L-1 Tw 2 Sx(e‘wk)
L | H (etn )2 Sx(e)
B Zk—o | ( )| |:1+HSX(6‘7W7€)]2

Sy [H(ein)|2Sx (edwr)

27)

and
ISR,

_ WIF(I; + uSx) 'FIFS F'F(I; 4 uSx) 'F'h
hFFSF 'h

Sx (k)
[14+n8x (e791)] ’
h# Fdiag{S; (e/«*)}F~1h
S ()

L—-1 ; 2
U H (eIwk
B Ekfo | ( )l [1+qu(e-7“’k)}2 (28)
- L—1 ; ;
> k= [H(e7%)[25 (/)
where H(e“r) is the frequency response of the SI channel.
It can be seen from (27) and (28) that, in the frequency domain,
the residual SI can be decomposed into two components. The
first component is the frequency response of the SI channel
H (e’**). The second component in (27) (i.e., in the analog
domain before the matched filter) is a frequency dependent
attenuation factor introduced by the ALMS loop as F,(e¥) =
Sx(e7*)
[1+;th(ej“)]
digital domain after the matched filter is a frequency dependent
attenuation factor determined by both the ALMS loop and

the matched filter as Fy(e/?) = % Therefore,
14+puSx (eiv)

the residual SI before and after the matched filter can be
analyzed in the frequency domain by comparing their second
components. F,(¢/“) and F,;(e/*) with various values of j3
are plotted in Fig. 3 respectively.

Fig. 3 reveals that the ALMS loop has an effect of ampli-
fying the frequency components of the residual SI leading to
a peak at the edge of the signal spectrum. As a result, the ISR
in the analog domain before the matched filter is higher when
the roll-off factor is larger. However, this effect is significantly

hHFdiag{ }F—lh

z. Also, in (28), the second component in the
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Fig. 3. Frequency dependent attenuation factors with various values of 3,
L = 256, A2 =100, T; = Ts/2.

reduced by the matched filter as the peak no longer exists
in F;(e’“). Hence, the ISR will be significantly improved in
the digital domain. It also means that the effect of the signal
spectrum on ISR reduces significantly when it is considered
in the digital domain. Therefore, we can conclude that the
performance of the ALMS loop evaluated in the digital domain
after the matched filter rather than in the analog domain as
in [17] makes more sense to the IBFD system.

C. Performance Lower Bounds

The ISRs discussed in Section III.A are valid for a given
SI channel. To derive the lower bounds of ISRs over random
realizations of SI channels, we define the average ISRs in the
analog domain and digital domain respectively as

Sx (e“k)

Yo En{[H(e7%))?}

En{Pu} [H—qu(ejwk)} :
ISR, = = — : '
Ep{P.} koo En{|H(ewr)[2 }Sx (erwr)
L=1_ Sx(e?™F)
Zk:() [1+/,LSx(€juk )}2
- -1 : (29)
ko Sx (e74%)
and
L—1 o S (eFr)
I Eh{P” } k=0 Ep { |H(BJWk)|2} [1+M);:(ejwk )} P
ISRy = vy — — _ ‘
En{Pz} Ly En{|H (e7%)[2}S ¢ (e7er)
L—1  Sg(e?“k)
k=0

_ Oxleh)
T L) (30)
r—o Sx (€7%)
where Ej{.} denotes expectation over the SI channel and
En{|H(e?**)|?} is a constant for SI channels with indepen-
dent and zero-mean tap coefficients (see Appendix A). Clearly,
ISR, and ISR, can be purely examined by the spectrum
components Sx (e/“*) and Sy (e7*). To find the closed-form
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equation of 7SR, and ISRy, letting L — oo, the discrete
components Sy (e/“*) and Sy (e/“*)) can be replaced by the
continuous power spectra Sx (e’*) and S ¢ (e’*) respectively.
The lower bounds of ISR, and ISR, are obtained as

1 27
27 JO

—Sx(e®) >dw
|:1+HSX(6‘7“))}

oL 27 S (edw)duw

ISRLB, = TSR,|[—00 =

1 (7 Sx (')
2 fiﬂ |:1+HSX(er)}

= |7 Sx(e7*)dw

>dw

1/2Ty A%P(f) Ldf
_ T L o) 31

1/2Ty4
L, A2P(f)df

and
1 f2m Sz(e?) '
o s ]

L 27 S ¢ (e3%)dw

dw
ISRLBg = TSR|1 00 =

1 (T Sz (e77) '
2 f_w [1+HSX(er)} ’

% f:r S¢(e79)dw

V2Ta AP gy
B f 1/2T, [1+H§%P(f)}2 (32)

1/2T,
i AZP2(f)df

dw

respectively. Assuming the raised cosine transmitted signal
spectrum, the closed-form ISRLB, and ISRLB; in (31)
and (32) are found (see Appendix B) as

1+8(Ha+1-1)

ISRLB, = (7 P , (33)
and
2(a+1)? 1 ay/atl
1+p a2 <1_\/m_2(a+1)2>_1]
ISRLB, =
! (1+a)2(1 - 3/4)
(34)

where a = [LAQTS /Ty. 1t is obvious from these lower bounds
that in the ideal case (8 = 0) the ultimate level of cancellation
is ISRLB, = 1/(1+7+pA?)?. Comparison between [SRL,
and ISRL B, with various values of a is presented in Fig. 4.
From (29), (30), (33), (34), and Fig. 4, some important
observations are derived as bellows.

1) The level of cancellation given by the ALMS loop is
determined by the loop gain ;A?, the roll-off factor 3
the tap delay 7}, and the number of taps L. It means
that the expected level of cancellation can be achieved
by either increasing the loop gain pA? or reducing the
tap delay T,;. However for the latter case, we need larger
number of taps L so that LT}, is sufficiently large and
ISR, can approach its lower bound.

-40

——ISRLB, a=2000
—o—ISRLBa a=2200
——ISRLB, a=2500

-45

-50

o
%_55, - = -ISRLB, a=2000
(2} -+¢ -ISRLB, a=2200
-60 -p- |SRLBd a=2500
- -a---8-CC¢
_-_I-"“'::_.-e——"¢'-_‘__->
- - ==¢ —
65 - -a---BIII3I---""FT_ -
§oTE o RIII e
-
70 . . . . . . . .
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16)
Fig. 4. ISR lower bounds versus § with a = 2000, 2200, and 2500.

2) ISRLB, increases significantly as the roll-off factor
increases. As shown in Fig. 4, ISRLB, for § = 1
is about 10 dB higher than that for g = 0.1. However,
the difference in I/SRLB, is only about 3 dB over the
whole range of (3. This indicates that the matched filter
significantly reduces the effects of the roll-off factor and
the impact of the spectrum of the transmitted signal
becomes negligible in the digital domain.

The first observation is a crucial conclusion for system
design because it allows the designer to determine these para-
meters based on the expected level of cancellation given by
the ALMS loop. Furthermore, understanding the relationship
among these factors also allows the flexibility in designing
the cancellation circuit. For example, if the power of the
system is limited, i.e, the gain of the ALMS loop is not
high enough, the level of cancellation can still be achieved
by a finer tap spacing. In case the size of the ALMS loop
is constrained, the loop gain must be increased. The sec-
ond observation once again states that the performance of
the ALMS loop must be considered in the digital domain,
and the best level of cancellation given by the ALMS loop
is ISRLB,.

IV. SIMULATION RESULTS

To verify the analytical results presented in Section III,
simulations are conducted in MATLAB for a single carrier
IBFD system9 which uses QPSK modulation and symbol
duration 75 = 20 ns. The pulse shaping filter and the
matched filter are both root raised cosine pulses with the
roll-off factor 3. The transmitted power is set to 0 dBm over
50 Ohm load. The transmitted power over 1 Ohm load is
found by 0 dBm + 10log,;,(50) = 17 dBm. Hence, the mean
squared amplitude of the transmitted signal for I Ohm load is
calculated by V2 = 2 x 1017739/10 = 0.1 V2, The LNA
in the receiver is selected with the gain of p = 10. The
ALMS loop has the tap spacing Ty = Ts/2 and the number
of taps L. The multiplier constants in all the taps are the same
and are selected as K1K> = 0.001 V2. Therefore, the gain
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Fig. 5. PSDs of the SI Z(t), residual SI V'(¢), and residual SI after the
matched filter V (t) with 3 = 0.5, uA? = 1000, Ty = Ts/2, and L = 8.

of the ALMS loop is pA? = 10 x (0.1/0.001) = 1000. The
SI power is set to 25 dB lower than the transmitted signal
power.

In the first simulation, the SI channel is chosen as h(t) =
1020 {[%2 — 0.55]6(t) — 0.48(t — 0.9T,) + 0.35(t — 3.3T,)};
which means that the delays of the reflected paths are
fractional of T,. The ALMS loop has L = 8 taps with
T, /2 tap spacing. Both pulse shaping filter and matched filter
have the roll-off factor of 3 = 0.5. The power spectrum
densities (PSDs) of the baseband equivalent of the SI Z(t),
the residual SI in the analog domain V'(¢), and the residual
SI in the digital domain after the matched filter V(¢) are
presented in Fig. 5. We can see that there are two peaks at
the edges of the V' (¢). However, these peaks are removed in
the spectrum of V(). This simulation confirms the analyses
in Section III.B.

In the second simulation, the SI channel has L propagation
paths whose coefficients h; are all independent and have a
normal distribution with zero-mean. The power delay profile of
the channel has an exponential distribution with the root mean
square delay spread o = LT /4. The ISRs at each point of the
roll-off factor 3 for different values of L are calculated and
averaged out over 1000 iterations. The simulated ISR, ISR,
and their corresponding lower bounds I/ SRLB,, [SRLB, are
presented in Fig. 6 for different values of L. The inset shows a
closer look of TSR,;. We can see that when L is larger, ISR,
and ISR, are closer to their lower bounds, respectively. This
is because the autocorrelation matrix can be well approximated
to a circulant matrix and the summation in (29) and (30)
approaches the integration when L is sufficiently large. Note
that in our analyses, the SI channel is assumed to have the
same number of paths as in the ALMS loop. As a result, the SI
channels with small number of taps are much shorter compared
to those with larger number of taps. Therefore, ISR, with
smaller L go beyond the lower bound with infinite L. However,
the matched filter reduces the effects of the SI channel so that
ISRy are still bounded by ISRLDB,.
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Fig. 6. ISRs in the analog domain and digital domain versus (3 with
uA? =1000, Ty = Ts/2.

V. CONCLUSION

In this paper, the residual SI powers and the ISRs of an
ALMS loop in both analog and digital domains of an IBFD
system have been derived using the steady state analysis. The
expression of the ISR in the time domain is then converted
into the frequency domain by eigenvalue decomposition. From
the frequency domain presentation, it is proved that the
matched filter has an effect of reducing the peak frequency
response of the ALMS loop so that the problem of frequency
component enhancement caused by the ALMS loop to the
residual SI can be significantly reduced in the digital domain.
The corresponding lower bounds of ISRs in both analog and
digital domains have also been derived from frequency domain
expressions. Comparison between these lower bounds shows
that the performance of the ALMS loop should be considered
in the digital domain and it is determined by four factors,
namely, the loop gain pA?, the tap delay 7}, the number of
taps L, and the roll-off factor 8. The finding of these lower
bounds allows the designer to determine the desired level
of cancellation given by the ALMS loop. It also provides a
room to trade off among these factors to achieve the level of
cancellation within given constraints.

APPENDIX A
PROOF OF CONSTANT Ej, {H (e7“*)}

For SI channels with independent and zero-mean tap coef-
ficients, we prove that E,{H (e/“*)} is a constant for all
k=0,1---,L—1 as follow.

L—1 L—1
1 —j2mkl % j2mkl’
Eh,{|H(€jw’“)|2}ZE}I{the N }
=0 I'=0

L—-1L-1

= SN Bu{huhp }e T 35)

=0 I'=0

Since the SI channel tap coefficients are independent with
zero-mean, we have Eh{hlh;",} = 0 for I # 1.
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Therefore, £, {|H(e")[?} = Y120 En{|h[?} for all k =
0,1---,L — 1 which is the mean power of the SI channel.
APPENDIX B

DERIVATION OF ISRLB, AND ISRL B,
A. ISRLB,

1+8

From leTiﬁ P(f)df = 1 and Ty <
simplified as

755, (31) can be

1/2Tq A’P(f) d
f71/2Td [1+ ?12P(f)}2 if

S A2P(f)df

ISRLB, =

145

Py
=9 - 7 _df. 36
é h+u%PUﬂ2f o

Substituting P(f) from (24) into (36), we have

1+8

S -~

we % [1 Feos(0 - )|
g/

o e
° {1 +/¢A227% {1 +cos<”§ (f = 12}6))}}
(37
Denoting a = uAQ% and x = ’Tgb' (f = %), (37) becomes
/12?? PU)
. 2
o [1+52P(f)]
1— 11
- 5/ 5(1 4 cosz) dv. (8)
+ a)? + 2(1+ cosz)]
Defining ¢ = tan(z/2) so that cosz = ﬁ—iz and dz = %,
we have
™ 1 1
/ 5 (1 + cosz) da
0 [1+2(1+ cosz)]
e 1
/0 (t2 +a+1)2
 2Va+1 [ 1 o t )
= 2 2
@D Jo [(GEp2+1) Vatl
vV 1
_rvatl (39)
2 (a+1)2

Substituting (39) into (38), we obtain the [SRLB, as in (33).

B. ISRLBy

Following the same steps as above, [SRL B, is derived as

1/2Ty A%P2(f)
f71/2Td [+ AQP(f)]Qdf

1/2T,
e, AZP2(f)df

ISRLB, =

1+8

fOQTS[ LD

Lp 22 ()]

= 55 (40)
Jos P2(f)df
Substituting P(f) from (24) into (40) as well as applying the
substitution of = = %( — 12;T) and then ¢t = tan(x/2),
we have
/12+Tf P2(f) |
o [1+aP(f)’
1— s 1 (1 + cosz)?
= 7( 6 il ) sdx
2(1+a)? [1+ %(1 + cosz)]
4 7(1 — S/B I dt
2(1 + a)? 1+aLH221+ﬂ
Ts(l N /6) T‘;B > 2
=5 dt. (41
2(1+a)? i o (E+a+1)2(2+1) “h
Note that m can be split as
2
(t2+a+1)2(t2+1)
2 1 1 a
== - - 42
(1+12) (t24a+1) (2+a+1)? “42)

Therefore, by substituting (42) into (41), we obtain

= PY())
/o @+ ar(f)e?

_ Ts(l _ﬁ) T‘;B m
T 20 +a)? 7 oa?

I ava+l
Va+1 2(a+1)2

__ L )i _ _
R N Va+1 2(a+1)2

1+8

The derivation of [,*™ P2(f)df is expressed as

(a+1) <1 1 a\/m>_1]}.

(43)

i 1-3 T3 [T
2 it P s 2
/0 P(f)df = Ts 5 T i /0 (14 cosz)“dx
L)

From (43) and (44), ISRLB, is obtained as in (34).
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Abstract— Analog least mean square (ALMS) loop is a promis-
ing method to cancel self-interference (SI) in in-band full-duplex
(IBFD) systems. In this paper, the steady state analyses of the
residual SI powers in both analog and digital domains are
firstly derived. The eigenvalue decomposition is then utilized to
investigate the frequency domain characteristics of the ALMS
loop. Our frequency domain analyses prove that the ALMS loop
has an effect of amplifying the frequency components of the
residual SI at the edges of the signal spectrum in the analog
domain. However, the matched filter in the receiver chain will
reduce this effect, resulting in a significant improvement of
the interference suppression ratio (ISR). It means that the SI
will be significantly suppressed in the digital domain before
information data detection. This paper also derives the lower
bounds of ISRs given by the ALMS loop in both analog and
digital domains. These lower bounds are joint effects of the loop
gain, tap delay, number of taps, and transmitted signal properties.
The discovered relationship among these parameters allows the
flexibility in choosing appropriate parameters when designing the
IBFD systems under given constraints.

Index Terms—IBFD, self-interference cancellation, ALMS
loop, frequency-domain analysis, matched filter, and eigenvalue
decomposition.

I. INTRODUCTION

PECTRAL efficiency is always a critical issue in wireless
S communications as the number of mobile devices has been
booming recently. In-band full-duplex (IBFD) transmission
is a promising solution for this problem because it allows
simultaneous transmission and reception in the same frequency
band [1]. Moreover, IBFD transmission provides other bene-
fits, such as avoiding collision due to hidden terminal problems
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in carrier sense multiple access networks and reducing the end-
to-end delay in multi-hop networks [2]. However, a critical
challenge encountered in implementing IBFD transceivers is
that the strong self-interference (SI) imposed by the transmitter
prevents its co-located receiver from receiving the signal of
interest emitted from the far-end. Hence, SI cancellation (SIC)
is a fundamental issue in IBFD communications.

Numerous approaches have been proposed in the litera-
ture to tackle the problem of SI. These approaches can be
classified as passive suppression, analog cancellation, and
digital cancellation [3]. Passive suppression methods intend
to attenuate the level of SI in the propagation domain by
separating transmit and receive antennas [4]-[6], or using a
circulator to share one antenna [7], [8]. Analog cancellation
attempts to generate a reference signal which is a replica of
the SI to subtract it from the received signal at the input
of the receiver. Digital cancellation is implemented after the
Analog-to-Digital converter (ADC) where the residual SI is
estimated and subtracted from the received digital signal
samples [5]. Note that no single method of cancellation can
be sufficient to remove the effect of the SI, but a combination
of them is always required [2]. However, analog cancellation
plays a critical role in the above mentioned three steps of
mitigating the SI. The reason is that passive suppression is
limited by the device size, and the level of suppression is
not sufficient to protect the ADC from being saturated by the
strong SI. As a result, the digital cancellation cannot be solely
implemented without the analog domain cancellation. Among
many different analog domain SIC techniques, the radio fre-
quency (RF) multi-tap finite impulse response (FIR) adaptive
filtering approach [9], the multiple RF bandpass filter (BPF)
approach [10], and the RF FIR frequency-domain equalization
approach [11] are some of the notable ones. The approaches
proposed in [10] and [11] directly synthesize the frequency
domain characteristics of the SI channel, but the RF BPFs
and FIR filter are all static though they can be reconfigurable.
Due to practical impairments, such as non-linearity of the
transmit power amplifier (PA), as well as the variation of the
SI channel, an adaptive mechanism which can adjust the phase
and amplitude of the cancellation signal seems more effective.

An obvious problem here is how to synthesize the weighting
coefficients of the multi-tap adaptive filter in order to minimize
the power of the residual SI after cancellation. A promising
method is to utilize a least mean square (LMS) loop in

0090-6778 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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the adaptive filter. Unlike conventional LMS algorithms in
the digital domain, it is very challenging to implement an
LMS loop in the RF domain due to the lack of RF inte-
grators. Therefore, many existing SIC filters implement the
LMS algorithm at the baseband stage. Besides the baseband
integrator, additional down-conversion and ADC circuits have
to be added to digitize the residual SI for the LMS filter in
baseband [3], [9], [12], [13]. Unfortunately, these additional
blocks not only consume more power, but also produce further
noise and interference to the receiver. Other SIC methods
synthesize the weighting coefficients from the digitalized
residual SI after the ADC in the receiver chain and gen-
erate the RF cancellation signal by an additional transmit
chain [14]-[16]. However, in a conventional receiver, an auto-
matic gain control (AGC) amplifier is always required to avoid
the problem of fading and ensure the wide dynamic range of
the receiver. Since the level of residual SI is stabilized by
the AGC amplifier, the weight coefficients synthesized in the
digital domain are inaccurate. Furthermore, the involvement of
the transmitted baseband signal in the control algorithm also
makes the cancellation circuit become more complicated in
practice.

A novel analog LMS (ALMS) loop purely implemented at
the RF stage is proposed in [17]. By employing a simple
resistor-capacitor low-pass filter (LPF) to replace the ideal
integrator, the weighting coefficients can be synthesized with-
out any involvement of the complicated digital signal process-
ing. The performance and convergence of the ALMS loop
are comprehensively investigated by examining the weighting
error function in both micro and macro scales. The spectra
of residual SI obtained from experiment results show that
the ALMS loop enhances the SI at the two edges of the
signal spectrum. However, this phenomenon has not yet been
analyzed and its impact on the SIC performance is not fully
understood. As further studied in [18] and [19], the properties
of transmitted signals have significant impacts on the perfor-
mance of the ALMS loop, but the roles of the tap delay and
the number of taps in ALMS loop in relation to the SIC per-
formance have not been considered. As we all know, as long
as the level of passive suppression and analog cancellation is
sufficient to allow the received signal to be digitized within
the ADC’s dynamic range, the SIC performance in the RF
stage does not show the real impact on the performance of
information detection since further optimal receiver algorithms
including matched filtering and equalization will be performed
in the digital domain. Therefore, it would make more sense to
consider the performance of the ALMS loop in the digital
domain after the matched filter. However, the analyses on
ALMS loop performance in [17]-[19] are all conducted at the
RF stage.

To overcome the aforementioned shortcoming, in this
paper, we analyze the performance of the ALMS loop
proposed in [17] by evaluating the interference-suppression-
ratios (ISRs) in both analog and digital domains in the
receiver chain. In particular, the ISRs before and after the
matched filter are firstly derived by a steady state analysis,
and eigenvalue decomposition is then performed to derive the
frequency domain presentation of the ALMS loop. We prove

IEEE TRANSACTIONS ON COMMUNICATIONS

that although the ALMS loop has an effect of amplifying
the frequency components of the residual SI at the edges of
the signal spectrum, this effect is significantly reduced by the
matched filter, leading to a much lower ISR at the output of
the matched filter. Hence, unlike [17], the real effect of the
ALMS loop on the SI suppression should be considered after
the matched filter in the digital domain instead of before it in
the analog domain. Furthermore, the lower bounds of ISRs in
both analog and digital domains are derived to characterize the
performance of the ALMS loop with regards to the transmitted
signal property, the loop gain, the tap spacing, and the number
of taps. From the relationship among these parameters, the full
potential of SIC given by the ALMS loop can be determined.

Contributions of this paper are twofold. First, this paper
characterizes the phenomenon of frequency component
enhancement produced by the ALMS loop to the residual
SI, and proves mathematically that the matched filter reduces
this enhancement, leading to a significant improvement of
ISR in the digital domain. Second, the lower bound of ISR
given by the ALMS loop in the digital domain derived in
this paper allows the designer to determine the expected level
of suppression from the parameters of the transceiver and
the cancellation circuit. More importantly, this expected level
can be achieved by adjusting the remaining parameters when
others are under constraints.

The rest of this paper is organized as follows. Section II
describes the system architecture and the signal models and
performs the steady state analysis to find the expressions
of ISRs in both analog and digital domains. In Section III,
the ISRs are analyzed in the frequency domain and their lower
bounds are derived respectively. In Section IV, simulations are
conducted to verify the theoretical findings. Finally, conclu-
sions are drawn in Section V.

II. STEADY STATE ANALYSIS OF ALMS Loop

A. IBFD Transceiver With ALMS Loop

The architecture of an IBFD transceiver employing an
ALMS loop in the analog domain proposed in [17] is shown
in Fig. 1. The ALMS loop works as follows. A copy of the
transmitted signal is passed through the ALMS loop, which
includes L taps. In each tap, the transmitted signal is delayed
and multiplied by the amplified and looped-back residual SI
with an I/Q demodulator. This product is then filtered with the
LPFs to obtain the weighting coefficient w;(t). These weight-
ing coefficients modulate again the same delayed transmitted
signal. The outputs of the L-taps are added together to produce
the cancellation signal y(t), which is then subtracted from the
received signal r(¢) at the input of the receiver.

Signal models are described as follows. Assuming a single
carrier system, the transmitted signal x(¢) at the output of the
power amplifier (PA) is modeled as z(t) = Re{X (t)e/>™/t}
where f. is the carrier frequency, and X (¢) is the baseband
equivalent which can be mathematically modeled as

(o]

X(t)= > aVxp(t—il.)

i=—00
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Fig. 1. The ALMS loop structure.

where a; is the ¢-th complex data symbol, T is the symbol
interval, Vx is the root mean square (RMS) value of the
transmitted signal and p(t) is the pulse shaping function
with unit power - fo Ip(t)|* dt = 1. The transmitted data
symbols a; are assumed to be independent of each other,
1, fori=1
0, fori #1
ensemble expectation. The average power of X (t) is defined as
7 Jo T E{IX(1)[P}dt = V§ over 1 Q load. Due to the IBFD
operation, at the input of the receiver, there are presences of the
ST z(t), the desired signal s(), and the additive Gaussian noise
n(t), i.e., (t) = z(t) + s(t) + n(t). The baseband equivalents
of these signals are denoted as R(t), Z(t), S(t) and N(t)
respectively. The cancellation signal y(¢) is combined from
the L taps as

ie., E{alay} where E{.} stands for

— Re{ S @)

=0

t _ le) 727rfc(t—le)}

where w;(t) is the complex weighting coefficient at the
l-th tap obtained by filtering the outputs of the I/Q demod-
ulator, T,; is the delay between adjacent taps. As proved
in [17], using a simple resistor-capacitor LPF with the decay
constant « (o = 1/RC), the weighting coefficients w;(t) can
be written as

2ua /t _
e
K1K2 0

where K, and K5 are the dimensional constants of multipliers
in the I/Q demodulator and I/Q modulator respectively, and
24 is the gain of the low noise amplifier (LNA). Assume
that the SI channel is modeled as an L-stage multi-tap
filter where each tap has a coefficient h; and delay Tj.

ADr(r) = y(7)]
X (1 —1Ty)ed?™ om0 g (3)

wy (t) =

Hence, the baseband equivalent of the SI z(t) can be expressed
as Z(t) = lL 01 hy X (t — IT;). Obviously, the performance
of the ALMS loop is determined by the difference between
the cancellation signal y(¢) and the ST z(t). This difference is
represented by the weighting error function defined as

ul(t) = hl — wy (t)ejzﬂfcle. (4)
As derived in [17, eq. (11)], u;(t) can be expressed as
— —a(t—T) _
u(t) = hy — KlKQ / lz uy (T (t U Ta)

+S5*(1)+ N* (T)‘| X(r=1Ty)dr. (5)

B. Steady State Analysis

1) Steady State of Weighting Error Function: Now we apply
the steady state analysis to derive the residual SI power and the
ISR at the output of the ALMS loop. The system is assumed
to be steady after an initial start-up so that all the weighting
coefficients are in their converged values. Both ensemble
expectation and time averaging denoted as E{.} are used to
evaluate the random processes involved in this analysis. The
normalized autocorrelation function of the transmitted signal
is defined by

1
K1 K>

1 T .
= KT /0 E{X*(t)X(t —7)}dt
V)% > *

- i | vt =

2 [ee]

=3 | oty
where A? = VZ/K1K, = ®(0) is the normalized power of
the transmitted signal. To simplify (5), we assume that the
transmitted signal is independent of the desired signal and
the additive Gaussian noise, i.e., E{S*(t)X(t — 7)} = 0
and E{N*(t)X(t — 7)} = 0 for all 7. Performing both
ensemble expectation and time averaging and applying the
above assumptions to (5), we have

/ —a(t—T Zul'

B(r) = E{X*(t)X

(t—m7)}

(6)

G(t) = hy — ((1 = 1) Ty)dr,

@)

or, in matrix form

u(t) =h— o tefo‘(th) u(t)dr

O /0 Bii(t)d ®)
where u;(t) = E{u(t)}, u(t) = [ao(t), w(t) - ur_1(t)]",
h = [ho, h,l, ce ,thl]H, and

®(0) ®(—Ta) O(—(L - 1)Ta)
o | 2 2(0) o(~(L - 2T))

S((L — 1)Ty) ®((L - 2)Ty)
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When t — oo, a(t) converge to their steady-state values u so
that u(¢ ) can be taken out of the integral in (8). It is also noted

that o f e—olt— T)dT’ — 1. Therefore, (8) becomes

t—oo

u=h-pdu 9)
and hence
u=(Ip +upu®) 'h

2) Interference Suppression Ratios: ISR is an important
metric to evaluate the performance of the cancellation circuit.
In this subsection, we derive the closed-form equations of ISRs
before and after the matched filter in the analog domain and
digital domain respectively.

a) ISR in analog domain: After SI cancellation, the nor-
malized power of residual SI v(t) = z(t) — y(t) is derived as

et 2 (CORFTOI:

- K11K2 E{ [Re{ [2(t) - Lij(hr —uj (t))

(10)

By(t) =

1 B L—1 i ) )
_ 2K1K2E{]Z(t) - l:o(hl Y. (t))X(t—le)‘ }
1 B L—-1 .
L—-1
x> up ()X (t -~ l’Td)} }
I'=0

L—
a(t)[® — ©(0)I.]a(t) u;(t)
l:O

—_

Y

where @7 (t) = E{|u;(t)|?} is the time-averaged mean square
value of w;(t). From (5), followmg the steps shown in

Appendix B in [17], when d“’ (t) =0, u?(t) satisfies the
equation
L-1
(14 pA%)) @ (t) = Re{u®h} — pu (® — A%1)u.
1=0
(12)
Substituting (10) to (12), we have
L—1
> i (t) = (I + p®)~*h (13)
1=0

and the steady state power of the residual interference is
obtained from (11) as

1
P, = §hH(IL + p®) ' e (I, + u®) 'h, (14)
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If there was no cancellation, the normalized SI power would be

_ 2
1 L—1 2
= E{|R hiX(t —IT,)e?> /<t
K, K, {{ e{g 1 X( a)e }] }
1 L—1
— 2K1K2E{ 2 hi X (t —1Ty) Zhl, t—le)}
1 L—1L-1
= hiE{ X (t—IT, t—1U'Ty) Yhy
T FE{X (1T X (¢~ U'Ta)
=0 I'=0
1L—lL—l
= 52 > hi®((L—1)Ta)he = —hH<I>h (15)
=0 I'=0

Therefore, 1.5 R before the matched filter in the analog domain,
denoted as ISR, is determined by
2 hH(IL—i—wI))_l‘I)(IL—i—wP)_lh

e h®h

(16)

b) ISR in digital domain: After down-converted to base-
band, the residual SI, denoted as V' (), is expressed as

V(t)y=Z4(@)-Y(t)
L-1 L—-1
=Y WX({t—1Ty) =) wi(t)X(t—1Ty)e I3 T
=0 =0
L—-1
= W)X (t—ITy). (17)
=0

After the matched filter with the impulse response p*(—t),
we get the filtered version of V'(t) as

L—1
V)=Vt «p*(—t) =Y uf)X(t—1Ty)  (18)
1=0
where * stands for a linear convolution operation and
X(t) = X(t) xp*(-1) (19)

is the filtered version of the transmitted baseband signal.
Similarly, the steady normalized power of the filtered residual
SI is calculated as

Py = KleE{IV(t)F}
1 B L—-1 . ~ L—1
— K1K2E{ 3 uf ()X (t — 1Ty) IZ;;W (t)
X X*(t — Z/Td)}
L-1 L-1 L—1
= a (O ((1=1)Ta)aw (t) +6(0) ) _ ai(t)
1=0 lI'=0,l#£l =0
L—1
= u(t)(© - e(0)I)u(t) +6(0) Y  ui(t)
=0
=hf (1, + u®) 'O, 4+ p®@) 'h (20)
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where O(7) = X*(t—7)} and
0(0) @(—m Ce(-(L- 1Ty

O(Ta) ©(0) - O(=(L - 2)Ty)

@:

o((L — 1)Ts) O((L —2)Ty) 0(0)

are the normalized autocorrelation function of X (t) and the
corresponding autocorrelation matrix respectively.

Meanwhile, if there was no cancellation, the steady normal-
ized SI power after the matched filter would be

Py = e ———FE{|Z(t) xp*(—-t)[*}
:K1K2 {|Zhl t_le}}
L—-1L-1
= ZZhl (1 =1")Ty)hy
=0 l'=
= hH®h. (1)

Therefore, the ISR after the matched filter in the digital
domain, denoted as ISR, is
Py hH(IL—i—u‘I))*l@(IL—i—/ﬂP)*lh

ISRq = P, hH Oh

(22)

III. FREQUENCY-DOMAIN ANALYSIS OF RESIDUAL SI
A. Eigen-Decomposition of Autocorrelation Matrices

The L x L matrix ® can be decomposed as & = QAQ~!
where Q is the orthonormal modal matrix whose columns are
the L eigenvectors of ® and

o O - 0

0 A - 0
A= | . . )

0 0 AL_1

is the spectral matrix whose main diagonal elements are the L
eigenvalues of ®. When L7} is sufficiently large, the autocor-
relation matrix ¢ can be approximated as a circulant matrix
P composed of a periodic autocorrelation function fI)( ) =
Sore o ®(r+1LT,). As proved in [20], the circulant matrix
® can be decomposed as ® = FSxF ! where F is the
discrete Fourier transform (DFT) matrix of order L,

1 1 1
1 67jw1 —j(L—1)wy
F:
1 e Jwr-1 e*j(L*.l)wL—l
with w, = 2tk = 0/1,---,L — 1, Sy =

diag{SX(ej“’O), Sx (ej“’l), -, Sx (gjwl"l)}, and Sx (ej“’k)
are obtained by taking the DFT of ®(IT}), i.e.,

Z@ (ITy)e~I«x!

for kK = 0,1,---,L — 1, which are the L samples of the
normalized power spectrum Sy (e/%) of the transmitted signal

erk

(23)

1 : : : ‘
—
Tos
0 | I ‘
41 08 06 04 02 0 02 04 06 08 1
fT
d
200 : : ‘
—
3
L 100
0 | ‘
6 4 2 0 2 4 6
w

0 . o
-250  -200 -150  -100 -50 0 50 100 150 200 250
k

Fig. 2. (a) Raised cosine spectrum; (b) Sx(e?¥); (c) Sx(e/“*r) versus
eigenvalues Ag, with L = 256, A2 =100, =02 Ty = Ts/2, Ts = 1.

sequence X (nT,) uniformly spaced about the unit circle.
It means that when L is sufficiently large, the eigenvalues
A, can be approximated as the power spectrum samples
Sx (e?“*). To confirm this approximation, the eigenvalues \j
are compared with the power spectrum Sy (e/“*) as below.

Suppose that the transmitter employs a root raised cosine
pulse shaping filter. The autocorrelation function ®(¢) is a
raised cosine pulse, which has the frequency response

T, for 0 < |f| < 12T6
Ts[ - B
~2[1 4 cos ( 5 ( ))}
P(f)={ 2 s 275 (24)
for 2 < |f] < ”ﬁ
0 for 2—;5

where (3 is the roll-off factor. Hence, the normalized power
spectrum of X (t) is A2P(f). With the sampling period
Ty, the relationship between Sx(e/*) and P(f) can be
expressed as

w0 1 = ,, w n
Sx (e’ ):E Z A P(zﬂTd _E)'

n=—oo

(25)

If T, <T,/(1+ ), there will be no spectral overlapping and
hence

. A2 w
Sx(e!) = T_dP(27TTd

), for —7m <w <. (26)

Fig. 2 shows the raised cosine spectrum P(f), Sx(e/*),
Sx(e?“*), and properly ordered \; for L = 256, A? =
100, 8 = 0.2, and Ty = Ts/2 where T is normalized to 1.
We see that )\ are very close to Sx (e/**).

The same approximation can also be applied to the
autocorrelation matrix ©, ie., it is close to a circu-
lant matrix © when L is sufficiently large. In this
case, © can be decomposed as e = FSXF’1
where Sg = diag{Sg(e/0),S¢(ef1), -+, Sg(efr-1)};
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Sg(e?r) for k = 0,---,L — 1 are the L spectrum com-
ponents obtained by taking DFT of G(ZTd)2 with ©(r) =
SO + ILTy), and Sg(e) = 7:P(5%;) for
- <w < T

B. Frequency Domain Characterization of ALMS Loop

From the above decomposition, we can simplify (16)
and (22) as

ISR,

hHF(IL + ,LLSX)ilFleSXFle(IL + ,LLSX)ilFflh
hZFSxF-1h

Sx (e?¥k)

F'h
1+u5x(ej“’“)]2}
hP Fdiag{Sx ()} F-1h

hHFdiag{

SE H (et ) |2
_ [1sx(ern)] @7)
i |H(ewn)[2Sx (eder)

and

ISR,

hHF(IL + ,LLSX)leilFSXFilF(IL + ,LLSX)ilF_lh
hHFSXFflh
Sx(e’*F)

ﬁ}F_lh

(1418 (e791)]
h#Fdiag{S; (e/**)}F~'h
L—1 iwi\2_ Sx(efr)
_o | H(e?%* X

| B (P e

koo [H (€392S g (e7%)

hHFdiag{

(28)

where H(e/“*) is the frequency response of the SI channel.
It can be seen from (27) and (28) that, in the frequency domain,
the residual SI can be decomposed into two components. The
first component is the frequency response of the SI channel
H (e’**). The second component in (27) (i.e., in the analog
domain before the matched filter) is a frequency dependent
attenuation factor introduced by the ALMS loop as F,(e/*) =
Sx (&%)
[14+uSx (e5)]
digital domain after the matched filter is a frequency dependent
attenuation factor determined by both the ALMS loop and

the matched filter as Fy(e/*) = % Therefore,
14+pSx (edv)

the residual SI before and after the matched filter can be
analyzed in the frequency domain by comparing their second
components. Fy,(e/*) and Fy(e?*) with various values of 3
are plotted in Fig. 3 respectively.

Fig. 3 reveals that the ALMS loop has an effect of ampli-
fying the frequency components of the residual SI leading to
a peak at the edge of the signal spectrum. As a result, the ISR
in the analog domain before the matched filter is higher when
the roll-off factor is larger. However, this effect is significantly

>. Also, in (28), the second component in the
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Fig. 3. Frequency dependent attenuation factors with various values of 3,
L = 256, A2 =100, T; = Ts/2.

reduced by the matched filter as the peak no longer exists
in Fy(e’*). Hence, the ISR will be significantly improved in
the digital domain. It also means that the effect of the signal
spectrum on ISR reduces significantly when it is considered
in the digital domain. Therefore, we can conclude that the
performance of the ALMS loop evaluated in the digital domain
after the matched filter rather than in the analog domain as
in [17] makes more sense to the IBFD system.

C. Performance Lower Bounds

The ISRs discussed in Section III.A are valid for a given
SI channel. To derive the lower bounds of ISRs over random
realizations of SI channels, we define the average ISRs in the
analog domain and digital domain respectively as

Sx (ed¥k)

o Bn{|H(e7%) 2}

57 - BniP} _ [1hsx (e30)]”
“ E{P.} f;(} Ep{|H (e7%r)|?} Sx (e7<r)
L—1 Sx (e?¥k)
Zk:O [1+,u5x(€j“’k)}2
- L : (29)
p—o Sx(€74%)
and
L-1 i) (2 Sx(e?k)
-~ E H e] k =X J
o, P} T s om T
d = = — " "
En{Pz} f:ol Ep{|H(edwr)[2}S ¢ (ed%r)
L—-1 S)'((ejwk)
k=0

T
- L) (30)
K=o Sx (€74%)
where Fj{.} denotes expectation over the SI channel and
Ep{|H(e’**)|?} is a constant for SI channels with indepen-
dent and zero-mean tap coefficients (see Appendix A). Clearly,
ISR, and ISR, can be purely examined by the spectrum
components Sx (e/“*) and Sy (e/“*). To find the closed-form
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equation of ISR, and ISRy, letting L — oo, the discrete
components Sy (e7“*) and Sy (e“*)) can be replaced by the
continuous power spectra Sx (e’“) and S (e’“’) respectively.
The lower bounds of ISR, and ISR, are obtained as

1 27
2w JO

—HCLO N
[1418x (e7¢)]

L 27 S (edw)duw

ISRLB, = ISRu|1—00 =

XD g,
| 14+pSx (edw )}

27 [ Sx(e7)dw

1/2T4 A%P(f) Ldf
TV [ )]

T
oty A2P()df

€19

and

1 2

Sx(e?)
5x Jo 2dw

[1 +uSx (ed® )]

27 .
% 0 S ¢ (e7¥)dw

ISRLB, = TSRyl 00 =

_ Sg(e)
| 14+pSx (ej“’)}
Sk (e*)dw

sdw

/2T A*P2())
Iy = df
a2 P(f
— [P0 (32)

1/2Ty
o, AP (f)df

respectively. Assuming the raised cosine transmitted signal
spectrum, the closed-form ISRLB, and [SRLBg4 in (31)
and (32) are found (see Appendix B) as

1+ 8(Va+1-1)

ISRLB, = 0F P , (33)
and
2(a+1)? 1 av/a+1
1+ 8|2 <1 ~ ot 2(a+1)2> - 1]
ISRLB,; =
‘ (1+ a)2(1— B/4)
(34)

where a = ;LAQTS /Ty. 1t is obvious from these lower bounds
that in the ideal case ( = 0) the ultimate level of cancellation
is ISRLB, = 1/(1+7+pA?)?. Comparison between [SRL,
and I SRL B, with various values of a is presented in Fig. 4.
From (29), (30), (33), (34), and Fig. 4, some important
observations are derived as bellows.

1) The level of cancellation given by the ALMS loop is
determined by the loop gain pA2, the roll-off factor 3
the tap delay 7y, and the number of taps L. It means
that the expected level of cancellation can be achieved
by either increasing the loop gain A2 or reducing the
tap delay 7;;. However for the latter case, we need larger
number of taps L so that LT} is sufficiently large and
ISR, can approach its lower bound.

-40

—_— ISRLBa a=2000
—o— ISRLBa a=2200
ISRLBa a=2500

45 -

-50

o
% 551 - = -ISRLB, a=2000
2} - ¢ -ISRLB  a=2200
60 ISRLB  a=2500
a---2- -4:
o ---—0--Z -
___a—-:':::¢——-°‘"*>
655 - - -Zj-c-4--"
70 | | | | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
I6)
Fig. 4. ISR lower bounds versus § with a = 2000, 2200, and 2500.

2) ISRLB, increases significantly as the roll-off factor
increases. As shown in Fig. 4, ISRLB, for g = 1
is about 10 dB higher than that for 5 = 0.1. However,
the difference in I/SRLB, is only about 3 dB over the
whole range of (. This indicates that the matched filter
significantly reduces the effects of the roll-off factor and
the impact of the spectrum of the transmitted signal
becomes negligible in the digital domain.

The first observation is a crucial conclusion for system
design because it allows the designer to determine these para-
meters based on the expected level of cancellation given by
the ALMS loop. Furthermore, understanding the relationship
among these factors also allows the flexibility in designing
the cancellation circuit. For example, if the power of the
system is limited, i.e, the gain of the ALMS loop is not
high enough, the level of cancellation can still be achieved
by a finer tap spacing. In case the size of the ALMS loop
is constrained, the loop gain must be increased. The sec-
ond observation once again states that the performance of
the ALMS loop must be considered in the digital domain,
and the best level of cancellation given by the ALMS loop
is ISRLB,.

IV. SIMULATION RESULTS

To verify the analytical results presented in Section III,
simulations are conducted in MATLAB for a single carrier
IBFD system9 which uses QPSK modulation and symbol
duration 75 = 20 ns. The pulse shaping filter and the
matched filter are both root raised cosine pulses with the
roll-off factor 3. The transmitted power is set to 0 dBm over
50 Ohm load. The transmitted power over 1 Ohm load is
found by 0 dBm + 10log,;,(50) = 17 dBm. Hence, the mean
squared amplitude of the transmitted signal for 1 Ohm load is
calculated by V2 = 2 x 10017739/10 = 0.1 V2, The LNA
in the receiver is selected with the gain of 1 = 10. The
ALMS loop has the tap spacing Ty = Ts/2 and the number
of taps L. The multiplier constants in all the taps are the same
and are selected as K1Ks = 0.001 V2 Therefore, the gain
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Fig. 5. PSDs of the SI Z(t), residual SI V(¢), and residual SI after the
matched filter V() with 8 = 0.5, pA% = 1000, Ty = Ts/2, and L = 8.

of the ALMS loop is uA? = 10 x (0.1/0.001) = 1000. The
SI power is set to 25 dB lower than the transmitted signal
power.

In the first simulation, the SI channel is chosen as h(t) =
10720 {[¥%2 — 0.55]6(t) — 0.46(t — 0.9T,) + 0.38(t — 3.3T4)},
which means that the delays of the reflected paths are
fractional of Ts. The ALMS loop has L = 8 taps with
T,/2 tap spacing. Both pulse shaping filter and matched filter
have the roll-off factor of 3 = 0.5. The power spectrum
densities (PSDs) of the baseband equivalent of the SI Z(¢),
the residual SI in the analog domain V'(¢), and the residual
SI in the digital domain after the matched filter V(¢) are
presented in Fig. 5. We can see that there are two peaks at
the edges of the V'(t). However, these peaks are removed in
the spectrum of V(t) This simulation confirms the analyses
in Section III.B.

In the second simulation, the SI channel has L propagation
paths whose coefficients h; are all independent and have a
normal distribution with zero-mean. The power delay profile of
the channel has an exponential distribution with the root mean
square delay spread o = LT /4. The ISRs at each point of the
roll-off factor [ for different values of L are calculated and
averaged out over 1000 iterations. The simulated TSR,, ISRy
and their corresponding lower bounds I/SRLB,, [SRLB, are
presented in Fig. 6 for different values of L. The inset shows a
closer look of TSR,;. We can see that when L is larger, ISR,
and ISR, are closer to their lower bounds, respectively. This
is because the autocorrelation matrix can be well approximated
to a circulant matrix and the summation in (29) and (30)
approaches the integration when L is sufficiently large. Note
that in our analyses, the SI channel is assumed to have the
same number of paths as in the ALMS loop. As a result, the SI
channels with small number of taps are much shorter compared
to those with larger number of taps. Therefore, ISR, with
smaller L go beyond the lower bound with infinite L. However,
the matched filter reduces the effects of the SI channel so that
TSRy are still bounded by ISRLB,.
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Fig. 6. ISRs in the analog domain and digital domain versus 3 with
uA? =1000, Ty = Ts/2.

V. CONCLUSION

In this paper, the residual SI powers and the ISRs of an
ALMS loop in both analog and digital domains of an IBFD
system have been derived using the steady state analysis. The
expression of the ISR in the time domain is then converted
into the frequency domain by eigenvalue decomposition. From
the frequency domain presentation, it is proved that the
matched filter has an effect of reducing the peak frequency
response of the ALMS loop so that the problem of frequency
component enhancement caused by the ALMS loop to the
residual SI can be significantly reduced in the digital domain.
The corresponding lower bounds of ISRs in both analog and
digital domains have also been derived from frequency domain
expressions. Comparison between these lower bounds shows
that the performance of the ALMS loop should be considered
in the digital domain and it is determined by four factors,
namely, the loop gain pA?, the tap delay Ty, the number of
taps L, and the roll-off factor 3. The finding of these lower
bounds allows the designer to determine the desired level
of cancellation given by the ALMS loop. It also provides a
room to trade off among these factors to achieve the level of
cancellation within given constraints.

APPENDIX A
PROOF OF CONSTANT Ej, { H (e/**)}

For SI channels with independent and zero-mean tap coef-
ficients, we prove that E,{H(e/“*)} is a constant for all

k=0,1---,L—1 as follow.
Bl = 5] Zme thte”?“ }
L-1L-1 _samk(it’)
= Z ZEh{hlh;}e—L . (35)
=0 I’'=0

Since the SI channel tap coefficients are independent with
zero-mean, we have Eh{hlh;} = 0 for I # 1.
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Therefore, Ej,{|H (e/%)|?} =

Lo En{|?} for all k =

0,1---,L —1 which is the mean power of the SI channel.
APPENDIX B
DERIVATION OF ISRLB, AND ISRLBy
A. ISRLB,
1+8
From f2fiﬁ (f)df = 1 and Ty < 1+ﬁ’ (31) can be
simplified as
1/2T4 A’P(f) g
ISRLB, = T [l
a 1/2T,
55, A2P(f)df
148
Ts P
—9 / ’ %df (36)
0 1+ MT—dP(fﬂ

Substituting P(f) from (24) into (36), we have

= P(Y) 2T
I U T - - s
/0 [1+22P(f)° d /0

df
[1 + A2 %] 2

[ E[tren(H0 - )]
1

{1+uA22

Denoting a = uA2% and x = ™= (f —

B
L (1)
/0 1+ lﬁp(f)]zdf

Ta
1-p 5/ (1 + cosz) A
2(1+a)? + 5( 1~|—cos:1:)]2

Defining ¢ = tan(x/2) so that cosz = L‘L—g and dz =

we have
™ 1 1
/ 5 (1 + cosx) da
0 [1+4 2(1+ cosz)]

° 1
2 —dt
/0 (t?+a+1)2

C2Ja+1 [ 1 d—t
O R N (T R
ratl
T 2(+1)2

(14 cos(Z(7 - 12—@)]}

(37)

%), (37) becomes

(38)

2dt
R

(39)

Substituting (39) into (38), we obtain the ISRLB, as in (33).

B. ISRLB,

Following the same steps as above, I SRLB, is derived as

1/2T, AP2(f)
VN ey

1/2Ty
e, A2P2(f)df

ISRLB, =

P2(f)

1+8
S

(14042 P(p)
1+8

Jos P2(f)df

ikd

(40)

Substituting P(f) from (24) into (40) as well as applying the

substitution of =z =

B 2T
we have
2T, P2
/ G
o [1+aP(f)]
1— A 1(1 + cosz)?
= 7( 6 4 2) sdx
2(1 +a)? 14 (1 + cosz)]
& —(1 - 56 w2,
2(1 + a)? 1+a1+t221+t2
Ts(1 — s °
= 7( ) + L:h 2 dt.
2(14a)? ™ t2+a+1)2(t2+1)
Note that m can be split as
2

(2 +a+1)2(2+1)

1 1 a

2
T 2| (1+2) (Pta+l) (Pt+a+1)?

Therefore, by substituting (42) into (41), we obtain

L V)
L e

_T(d-p5 Tpx|. 1 ava+l
214 a)? T a? Va+1 2(a+1)2
T (a—l—l) 1 ava+1
" 2(14a)? {Hﬁ a2 <1_\/m_2(a+1)

148
The derivation of [,*" P2(f)df is expressed as

S—
N
o3
~
(V]
—
Kﬁ
S—
&
|

= 21— 5/4)

From (43) and (44), ISRL B, is obtained as in (34).

L (f — 52) and then ¢ = tan(x/2),

(41)

(42)

ol

(43)

1- T T
1=6 + b / (1 + cosz)?dx
2 47 0

(44)
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