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Abstract

In this thesis, we discuss the numerical approximation of random periodic solu-
tions (r.p.s.) of stochastic differential equations (SDEs) with multiplicative noise. We
prove the existence of the random periodic solution as the limit of the pull-back flow
when the starting time tends to —oo along the multiple integrals of the period. As
the random periodic solution is not explicitly constructible, it is useful to study the
numerical approximation. We discretise the SDE using the Euler-Maruyama scheme
and modified Milstein scheme. Subsequently we obtain the existence of the random
periodic solution as the limit of the pull-back of the discretised SDE. We prove that
the latter is an approximated random periodic solution with an error to the exact
one at the rate of v/At in the mean-square sense in Euler-Maruyama method and At
in the modified Milstein method. We obtain the weak convergence result in infinite
horizon for the approximation of the average periodic measure.

Keywords: random periodic solution, periodic measure, Euler-Maruyama method,
modified Milstein method, infinite horizon, rate of convergence, pull-back, weak

convergence.
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Chapter 1
Introduction

Periodicity plays a very important role in the study of many different areas in
science. There are many periodic phenomena in our real life. Considering the sunrise
and sunset each day, we notice this periodic behaviour is driven by a dynamical sys-
tem in the celestial mechanics. Even now, it is still very hard to describe the process
of evolution in the formation of the solar system. But we also benefit from the peri-
odicity which is predictable in some sense. The long time behaviour of the universe
inspires people to investigate the long time limits of relevant dynamical systems. In
the deterministic dynamical system theory, fixed points or periodic solutions cap-
ture the intuitive idea of a stationary state or an equilibrium of a dynamical system.

Mathematicians have made enormous progress in the study of deterministic systems.

However, many systems in our real life are influenced by some noise factors
from internal or external sources. For instance, when we consider the maximum
daily temperature in any particular region, it certainly has periodic nature driven
by the divine clock due to the revolution of the earth around the sun. But the
randomness may come from the uncertainty of the reaction in sun, which influence
the heat delivery to the earth. On the other hand, the change of the climate on
the earth also provides chaotic disturbance onto the underlying dynamical system.
Also the price of wheat in financial market shows the combination of periodicity
and randomness. The intrinsic seasonality of wheat growth suggests the periodicity
of the price should follow the change of seasons. However, the strike price is always
being influenced by not only the real time supplies and demands, but also trading

reactions in the international market. Hence the importance of studying stochastic
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dynamical systems can hardly be overestimated.

The idea to regard stochastic differential equations (SDEs) as random dynamical
systems can be traced back to late 1970’s and early 1980’s with a number of seminal
works by Elworthy, Meyer, Baxendale, Bismut, Ikeda, Watanabe, Kunita and others
([, [, [5], 110, [25], [31], [33] etc). Later this was further developed to include
stochastic partial differential equations (SPDEs) by Flandoli [19], Garrido-Atienza,
Lu and Schmalfuss [20], Mohammed, Zhang and Zhao[3§].

The concept of stationary solutions of stochastic dynamical systems has been
known for some time and is a stochastic counterpart of the notion of fixed points in
the theory of dynamical systems. There are many works studying their existence for
SDEs and SPDEs, such as Caraballo, Kloeden and Schmalfuss [§], Khanin, Mazel
and Sinai [28], Schmalfuss [41], Sinai [42], Zhao and Zheng [54] etc. An ergodic
theory of random dynamical systems has been built under the stationary regime,
in which stationary solutions and stationary measures, which are “equivalent”, are
fundamental objects.

Periodic solution has been a central concept in the theory of dynamical sys-
tems since Poincaré’s pioneering work [40]. As the random counterpart of periodic
solution, the concept of random periodic solutions (RPS) began to be addressed
recently for a C'-cocycle in the work of Zhao and Zheng[55]. Later the definition
of random periodic solutions and their existence for semi-flows generated by non-
autonomous SDEs with additive noise were given by Feng, Zhao and Zhou[12], and
it was developed to include SPDEs by the work of Feng and Zhao[L3].

Denote by A := {(t,s) € R* s < t}. Let X be a separable Banach space. Denote
by (Q,F, P, (0;)icr) a metric dynamical system and 6 : @ — Q is assumed to
be measurably invertible for all s € R. Consider a stochastic periodic semi-flow

u: A x Q x X — X of period 7, which satisfies the semi-flow relation.
u(t,r,w) = u(t,s,w) ou(s,r,w), (1.0.1)
forall r < s <t rs,teR and almost every w € 2.

Definition 1.0.1. ([17]) We call u a T-periodic stochastic semi-flow if it satisfies

an additional periodicity property: there exists a constant T > 0 such that

u(t+ 71,8+ 1,w) = u(t, s, 0,w), (1.0.2)



for any t > s and almost every every w € ).

Remark 1.0.2. ([17]) (i) The periodicity assumption is very natural. It
can be wverified that solutions for SDFEs or SPDFEs with time periodic coefficients

satisfy by the same argument as verifying the cocycle property for autonomous
stochastic systems. In the cocycle case, holds for all 7 > 0 1.e.

u(t,s,w) = u(t —s,0,0sw)

for any t > s and almost every every w € ).
(ii) The periodicity assumption plays a crucial role to enable us to lift

the semi-flow u to a cocycle on the cylinder [0,7) x X.

The lift case provides the possibility to investigate the exponential contraction
of partial derivatives in the analysis of weak approximation. SDEs and SPDEs with
time-dependent coefficients which are periodic in time generate periodic semiflows
satisfying (1.0.1)) and (1.0.2)) ([12]-[14]). The following definition of random periodic

paths (solutions) for stochastic semi-flow was given by Feng, Zhao and Zhou.

Definition 1.0.3. ([12/,[153]) A random periodic path of period T of the semi-flow
u: A X QxX— X s an F-measurable map Y : R x Q — X such that

u(t,s,w)Y(s,w) =Y(t,w), Y(s+1,w)=Y(s,b0w),
for any (t,s) € A and almost every w € Q.

It has been proved that random periodic solutions exist for many SDEs and
SPDEs ([12]-[14]). Recently, “equivalence” of random periodic paths and periodic
measures has been proved in [I7] and some results of the ergodicity of periodic
measures have been obtained. These results are proved in cocycle case and semi-
flow case. To consider the semi-flow case, lifts on the semi-flow and periodic measure
played a critical role.

Note that many phenomena in the real world have both periodic and random
nature, e.g. daily temperature, energy consumption, airline passenger volumes, C'O,
concentration etc. The concept and its study are relevant to modelling random
periodicity in the real world.

In literature, there have been a number of recent works such as [9] on random

attractors of the stochastic TJ model in climate dynamics; [3] on stochastic lattice
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systems; [10] on stochastic resonance; [14] for SDEs with multiplicative linear noise;
and [51] on bifurcations of stochastic reaction diffusion equations. All these results

are theoretical on the existence of random periodic paths.

In deterministic cases of dynamical system, numerical schemes were widely ap-
plied on the solutions of ordinary differential equations. The stability and efficiency
of these schemes were well studied in various brilliant works, including but not lim-

ited to Butcher [7], Stuart and Humphries [44], Stoer and Bulirsch [43].

In general, neither stationary solutions nor random periodic solutions can be
constructed explicitly, so numerical approximation is another indispensable tool to
study stochastic dynamics, especially to physically relevant problems. It is worth
mentioning here that this is a numerical approximation of an infinite time horizon
problem. There are numerous works on numerical analysis of SDEs on a finite hori-
zon, and a number of excellent monographs (Kloeden and Platen [29], Milstein [36] ).
However, there are only a few works on infinite horizon problems. A numerical anal-
ysis of approximation to the stationary solutions and invariant measures of SDEs
through discretising the pull-back, was given by Mattingly, Stuart and Higham [32],
Talay [45], Talay and Rubaro [46], Tocino and Ardanuy [47], Yevik and Zhao[52].
Numerical approximations to stable zero solutions of SDEs were given by Higham,
Mao and Stuart [23], Kloeden and Platen[29].

Numerical analysis for random periodic solutions was not considered in previous
work. The infinite horizon stochastic integral equation (IHSIE) method can deal with
anticipated cases ([12]-[14]). But it is still not clear how to numerically approximate
two-sided IHSIE and anticipate random periodic solutions. The pull-back method
used in this thesis is a popular way to study random attractors. Here we use this to
deal with stable adapted random periodic solutions of dissipative systems for the first
time. The pull-back method has some advantages. First, stability can be obtained
immediately. Secondly, it can deal with some dissipative equations that cannot be
dealt with by the IHSIE, especially the current IHSIE technique requires equations
to have multiplicative linear noise or additive noise and f being bounded. Thirdly
in this thesis, we study numerical approximations of random periodic solutions of
dissipative SDEs and with the pull-back idea, a random periodic solution of the

discretised system can be obtained as well.

The schemes in this thesis can be used to numerically compute random periodic



solutions and periodic measures for many concrete stochastic differential equations
arising in various real world problems. This thesis provides rigorous theoretical error

analysis to these schemes.

The structure of the thesis is as follows: in Chapter [3, We will first study the
Euler-Maruyama numerical scheme in infinite horizon and obtain an approximating
random periodic solution (r.p.s.) )A(;f . We will prove that the latter converges to the
exact r.p.s. in L?(Q) at the rate of v/At when the time mesh At tends to zero. This
result will be numerically verified. Despite its lower order of the approximation only
at the rate of v/At, the advantage of this scheme is its simplicity, and it is relatively
easy to implement in actual computations. It works well for the SDE we consider in
this thesis.

We also consider more advanced numerical schemes, e.g. Milstein scheme ([27],
[29], [35], [36], [37], [47]), for high order convergence. We improve the rate of ap-
proximation from At in Euler-Maruyama scheme to At.

We will also do some numerical simulations to sample paths of the r.p.s. (Fig.
. However, simulation of one pathwise trajectory is not a reliable way to tell
whether or not it is random periodic though it looks very much like to be. Here
we provide two reliable methods for this from numerical simulations. One method
is to simulate {X/(w),t € R} and {X;(0_,w),t € R} for the same w. These two
trajectories should be repeating each other, but with a shift of one period of time.
See Fig. [3.1)as an example. The other way is to simulate { X} (f_w),t € R}, which is
periodic if and only if X;(w) is random periodic. As an example, see Fig. [3.2] These
two approaches would apply to any other stochastic differential equations should

they have a random periodic solution.

It was known from the recent work [I7] that the law of the random periodic
solution is the periodic measure of the corresponding Markov semigroup. Thus we
will consider the convergence of transition probabilities generated by and
its numerical scheme along the integral multiples of period to the periodic measure
and discretised periodic measure respectively and error estimate of the two periodic
measures in the weak topology. Under the Lyapunov-Floquet transformation, our

model can be extended to consider more general problems.

The strong approximations of the random periodic solution give us good un-

derstanding of the random periodicity. One would be also interested in an approx-
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imation in the weak topology. This allows us to consider multi-dimensional noise
numerically with greater efficiency and more general SDEs without demanding a
strong dissipative condition as long as the system is non-degenerate. Note the ap-
proximation of random periodicity is not a classical finite initial value, but infinite
horizon problem. For this reason, the exponential decay of the partial derivatives
over long time, which plays a key role in this analysis, is obtained. In Chapter
a result on the average of the periodic measure is given, which provides a way to

approximate periodic measures numerically.



Chapter 2

Assumptions, backgounds and

preliminary results

In this and the chapter of strong approximation, we study stochastic differential
equations, which possess random periodic solutions and approximate them by Euler-
Maruyama and modified Milstein schemes. Consider the following m-dimensional
SDE

{deO = [AX[ + f(t, X[))dt + g(t, X[o)dW, 2.01)

X = €
where f : R x R™ — R™ g : R x R™ — R™*? A is a symmetric and negative-

definite m x m matrix, W, is a two-sided Wiener process in R? on a probability
space (§2, F,P). The filtration is defined as follows

Fl=o{W,—W,:s<v<u<t} ft:f’foo:\/f'st,

s<t

the random variable £ is F'°-measurable. We assume that the functions f and g are
7-periodic in time. By the variation of constant formula, the solution of (2.0.1)) is

given
t t
Xio(g) = eAlt-to)e 4 eAt/ e f(s, X0)ds + eAt/ e M g(s, XYaW,.  (2.0.2)
to to
Denote the standard P-preserving ergodic Wiener shift by 6 : R x Q@ —

O (w)(s) :=W(t+s)—WI(t), t,s € R.

7
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The solution X of the non-autonomous SDE does not satisfy the cocycle property,
but u(t,t) : @ x R™ — R™ given by

ult, to)€ = X;°(€)

satisfies the semi-flow property (1.0.1]) and periodicity (1.0.2)).

Denote by X *7(£,w) the solution starting from time —k7. Then we have for
any k > 0, 7 > —k7 and F~*"-measurable random variable &,

s T

e A f(s, X7 ds + eAT/ e g(s, X k) dW.

X;kT — 6A(r+k:7—)£ + eAr/
—kT

—kT
(2.0.3)

We will show that when k& — oo, the pull-back X *7(£) has a limit X in L*(Q) and
X is the random periodic solution of SDE ([2.0.1)). It satisfies the infinite horizon

T

stochastic integral equation (IHSIE)

X::/ eA(T_S)f(s,X;)ds+/ A g(s, X)dW,.

—00 —00

We separate the linear term AX from the nonlinear term in (2.0.1) to enable us
to represent the random periodic solution by IHSIE ([12], [14]). This is helpful to
formulate the scheme for SPDEs for which random periodic solutions were considered
in [13].

We fix some notation. Let p > 1 and denote the LP-norm of a random variable
¢ by

1
€1, = (E1E)>
and the Frobenius norm of any d; x dy matrix B by
di  da

Bl=(>_> B}

i=1 j=1

2.1 Conditions for the SDE

We assume the following conditions for our model.

Condition (A). The eigenvalues of the symmetric matriz A, which we denote
by {\j}jz12,..m, satisfy 0> A; > Ay > .00 > Ay,
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Condition (1). Assume there exists a constant T > 0 such that for any t €
R, z € R™, f(t+1,2) = f(t,x), gt + 7,2) = g(t,x), and there exist constant
Co, B1, B2 > 0 with By + %5 < |\i| such that for any s,t € R and z,y € R™,

f(s,2) — f(t,y)] < Cols—t['*+ B |z —y,
lg(s, ) — g(t,y)| < Cols —t["* + Balz —y].

Condition (2). There ezists a constant K* > 0 such that the initial condition

& satisfies

1€ll, < K™

From Condition (1) it follows that for any € R™, the linear growth condition
also holds:

[f(E,2)] < Bula| + Cy, [g(t, )| < B || + Ca,

where the constants C, Cy are strictly positive. It is easy to see that there exists a
constant « such that )
51+%<a<|/\1|.

In the following two chapters, we always assume that « satisfies this condition in all
the following proofs. Set p := |\,,|, where A, is the eigenvalue with largest module.
For the SDE case, this quantity is certainly finite and for simplicity, we choose
numerical schemes to treat the linear part explicitly, which simplify the proof of the
pull-back convergence to the random periodic solutions for the discretised systems.
However, in a case of SPDEs, this technical assumption is no longer true, but can be
removed by employing exponential Euler-Maruyama method and Milstein scheme
([2], [26]). This will be studied in future work.

2.2 Existence and uniqueness of random periodic

solution

First recall the following lemmas proved in [52], which will be needed later.
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Lemma 2.2.1. Assume that the matriz A is symmetric and satisfies Condition (A).

Then for any At > 0, the matrix

p

1 .
AA § A

1=0

1s positive-definite for odd p € N and negative-definite for even p € N and p = 0.

Lemma 2.2.2. Assume that the matriz A is symmetric and satisfies Condition (A),

and let p be as above. Then, for 0 < At < %, the matriz
A (I + AAtY
is positive-definite for any j € N.

The proofs of the above two lemmas are specified in appendix. Now we first

consider the boundedness of the solution in L*().

Lemma 2.2.3. Assume Conditions (A), (1) and (2). Then there exists a constant
C > 0 such that for any k € N, r > —k7, we have E !X,?’”‘Q <C.

2
, we have

Proof. First, using It6’s formula to e |X,T kr

e2a'r ‘XT—]{?T}2 :€—2ak7- |€|2 + 20[/ €2cxs ’XS_kT‘QdS + 2/ e?as (XS—kT)TAXS—deS
—kT —kT

+ 2/ 62045 (Xs_kT)Tf(&Xs_kT)dS +/ 62as ‘g(S,XS_kT)}QdS

—kT —kT

+ 2 / e (X7 g(s, XM7Y AW, (2.2.1)

s
—kT

Firstly note the sum of the second and third terms of the right-hand side is non-
positive as the matrix (ol + A) is non-positive-definite. Take the expectation of
both sides of (2.2.1]), apply the above inequality and use linear growth conditions to

obtain
62arE ‘ X;kT

§672ak7 Hf”; +2/ €2asE |:(XS—kT)T f(st,;kT)] ds
—kT

‘ 2

+ /7" e?E |g(5,X;kT)‘2ds
—kT
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T

<em2 ||+ (26, + 52) / k
+2(C1+5202)/

—kT

eQasE |Xs—k7-|2 ds

ECE| XM ds + (20)TICF (€2 — 7). (2.2.2)

Also, there exits € > 0, such that

B3
514—7 (I+e) <a<|\|.
By Young’s inequality
ke Cy + 205)?
2(C + ) [ X7 < (GG

A RS 4 o (26 + B2 X;’”2.
£(261 +522) (26, +5;) | ‘
[hen we have

Ty g
—kT

where

C2  (C1+ B20y)?
K, —e 20kt 2 (2 L TR e
| =e €113 (2a+2a5(2ﬁ1+522) ‘ 7
oG8 (Gt BGy)
2

T2 2ae(26; + 2)
K3 =281 + B3)(1 +¢) < 2a.

Now applying Gronwall’s inequality, we have
P20 |Xr—k7‘2

<K + Kye®" + /
—kT

(K1 + Koe®®) Kyels K20 ds
Ky K.
—K K3 (r+kT) K 2ar 2023 2ar
1€ + HKoe™ + o — I X, (
KK
<(K 2akT K. 2ar 2133
<(Kie + Ky)e™™" + % — K,

Here we notice that K;e2**™ + K, = ||€]|2. Therefore, by Condition (2)

. ngr—l—(K:;—Qoe)kT)

2ar

—kr|2 2 QOZKQ % QOéKQ
E|[X; " §||§||2+MSK e O

kT
to 2
I
for any fixed time t;,%,. This will be essential for us to estimate the error of the

numerical approximation in Section |3.1.2]

In the next lemma, we will also obtain a bound on the norm HX{lkT - X
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Lemma 2.2.4. Assume Conditions (A), (1) and (2). Then there exist constants
C3 > 0, Cy > 0, such that for any positive k € N and any ti,t5 > 0,t; > to, the

solution of satisfies
| X5 = XM\, < Calty — t2) + Cuv/ty — to.
Proof. From ([2.0.2)), we see that

X" = X5l
2
§62AkT ||€||2 ‘eAtl _ eAtQ‘

t1 t2
+ eAtl/ e (s, X7 dW, — eAtQ/ e (s, X7 dW,
—kT —kT 2
t1 to
+ [let / e f(s, XM )ds — e / e f(s, X" )ds (2.2.3)
—kT —kT 2

We evaluate each term on the right-hand side of (2.2.3). Now we consider the first

term with Lemma [2.2.1

} oAt _ AL ‘

\/ (eQAtz [ — eAthi— tz))2>
()

—\/T’I“ <A2 1 — tQ + (GA(tl_tz) —I—-A (tl — t2)> (GA(tl_tQ) —I+A (tl — tg)))

g\/Tr A2 (t — 1)?)
=[A[(t = 12).

Then we estimate the second term with the Minkowski inequality, [t6’s isometry

and the linear growth property

t1 t2
/ e A9g(s, X7¥7)dW, — eAe / g (s, XYY,

—kT

2

k
to t1

< H/ (eAt1 — eAtQ) e (s, X7 dW, / e’A(S’tl)g(s,X;kT)dWS
—kT

to

i

2

to
S\// |(e4t — eAtz) e~ AP B [By (| X47) + Co) ds
—kT

2
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t1
+¢/ le= A= PE 8 (|X47) + Co)* ds
to

to
g\// |(eAt — eAt2) e—AS|2 (2622]13 |Xs—’”]2 + 2022) ds
—kT

t1
+ \// |le=Als=t)|? <2ﬂ§E | Xk + 20%) ds
to

to t1
§K4\// |(eAtr — eAt2) e—“‘s|2 ds + K4\// \e—A(s—t1)|2 ds.
—kT to

Here we take some constant K4 because E |X . ’”’2 is bounded above according to
Lemma [2.2.3] So we just need to consider the remaining part

to 9
/ ‘(614151 o 6At2) e—As‘ ds

—kT

t
=Tr (/ 2 e 2Al—t) (I — eA(tl_tz))st)

=Tr ((—ZA)l ([ — 62A(k7+t2)) ([ _ eA(trtg))2>
o (287 (A~ 01 A -

(t1 — t2)?
o

<Tr(-A)

Using the similar method to get

t1 9
/ ’e—A(s—h)‘ ds
to
t1
=Tr (/ eZA(Stl)ds>
)

=Tr ((—24)7" (I — A1)
ST ((C24) (<240 — 1) — (A0 — T~ 24( — 1))
<(ty — ta).

Therefore we have

t1 )
e / e M g(s, X7F)dW, — e / e (s, X7F)dW,
—kT —kT

Tr(—A)

2

<K, (t1 — to) + Kyv/t1 — to.
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Lastly, we consider the third term of (2.2.3]) with Minkowski inequality

t1 to
eAtl/ e A f(s, XM )ds — eAtQ/ e M f(s, X7M)ds

—kT —kT

to
S H/ (6At1 o 6At2)€—ASf(S7XS—kT)dS
—kT 2
[2)

t1
S/ H(eAt1 . €At2)€_Asf(8,Xs_kT)H2d$ +/ ||€_A(8_tl)f(S,Xs_kT)H2dS
—kT

t2

to t1
</ ‘( Atr eAtg)efAs} Hf(&XskT)HgdS_'_/ ‘efA(sft1)| Hf(S,X;kT)H2d8

[2)

t
<Kj ( Atl — eAt2) e‘As‘ ds + / 1 ’e‘A(s_tl)‘ ds)

to

2

t1
/ e—A(s—tl)f(S7 XS—kT)dS

to

+
2

<2K5 tl — tg)

for a constant K5 > 0. Combining the above estimates we obtain the lemma with

the constants C'3, Cy being independent of k£ and ¢4, t5. O

Now we continue to consider the difference of the solutions under various initial

values. For simplicity, we here study two different initial values £ and 7.

Lemma 2.2.5. Denote by X * and Y, 7% two solutions of with different
initial values € and n respectively. Assume Conditions (A), (1) and Condition (2)

for both initial values. Then
Ity < L E ey

Proof. According to (2.0.2)) we have
X{r—k’r o Y;—k‘T

:eA(T—HW) (g _ ,'7) + eA’r /T G_AS (f(saXs_kT) o f(S,Y;_kT)) ds

—kT

+ eAT/ e (g(s, X;F7) — g(s,Y,F7)) dW.

—kT

For simplicity, denote (%" = X ¥ — Y =" Then according to the method used in
Lemma [2.2.3, and the global Lipschitz condition, we have

p2or HCI'“TH;
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T

<2 e | 42 /

—kT

R |G (fs X7 — f(s, Y| ds

+ / 295 [g(s, X7 — g(s, Y47 ds.
—kT

§€—2ak7— ||£ . T]”; n 2/7" egasE |:Bl ’Cs—kﬂ'f} ds 1 /T €2asE [ﬁg ‘gs—kr‘2i| ds
—kT —kT
< l¢ — nll+ (26,+ 3) | el ds.

Then applying the Gronwall inequality to have

€2ar Hg—k’r <e —2akT Hé— 77” 6(251+52)(T+7€T)

[

Therefore

Foa)
ot =y, < )k

Now we can prove the following theorem.

Theorem 2.2.6. Assume Conditions (A), (1). Then there exists a unique random
periodic solution X*(r,-) € L*(Q),r > 0 such that for any fized initial value &, the

solution of satisfies
lim || X 7*7(¢) — X*(r)

k—o0 H2

Proof. Condition (2) implies that the initial value £ belongs to L?*(€2). According to
Lemma [2 - *7(.) maps L2(2) to itself. Now we use the semi-flow property to
get that for any r, k:,p >0,

X7 (€) = X4 (w) o X (w,6).

T

Thus we can apply Lemma to have for any £ > 0 there exists £* > 0 such that
for any k > k*,
|257(6) = X EPT)||, < e

This means that there exists N > 0 such that for any [, m > N, we have

| X7 = X (©)|, <€
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i.e{X " (&) }ren is a Cauchy sequence, so converges to some X*(r,w) in L%(Q),
when £ — oo.

If we set u(t,r)(§) = X/(€), then u(t,r) : & x R™ — R™ defines a semi-
flow of homeomorphism (Kunita [31]). By the continuity of X7 (w) : L*(Q,R™) —
L2(,R™),t > r, then

ut,r,w) (X, (& w)) m u(t,r,w) o (X*(r,w)).
But

ult,r,w) (X776 w)) = X7 (6w) 52 X (hw).

So u(t,r,w) (X*(r,w)) = X*(t,w), P — a.s.

Taking some other initial value n satisfying Condition (2), we have

1 = X7, < 1% = X O, + X770 = X)),

Applying Lemma again, we can make the right-hand side small enough when
k — oo. Therefore the convergence is independent of the initial value.

Now we need to prove the random periodicity of the X*(r,w). Note by the
continuity of f and g,

X, 0T (e)

r+T
—eriig o [ X )
—(k=1)7

r+1
+ / T, X

AT +/ A=) s+ 1, X5V ds

—kT

+ / AT g(s + 7, X7 (€))dT,

—kT

=eACHhnE 4 / AT f (s, XG5O ds + g(s, X5 TT())dW.

—kT

where WS = (6,w)(s) = Wgyr — W,. On the other hand,

0.X", (€)= eA(r—i—kT)ng + / cAlr—s) [£(s, QTXS_kT)dS + g(s, QTXs_kT)dWs],

—kT

By pathwise uniqueness of the solution of (2.0.1)), we have

X4 (0,0, 6(6,0)) = 6. X,747(€) = X577 (w, €(w): (2.2.4)
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From the proof of convergence we have
X—(k—l)T k—o0 X+
r+T (W,g) LQ(Q) (T + T,Cd),

X9 (0,w, £(0,0)) % X*(r, 0,w).

Therefore
X*(r+rnw)=X"(r,0,w), P—a.s.

2.3 Numerical appoximations

To consider the numerical approximation for stochastic differential equations,
there are some fundamental results including Kloeden and Platen [29], Milstein [30],
Milstein and Tretyakov [37]. The Taylor expansions are key to numerical approxima-
tion of solutions of ODEs. As a generalization of deterministic Taylor expansions as
well as [to6 formula, the stochastic Taylor expansions allow various kinds of approx-
imations of functionals of diffusion processes. Therefore we start by investigating

stochastic Taylor expansions and their applications.

2.3.1 Stochastic Taylor expansions

The introduction of stochastic Taylor expansions follows the layout of Kloeden
and Platen [29]. When considering the solution X; of a 1-dimensional ordinary dif-
ferential equation p

%Xt = f(Xt)7

with initial value Xy, for t € [to,T], 0 < to < T, the equivalent integral equation

form is
t
Xt = Xto ‘I— / f(XS)dS (231)
to

We will require the function f : R — R to be sufficiently smooth and to have a
linear growth to justify the following constructions. The chain rule is applied on

such function f,
d 0 d

%f(Xt) = %f(Xt)%Xn
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or in integral form

PO = FX) + [ F06) s, (232)

to

Then the equation (2 becomes

X, :Xt0+/t: (f(XtO)+/t:f(Xz)%f(Xz)dz) ds
:Xto+f(XtO)/tOtds+/t:/t:f(Xz)%f(Xz)dzds

This simplest Taylor expansion can be continued by applying (2 to f(X ) ~f(X2)
and so on. Denote by L = f-2 5,- Lhen for a general r+1 times contlnuously differen-

tiable function f : R — R, this method gives the classical Taylor formula in integral

form:
X, = Xt0+z LZ (X)) / / L' X, dsy ... dspy,

for t € [to,T] and r = 1,2,3,.... The Taylor formula is a very useful tool in theo-
retical and practical investigations, particular in numerical analysis. This expansion
depends on the values of the function and some of its higher derivatives at the ex-
pansion point, weighted by corresponding multiple time integrals. The remainder
term contains the next multiple time integral. With sufficiently smooth function in
a neighbourhood of a given point, we have the approximation with the desired or-
der of accuracy. There are many possibilities to extend the Taylor expansions, one
important and direct way of extension is based on the iteration of application of Ito
formula (analogue of chain rule in deterministic case), which is known as It6-Taylor
expansions.

Suppose X; is the solution of the one-dimensional It6 stochastic differential equa-

tion in integral form

t t
Xt = Xto +/ f(XS>dS +/ g(XS)dWS,
to

to
for to <t < T and f,g : R — R. With sufficient smoothness and linear bound of

functions f and g, we apply the It6 formula to these functions:

X, :Xt0+/t: (f(Xto)Jr/t: Lof(XZ)der/t:Llf(Xz)dWZ) ds
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v f t <g<xto> ; / L)zt [ ng<Xz>sz) . (233)

to

t t
:Xto + f(Xto)/ ds + g(Xto)/ dWs + R>

to to

where
0 82
0 _ _
L™ =rg, +29 o2
0
1 _ R
L _gaxJ
and

_ / t / " L0 F(X.)dzds + / t / (X )d.ds
//LO L)dzdW, +//L1 2)AW.dW.

This is the simplest non-trivial It6-Taylor expansion. As in deterministic case, the

process can be continued by applying the Ité formula to L'g to obtain

t t
X, =X, + f(Xy) / ds + g(Xy,) / aw,

to to
t s

+ L'g(Xy,) / / dW.dW, + R (2.3.4)
to Jto

with the remainder

R:/t / Lof(XZ)dzder/t /sLlf(Xz)dWst
//LU L)dz dW, +///L0L1 W) du dW,dW,
///LU w) AW AW dW,

These two Ito-Taylor expansions give us the famous numerical schemes, Euler-
Maruyama scheme and Milstein scheme, for the numerical approximation of stochas-
tic differential equations. We quote the book of Kloeden and Platen [29] to present

these two schemes.
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2.3.2 Euler-Maruyama scheme

The Euler-Maruyama scheme represent the simplest Ito-Taylor expansion (2.3.3]).

For the one-dimensional stochastic differential equation
dX; = f(t, Xy)dt + g(t, X;)dW,,

the equidistant Euler-Maruyama scheme divide [0, 7] into N intervals with length
At, therefore we have T' = N At. The iteration formula with initial condition Yy = X
is

Yo =Y, + f(nAL Y,) At + g(nAt, Y,) AW,

for i = 0,...,N — 1. Here AW,, = W11)ar — Wia; is the Brownian motion in-
crements. If we denote the numerical approximation by Y;!, then the order strong

convergence is given in the following theorem:

Theorem 2.3.1. [29] Suppose that

E(|Xo|%) < oo, (2.3.5)
E <|X0 — Y 2)1/2 < K (A)Y2, (2.3.6)
|f(t,x) = f(ty)| + gt z) — g(t, y)| < K|z —yl, (2.3.7)
|f(t,2)| + |g(t, )| < K3(1+ |z]), (2.3.8)
and
f(s,2) — f(t,2)] +g(s,2) — g(t,2)| < Ka(1+|2]) [s — ¢/ (2.3.9)

for all s,t € [0,T] and z,y, € R, where the constants K, ..., K, do not depend
on At. Then there exists a positive constant Ky, independent of At, such that the

Euler-Maruyama approzimation YAt satisfies:

E (| X7 — Y']) < K5(At)'2
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The proof of this theorem firstly derives the boundedness of the second moment
of the process X; for any 0 < t < T as well as that of the approximation process
YAt where Y;A! is constructed piecewise between the discretization points on time
t. Then the error criterion appeals in the both side of inequality, which gives us the

result with the Gronwall inequality.

Remark 2.3.2. The constant K5 in the previous theorem involves an exponential
function of time T, which comes from the Gronwall inequality. When we consider

the infinite horizon problem, it becomes a problem.

2.3.3 Milstein scheme

For the order of accuracy, a more efficient method was developed originally by
Milstein [35]. There are also many sources that can be found in Milstein [36], Milstein
and Tretyakov [37], Kloeden and Platen [29]. The Milstein scheme represent the Ito-
Taylor expansions . The construction for each steps are as follows:

1
Yi =Y + fiAL YAt + g(iAL, ) AW, + §g(mt, Y)) g (iAt, Y;) (AW )? — At),

fori=0,...,N—1and AW; = Wii1ar — Wias. It is well known that it is difficult
to approximate the multi-dimensional Brownian motion increment. Therefore we
mainly consider the diagonal noise. Also the higher order smoothness and Lipschitz

continuity are required for Milstein scheme. Here we quote the result as follows:

Theorem 2.3.3. [29] Suppose that

E (|Xo|*) < oo, (2.3.10)
N 1/2
E (|XO — YR ) < K (A2, (2.3.11)
[f(tx) — ft,y)] <Kz lo—yl,

|L'g(t,x) — L'g(t,y)| <Kz —yl, (2.3.12)

|f(tx)| + |L f(t,2)| <K5(1+|x]),
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lg(t, )|+ |L7g(t, x)| <Ks(1+ Ja),
|L7LOg(t,z)| <K5(1+ |x]), (2.3.13)

and

<K, (1+ |2]) |s — '/,
l9(s, ) — g(t, )| <K4(1+ |z|)|s —t]'/*,

|f(s,2) = f(t, )]
|
|L'g(s,2) — L'g(t, 2)| <Ko(1+|a])|s —t['/*, (2.3.14)

for all s,t € [0,T], and x,y € R, j = 0,1, where the constants K, ..., Ky do not
depend on At.

Then for the Milstein approzimation Y2, the estimate
E| X7 — YA < KsAt
holds, where the constant K5 does not depend on At.

The additional conditions compared with Euler-Maruyama scheme guaranteed
the required order of local error and the boundedness of corresponding coefficients.

Gronwall inequality is the main tool to accomplish the proof of the theorem.

Remark 2.3.4. When considering the infinite horizon problem, we need to modify
the scheme by borrowing terms from higher order scheme to satisfy the required order.
Therefore the corresponding assumption on function f, like the Lipschitz continuity

and linear growth of the terms L7 f(t,x), j = 0,1, would be necessary.



Chapter 3

Strong Approximations

3.1 Euler-Maruyama scheme

3.1.1 Numerical approximation for random periodic solu-
tion

In this section, we will introduce the basic Euler-Maruyama method to approx-
imate the solution on infinite horizon. Take At = 7/n, which will be taken to be
sufficiently small such that At < 2 for some n € N, in the remaining part of the
thesis. Let N = kn. The time domaln from time —k7 to time 0 is divided into
N intervals of length At such that NAt = k7. The scheme starts from an F~*7-
measurable random variable £ at a time —k7. At each of the points (At we set the

value )A(:,’j: iae With the iteration formula
v —kt kT kT
X—kr-{—(i—i—l)At _X —kT+iAt + AX kT-l—ZAtAt + f(ZAt X kT+ZAt)At
(@At X I]j:JrzAt) (Wfkr+(i+1)At - W—kT—i-iAt) ) (3-1-1)

where 1 = 0,1,2,..., and X:/Ij;om =£.
It is easy to see that for any M > 0,

M-1
X vine =1+ AADME 4+ ALY (1 + AAYM TN FiAL, X7 0)
i=0
M-1
+ Z (I + AA)M= 1AL, X Thrving) (WokrsGenar — Wokrriae) -
=0
(3.1.2)

23
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Moreover, we can set up a discrete semi-flow given by recalling the standard P-
preserving ergodic Wiener shift 6,(w)(s) := W (t +s) — W(t), t,s € R,

(€)= XISHE), i >, i,j € {—kn,—kn+1,---}, 0 =0a,, 0" =00---6.

By the scheme (3.1.2), we have
j—1

i50(6) =(I + AALY e + ALY (1 + AA)T™ f(mAtL, XI5E)

m=l

> (1 + AAYTT g (mAL, X)) (Wonsyar — Winar) -

<.
=

3
I

And then,

ﬁi,j o ﬁj,l(f)

<.
|
—

—(I 4+ AALTI(T + AN + AT+ AN (1 + AALY ™1 f(mAt, XIAL)

3
i}

+ (I + AA)TY (T + AA)T Lg(mAt, XBL) (Wonsnar — Winat)

.

m=l
i—1
+ ALY (I + AN f(mAL, X
m=j

—_

71—

+ (I+AAt)’ Lo (mAL, X)) (Wonsnyar — Winar) -

3
d

i—1
=(I+ AADTIE+ ALY (1 + AAE) 1 f(mAE, X))

i—1
+ Z (I + AAL)Y~™ Lg(mAt, X,lnAtt) (W(m+1)At - WmAt)
m=l

=1i;,(§)
Therefore we proved that u satisfies the semi-flow property
U j(w) ot (w) = Uy(w), fori>j>1.
Now we consider

Win,j+n (w)
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i+n—1
=(I+ AN TE+ AL Y (1 +AM)T f(mAL X
m=j+n
i+n—1 .
+ Y I+ AAYTT  g(mAt, XU (Wonsnar — Winar)
m=j+n
i—1 .
=(I + AAE)TE+ ALY (I + AA)T" L f(mAL, 0" X U3
m=j

i—1
+ > (1 + AA)T g (mAL XIS Womsnsnar — Womsnar)

m=j

~

:ﬁi,j (9”&))
That is the periodic property of u,

Ui, jn (W) = 0, 5(0"w), for i > j.

In order to prove the convergence of the discretized semi-flow to a random peri-
odic solution, we first derive some similar estimates as in Lemma [2.2.3| and Lemma
2.2.5 Then a discrete analogue of Theorem [2.2.6| will give us the result.

Lemma 3.1.1. Assume Conditions (A), (1) and (2). Then there exists a constant
C > 0 such that for any natural numbers k > 0, M > 0, and sufficiently small At,

the numerical solution )?:,’j;MAt defined by satisfies

~ 2
—k
E )ka:JrMAt <C.

Proof. We still choose « such that 5y + %2 < a < |A|. Then for any M > 0,

—oM | G—kr 2
(1= att) ™ |27,

~ 2
_ —kT
1> + le (1—aAt)™ ‘ A ‘ Xk (3.1.3)
= —Q — ) .
pa (1 . aAt)2 —kT4+iAt

This is not hard to verify by expanding the sum and noting cancellations. Notice
that
~ 2

—kT

—kT+(i+1)At
(1 — aAt)?

2

- v —kr
—kT+iAt
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~ I+ AAt At >
_ —kr _ : —kt T
- ((XkTJriAt) (1 - OéAt ]) + 1 — aAtf(ZAt’ ka7'+zAt)

T . Skt
(W_kT+(i+1)At B W—kT+iAt) g(zAt, X—II;TMAt)T
_|_
1 — aAt

I+ AAt o At e
X ((m + I) XiTvine + Ty AL XiTvine)

g(AE, XTFT ) (Wokrsanyae — W—mﬂm))

+ 1 — aAt

(3.1.4)

Note (&2 — 1) (L2204 1) is non-positive definite, where At satisfies 0 < At < %

as defined before, and for each i, f(iAt, )?:ll;:JriAt) and g(iAt, )?:f;mt) are both in-

dependent of (Wfk7+(i+1)At — W,kTHAt). Take expectation on both sides of 1 ,
consider (3.1.4), apply the linear growth property and Young’s inequality to have

~ 2
(1= ant) Y E |20,

, Ml N At 2 R )
<lélls + > (1 - ane)™ <m) E ‘f(iAt7X:II::+iAt)
=0

S

-1

—2i At . S kr 2

+ ; (1 — aAt) - aAt)2]E ’g(ZAt7X7k‘T+’L'At)

M-1

—2t 2At v—kt T . v —kt

+ par (1 B OéAt) (1 . OéAt)z]E |:<X—kT+iAt> (I + AAt) f(ZAt7 X—k7+iAt)

~ ~ ML . ~ 2

<K+ (1—adt)™M By + £y Y (1—ant) ™E ‘X:,’j;im , (3.1.5)
=0
where,
[?1 = Hf”ga
7 _ CLAY"+ CRAL At (Cy + BaCly + ALCy (B + |A]))?
27 2aAt — a2 (At)? | 2aAt — a2 (At)?E(26 + B3 + At (87 + 261 ]A])
= At R
Ky=—"—"-—— (1+¢) (251 +ﬂ22 + At (Bf + 20, ‘AD) .
(1 — aAt)

Here At and € need to be chosen small enough such that
(1+8) (261 + 52 + At (B2 + 281 |A])) + o*At < 20,

This guarantees that
(1— aAt)? (1 + f@,) <1
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By the discrete Gronwall inequality,

2
—2M
(1 —aAt) ’X kT+MAt

< R+ Ky(1—ant)™ 4 Z <K1+K2(1 —aAb)” )[?3 (IHA{S)M_i_l

~

5P —oM M
= Kl—f—KQ(l—OéAt) +K1 <1—|—K3> —Kl

iR (1 + f(?,)M —(1—alAt)M
o (1 n 1?5) —(1—aAl)?

It turns out that,

~ 2
—kT
E ‘ X—kT-‘,—MAt

<K, + K, ((1 + f(3> (1- aAt)Q)M

Roks (1 — aAt) (1 - ((1 + 1?3) (1— aAt)2> M)

- (1 + f@,) (1— aAt)? =C

Note the choice of the constant C is independent of k and the lemma holds for

sufficiently small time-step At and constant &. [
The following lemma is a discrete analogue of Lemma [2.2.5]

Lemma 3.1.2. Denote be frt M At andY Ceri v A Solutions of the Euler-Maruyama
scheme with initial values & and n respectively. Assume Conditions (A), (1) and Con-
dition (2) for both initial values. Let At = T/n, n € ZT, be sufficiently small such
that 0 < At < /lj. Then for any € > 0, there exists an integer M* > 0 such that for
any M > M*, we have

< €.

vk
HX kT+MAt Y—k:TT—I—MAt 9
Proof. According to scheme we have

X:II;T—&—MAt - Y—_kkTTJrMAt
M-1 ‘ N
=T +AA)Y (E =) + ALY (I + AA)TTIE

=0

=

+ (I +AA)M 1 G, (W_krssnyar — Weprging) -

~
I
o
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Here

Fy = fA X T n) — FOALY T 0,
G; = g(iAt, Xfl]:77——+iAt) — g(iAt, Y:k’f+iAt)'

Denote

G=X T im—Y k’:—T+zAt
Then by Condition (1), we have F, G | < B Gl
method used in Lemma/|3.1.1], we get the following result similar to inequality

and

According to the

(1- aAt)_QME‘ZM‘Q

2

~

M-1 At 2
<le — pll2 _ —2i (&t ,
<lle—nli+ 3 (- (25 7
M-1
AN ~ |2
+ (1 —aAt)” %= R G;
ZZ Y T —anry |
M-—1
4 2At ~
+ 1— At‘Ql—E{ i) (I + AAt F]
i:O( "8 (1 - aAt)’ <C> ( )
R M—-1 2
<lg=nlls+ K Y, (1—aA) ™ E |G|
1=0
where A
. t
K,=—— (268, + B2+ At (B2 + 28, |A])) .
4 (1—04At)2(ﬁ1 52 (ﬁl 51’ D)

We choose At small enough such that
261 + B3 + At (87 + 261 |A]) + 0’ At < 2a.
Then, we have
(1— aAt)? (1 + fQ) <1

Again the discrete Gronwall inequality implies

M-1

(1 -0ty ™ E 6] < el TT (14 &) = e -l (1+ &)™

=0

Finally
E[Cul < el (0 —0an? (14 &))" <c

with sufficiently large M. ]
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In the numerical scheme we split the process into two time intervals, [—k7,0)
and [0,7]. Define

X = X(r,0,w) 0 X;*7, (3.1.6)

where X (r,0,w), r > 0, is finite time Euler-Maruyama approximation of the solution
of stochastic differential equation with time step size At, till N'At < r, where N’ is
the unique number such that N'At < r and (N’ + 1)At > r. If N'At < r, define

X(r,0,w) = X(N'At,0,w) + f(N'At, X(N'At,0,w))(r — N'At)
+g(N'AL, X (N'AL,0,w)) (W, — Wirar) (3.1.7)

Lemma 3.1.3. (Continuity of the discrete semi-flow with respect to the initial value)
Denote by )Z',? and 1779 the solution of the finite time Euler-Maruyama scheme with
the initial values € and 7] at time 0. Assume Conditions (A), (1) and Condition (2)
for both initial values. Let At be sufficiently small, p > 1. Then for any € > 0, there
exists a 0 > 0 such that for any HE— ﬁHp < d, we have

qu}(w,g) o m”p < (3.1.8)

Proof. Note that )?](i,, Ay and 1713, A satisfy analogues of 1) with initial value £
and 7 at time 0 instead of —k7. Apply the Euler-Maruyama scheme on the finite
time " = N'At to obtain

p

|X0(,8) = V2w, )

N'—1
= |(I + AAt)Y (5— ﬁ) + (A ) (I + AN (f(iAt, X0, — fliAt, NZ.OM))
1=0
N'—1 ‘ _ _ p
+ Z (I +AAN (g(iAt, Xiae) — g(iAt, z'OAt)) (W(i+1)At - VViAt)
=0
" » N'—1 _ P
<371+ Aty | [€ - 7]+ 3 anp [+ aanpN | |3 (1 + aan
=0
N'—1 _ p
+ 377 (I + AAPY S (T + AA) TG (Wisnyar — Wiad)| (3.1.9)
1=0
where

ﬁi = f(iAt’ )??At) - f(iAtv ZOA,:)’
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éi = g(iAt, )??At) — g(iAt, ?iOAt)'

Denote ¢; := X%, — Y%,. For convenience, we denote C,, = 3771, €,y = 3P NP 7,
Taking expectation on both sides of (3.1.9)), and noting that the Lipschitz condition

of function f and g, we have

(1— alAt)™?N HZN, Y
p
B ’ N'—1 i
<G, ||E = + G2ty 31 - anp e |G
=0
+ Cpnr (AP S (1= aat)Goegy 1G]
P P
" P NN’—l e
=C, € —7| + K 1 —aAt)~? |G,
bl[€ 7| ;< g
where
= _ o (A5 + (A7)

(1 —aAt)p ’
which is bounded for any 1 < p < +o00.
Then by the Gronwall inequality, we have

N’'—1
(1—adt)y N HZN/ "<ollE-A T o+ R
P P iz
So
~ P ~ P ~ N’
leel < el|e -] (a+ By —andp)™.
p p
Note

(1+ K)(1 — aAt)?
<(1— @A) + Cp v ((AL)PBY + (A1)
<1+ Cp,N’-

The result (3.1.8)) at ' = N’At follows by taking

3

4}
Cp

(1+Cyn)™

Finally (3.1.8) at time r follows from (3.1.7)) and the estimate at ' = N'At. O
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Theorem 3.1.4. Assume that Condition (1) is satisfied and At is fized and small
enough. The time domain is divided as T = nAt. Then there exists )?;‘ e L*(Q)
such that for any fixed initial values &, the solution of the Fuler-Maruyama scheme
satisfies

lim || %47 (¢) -

k—o0

=0, (3.1.10)

2

and )A(;‘ satisfies the random periodicity property.

Proof. Firstly we note that the proof of the convergence of the process )?0_ k7 can be
made similarly as that of Theorem 2.2.6 According to Lemma [3.1.1] we know that
for any M, we have X ¥ o viae € L (Q). We use a similar construction of a Cauchy
sequence as in Theorem [2.2.6] As we assume that 7 = nAt and kT = knAt =: NAt,

we have the following result by using semi-flow property, for any m > 1,

)/(\-O—(k—i-m)q— _ )’(\—O—(N—i-mn)A _ X{) NAt OX N]\/A—i;mn)A

It is a same process as )A(O_ NAt with a different initial value. By Lemma we have
that for any € > 0 there exists N* such that for any N > N*, At > 0, we have

< E.

H)?Jk‘r XO (k+m)T 2

_ H X XO—(N+mn)At

Then we construct the Cauchy sequence Xi = X(; T which converges to some X+
in L? (). We now use the same method to prove the convergence is independent of

the initial point. Note for fixed At,

N—oo

HX* OkT(

0,
2

where N — oo is equivalent to k — oc.
Define )A(*(r,w) = )A((r, 0,w) o X*, r > 0. According to Lemma 3.1.3, we have
X (w) = X(r,0,w) 0 X" (w) 2o X(r, 0,w) 0 X*(w) = X*(r,w),

" L2(Q)

so (3.1.10)) holds. On the other hand, similar to the proof of (2.2.4]), we obtain
X7 (@,6(w) = XD (6w, £(6-w)) = 0-X7 (w0, &(w)).
Therefore,

X7 (0.w) = X(r,0,0,w) 0 X5 (0:0) —= X(r,0,0,w) 0 X*(0:w) = X*(r, 0,w).

T
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But,
X (w) % X*(r+7,w), and X547 (w) = X4 (0,0),P — a.s,
L
thus we have X*(r + 7,w) = X*(r,:w),P — a.s. O

Example 3.1.5. Consider a specific stochastic differential equation
dX}° = —mX[°dt + sin(nt)dt + X[ dW,. (3.1.11)

According to Theorem , the SDE has a random periodic solution.
By Theorem [3.1.4] its Euler-Maruyama discretisation also has a random periodic
path.

To see the “periodicity” numerically, we provided two methods. One approach

is to simulate the processes

and
X (0 ow) = X; 500w, 0.5), =5 < t < 2,

with the same w and step size At = 0.01 (Fig. [3.1)).

One can see that these two trajectories exactly repeat each with a time shift of
one period (only comparing the graph of X;(0_,w) for —3 < t < 2). The second
method is the simulation of {X;(0_,w),0 < t < 6} for the same realisation w and
step size as before (Fig. [3.2)). One can easily see that Fig. is a perfect periodic
curve. This agrees with the fact that if X7(w) is a random periodic path iff X;(6_w)
is periodic, i.e. )A(t*JrT(H,(HT)w) = X;(A_w). Note in theory X; = X, but we take
pull-back time —6 as this is already enough to generate a good convergence to the
random periodic paths X7 (-) for t > —5 by the solution starting at —6 from 0.5 for
both cases. The choice of the initial position does not affect random periodic paths,

but the time to take for the convergence.
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Figure 3.1: Simulations of the processes { X;(w), =5 < ¢t < 0} and {X;(0_,w), —5 <
t <2},

¢“(t)
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Figure 3.2: Simulation of the process {X;(0_,w),0 < t < 6}
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3.1.2 The error estimation

In the above sections, we proved the existence of random periodic solutions of
SDE (2 and its discretisations as the limits of semi-flows when the starting times
were pushed to —oo. The next step is to estimate the error between these two limits.
Now we need to consider the difference between the discrete approximate solution

and the exact solution. The exact solution at time —k7 + M At is as follows

X:lle€77-—+MAt(w7§) — AMAt€+€ (M At—kT) fMAt kT *Asf(S,X;kT)dS
FeAMAIkr) [WATRT o= As (5 XAT)AW,. (3.1.12)

Lemma 3.1.6. Assume Conditions (A), (1) and (2). Choose At = 7/n for some
n € N and N = kn. Then there exists a constant K > 0 such that for any sufficiently
small fired At and N' € N, , we have

. o —k
lim sup HXN,M XA
k—o0

< KVAL,
2

where XN’At and XN’At are the ezact and the numerical solutions given by
and (3.1.9) respectively, K is independent of N' and At.

Proof. In the following proof, we always denote by K; the constants derived from

the underlining computation unless otherwise stated. For any M € N, we have

—kT v —kT
X—kT+MAt o X—kT—l—MAt
MAt—kt

_ (eAMAt N ([+ AAt)M> £+ eA(MAt—kT)/ G_Asf(S,Xs_kT)dS

—kT

M-1
=3 (I + AT AL XTET )AL
=0

MAt—kt
+ 6A(MAt—k’r)/ B_Asg(S,Xs_kT)dWS
—kT
M-1

(1 + AAM T g(AL XTFT n) (Wt anyae — Weprsiae) -
=0

)

Similar to the method of Lemma firstly consider

~ 2
—2M —kT
(1- OéAt ‘X kT+MAL X—kzr—i—MAt




3.1. EULER-MARUYAMA SCHEME

35

2

_ —kT v —kT
_ 1<1 —aAt)fQi kaTJr(iJrl)At _kar+(z‘+1)m Clxek
(1 . aAt)Q —kT+iAt
i=0

For simplicity we denote

—~ 2
—kT
X*kT+iAt

(3.1.13)

1 (i+1)At—kt A . A N -
—A(s+kT—(14+1)At —kT . — kT
By 1 — oAt /iAt_kT (6 (shr=(itl) )f<87X5 ) — f(ZAth—kT—HAt)) ds,
1 (i+1)At—kr Alsr— (L) AN By Sk
= —A(s+kT—(i+1)At —kr . —kT
By =107, /ZAHW (6 g(s, X77) — g(iAAt, ka7'+iAt)> dW.
Therefore,
—kT v —kt
X—k:r-l—(i—i—l)At - X—k7+(i+1)At
- eAAtX:lls;——i-iAt - (I + AAt) )?:l]§:+iAt + (1 - O‘At) (Bl + BQ) .
Now we consider
X—kT o j(\'—k’r 2
—k7+(i+1)At —kr+(i+1)At B ‘X"” B )A(—iw 2
(1 _ OéAt)2 —kT+iAt —kT+iAt
At N T T+ AAt
—kT T € —kT + T T
= ((X—kr+iAt) (m - I) - (X_kmm) (m - f) + By + Bz)
Ant I+ AAt N
—kT —kT
X ((m + f) X hryine = (m + ]> X rqine T B+ B2>
. .- T pAAL p AN
= (X—k;—l-z'At - X—k:—l-iAt) <1——0At - I) (1_—(1& + I)
X (X:l]::—i—iAt - X:ll::—f—iAt)
o N\ (e T AN o,
+ (X—£T+iAt> ( 1 — aAt ) (X—lle—l-iAt) + B’irBl + BgBQ
R T 6AAt eAAt — T — AAt R
—kT —kT —kT
+2 (X—m+mt - X—kr+iAt) (1 — aAt) < N ) (X—k7+iAt)
AAt - T 1+ AAt
— kT T e kT -+
+2 ((kam) <1——aAt) - (kamm) (m)) By
ARt > T (T+ ANt
—kT T € —kT + T
+2 ((X_,WHN) <1 — At) . (X_mmt) (1 — At)) By + 2BTB,.

(3.1.14)
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We note that the matrix (1 A&AAtt I)

(% +1 ) can be non-positive-definite when

we choose the At small enough. Now we consider each term in (3.1.14]). First,

—kT—HAt 1— OéAt —kT+iAt
2
< A—k’?’ eAAt - [ - AAt A—]{I’T
= —kT+iAt 9 1 — aAt —kT+iAt 9
o LA (AD)? + (e — T — AAE — i
- —kT+iAt 9 1 — aAt —kT+iAt
1 2
< X kT §A2 (At) H v —kT )
— —kT+HiAL 2l 1= aAt —kT+HiAL 9
<K;5(At)!
Next,
E [BB,| =E|B /|
1 (i+1) At—kr ‘ 2
:—2]E / (e—A(S+kT—(l+1)At)f(S7XS—ICT) . f(ZAt X Il::-i-zAt)) ds
(]— — OZAt) iAt—kT

1 (i+1)At—kT
([
(1 - OéAt) iAt—kT

—A(s+k7—(i+1)At)f(S’ X—kr) .

fiAt, X:I]:77-—+iAt)

2
ds)
2

(i+1)At—kTt 2
< 2(14 p) (/ ‘efA(sHﬂ-f(iJrl)At) . I| ||f(8,XskT)H2ds>

“u(1—aAt)? \Jiacir

N 2(1+p)

(i+1)At—kT
/iAt—k"r

1 (1 — aAt)®

‘f(s,Xs_kT) — fiAt, X~ kT

2
—kT+1AL HZ dS)

2
JiAt, X ::JrlAt) fiAt, X II:rTﬂAt) ds) )

(3.1.15)

144 (i+1)At—kr
e (]
(1 - OéAt) iAt—kT

where p is a small number from Young’s inequality, which will be fixed later. By lin-
ear growth property of f and Lemma , we know that ||f(s, Xk H2 is bounded.

So for the first term in (3.1.15) we only need to estimate

(i+1)At—kr 2
/ ‘ —A(s+kT—(i+1)At) I’ ds < (At) Tr (—A) )
IAt—kT 2
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By Condition (1) and Lemma [2.2.4] the second term in ({3.1.15)) becomes

(i+1)At—kr
/At N | f(s, X7F7) = fAL X a0, ds

IN

(i+1)At—kr
/ (1G5, X247) = pinse, X740

At—kT
|| FDL XY = FaAL X)) ds

(i+1)At—kT (i+1)At—kT
/ Co | s—zAt+k:T|1/2ds+/ B || XF — X

—kT+iAt | ‘ 2 §
At—kt iAt—kT

IN

IA

(i+1)At—kr
/ (Co+ p1C1)V's —iAt + ktds
A

t—kT

Ab):.

Applying the global Lipschitz condition, the third term of (3.1.15)) becomes

/'(i+1)AtkT
At—kTt

<51AtHX kT+iAt X oy

flAL, X7

kT—HAt) f(ZAt X I]::—&—zAt) 2d8

—kT+iAt

We summarise the above inequalities to have

LETE (L . o

= 3
E [BlTBl] < K7 (At)" + (1- aAt)2 kT +iAt kit

(3.1.16)

This term is of the 3rd order of At and 2nd order of At with HX T tiAt — X" T A

Similar to the E [BTBl] the following term can be estimated as

E [BzTB?} =K ‘32’2

1 (H)AkT _ 2
:mE / (6_ (s+kT—(i+1) t)g(stS—k-r) . g(iAt X llj;—-i-zAt)) dWs
- iAt—kT
1 (AT A(s+hr—(i+1)At) k -k 2
= —AlsFRT=( X)) — g AL, X T d
Tl N & gl X47) = g0, K7 ) s

(i+1)At—kT
< 2L [ et o, 0 s
% — IAt—kT

2(1 +M) /(iJrl)AtkT . . i 9
+—— (s, X)) — g(iAt, X7, ds
e Tersnd) |l

1 + L /'(i+1)At/€T

— glit, X FT
(1 — aAt)

2
—kT4+iAt 9 dS? (3117)

) = gliAL XTHT )

iAt—kT
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where 4 is a small number from Young’s inequality, which will be fixed later. By

the linear growth property of g and Lemma [2.2.3, we know that Hg(s,Xs_’”)HZ is

bounded. So we only need to estimate
(i+1)At7kT ) 9 2
/ |efA(s+ka(1+1)At) —Ids< = (At)g Ty (AQ) .
iNt—kT 3
By Condition (1) and Lemma [2.2.4] the second term in ({3.1.17)) becomes
(i+1)At—kt . . 9
/A k |g(s, XSM7) — g(iAt, X7fT a0 ||, ds
iAt—kT

(i+1)At—kt R
< / 2(C2 + B2C2) |s — it + k7| ds < Kg (At)?.

N At—kT
The third term follows from the global Lipschitz condition

2

(i+1)At—kr ~
/ g(iAt, X:]’:‘17'-+’L'At) — g(iAt, X:]’:‘17'-+’L'At) ds
iAt—kT 2
2 —kT Y —kT
Sﬁz At HX_k;T-H'At - X—kT-i-iAt o

Conclude the above results to obtain

> 2 (L+p)B3AL
E [B; Bo] < Ko (At)” + m Thrvine — X g iae (3.1.18)

‘ —kT o )?fk‘r

2

The fifth term of (3.1.14]) can be estimated as follows

R T eAAt 6AAt — T — AAt R
—kT —kT —kT
E |:2 (X—k'r-‘riAt - X—k:T-‘riAt) (1 I aAt) < 1 — aAf ) (X—k7+iAt>:|

142 2
e Sk 3 A (A 15y,
<2 HX_lljﬂrz‘At — X prtint N m ‘ —kr+iAt||,
.y 2 —kT v —kT
<Kjg (At) HX—]?T-i-Z'At - X—I§T+mt 5

To estimate the sixth term of (3.1.14)),
Aat S T I+ AAt
—kT T e —kT +
E {2 <(X—k-r+iAt) (1——0At> - (X—k7+iAt> (m)) Bl}
AAt
—kT T € _ I+ AAt
[2 (X—k:T-I—iAt) <1 —aAt 1 — aAt B,

o o NT [+ AA
+E {2 (X—II:T—HAt - X-fmm) <m> Bl} : (3.1.19)

=E
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Now we discuss these two terms separately. According to the result (3.1.16]) and the

positivity of the terms on the right hand side, we have

) . Y I+ AAt
E [2 (X_;I;Hm) (1 —aAt 11— aAt) Bl]

1142 (At)?|
<2HX k‘T+ZAtH21— || ||
<[/€ At 9 \/K7(At)3/2 \% 1 +M61AtHX l]cc:JrzAt X I’::+7,At
<Ku(At) —ani (1 — aAt)?
. VIT K .
SKl?(At)WZ_'_ 51 11 HX kT+iAt X l]:TJrlAt

(1 — aAt)?

And,

) T I+ AAt
E |:2 (X l]:T—HAt X_'II:T—HAt) <m) 31:|

- ||31||
<2 HX kil X—I]:'r—i-zAt — ait (1+ |AAL)) (3.1.20)
K7 (At)3/? .
1 — alt HX_kT'HAt X—k‘r-HAt (1 + At |A|)
2T+ ppiAt i
Tt (]_ _ O./At HX—kT-‘rZAt X—]]:T—H,At (1 + At |A|> (3121)

We use the conditional expectation to eliminate the seventh term
Adt > T I+ AAt
T T € —kT +
E K(X—fmm) (m) - (X—II:T—H'At) (1——05At)) Bz]
AQL - T T+ AAt ,
kT T € —kT + T At—kT
=E K(X-kmm) (m) - <X—kr+iAt) <m)) E [B,|F'2 ﬂ
=0.
For the last term,

E [2B] By
<2|BYl, - 1Bl

~ 1 At)
S e l S VR = A

)

1 — aAt

X (\/Eg(At) Lt 62\/_ "X—k7+zAt X—lit—mAt

1 — aAt

)
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<Ria(B0°2 + Rua( A0 | X7,y = Ko

Combining all the estimation above, we have

2
kT kT
‘X—k’r+(z+1)At X—kT-i-(H-l)At |y LRk 2
(1 _ OéAt) —kT+i1AL —kT+iAL
< (1 + p)B3AL n 2y/(1 4 p)BiAt + Rig(AH)Y? HX kT kT 2
>~ (1 — OéAt) (1 — OzAt) 6 kT+iAt —kT+iAt
K7(At)*?

+ R (A0 + + Rur(a0? | [ X2k = Rl

1 — aAt

has coefficients, the largest

. kT kT
Now we notice that the term HX e tiAL —X- At

of which contains a constant multiplied by At. The largest free term contains a
constant multiplied by (At)2.
Choosing ;1 and At small enough and applying Young’s inequality for the term

(At)3/2 X lfjr—-HAt X—l]::-&-zAt
and from (3.1.13]) we get
M -kt 2
(1 — aAt) - HX kr+MAt X—II:TJrMAt
M—1 R R 9
< Z 1—04At “ (KlS(At)2+K20AtHX ll€€77'—+ZAt X llj;rmt )
=0
M—1
<Kig(At)(1 — aAt) M 4 Kyo(At) )D (L= alt) | X — X_;;;mt
=0
(3.1.22)
where

= I?lg(l — OéAt)Q Klg(l — OéAt)Q
Ky = 2( ) = 2 )
2aAt — o2 (At) 2 — o2 (At)
S (R o)
20 — 2
(1 — aAt)

Here p, € and the time step At are chosen small enough such that

(1+ p)(281 + B3 +¢) + a*At < 2a.
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Therefore,
([?QoAt + 1) (1 — CYAt)Z <1

Now using the discrete time Gronwall inequality, from (3.1.22)), we have

~ 2
—2M —kT
(1—aAt) HX kr+MAt kaTJrMAt

. PR M A . M—i-1
SKlgAt(l — CYAt)_2M + KngQ()(At)Q E (1 — O{At>_2z (1 + KgoAt>
=0

(1 —|— KQOAt) (]_ — OZAt)iZM
—KlgAt(l - OéAt) M + K19K20 At 2

(1 + K20At) ~(1—aAt)™

So,

~ 2
—kT
HX kt+M At X—kT—i-MAt 9

- ((1 n f(zoAt) (1— aAt)2>M
1 (1 n f(QOAt) (1 — aAt)?

Sfﬁgﬁt + 1?19f?20(At)2

<Ky At

We can find a constant IA(Ql which is independent of M and At. Finally we take
M = N + N', where NAt = k7, N' € Z, then

lim sup HX];@ — )A(]QF&

k—o00
: kT
= limsup HX kr+(N+N")At - X —kT+(N+N")At ||,
N—o0
< /Ky VAL
So we get the result. O

We have proved that the estimation of error from —k7 to N'At as kK — oo can
be controlled under the 1/2 order of the time-step. And the upper bound is uniform

in time. The following theorem will give us a more general result, which is from —k7

to time r. Let )?,,"”, r > 0 be given by (3.1.6).

Theorem 3.1.7. Assume Conditions (A), (1) and (2). We choose At = 7/n for
somen € N, N = kn. For any r > 0, there exists a constant K > 0 such that for
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any sufficiently small fized At,

lim sup HXTT]“T — XM

r
k—o0

< KVAL,
2

where X *" is the exact solution while )A(;’” is the numerical solution and K is

independent of At and r.

Proof. Assume for any r > 0, N’ is the unique integer such that N'At < r, (N’ +
1)At > r. According to the semi-flow property, we have,

XM (W) = X7 () =XN2 W) 0 X, (w) — XV (W) 0 X§iT, (),

s T

where )AQ{V ‘At g finite time Euler-Maruyama approximation of solution of 1)

from N'At to r and )/(\';,fzt is defined as before. So,

—kt v —kT

N'At —kT N'At v —kT
9 < HXT‘ OXN’At _Xr OXN’At

2

N'At v —kt vN'At  v—kT
X, o Xyiar — X, o X \iAs

+ ‘ (3.1.23)

.
For the first term on the right-hand side, by Lemma [3.1.6] we have

< KV AL.
By the continuity of X¥'2*(-) with respect to initial values in L*(Q2) ([31]), then

< C;V AL,

2

—kT v —kT
HXN'At - XN’At

N'At —kr N'At v —kr
HXr o Xniay — X, o XA

—kT v —kT
9 S C HXN/At - XN’At

where Cf is independent of At. For the second term on the right-hand side of ,
it is finite time Euler-Maruyama approximation with same initial value. By Theorem
in Kloeden and Platen [29], there exists a constant Cs > 0 such that for
sufficiently At > 0,

N'At v —kT vN'At v —kT
HXT © XN’At - Xr © XN’At

< CsV/At,
2

where the choice of Cg is independent of At. The result follows by taking K =
Cs + Cs. O

Corollary 3.1.8. For any r > 0, the exact and numerical approximating random
periodic solution of equation , X} and )?,’f, given in Theorem and The-

orem|3.1.4) respectively satisfy

b %

< KVAt.
2
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Proof. The result follows from

b

<limsup [HX: - XT_kT”2 + HXT_]” — )A(r_’”
2 k—o0

+ H)A(;’” — X
2

J

3.2 Modified Milstein scheme

Next we consider the modified Milstein scheme which increases the convergence
order for the infinite horizon problem. If we assume some additional conditions
on the SDEs, the Milstein scheme will increase the strong order of error for finite
horizon. In the following content, the scheme is modified by adding terms from
higher order schemes to guarantee the result on infinite horizon. First we introduce

the assumptions

Condition (1.a). Assume there exists a constant T > 0 such that for any t €
R, z € R™, f(t+1,2) = f(t,x), g(t + 7,2) = g(t,x), and there exist constants
Co, B1, B2 > 0 with By + %5 < || such that for any s,t € R and v € R™,

’f(S,J?)—f(t,y)’ SCO|3_t’+ﬁl‘x_y‘a
lg(s,x) — g(t,y)] < Cols—t|+ B2 |z —yl|.

Meanwhile, we need higher order of Lipschitz continuity of the function f and g and

corresponding growth property.

Remark 3.2.1. The main difference is about the functions f and g. In Condition
(1.a), we assume higher order of continuity with respect to time. The higher order
of Lipschitz continuity and linear growth are given by Kloeden and Platen [29] as we
mentioned in Theoreme|2.3.5. To apply the modified Milstein scheme in the follow-
ing section, later we give the corresponding condition of the higher order Lipschitz
continuity as and , which is the numerical interpretation for the above

condition with the specified scheme.
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3.2.1 Numerical approximation for random periodic solu-
tion

Now we introduce the iteration formula for the modified Milstein scheme as
follows,
kT
X—kT—l—(H-l)A
_X ]]:‘17'—+1At + AX k‘r+zAtAt + f(ZAt X l]::JrzAt)At
T gliAL KT ) (AW)

o [ (80 TR ) = £ (180T (R )

+ % [g (z’At,ﬁ(X ;’i;mt))) —g (z‘At,T (X_,’;;Mt))] C(32.1)

with
T (X—lls;——I—zAt) X l]::-i-zAt + AX k)T+ZAtAt + f(ZAt X II;T—HAt)At
+ g(iAt, X:llj;r—&—iAt) VAL
and
kr+( H—l)At
AW, = / W,
kT+iAt
kT+(i+1)At
AZ - / / AW, ds,
—kr+iAt —kTHiAt
1 —kT+(i+1)At
S((AW;)? — At) = / / AW, dW,
2 kT iAt —kTHiAt
where : = 0,1,2,..., and )?:I’::—&-()At = . Here the terms
1 . 9 kT . 9 kT
s | (86 T X)) - £ (86 T (o) |
and

2;\/& [g (iAt,YJF(X ]I;‘:+1At))> -9 (Z.At"Y (X ’]jTTJFlAt))]

are the approximations for gg and g 89 respectively if we neglect higher terms.
We require the higher order of Lipschitz continuity for for the function f and g in
the modified Milstein scheme as follows. We assume that there exist some constants

K7} and K3 independent of step-size At such that for any x,y € R? and t € R,
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1 (- .

—|FW(p) = FO ‘<K*9:— 3.2.2

e |0 - EV)| < Kol 322
and

1 1~ N

— gD = GW ’<K*x— , 3.2.3

|6 - G| < Kl 323
where

For the modified Milstein scheme, we can also set up a discrete semi-flow given
by

~

35(§) = XIRHE), i >, i,j € {=hn,—kn+1,---}, 6 =6, 6" =066---0.
It is easy to check the semi-flow property of the process,
U j(w) o tjy(w) = iy (w), fori>j > 1. (3.2.4)

and the periodic property

~

ﬂi—&-n,j-ﬁ-n(w) = ’LALZ‘J‘(Q”CU). for ¢ > 7.

From the iteration (3.2.1), we have that for any M > 0,

M—-1
Xh yrae =1+ AAOME + ALY (T + AN f AL XTf7 )

1=0

<

+ ) I+ AAM T (AL X T ) (AW)

1M

T

. AN
+ I+ AA)M-i-1 ——L
{( ) 2 At

[ (8RR a) — 1 (100 TR, 00)]}
M—i—1 [(AWi)2 — At]
4/ At

o

i=

=

+ {(1 + AAL)

i

Il
=)
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X [9 (iAta '/f-‘r()?:ll::JriAt)) -9 (iAt, T—(X:llj;rmt))] } :
(3.2.5)

The convergence of the discretized processes relies on the boundedness under the
modified Milstein scheme with additional terms. In the next lemma, we prove the
conclusion still holds as Lemma |3.1.1| with higher order of approximation terms.
Notice that the constants K; are independent of those in the previous sections on

the Euler-Maruyama scheme.

Lemma 3.2.2. Assume Conditions (A), (1.a) and (2). Then there exists a constant
C > 0 such that for any natural numbers k > 0, 0 < M < N, and sufficiently small

At, the numerical solution )A(:,f;rMAt defined by satisfies

~ 2
—k
E )ka:JrMAt <C.

Proof. We still choose « such that 5 + %2 < a < |A]. Then it is known that for
any M < N,

2
oM | S—kr
(1- aAt) ‘Xfl];’JrMAt

9 N 9 ’X—_I]::—Hi—i—l)At 2 Sk 2
— 1P+ 3 (1 - ant) —‘ hr 3.2.6
6+ 3 - adg™ | DS R (326
When we consider each term in the sum, it becomes
v—kr 2
‘X—kr—&-(i—i—l)At _ ‘ S by 2
(1 _ OéAt)Q —kT+iAt
~ T (] + AAt At s
—kr . —kT
) { (i) (m ) I) a8 X i
(AW@)T . v —kT
+ A IUAL X ine)
(AZ:)" [ ( Bk Ap A (W T
+ AT (R a0) — f (180T (X700 )]
2(1—(}At>\/& f -‘r( k+At) f ( kJrAt)
(AW ;)2 — At

+4(1 — aAt)VAt [g GN’ ﬁ@:’f;m)) 9 (ZN’ ?‘(X:’l:;m’*))r}

I+ AAt o At e
X { (m + I) X ot + mf(@m, X5 ind)
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glAL XM ) (AW)

—kT4+iAt
+ 1 — aAt
[ (0 P (F000) = 1 (100 T-(R0000)] 35 _ii; =
o (i TR 00) =0 (180T ()| )
(3.2.7)

Note (?ﬁﬁf -1 ) (ﬁﬁﬁf +1 ) is non-positive definite, where At satisfies 0 < At < %
as defined before, and for each 4, f(iAt, X7 .5,) and g(iAt, X7 ..,) are both
independent of (AW;) and (AZ;). It is easy to verify the following properties of

AZ; with the It0’s isometry,

E[AZ;] =0, E[AZAW] = = (At)?,

1
2
EIAZ] = (A1, EAZ(AI)] =
Taking expectation on both sides of , there are some vanished terms as we
know that
E((AW,)* — At) = 0, E[(AW,)((AW;)? — At)] = 0.

Considering (3.2.7)), we have the following inequality with the linear growth property
and Young’s inequality,

2

(1—aAt)ME ‘X kr

kT+M At
(At)? N
<i&ll5 + Z — alt)” m ‘f (it X7fT iar)
M-—1
AL >
3 (1 ann) —E 900 K77,
— (1—aA
M-1
—23 2At T T
+ ; (]- - OéAt) mﬁ’ ‘ (X—II;'—HAt) (I + AAt) f(ZAt X Ilj‘r—i-zAt)
M1 3/2
4 A
£ (- aan 1S gian R
=0
<E|f (iat T (R0) = (180T (R0 |
M-1 2
L (A
1 — A 21 (
T2 = al) o A

-
Il
o
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2

< |f (0 T4 (X)) = F (186 T (R7000)

-1
A

YN e R —

+ 2 (- el e A

<o (it T (R 470000) — 0 (100 T (X400 |

g

.
Il
o

kT
X —kT+iAt

)

+51

)

M-1
<[ells + > (1 — alt) 2 (At)? <012+25101 XFroa
i=0

g

+ 57 (1 - aAt) 22 (A <02+25202HX .

0

+ /62 HX kT+iAt

%

=

+ 30 (- aan 20 (G (1 + 141 AD || 5

2

)

At
+ (1—alAt)™ -2 (A ——2p <C2 + 26,05 ‘X—k’r—HAt ‘ + 3

s
Il
o

+B1 (1+ 141 A8 | R,

T

kT
X—kT-‘,—zAt

)

kT
X—kT—HAt

<7
Lo

kT
X~ —kr4iAt + 33

)
)

3
+ (1 —aAt) 22 (Alg) (26,)? (cg + 285Ch

7

g

2
+ (1—alAt) >? %(252)2 (03 + 2,0,

=0

kT kT
X —kT+iAt +/82 HX kT+iAt

M-1
~ ~ ~ . —~ 2
<Ky+ (1—aA) MKy + Ky Y (1—aAt) ™ E|X2 0| (3.2.8)
1=0
where
K1 B + 531 At + 2 ”82
Ky = €]l
—~ 2
N At (C1+ BaCa+ A (B + C Al + BaC2R1 ) )

= X
2008 —a? (A" 2 (28, + 5+ At (52 + 261 4] + R ) )

C2 (At)? + C2AL + C2(AL)?K,
20At — a2 (At)”

(2804 83 + At (81 + 260 Al + BE, ) )

Y

~ At(1+€
R - A0+9
(1 — aAt)
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Here it is still possible to choose At and & small enough such that
(1+%8) <2ﬁ1 + 05 + At (ﬁf + 26 |A| + 53[?1» + a?At < 2a.

This gives us that
(1— aAt)? (1 + fQ) <1

By the discrete Gronwall inequality,

—~ 2
(1= alt) M E[R7, 1,

S D N N\~ o\ M—i—1
< Ry By(1-adt)™ 1Y <K2 LR (1 aAt)*%) R, (1 + K4> .

i=0
Therefore,
Sk 2 —~ —~ ~ : M
E ’X:k:—i-MAt <K+ K ((1 + K4> (1 - aAt) )
~ o~ 2 ~ 9 M
K3Kq (1 - aAt) (1 — (14 &) (1= anrt?) )

- (1 n fg) (1 - aAb)’

<C.

The choice of the constant C is independent of k£ and we only need to choose the

time-step At sufficiently small to conquer the influence of the additional terms. [J

Next we consider the convergence of the discetized processes with different initial

values.

Lemma 3.2.3. Denote by )?:,’j;MAt and }Af_’k’erMAt solutions of the modified Mil-
stein scheme with initial values § and n respectively. Assume Conditions (A), (1.a)
and Condition (2) for both initial values. Let At = t/n, n € Z™, be sufficiently small.
Then for any € > 0, there exists an integer M* > 0 such that for any M > M*, we
have

<e.
2

v —kT U —kT
HX—’CT-i-MAt - Y—kzr+MAt
Proof. According to scheme (3.1.2) we have
v —kT \—kT
X—kT—I—MAt - Y—kT-I—MAt
M—1
i

=T+ AA)M (=) + At (T+AA)M 1 F,

1=0
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M-1
+ (T + AMMTTLG (AW
=0
M-1
—i— n T T AZZ
+ > (I +AApM— [F( )(X—IICCT—HAt) EMV (Y- k’iﬂm)] VAL
+M1(I+AAt)M—i—1 [@(1)()( kT A) G(l)(Y kT A )] (AWZ>2 — At
kT+iAt kT+iAt .
par: 4v/At
Here
ﬁ = f(iAt, X l]:;rmt) fiAt, Y kkr:LzAt)a
G; = g(zAt X II:TTJrzAt) g(iAt, Y kﬁ'llAt)’
FY (@) = f0, Ty (2) — FEAL T (2)),
GV (@) = g(ist, Ty (x)) — g(ilt, T_(z)).

Denote ¢ = X A ~Y b .ar- Then by Condition (1.a), we have

G G

Y

and

~ ~

X ) — BV A

< 2K7 |G| VAL,
< 2K3 |G| VAL

According to the method used in Lemma [3.1.1] we get the following result similar

to inequality (3.2.8))

(1— aAt)ZME‘ZM‘z

() - 1 -
‘GS X Il;'JrzAt) G( )(Y k]:'JrzAt)

) (At N s
<le-ali+ Y (1 -as0® (500 ) 8|,
+:w§:;(1 —aAt)? O—A#QQE ‘ A, 2
+ Ajzl (1—aAt)™ ﬁE (@)T (I + AAY) F;
£ 3 1 an B0 G (FO(R ) - FOTE )|

1=0



3.2. MODIFIED MILSTEIN SCHEME o1

—_

2

e —2 At)?
+ Z (1 — aAt) —12(1(_ LAWE

7

D(XTEa) = EV V)

g

+ (1—aAt)™
i=0

2

; At
8(1 — aAt)?

—kT+iAt

B |G 00 — GOV, 00)

M-1

<[lE—nl3+ K5 D> (1 —adt) ™ E

1=0

~12
E |G

)

where

At

At
C 51 —|—2ﬁ1‘A’+K Bz—F?(K*) 5
Ky __ At (281 + 5 + CAL) .

(1 — aAt)? 2

- (K3)?

We choose At small enough such that
28, + B2 + CAL + oAt < 2.

Therefore, we have
(1 — aAt)? (1 + [?5> <1
The discrete Gronwall inequality implies

M-1

(1 -ty E |Gl <=l [T (1+&s) = le—nl} (1+ &)

i=0
Finally
~ 2 ) ) A\ M
E[Gu| <lle—nll3 (10t (14 R5)) " <e
with sufficiently large M. O]

In the numerical scheme, the process is considered as two parts, [—k7,0) and
[0, 7]. Define

X = )A((T, 0,w) o )?0_]”, (3.2.9)

r

where X (r,0,w), r > 0, is finite time Milstein approximation of the solution of
stochastic differential equation with time step size At, till N'At < r, where N’ is
the unique number such that N'At < r and (N’ + 1)At > r. If N'At < r, define

X(r,0,w)6 = X(N'At,0,w) + f(N'At, X(N'At,0,w))(r — N'At)
+g(N'At, X (N'AL,0,w)) (W, — Wiar) (3.2.10)
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Lemma 3.2.4. (Continuity of the discrete semi-flow with respect to the initial value)
Denote by )N(B and ffro the solution of the finite Milstein scheme with the initial values
€ and 7] at time 0. Assume Conditions (A), (1.a) and Condition (2) for both initial
values. Let At be sufficiently small, p > 1. Then for any e > 0, there exists a 6 > 0
such that for any HE— ﬁHp < d, we have

|06 -V <

Proof. Note that )?R,, A¢ and 57]8, A satisfy analogues of 1' with initial value
E and 77 at time 0 instead of —k7. Apply the Milstein scheme on the finite time
r’ = N'At to obtain

p

%@, 8) - Pw. )

N'—1 p
<4P~t (T + AAt)PN" ‘g_ ﬁ‘p + 4P AL | (1 + AAt>pN/‘ Z (I + AA)T'F,;
=0
N'—1 o P
+ 4P~1 ‘(I + AAt)PN" Z I+ AA) G, (W(i+1)At - VViAt)
i=0
N’'—1
4 41 ((I + AAt)pN" Z (I + AAt)~ !
i=0
S50y AW o ] (AW)? —dt|?
< |G - GOOR] = B2
where

E = fiAt, )?iOAt) — f(iAt, ?;OA::)’
éz‘ = g(iAt, X?At) - g(iAt’ fYV;OAt)v
G () == g(iat, To(2)) — g(iAt, T_(z)).
Denote (; := X%, — Y%, For convenience, we denote C, = 4771, C,, v = 4P~ NP7,

Taking expectation on both sides of (3.2.11]), and noting that the Lipschitz condition

of function f and g, we have

(1 — alt)™?N HEN, '
p
B » N'—1 o
<Gy ||&=71|| + Cpnr (A Y (1 — alt) PP G
p p

1=0
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!

+ Cpnr(AP? ST (1 — aat) e 1G]
. p
C, (At N L aAp-Grop 2E3)" 2P 4 1) =
+ G (AP 3 (1 - a0 ; i
" » ~N/_1 p
—o el + &£ S a-anny|a|",
] ) ;( Q ) G )

where )
Co ((At)P (ﬁ? X w) X (At)P/Qﬁg)

(1 — aAt) ’
which is bounded for any 1 < p < +00. Then by the Gronwall inequality, we have

K =

[ -

D P ~ N’
<c, ((1 FR)(1— ozAt)p) .

p p

Note

(1+ K)(1 — aAt)?

<(1— alAt) + Cyn» ((At)p (ﬁf | (K3 (22 P+ U) + (ALY QBS)

<1+ Cp .

The result (3.2.4) at " = N'At follows

£ -N’
Finally (3.2.4) at time r follows (3.2.10|) and the estimate at " = N'At. O

Theorem 3.2.5. Assume that Condition(A), (1.a) and At is fixed and small enough.
The time domain is divided as T = nAt. Then there ezists )A(;f € L*(Q) such that

for any fized initial values &, the solution of the modified Milstein scheme satisfies

lim H)A(;’” (€) - X7

r
k—o00

=0, (3.2.12)
2

and )A(;f satisfies the random periodicity property.

The proof follows the construction of Cauchy sequence X o viag as in Theorem
. We know )?:,f; var € L2 (Q) from Lemma m and the convergence of the
sequence by Lemma [3.2.3] Then we obtain the existence of the limit and it is not

hard to prove the random periodicity for the process.



o4 CHAPTER 3. STRONG APPROXIMATIONS

3.2.2 The error estimation

We proved the existence of random periodic solutions of SDE and its
discretisations with modified Milstein scheme as the limits of semi-flows when the
starting times were pushed to —oco. Now we estimate the error between these two
limits. It is natural to consider the difference between the discrete approximate

solution and the exact solution. Let us recall the exact solution at time —k7 4+ NAt

as follows
X inar(w, &) = eMNAIE 4 eANATIT) fNAt e f (s, XM )ds
1 ANAL—kT) _f\lfﬁt T e As g (s, XTT)AW,. (3.2.13)

Then we have the following theorem about the strong error of the modified Milstein

scheme.

Theorem 3.2.6. Assume Conditions (A), (1.a) and (2). Choose At = t/n for some
n €N and N = kn. If X;* and )A(O_'” are the exact and the numerical solutions
given by and respectively, then there exists a constant K > 0 such
that for any sufficiently small fized At, we have

lim sup HXO_'” - )A(O_l” < KAt.
k—o00 2
Proof. For any M < N, we have
X:II:TT+MAt - X:llerJrMAt
MAt—kr
_ <€AMAt _ (I + AAt)M> £+ eA(MAt—kT)/ e—ASf(S7XS—kT)dS
—kT
M-1
(I + AADM 7V flaat, XF 0 )AL
M-1
. AZ;
- I+ AN —=
{< e

X [f (iAt7 ,/f-i-(X l]:rTJrzAt)) f (iAt”Y‘ (X ’I‘:TT“N))}}

MAt—kt
+ eA(MAtkT)/ eiAsg(S,X;kT)dWs

= D I+ AAYTTT (AL XTI 5) (AW)
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M—-1

[((AW;)? — At]
VNG

x g (186 T (X)) - 9 (106 T (R57,000) |}

Applying the method of Lemma [3.2.2] we firstly consider
2

{I+AAtM“

=0

—2M v —kT
(1 —aAt) ’X kr-+MAt X—kr+MAt
2
—1

(1-— aAt)

S

kT kT
X —kT+(i+1)At X —kT+(i+1)At
(1-— ozAt)

kT
‘ X k‘r+1At X —kT+iAt

ﬂ.
o

(3.2.14)

For simplicity we denote

1 (’H‘l)AtfkT " ) A
Bime [ [ s xR — i Rt
iAt—kT

[ RN as
At—kt

1 (i+1)At—kT ) ~
/ |:€7A(s+k‘rf(z+l)At)g(s,X;Ivr) . g(iAtﬂX:I]j:-&-iAt)

By——
Y 1—alt Jiae
[ e .
iAt—kT
with
Wy - 1 5 _ 5
‘Fz (:L‘) - 2\/A_t (f (ZAta T+(ZE)> f ZAta T_(l‘) )
Wy - 1 5 _ 3
G, (x) = WA, (g iAt, T i(x)) — g iAL, T _(x)

Hence we have

kT v —kT
X—kr—l—(z—f—l)At X—k7+(i+1)At
= AMXTET (T + AN X R0+ (1 — aAt) (By + By) .

Now we consider

2
2

kT kT
‘X kET+(i+1)At X —kT+(i+1)At
(1 — aAt)?

kT kT T GAA_t —eAAt
(X—kT—HAt X_k'r-HAt) (1 — alAt - [) (1 — at + [)

kT
‘ X kTJrzAt X —kT+iAt
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—kT v —kT
X (ka7'+iAt - kaTJriAt)

s T (AN T — AAEN? /o
+ (X:]I::-‘riAt) ( 1 — aAt ) (X:II:TT+¢At> + BlTBl + B2TBQ

e S T eAAt eAAt —J = AAt S
+ 2 <Xfli:€7—+iAt B Xfl’;TJriAt) (1 _ CYAt) ( 1 — aAt ) <Xfl’€€T+iAt>
AR > T 1+ ANt
—kT T € —kT +
2 ((X—’””At) (1 — aAt) B (X—’W“‘At) (1 — aAt)> B

ARt > T (T + AAt
—kr T e kr +
+2 ((XII:THAt) (1 — aAt) - (Xfl]:T+iAt> (m)) By + QBlTBQ.
(3.2.15)

We know that the matrix (% -1 ) (% +1 ) can be non-positive-definite

when we choose the At small enough. Now we consider each term in (3.2.15)). First,

o N\ (e T AN o,
(X—Ii:fT—FiAt) ( 1 — aAt ) X—”;T"riAt

E

142 2|2
—kT iA (At) v —kT
= HX_]”“M 2| 1 — aAt H —krHiat|],

Next,
E [BIBi] =E B[’

3(1 + (i+1)At—kT ' 2
__u (1(_ QZ)t)2 </At-k ’e’A(”’”’(’“)At) _ [} Hf(&XskT)szS)

3(1+ p) (i+1) At—kr o | N
e (s s
2
ds)
2

fiAt, X:]];T-H'At) — f(iAt, )A(:l’;;rﬂ'm)

s L e
- / FOXT 0 )dW,
iIAt—kT

2
ds)
2

d 2
2 s) . (3.2.16)

1 +M (i+1)At—kT
e (]
(1 — CYAt) iAt—kT

3(1 ‘|‘M) /(i+1)At—kT
T el o
(1 —art)* \ Jiar—rr

s . e
/ Fz( )<X—]§T+iAt)
iAt—kT

1) o —kr
—FY(XT A AW,
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where p is a small number from Young’s inequality, which will be fixed later. By lin-
ear growth property of f and Lemma , we know that || f(s, X7F7) H2 is bounded.

So for the first term in (3.2.16]) we only need to consider

(i-i—l)At—k‘T ] At 2
/ ‘e—A(s-i-kT—(H-l)At) . [’ ds < ( ) Tr (—A) )
tAt—kT 2

Applying Ito’s formula to f(iAt, X7*7), we have

. ker . kr s 0
Hf(zAt,Xs k ) — f(zAt,Xﬁ,]jTﬂ.At) — / ga—deU
iAt—kT €T

2
<K;|s — iAt + k7|

By Condition (1.a) and Taylor expansion as (3.2.2)), the second term in (3.2.16)

becomes

/(i—i—l)At—kT
iAt—kT

(i+1)At—kT
<3 / £ (s, X7F7) — flirt, X7*7)||, ds
iIAt—kT

ds
2

Fs, X7F7) = FAL X7, 0 — / FOXTET A ) AW,

iAt—kT

(i+1)At—kT s af

+3 / FOAGXTFT) — FUAL XTET n) — / g=—dW,|| ds
iAt—kT int—kr O 2
(i+1)At—kr s af

v [ st () - FOOC )| ds
iAt—kT iAt—kT x 2

(i+1)At—kT .
S/ 3(Co + K7)|s —iAt + k7| + 3CV AtV s — iAt + krds
IAt—kT
<Ks (At)?.
Applying the global Lipschitz condition, the third term of (3.2.16)) becomes
(i+1)At—kr
/iAt—k:T

—kT v —kt
<BiAt HX—kT—i—iAt — X viae

ds
2

f(iAta X:II:TTH'At) - f(iAt, X:l]j:+iAt)

2

ds

2

Considering the last term of ((3.2.16))
° 1) v —kr 1), S—kr
/ Fi( )<X—lfr+mt) - E( )(Xfll;-ﬂm)dwv

/(i—l—l)At—kT
iAt—kT At—kt

(i+1)At—kT
< / 2K
IAt—kT

—kT v—kr
X—kT+iAt - X—kT+iAt

Vs —iAt + k7ds
2
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XkT

<K9(At 3/2 HX kT+iAt —kr+iAt

We summarise the above inequalities to have

5ot LB A s .
E [BYBi] <K (At)* + (1_a1At)2 X vime — X,
+ R3O | X i = Xl

This term is of the 4th order of At and 2nd order of At with HX TrtiAt - X llj;mt

Similar to the E [BTBl] the following term can be estimated as
E [BIBy) =E|By|?

(i4+1)At—kT
o Mo ey et
7 — iIAt—kT

(i+1)At—kT
+ M/ Hg(s,Xs_kT) —g(iAt, X~ kT )

p (1 _ OéAt)Z Atk —kT+iAt
s 2
- [ e aaw| ds
1At—kT 2
1 + ILL (Z+1)At—kT ) ko ) ~_ - 2
m /At . Q(ZA@XJ;HM) - Q(ZA@XJ:THN) st
3(1 _|_M) (i—l—l)At—kT s 1 . . 2
+—2/ / G( )(X I]cc‘rJrzAt) G( (X ]]:T+ZAt>dW'U dS,
p (1 —alt)” Jine—kr iNt—kr 2
(3.2.17)

where g is the same as it in the estimation of E [BfBl]. By the linear growth

property of ¢ and Lemma [2.2.3] we know that ||g(s, X;’”)H; and s are bounded. So

we only need to consider
(i+1)At—kr
/ |- AlHhr=(4020 _ 1% gg < 2 (At) Tr (A%).
iAt—kT
Applying Ito’s formula to g(iAt, X7*7), we have

: kr . ’ 99
Hg(ZAt7 Xs ¥ ) (ZAt X If‘r-HAt) / ga dW
iIAt—kT x

2
Skn ’S — ZAt + k7'|2

By Condition (1.a) and Taylor expansion as (3.2.3)), the second term in (3.2.17))

becomes

/(i+1)AtkT
iAt—kT

2

ds

2

o5, X H7) = g8 X0 — [ GO ),

iIAt—kT
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(i+1)At—kt 9
§3/ |g(s, XT57) — g(int, X7*7) ||, ds
IAt—kT

(i+1)At—kT s ag 2
+ 3/ gAL, XM7Y — g(iAL, X7 n,) — / g=—dW,|| ds

IAt—kT iAt—kT Ox 2

(i+1)At—kr s o 2

9 (kT 1)y —kT
+ 3/ / ga_x(X—]]:T—‘riAt) - Gz( )(X—l]ccrjtz‘At)de ds
IAt—kT IAt—kT 2
(i+1)At—kT .
§/ 2(C§+K11)|S—iAt+kT|2+C’At|s—iAt+k‘T|d8
iAt—kT
<Kis (A1)
The third term follows from the global Lipschitz condition
(i+1)At—kr .- 9
/ g(iAt,X:,’;:H-At) - g(iAt7X:k:rr+iAt) ds
iAt—kT 2
§B§At HX:II:Z—H'AIS o X:IICC;——HAt 5
Using It0 isometry to estimate the last term
(i+1)At—kr || ps " 0o 2
—kT —kT
/ / [Gi (X5 riae) — G (X—k'r-i-iAt)] dW,|| ds
iIAt—kT iAt—kT 2

(i+1)At7kT ) . S 2
* —KT —kT .
< / (2K3) X rvine — X in |s —iAt + k7| ds
iAt—kT 2
<Ki(AD? || X7 — X
=13 —kT+iAt —kr+iAt||,

Conclude the above results to obtain

N 1+ p)B3At || S
E (BT B,| <Ky (At (—2H kroo Xk
[ 2 2} = 14( ) + (1 . aAt)2 —kT+iAt —kT+iAt 9
7> 2 —k v—k 2
+ Ki3(A)” (| X537 iar — X ervin .

The fifth term of (3.2.15)) can be estimate as follows

e S b T 6AAt 8AAt — T — AAt S b
E |:2 <X—’§’T+iAt - X—]];T-‘riAt) (1 . ozAt) < 1 — aAt > <X—k7+z’At):|

e o | IAAD? ) o,

<2 HkaT%»iAt o ka:TqLiAt 9 (1 _ aAt)2 —kT+iAL 9
7> 2 —kT v —kT

<Kjis (At) X—lfwrmt - X—lfrﬂ'm 5
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To estimate the sixth term of (3.2.15)),
Aat - T T+ AAt
kT T € —kT +
B2 ()’ (1) - () (Toaar)) 21
AQL I+ AAt
“El2(x* ) [ - B
[ ( _l‘”“m) (1 —alAt  1-— ozAt) 1}
. . I+ AAt
+E {2 (X e — X fmm) (m) Bl} :
These two terms are considered separately,

) . pAAL I+ AAt
E [2 (X_]];—-HAt) (1 —aAt 1-— CYAt) BI]

|3A% (At)?|
<2HX k‘r+lAtH21_—||B1||2
= V1I+ B1K17 -
§K16(At)4 + (1 _ aAt HX—kT—l—zAt X—I]:T—HAt

And,

T T I+ AAt
E |:2 <X licTJrzAt X II;'JrzAt) <1 . @At) Bl:|

KlO At kT kT

e X a = R, (1 + At 14)
21+ ﬁlAt T T
B Xk~ Xt aad 1+ A1)
2R (A | X — Rl (L ).

We use the conditional expectation to eliminate the seventh term
AAt
o T e r I+ AAt
E K(X Cirviat) (m) (X kmm) (m B,
Adt S T ]+ AAt :
T T € —kT + T At—kT
=E K(X_fmm) (m) - (X—II:T—HAt) (1——0At)) E [ By Fo* ﬂ

=0.
For the last term,

E [2B] By]

IN

2| By, - 1Bl

XkT XkT

Kys(At)2 + Ko (A2 || XTFT kit

A
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Combining all the estimation above, we conclude the inequality with constants

2

kT
‘X_kT"'(H‘l)At X—kT+(Z+1)At ‘X kr X r 2
(1 — alt)? kTiAt —krtiAt
(1 — OéAt) (1 - OéAt) kT+zAt —kT—HAt
+ }?21 (At)?’ -+ I?QQ(At) k‘T—HAt X—llﬂc;—-HAt

has coefficients, the largest

Now we notice that the term HX frtiAt - X ,’j;mt
of which contains a constant multiplied by At. The largest free term contains a

constant multiplied by (At)3. Choosing p and At small enough and applying Young’s

inequality for the term (At)? HX T LiA - X kT iA and from (3.2.14)) we get

—2M o —k 2
—kT
(1 O‘At HX kr+MAt X—kT+MAt )

M-1
= Z 1 o OéAt “ (I?é?’At HX llsjr—-l-zAt X l’;‘qr—-&—zAt

1=

t I?24(At)3>

M-1
~ 2
<Kos (A1) (1 — aAt) M 4 Kog(A1) Y (1= alt) || XTF7 0, — X—I]:77-—+1At
=0
(3.2.18)
where
&~ (L+p)(28 + B3 +¢)
Kas =
(1 — aAt)?
= f?24(1 — OéAt)Q K24(1 — OéAt)2
Ko = 2 2( ) = 2 .
2aAt — o2 (At) 2a — o (At)
Here pu, € and the time step At are chosen small enough such that
KosAt +1(1 — aAt)® < 1. (3.2.19)

Now using the discrete time Gronwall inequality, from (3.2.18]), we have

~ 2
—kT —kT
HkaT*i’MAt - X*kT‘i’MAt 9

1— ((1 n l?23At) (1— aAt)2>M
1 (1 + z?23At) (1 - aAt)?

<Kos(A1)? + Kos Koz (At)?
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<Kos(AL)2.

We can find a constant IA(% which is independent of M and At. We take M = N,
where NAt = k7, then

s —kT v —kT
= lim sup HX—]CT-‘:-NAt — X kA
2 N—oo

<\ KoysAt.

: —kT v—kr
hmsupHX0 - X, , 0

k—o0

Remark 3.2.7. The reason we applied modified Milstein scheme instead of the clas-
sical one is because the local inaccuracy of the estimation for function f would de-
crease the order of error for E[BI By]. The corresponding consequence is the coeffi-
cient l?gg in Gronwall inequality would involve more terms, which leads to the failure
of inequality . It is not a problem for finite horizon as the constant C(T')
could be T-dependent, where T is the length of the approximation. To guarantee the
convergence of the random periodic solution, we need to find a time independent
scheme for the estimation. To avoid the complexity of modify the dissipative condi-
tion, our choice is to introduce the higher order terms to eliminate the influence of

the inaccuracy from the estimation of the function f.

We have proved the estimation of error from —k7 to 0 as k — oo can be controlled
under the order 1 of the time-step. And the upper bound is uniform in time. The

following theorem will give us the more general result, which is from —k7 to time r.

Let )?T_’”, r > 0 be given by 1}

Theorem 3.2.8. Assume Conditions (A), (1.a) and (2). We choose At = t/n for
somen € N, N = kn and N' is the unique integer such that N'At < r, (N'+1)At >
r forr € [0,T). If X7*" is the exzact solution while )?r_’” is the numerical solution
gien by . Then there exists a constant K > 0 such that for any sufficiently
small fized At,

< KA,

lim sup HXT_kT - )A(T_l”
2

k—o0

for all r € [0,T], where K is independent of At.
Proof. According to the semi-flow property, we have

X4 () = X, (w) =X0(w) 0 Xg ¥ (w) — X0(w) 0 Xy (),

T 7
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where )A(f is finite time Milstein approximation of solution of 1' from 0 to r and

)?0_ " is defined as before. So,

—kT v —kT
HX’I" - Xr

SHXSOXJ’”—XBO)?&M
2

2

+ HXS o Xk — X000 Xk (3.2.20)

2

For the first term on the right-hand side, by Theorem [3.2.6, we have

HXO—’” — X7 < KAt

By the continuity of X°(-) with respect to initial values in L*(Q) ([31]), then

HXSOXO_]” . & o)?o_’”

S C HXO—kT o XO—]CT
2

< C5At,
2

where Cj is independent of At. For the second term on the right-hand side of (3.2.20)),
it is finite time Milstein approximation with same initial value. By Theorem 10.3.5
in Kloeden and Platen [29], there exists a constant Cs > 0 such that for sufficiently
At >0,

HXS o)?O_kT — )?B o)?o_l”

S CﬁAta
2

where the choice of Cg is independent of At. The result follows by taking K =
Cs + Cg. O

Corollary 3.2.9. If we denote by X and )?;‘ the exact and numerical approxrimat-

ing random periodic solution of equation were given in Theorem and
Theorem |3.1.4] respectively, then

|x: - %

< KVAt.
2

Proof. The result follows from

b

) <lim sup [HX: — X[kTH2 + HX[I” — )/(\';kT

k—00

+ H)?;’” — X
2

o

Example 3.2.10. To illustrate the errors in Theorems|3.1.7 and|3.2.8, we simulate
the random periodic solution of Example with 2000 different noise realisations
by both Euler-Maruyama method and modified Milstein method.
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For the approximation of the increments AW, and AZ;, we use the method of
Kloeden and Platen in [29] as follows,

AW; = Wikzr-&-(i—i-l)At - WEkT-ﬁ-iAta
1 1
AZz' = §At (WEkTJr(iJrl)At - WierAt) + ﬁ (WszJr(iJrl)At - WEkT+’iAt) )
where W' and W? are two independent Wiener processes.
We then apply Monte Carlo method to obtain the root mean square errors between
the exact random periodic solution and the respective numerical schemes with 12

different step sizes:

1x107°,2%x107°,3x107°,4 x 1072,
1x107%2%x 1073 x 107*,4 x 1074,
1x1073,2x107%,3x107%,4 x 1072,
where the exact one is given explicitly as
t
X; = / e (M) (=T W Ws gin (15)dis.
The relationship between the root mean square errors and the step size is shown in the

log-log plot Fig.[3.3. The difference of the orders of convergence between the Euler-

Maruyama method and Milstein method is clear from the numerical simulations.

3.3 Periodic measures

Let P(R™) denote all probability measures on R™. For Py, P, € P(R™), define

metric dy, as follows:

dy(Py, Py) = sup
pell

| e@ran - [ p@pun)

Y

where
L={¢:R" = R:[p(z) ¢y < |r—y| and [p(-)] <1},
From the result of Ikeda and Watanabe [25], it is not difficult to prove that the

metric d, is equivalent to the weak topology. This useful observation was made by

Yuan and Mao [53].
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Figure 3.3: Root mean square error versus step size as log-log plot for the SDE

(3.1.11)
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We can define the transition probability of the semi-flow u which is generated
by the solution of (2.0.2)) as follows:

P(t+s,56T) =P{w:ult+s,s,w) el'}) =P(X/ () el), (3.3.1)
for any T' € B(R™). For any ¢ being bounded and measurable
Plt+5.5)0() = [ P(t+s.5.6.dnola) = BoAXE(0)
defines a semigroup satisfying
Pit+s+nr,s+r)oP(s+r,s)=Plt+s+rs), rt>0, s€R.
Recall the following definition of periodic measure given in [17] .

Definition 3.3.1. ([17]) The measure function p. : R — P(R™) is called periodic
measure if it satisfies for any s € R, t >0, and I' € B(R™),

Ps+1 = Ps; / P(t + s, va7r)ps(dm> = pt—l-S(F)'

From Theorem [2.2.6] we know that the random periodic solution of (2.0.2)) exists.
So by the result in [I7], we know that the periodic measure p. exists, which can be

defined as the law of random periodic solutions, i.e.
pr([)=P(X:el). (3.3.2)

Similarly, we can define the transition probability of the discrete semi-flow

from Euler-Maruyama scheme by
P(t+s,56T) = Pw:a(t+s,sw)el}) =P(X: () el). (3.3.3)

For any ¢ being bounded and measurable

~

Plt+5.5)0() = [ P(t+5.5,6.dnol) = B (6)
defines a semigroup satisfying

P(t+s+r,s+r)op(s+r,s) :P(t+s+r,s), r,t>0, seR,
Similar to the result in [I7], the measure function defined by

p(D) = P(X eT), (3.3.4)
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is a periodic measure for Markov semigroup P(H—s, s). It satisfies for any s € R, t >
0, and T' € B(R™),

e = s [P+ 5,50 D)pu(de) = fros(D),
We have following error estimate of p. and p. Consider the Euler-Maruyama
scheme (§3.1.1)) first.

Theorem 3.3.2. Assume Conditions (A), (1) and (2). Then periodic measures
p. and p. of the Markov semigroup generated by the exact solution of and
the approzimation are weak limits of transition probabilities along integral

multiples of period, i.e.

P(r,—kT1,&) = pr, P(r, —k1,&) = pr, as k — o0, (3.3.5)
weakly and the error estimate is
di(pr, ) < KVAL, (3.3.6)
where K is independent of At and r.

Proof. To prove (3.3.5)), by (3.3.1), (3.3.2), Theorem and Jensen’s inequality,

we have
d]L(P(Tv _kTv 5)7 pT)
= swp| [ o) Pl —krdr) — [ pl)pn(an)

= S;éE ‘E[@(X;k‘r> - SD(X:)H

< supElp(X*7) — p(X7)|
€l
< E|XF-X;

< xr-x

2
— 0,

as k — o0o. So P(r,—kT1,£) — p,. weakly as k — oo from the well known result in
[25]. Similarly, we can have for the discrete system, ]5(7“, —k7,&) — pr weakly as

k — oo. Now we consider the metric between these two periodic measures p, and

~

p.

dL(pﬁ b\r)
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=sup
p€elL

| e@entan - [ @)

<sup
pell

| e@entan - [ p@Plr-kr )

+ sup
el

/m o(x)P(r,—kT,&,dx) — /m gp(m)ﬁ(r, —kt,€,dx)

+ sup
el

=sup [E[p(X;)) — ¢(X,7)]| + sup

[ e@Ptr—kredn)— [ @it

Elp(X,*7) = (X7

r

pell el
+ sup [Elp(£,7) - p(X7)]]
€L

<E|X; - X777 + E| X - X

+E ‘)A(;’” — X

<Xz — x|, + HXT—k:T Xk

+ HX;’”—Xj
2

)
By Theorems [2.2.6] [3.1.4], [3.1.7, we have for any € > 0, there exists N > 0 such that
when k£ > N,

€

I -l < & [ - x] <
3 27 3
and
HX;’”—)?;’” gf(\/AtJr%.
2

Then taking £ > N in (3.3.7)), we have
dy(pr,pv) < KVAE +e.

Note in the above inequality, the left hand side does not depend on k and € is
arbitrary. So (3.3.6)) is obtained. O

Remark 3.3.3. There are a number of works about approrimation of invariant
measures for SDE using Euler-Maruyama method and Milstein method ([32], [45],
M0, [53]). For finite horizon, the order of weak error with Euler-Maruyama method
was proved to be 1.0, a significant improvement from the order 0.5 in the strong
convergence (c.f. [29]). However, the order of 1.0 is not guaranteed in the infinite
horizon case, see [32] for the case of the invariant measures. On the other hand,
in some work such as [{3], [46], the order of error of Euler-Maruyama method was
managed to increase to 1.0 under the non-degenerate condition. Here we do not have

such an assumption, and we have order 0.5 in the weak convergence formulation.
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However, in the case of the modified Milstein method, we will see that the error
1s of order 1.0 in the next theorem. Note thatl the error estimate with the Milstein

scheme is also 1.0 in the weak convergence formulation even in the non-degenerate

case ([49), [40]).

Theorem 3.3.4. Assume Condition (A) and (1.a). Consider the modified Milstein
scheme . Then the periodic measure p. of the Markov semi-groups generated by
the discretised semi-flow is the weak limit of its transition probability along integral

multiples of period, i.e.

A

P(r,—kt,&) = pr, as k — o0,

weakly and the error estimate between the approximating periodic measure p. and

the exact periodic measure is
d]L(pr;ﬁ\T) S K*At7
where K* is independent of At and r.

Proof. The proof is similar to the proof of Theorem [3.3.2] but using Theorem [3.2.§|
instead of Theorem B.1.7 O

3.4 Transformation of the periodic SDE

via Lyapunov-Floquet transformation

In this section, we consider the following m-dimensional system

dXl = A@)XPdt + f(t, X°)dt + §(t, XP°)dW,, t > to, (3.4.1)
with ng = ¢. We assume that the matrix A(t) is a continuous 7-periodic m X m

real matrix and the functions fand g are both 7-periodic in time, i.e.

At +7)=A@), fit+7,)=f(t,), gt+7,)=3(t,-), for any t € R.

To solve this problem we need to apply the Floquet theorem to transform this

system to a system with the linear part having a time invariant generator.
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3.4.1 The transformation

The well known Floquet theorem can be found in many books, such as [22]. Tt
says that if ®(t) is a fundamental matrix solution of the periodic system X = A(t)X,
then so is ®(¢ + 7). Moreover, there exists an invertible 7-periodic matrix P(t) such
that ®(t) = P(t)e, where R is a constant matrix. The matrix P(t) is called the
Lyapunov-Floquet transformation matrix and X = P(t)Z is called the Lyapunov-

Floquet transformation.

Proposition 3.4.1. Under Lyapunov-Floquet transformation X (t) = P(t)Z(t), the
periodic system is transformed to the following system with a constant coef-

ficient matrixz linear part

dZ® = RZ"dt + P(t)~ f(t, P(t)Z{°)dt + P(t)'g(t, P(t) Z{°)dW,, (3.4.2)
with Z,° = P(ty) 7.
Proof. The proof follows some elementary calculations. O

From the periodicity of P, we know that

O(t+7) = P(t+ 1)) = P(t)ellef = ().

Rt2mhil — oRe2mhi[ — oF for any k € Z, the constant matrix R is not unique.

Since e
It is also not necessarily real, even if ef7 is real. So we need the following corollary

to guarantee such a real constant matrix exists.

Corollary 3.4.2. Let B = R%E, S(t) = ®(t)e Bt Then S(t) is real and 27-periodic.
Under the transformation X{° = S(t)Z,;°, the periodic system is transformed
to the following system with constant coefficient matrixz linear part

dZ)> = BZ{dt+ S(t)" f(t, S(t)Z°)dt + S(t)"'g(t, S(t) Z°)dW,,  (3.4.3)
with Z,° = S(ty) 7€,

Proof. Because A(t) is real, so the matrix C' = ™ = ®(7)®~1(0) is real. Thus for
the real matrix B = BB (2 = 7R = ¢2B7 Note S(t) is real since B is real.

2
And notice that

S(t+27) = Ot + 27)e P2 = o (1)C%e 2P Bl = & (t)e B = S(2).
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Then we can obtain the time invariant system in a similar way as in the Corollary
3.4.1L The only difference is that the system with real constant coefficient matrix

linear part becomes 27-periodic. O

3.4.2 Convergence theorem of the periodic parameter ma-

trix system

Condition (A’). The matrixz function A(t) is T-periodic, the corresponding matrix
B is symmetric with eigenvalues satisfying 0 > Xy > Xy > ... > A
Because S(t) is continuous and periodic, we have the boundedness of it. The

1

periodicity and continuity of S(¢)~' is obtained from the properties of S(t), it is

concluded that S(#)~! is bounded as well. Thus there exists a constant v such that
|18 <.

For the periodic parameter matrix system, we give the following condition

Condition (1'). Assume there exists a constant T > 0 such that for any t € R,

xr e R™, fN(t—l-T, x) = ]?(t, x), g(t+71,2) =g(t,x). There exist constant @vo, 51, BNQ > 0
2

with Bry + @272 < |A1|, such that for any s,t € R and z,y € R™,

f(&x)_}v(tuy) Sa_(;|8_t|1/2+gllx_y”

5(s,2) — G(t,y)| < Cols —t|"* + o |z —y] .

From this condition it follows that for any v € R™, the linear growth condition also

holds
F(t.2)| < Bl + G, 13(t,2)] < Balal + Co
where the constants a, 6’; > 0, which are independent of time t.

Theorem 3.4.3. Assume that Conditions (A’), (1'). Then there exists a unique
random periodic solution X* € L*(Q2) of period 27 such that for any fized initial

value £(w), the solution of satisfies

i X, 27() - X;

k—o0

,=0.
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Proof. We only need to verify that the corresponding time invariant system
dz;> = BZzZPdt+ f (¢, Z°) dt + g (t, Z{°) AW, (3.4.4)

with Z;° = S(to) '€, where

f(t,x) =S f(t,S(t)x), g(t,z) = S(t)""g(t, S(t)z),
satisfies the conditions of Theorem [2.2.6] It is easy to see that
ft+2r,2) = f(t,2), g(t+21,2) = g(t,x).

For Condition (1), the largest eigenvalue of the matrix B is A;. By the Lipschitz

condition on function fand g, we have following result in the time invariant system

f(t, ) = f(t,y)| < Bryle -yl .

This means the function f will preserve the Lipschitz property with constant 5; =
ﬁyy. Similarly we can prove that the function g possesses the Lipschitz condition

with constant [y = 527. Meanwhile, from Condition (1), we have

2
Bt 2 < ).

Moreover, for any x € R™,
f(t,2)| = S(t)‘lf(t,S(t)x)‘ < B |S® YISz +|S#) Y Cr < By la] + Cr.
Therefore we can verify the linear growth property of f and g with the constants
C1,Cy > 0. The constants $; and 5 are both independent of time t. The initial
value of the time invariant system will preserve the boundedness because of the
boundedness of S(t)~!. According to Theorem there exists a random periodic
solution Z* € L*(Q) with period 27 such that
lim ||Z,2*7(¢) — Z}||, = 0.

k—o0

It turns out that

lim [|X,727(6) = X7||, < [IS()|| lim [| 2737 (¢) - 27|, = 0.

k—o0

The 27-periodicity of S(r) and Z-2" give us the random periodicity of solution
X*(r,w). So X is a random periodic solution of (3.4.1)) of period 27. O]
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3.4.3 Numerical approximation scheme and error estimate

With the existence of the random periodic solutions, we now consider the scheme
to simulate the process Z of equation (3.4.3). Similar as before, we can consider
strong and weak convergence in Euler-Maruyama and modified Milstein methods.

We firstly consider strong convergence in the Euler-Maruyama scheme

7—2kT
Z —2kT4(i+1)At

=777 A | BZTHT L+ SEA T (iA, S(mt)nggth)] At
+ S(iAt)'g(iAt, S(iAt)E:QQ,':TTH ar) (Wooprsrnyae — Weogryiae) - (3.4.5)

Theorem 3.4.4. Assume Conditions (A’), (1') and (2), S(t) € C*(R). Then there
exists Zﬁ‘, which is a random periodic solution of period 27 for discrete random
dynamical system generated from , such that for any r € [0, T

lim ‘X;%T — Sz || < KVAt,
2

k—o0

and
Hx: — 82

< KV/AL,
2
for a constant K > 0, which is independent of At, where X' is the exact random
periodic solution of .
Proof. By Theorem m, there exists Z* € L*(Q) such that

: 72kt 7k
limsup || Z, 7" — Z;

k—o00

=0,
2

where Zf is the random periodic solution of period 27 for discrete random dynamical
system generated from ({3.4.4)). According to Theorem [3.1.7], we have the conclusion
that there exists a constant K; > 0 such that

lim ‘X[%T — S(r)Z %"

k—o0

, < KIS, VAL < KVAL.
Thus it follows that

|x: - sz

2
<limsup || X} — X2k

k—o0

+ lim sup HXT,_%T — S(r)Z
k—o0

" 2

+ lim sup HS(T)Z\T_%T — S(T)Z’f

k—o0

SkvAt. ]
2
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It is not hard to obtain the result for the modified Milstein scheme with Theorem

3.2.5 and Theorem B.2.8|



Chapter 4

Weak approximations

4.1 Lifts of semi-flows, random periodic paths and

periodic measures

Denote by (2, F, P, (0(s))ser) a metric dynamical system and 0(s) : Q@ — Q is
assumed to be measurably invertible for all s € R. Denote A := {(¢,s) € R? s < t}.
The lift of a stochastic semi-flow u : A x 2 x X — X to a cocycle on a cylinder and

the corresponding lift of a random periodic path are introduced in following lemma.

Lemma 4.1.1. ([17]) We lift the T-periodic stochastic semi-flow u : Ax Q2 x X — X

to a random dynamical system on a cylinder X := [0,7) x X by the following:

O(t,w)(s,z) = (t+s mod T, u(t+s,s,0(—s)w)x), (4.1.1)

for any (s,z) € X, t € R* and almost every w € Q.
Then @ : R* x Q x X — X is a cocycle on X over the metric dynamical system
(2, F, P, (6(s))ser)-

Moreover, assume Y : R x 2 — X is a random periodic solution of the semi-flow
w with period T > 0. ThenY : R x Q — X defined by

Y(s,w) = (s mod T, Y(s,w)), (4.1.2)
is a random periodic solution of the cocycle ® on X.

Defined the skew product © : A x Q — Q of the metric dynamical system
(Q, F, P,(0(s))scr) and the semi-flow u by

Ot + s,5)(w,z) = (Ot)w,u(t + 5,5,0(—s)w)x), t e R, s € R, (4.1.3)

75



76 CHAPTER 4. WEAK APPROXIMATIONS

Here 2 = Q x X.
We can verify that for any t1,t, € RT,s € R,

Oty +t1 + 5,11 +5)0O(t; +5,8) = Oty + 11 + 5, 5). (4.1.4)

Theorem 4.1.2. [17] Assume the T-periodic stochastic semi-flowu : AxQxX — X

has a random periodic solution Y : R x Q@ — X. Define

(,Us)w (P) = 5Y(s,9(—s)x) <F> .
Then
el o) = (1)) % P(d)

is a periodic measure of the skew product © on the product measurable space (£ %

X, F ® B(X)), t.e.

G(t + s, S)Ms = Hitsy Hr+s = [s,
for allt € RY, s € R, which is equivalent to
u(t + s,5,0(—s)w)(ps)w = (Mt-&-S)O(t)w and (fris)w = (fs)w,
forallt e R, seR, we .

Consider the case when u(t + s, s,-) is a Markovian semi-flow on a filtered dy-
namical system (Q,F, P, (0;)ier, (Fl)s<i), i.e. for any s,t,u € R, s < t, we have
0, \Ft = FiX and u(t + s, s,-) is independent of F*_ . The random periodic solu-
tion Y'(s,w) is assumed to be adapted, i.e. for any s € R, Y'(s, -) is measurable with
respect to F° =\, F;.

Denote the transition probability of u by

P(t+s,s,2,1') = P({w : u(t + s,s,w)x € I'}),

for any I' € B(X), t € RT, s € R. From ({1.0.2]) and the measure preserving property
of 0., the transition property P(t + s, s, x, ") satisfies the periodic relation

Pt+s+71,s+7,2,)=P(t+s,s,z7T), (4.1.5)

for any I' € B(X), t € R, s € R.
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For any probability measure p on (X, B(X)), define

(P'(t+5.9)0)T) = [ P(t+5,5.2.D)p(do
X
for any I' € B(X), t € RT, s € R. Then the definition of periodic measure of the

periodic Markov semigroup is given as follows,

Definition 4.1.3. [17] The measure valued function p : R — P(X) is called a -
periodic measure of the T-periodic Markov semigroup P(t + s,s,x,T"), t > 0, if for
any s € R, t € RT,

P*(t + S, 5>ps = Pt+sy Ps+r = Ps- (4‘16)

One direction of the “equivalence” of random periodic paths and periodic mea-

sures are illustrated in the following theorem.

Theorem 4.1.4. [17] Assume that the T-periodic Markovian stochastic semi-flow
u: A X QxX— X has an adapted random periodic solution Y : R x w — X. Then

it has a periodic measure ps on (X, B(X)) defined by
ps(I) = Edy(s0)(I') = PHw : Y(s,w) €T}), T'e B(X) s € R. (4.1.7)
Moreover, for any t € R,
E(m{s €[0,7):Y(s,:) €T})=E(m{se€t,t+7):Y(s,-)€T}). (4.1.8)

This theorem gives us the fact that if we have a random periodic solution, then
the law of the r.p.s. is a periodic measure. On the other direction, when there is a
periodic measure, one can construct the corresponding random periodic solution in
an enlarged probability space, details of which can be found in Feng and Zhao [17].

For the weak approximation, we consider following non-autonomous stochastic

differential equation on R

dX(t) = b(t, X (t))dt + o(t, X (t))dWr,

where s < t, W is a d;-dimensional Brownian motion on a probability space (2, F, P).

It is well-known that the semi-group is given by

u(t+s,s,x) = P(t+s,s)p(x) =Ep(X(t+s,s,)), t > 0.
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Here we assume the existence of the periodic measure {p;}scr of the Markovian
semi-group. By the consideration on the lifted cylinder X = [0,7) x R in [I7], the

lifted cocycle with coordinates X = (s, ) is given by

X(t)(x)=(t+s mod 7, X(t+s,s,z(0(—s)w))),

where u is corresponding semi-flow. We follow the idea of the lifted case

dX (1) = b(X (£))dt + &(X (£))dW (¢),

where

X0z =7=(s,z), W= (W, W),

Wy is a one-dimensional Brownian motion which is independent of W,

() L)
b(X) b(Xo, X)
o (0 0 Y_(0 o
’ \o o(X) ~\o o(Xo,X) )

The infinitesimal generator of the process X (¢) is given by

and

L

N R S
@) g, 5 2 5

0 i,J

M-

(2

0? 0

S
bi(‘S?x)axi + §ijz::1aij<8’x)axiaxj + %7

M-

1

(2

where a(s,z) = o(s,x)o*(s, ).

4.2 Assumptions

To obtain our result, we give the following conditions:
Condition (3) The functions b, o are of class C™ with bounded derivatives of
any order. The function o is bounded. The function b and o are T-period with respect

to time, 1.e.

b(t+71,2) =b(t,x), o(t+71,2) =0o(t,x).
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It is easy to obtain the periodicity of function a(t + 7, z) = a(t, z).
Condition (4) The infinitesimal generator L is uniformly elliptic with respect

to x, i.e. there exists a positive constant o such that for any t, x,y € R, we have

Zaij(t, Yz > alz)®.

i,J

Condition (5) We assume the weak dissipative condition for the SDE, i.e. there
exists a strictly positive constant 8 and a compact set K such that for any t and any

x € K¢ we have

- b(t,z) < ]

4.3 Preliminary results and notations

Proposition 4.3.1. Assume Conditions (3) and (5). Then for any n € N, there
exist strictly positive constants C,, and v,, such that for anyt > 0 and x € R?, we

have
E X" < Co(1 + |2|" exp(—mt)).

Proof. As the constants in Conditions (3) and (5) are uniform with respect to initial

condition, for simplicity, we omit them in this proof. We temporarily denote by
X, = X", and let Y; = | X,|°, then we have

dY; =d | X,|* = 2X,dX, + dX,dX,
=2X,b(t, X;)dt + 2X,0(t, X;)dW, + o?(t, X, )dL.
Apply the Ito’s formula on e (Y;)2 to obtain
de®(Y;)2 =0e%(Yy) 2 dt + *d(Yy)?
—5eSt () B dt + ge‘%(Yt)%_ldYt + g (g - 1) e‘”%d}@d}@
—0e | X" dt + ne® | X, "7 b(t, X)) dt + ne® | X, o(t, X,)dW,
n

n n n—
+ (5 +4- 1 (5 — 1)) e | X" o2 (¢, X,)dt.
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By Condition (3), we denote the bound of function o(t, z) by C,, therefore, together

with Condition (5), we have

d€5t |Xt|n :(56& ’Xt|n dt + neét |)(t|n_1 b(t, Xt)dt -+ neét |Xt|n_1 U(t, Xt)th

n(n —1)
2

< (6 —np) e | Xy|" dt + nCye® | X" dW; + <Z) CLe® | X" dt.

+ X, o (t, X, )dt

Take expectation on both side after integrating from 0 to T, together with Young’s
inequality
(X[ (2)7 _n-2

2
+ = en2 X" + —%
g n ne2

X" < — ,

n—2

we have

T T
TR | Xp|" < 2™ 4 (6 — nﬁ)/ 'R X" dt + (Z)cﬁ/ MR | X" dt
0 0

— 1)C?
<o VG oy
de2
Tl—l n T
+(6—n5+< 5 )Cgsn—z)/ 'R | X" dt. (4.3.1)
0

We denote by

and choose the constant

n—2

< (one)

to satisfy Kg—¢& < 0. The choice of the constant § would also guarantee that Kg > 0.
Then we apply the Gronwall’s inequality on (4.3)),

TR | Xr|"
—1)C? T
S ’13‘” + (TL(;#(QJT . 1) 4 KG/ e&tE |Xt’n dt
g2 0
—1 02 T -1 02
<l + PSR i [ o+ SR - ) o
ez 0 £2

-1 2 -1 2 T
_ |x|n + (n > E)Ca (eéT . 1) 4 KGSKGT (|x|n N (n > n)Ca) / €_K6tdt
g2 £2 0
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n (n — 1)5(603 oKoT /T LK)t gy
dez 0
:(” - {L)CgedT 1 eKeT <|x|n _ (n— 1)03> (n— 1>KGC:; (eéT — efoT)
dez 0(0 — Kg)ez

de2
n K (n—1)C? .
= |z|" T + Koot (7T — effe T,

To conclude,

(n—1)C2

E| X" < |z|" =0T 1 =
Xl < o

(1-— e(K6_5)T).

The existence of the positive constant ~, is ensured by K¢ — § < 0. O]

Consider the sequence { Xy, },en with ¢, = n7, which is an ergodic Markov chain

with property of contraction out of some set under our assumption.

Proposition 4.3.2. Assume Condition (3), then there exists a constant r > 1 and
a set B(0,R) D K, such that,

sul? E [7’ |th+1‘2 — X, 71X, = x} < 0.

reB*°

Proof. Apply the same idea for Proposition 4.3.1 with n = 2. In order to satisfy
E [r X = X 71X, = x} < (|| e o7 4+ O o (1 — eSomI)) r — 2 <0,

we need
(1 — reBo=07) |2]* > rCj (1 — eEe=97),

Ke=0)T > () for any
rCp,0(1—eFK6=97)
1_7.6(K676)T

As K¢ — 6 < 0, there always exists a constant r to ensure 1 — re!
positive constant 7. Then the ball B is determined by taking R > \/

[]

Denote C7° is the space of the smooth function ¢ € € with the property that
itself and all its derivatives have at most polynomial growth at infinity. Let the
function ¢ € C;° and u(t + s, s, ) = E¢(X/}%). It is well known that u(t +s, s, x) is

a classical solution of the PDE:

d ~
au(t +s,8,2) = Lu(t + s, s, 1),

u(s, s,x) = ¢(x).
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By the Fokker-Planck equation, we have the density function of periodic measure p

satisfying:

%p(s, ) = Lp(s, ) =0, (4.3.2)

where £* is the conjugate operator of £. The density function of the periodic measure
is smooth with respect to the initial condition by our assumptions.

Consider the spatial differentiation of the solution with respect to the initial
condition. Kunita showed in [30] that the function u(t + s, s, x) satisfies that for any
order n € N, there exist an integer r, € N such that for any 7" > 0, 3C,(t) > 0,

|D"u(t + s,s,2)] < Co(T)(1+ |z|™), VEt<T. (4.3.3)

Therefore the Propositionm gives us the property that the function ¢ and D"u(t+
s,s,r) belong to L2(R¥L p).

The function % fo u(t + s, s,x)ds has the same spatial derivatives as

1
—/ (t—i—s,s,xds——//(b p(s, x)dzds,
T Jo

without loss of generality, in the following sections, we assume that

/¢ )dp(i / /¢ p(s, x)dzds = 0, (4.3.4)

where ¢(%) = ¢(z), and the notation j denote the average periodic measure, which
is invariant in the case of lifted cocycle.

For simplicity, in the following sections, we may often write @(t) or u(t + s, s) to
represent the function u(t+ s, s, ). We also often write b, a to represent b(s, z) and
a(s, ) as we have the uniform conditions for these functions and any order of their
derivatives in Condition (3). The operators d, V and D on function u(t + s, s, z)
always refer to derivatives with respect to spatial coordinates. The derivatives with
respect to initial time will stay as %. Also, we also denote the infinitesimal generator
by
9
ds’

Remark 4.3.3. By the Proposition[{.3.1], for any compact set K and any n € N

1 T
! / / 2" p(s, 2)dads = lim E( X5 1 (X55)) < Cn,
T 0 K t—o0

where C,, 1s determined from the proposition. Therefore the average periodic measure

~ 1
£ = bz& —+ 50@'8@' +

has the finite moments of any order.
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4.4 Main results

4.4.1 Estimates on the average of u(t + s, s) in any ball
Lemma 4.4.1. Assume Conditions (3), (4) and (5), for any ball B, there exists
strictly positive constants C' and A such that for any t > 0 and any x € B,

1 T
— / lu(t + s,s,x)| ds < Cexp(—At).
T Jo

Proof. Consider the Markov chain { X}, },en with ¢, = n7 in our model. Its transi-
tion kernel P(kT + s, s, x,T") is irreducible. The existence of small sets to satisfy the
minorization condition can be found in some books (Meyn and Tweedie [34], Num-
merlin [39]). By the Proposition and Nummerlin’s result, the Markov chain is
geometrically recurrent. Then we follow the result of Tweedie in [49], we have that
for any ¢ € C° with the property , there exist strictly positive constants C'
and A such that for any n,

1 T S,x
;/0 /X |Eo (X )| p(s, x)deds < Cexp(—Aty). (4.4.1)

By Proposition [4.3.1] we have that there exist strictly positive constants Cy, v and
a integer N € N such that

lu(t +s,5,2)| < Co(1 + |z|~ exp(—t)).
Apply this to (4.4.1]) to obtain that for any n,

1 T
_/ /|u(tn+s,s,x)|2p(s,m)dmds

/ /\ut +5,5,2)| (14 |z exp(—ta))p(s, 2)dzds

/ /|u (tn + 5, 8,2)| p(s, 2)dzds

—l——/ /lu(tn+5,s,x)|]m| exp(—7t,)p(s, z)dxds
T Jo Jx
2
G exp(=tn) / / + |2|™ exp(=t,) |z|" p(s, z)dzds

SCOC eXp(_)‘tn)
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Then we prove the monotonicity of the function L [ [i |u(t + s, Lx)[* p(s, z)dzds

as follows. It is well known that
Llu(t+s,s)

2 1 2 0 2
=b;0; [u(t + s, s)[" + 5%@‘;‘ lu(t +s,8)" + s u(t + s, )|
=2u(t + s, 8)Lu(t + 5,8) + a;Ou(t + s, 8)0u(t + s, )

d
== lu(t + s, 8)|> + ai;Oiu(t + s, 8)0;u(t + s, s).

Therefore,

jt <—/ /|u (t+ s, s 2)| p(s, x)dxds)
:1/ / lu(t + s, s,2)" p(s, z)dxds
-
:—/ /£|u(t—|—s,3,x)|2p(s,x)dxds
T Jo Jx
- 1/ /aij(t+8,x)8iu(t+ s,s,x)0;u(t + s, s, 2)p(s, x)dzds.
T Jo Jx

From the property of density function of the average periodic measure (4.3.2]) and

Condition (4), we know that the function satisfies

c(ijt( //|“t+3333)! p(s, Jv)dxds)

=— —/ / a;;(t+ s,x)0u(t + s, s,x)0u(t + s, s,x)p(s, x)dxds
T Jo JX

S—Q/ /|Vu(t—|—s,s,x)|2p(s,x)dxds
T Jo Jx

<0.

From the decreasing property of the function and (4.4.2 , we take Cy = C exp(A\7),
then for any k7 <t < (k + 1),

/ /|ut+$ s,z)|> p(s, z)dzds

<Cyexp(—MkT) = Coexp(—Ai(k + 1)7) < Cyexp(—Ait). (4.4.3)

The above shows that the exponential contraction of u(t+ s, s, z) under the average

of periodic measure holds for any ¢. Again we consider the result

% lu(t + s,8))> = Llu(t + s,5)|* — agOiu(t + s,8)u(t + s, 5).
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Multiplying the above inequality with e, and integrating the both sides with respect

to the average periodic measure p, we obtain

e /dt|u(t+8 s)|? dp+C’e(5t/|Vut~l—s s)|? dp<e5t/£|u(t~|—s s)dp =0,

where C, is the bound of function a = o¢*, which comes from the boundedness of

function o. Therefore, taking integration from 0 to T" on the both sides, we have

T d _ T _
/ / = Jut + s, ) djdt + C, / / [Vau(t +5,5)]* dpdt < 0. (4.4.4)
0  dt 0 X

The integration by parts on the first term of inequality (4.4.4]) gives us

T
| e [+ .o as
0 X
— — T —
= [t s dp— [futs o =5 [ e [ Juti+ s
X X 0 X

where we have the initial condition that u(s, s, 2) = ¢(Z). By the Proposition m
and the polynomial growth of the function ¢, we have the constant C3 > 0 that

/X o) i< s

If we take § < A1, where \; comes from (4.4.3)), we also have the constant Cy > 0
that for any 7" and any s € [0, 7)

T
5/ eét/ u(t + 5, 8) dpdt < C.
0 X

Applying these results on (4.4.4)) to obtain that for any 7" and any s € [0, 7),

/ /|Vut—|—s s)|* dpdt
</|uss\dp—|—(5/ /|ut—|—ss|dpdt)

Now we consider the following results

(4.4.5)

% |Vu(t + s, s)|2

=2(Oku(t + s, s))@k(%u(t +5,5))
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=2(Opu(t + s, 5))0p(Lu(t + s, 5))
=2(Oku(t + s, )0k (b;0iu(t + s, 5)) + 2(Ipu(t + s, 3))8k(%u(t +5,5))
+ (Oku(t + s, 5))0k(a;;0u(t + s, s))

=2b;(Opu(t + s, 5))(Ou(t + s,5)) + 2(0kb;) (Opu(t + s, 5))(Ou(t + s, 5))
+ 2(Opu(t + s, s))%(@ku(t +5,5))
+ a;;(Opu(t + s,5))(O5pu(t + s,5)) + (Okai;) (Opu(t + s,5))(0u(t + s, 5)),
and
L|Vu(t + s,s)[
b,k (Dt + 5, 5)) + %(aku(t +5,8)) + %aijaij(aku(t +5,8))
=2b;(Oru(t + s, 5))(Ouu(t + s,5)) + 2(Fpu(t + s, s))%(@ku(t +5,5))
+ i (Opu(t + s, ) (Oyrult + 5, 8)) + aij(Ouwu(t + s, 5)) (Opu(t + s, 5)).
Therefore compare the difference between these two expansions, we obtain
% |Vu(t + s,5)]> = L |Vu(t + s, )|
= — a;;(Opu(t + 5, 9))(Opu(t + s,5)) + 2(0kb;) (Opu(t + s, 5)) (u(t + s, 5))
+ (Oai;) (Oku(t + s,5))(0u(t + s, 5)).
The elliptic condition for a;; gives us a constant C5 > 0 such that

—a;j(Ou(t + s,5)) (Opu(t +s,5) < —Cs |D2u(t + s, 3)‘2 .

Meanwhile, we apply Young’s inequality to the rest terms with Condition (3) to

obtain
2(0kbi) (Opu(t + 5, 5))(Oru(t + s, 5)) + (Okai;) (Opu(t + s, 5)) (Oult + 5, 5))
<Cse | D*u(t + s, s)|2 + % IVu(t +s,5)%,

where we will choose € small enough to satisfy —C5 + Cge < 0.

Hence we have strictly positive constants C; and Cy such that

d 3
= IVu(t +5,5)|° — L |Vu(t +s,5)]° < —C; | D?u(t + s, s){2 + Cs [Vu(t +s,5)|.
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Here we choose v < § and multiply € on both sides. After integration with respect
to p, for any large time T, the integration from 0 to T satisfies the inequality as

follows:

T T
/ evt/i|Vu(t+s,s)|2d5dt—/ e”t/[',|Vu(t+s,s)|2d/'_5dt
0 5 dt 0 X
T 5 T _
S—C’7/ e"’t/ |D*u(t + s, 5)| dﬁdt+C’8/ e“’t/ \Vu(t + s, s)|* dpdt.
0 ¢ 0 X

Then we apply the result 1) with 7 small enough and the property of £ as
(4.3.2) to obtain

evTﬁ V(T + 5, 5)[2 dj — / Vs, )2 dp < Co.
X X

2
By the boundedness of [; ‘ng‘ dp, we have

1/ / \Vu(t + s5,5,2)|* p(s, x)dzds < C exp(—t). (4.4.6)
T Jo Jx

We proved the basic case in the previous part of proof. It is natural that we continue
to prove the induction step in the following content. Assume that for any k£ < m,

there exist strictly positive constants C} and 7, such that for any ¢ > 0,
1 T
_/ / ’Dku(t—f—S,Sax)Fp(S’x)dl’dS < C exp(—xt).
T Jo Jx

Here we need to compare the expansion of the operators % and £ on the following

term:

[DMu(t+s,5,0)" = Y (Dult+s,s,2))7,
I(J)=m

where J is the multi-index with length [(.J). We also introduce the multi-indices K

and L for the following relation between them,

%Dju(t +s,8,7)

=D Lu(t+ s,s,)

=0y (biaiu(t +s,8,x)+ gu(t +8,8,1)+ %aijaiju(t + s, 8, x))
s

0 1
:bzaJU{l}u(t + 5,8, I’) + &(aJu(t + 5,8, :L‘)) + §a1]8JU{Z]}u(t + 5,8, :L‘)
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+ Z ) Oxu(t + 5,5, 2)0 u(t + 5,5, 1).
U(K)+1(L)<2m+1
Here the notation @7, contains all the combinations of spatial derivatives on the
functions a and b for respect multi-indices K and L under some specified J. It is
obvious the length of K and L will not exceed m + 1. The boundedness of each ele-
ments in @7, comes from Condition (3). Therefore we will always have the following

result by Young’s inequality with some constants small enough,
d m 2 Aipm 2
5 [P ult + 5,5, 2)[" = L|D™u(t + 5,5, 2)]

= — (8JU{i}u(t + s, s, .CL")) (aJU{j}U(t + s, s, 33))
+ Z (Pi(LaKU’(t—’_S7S7x)aLu(t+Sa87x)
I(K)+I(L)<2m+1
<-Cr |Dm+1u(t + s, 3,:17)‘2 +C Z !Dku(t + s, 8, x)}z :
k<m
Then we choose a strictly positive constant d,,,; small enough to proceed as the
basic case. Multiplying e’+1* on both sides and integrating with respect to p, we

will have the following result after integration from 0 to 7" and let T" tends to oco:

/ edm+1t (/ |Dm+1u(t + s, s)|2d5) dt < oo
0 X

Consider a higher order D™ u(t + s, s, ), we have

% | D™ u(t + s, 5, :L‘){2 —L | D™ hu(t + s, s, m)‘2

< — CPH D™t + s, 8, x)|2 + Cptt Z | D*u(t + s, s, ar:)‘2 :
k<m+1

By choosing v;+1 < 041 and following the same procedure as above, we have that

there exist strictly positive constants C),,1 and 7,,51 such that for any ¢ > 0,

1 T
— / / | D™ u(t + s, 5, x)fp(s, z)dxds < Cpyy1 eXp(—Ymt1l)-
T Jo Jx

By math induction, we proved the above result holds for any order of spatial deriva-
tives of u(t + s, s, x).

Since the density function p(s,x) is strictly positive continuous function on any
ball B = B(0, R), we have

1 T T
—/ |Osu(t + s, 3)||ig(B) ds < g/ / 0,u(t + 5,5,2)|° p(s, z)dzds.
T Jo T Jo Jx
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By the Sobolev embedding Theorem, we have that for any x € B,
1 T
—/ lu(t + s,s,x)| ds < Cexp(—At),
T Jo

which is the conclusion of this lemma. O

4.4.2 Estimates on the average of u(t + s,s) in L*(r,)
For our next lemma, we need to introduce the weight 7, (s, z) with some integer

r which is determined later,

1
(2 + |2|* + cos(Z=))r

(s, x) =

If we consider the gradient of it,

2rx
- 2 27s
2+ [z]” + cos(2%)

V. (s,x) =

(s, x),

and the partial derivatives with respect to initial time,

0 M7 gim (222
—WT(S,.T) - = 2 = 2 WT(S,Z’),
Js 2+ [2]” + cos(*2%)

the following results will be concluded.
For any multi-index J and any integer r, we have a smooth function v, (s, z)
and s ,.(s, x) such that,

Oymr(s,x) = Yy, (s,x)m (s, x),
%ﬂr(s, x) = s, (s, )1, (s, x)

where ¢, (s,z) = 0 and 95 ,(s,x) — 0 when |r| — +o00. These properties will be

used in the following lemma.

Lemma 4.4.2. Assume Conditions (3), (4) and (5), there exists strictly positive
constants C' and X such that for any t > 0, we have

1 T
— / / lu(t + s, s,2)|° 7 (s, 2)deds < Cexp(—At).
TJo Jx
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Proof. We have the property (4.3.3)):
VneN, Ir, e N, VT >0, 3C,(T) > 0: Vt < T, |D"u(t + s, s,z)| < Co(T)(14]z|™).

Therefore, for any integer n > 0, it is possible to choose an integer r, such that, for

any 0 < m <n and any t > 0, we have
|D™u(t + s, s, 7)| T, (s,7) € L*(RY).
When we consider the integer M; defined by
D) = [M; - d/2),

and the property of the weight 7., we have that there exists an integer ry such that

for any t > 0, any r > rq and any m < M,
D™ (u(t + 5,5, 2)m, (s, 7)) € L*(RY).

It is easy to get the periodicity of the function u(t + s, s, x)m, (s, z) with respect to
the initial time s. Any order of its spatial derivatives are also 7-periodic in s. Then

we have

"
/O/XE]u(t—l—s,s)fmda:ds

/ / 2u(t + s, s)Lu(t + s, s)m dds
0o Jx

2bu(t + s, 8)(Qu(t + s, s))mdxds

I
T

3

_I_

2u(t + s, s) (gu(t + s, s)) mrdrds
S

3

+

— e S — S — — —

a;ju(t + s,5)(0u(t + s, s))mdrds

3

(8:b;) [u(t + s, 5)|* mpdads — / / bi [u(t + s, 5)|* (9ym,)dxds
0 Jx

u(t + s, 5)|? (§WT> dxds

S

3

(Osaij)u(t + s,5)(0;u(t + s, s))m,dxds

3

S S S

a;;j(Ou(t + s, 9))(Q;u(t + s, s))mdxds
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- /OT /X aiju(t + 5, 5)(Ojult + 5, 5)) (O ) dxds.

By Condition (4) and the property of the weight (s, z), we have that

i u(t + s, 8)|° 7, dxds
x dt

2 b(
/ /81) u(t + s, 5)|? Wrdacds—l—/ / r-o-bse) lu(t + s, 5)|> mdads
2+ |z + cos(222)
—/ /\u(t+s,s)\2ws7rrdxds
o Jx

1 /7 (7
+ —/ /(aijaij) lu(t + s, 5)|° mpdds + —/ /(&»aij) lu(t + s, 5)|> ¢;m.dads
2Jo Jx 2Jo Jx

—a/ /|Vu(t+s,s)|27rrdxds
0 Jx

1 [ 1 [
+ —/ /(Gjaij) lu(t + s, s)|* Wympdeds + —/ / ag; |u(t + s, 8)|* Yiym.deds
2Jo Jx 2Jo Jx
:/ / ((I)a’b(s, x)+ Py(s,x) + 2r- - b(s,2) ) lu(t + s, s)|* mpdads
o Jx

2+ |z|* + cos(%2)

—a/ /|Vu(t+s,s)|27rrdxds,
0 Jx

where @, is a bounded function depending on functions a, b and their derivatives,

®,, is a function which could depend on functions ;. It is easy to prove that @, is
independent of . We also know that ®,, tends to 0 when |z| tending to co. Therefore,

we choose r > ry large enough to obtain

2r-x - b(s, )
2+ |zf® + cos(%2)

lim sup (CIDM,(S, x)+ Dy(s,x) +

|z|—o00

>§C¢—2Tﬁ<0.

Now choosing the ball B = B(0, R) with R large enough, which depends on the

integer r, we have following result by previous lemma,

- % - x-b
/ /(@a,b(s,x)—l—dm(s,x)—i- r-o-bse) >|u(t+s,s)|27rrdxds
0 Jx

2+ |z)* + cos(*22)

i 2r-x-b
:/ / ((ba,b(sw) + (s, z) + r-o:bse) > lu(t + s, 5)|* mdxds
o JB

2+ |z|* + cos(222)

T 2r -z - b(s, ) 2
+ Dop(s,2) + Py(s,z) + u(t + s, )| m.dxds
//( (5:2) + B(5.) ngmsﬁﬁ))H )
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SC’l/ /|u(t+s,s)|27rrdxds—02/ lu(t + s, 5)|* m dads
o JB 0 Jpe

§(01—I—C’2)/ /]u(t—i—s,s)]QWdeds—Cg/ /|u(t+s,s)|27rrd:1:ds.
o JB o Jx

Therefore,

/ /%|u(t+s,s)|2md$d3§ _02/ /|u(t+s,s)|2yrrd:vds+03exp(—)\t).
0 JX 0 X

The basic result from ordinary differential equation gives us that there exist strictly

constants C' and A such that for any ¢t > 0,

1 T
— / / lu(t + s, 8)|* mpdads < Cexp(—\t).
TJo Jx

]

4.4.3 Exponential decay in time of the spatial derivatives of
the solution

Theorem 4.4.3. Assume Conditions (3), (4) and (5), and let the function ¢ € C°.

Let u(t+s,s,x) = E¢(X[,). Then for any multi-index I, there exists an integer ki,

strictly positive constants 'y and ~y; such that the spatial derivative Oju(t + s, s, x)
satisfies that

1 T
. / Oru(t + 5, 5,2)|ds < Ty(1+ [2**) exp(—t).
0

Proof. The process of the proof is very similar to Lemma [4.4.1, We apply math
induction on each order of spatial derivatives of u(t + s, s, x), then it is possible to
use Sobolev embedding Theorem to obtain the result. In Lemma |4.4.1, we applied

the property of the density function p(s,z) of the average periodic measure p,

Lp(s,z) =0.

It guaranteed the exponential contraction in any ball B(0, R). When we consider

the behaviour out of the ball, we have following result,
/E lu(t + s, s)|* m.di

:/ lu(t + s, s)|* L*m,d
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2r-x-b 2 -
= b,y + Dy + u(t + s, )| m.dzx.
/( Vo, HWHOS@)H )

For some fixed r, it is possible to choose the ball large enough to make sure that for
any x € B¢, we have

2r-x-b
2+ |z|” + cos(%=2)

Dy + Dy + < 0,

which we described in Lemma 4.4.2] Therefore we have some positive constants Cj
and Ao such that

[ Llu(t+ s,s)]> m,dz < Cyexp(—Aot). (4.4.7)
X

Then we compare the difference of operators % and £ to obtain the estimation of

higher order of spatial derivatives,
d .
/ — |u(t + s, 5)* 7.di — / Llu(t+s,s)) mdi < —a/ \Vu(t + s, )| m,di.
% dt % %
Multiplying e and integrating with respect to ¢ from 0 to T, we have
T
65T/ \w(T + s, 5)|* m.di + C/ e5t/ \Vu(t + s, s)|* mdidt
X 0 X
T T R
< / ()| m,d + 5/ eét/ lu(t + s, s)|* m.didt + / et / L|u(t + s, )| mdidt.
X 0 X 0 X
By the property (4.4.3)) and (4.4.7)), we choose the constant § small enough to obtain

T
/ eét[ \Vu(t + s, )| mdidt < C
0 X

Now we consider that
d ~
/ — |Vu(t + s, )| mdi — / L|Vu(t + s, s)|* 7.dz
% dt %
<-C / | D%u(t + s, s)|2 T dT + Cy [ IVu(t + s, 5)|* m,di.
X X
Multiplying €7 with v small enough, we have the integration with respect to ¢,
T
T 2 ~ t 2 2 ~
e’ / \Vu(T + s, 8)|" m.dT + C/ e’ / |D*u(t + s, s)|” mdzdt
X 0 X

T
§/|V¢(i)|27rrd95+(7+02)/ evt/|vu(t+s,s)|2md:zdt
X 0 X
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T
+/ et / L|Vu(t+ s, )| mdzdt,
0 X
which gives us the conclusion that
/ IVu(t + s, 5)|* mdi < Ce™ .
X

It is easy to repeat the process for any m € N with positive constants C), and ~,,
to obtain
[ |D™u(t + s, 5)|* mpdi < Cppe™ ™,
X

As we showed, for any multi-index J,

Oymr(s,x) = Yy,(s, x)me (s, x),

where 1, (s, z) is bounded for fixed r.
Then we prove the conclusion of the theorem by the weighted Sobolev embedding
Theorem with ,.(s,x)dZ instead of the the density function of average periodic

measure p(s, z)dz . O

Remark 4.4.4. The proof of the previous theorem also gives us the result that there
exist some integer | € N and strictly positive constants I' and vy, such that for any t

and x, we have

R R

- <TI(1+ |x|l) exp(—~t).

4.5 Numerical Analysis

Here we consider the numerical approximation of our model with Euler-Maruyama

method
v —kT v —kT . v —kT
X—k7+(i+1)At = Xl +0(AL XTT ) Al
—i—a(z'At,X:,’j;mt) (W7k7+(i+1)At - WfkTJriAt) , (45.1)

which followed the same notation as strong approximation in (3.1.1) except the
functions b and o. When considering the local error of the weak approximation, we

firstly focus on the time interval from 0 to At and k = 0,

At At
X2 =24 b(0,2) / dt + o(0, ) / dWt + R,
0 0
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where the expression of R can be determined by the stochastic Taylor expansions
in Kloeden and Platen’s book [29] as follows

t T t r
R:/ / Eb(s,x)dzdr+/ / J(S,x)ib(s,as)szdr
0o Jo 0o Jo O
t ro_ t T 8
+/ / Ea(s,x)ddeT—k/ / o(s,x)=0o(s,z)dW,dW,.
0o Jo 0o Jo Ox

Then we take the expectation to have
E(X87 - X&7) = E(R) = C(At),

where the existence of constant C' comes from the smoothness of functions b and
o and the boundedness of their derivatives. In order to consider the weak error of
function ¢ € C}°, we need to have the boundedness of any order of the discrete

process’s moments.

Proposition 4.5.1. Assume Conditions (3) and (5), then for any integer n, there
exist strictly positive constants C, and 7y, such that for any step size At small

enough, we have that for any initial x and any number of steps N € N

E ‘X:;ICCLFNN < C, (1 + |z|" exp(—y, NAY)) .

Proof. By the Euler-Maruyama method, when the initial state € K¢, we have
v —kT 2
<X—k7+(i+l)At>
~ ~ ~ 2
(X:I]::+1At + b(z’At, X:I]cc;riAt)At + U(iAt7 X:llj;rmt) (W—k7+(i+1)At - W—kT+iAt)>
—~ 2 ~ T N
(Robria) + (Roiaia) blAL Ko7 A

~ T ~
+ <X:ll:;—+iAt> o(iAt, X:”;’:—‘r’iAt)AWi

- 2 - 2
o+ (bAt X)) (A0 + (0GAL X7, 100)) (AW)?
~ T ~
+ (bAL X7,00) (06A8 X17,000) ) (AD(AW).
Apply Conditions (3) and (5) after taking the expectation on both sides to obtain

. 2 N 2
E (X:II;TT—&-(z‘—&-l)At) <E (X:I§:+iAt> (1 - BAL) + C1At
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As the compactness of the set K, the above result still holds for some constant C'x
instead of C7 when z € K. Therefore we choose C' = max{Cy, Ck} and iterate the

inequality,
~ 2 N-1
E (R0 s) < a0 = BADY +CAEY (1 5A)
i=1

The conclusion is obtained when At is small enough for n = 2. It is easy to derive

the higher orders of moment with same process. O

To approximate the average periodic measure, we need to consider the average of
different initial time s. Therefore, we also discretize the initial time with At = 7/N.
Then the numerical scheme are repeated with the initial conditions Xo = (nAt, x),
n =0,...,N — 1. The choice of the constant N highly depends on the properties
of the model. The difficulties to find the criterion come from the dimension of x
and solving the general partial differential equations. The criterion for K is also
extremely difficult by the same reason. But we have the long time behaviour for the

numerical scheme as following theorem.

Theorem 4.5.2. Assume Condition (3), (4) and (5). We Choose At = 7/N for
some N € N. Then for any function ¢ € C°, if the scheme s ergodic, it
satisfies:
PN K R )
lim — qu (XT:A’“?"N(J:)) = /gb(x)dﬁ(x) + O(At) a.s.

N,K—oco N K
n=0 k=1

Proof. Denote by u(nAt, s, z) = E¢(Xx,) with s < 0. Therefore
u(nAt, —kt 4+ nAt, z) = E¢(X, ETHnat)

and
u(nAt, nAt, )?;ﬁernAt,x) — E¢<)?;£Z+HAt’x)-

By the periodicity of u(t+ s, s, x) with respect to initial time s, it is always possible

to move the initial time into [0, 7) like
u(nAt, —kt + nAt, x) = u(kt + nAt,nAt, x), ¥Yn € {0,1,..., N — 1}.
Then we consider the following It6’s-Taylor expansions

u(kt + nAt, (n+9)AL, X%%)
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—u(kT 4+ nAt, (n+ i) At, X
+ Lu(kT +nAt, (n+ )AL X7)AL+ Ry (AH? a.s., (4.5.2)

and

w(kt + nAt, (n+ i+ 1)At, X)
—u(kT 4+ nAt, (n+ i) At, X
+ Lu(kT +nAt, (n+ i) At XAt + Ry (A)? a.s.. (4.5.3)

vn,x . v—kr+nAtzx . " 2
where X" 1= X777 A The coefficient BT, before the local error (At)? have

the form as follows
E [y(X) - 0,u (k:T AL (n+ )AL X 40 ()?m - )A(”))} . (45.4)

where 0 < 6 < 1 and the function ¢ (z) is a product of functions b, o and their
derivatives. The coefficient Ry, has the similar form as above. It is easy to obtain the
boundedness of ¥ (z) with Condition (3). Considering the average periodic measure,

when N goes to infinity, we have
R,
lim — Z Oyu (kT +nAt, (n +1i)At, x)

Nooo N
n=0

_1 / Byu(kr + 5,5 + i, )ds
T Jo
<Cexp(=A(kN — i)At)(1 + |z|")

Combine this with Proposition and Theorem [4.4.3] there exists a constant
A > 0 and integer [ € N, such that

kN-1 N-1

Jim > [R
=0 n=0
kN—1 1 N—1 R
< lim — ) CE [a;u (kr +nAt, (n+ )AL, X 40 ( X — Xn))]
' N—oo N —
EN—1 -
1 ; N,z v n,z o n,T
SZC’E[—/ 8Ju<k:7'+s,s+@At,Xi’ +0(Xi41_Xi’)>d3]
, 7 Jo
i=0
C . ! o N\ FN-1
S? SEEE (1 + ’X:k:fiAt + ’X:k:f(iﬂ)m ) Z exp (—A(EN —i)At)
= i=0
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1 — e~ MeNAE

A, (1 + |x|l> :

= 1 — e MAt

Let £ go to infinity and At be small enough, we have

“+o00

N—
>y Z;R’fz\_ (1+ Ja]).

The result also holds for Ry ;. Denote by R} = Ry, — Ry, we have

limf Z|R” | (A)? < C(1+ |z[°)(At).

N—oo

By the successive comparison between (4.5.3) and (4.5.4)), we have

PN K
: v —kTH+nAt
oim oy 2 g o (B )
n=0 k=1
LA too | N1
:I}I—I&E;; ) u(s, —kt + s,z)ds + hm Z nzo |R?| (At)? a.s.. (4.5.5)

I;gnoo%Z%/o u(s, —kT + s, x)ds = %/Of/qﬁ(x)dps(x)ds = /qﬁ(m)dﬁ(m)

The left hand side of (4.5.5)) gives us the measure under discretized average periodic

measure



Chapter 5

Appendix

5.1 Useful inequalities for proofs

During the proofs of following lemmas and theorems, we need some inequalities
to help us estimate, so here are some important ones for our estimation. We state

them without detail proofs here.

5.1.1 Young’s inequality

If a and b are non-negative real numbers and p and ¢ are positive real numbers

such that 1/p+1/q =1 then

alP b
ab< —+ —
p q

This is the standard form of Young’s inequality and now we introduce the Young’s
inequality with € while p = ¢ = 2. For any real non-negative numbers a and b, and

for any € > 0, the following inequality holds:

5.1.2 Continuous Gronwall inequality

Let I denote an interval of the real line. Let «, 5 and u be real-valued functions

defined on I. Assume that § and u are continuous and that the negative part of «

99
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is integrable on every closed and bounded subinterval of I. If 3 is non-negative and

if u satisfies the integral inequality

u(t) < aft) + /Otﬁ(s)u(s)ds, Viel

then

u(t) < aft) + /Ota(s)ﬁ(s) exp </St5(r)d7") ds, Vt el

5.1.3 Discrete Gronwall inequality

Here we introduce a sharp Gronwall inequality from Holte[24](2009) for the
proofs of discrete version of random periodic solution. Assume vy,, f,, and g, are

non-negative sequences and

Un < fot > gstk, for >0
k=0

Then

n

yngfn‘i_kagk H (1+gj), for n>0

k=0 k=j+1

5.2 Proofs

Lemma 5.2.1. Assume that the matriz A is symmetric and positive-definite as

stated above. Then for any At > 0 the matriz

p

_ 1 ;

e 5(—AAt) (5.2.1)
=0

1s positive-definite for odd p € N and negative-definite for even p € N and p = 0.

Proof. We start with the one-dimensional statement:

For any o > 0 and At > 0,

eTOAt zp: l(—OzAt)i (5.2.2)
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is positive-definite for odd p € N and negative-definite for even p € N and p = 0.

The statement is valid for p = 0.Consider the function

p+1

F(1) = e = 3 2 (o)

i=0
and note that f(0) = 0. Then
r 4 A
f'(t) = -« (e“mt — Z H(—aAt)’)
i=0

If

p
—« 1 7
e =)~ (—a)

i=0

is positive, then f'(t) is negative for all At > 0, and thus f(¢) < O(and vice versa).
Starting from p = 0, with each consecutive integer p the sign of (5.2.2)) will reverse.
So the one-dimensional statement is correct. Now, the matrix exponential of A is

diagonalizable:
e — QeP Q!
where () is invertible and D is diagonal with eigenvalues of A as its spectrum.
Q! ( efAAt) 0
=Q‘1<§i;ﬂ—Aﬂﬂ?69
(

}j%@@D@*Aw)@

Therefore for any p > 0 we have

p
_ 1 i
e :5(—Am)
=0
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cant - i
—e A8 _;i—!(—QDQ LAL)
:Qe—DAtQ—l . Z %Q(—DAt)ZQ_l

i=0
|
_ —DAt e i —1
= (e E_O 2,!( DAY) ) Q
Note the matrix

p
efDAt . Z l(—DAt)Z

7l

i=0
is diagonal with the following trace:
e MAE N (=M AL 0
0 e At S Z.l!(—)\gAt)i
O 0 e eiAmAt —

Yo (= AnAL)

The diagonal elements are the eigenvalues of the matrix (5.2.1]), and according to

the one-dimensional statement proved earlier,they are all positive or all negative

depending on the parity of p.

]

Lemma 5.2.2. Assume that the matrix A is symmetric and positive-definite as

stated above, and denote by \ the largest eigenvalue of A. Then, for 0 < At < %,

the matrix
e AN (T — AAtY

18 positive-definite for any j € N.

Proof. This lemma is proved by using the induction principle. The result for j =1

follows from Lemma [5.2.1. Suppose now that for some j the matrix e

AAt)7 is positive-definite, and we need to discuss the following matrix

e—AAt(j-i-l . ([ o AAt)j+1

—e A (e AB (T — AAY) + (e8¢ — (I — AAY)) (I — AAL)

—AAt; (] _
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The path of noise w

Figure 5.1: The path of noise w used in the model

The four terms above on the right-hand side are all positive-definite matrices. An-

other useful result we can obtain is:
e AT — AALY = (I — AAt)Y e~ A4

due to the property of the matrices of e=44* and (I — AAt)’. Therefore, we have
a sum of two products of commuting positive-definite matrices, which is a positive-
definite matrix. By the induction principle, all the matrices e 424 — (I — AAt)’ are
positive-definite for any j € N

m

5.3 Numerical experiments

We will show the details of the numerical experiment here. Firstly, we attached
the path of noise we used in the approximation as in Fig. All the original
numerical processes take the corresponding noise in the specified time intervals.

We used the same initial condition x = 0.5 for each approximation. The time
intervals for each experiment differ from -6.5 to -12. The corresponding discretized
process are illustrated as in Fig. to It is easy to notice the patterns are not
all the same. But when we consider the pull-back with difference of k7, where the
period 7 = 2, it is easy to notice the pattern looks similar. To show these pattern
are the same, we move these graphs into the same figures as in Fig. to Fig.
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Figure 5.2: Simulations of the processes {X;%°(w), —6.5 <t < 0}
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Figure 5.4: Simulations of the processes {X; ™*(w), —7.5 < t < 0}
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X BDID(M)

R A

-1.01

Figure 5.5: Simulations of the processes {X;®(w), =8 < t < 0}

12 1o N 5 N \‘\!“/ 2 \‘)“’\.‘]“

Figure 5.6: Simulations of the processes {X;%%(w), —8.5 <t < 0}
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-1.01

Figure 5.7: Simulations of the processes {X;*(w), =9 <t < 0}
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Figure 5.8: Simulations of the processes {X;*°(w), —9.5 <t < 0}
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Figure 5.9: Simulations of the processes {X;**(w), =10 < t < 0}
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Figure 5.10: Simulations of the processes {X;1%%(w), —10.5 < ¢ < 0}
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Figure 5.11: Simulations of the processes {X; ' (w), —11 <t < 0}
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Figure 5.12: Simulations of the processes {X; '%(w), —11.5 < ¢ < 0}
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Figure 5.13: Simulations of the processes {X;2(w), =12 < ¢ < 0}
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Figure 5.14: Simulations of the processes {X;%*(w)}, {X;%%(w)}, { X% (w)}
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Figure 5.15: Simulations of the processes {X; 7 (w)}, {X;*(w)}, {X; M (w)}
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Figure 5.16: Simulations of the processes {X; ()}, {X;*%(w)}, {X; 1 (w)}
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Figure 5.17: Simulations of the processes {X;%(w)}, {X;%(w)}, { X, 2(w)}

The construction of ¢“(t) by )h(t' (Bg.ow)
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Figure 5.18: Simulations of the processes {X6(w)} and {X;(A_w),0 <t < 6}
To show the random periodicity of the process, we defined the process { X;(6_,w)}

in the above contents. Here we take the corresponding points of the process { X 6(6,w)}
to form the {X;(f_w),0 <t < 6} as in Fig|5.18 to Fig [5.30
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The construction of
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Figure 5.19: Simulations of the processes { X 6(

The construction of

104

0_o5w)} and {X;(0_w),0 < t < 6}
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Figure 5.20: Simulations of the processes { X 6(8_1w)} and {X;(6_,w),0 < t < 6}
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Figure 5.21: Simulations of the processes {X6(

0_15w)} and {X;(0_w),0 < t < 6}
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The construction of $*“(t) by )%;(B_z_ow]
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Figure 5.22: Simulations of the processes { X 6(8_ow)} and {X;(6_,w),0 < t < 6}
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Figure 5.23: Simulations of the processes { X 9(f_s5w)} and {X;(A_w),0 <t < 6}
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Figure 5.24: Simulations of the processes { X %(8_sw)} and {X;(6_,w),0 < t < 6}
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The construction of $*“(t) by )%[(B_isw]
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Figure 5.25: Simulations of the processes { X 9(A_ssw)} and {X}(A_w),0 <t < 6}
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Figure 5.26: Simulations of the processes { X 6(8_yw)} and {X;(6_,w),0 < t < 6}
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Figure 5.27: Simulations of the processes { X 6(A_s5w)} and {X}(A_w),0 <t < 6}
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The construction of $*“(t) by )%[(B_s_ow]
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Figure 5.28: Simulations of the processes { X 6(8_sw)} and {X;(6_,w),0 < t < 6}
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Figure 5.29: Simulations of the processes { X 6(A_55w)} and {X}(A_w),0 <t < 6}
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Figure 5.30: Simulations of the processes {X6(A_gw)} and {X;(0_,w),0 <t < 6}
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