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ISOSPECTRALITY FOR ORBIFOLD LENS SPACES

NAVEED S. BARI AND EUGENIE HUNSICKER

ABSTRACT. We answer Mark Kac’s famous question [K], “can one hear the
shape of a drum?” in the positive for orbifolds that are 3-dimensional and 4-
dimensional lens spaces; we thus complete the answer to this question for orb-
ifold lens spaces in all dimensions. We also show that the coefficients of the
asymptotic expansion of the trace of the heat kernel are not sufficient to deter-
mine the above results.
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Given a closed Riemannian manifold (M, g), the eigenvalue spectrum of the as-
sociated Laplace Beltrami operator is referred to as the spectrum of (M, g). The
inverse spectral problem asks the extent to which the spectrum encodes the geom-
etry of (M, g). While various geometric invariants such as dimension, volume and
total scalar curvature are spectrally determined, numerous examples of isospectral
Riemannian manifolds, i.e., manifolds with the same spectrum, show that the spec-
trum does not fully encode the geometry. Not surprisingly, the earliest examples
of isospectral manifolds were manifolds of constant curvature including flat tori
([M]), hyperbolic manifolds ([V]), and spherical space forms ([11], [12], [IY] and
[Gi]). Lens spaces are spherical space forms which are quotients of round spheres
by cyclic groups of orthogonal transformations that act freely on the sphere. Lens
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spaces have provided a rich source of isospectral manifolds with interesting prop-
erties. In addition to the work of Ikeda and Yamamoto cited above, see the results
of Gornet and McGowan [GoM].

In this paper we generalize this theme to the category of Riemannian orbifolds.
A smooth orbifold is a topological space that is locally modelled on an orbit space
of R" under the action of a finite group of diffeomorphisms. Riemannian orbifolds
are spaces that are locally modelled on quotients of Riemannian manifolds by finite
groups of isometries. Orbifolds have wide applicability, for example, in the study
of 3-manifolds and in string theory [DHVW], [ALR].

The tools of spectral geometry can be transferred to the setting of Riemannian
orbifolds by using their well-behaved local structure (see [Chi], [S1] [S2]). As in
the manifold setting, the spectrum of the Laplace operator of a compact Riemann-
ian orbifold is a sequence 0 < A; < Ay < A3 < ... 1 oo where each eigenvalue is
repeated according to its finite multiplicity. We say that two orbifolds are isospec-
tral if their Laplace spectra agree.

The literature on inverse spectral problems on orbifolds is less developed than
that for manifolds. Examples of isospectral orbifolds include pairs with boundary
([BCDS] and [BW])); isospectral flat 2-orbifolds ([DR]); arbitrarily large finite fam-
ilies of isospectral orbifolds ([BSW]); isospectral orbifolds with different maximal
isotropy orders ([RSW]); and isospectral deformation of metrics on an orbifold
quotient of a nilmanifold ([PS]).

In the study of inverse isospectral problem, spherical space forms provide a rich
and important set of orbifolds with interesting results. For the 2-dimensional case,
it is known [DGGW] that the spectrum determines the spherical orbifolds of con-
stant curvature R > 0. In [L], Lauret found examples in dimensions 5 through 8 of
orbifold lens spaces (spherical orbifold spaces with cyclic fundamental groups) that
are isospectral but not isometric. For dimension 9 and higher, the author proved the
existence of isospectral orbifold lens spaces that are non-isometric [Ba]. The prob-
lem was unsolved for 3 and 4-dimensional orbifold lens spaces. For 3-dimensional
manifold lens spaces Ikeda and Yamamoto (see [I1], [IY] and [Y]) proved that the
spectrum determines the lens space. In [I2], Ikeda further proved that for gen-
eral 3-dimensional manifold spherical space forms, the spectrum determines the
space form. In the manifold case, it is also known that even dimensional spherical
space forms are only the canonical sphere and the real projective space. For orb-
ifold spherical space forms this is not the case as there are many even dimensional
orbifold spherical space forms . In this article we will prove the following results:

Theorem 3.1 Two three-dimensional isospectral orbifold lens spaces are isometric.
Theorem 4.3 Two four-dimensional isospectral orbifold lens spaces are isometric.

Theorem 5.6 Let S**~! /G and S?"~! /G’ be two (orbifold) spherical space forms.
Suppose G is cyclic and G’ is not cyclic. Then S?*~!/G and S?"~! /G’ cannot be
isospectral.

The above results will complete the classification of the inverse spectral problem
on orbifold lens spaces in all dimensions.
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In addition to the above theorems, we also prove that one of the traditonal meth-
ods of obtaining geomeric invariants from the spectrum, i.e., from the coefficients
of the trace of the heat kernel, is not sufficient to prove the above results. We
will show that we can have two non-isospectral orbifold lens spaces with identical
coefficients of the trace of heat kernel.

2. ORBIFOLD LENS SPACES

In this section we will generalize the idea of manifold lens spaces to orbifold lens
spaces. Note that lens spaces are special cases of spherical space forms, which are
connected complete Riemannian manifolds of positive constant curvature 1. An
m-dimensional spherical space form can be written as S”*/G where G is a finite
subgroup of the orthogonal group O(m + 1). In fact, the definition of spherical
space forms can be generalized to allow G to have fixed points making S™ /G an
orbifold. Manifold lens spaces are spherical space forms where the m-dimensional
sphere S of constant curvature 1 is acted upon by a cyclic group of fixed point
free isometries on S”*. We will generalize this notion to orbifolds by allowing the
cyclic group of isometries to have fixed points. For details of spectral geometry
on orbifolds, see Stanhope [S1] and E. Dryden, C. Gordon, S. Greenwald and D.
Webb in [DGGW]).

2.1. Orbifold Lens Spaces and their Generating Functions. We now reproduce
the background work developed by Ikeda in [I1] and [I2] for manifold spherical
space forms. For the most part, we will keep the notation used by Ikeda. We will
note that with slight modifications the results are valid for orbifold spherical space
forms. This is the background work we will need to develop our results for orbifold
lens spaces.

We will first consider general m = 2n — 1 dimensional lens spaces. Let g be a
positive integer. Set

{ a1 if ¢ is odd,
qo =

q e
3 if g is even.

Throughout this section we assume that gy > 4.

For n < qq, let p1, ..., p, be n integers. Note, if g.c.d.(p1,...,pn,q) # 1, we
can divide all the ps and ¢ by this ged to get a case where the ged = 1. So, without
loss of generality, we can assume g.c.d.(p1,...,pn,q) = 1. We denote by g the
orthogonal matrix given by

M(p/a) 0

0 M(pa/q)

where

2.1) M) = <

—sin 276 cos 27wl
3
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Then g generates a cyclic subgroup G = { g }lq:1 of order ¢ of the special orthog-
onal group SO(2n) since det ¢ = 1. Note that g has eigenvalues ~P*, v~P1 P2,
P2 ., 4P, yTPr where vy is a primitive g-th root of unity. We define the lens
space L(q : p1,...,py) as follows:

L(qg:pi,...,pn) = S™71/G.

Note that if gcd(p;, q) = 1Vi, L(q : p1, . .., pyn) is a smooth manifold; Ikeda and
Yamamoto have answered Kac’s question in the affirmative for 3-dimensional man-
ifold lens spaces ([IY], [Y]). To get an orbifold in this setting with non-trivial sin-
gularities, we must have gcd(p;, ¢) > 1 for some i. Insuchacase L(q : p1,...,Dn)
is a good smooth orbifold with S?"~! as its covering manifold. Let 7 be the cov-
ering projection of S?"~1 onto §*"~1/G

7§ s sl

Since the round metric of constant curvature one on S?*~! is G-invariant, it induces
a Riemannian metric on S?"~! /G. Henceforth, the term “lens space” will refer to
this generalized definition. Ikeda proved the following result for manifold spherical

space forms (Lemma 1.2 in [I12]). We note that the proof doesn’t require the groups
to be fixed-point free, and reproduce the result for orbifold spherical space forms:

Lemma 2.1. Let S™ /G and S™ /G’ be spherical space forms for any integer m >
2. Then S™ /G is isometric to S™ /G" if and only if G is conjugate to G' in O(m +
1).

Note that if we have a lens space S?"~!/G = L(q : p1,...,pn), With G =<
g >, permuting the p;’s doesn’t change the underlying group G; similarly, if we
multiply all the p;’s by some number +/ where gcd(l, q) = 1, that simply means
we have mapped the generator g to the generator ¢, and so we still have the same
group G. Also note that if two lens spaces S**~'/G = L(q : p1,...,pn) and
S§*=1/G" = L(q : s1,...,5,) are isometric, then by the above lemma G and G’
must be conjugate. So, the lift of the isometry on S?"~! maps a generator, g of G
to a generator g’ ! of G’. This means that the eigenvalues of g and ¢ L are the same,
which means that each p; is equivalent to some [s; or —ls; (mod ¢). These facts
give us the following corollary for Lemma 2.1

Corollary 2.2. Let L = L(q : p1,...,pn) and L' = L(q : s1,...,Sy,) be lens
spaces. Then L is isometric to L' if and only if there is a number | coprime with
q and there are numbers e; € {—1,1} such that (p1,...,py) is a permutation of
(e1ls1, ..., enlsy) (mod q).

Assume we have a spherical space form S” /G for any integer m > 2. For any
f € C(S™/@), we define the Lapacian on the spherical space form as A (7* f) =
7 (Af). We now construct the spectral generating function associated with the
Laplacian on S?"~!/G analogous to the construction in the manifold case (see
[11], [12] and [IY]). Let A, A and Aq denote the Laplacians of S§?"~1, §?»~1/@

and R?", respectively.
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Definition 2.3. For any non-negative real number )\, we define the eigenspaces E \
and E) as follows:

Ex={feCc=(S™ Y |Af=\f},
Ey={feC®E™1/G)|Af =Af}.
The following lemma follows from the definitions of A and smooth function.

Lemma 2.4. Let G be a finite subgroup of O(2n).

(i) Forany f € C®(S*1/G), we have A(7*f) = 7*(Af).
(ii) For any G-invariant function F on S*™1, there exists a unique function
f € C(S*1/Q) such that F = 7* f.

Corollary 2.5. Let (EA) o be the space of all G-invariant functions of E,\. Then

dim(E)) = dim(E))g-

Let A be the Laplacian on R?" with respect to the flat Kihler metric. Set
r2 = 2321 x?, where (1, 2, . .., T2,) is the standard coordinate system on R?".
For k > 0, let P* denote the space of complex valued homogeneous polynomi-
als of degree k on R*". Let H* be the subspace of P* consisting of harmonic
polynomials on R?",

H¥ = {f € P"|Aof =0}.
Eachkorthogonal transformation of R?" canonically induces a linear isomorphism
of P*.

Proposition 2.6. The space H* is O(2n)-invariant, and P* has the direct sum
decomposition: P* = H* @ r2Pk=2,

The injection map i : S?*~! — R2?" induces a linear map i* : C®°(R?*") —
C>(S?"~1). We denote i*(H*) by H*.

Proposition 2.7. H* is an eigenspace of A on S with eigenvalue k(k 4+ 2n —
2) and Y 32 HE is dense in C*°(S*™ 1) in the uniform convergence topology.

Moreover, HF is isomorphic to H*. Thatis, i*: H* =y 1k,
For proofs of these propositions, see [BGM].

Now Corollary 2.5 and Proposition 2.7 imply that if we denote by ’H]E’; be the
space of all G-invariant functions in ¥, then

dim By (g1 009y = dim HE,.

Moreover, for any integer k such that dim Hlé # 0, \p = k(k +2n — 2)is an
eigenvalue of A on S?"~!/G with multiplicity equal to dim ’Hg, and no other
eigenvalues appear in the spectrum of A.

Definition 2.8. Let O be a closed compact Riemannian orbifold with the Laplace
spectrum, 0 < A1 < A9 < A3... 7T 00. For each \, let the eigenspace be

B, = {f €C®(0)|Af = Mf}.
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We define the spectrum generating function associated to the spectrum of the Lapla-

cian on O as
o

Fo(z) = Z (dim E;\k)zk
k=0
In terms of spherical space forms, the definition becomes

Definition 2.9. The generating function F(2) associated to the spectrum of the
Laplacian on S™ /G is the generating function associated to the infinite sequence
. ko0 .
{ dim HG}k:o , Le.,
oo
Fo(z) = Z (dim Hl&)zk
k=0
By Corollary 2.5, Proposition 2.7 and subsequent discussion, we know that the
generating function determines the spectrum of S /G. This fact gives us the fol-
lowing proposition:

Proposition 2.10. Let S™ /G and S™ /G’ be two spherical space forms. Let F(z)
and Fe(z) be their respective spectrum generating functions. Then S™/G is
isospectral to S™/G" if and only if Fg(2) = Fei(2).

Our first goal is to find an alternative expression for F;(z) that will allow us to
compare F(z) and Fgr(2).

If G is a finite subgroup of O(2n) with orientation preserving action on S?7~!
then G is a subgroup of SO(2n). In the following we will consider orientation-
preserving group actions.

The following theorem, proved for manifold spherical space forms in [I12] (The-
orem 2.2), holds true for the orbifold spherical space forms as well since the proof
doesn’t require the group action to be free.

Theorem 2.11. Let G be a finite subgroup of SO(2n), and let S*"~'/G be a
spherical space form with spectrum generating function Fg(z). Then, on the do-
main {z € C | |z| < 1}, Fg(2) converges to the function

1— 22
Fo(2) |G| Z det(Ion — g2)°

where |G| denotes the order of G and I on IS the 2n X 2n identity matrix.

We denote the generating function for a lens space L = L(q : p1,...,pn) by
Fq(z * D1 7pn)
Corollary 2.12. Let L(q : p1,...,pn) be a lens space and Fy(z : p1,...,pn) the

generating function associated to the spectrum of L(q : p1,...,pn). Then, on the
domain {z € C | |z| < 1},

Fys -1y e
qg\Z P13 Pn *q Hn (z—’ypil)(z—’y_pil)’

where ~ is a primitive q-th root of unity.



Proof. Let x;, denote the character of the natural representation of SO(2n) on HF.
Then, in the notation of the Theorem 2.11, we get

, 1 1<
(2.2) dim H¢; = €] D xklg) == xr(d):
geG q =1
So
(1-2?) 1
Fyz:p1y..o,pn) = = ' —
q 1 ’G‘ gEZG H’i:l(l _ rypzz)(l -y pzz)

since multiplying through by 1 = (—v~Pi!)(—+Pi!) gives
(1= P2) (1 = y7Pilz) = (2 = 4P (2 = P). O

Remark: By the Theorem 2.11 and unique analytic continuation, we can con-
sider the generating function to be a meromorphic function on the whole complex
plane C with poles on the unit circle S' = {z € C | |2]| = 1}.

From this remark we have,

Corollary 2.13. Let S>*!/G and S*"~1 /G’ be two spherical space forms. Let
E(g) denote the set of eigenvalues of g, with multiplicity counted. If there is a one
to one mapping ¢ of G onto G’ such that the set E(g) = the set E(¢(g)),Vg € G,
then S*~1 /G is isospectral to S** 1 /G'.

Proof. The proof follows from the fact that

H (1 —72)= H (z — ) = det(Ia, — g2).
VEE(9) VEE(9)
(]

Corollary 2.14. Let S>*~1 /G and S*"~' /G’ be two isospectral spherical space
forms. Then |G| = |G|

3. 3-DIMENSIONAL ORBIFOLD LENS SPACES

For 3-dimensional manifold lens spaces, it is known that if two lens spaces are
isospectral then they are also isometric ([IY] and [Y]). We will generalize this
result to the orbifold case.

Using the notation adopted in the previous section, we write the two isospectral
lens spaces as L1 = L(q : p1,p2) and Ly = L(q : s1, S2). Now there are only five
possibilities:

Case 1 Both L; and Lo are manifolds. In this case ged(p;,q) = 1 = ged(s;, q)
fori=1,2.

Case 2 One of the two lens spaces, say L; is a manifold, while the other, Lo is
an orbifold with non-trivial isotropy groups. This means that gcd(p1,q) =

gcd(pa, q) = 1, while at least one of s; or sg is not coprime to g.
7



Case 3 Both L; and L4 are orbifolds with non-trivial isotropy groups so that ex-
actly one of p; or py is coprime to g and exactly one of s; or so is coprime
to q.

Case 4 Both L; and L9 are orbifolds with non-trivial isotropy groups, but in one
case, say for L, exactly one of p; or ps is coprime to ¢, while for the other
lens space, Lo neither s nor ss is coprime to q.

Case 5 None of p1, p2, s1 and s is coprime to g.

With these five cases in mind, we will prove our main theorem:

Theorem 3.1. Given two 3-dimensional lens spaces Ly = L(q : p1,p2) and Ly =
L(q : s1,82). If Ly is isospectral to Lo, then the two lens spaces are isometric.

Proof. We will consider each case separately:

Case 1

In this case L; and Ly are both manifolds. Ikeda and Yamamoto proved this
case (see [IY] and [Y]).
Case 2

We know that whenever two isospectral good orbifolds share a common Rie-
mannian cover, their respective singular sets are either both trivial or both non-
trivial [GR]. Therefore, for orbifold lens spaces we can’t have a situation where
two lens spaces are isospectral, but one has a trivial singular set while the other has
a non-trivial singular set. So this case is not possible.

Case 3

By multiplying the entries of L and Ly by appropriate numbers coprime to g
we can rewrite Ly = L(q : 1,z) and Ly = L(q : 1,y), where x and y are not
coprime to q. Let F(z) [resp. Fa(z)] be the generating function associated to the
spectrum of Ly [resp.Ls]. Let -y be a primitive g-th root of unity.

Now,

lim (z — ) Fi(2)

LY (z =71 =%
—amy ; (1=12)(1 = y712)(1 = 47l2) (1 — y~lz)
YN (1—y'2)(1—2?)

GO =) a0 e )

=1

Each term of the sum vanishes unless (1 — vy ~1z) cancels one of the four terms in
the denominator. This occurs if one of the following congruences has a solution:

(1) I+1=0(mod q),
(2) =l +1=0(mod q),
(3) zl 4+ 1 =0(mod q),
4) —zl+ 1 =0(mod q).

Congruences (3) and (4) have no solution as x is not coprime to g. The solution to
(1)is I = q¢ — 1, and the solution to (2) is [ = 1. Substituting in (3.1), we get
8



—2v
li — NF (2) = .
Zgr}y(z v)F1(2) q(1 — y=#+1)(1 — o)

By the same argument, we get

. —2
AR IRE) = g e
Since
lim (2 — 7)Fa(2) = lim (2 — 7) Fa(2),
we get
—2y _ —2y
q(1 ==+ ) (1L —A=H1) g1 —y7¥ ) (1 —4vtl)’
1 1
= = )

1=+ ) +9% L= (v + 9t +97
— ol el eyl L
Since v # 0, we get
T =T 4,

I

,yy
R G
,yy + 72:p+y — ,yx + 7x+2y7
2x+y

1 1
¥+vz=f+’vy,

)

Y — T = Ty

YL =2"T) =2"(1 = "),
(7Y =) (1 =9") =0,

W -~ =00rl—~*"" =0,

x = y(mod q) or z = —y(mod q).

IEEEEEE

Thus, by Corollary 2.2 we get that L; and Lo are isometric.

Case 4
By the same argument as in Case 3, we get

: —2y
1 —7)F1(2) = :
e =D

However,
lim(z —7)Fy(2) =0
since the congruences (1) - (4) in Case 3 become
(1) s11+1=0(mod q),
(2’) —s1l+ 1 =0(mod q),
(3’) s2l +1 =0(mod q),



(4) —s2l+1=0(mod q),

and these congruences have no solutions because s; and s, are not coprime to gq.
Thus, in this case L; cannot be isospectral to L.

Case 5

This is the hardest of all the cases. First, we can simplify the forms of the two
lens spaces as follows:

Let ged(p1,q) = = > 1, ged(pa,q) = y > 1, ged(s1,q) = u > 1, and
gcd(s2,q) = v > 1. Also without loss of generality we can assume that y > 2 and
v > u because if x = y (resp. u = v) then |G| = ¢/x (resp. |G| = ¢q/u), which
contradicts our assumption that |G| = gq.

We rewrite L; = L(q : az,by) and Ly = L(q : cu,dv). Since gcd(az,q) =
ged(xz,q) = x and ged(cu,q) = ged(u,q) = u, we can multiply the entries of
Ly and Lo by appropriate numbers coprime to g and rewrite L1 = L(q : x, py)
and Ly = L(q : u, sv) (see [GP]). We will also assume that ged(z,py) = 1 =
ged(u, sv) because if say ged(x, py) = e > 0, then we could divide z, py and ¢
by e and get a lens space with fundamental group of order g/e instead of ¢, which
is a contradiction.

In this case we again want to consider a limit of the spectral generating functions
for L1 and Lo.

Proposition 3.2. Suppose L = L(q : x, py) is an orbifold lens space with spectrum
generating function Fy(z). Then lim (z — y%)F,(2) # 0, where v = ¢*™/9 is a
Zz—yT

primitive q-th root of unity.

Proof. We denote g/, = % and ¢/, = g. Then

. N (z —1")(1 - 2%)
| —~")F, = lim -
Zi}z}z(z 7) Fa(2) Zi{,Iylz q ; (1 —~422) (1 — y=2l2) (1 — AP¥lz) (1 — y—Pulz)

(1—9%2)(1 - 2%

q
T
32 =1
G2 A L T — =)

As before, the terms in the above sum are non-zero iff one of the following
congruences has a solution:

(1”) zl + x = 0(mod q),

(2”) —zl + x = 0(mod q),

(3”) pyl + = = 0(mod q),

4”) —pyl + = = 0(mod q),

(3”) implies that pyl + x = 0(mod y), so, if (3”) has a solution, it would violate
the fact that ged(x,y) = 1. Therefore, (3”) has no solution. Similarly (4”) has no
solution.

The solution to (1) is { = tq/, — 1 and the solution to (27) is = tq/, + 1 for
t € {1,...,x}. Note that for | = tq/, + 1,

P, 2
g =) =2
2=y (L= *z)(1 = =z
10
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We can, therefore, write (3.2) as

—QV 1
. _ x
Zlgglz(z v ) Z APY tq/L—1)+m)(1 _ ,y—py(tQ/x—l)-Fiv)

Writing a; = py(tq/, — 1), we get

. . _ !
2131711(2 - )Fq(z) - q Z 1 _ (aH»x))(l _ ,y*(at*x))

—27 1 1 1
Z ozt—i-x) —(at—z) _ ,y—(at—i—x)) |:1 _ fy—(oet-‘r:c) a 1— ,Y—(at—x)]

—2y 1 1
= q(,.y2a: _ ]_) tZ |:1 — f)/—(ozt-l-:r:) - 1— "}/_(at_l‘)i|

_ 2 1 1
z2q sin 2;”6 ; [1 — e—i2m(ata)/g ] — e—iQﬂ'(at—m)/q:|

By writing a; = o + x and by = oy — x, we can rewrite the above as:

-2 - 1 1
) . _ B
ZIEIW&(Z Y )Fq(z) i2q sin 2:;:1: ; [1 _ e—i2mar/q ] — eﬂ'zwbt/q}
1 Z‘”: [ 2 2i }
2 _ -2 9 _ —i2nb
2qsm Tq”Ct - 1 — e—i2mar/q 1 — g—i2mbt/q

Now, using the identity cot 6 + i = kfﬁ, we get

1 a igen o
33 lim (z —~*)F, _— [Cot — —cot —} .
(3.3) zlyyz(z v ) Q(Z) 2(] gin 27(;32 ; q q

The above limit can only be 0 if

i Ta b
Z [cot—t— t—t

— q q

x
0 T

=y {Cot g[tpqu — (py — )] — cot E[tpqu — (py +2)]| =0.

t=1

Suppose A; (resp. By) is the remainder when a; (resp. b;) is divided by ¢. Then
fét is between 0 and 7.

Consider the following two sets of remainders of positive integers (mod ¢) when
a¢ and by are divided by ¢:

A={A;: Ay =a;(mod q), t =1,2,...,x}
and

B = {Bt : Bt = bt(mod q), t= 1,2,...,33}.
11



Suppose min{A} = A; and min{B} = Bj. Now we have the following
possibilities:
(i) Aj > By. Thenitis easy to check that A; ; > By, fort =0,1,...,2—1,
since a; ¢ — byt = a; — by. So, we can re-write (3.3) as

1 ol T T
3.4 lm (2 — ") F () = — — [cot—A4 — ot IR ]
(3.4) z—wz( v Fy(2) 2qsin2”7” ; g it g Dkt

We know that if 0 < B < A < m, then cot A — cot B < 0. Since, in
the above equation 0 < Bj4; < Aj4¢ < 7 for all ¢, each pair gives us a
negative value, and therefore (3.4) is negative.

(i) A; < Bj. Then using a similar argument as above, we will have (3.4)
positive.

(iii) Aj = By. This means a; — by = (j — k)pyq), + 22 = 0(mod ¢). But
this means that y|2x, which is not possible since we are assuming that
ged(z,y) =1land x < y.

This proves the proposition. ([
We will also need the following results to prove the theorem for Case 5:

Proposition 3.3. Suppose Ly = L(q : x,py) and Ly = L(q : u,sv) are two
isospectral lens orbifolds where gcd(x,q) = x, ged(py,q) = y, ged(u,q) = u
and gcd(sv, q) = v. Then either u = x and v =y, or u = y and v = .

Note 1: If w = z and v = y, then Ly = L(q : x,py) and Ly = L(q : z, sy);
ifu=yandv = x,then Ly = L(q : =,py) and Lo = L(q : y,sx) = L(q :
sly,xz) = L(q : =,5 'y). In either case, this implies that we can write L; =
L(q:z,py)and Ly = L(q : x,s'y) where ' = sor s’ = s 1.
We now prove the above claim:

Proof. We denote ¢/, = £ and ¢/, = %. Then, writing F; to denote the spectrum
generating function of L;, we have

. 1Y (z=7")(1 - 27
| —¥F =1 -
Zi)r,rylx(z v ) 1(«2) Zl)I,Iylz q E (1 _ vxlz)(l _ ,ylez)(l _ ,ypylz)(l _ ,yfpylz)

Recall that the only non-zero terms in this limit will be the ones where zl 4+ = =
0(mod q) or —xl + = = 0(mod g), which gives | = tq;, — 1 orl = tq/, + 1 for
t € {1,...,2}. Also note that for such a ¢, we have

1 1

(1 — yPvtase=Dtay (] _ y=pyltae=1)+r) - (1 — APYlE=taatlltey () _ y=pylle—tietll+ey”

These two facts, along with Proposition 3.2 give

z T 1

=)
| —
g

1 AT
—~ (1- APY(ta =)ty (] pyltaa =1ty N zligylz(z YIF(z).
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Since
lim (z —7*)Fi(z) = lim (z —7*) Fa(2),

2= z—y®
we get
_Q,Yx T 1 ' N
0 7é q tzl (1 . ’Ypy(tq/x_1)+$)(1 _ ,y—py(tq/x—l)—i-g;) - Zli}z/lz(z - )FQ(Z)
7 < (1—~2)(1 - 22)

— lim — — .
g lZ (1= 7"2)(1 = 7 2) (1 = 7)1 = 4 z)

So there must be an [ such that

ul + = 0(mod q),

or
—ul + z = 0(mod q),
or
svl +x = 0(mod q),
or

—svl + x = 0(mod q).

Recall that u|q. Then ul + = 0(mod ¢) or —ul + x = 0(mod ¢) imply that
u|z. Similarly, since v|q, we can show that if svl + 2 = 0(mod ¢) or —svl + z =
0(mod q) then v|z. So either u|x or v|z.

Now by multiplying the elements of L; by an appropriate number we can rewrite
L1 = L(q : y,p'x). Then applying the same argument as above where we swap
the roles of x and y, we get either u|y or v]y.

Suppose u|z. Then since ged(x,y) = 1 we can’t have uly. Similarly, if v|z,
then we can’t have v|y. Therefore, either u|x and v|y, or v|z and u|y since if u or
v divide both, then it contradicts ged(q, z, py) = 1.

We can swap the roles of L; and Lo and repeat the above arguments again to get
either x|u and y|v, or y|u and x|v.

If u|z and v|y, and at the same time x|v and y|u, then |y, which contradicts the
fact that gcd(q, =, y) = 1. So, the only possibilities are:

i. wul|x, v|y, x|u and y|v. This means ¢ = v and y = v.
il. |z, uly, x|v and y|u. This means z = v and y = u.
This completes the proof for the proposition. O

Corollary 3.4. Without loss of generality, we can write the two lens spaces as
Ly = L(q : z,py) and Ly = L(q : z, sy) with ged(q, py) = y = ged(q, sy), and
y > .

Note 2: If one of  or y is even (in case when ¢ is even), we will also assume
that z is always odd. This will not violate our assumption that x < y because if
we have a lens space L(q : 2/, p'y’) with even 2’ and odd ¢’ and 2’ > ¢/, then we
can replace 2’ and v’ with y = ¢ — 2’ and © = ¢ — 3/ respectively; we can then
multiply with an appropriate number to re-write the lens sapce as L(q : x, py).

13



Proposition 3.5. Suppose L1 = L(q : x,py) is a lens space as in Corollary 3.4.
Then

i T
35) > cot 5[75pr/$ (py — ) Z cot ~ tQ/m (py — )],
t=1

and

x
36 ) cot g[tpqu (py + Z cot = (e~ ey + )]
t=1
Proof. We will prove the proposition for (3.5) only as the proof for (3.6) is similar.

We denote z = py — x. Since = and py are coprime, we have ged(zx, z) =
ged(py,z) = 1.

We claim that t12q/, = q/,(mod g) for some ¢ € {1,2,...,z — 1}.

Since ged(z,x) = 1, there exist numbers o and 5 such that az + Sz = 1,
which means az = 1(mod x). Without loss of generality, we can also assume
that o« < =z, for if @ > =z, then we can write @ = vz + o (with o/ < z); this
would give us (yx + o’)z = 1(mod z), which gives o’z = 1(mod z) with o/ < x.
Multiplying both sides of the congruence by g/, proves our claim, i.e., we have a
t1(= a(mod z)) € {1,2,...,x — 1} such that t12q/, = q/,(mod q).

Now, multiplying the congruence az = 1(mod z) by j € {2,3,...,x — 1}, we
get jaz = j(mod x). As before, we can find ¢;(= jo(mod z)) € {1,2, ...,z — 1}
such that t;2q,, = jq/,(mod q).

Now suppose that for ¢ > j, we get ¢; = t;. This implies that i = j(mod z),
or i —j = 0(mod z); but since ¢ and j are smaller than z, this is not possi-
ble. So we now have a 1 — 1 correspondance between the sets {1,2,...,2 — 1}
and {t1,to,....,ty—1}, i.e. the set {t1,to,...,t,—1} is just a permutation of the set
{1,2,...,2 — 1}.

Now, foreach t; € {1,2,...,x — 1}, we get

tj2q/y = jq/p(mod q),
= tj(py — v)q/, = jq/,(mod q),
= t;pyq/s = jq/x(mod q),
= tpYyq/e — (Py — =) = jq/. — (py — z)(mod q).
This proves (3.5).
O

To prove the Case 5, we will use the property of the cotangent function that
between 0 and 7 the function is strictly decreasing. Using this property along with
the fact that the cotangent function is periodic with period 7, we will line up the
minimum values (and hance all the values due to periodicty) of tq,, + ay + =,
tq), + y — ,tq), + By — x, and tq,,, + By + x respectively.

Proposition 3.6. Suppose L1 = L(q : x,py) and Ly = L(q : x, sy) are isospec-
tral lens spaces as in Corollary 3.4, where y # q,, with spectrum generating
14



functions Fy(z) and F(z) respectively. Suppose oy = (q — p)y( mod q) and
By = (¢ — s)y( mod q). Consider the following four sets of positive integers (mod
q):

A={A: A =[tq), + ay +x|(mod q), t = 0,1, ...,x — 1},
B ={B;: By = [tq), + ay — z](mod q), t =0,1,...,0 — 1},
C={C;:Cy = [tq), + By — x](mod q), t = 0,1,...,0 — 1},
D ={Dy: Dy = [tq/, + By + x|(mod q), t = 0,1, ..., x — 1}.

Then the minimum values of A and B occur for the same value t' € {0, 1, ...,x—1},
and the minimum values of C and D occur for the same value of t”" € {0,1, ..., x —

1.

Proof. We note that the only time the minimum values for A and B (resp. C and
D) will occur at different values of ¢ is when for some ¢, tq/, + ay + = > 0 and
tq/z + ay — x < 0. But this would mean that y(tq/zy + a) < x, which can’t be
true because we are assuming y > x. Therefore, for every ¢, both tq,, + ay + x
and tq/, + ay — x are positive(with the only exception happening when y = ¢/,
which we will look at a little later). This implies that the minimum values of
tq/z + ay + x and tq/, + ay — x occur for the same value of ¢ = t’, and in such
a case the difference between the minimum values would be 2x. The same will be
the case for the minimum values of tq,, + By + x and ¢q,, + By — z, which occur
for some value of t = t”. O

Corollary 3.7. Suppose L1 = L(q : x,py) and Ly = L(q : =, sy) are isospectral
lens spaces as above. Also suppose min{A} = Ay, min{B} = By, min{C} =

Cynr, and min{D} = Dy Then forall t € {0,1, ..., (mg3) 1

[cot g(At/ +1q/,) — cot g(Bt/ + tq/x)}
~ ot g(Ctu +tq),) — cot g(Dt// + tq/m)}

+ [ cot g(At/ +(z—t—1)q,) — cot g(Btl +(z—t— 1)q/m)]

_eot g(Ctu +(z —t—1)g/,) — cot %(Dt// +(z—t— 1)Q/:p)] =0,

(z—1)
2

and fort =

(z—1)
2

(x—1) )]

T s
[cot 5(At/ + q/z) — cot Q(Bt' + 5 /e

T (x—1) 7T (z—1) _
_ [COt 5(0751/ =+ 5 Q/m) — cot E(Dtu + 5 Q/x)] =0.




Proof. Using a similar argument as in Proposition 3.2 and the fact that F3(z) =
F5(2), we will get

i
L

[cot g[tpyq/x — (py — z)] — cot g[tpyq/x —(py + w)]}

~+
()

8
—

3.7 =

(]

™ s
[Cot Jlsvaye = (sy — )] —cot _ [tsyays = (sy + éﬁ)]} :
t=0

Using (3.5) and (3.6), the above equation can be written as

I
—

xT

[cot g[tq/x — (py — x)] — cot %[tQ/x — (py + «’13)]]

7T
- O

(3.8) = {cot g[tq/x — (sy — x)] — cot g[tq/x — (sy + w)]} )
0

~~
I

Finally, by writing ay = (¢ — p)y( mod ¢) and Sy = (¢ — s)y( mod ¢q), we can
rewrite the above equality as

|
—

xT

m m
[cot E[tq/z + ay + ] — cot E[tq/z +ay — x]}

I
- o

(3.9) = [cot g[tq/z + By + x] — cot g[tq/x + By — x]} ,
t=

o

Since the minimum values for A and B (resp. C and D) occur at the same value
of t, Ay > By (resp.Cy > Dy) for all values of t € {0,1, ...,z — 1}.

A B C D . T
Also note that =", =, ", and "t lie between 0 and Z (= (Z/”), and
TA B wC wD .
each subsequent —4+t, ;’“, Z’*t, and g"“ fort € {1,2,...,0 — 1} is

q
. . TA TBr 7Clrr
simply a translation of — =1 ——tHi=l T dtol ap
q q

q
to the right by 7. This means that we can re-write Equation (3.9) as

d D4y

, respectively,

|
—

T

[Cot g(Atl +tq/y) — cot g(Bt/ + tq/x)}
t

(3.10) — {cot g(ct” +tq/,) — cot g(Dtu + tq/x)} =0

Il
=)

Further note that the distance between Ay, and By, = 2z = distance between
Cyr 4y and Dy for all values of ¢.
Now we have the following possibilities:
Case I: Suppose Ay > Cyr, Ay > By and Cyr > Dy . We have two possibili-
ties in this case: Ay > Cyr > By > Dy, or Ay > By > Cpr > Dy,
16



We will prove the result for the case when Ay > By > Cyr > Dyr, and will
note that the case when Ay > Cy» > By > Dy can be proved similarly with a
slight modification.

Fort < (z —1)/2, we have

™ T

cot E(At/ +tq/) — cot E(Bt/ +tq/,) <0,
7T T

cot E(Ctn + tq/,) — cot E(Dt” +1tq/,) <0,

And since the distance between Ay +tq /2 and By +tq /2 18 the same as the distance
between Cyr + tqy,, and Dyr + tq,,, and the slope of the cotangent function is
negative and continuously increasing between 0 and 7, we also have

[cot (G +1ay3) = cot (D +tay,)] > [ cot (A + tay,) = cot - (By +1qy3).
These three conditions imply
[Cot g(Atl + tq/,) — cot g(Btl + tq/z)]

(3.11) - [cot g(ctu +1q/,) — cot g(Dtu + tq/x)} > 0.
Similarly, for ¢t < (z — 1)/2, we have

cot g(Atr +(z —t—1)g/,) — cot g(Bt/ +(z—t—=1)g,) <0,

cot g(C’tu + (z —t —1)q/;) — cot g(Dt” +(z —t—1)g/,) <0, and

| cot g(At, +(x—t—1)qy,) — cot g(Bt/ +(z—t—1)g,)]

> | cot g(ct” + (x —t —1)q/) — cot g(Dtu +(z =t —1)q/,)l-
These three conditions imply

[cot %(At/ + (z —t —1)q/;) — cot g(Bt/ +(x—t— 1)q/m)}

(3.12) — [cot g(Cw +(z—t—1)q),) — cot %(Dtu (ot 1)q/x)] <o.

Adding the two left sides of (3.11) and (3.12), we get the following expression for
t<(x—1)/2:

[cot g(At/ +1tq/,) — cot g(Bt/ + tq/x)}
o T
— | cot E(Ctl/ +tq/,) — cot E(Dtu + tq/m)}

+ [ cot g(At/ +(z—t—1)q),) — cot g(Bt/ Y-t l)q/m)]

3.13) - :cot g(Ctn +(z —t—1)q/) — cot g(Dt// +(x—t— 1)q/$)} .
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We know that the distance between Ay +1q/, and By +1qy, (resp. Cyr +tq,,, and
Dy +tqy,) is 2x. Suppose the distance between By +tq,, and Cyr +1tq, is . We
can thus write Cyr + tQ/m =D+ tQ/ac + 2z, By + tq/x =D + tQ/m +2z+7r,
and Ay +tq/, = Dy +tq), + 4z + 7. Now denoting d = Dy + tq/,, we can
view the expression (3.13) as a function of d as follows:

fld) = [cotg(d+4x + 1) — cotg(d—i— 2r+71) — [cot g(d—i— 2x) — cot g(d)]

+ [cotg(d+4x—|—r+ (z =2t —1)q/,) — cotg(d+2x+r+ (x — 2t — 1)q/z)}

- [cotg(d+ 2z + (v — 2t — 1)q),) — cotg(d—l— (x — 2t — 1)q/x)}.

Now, using the property

cot XcotY F1

tY £cot X =
«© «© cot(X £Y)

we can rewrite the above function as

1 U s
d)=———+—| —cot—(d+4 t —(d+ 2
f(d) cotg(lr) co q( +4x+71)co q( +2x+7)
+cotg(d+2x)cotg(d)
—cotg(d+4x+r+(x—2t—1)q/x)cotg(d+2x+r+(m—2t—1)q/x)

—|—cotg(d+ 2z + (v — 2t — 1)q/,) cotg(d—i— (x =2t = 1)q/)|-

We claim that the function f(d) is a decreasing fucntion. To see this, we look at
the first derivative of this function as follows:

f(a) [Cotg(d+4:c+r) csczg(d+2:v—|—7")

cot Z(2z)
g T ™
+csc® —(d+ 4z + 1) cot —(d + 2z + 1)
q q
— cot E(al + 2) csc? E(al) — csc? E(d + 2z) cot E(d)
q q q q
+ cot E(al—i—4x +r+ (-2t —1)q/,) csc? E(al—i— 2v +1+ (-2t —1)q/,)
q q
+ csc? E(d+4x +7r+ (z —2t — 1)q/,) cot E(al—i— 2v 41+ (z -2t — 1)q/,)
q q

— cot E(al + 2z + (x — 2t — 1)qy,) csc? g(d + (=2t = 1)q/5)
q

— csc? g(d + 2z + (x — 2t — 1)q,) cot g(d + (v =2t = 1)q/,) |-
18



It will be easier to see that between 0 and 7, f/(d) < 0 if we rewrite f’(d) back in
terms of Dy, Cyr, By, and Ay

f'(d) [cot g(At/ +1q/,) csc? g(Bt/ +tq/2)

~ cot T (2z)
q

9 T ™

+ csc a(At/ +1tq/;) cot E(Bt’ +1q/,)
™ T

— cot g(C’tu +tq/s) csc? E(Dtu +1q/)

— csc? g(Ctu +tq/,) cot g(Dt// +1q/)

+ cot g(At/ +(z—t—=1)q/) csc? g(Bt/ + (=t —1)q/z)

+ csc? E(At’ +(z —t—1)gy,) cot g(Btl +(z —t—1)q/z)
T o T

— cot g(C’tu + (x —t —1)q/,) csc E(Dtﬁ +(@—t—1)q,)

_ CSC2 g(ctu =+ ($ —t— 1)Q/m) cot E(Dt// + (.73 —t— 1)(]/w)j| .

Recall that we are assuming Ay > By > Cy > Dyn. This implies the following
two facts:

(@ 5> Ay +tq/, > By +1tq/, > Cyr +tq/, > Dy +1q/. > 0, gpq
b) 7> Ay+(x—t-1)q/, > By +(x—t—1)q/, > Cpn+(z—t—1)q/, >
Dt// + (.’IZ —t— 1)Q/x

We know that csc? is positive, decreasing between 0 and T, and increasing between
5 and 7. We also know that cot is positive and decreasing between 0, and cot is
negative and decreasing between 5 and 7. Combining these facts with our assump-
tions noted above, we can now easily conclude that between 0 and %, f'(d) < 0,
and that f(d) is a decreasing function. This implies that if the distance between 0
and Dy~ is greater than (resp. less than) the distance between Ay + (x — 1)q /2 and
7 then the expression (3.13) > 0 (resp. < 0).

We note that the case where Ay > Cyr > By > Dy is similar with the only
difference being that in this case, By +tq, = Dy +1q/,+2x—r, and Ay +tq,, =
Dy +tq), + 4x — r. The remaining arguments will be the same.
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Since x is odd then we can re-write (3.10) as

(z—3)/2 - -
{ [cot —(Ay +tq/,) — cot —(By + tq/m)}
=0 q q
T T
- _cot E(Ct// +tq/) — cot 5(Dt~ + tq/x)}
+ [ cot g(At/ + (z —t —1)q/;) — cot g(Bt/ +(z—t— l)q/x)]
~ [cot g(Ct// + (x —t —1)g/,) — cot g(Dt// +(z—t— 1)q/x)} }
I s z—1 m z—1
+ _Cot E(At’+ ( 5 )q/x)—cot E(Bt/—i— ( 5 )q/x)]
T (x—1) s (x —1)
3.14) - _cot g(Ct// + q/z) — cot E(Dt// + q/x)} = 0.

If (3.13) > 0 (resp. < 0) for some ¢, then (3.13) > 0 (resp. < 0) for all ¢ since if the
distance between 0 and D, is greater than (resp. less than) the distance between
Ay + (x —1)g/, and 7, then the distance between 0 and Dy~ +tq/, will be greater
than (resp. less than) the distance between Ay + (z —t — 1)g /2 and 7 . Further, it
can be easily seen that if (3.13)> 0 (resp. < 0) for all ¢, then

x—1)
2

T ( T (x—1)
[COt a(At/ + q/z) — cot a(Bt/ + 5 Q/x)]

x—1) T (x—1)
5 Q/ac) — cot E(Dt“ + 5 q/m)} > O(resp. < 0).

This would mean that (3.14) will not be satisfied. Therefore, we conclude that for
all £, (3.13) = 0. This also means that from (3.14), we have

T (x —1) T (x —1)
[COt g(At/ + T(]/x) — cot g(Bt’ + 9 q/a:)]

- [cot g(C’tu + (

2
Case II: Suppose Ay > Cyr, Ay > By and Cpr < Dy . We have two possibil-
ities in this case: Ay > Dy > By > Cyr, or Ay > By > Dy > Cyn.
Since the cotangent function is strictly decreasing, we have, for ¢t < (z —1)/2,

T r—1
i) - cot 200+ 5 0g,)] ~0,

— [COt g(ctu —+ (‘T

s ™

cot g(At/ + t(J/x) — cot E(Bt/ =+ tQ/:E) < O,
s ™

cot E(Dt" +tq/,) — cot E(Ct// +tq/,) <O0.

This means that

[cot g(At/ +tq/,) — cot g(Bt/ + tq/m)]

(3.15) - [cot g(oﬂ, +tq),) — cot g(Dt,, + tq/x)} <o0.
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Similarly, for ¢t < (z — 1)/2, we have
cot g(At’ + (& =t —1)qy;) — cot g(Bt’ + (& —t=1)g) <0,
cot T (D 4z =t~ D) = cot = (Cor-+ (o~ t = 1)gz) < 0.
This means that
[cot g(At/ + (. —t—1)q,) — cot g(Bt' +(z—t— 1)%)}
(3.16) — [cot g(Cw + (z —t—1)gq/,) — cot g(Dt” +(z—t- l)q/x)] <0.

Re-writing (3.10) as (3.14) as in Case I, we can see that the entire expression
will be negative, unless (3.13) = 0 for every value of ¢. Reasoning, as in Case I, we
also get
x—1)

2

(z—1) )]

s
Q/r) — cot g(Bt’ + 2 d/x

(3321)(]/%) — cot g(Dt” + (= B 1)q/x)] = 0.

CaseIIl: By > Ay > Dy > Cyr,or By > Dy > Ay > Cyr. In this case, we
can take the minus sign out from the expression (3.13) and swap the roles of By
and Ay (resp. Dy and Cy) to see that the function g(c) (defined very similarly
as the function f(d) in Case 1) is increasing. This would mean again that (3.14)
would not be satisfied unless (3.13) = 0 for all £, and subsequently

('T g 1) q/;r) — cot g(Bt’ + (x g 1> Q/m)]

[cot g(At/ + (

— [COt z(C't// —+
q

[cot E(A,y +
q

™ (x —1) ™ (r—1) B
_ [COt 5(015” —+ 5 Q/x) — cot §<Dtu -+ 5 Q/x)] =0.

CaselV: By > Cyr > Ay > Dy, or By > Ay > Cwr > Dy, In this case we
notice that (3.14) will be positive unless (3.13) = 0 for every value of ¢. Reasoning,
as in Case II, we also get

T z—1 T z—1
[cot q(At/+( )Q/x)—COt q(Bt'+( 5 )Q/x)]

2
-1) ™ (x —1) B
9 Q/x) — cot g(Dt” + 9 Q/:v)] =0.

Note 3: We will get four more possible cases where the roles of Ay and Cyr
(resp. By and D) are swapped with each other. With slight modifications these
four cases can be proved in the same manner as the above four cases.

- [cot g(C’t// + (z

This proves the result.

. —1
Corollary 3.8. One of the following holds for all t € {0,1, ..., 251}
(D) cot %Aturt = cot gC’tuH and cot %Bt’—&-t = cot g Dyryy
(H) cot %At’+t = —cot th”—(t—&-l) and cot %Bturt = —cot %Ct”—(t—i-l)
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Proof. Recall that between 0 and 7 the slope of the cotangent function is strictly
and continuously increasing and since the distance between A} and B, = 2x =
distance between C;’ and D}, the only way for

{cot E(At/—l—tq/m)—cot z(Bt/—i—tq/m)} - [cot E(Ct//+tQ/x)—COt E(Dtu—i—tq/x)}
q q q q
7r T
+ [COt 5<At, + (v —t —1)q/,) — cot E(Bt' +(x—t— l)q/x)}

- [cot %(C’tu +(z —t—1)q,) — cot g(Dtn +(z—t— 1)q/z)} =0

is if one of the following conditions is met:
1.

s T
cot E(At/ +tqy,) = cot g(Ct,, +tq/,), and
T T
cot g(Bt' +1qy,) = cot g(Dt” +tqyz)-

Note that these two statements are equivalent to the following two state-
ments:

cot T (A + (&~ 1= D) = ot T(Cor+ (@ — £~ )gz), and

cot g(Bt/ + (z—t—=1)gy) = cot g(Dt" + (@ =t = 1)qy,).

cot g(At/ +1q/5) = — cot g(Dw +(z =1 —1)q/), and

7r 7r
cot E(Bt/ +tq,) = —cot 5(@” +(x =t —1)q/z).
Note that these two statements are equivalent to

cot g(At’ + (z =t —1)qy;) = — cot g(Dt” +14;), and

cot g(Bt/ +(z —t—1)q,) = —cot g(ct” +1q/e)-

Also note that for ¢t = (151)’ since

T (x —1) ™ (z—1)
[cot T Ay + 50y = cot T (Be + 52y

(z—1)
2

s T (z—1) _
_ [COt E(Ct” =+ Q/x) — cot E<Dt” -+ 5 Q/x)] = 0,

we again get
7r 7
cot E(At' +tq/) = cot E(Ct" +tq/5), and

T T
cot E(Bt/ +1tq/,) = cot E(Dt" +1q/2)-

This means one of the following two conditions must be true for all values of

te{0,1,..., 21y
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(@ cot T Apy¢ = cot TCpryy and cot 7 Byiy = cot T Dypryy, when A, > Bj
and C}' > D/, or when A} < Bj and C} < Dy.
(H) cot %At’+t = —cot %Dt"—(t-‘rl) and cot %Bturt = —cot %Ct”—(t—&—l)’
when A} > Bj and C/ < D}, or when A} < B} and C} > Dj.
([

We are now ready to prove that isospectrality in Case 5 implies that the lens
spaces are isometric.

Proposition 3.9. Under Condition (I) of Corollary 3.8, L1 and Ls are isometric.
Proof. Condition (I) implies that Ay = Cyry¢( mod ¢) and By 4 = Dy y( mod q),
i, 3t ta € {0,1,..., “71} with

pyt1q/e — py +x = Ap(mod q),

pyt1q/z — py — x = By(mod q),

sytaqy — sy +x = Cy(mod q),
and

sYtaqy — sy — x = Dy(mod q)
such that
py(t1 +1)q/e — py + o = sy(ta +t)q/, — sy +x(mod q),vt € {0,1,...,2 — 1}
and
py(ts +1)q/e —py — 2 = sy(ta +t)q), — sy — x(mod q), vt € {0,1, ...,z — 1}
These congruences imply that V¢ € {0, 1,...,z — 1}

pyl(t1 +1)q/e — 1] = sy[(t2 +t)q/, — 1]( mod q).

Now, if ¢ = x — t1, then, by writing t3 = x — 1 + t2, the above congruence can
be written as

py(q — 1) = sy(tsq/, —1)( mod q).

We know that ged(q — 1,q) = 1. We claim that ged(t3q/, — 1,q) = 1. To see
this, suppose gcd(t3q/, — 1,q) = d > 1. But this means
py(q — 1) = sy(tsq, — 1)(mod d) = 0( mod d).

Now d does not divide g/, since d|(t3q/, — 1), which means d|z since d|q. Now,
since ged(x, py) = 1, this would imply that (¢ — 1) = 0( mod d), which is a con-
tradiction. Therefore, ged(tsq Je — 1 q) = 1. Now we see that the corresponding
lens spaces are isometric because

L(q;x,py) ~ L(q; —z, —py) ~ L(q; =, (t3q/, — 1)sy) ~ L(q; z, sy).
O

Proposition 3.10. Under Condition (II) of Corollary 3.8, L1 and Ly are isometric.
23



Proof. Condition (IT) implies that Ay, = — Dy ( mod q) and By = —Cyr 1y ( mod q),
ie, 3t t2 € {0,1,..., T2 with

pyt1q/, — py +x = Ap(mod q),

pyt1q/z — py — x = By(mod q),

sytaq, — sy +x = Cy(mod q),
and

sytaqy — sy — x = Dy/(mod q)
such that
py(tl +t)q/a; —py+tr= _Sy(tQ_t_l)Q/x+8y+m( mod Q)7Vt € {07 17 ) ,fL'—l}
and
py(ti+t)q/.—py—x = —sy(ta—t—1)q . +sy—z(mod q), vt € {0,1, ...,z —1}.
These congruences imply that V¢ € {0, 1,...,x — 1},

pyl(ts +1)q/e — 1] = —sy((t2 — t — 1)gy, + 1]( mod q)

As before if t = x —t1, then, by writing t3 = x+ 1 —t; — t2, the above congruence
can be written as

py(q — 1) = —sy(tsq/, +1)(mod q).

With a similar argument as in Proposition 3.9, we get that ged(t3q/, + 1,9) = 1,
and, as before, the corresponding lens spaces are isometric because

L(g; @, py) ~ L(q; —x, —py) ~ L(g; —v, —(t3q/, + 1)sy) ~ L(q; v, sy)
O

We note that in the above setting, when y = ¢/, the minimum positive value
for tq,, + x is @, which occurs when ¢ = 0, and the minimum positive value for
tq/z — x 18 ¢/, — x, which occurs when ¢ = 1. If g/, > 2z (resp. ¢/, < 2x),
then the minimum value of tq,, — x (i.e., ¢/, — x) is greater than (resp. less
than) the minimum value of 19, + @ (i.e., ). Consequently, A; < By;iq and
Cy < Dyyq forallt € {0,1,...,x — 1} (resp. Ay > Byy1 and Cp > Dyyq for all
t € {0, 1,...,z—1}). This means that for each ¢, By 11— 4; = ¢/, —22 = Dyy1—-C;
(resp. Ay — Biy1 = 22 — q/, = Cp — Dyy1). Now by substituing 0 (resp.1) in
place of ¢’ and ¢ in the subscripts of A (resp. B) and C (resp. D) respectively, we
can prove the previous results with similar arguments for the case when y = ¢/,,.

Proposition 3.11. Suppose lens spaces L1 = L(q : x,py) and Ly = L(q : =, sy)
are isospectral where gcd(q,py) = y = gcd(q,sy) and y = q/,, then for all
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te{0,1,..., =3,
cot g(Ao +tq/,) — cot g(Bl + tq/x)}
— [ cot g(C’o +tq/) — cot g(Dl + tq/x)}

+ _cotg(Ag + (x —t —1)q/,) — cot g(Bl +(x—1t— 1)q/x)]

— [ ot Z(Co + (& — t — 1)g,) — cot g(Dl +(@—t-1)gu)] =0,

q
and fort = (xgl),
T (x—1) s (x—1)
[cot g(Ag + 5 q/z) — cot E(Bl + 5 q/w)]
(x—1) (x—1)

T T

Corollary 3.12. One of the following holds for all t € {0,1, ..., (z=1) }:

2
(I cot %At = cot %Ct and cot %Bt.}rl = cot thH
D) cot %At = —cot %D_t and cot %Btﬂ = —cot %C_t_l

Proof. The proof is similar to the proof of Corollary 3.8. ([

Proposition 3.13. Under Conditions (I) and (1I) of Corollary 3.12, lens spaces L,
and Lo are isometric.

Proof. The proof is similar to the proofs of Propositions 3.9 and 3.10. U

This completes the proof for Case 5 of our theorem.

4. 4-DIMENSIONAL ORBIFOLD LENS SPACES

It is known that in the manifold case, even dimensional spherical space forms
are only the sphere and the real projective spaces [I2]. It is also known that the
sphere S™ is not isospectral to the real projective space P"(R) [BGM].

In the orbifold case, there are many even dimensional spherical space forms
with fixed points. We will focus on the 4-dimensional orbifold lens spaces. In [L],
Lauret has classified cyclic subgroups of SO(2n+1) up to conjugation. According
to this classification, any cyclic subgroup G of SO(2n+1) is represented by G =<

7 > where y = diag(M (¥F), .., M(¥]*),1) and M(0) = < - Sme)-

q q —sinf cosf
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In order to prove our theorem for 4-dimensional orbifold lens spaces, we need a
couple of results from [Ba]. We define

M(p1/q) 0
g = M(pn/a)
0 I
and
M(s1/q) 0
-+ = M(su/a)

0 Iy

where Iy is the W x T identity matrix for some integer W. We can define Gyy
= (gw+) and (NJ’WJF = (Jy4)- Then Gw 4 and é{,v+ are cyclic groups of order
q. We define lens spaces Ly = S W=1/Gy, and L, = S"+W-1/G, .
Further suppose the corresponding 2n — 1-dimensional orbifold lens spaces are
givenby L = L(q : p1,p2,...,pn) and L' = L(q : $1, S2, ..., ). Then by Lemma
3.2.2 in [Ba] we get

Lemma 4.1. Let L, L, Ly, and I:%,V . be as defined above. Then L is isometric
to L iff Ly is isometric to IN/{/V_F
And by Theorem 3.2.3 in [Ba] we get:

Theorem 4.2. Let F qW (2 : p1,...,pn,0) be the generating function associated
to the spectrum of Lyy . Then on the domain {z eC | |z| < 1},

1+ 2) 1 1
FVH(z:p1,...,pn,0) = _(+z) 1
q (Z p1, y Pns ) (1—Z)W_1 qzl—[n : .

Now suppose n = 2. Let

M(p1/q) 0
g1 = M(p2/q)
0 1
and
M(s1/q) O
G2 = M(s2/q)

0 1

Suppose there are 4-dimensional orbifold lens spaces O =S G1 (denoted by
L(q : p1,p2,0)) and Oy = S*/G5 (denoted by L(q : s1, s2,0)), where G =<
26



G1 > and Gy =< §o >. Further suppose the corresponding 3-dimensional orbifold
lens spaces are given by Ly = L(q : p1,p2) and Ly = L(q : s1, s2).
We now prove the following theorem for 4-dimensional orbifold lens spaces:

Theorem 4.3. Given O1, O», C~¥1 and GQ as above. If O1 and Oy are isospectral
then they are isometric.

Proof. From Theorem 4.2 we know that on the domain {z € C| |z| < 1}, the
spectrum generating functions of O; and O», respectively, are,

1< (1+ 2)
Fq(z :p11p270) = -
q ZZ; 171 (z —il)(z —yPit)

and

1< (1+2)
Fy(z: s1,82,0) = —
! q l; [T (2 = i) (2 = y—sil)

Notice that Fy(z : p1,p2) = (1 — 2)Fy(z : p1,p2,0) and Fy(z : s1,s2) =
(1 = 2)F,(z : s1,52,0), where F(z : p1,p2) and Fy(z : s1, s2) are respectively
the spectrum generating functions for the 3-dimensional orbifold lens spaces L1 =
L(q : p1,p2) and Ly = L(q : s1, s2). This means that if O; and Oy are isospectral
then L; and Lo are also isospectral.

Now, from Theorem 3.1, we know that L; and Lo are isometric. By Lemma
4.1 we know that Ly is isometric to Lo iff O; is isometric to Os. This proves the
theorem. O

5. LENS SPACES AND OTHER SPHERICAL SPACE FORMS

One question still remains: Is an orbifold lens space ever isospectral to an orb-
ifold spherical space form which has non-cyclic fundamental group?

Our next result proves that an orbifold lens space cannot be isospectral to a
general spherical space form with non-cyclic fundamental group. We will use some
results from [I2] noting that in some cases his assumption that the acting group is
fixed-point free is not used in certain proofs, and therefore, the results hold true for
orbifolds. The notation is also borrowed from [12].

Definition 5.1. Let G be finite group, and let G, be the subset of G consisting of all
elements of order k in G. Let 0(G) denote the set consisting of orders of elements
in G. Then we have

G = Ureo(q)Gk (disjoint union)

The following lemma is proved in [12] (Lemma 2.5) for fixed-point free subgroups
of SO(2n), but we note that the proof doesn’t require this condition and reproduce
the proof from [12].

Lemma 5.2. Let G be a finite subgroup of SO(2n) (n > 2). Then the subset

G|}, is divided into the disjoint union of subsets C}, ..., C’,Z’“ such that each C,tc(t =
27



1,2, ...,1x) consists of all generic elements of some cyclic subgroup of order k in

G.

Proof. For any g € G}, we denote by A, the cyclic subgroup of G generated by g.
Now, for g, ¢’ € G, the cyclic group A;N Ay is of order k if and only if A, = A,.
Now the lemma follows from this observation immediately.

O

We now state another lemma (see Lemma 2.6 in [I12] for proof) that will be used
to prove our result.

Lemma 5.3. Let g be an element in SO(2n) (n > 2) and of order q (¢ > 3). Set
v = 2™V =14, Assume g has eigenvalues ~, y~L, AP1, y7PL .. APk, ~ TPk with
multiplicities 1,1,11,%1, ..., ik, i, respectively, where p1, ..., pi are integers prime
to q with p; # £p;j(modq) (for 1 <i < j < k), p # £1(modq) (fori =1,...,k)
and l+ i1 + ... + 1, = n. Then the Laurent expansion of the meromorphic function

122 at z =~ is
det (12,—g2) =7

R e Vi

(z =)t 2n i1 =)t

H {cot T (pj+1)—cot T (pj—1)}9+ lower order terms.
, q q
7=1

The following proposition is proved by Ikeda for a group G that acts freely.
However, we note that the proposition is true even if G does not act freely since
the proof does not use the property that G acts freely.

Proposition 5.4. Let G be a finite subgroup of SO(2n) (n > 2), andlet k € o(G).
We define a positive integer ko by
ko=2n—1ifk=1o0r?2,
= mazg4eq, {max. of multiplicities of eigenvalues of g} if k > 3.

Then the generating function F(z) has a pole of order kg at any primitive k-th
root of 1.

Proof. At z = 1, we notice that for g = I, € G1, we get

2
1‘ 1 _ 2n—1F -
lim(1 =) Fa(2) = o,
as g has eigenvalue 1 with multiplicity 2n. So, F(z) has a pole of order 2n — 1 at
z=1.
At z = —1 we notice that for g = — I, € G2, we get

2
li 1 2n—1 - _“
Jim (14 2] Fa(2) =
as g has eigenvalue -1 with multiplicity 2n. Also, for any other ¢’ € Go, the
eigenvalue -1 has multiplicity at most 2n. So Fz(z) has a pole of order 2n — 1 at

z = —1 as well.
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We now assume k > 3. Now let Gy, C’,i, vy C’,i’“ be as in Lemma 5.2. Then we
have

1—22
G|Fg(
GlFa(= Zdet Ign gz) er:G det(Iz, — g )
5.1 i
L det(Ian, — g2z) o det det(Izn — gz)

Set v = e2™V=1/k  For any primitive k-th root 4¢ of 1, where ¢ is an integer
prime to k, let

ag, (1) o1 (t) ai(t)
(z=9k (2=t 7 (2—7)
be the principal part of the Laurent expansion of F;(z) at z = ~'. Then each

coefficient a;(t) is an element in the k-th cyclotomic field Q(~y) over the rational
number field Q. The automorphisms o of Q(~) defined by

v =

transforms a;(1) to a;(t) by Equation (5.1). Hence, it is sufficient to show that the
generating function F;(z) has a pole of order kg at z — -, that is, to show that

ako(l) 7& 0.
Recall that if 0 < b < a < 7, then cota — cotb < 0. Now the proposition
follows immediately from Lemma 5.3 and Equation (5.1). [l

From Proposition 5.4, we get

Corollary 5.5. Let S*" 1 /G and S>*~1 /G’ be two isospectral orbifold spherical
space forms. Then o(G) = o(G").

We now prove our result

Theorem 5.6. Let S>" ' /G and S*"~1 /G’ be two (orbifold) spherical space forms.
Suppose G is cyclic and G' is not cyclic. Then S**~' /G and S*"~1 /G’ cannot be
isospectral.

Proof. By Corollary 2.14, we already know that if |G| # |G| then S?"~1/G and
S*=1 /G’ cannot be isospectral. So let us assume that |G| = |G'| = q.

Suppose S?*~! /G and S?"~! /G’ are isospectral. If G is cyclic then it has an
element of order g. Now, by Corollary 5.5, G’ must also have an element of order
g, but since |G’| = ¢, that implies that G’ is cyclic, which is not true by assumption,
and we arrive at a contradiction. This proves the theorem. ([

The above results will complete the classification of the inverse spectral problem
on orbifold lens spaces in all dimensions, and also imply that orbifold lens spaces
cannot be isospectral to any other spherical space forms.
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6. HEAT KERNEL FOR ORBIFOLD LENS SPACES

In the mathematical study of heat conduction and diffusion, a heat kernel is the
fundamental solution to the heat equation on a specified domain with appropriate
boundary conditions. It is also one of the main tools in the study of the spectrum of
the Laplace operator, and is thus of some auxiliary importance throughout mathe-
matical physics. The heat kernel represents the evolution of temperature in a region
whose boundary is held fixed at a particular temperature (typically zero), such that
an initial unit of heat energy is placed at a point at time t = 0.

In this section we will show that the coefficients of the asymptotic expansion
of the heat trace of the heat kernel are not sufficient to obtain the results in the
previous sections. More specifically, if two orbifold lens spaces have the same
asymptotic expansion of the heat trace, that does not imply that the two orbifolds
are isospectral.

Definition 6.1. Let M be a Riemannian manifold. A heat kernel, or alternatively,
a fundamental solution to the heat equation, is a function

6.1) K:(0,00) x M x M — M

that satisfies

(1) K(t,z,y)is Ctint and C? in x and y;
(2) OK/Ot + A9(K) = 0, where Ay is the Laplacian with respect to the
second variable (i.e., the first space variable);

(3) limy_yo+ [5, K(t,z,y)f(y)dy = f(x) for any compactly supported func-
tion f on M.

The heat kernel exists and is unique for compact Riemannian manifolds. Its im-
portance stems from the fact that the solution to the heat equation

ou
u:[0,00) x M — R,

(where A is the Laplacian with respect to the second variable) with initial condition
u(0,z) = f(x) is given by

(6.2) u(t,z) = /M K(t,z,y)f(y)dy.

If {\;} is the spectrum of M and {(;} are the associated eigenfunctions (normal-
ized so that they form an orthonormal basis of L?(M)), then we can write

K(ta €, y) = Z e_AZtCZ(x)CZ(y)
i
From this, it is clear that the heat trace,

Z(t) = Z e Nt
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is a spectral invariant. The heat trace has an asymptotic expansion as t — 0+ :
Z(t) = (4mt)dmM /QZaJtJ

where the a; are integrals over M of universal homogeneous polynomials in the
curvature and its covariant derivatives ([G], see [Gi2] or [CPR] for details). The
first few of these are

ap = vol (M),

1
= 572 — 2|p|? — 10|R|?
a2 =2 M(T p| |R|%),

where 7 = EZT(fV[ ) Ropay is the scalar curvature, p = fof(M) Ryebe is the

Ricci tensor, and R is the curvature tensor. The dimension, the volume, and the
total scalar curvature are thus completely determined by the spectrum. If M is a
surface, then the Gauss-Bonnet Theorem implies that the Euler characteristic of M
is also a spectral invariant.

6.1. Heat Trace Results for Orbifolds. In the case of a good Riemannian orb-
ifold, Donnelly [D] proved the existence of the heat kernel and also proved the
following results:

Theorem 6.2. Let f : M — M be an isometry of a manifold M, with fixed point
set §).

1. There is an asymptotic expansion ast | 0

ZTr(fAﬁ)et ~ Z 4rt) "/QZtk/ bi(f,a)dvoly(a),
A

NeQ

where N is a subset of S (and a submanifold of M), X is an eigenvalue
of A, f \Fis a linear map from A-eigenspace to itself induced by f, and the
Sfunctions by f, a) depend only on the germ of f and the Riemannian metric
of M near the points a € N.

ii. The coefficients by(f,a) are of the form by(f,a) = |detB|b,(f,a) where
b;c( f,a) is an invariant polynomial in the components of B = (I — A)~!
(where A denotes the endomorphism induced by f on the fiber of the nor-
mal bundle over a € N ) and the curvature tensor R and its covariant
derivatives at a.

In particular,
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bO(f7 a) :|d€tB|

1
bi(f,a) =|detB|(= 6 TPt g Rzksthths+ Rzktthtth

Rk’ahaBkths)-

In [DGGW] Donnelly’s work is extended to general compact orbifolds, where
the heat invariants are expressed in a form that clarifies the asymptotic contribu-
tions of each part of the singular set of the orbifold. Borrowing their notation, we
will summarise the construction used in [DGGW] in the following remarks before
stating their main theorem.

Remarks and Notation:

ey

)

3)

4

&)

An Orbifold O was identified with the orbit space F'(O)/O(n), where
F(O) - a smooth manifold - is the orthonormal frame bundle of O and
O(n) is the orthogonal group, acting smoothly on the right and preserving
the fibers. It can be shown that the action of O(n) on the frame bundle F(O)
gives rise to a (Whitney) stratification of O. The strata are connected com-
ponents of the isotropy equivalence classes in O. The set of regular points
of O intersects each connected component Oy of O in a single stratum that
constitutes an open dense submanifold of Og. The strata of O are referred
as O-strata.
If (U, Gy, 7y) is an orbifold chart on O, then it can be shown that the
action of G¢y on U gives rise to stratifications both of U and of U. These
are referred to as U-strata and U-strata, respectively.
Let O be a Riemannian orbifold and (U Gy, my) an orbifold chart. Let N
be a U-stratum in U. Then it can be shown that all the points in N have the
same isotropy group in Gy; this group is referred to as the isotropy group
of N, denoted Iso(N)
Given a U-stratum N, denote by Is0™%(N) the set of all v € Iso(N)
such that N is open in the fixed point set F iz(y) of 7. For v € Gy, it
can be shown that each component W of the fixed point set F'iz(7y) of
~ (equivalently, the fixed point set of the cyclic group generated by 7) is
a manifold stratified by a collection of U-strata, and the strata in W of
maximal dimension are open and their union has full measure in W. In
particular, the union of those U-strata N for which v € Is0™%(N) has
full measure in Fix(y).
Let v be an isometry of a Riemannian manifold M and let () denote
the set of components of the fixed point set of v. Each element of Q(~)
is a submanifold of M. For each non-negative integer k, Donnelly [D]
defined a real-valued function (cited above), which we temporarily denote
br((M,~),.), on the fixed point set of v. For each W € Q(v), the re-
striction of by ((M,~),.) to W is smooth. Two key properties of the by,
are:
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(a) Locality. For a € W, bi((M,~),a) depends only on the germs at a
of the Riemannian metric of M and of the isometry . In particular,
if U is a ~y-invariant neighborhood of a in M, then by ((M,~),a) =
bk((Uv 7)) a’)'

(b) Universality. If M and M’ are Riemannian manifolds admitting the
respective isometries v and +/, and if ¢ : M — M’ is an isometry
satisfying 0 oy = 7/ o0, then by, ((M, ), z) = bp.(M',~"), o(z)) for
all z € Fix(y).

In view of the locality property, we will usually delete the explicit reference
to M and rewrite these functions as by (7, .), as they are written in [D].

(6) Let O be an orbifold and let (U, Gy, my) be an orbifold chart. Let N
be a U-stratum and let v € Is0™*®(N). Then N is an open subset of a
component of Fiz(v) and thus, by(7,.)(= bx((U,7),.)) is smooth on N
for each nonnegative integer k. Define a function bk(N ,.) on N by

bk(Nvm) = Z bk(’%m)'

yelsomaes (N)

Definition 6.3. Letr O be a Riemannian orbifold and let N be an O-stratum.

(i) For each nonnegative integer k, define a real-valued function bi(N,.) by
setting bi.(N,p) = bi(N,p) where (U,Gy,my) is any orbifold chart
about p, p € w7y~ (p), and N is the U-stratum through p.

(ii) The Riemannian metric on O induces a Riemannian metric - and thus a
volume element - on the manifold N. Set

o0
I = (4at)~4mN)/2 Ztk/ bi(N, z)dvoln(x),

k=0 N

where dvoly is the Riemannian volume element.
(iii) Set
) oo
o = (4et)4mO/2 3" 0, (O)¢
k=0

where the ay,(O) (which we will usually write simply as ay,) are the famil-
iar heat invariants. In particular, ag = vol(0), ay = } [, 7(x)dvolO(z),

and so forth. Observe that if O is finitely covered by a Riemannian mani-
fold M (say, O = G\M) then a(O) = ﬁak(M).

We now state the main theorem that [DGGW] proved:

Theorem 6.4. Let O be a Riemannian orbifold and let Ay < Ao < ... be the
spectrum of the associated Laplacian acting on smooth functions on O. The heat
trace Z;; e~ it of O is asymptotic as t — 07 to

Iy
I P S
0o+ D Tso(N)|’
NeS(0)
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where S(O) is the set of all O-strata, |Iso(N)| is the order of the isotropy at each
p € N, and Iso(p) is the conjugacy class of subgroups of O(n). This asymptotic
expansion is of the form

(47rt)—dim(0)/2 Z Cjtj/2
5=0

for some constants c; .

We will be usingthis theorem later to calculate the first few coefficients of the
asymptotic expansion of the heat trace.

6.2. Heat Kernel For 3-Dimensional Lens Spaces. Using the notation used in
[Iv], we define the normal coordinates for a three-sphere as follows: Consider a
three-sphere of radius r,

S%(r) = {(v1, v2,v3,v4) € R+ (01)% + (v2)? + (v3)? + (va)? = %},

and let (w, 1,0, ) be the spherical coordinates in R* where w € (0,00), ¥ €
(0,7], @ € (0,7] and ¢ € [0,27). These coordinates are connected with the
standard coordinate system (w1, uz2, u3,u4) in R* by the following equations:

u1 = wsin v sin 6 cos ¢,

Uug = w sin ¥ sin 6 sin ¢,

ug = wsiny cos 0,
(6.3) Ug = W Ccos Y.

The equation of S*(r) in these coordinates is w? = r2. The functions 21 = 1),

ry = 0, and 3 = ¢ provide an internal coordinate system on S?(r) (without one
point) in which the metric g induced on S3(r) from E? has components gij such
that

- 0
(955) = 72 sin? ¢
2 sin? ¢ sin? @

g induces on S*(r) a Riemannian connection 5. Using the formula

1
§9ml (0591 + 0ig1; — D19ij),

we can calculate the Christoffel symbols, which are as follows:

I3, =12, = cot, [y =T3; = cotp, sy = 33 = cot 0, 'S, = —sint) cosp,

I'ly = —sinecosysin? @, '3, = — sin 0 cos f. All the other symbols are zero.
Now let v : [0, 27] — S3(r) be a path in S3(r) such that ;0 = 7/2 fori = 1,2

and w3 o v = id|jg 2. Since cosm/2 = cot /2 = 0 and sin7/2 = 1 we have

mo__

F§k|v([0,27r}) = 0, and consequently, if we take w = r = 1, we get g;; = 55 . There-
fore, the coordinate system {z1,z2, 23} and the frame {0/0x1,0/0x2,0/0x3}
are normal for 5/ along the path .
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From the Equations (6.3) it is clear that the set ([0, 27]) is a circle obtained by
intersecting S?(r) with the (v, vo)—plane {v € R* : v;(p) = 0fori > 3} in R?,
In fact, we have

7([0,27)) = {(v1,v2,0,0) € RY : v? + 02 =2} = S(r) x (0,0).

It is clear if C is a circle on S?(r) obtained by intersecting S?(r) by a 2-plane
through its origin then there are coordinates on S?(r) normal along C for the Rie-
mannian connection considered above.

We will assume » = 1. Then, using the above normal coordinate system, and
the formulas

R;’lm = 8lrznj — amrfj + Flfnj - FZ’ L
Rapeqd = gajRng,
we calculate the values of the curvature as follows:
Rig12 = Rypye = sin® ),
Riz13 = Rygye = sin ¢sin” 0,
Rosas = Rpgpy = sin 1 sin? 6.
All other values are zero. The values of the Ricci tensor, calculated by pg, = R ;.
are as follows:
P11 = Py = 2,
P22 = pep = 2sin? 1),
P33 = Ppp = 2 sin? ¢ sin? 6.
All other values are zero. We then calculate the scalar curvature as follows:

7= g% pyy + 9% poo + 9% pgy = 6.

Since 7 is constant all its covariant derivatives, 7.; are zero. Using pgp.m = Ompab—
plbl“ﬁna — palanb, we also calculate all the covariant derivatives of the Ricci tensor,
which turn out to be zero as well.

Lete; = (1,0,0,0), e2 = (0,1,0,0), e3 = (0,0,1,0) and e4 = (0,0,0, 1) be
the standard basis in R*. We define the following two subsets:

N, = {(m,y,0,0) ct 4yt = 1} Cc R*and N}, = {(0,0,z,w) 22 w? = 1} c R

The tangent space T, S?, has basis vectors {e2, €3, e4} such that {es} is a basis
for T, N, and {e3, e4} is a basis for T,, N;-. Similarly, the tangent space T,,S>,
has basis vectors {eg, e2, e3} such that {es} is a basis for T,, Ny and {e1,e2} is a
basis for 7., N;-. We will now calculate the values for by(f, a) and by (f, a).

Suppose O = S3 /@ is an orbifold lens space where G =< ~y > and

M(%) 0
Y= )



where

M(0) = (

cos2mf  sin 276
—sin 270 cos 2wl

is the rotation matrix and p; # =+ps (modgq). Suppose ged(pi,q) = ¢ and
ged(P2,q) = gz, so that p1 = p1q1, P2 = p2g2 and ¢ = Gq1 = SBgz. Suppose
ged(a, B) = g so that & = ag, 5 = Bg and ged(ar, 3) = 1. This means we can
write 7y as

M) 0

Now

fixes N,, and
M(EE) o
0 I

fixes Ny, where I is the 2 x 2 identity matrix.

Note that since the group action is transitive and the fixed point sets are S', the
functions by(.,.) are constant along these fixed circles. Therefore, it suffices to
consider just a single point in these fixed point sets to calculate the values of the
functions. We will choose the points e; € N, and e4 € N, to calculate the values
of functions.

We have, in the notation of the Theorem 6.4, N, = S' x {(0,0)} and N}, =
{(0, 0)}><S1 Also, Iso(N,) = {1,~4%,~2¢ . 4B=D3Y Iso(N,)| = B, Iso(Ny) =
{1,78,428, . Alo= 1)5} and |Iso(Np)| = a.

We now use Theorem 6.4 to calculate the heat trace asymptotic for O using the

formula Iy + Ig“ + % where

0o
Iy = (47rt)—dz’m(0)/2 Zak( (47Tt —dim(0)/2 Z |G‘ak S?)

_ @) PR NVT (W)t

= R e
| | ’
q 4k! 4qm — k! 32qm
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and for¢ € a, b,

Iy, = (4nt)~dimN/2 Ztk/ bi(Ni, x)dvoly, ()
k=0 /i

H-1/2 X - -
_ (7r)2 Z k /~ bi(N;, m)alwlNi (z), since N; — N is trivial in this case

k=0 /N
(rt) 2 S Y
=5 Z t"27by. (IN;, ) (for any choice of x by homogeneity)
k=0

=Vt 2 b (N;, 2)  where b(Ny,z) = > be(y, ).
k=0

76[507””]\71-
Now fora =ej;andr € {1,2,...(5 — 1)},
. 1 — cos 2paTar —sin 2pamar
-1
B,yrd (a) = (I - A,Yrd (CL)) - 4si 2 pamar
S1” = sin 2paTar 1 — cos 2paTar
B B
_ pamar
1 1 cot =5
- 5 paTQr
cot =5 1

Tar

So, |detB.ra(a)| = (1 + cot? BE) = 4Sin21p2;w-.
Similarly we can show that for b = eg and r € {1,2,...(a — 1)},

1 — cot BmBr
(7

Ba0=5| ,
1
cot == 1

1
2 p17pr
«@

4sin

and |detBﬂ/rB(b)| = 1(1 + cot? p1gﬁr> _

We will now calculate bi(Nj, .fori=0,1and j = a,b:

1
4

ot? pgﬂ'ar) _ 1

1+4+c = .
( 15} 4 8in? Lgar

bo(Y"%, a) = |det B.ra(a)
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So,

bo(Nesa) = > bol(f,a)

fe[so"““:]\?a
B—1
)
r=1
B—1 1
= Z Z(1 + cot? p27;0”>
r=1
p—1 1
= Z 1<1 + cot? %) , since ged(pacy, B) =1
r=1

p—1 1
:27
r=1

4 sin? 3

_ -1
12

We can similarly show that

, by lemma 5.4 in [DGGW].

i
i}

o TT a? -1

bo(Ny, b) = o —) = B

r

(1 4+ cot

= =

1

We will now calculate by (N,, a) and by (N, b). Note that for both B.ra(a) and
Bwra(b), B3 = Byz = B3; = B3y = B3z = 0. Using the formula in Theorem
6.2, we get

o ldet(Ba(a)
by, a) = 2B ()
_ 2 _ 2 2 2
R1212|2 — (B12 + B21)” — (Bi11 + Ba22)” — 2(B11” + Ba2”)
+ Ri313 [2 — (Bi1 + Bss)? — 2(B11? + Bss?) — 3(Bi2® + ngz)}
+ Ra323 [2 — (B + B33)? — 2(Bag® + Bs3?) — 3(Bar® + B312)} }
This gives
i |det(B.,ra(a))| 1 s 11, 1 1
bi(y"*,a) = #{nglg {2 — Z(COt 0, — cot 0,)* — (5 + 5) - 2(1 + 7)}
1 1
+ Rugia|2— (5 +0)? _2(1“)) _3(= cot20 +0)

)
+R2323[2—(%+0)2— +0) = 3(5 cot20 +0”
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which gives

- 1 3 3 3 3
bl(’}/ra, a) = E(l + cot? 9,~){R1313 (2 — 2 — Zcot? HT)) + Ro3o3 (2 - = — Z cot? 97)

4 4 4
1 3
12 (1 + cot? )(R1313 + R2323)[2 — 1(1 + cot? HT)]
1 1
= (Ri313 + Ra323) | = (1 + cot? 6,) — —(1 + cot?4,)?
6 16

1 1
— (R R [ - }
(Fusns + Rass) 6sin20, 16sin’6,

pammar

where 0, = B
So,

-1
a) = bi(y*,a)
r=1

p-1 1 1
= Z(R1313 + Ra323) [GSiHQ p2mar "~ JGgind pgﬂar}
r=1 B B
1 2=

B—1
1
=(R R [f }’
(Riz13 + Ros2s) 6 ; sz % ~ 16 z_; s1n4 =

since gcd(pga,ﬁ) =1.
—1
Also, Zr 1 Sm2 = = and ZT 1 Sm}

the simplification of thelr expression (5.9) wh
this geometric sum). So we get

— SO (see [DGGW] for

ich uses this result for evaluation of

‘ 3

S

) 2 4 2 _
b1(Na,a) = (R1313 + R2323)(B 18 LA 1702% 11)
(52— 20)(5> 1)

—(Ri1313 + Ra323) 720

We can similarly show that

a?—1 a*+10a®-11
8 720 )
(a? —29)(a?® - 1)
720 '

b1(Ny, b) = (Riz13 + R2323)(

—(R1313 + R2323)
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Using Theorem 6.4 we now calculate the first few coefficients of the asymptotic
expansion as follows:

Iy, In,
+ +

|[Iso(Ng)| = |Iso(Np)|
:t—3/2 6t + (7.(..[:)—1/2

32qm 15}

n-1/2
LIRS
«

{towbo(](fa, a) + t*7by (N, a) + }

t97bg (Ny, b) + tiby (Ny, b) + }

t=3/2 2 ! bo(Ng,a)  bo (Nb
— 1 t v ( as ) ) t_1/2
32q7r(++2+6+24+ )+ 15} + VT
b1 (N, b1 (N,
+< 1( 7a)+ ( by )>\/>t1/2
B
From this, the coefficient of ¢t~ 3/2 ig 32
the coefficient of £~1/2 is
1 bo(Na,a) bo(Nb,b) 1 ﬁ ) ﬁ
_ = —+ — -1 e -1
3207 | B VI VT 20 T 1250 D+ 124 (o® —1);

and the coefficient of 1/2 is

1 /7(Riziz + Rozas) (B8 = 29)(8° — 1) + B(e® = 29)(a® —1)]

64qm 72003 ’

The above results show that the coefficients are dependent on ¢, o, 5 and the
curvature tensor and its covariant derivatives. Since all lens spaces are finitely
covered by S, the parts of the coefficients that consist of the curvature tensor and
its covariant derivatives will be the same for all lens spaces. The only difference
will therefore be in the terms containing « and 3. We can rewrite

—1
2 p271'0[7’ ) pgﬂ'Oﬂ'
cot T E L E cot ,

1

- 1 i
bo(Ny,b) = Y 7(1+co cot2 L1 Z +Z tQp”TBT,

«

S
(=]
—
=
g
S
N—
|
\gps
L
i
—
—
+

40



-1

1 1
Z Risis + Rosos) [7(1 1 cot? pQOéﬂ'T) — L1+ cot? onwrr)z
ot 6 I} 16 I}
8—1
5 R1313 + Ro393) R1313 + Ro323 o P2OuTT
-y + Z (TR cor? 2O
r=1 =
-1
R1313 + Ro323 4 D2OeTT
— 15 ) B
r=1
~ ol ]. 2 pl/Bﬂ-T 1 2 plﬁﬂ'r 2
bl(Nb, b) = (R1313 + R2323) [6(1 + cot ) — E(l + cot 7)
r=1 «
2 5(Risis + Rasas) <= /Risis + R Brr
_ 1313 2323 1 Z ( 1313 2323) cot? b1
— 48 o 24 a
a—1

9

Z (R1313 + R2323) 4 p1Bmr
cot™ ——
a

Note that each b;(N,, a), (j = 0,1) is of the form

B—1 Aj
a) = Z Z Cf5(R) cot™ ngm",
r=1

=1 i=1

where A; is the finite number of monomials in the powers of cot 23, and for

each 4, C7’ (R) are constant functions in terms of the curvature tensor and its co-
variant derivatives of the covering space, i.e. the sphere. Since gcd(p2av, ) = 1,
and we are summing over r as it ranges from 1 to 5 — 1, we can write

A1 r
a) = C%(R) cot™ —.
) ;; Z]( ) ﬁ
Similarly, since ged(a, p13) = 1, we can write
a—1 4j

b;( Nb, = ZZ cot)‘i %.

r=1 =1

More generally, for any k, the functions by, (y"%, a) and by(7"®,a) are univer-
sal polynomials in the components of the curvature tensor, its covariant deriva-
tives and the elements of B, ra(a) and B .5 (b) respectively. Since the elements

of va(a) are BH = 322 = 1/2, Blg = —%cot % and BQl = %cot %,

every by (7%, a) will be of the form Z?:jl CiL(R) cot?i E257. This means that for
each k, we will have,
B—1 Ag

bi (N, Z Z C4 (R) cot™ %7”

r=1 =1
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and similarly,
a—1 Ag
b ( Nb, = Z Z Cot/\i %
r=1 =1
This observation gives us the following lemma for three-dimensional orbifold lens
spaces:

Lemma 6.5. Given two orbifold lens spaces O1 = S3 /G and Oy = S3 /G, such
that Gy =< 71 > and Go =< ~y9 > where

B
M(Z) 0
M= )
p2
0 M(2)

with py # +pz (mod q), ged(p1,q) = qui, ged(P2,q) = qo1. P = p1qu1, P2 =
DP2g21, ¢ = A1q11 = P1qe1, ged(ay, fi1) = g1, a1 = a1q1, f1 = P1g1, and

81

M( ) ) 0
Y2 = e
S2

0 M( q )
with §1 # +59 (modq) gcd($1,q) = qua, ged(Sa,q) = q22, S$1 = S1q12, S2 =
S92, @ = Gaqiz = Paqan, ged(dy, B2) = go, da = anga, Ba = Bago.
Then O = S3 /G1 and Oy = S /G2 will have the exact same asymptotic expan-
sion of the heat kernel if oy = g and 1 = Po.

This lemma gives us a tool to find examples of 3-dimensional orbifold lens
spaces that are non-isometric (hence non-isospectral) but have the exact same as-
ymptotic expansion of the heat kernel.

Example 6.6. Suppose ¢ = 195, and consider the two lens spaces O1 = L(195 :
3,5) and O = L(195 : 6,35). Since there is no integer | coprime to 195 and no
ei € {1,—1} such that {e1l3, e2l5} is a permutation of {6,35}(mod q), Oy and
O» are not isometric (and hence non-isospectral). However, in the notation of the
lemma above, p1 = 3, py = 5, §1 = 6, so = 35, ged(p1,q) = 3 = ged(s1,q),
ged(p2, q) = 5 = ged(sz, q) and ¢ = 195 = 3 x 65 = 5 x 39. So, 1 = da = 65
and B1 = B2 = 39, with gcd(ozz,,é’z) =13 (fori = 1,2) giving a; = as = 5 and
B1 = Ba = 3. Therefore, O1 = L(195 : 3,5) and 02 = L(195 : 6,35) have the
exact same asymptotic expansion.

6.3. Heat Kernel For 4-Dimensional Lens Spaces. Similar to the three-dimensional
case we can show the construction of examples in four-dimensional lens spaces
where the lens spaces will not be isospectral but will have the exact same asymp-
totic expansion of the trace of the heat kernel. Again, borrowing the notation from
[Iv], we define the normal coordinates for a four-sphere as follows: Consider a
four-sphere of radius r,

84(T) = {(v1,v2,v3,v4,05) € R®: (vl)Q + (U2)2 + (U3)2 + (1}4)2 + (1}5)2 = 7"2}7
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and let (w, 1,0, ¢,t) be the spherical coordinates in R® where w € (0, 00), ¥ €
(0,7], 8 € (0,7], € (0,7] and ¢t € [0,2x]. These coordinates are connected
with the standard coordinate system (ui,ug,us, u4, us) in RS by the following
equations:

u1 = wsiny sin f sin ¢ cos t,

U9 = w sin sin A sin ¢ sin ¢,

ug = w sin v sin 6 cos @,

ug = wsiny cos 6,
(6.4) U5 = W COS 1.
The equation of S*(r) in these coordinates is w? = 2. The functions 71 = v, x5 =
0, x3 = ¢ and x4 = t provide an internal coordinate system on S*(r) (without one
point) in which the metric g induced on S*(r) from E* has components gij such
that

r” 2 in2 O
(9i5) = e r2sin? 4 sin? @
O r2sin? ¢ sin? # sin? ¢
As before, we calculate the values of the curvature tensor as follows:

Ri12 = Rypye = sin® ¢,
Ri313 = Rygye = sin ¢sin® 0,
Ris14 = Rypyr = sin® ¢ sin? O sin” ¢,
Rosas = Rygee = sin* ¢ sin 6,
Ross = Rygsgr = sin? ¢ sin? §sin? ¢,
R334 = Ry = sin® ¢ sin® 0 sin? ¢.

All other values are zero. The values of the Ricci tensor, calculated by p,, = R,
are as follows:

c
achb’

P11 = Py = 3,
paz = pog = 3sin® 1),
P33 = P = 3 sin? ¢ sin? 0,
pas = pyr = 3sin® 1) sin? A sin? ¢.
All other values are zero. We then calculate the scalar curvature as follows:
7= 9" pyy + 9% poo + 9% oo + 9" pu = 12.

Now, let e; = (1,0,0,0,0), e2 = (0,1,0,0,0), e3 = (0,0,1,0,0), e4 =
(0,0,0,1,0) and e5 = (0,0,0,0,1) be the standard basis in R®>. We can then
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define the following two subsets:

Na = {(mvya07070)1$2+y2+112 = 1} CR5
and

Nb = {(0,0,Z,’U),’U) : 22 +w2 +U2 = 1} C RB.

The tangent space T,,S*, has basis vectors {ez, 3, €4, €5} such that {ez, e5} is
a basis for T,, N, and {es, e4} is a basis for TelNal. Similarly, the tangent space
T.,S*, has basis vectors {e1, 2, €3, e5} such that {es3, e5} is a basis for T,,, N, and
{e1, ez} is a basis for T,, N;-.

Suppose O = S*/G is an orbifold lens space where G =< v > and

M(2) 0
v = M(22) :

0 1

where p1 # £p; (mod ¢). Suppose ged(p1, q) = q1 and ged(p2, q) = go, so that

P1 = piq1, P2 = pags and ¢ = Gq1 = fgo. Suppose ged(d, 3) = g so that
& = ag, B = Bg and ged(a, B) = 1. This means we can write 7y as

M) 0

ag

Now
L 0
v = M(*57)
0 1
fixes N,, and
o (mezy 0
VP =

0 5

fixes Np. Here I and I3 are the 2 x 2 and 3 X 3 identity matrices respectively.

As before, it suffices to consider just a single point in these fixed point sets to
calculate the values of the functions. We will choose the points e; € N, and
e4 € Ny to calculate the values of functions.
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We have, in the notation of the Theorem 6.4, N, = S? x {(0,0)} and N, =
{(0,0)} x S%. Also, Ison, = {1,7%,7%%,..~B=DaY |Ison,| = B, Isoy, =
{1,77,4%8,..4(@= 1P and | Tsop, | = «.

Now, as in the case of three-dimensional lens spaces, we have for a = e; and

re{1,2,...(8-1)},

o pamar
1 cot =5

cot % 1

SO, |d€tB,yra ((I)| = %(1 + C0t2 Pz’gar) _
Similarly we can show that forb = egandr € {1,2,...(a — 1)},

4sin? 22727 -
B

1 — cot BT
1 a
By'ﬁ (b) = 5 )
cot 2ATBT 1
(0%
and \dethT[; (b)] = (1 + cot? p”;ﬁr) = 4sin21”12ﬂ”" Note again that for both
B,Ym(a) and B}yrﬁ(b), Blg = B23 = Bgl = ng = B33 = B41 = B14 =

Bys = Boy = By = Bsy = Byy = 0. This means that, just as in the case of
three-dimensional lens spaces, for each k, we will have,

B—1 Ag

be(Na@) = D230 CR(R) cot 7

r=1 =1

and
a—1 Ak

b (Np, b) = Z Z R) cot™ %T

r=1 =1

Similar to the three-dimensional case, this observation gives us the following lemma:

Lemma 6.7. Given two orbifold lens spaces O1 = S* /Gy and Oy = S* /G, such
that G1 =< y1 > and Go =< 9 > where

4!
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with p1 # £pz (mod q), ged(pr,q) = qu1. ged(P2,q) = q21. P1 = prqu1, P2 =
P2q21, ¢ = diqn = Piqe1, ged(aq, fr) = g1, a1 = a191, b1 = P91, and

M () 0

T2 = )

with §1 % +585 (moqu), gcd(s1,q) = qu2, gcd(Sa,q) = q22, S$1 = 81q12, Sy =
52422, ¢ = diaq12 = PB2qa2, ged(diz, B2) = g2, A2 = 292, P2 = [2g2.

Then O1 = S*/G1 and Oy = S*/ G4 will have the exact same asymptotic expan-
sion of the heat kernel if oy = as and 1 = .

This lemma gives us a tool to find examples of 4-dimensional orbifold lens
spaces that are non-isometric (hence non-isospectral) but have the exact same as-
ymptotic expansion of the heat kernel.

Example 6.8. Suppose q = 195, and consider the two lens spaces O1 = I:H =
L(195 : 3,5,0) and Oy = I~/1+ = L(195 : 6,35,0) (using the notation from
Lemma 4.1). Since there is no integer l coprime to 195 and no e; € {1,—1} such
that {e113, e2l5} is a permutation of {6, 35}(mod q), O1 and O are not isometric
(and hence non-isospectral). However, in the notation of the lemma above, p1 = 3,
P2 =5, 51 = 6, § = 35 ged(pr,q) = 3 = ged(s1,q). ged(p2,q) = 5 =
gcd(s2,q) and g = 195 = 3 x 65 = 5 x 39. So, a1 = dia = 65 and 1 = P2 = 39,
with gcd(o}i,&) = 13 (for i = 1,2) giving a1 = «as = Hand 1 = P2 = 3.
Therefore, O1 and O+ have the exact same asymptotic expansion.
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