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1 Introduction

Our motivation is based on the following ‘philosophical’ question: what is the simplest
local geometric condition on a tensor with two indices?

For bivectors P = P%9,: A 0,5, such a condition is, possibly, the Jacobi identity, so
that P% defines a Poisson bracket. Similarly, for differential 2-forms w = w;;dz* A da?,
the simplest geometric condition is the closedness, dw = 0, leading to the notion of a
symplectic structure.

For non-degenerate symmetric tensors g = g;;da*da?, (pseudo)-Riemannian metrics, a
natural candidate is the condition that ¢ has constant curvature or is just flat. There
are, however, other more sophisticated properties like being locally symmetric, con-
formally flat, Einstein or having holonomy group with special properties. Since non-
degenerate (2,0)-tensors are in one-to-one correspondence with non-degenerate (0, 2)-
tensors, these conditions can be reformulated for (2,0) symmetric tensors as wel ! For

LOf course, for non-degenerate skew-symmetric tensors we can do the same, then the above two
conditions become equivalent: w is closed if and only if P = w™! satisfies the Jacobi identity.



degenerate symmetric tensors B = (b%), one may consider integrability condition for
the kernel of B. Symmetric tensors B with totally non-integrable distribution defined
by Ker B are known as sub-Riemannian structures.

These examples illustrate the fact that simple assumptions lead to important geometric
structures and give rise to fundamental theories. The above geometric conditions and
related structures appeared independently and proved to be useful in different topics
in mathematics and mathematical physics. Notice that in the most cases important
ingredients were both local description and global analysis of such geometric struc-
tures including, in particular, topological obstructions for their existence on compact
manifolds and studying singularities. The latter was especially important for Poisson
structures and, due to A. Weinstein [42], became the starting point of modern Poisson
geometry.

The main object of our paper are (1,1)-tensors. As the simplest geometric condition
in this case, it is natural to choose the condition Ny = 0, where N7, is the Nijenhuis
tensor of the (1,1)-tensor L = (L%). Recall that N is the (1,2)-tensor (vector valued
2-form) defined by

Ni(v,w) = L*[v,w] + [Lv, Lw| — L[Lv,w] — L[v, Lw)
for arbitrary vector fields v and w.

Definition 1.1. By Nijenhuis operators we understand (1, 1)-tensors with vanishing
Nijenhuis tensor. A manifold M together with such an operator defined on it is called
a Nigenhuis manifold.

Our ultimate goal is to answer the following natural questions, which are motivated by
the ‘philosophical’ discussion above:

1. Local description: to what form can one bring a Nijenhuis operator near almost
every point by a local coordinate change?

2. Singular points: what does it mean for a point to be generic or singular in the
context of Nijenhuis geometry? What singularities are non-degenerate? What
singularities are stable? How do Nijenhuis operators behave near non-degenerate
and stable singular points?

3. Global properties: what restrictions on a Nijenhuis operator are imposed by com-
pactness of the manifold? And conversely, what are topological obstructions on
a Nijenhuis manifold carrying a Nijenhuis operator with specific properties (e.g.
with no singular points)?



These questions seem to be rather natural on their own and, we believe, deserve to
be thoroughly discussed. Each of us, however, has come to them in his own way via
projective geometry and/or theory of bi-Hamiltonian systems. We would like to give a
few comments about that.

In the theory of bi-Hamiltonian systems that goes back to the pioneering work of
F. Magri [28], Nijenhuis operators appear as the so-called recursion operators and their
role in this area have been well understood for many years [29] 24 [40]. However, only
relatively recently it has been understood that singularities of Lagrangian fibrations
related to bi-Hamiltonian systems should apparently be controlled by singularities of
the corresponding recursion operator (A.B. and A.Izosimov [5], see also [9]).

In the theory of integrable systems on Lie algebras, one often considers algebraic Ni-
jenhuis operators L : g — g defined on a Lie algebra (g, [, |) and satisfying the identity
L*[z,y] + [Lx, Ly] — L[Lz,y] — L[z, Ly] = 0 (see e.g. [24, 135]). Such an operator on
g naturally induces a left-invariant operator on the corresponding Lie group G which
is automatically Nijenhuis in the sense of Definition [Tl Algebraic Nijenhuis operators
turned out to be the main tool used by A.K. [23] to study Sokolov-Odesskii systems
introduced in [34].

In metric projective geometry, one of the important topics is a description of closed
manifolds admitting geodesically equivalent Riemannian or pseudo-Riemannian met-
rics. There are strong topological obstructions for such manifolds. Some of them have
been discovered by V.M. [3I]. One of possible approaches to the problem could be
based on the fact that such a manifold M always carries a globally defined Nijenhuis
operator (see [6] by A.B. and V.M. and Section [6.2).

The above are just some examples, from our personal experience, illustrating possi-

ble applications of Nijenhuis geometry. Of course, the list can be continued. We
would like to especially refer to the theory of Poisson-Nijenhuis structures (Y. Kosmann-
Schwarzbach and F. Magri [24] ), and classification of compatible pairs and multi-dimensional
Poisson brackets of hydrodynamic type (E.Ferapontov [13], E. Ferapontov, P.Savoldi
and P. Lorenzoni [14]).

This work is the first, and main, of the series of papers in progress dedicated to the
questions [[H3l It serves as an introduction to Nijenhuis Geometry that, in view of
the above agenda, should be understood in much wider context than before: from
local description at good generic points to singularities and global analysis. The goal
of the present paper is to introduce terminology, develop new important techniques
(e.g., analytic functions of Nijenhuis operators, splitting theorem and linearisation),
summarise and generalise basic facts (some of which are already known but we give
new self-contained proofs), and more importantly, to demonstrate that the proposed
research programme is realistic by proving a series of new, not at all obvious, results

(e.g., Corollaries [4.1] and [6.2]).



The paper is organised as follows. We start with a technical Section 2 containing the list
of useful formulas, basic facts and equivalent definitions for Nijenhuis operators which
will be used later. One of the key points here is our treatment of the characteristic
polynomial of a Nijenhuis operator, namely, formulas (@) and (8] leading to a general
principle (Corollary 2.2)) stating that a Nijenhuis operator can be uniquely recovered
from the characteristic polynomials if its coefficients are functionally independent al-
most everywhere.

The most important result of Section [ is, possibly, the splitting theorem which basi-
cally reduces the local study of Nijehhuis operators to the case when L has only one
eigenvalue at a given point (Theorems [B.1] B.2)). This point need not to be generic in
any sense! Another useful technique we suggest in this section is based on studying
matrix functions f(L) of Nijenhuis operators, which allows us, in particular, to analyse
real Nijenhuis operators L with no real eigenvalues. We show that one can canonically
construct a complex structure on the manifold with respect to which the Nijenhuis
operator automatically becomes holomorphic.

Then we discuss local canonical forms for Nijenhuis operators in a neighbourhood of a
generic point or a singular point which is in some sense non-degenerate. We give slightly
modified versions of classical diagonalisability theorems going back to Nijenhuis [32] and
Haantjes [19] under three different assumptions (gl-regularity, algebraic genericity and
functional independence of eigenvalues) and also describe canonical forms for Jordan
blocks (Theorem [A.7). Combining Theorems B.2] 2] .7 and Remark leads us
to local normal form for Nijenhuis operators L on M (for an open everywhere dense
subset M, C M of algebraically generic points) under the condition that each eigenvalue
of L has geometric multiplicity one. Another important result of Section Ml is the
answer to the following question. Consider a singular point zy € M"™ at which a
Nijenhuis operator L has a certain prescribed algebraic type, for instance, L is a single
Jordan block. Then we may think of L(z) as an n-parametric deformation of L(xg)
which, in general, immediately changes its algebraic type. What is a typical behaviour
of Nijenhuis operators at such points? We show that in the case of a single Jordan
block, Nijenhuis deformations exactly coincide with versal deformations in the sense of
V.Arnol'd [1] (Theorem A.4)) and, therefore, are stable (Corollary .1)). For an arbitrary
algebraic type, a conjectural answer is given in Theorem that describes one of
possible scenarios for Nijenhuis deformations in the most general case. However, the
stability of such a scenario is an open question.

The next Section [l is devoted to linearisation of Nijenhuis operators at singular points
p € M of scalar type, i.e., such that L(p) = c¢-1Id. This procedure is similar to the
linearisation of Poisson structures [42] and leads to the so-called left-symmetric algebras
(LSA). We discuss here the linearisation problem (under what conditions a Nijenhuis
operator L is equivalent to its linear part Ly,?) that is directly related to Question 2
stated above. The main result of this section is the proof of stability for singular points



of diagonal type in the real analytic case. This means, in other words, that the diagonal
LSA is non-degenerate.

Finally, in Section 6, we prove several global results related to Question 3. Namely
we show that a Nijenhuis operator L on a compact manifold cannot have non-constant
complex eigenvalues (Theorem [6.1)) and, moreover, if M = S*, then the eigenvalues of
L have to be real (Corollary [6.2]). Another unexpected observation is that compactness
prevents existence differentially non-degenerate singular points (Corollary [6.1]). Two
other applications are related to the theory of bi-Hamiltonian systems and projective
geometry. We study the behaviour (canonical forms) of Poisson-Nijenhuis structures
and geodesically equivalent metrics at singular points which, to the best of our knowl-
edge, have never discussed before.
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NSh-6399.2018.1 (contract no. 075-02-2018-867). Visits of A.B. and A.K. to the Univer-
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programm), A.B. and A.K. appreciate hospitality and inspiring research atmosphere
of the Institute of Mathematics in Jena. The authors are grateful to E. Ferapontov,
A. Panasyuk, V. Novikov, A. Prendergast-Smith, I. Zakharevich, E. Vinberg for valuable
discussions and comments.

2 Definitions and basic properties

2.1 Equivalent definitions of the Nijenhuis tensor

The original definition of the Nijenhuis tensor was introduced by Albert Nijenhuis in
1951 32 formula (3.1)] as instrument to study the following problem. Consider an
operator field L(x) that is diagonalisable at every point © € M. Does there exist
a local coordinate system zy,...,x, in which L(z) is diagonal, i.e., takes the form

L(z) =), Xi(z) 05, ® da;?

Let L be a (1, 1)-tensor field (operator) on a smooth manifold M. The Nijenhuis tensor
N7 of the operator L is a (1,2)-tensor that can be defined in several equivalent ways
discussed below. The first definition is standard and interpret N as as a vector-valued
2-form.

Definition 2.1. For a pair of vector fields £ and 7 the Nijenhuis tensor N7, is defined
by the following formula:

Ni(&,n) = L2[€,n) + [L&, Ln) — LILE, 1] — L€, Ln).
If M is equipped with a symmetric connection V, then [£,n] = V¢ — V,{ and the
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definition can be formulated as follows.

Definition 2.2. For a pair of arbitrary vector fields &, n the Nijenhuis tensor N7, is
defined by the formula:

Niu(&,m) = (LVeL = VL) — (LV, L — V1, L)

Definition 2.3. In local coordinates z',..., 2", the components (NL);k of N are
defined by the following formula:
. oL OL: L 0L
i _ 7l k l 7 k 7
(NL)jk =1L ozl L 8:6? e laxé’

where L; denote the components of L.

Since Ny is a tensor of type (1,2) we can also interpret it as a linear map from T'M
to End(7'M). On the other hand, taking into account that (N L);k is skew-symmetric
w.r.t. the lower indices j and k, we can treat A, as a linear map from the space Q' (M)
of differential 1-forms to Q*(M), the space of differential 2-forms. This leads to the
following two definitions.

Definition 2.4. If we consider N, as a map from “vector fields” to “endomorphisms”,
then
NL : 5 — LE&L — £L§L,

where L¢ denotes the Lie derivative along &.
Definition 2.5. If we consider A7, as a map from “l-forms” to “2-forms”, then
Np: a S,
where
B, ) =d(L™a)(-,) +da(L-, L) = d(L*a)(L-,-) = d(L*a)(-, L), (1)

L*: QY (M) — QY(M) denotes the dual operator for L and d : Q'(M) — Q*(M) is the
standard exterior derivative.

To develop a kind of perturbation theory for Nijenhuis operators in Section [5.2], we will
need another important operation on (1, 1)-tensor fields called the Frolicher—Nijenhuis
bracket.

Definition 2.6. Let L; and Ly be (1,1)-tensor fields on M. Then the Frélicher—
Nijenhuis bracket of L and Lo is defined as

(L1, Lalpn = Niyjgr, — N, — N,
or, equivalently,
[L1, Lalen (&, m) = (L1La + Lo L)[€, m] + [L1&, Lan] + [La&, Lon]
— La[La€, m] — La[L1&,m] — La[€, Lan] — Ly[€, Lan],
for any vector fields £ and 7.



2.2 Algebraically generic and singular points. Stability

As explained in Introduction, one of our ultimate goals is to study the behaviour of
Nijenhuis operators at singular points. In this section we introduce several types of
singularities for Nijenhuis operators and discuss some natural regularity conditions.

Let L be a Nijenhuis operator on a smooth manifold M. At each point p € M, we can
define the algebraic type (or Segre characteristic, see e.g. [15]) of L(p) : T,M — T,M as
the structure of its Jordan canonical form which is characterised by the sizes of Jordan
blocks related to each eigenvalue \; of L(p) (the specific values of \;’s are not important
here).

Definition 2.7. A point p € M is called algebraically generic, if the algebraic type of
L does not change in some neighbourhood U(p) C M. In such a situation, we will also
say that L is algebraically generic at p € M.

It follows immediately from the continuity of L that algebraically generic points form
an open everywhere dense subset M, C M.

Definition 2.8. A point p € M is called singular, if it is not algebraically generic.

Let us emphasise that in the context of our paper, “singular” is a geometric property
and refers to a bifurcation of the algebraic type of L at a given point p € M. In algebra,
the property of “being singular or regular” is usually understood in the context of the
representation theory.

Definition 2.9. An operator L(p) (and the corresponding point p € M) is called
gl-reqular, if its GL(n)-orbit O(L(p)) = {XL(p)X ' | X € GL(n)} has maximal di-
mension, namely, dim O(L(p)) = n? — n. Equivalently, this means that the geometric
multiplicity of each eigenvalue \; of L(p) (i.e., the number of Jordan A;-blocks in the
canonical Jordan decomposition over C) equals one.

One more notion is related to analytic properties of the coefficients of the characteristic
polynomial x () (t) = det (¢ -1d — L(z)) = > _ t*oy—k(x) of L.

Definition 2.10. A point p € M is called differentially non-degenerate, if the differen-
tials do(z), ..., do,(z) of the coefficients of the characteristic polynomial X, (t) are
linearly independent at this point.

The notions of algebraic genericity, algebraic regularity and differential non-degeneracy
are related to each other. For example, differential non-degeneracy automatically im-
plies algebraic regularity. On the other hand, if L(p) is gl-regular and, in addition,
diagonalisable, then p is algebraically generic (i.e., non-singular). Conversely, if we
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assume that L(p) is not gl-regular, we may expect that p is singular in the sense of
Definition 2.8 This will definitely be the case if L is real analytic and there are points
x € M at which L(z) is gl-regular.

Notice that in the context of Definition 2.9, the ‘most non-regular’ operators are those
of the form L = A -1d, A € R, as in this case dimO(L) = 0, i.e., L is a fixed point
w.r.t. the adjoint action. Those points where L(p) becomes scalar play a special role in
Nijenhuis geometry (see Section ) and we distinguish this type of points by introducing

Definition 2.11. A point p € M is called of scalar type, it L(p) = X-1d, A € R.

In the real analytic case, scalar type points are automatically singular unless L is scalar
on the whole manifold M, i.e., L(z) = A(z)-1d for a certain global function A : M — R.

As we shall see below, some of singular points are stable under small perturbations of
L in the class of Nijenhuis operators. Studying and classifying such singularities is one
of the most important open problems in Nijenhuis geometry.

Definition 2.12. A singular point p € M is called (C*-) stable, if for any perturbation
L(z) ~ L(z) = L(z) + Ry(x)

such that L(z) is Nijenhuis and Ry (z) has zero of order k at the point p € M, there
exists a local diffeomorphism ¢ : U(p) — U(p), ¢(p) = p, that transforms L(z) to L(x).

Notice that the above stability property makes sense not only for singular but also for
algebraically generic points: some of them are stable, some are not.

2.3 Invariant formulas

Many formulas discussed below have already appeared, in this or that form, in the
literature (see e.g. [ 6, [7, 17, 29, [40]). We give all the proofs to make our paper
self-contained and emphasise those ideas which are important for further use.

Proposition 2.1. Let L be a Nijenhuis operator, then for any polynomial p(-) with
constant coefficients, the operator p(L) is also Nijenhuis. In other words, Ny = 0
implies Ny = 0. We also have:

d(tr LF) = k(L") tdtr L, (2)
and more generally,

d(trp(L)) =p'(L)*dtr L, (3)
where L* : TXM — Ty M denotes the operator dual to L and p'(-) is the derivative of

p(-).



Proof. We use the condition N, = 0 in the form L£peL = LL¢L (see Definition 2:4)).
This identity implies

ELngL = ﬁL(Lnflg)L = LﬁLn—lgL - LﬁL(Lnf25)L - LzﬁLn—QEL == Ln,CgL (4)

and, therefore, by linearity
Lyyel = p(L)LeL.

Thus, we have
(Lprye — (L)L) L =0

Now consider the expression D = L,1e —p(L)L¢ as a “first order differential operator”
which satisfies the obvious property D(L") = D(L" ') L+ L"'D(L). Hence D(L) = 0
immediately implies D(p(L)) = 0, i.e.,

(Lo = (L) Le)p(L) =0,
which is exactly the desired condition Ny = 0.

To prove (2]) we use () (with n replaced with & —1). We have

1 1
Lprgtr L =tr (LppaeLl) = tr (L"'LeL) = b LeLF = TLetr L¥,

which is equivalent to (2)). O

Proposition 2.2. Let L be a Nijenhuis operator. Then for any vector field & we have
Lre(det L) =det L- Letr L

or, equivalently,
L*d(det L) = det L - d tr L. (5)

More generally, the differential of the characteristic polynomial x(t) = det(t - Id — L)
(viewed as a smooth function on M with t as a formal parameter) satisfies the following
relation:

L*(dx(t)) —t-dx(t) = x(t) - dtr L. (6)

Proof. We first notice that for any operator L (not necessarily Nijenhuis) and vector
field n the following identity holds:

LydetL=tr(LL,L), (7)

where L denotes the co-matrix of L. Now suppose that L is a Nijenhuis operator and
therefore L1¢L = LLcL for any vector field ¢ (see Definition 2.4)).
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Replacing n with L& in ({]) and using the fact that LL=detL- Id, we get:
Lredet L = tr (E £L§L> —tr (E chL) —detL-tr LeL = det L- LetrL,
as stated.

Finally, formula (@) is obtained from (Bl by replacing L with the Nijenhuis operator
t-1d — L (here we think of ¢ as a constant). O

Corollary 2.1. Let oq,...,0, be the coefficients of the characteristic polynomial
xt) =det(t-Id — L) =t"+ o1 t"  + 00 t" 24 -+ 01t + 0,

of a Nijenhuis operator L. Then in any local coordinate system x1, ..., x, the following
matriz relation hold:

—oy(z) 1
—oa(z) 0 1
J(z) L(z) = Sy(x) J(z), where Sy(z) = : Do (8)
—0p—1(z) 0 ... 0 1
—on(z) 0 0 0
and J(x) is the Jacobi matriz of the collection of functions oy, . .., o, w.r.t. the variables

T1y-e.y Ty

Proof. This matrix relation is equivalent to and can be easily obtained from (@), if we
rewrite it as L*(dx(t)) = —x(t) - doy +¢-dx(t) and equate the terms of the same power
in ¢. 0

Formula (8)) implies the following important fact, which can be considered as a kind of
uniqueness theorem for Nijenhuis opeartors.

Corollary 2.2. Assume that the coefficients o1, ..., 0, of the characteristic polynomial
of a Nijenhuis operator L are functionally independent at a point p € M (that is,
their differentials do1(p), ...,do1(p) are linearly independent). Then L can be uniquely
reconstructed from oy, ...,0, in a neighbourhood of p.

More globally, if we have two Nijenhuis operators Ly and Lo whose characteristic poly-
nomials on M coincide and the coefficients of these polynomials are functionally inde-
pendent almost everywhere on M, then L1 = Lo.

Proof. Formula (8) allows us, in fact, to get an explicit expression for L in any local
coordinate system z1, ..., x, at those points where o1, ..., g, are functionally indepen-
dent. Namely, L(z) = J~!(z) S, (z) J(z), which implies the statement. O

11



Notice that there are no restrictions on oy, ..., 0, as soon as they are independent,
that is, any collection of independent functions on M can be taken as coefficients of
X1 (t) for some Nijenhuis operator L. However at those points where the differentials of
o1, ..., 0, become linearly dependent, these functions must satisfy rather non-trivial
restrictions.

Another straightforward implications of the above discussion is the following reformu-
lation of the definition of a Nijenhuis operator in the special case when o4, ..., 0, (or,
equivalently, the functions tr L, ..., tr L") are independent almost everywhere on M.

Corollary 2.3. Let L be a differentially-nondegenerate operator almost everywhere on
M, then the following conditions are equivalent:

e L is Niyjenhuis;
e relation @) holds, i.e., d(tr L¥) = k(L*)*'dtr L fork=2,...,n+1;
e relation (@) holds, i.e., L*(dx(t)) — ¢ - dx(t) = x(t) - dtr L.

The next statements describe some properties of the eigenvalues of Nijenhuis operators.

Proposition 2.3. Let L be a Nijenhuis operator and A(z) be a smooth function satis-
fying the condition det(L — A(z) - 1d) = 0. In other words, \(x) is a smooth eigenvalue
of L. Then the differential A\ satisfies the following relation:

(L — Mz))*d\(z) = 0. 9)

Proof. Without loss of generality we may prove this relation at a point p € M which
is spectrally generic in the sense that locally, in a certain neighbourhood of p, all
eigenvalues of L have constant algebraic multiplicities. Since the set of such points is
everywhere dense, (@) will follow by continuity. We will also assume that dA(p) # 0,
otherwise the relation is trivial. One more additional assumption is that A vanishes at
p € M (otherwise we may replace L with L — A\(p) - Id).

To simplify our computations we choose local coordinates z1, . .., x, in such a way that
A(z) = x,. Notice that under above assumptions, the determinant det L can be written
as det L = z¥ f(x) where f(p) # 0 and k is the multiplicity of \. We need to show that
L*dx, = 0.

We know from ([B]) that
L*(ddet L) = det L - d tr L.

Substituting det L = z* f(z) and dividing by zF~1 we obtain:
L*(k f(z)dz, + 2,df (2)) = 2, f(x) - dtr R

12



Finally taking into account that A(p) = x,(p) = 0, we see that at this point p € M:

Lr (k:f(p)dzn) =0
and, since f(p) # 0, the statement follows. O

Corollary 2.4. Let £ = &£(x) be a smooth eigenvector field of a Nijenhuis operator L,
that is (L — X -1d)¢(x) = 0 for a smooth function A = X(z). Then we have

(L= X-1d)LeL = 0.

Proof. We use the identity LL L — Lr¢L = 0. Since £ is an eigenvector field, we get
O0=LLL—Lpel =LLL—LyeL =LLL—ALeL — (L*(d)\) ®E—dA® L§) =

(L= A-I)LL — (L —A- 1) dA @ €.
In view of (@), we get (L — X -1d)L¢L = 0 as required. O

2.4 L-invariant foliations, restriction and quotient

Let L be an operator (not necessarily Nijenhuis) on a manifold M and F be an L-
invariant foliation (that is, at each point p € M, the tangent space T,F is L-invaraint).
In any local coordinate system z!,...,2% %' ... y™ adapted to the foliation F (i.e.
such that the vectors 0,1, ...,0,x form a basis of T'F), the matrix of L takes the form

("G )

Here x = (a!,...,2%) are treated as coordinates on leaves and y = (y!,...,y™) as

coordinates on the space of leaves M /F.

From the viewpoint of Linear Algebra, at each fixed point p = (x,y) we can define
two natural operators, the restriction of L to T, F and the quotient operator acting on
T,M/T,F which correspond to the diagonal blocks L; and Ly respectively.

The restriction L|r ~ L;(z,y) can be considered as an operator on a particular leaf
of F with y being the parameter defining this leaf. In particular, L can be naturally
restricted to every leaf.

However, if we want to define the quotient operator L ~ Ly as an operator on the
(local) quotient space M/F, we need an additional condition, namely, Lo-block should
not depend on x. Let us show that this condition does not depend on the choice of an
adapted coordinate system and can be defined in an invariant geometric way.
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We will say that a vector field n is F-preserving, if the flow of n preserves the foliation
F. Equivalently, for each £ € T'F we have [n,£] € TF, or shortly, [n, TF] C TF.

Proposition 2.4. The quotient operator L is well defined on M/F (equivalently, the
diagonal block Ly does not depend on x) if and only if for any F-preserving vector field
1, the vector field Ln is also F-preserving.

If L is a Nijenhuis operator, then its restriction L|z onto any leaf of F and the quotient

operator L on M /F (provided this operator is well defined in the above sense) are both
Nigenhuis.

Proof. The first statement is related to arbitrary operators (not necessarily Nijenhuis)
and is straightforward.

The fact that the restriction of a Nijenhuis operator L to any L-invariant submanifold
(in particular, to a leaf of an L-invariant foliation) is still Nijenhuis follows immediately
from Definition 2.11

We treat the (local) space of leaves M/F as the quotient space with the natural pro-
jection m: M — M/F. It is easy to see that any vector field on the quotient M/F can
be lifted to M up to an F-preserving vector field n and this lift is defined up to adding
an arbitrary vector field £ tangent to F.

The proof can be easily done by using an adapted coordinate system. Consider the
Nijenhuis condition for 9,, and 9,, (notice that yi,...,ym form a natural coordinate
system on the quotient M/F):

NL(ﬁyav 8y5) = L2[8yaa aya] - L[Layav 8y5] - L[ﬁyav Laya] + [Layav Layg] =
—L[Laya,ayﬁ] — L[0,,, Lﬁyﬁ] + [LO,,, Layﬁ] =
— LM (2,9)0s; + (L2) 1Y)y, , Bys) — LDy, Mb(w,9)0s; + (La)5(y)), )+

HIM (2, 9)0s, + (L2)2(y) Dy, Mb(2,9) 0, + (L2)(4)0y,]

Here we assume summation over repeated indices i, j,v and v. We can now consider
the (pointwise) projection of this identity to the quotient space T,M/T,F, that is,
we consider it modulo span(0,,, ..., 0y, ). Using the fact that span(d,,,...,0,,) is L-
invariant and the components of Ly do not depend on z, we get

d(La) O(La)j O(La2)j d(La),
(1 228 PR 2
ayﬁ 8904 ayv ay“/

which is the Nijenhuis condition for the operator given by the matrix L, in coordinates
Y1, - - -,Ym, 1.€., the quotient operator L. O

14



With each Nijenhuis operator L we can assign some natural invariant foliations (inte-
grable distributions).

Proposition 2.5. Let A(z) be a smooth eigenvalue of a Nijenhuis operator L with
(locally) constant geometric multiplicity. Then the distribution Image (L — A(x) - 1d) is
smooth and integrable. In particular, if L is degenerate and of (locally) constant rank,
then the distribution Image L is smooth and integrable.

Proof. Smoothness of the distribution Image(L — A(z) - Id) is a general fact for all
(smooth) operators L, not necessarily Nijenhuis. The integrability of Image L is straight-
forward. Indeed,

L?[u,v] + [Lu, Lv] — L[Lu,v] — L[u, Lv] = 0,
which implies
[Lu, Lv] = L([Lu, v] + [u, Lv] — L[u, v]) € Image L.

Since Lu and Lv are arbitrary vector fields from the distribution Image L, the integra-
bility follows from the Frobenius theorem.

Next, denote Ly = L — A(z) - Id and compute the Lie bracket of the vector fields Lyu
and Lyv for arbitrary u and v:

[Lyu, Lyv] = [Lu, Lv] 4+ [Au, Av] — [Lu, Av] — [Au, Lv] =
L[Lu,v] + Llu, Lv] — L*[u, v] + A\*[u, v] + AdA(u)v —
A (v)u — A[Lu, v] — dA(Lu)v — A[u, Lv] + dA(Lv)u =
Ly[Lu,v] + Ly[u, Lv] — Ly(L 4+ Ald)[u, v] — dA(Lyu)v + dA(Lyv)u.
Two last terms disappear by Proposition and we finally get
[Lau, Lyv] = Ly([Lu, v] + [u, Lv] — (L 4+ AId)[u, v]) € Image L.
In view of the Frobenius theorem, this completes the proof. O

Corollary 2.5. In the assumptions of Proposition 2.0, suppose in addition that the
distributions Image (L — () -Id)k, k € N, are all of constant rank. These distributions
are all smooth and integrable. If, in addition, A\ = \(z) is the only eigenvalue of L at x,
then there exists a coordinate system in which L takes an upper-triangular form (with
A on the diagonal).

15



Proof. For k = 2, consider the restriction of L to the foliation denerated by Image L),
where Ly = L — A(z)-1d, and apply Propositions 2.4 and 2.5 for the Nijenhuis operator
Llimage1,- Then proceed by induction. To prove the second statement, take the adapted
coordinate system for the flag of integrable distributions

{0} C Image LY C Image Ly C --- C Image Ly C TM,

where m is such that Image L* # {0} and Image L' = {0}. O

In general, it is not true that Ker L defines an integrable distribution. The following
example is due to Kobayashi [21].

Example 2.1. Consider R* with coordinates z°, i = 1...4. Take the following vector

fields:
0 0 0 0 113 0
UG 2T g T g gt T T g
Define operator L acting as follows Lvy = vy, Lv; = 0, ¢« = 2...4. For this operator
L? = 0 and N, = 0. At the same time the kernel is spanned by vector fields vy, v3, v4
and [vs,v4] = v; so that the distribution Ker L is not integrable. However, we still have

[Ker L, Ker L] C Ker L?. The next proposition shows that this is always the case.

and vy =

Proposition 2.6. Let L be a Nijenhuis operator. If u,v € Ker L then [u,v] € Ker L.
Similarly, if u,v € Ker(L — A(z) - Id), then [u,v] € Ker(L — A(z) -Id)z, where A\(z) is
a smooth eigenvalue of L.

Proof. If Lu = 0 and Lv = 0, then
0 = Np(u,v) = L*[u,v] — L[Lu,v] — L[u, Lv] + [Lu, Lv] = L*[u, v],
as needed. Let Lu = Au and Lv = Av. Then we have
0 = L*[u,v] + [Mu, \v] — L[\u,v] — Llu, \v] =

L?[u,v] + A2[u, v] + AdA(u)v — AdA(v)u — AL[u, v] + d\(v) Lu — AL[u, v] — d\(u)Lv =
L?[u,v] — 2\L[u, v] + \[u, v] = (L — X - 1d)*[u, v].

In other words, [u,v] € Ker L3, as needed. 0
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3 Analytic matrix functions, splitting and complex
Nijenhuis operators

3.1 Analytic functions of Nijenhuis operators

Here we generalize Proposition 2] to a class of (matrix) functions much more general
than polynomials. Suppose a compact set K C C, a function f : K — C and an
operator L (on M) satisfy the following assumptions:

(i) C\ K is connected (we do not require that K is connected);
(i) f: K — Cis a continuous function, and the restriction f|ine(x) is holomorphic;

(iii) K is symmetric with respect to the z-axes: for every z € K its conjugate Z also
belongs to K.

(iv) f(z) = f(2) for every z € K;

(v) for every x € M we have Spectrum, L C int(K).

Typical examples of such functions are polynomials with real coefficients, the functions
e, cos(z), sin(z), etc. Under the above assumptions ({Hv)), one can naturally define an
operator f(L). Indeed, by Mergelyan’s theorem [Cal, the function f can be uniformly
approximated by polynomials pi. Moreover, we can choose these polynomials in such
a way that pr(z) = pr(z) for every z € K, i.e., their coefficients are real. We define

It is an easy exercise (see for example [Hi, §1.2.2 — 1.2.4]) to show that the limit exists, is
independent on the choice of the sequence py, smoothly depends on z € M™ (actually,
the function f(L) is analytic in the entries of L), and behaves as a (1, 1)-tensor under
coordinate transformations. Moreover, for every x € M we have: Spectrum, f(L) =
f(Spectrum,L). In particular, if for every = € M we have 0 ¢ f(Spectrum,L), then the
tensor f(L) is non-degenerate. Finally, since uniform convergence of holomorphic func-
tions implies convergence of derivatives, we also have L¢(f(L)) = limy_o Le (pi(L))
where L, denotes the Lie derivative (in particular, a similar relation holds for partial
derivatives of the entries of f(L)). The latter property immediately implies

Proposition 3.1. Let L be a Nienhuis operator. Then f(L) is a Nijenhuis operator
for any function [ : K — C satisfying assumptions ({)—().

One example of such functions, which is an obvious generalization of the matrix sign
function [Hil, is particularly important for us.
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Example 3.1. Consider the characteristic polynomial x(t) of L
X:MxR—=R, (z,t) = x(t) :==det(t - Id — L(z)),
as a monic polynomial in ¢ of degree n whose coefficients are smooth functions on M.

We will say that a factorisation x(t) = x1(t) - x2(t) is admissible, if x1,x2: M xR — R
are monic polynomials of degree > 1 with smooth coefficients, which are coprime at
every point x € M (i.e., have no common roots).

Consider the following two distributions Dq, Dy on M:
Dz:Keer(L) , 1=12 (10)

where Ker denotes the kernel. It is easy to see that D; and D, are transversal L-
invariant distributions of complementary dimensions on M, so that T'M = D; & Ds.
This decomposition defines two natural projectors P; and P, onto the distributions
D, and D, respectively. A simple but important observation is that (locally) these
projectors can be viewed as analytic functions P, = f1(L) and P, = fo(L) satisfying
the above assumptions ({)—(w).

Indeed, we take a point x € M and consider the zeros Ay, ..., A\, and A\,.y1,..., A, of the
polynomials y; and respectively ys at the point. We take small positive € and consider

Ki:=|JB\g), Ky:= | B(hiye), K=K UK,

=1 i=r+1

where B(z,e) C C denotes a closed ball of radius ¢ centered at z € C. We can choose
e small enough so that K; N Ky = () and K satisfy the assumptions ({l) and (). If we
work in a small neighbourhood of z, the assumption () is evidently fulfilled.

. _ 1 forze Ky . :
Now take the function f; : K — C, fi(z) := 0 forz e Ky, The function evi-
dently satisfies (i [vl). Then f;(L) is well-defined. It is easy to see that fi(L)(§) = ¢
for £ € Kerxi(L), and f1(L)(&) = 0 for € € Ker x2(L), i.e., fi(L) is the projector P;.

Similarly, one can construct a function fy such that fo(L) = P.

Thus, by Proposition 2T, Np, = 0, ¢ = 1, 2. Similarly, the projector to every generalised
eigensubspace of a Nijenhuis operator L is a Nijenhuis operator itself (whenever such a
projector is well defined).

Another important example of an analytic function of a Nijenhuis operator is discussed
in Section 3.3
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3.2 Splitting theorem

Consider a point p € M and let Ay, ..., A, be the eigenvalues (possibly complex) of L(p)
counted with multiplicities. Assume that they are divided into two groups {1, ..., A}
and {\.11,..., A\, } in such a way that equal eigenvalues as well as complex conjugate
pairs belong to the same group, i.e., for every i € {1,...,7}, 7 € {r+1,...,n} we have
Ai £ Aj and \; # \;. Clearly, at the point p we have an admissible factorisation of the
characteristic polynomial x 1) (t) = x1(t) x2(t) (see Example B.T]), where

Xlz(t_)\l)"'(t_)‘r)a X2:(t_)\r+1)"'(t_)‘n)'

By continuity, this partition of eigenvalues can be extended to a certain neighbourhood
U(p) which leads to an admissible factorisation of the characteristic polynomial x (t)
on U(p) given by the same formula. The fact that the coefficients of x1(t) and x;(¢) are
smooth on U(p) easily follows from the Implicit Function Theorem. All local admissible
factorisations are of this kind. Notice that we do not assume that p € M is algebraically
generic, i.e., p is allowed to be singular.

Following Example B}, we consider the distributions D; = Ker x;(L) (i = 1,2) that
provide a natural decomposition of the tangent bundle T'M = D; & D,.

Theorem 3.1. Let x.(t) = x1(t) x2(t) be an admissible factorisation of the character-
istic polynomial of a Nijenhuis operator L in a neighbourhood of a point p € M. Then
the distributions D; = Ker x;(L) are both integrable. Moreover, in any adapted coordi-
nate system (T1,...,Tp, Yri1,---,Yn) (i.€., such that Dy is generated by the vectors O,
and D, is generated by the vectors 0y,) the operator L takes the block-diagonal form

where the entries of the r X r matriz Ly depend on the x-variables only, and the entries
of the (n —r) x (n — r) matriz Ly depend on the y-variables only. In other words, L
splits into a direct sum of two Nijenhuis operators: L(x,y) = Li(z) & La(y).

Proof. Consider the projectors P; and P, onto the distributions D; and D, respectively
defined by the decomposition T'M = D; @ D,. Since P; is a Nijenhuis operator (see
Example B.I]) and D; = Image P;, then the integrability of D; follows from Proposition
2.5

The integrability of D; and Ds is equivalent to the existence of an adapted local coor-
dinate system (x,y) such that 0,,,...,0,, generate D; and 0, ,,,...,0J,, generates D;.
Since these distributions are both L-invariant, the operator L in this coordinate system
has a block diagonal form:

L(z,y) = (Ll(g’y) Lg(g,y)) .
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Without loss of generality we may assume that det L # 0, otherwise we can (locally)
replace L by L + ¢ - Id where ¢ is an appropriate constant.

Notice that the operator

0 0

being a function of L, has zero Nijenhuis tensor. Thus, for v = 9,, € Dy = Ker P, we
have

P — (Ll(x,y) 0)7

0 0
Ly 0\ (0,,Li 0\ (Li0,,L1 O
0 0 0 0) 0 0
Since L, is non-degenerate we conclude that 0, L, = 0, i.e., Ly = Ly(x). Similarly,
Ly = Ls(y), as needed. O

By induction, we come to the following conclusion.

Theorem 3.2. Assume that the spectrum of a Nijenhuis operator L at a point p € M

consists of k real (distinct) eigenvalues A1, ..., N\, with multiplicities mq, ..., my re-
spectively and s pairs of complex (non-real) conjugate eigenvalues piy, i, - - ., fis, fbs Of
multiplicities |y, ..., ;. Then in a neighbourhood of p € M there exists a local coordinate
system

zy= (). ™), = (. 2h), = (udud), L ue = (ul L u®),

wn which L takes the following block-diagonal form

Ll(Il)

LY (uy)

IC(uy)

where each block depends on its own group of variables and is a Nijenhuis operator
w.r.t. these variables. In other words, every Nienhuis operator L locally splits into a
direct sum of Nijenhuis operators L = L1 @ Lo @ ... each of which at the point p € M
has either a single real eigenvalue or a single pair of complex eigenvalues.

Notice that within each block, the algebraic structure may vary from point to point as
p is not supposed to be algebraically generic.
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3.3 Nijenhuis operators with no real eigenvalues

In this section we study real Nijenhuis operators all of whose eigenvalues are complex,
that is, the spectrum of L at every point p € M consists of pairs of complex conjugate
eigenvalues p;, fi;, p; ¢ R or, equivalently, the spectrum of L belongs to C\R. Our goal
is show that in this case M can be endowed with a canonical complex structure J with
respect to which L is a complex holomorphic Nijenhuis operator, i.e., all the entries l;'-(z)
of L, as a complex matrix, are holomorphic functions of complex coordinates 2!, ..., 2"
and the complex Nijenhuis tensor of L defined in Theorem (3) vanishes.

Let L be a operator (not necessarily Nijenhuis) on a real manifold M with no real
eigenvalues. This implies that the dimension of M is even since the characteristic
polynomial y(¢) has no real roots and therefore must be of even degree. We first
describe the canonical complex structure J associated with L and constructed as an
analytic function f(L) (satisfying conditions ({l)—(@) from Section B.1]).

Consider the following function on C \ R:

i, ifIlmz >0,
f(z)_{ —i, ifImz < 0.

This function is locally constant and holomorphic on C \ R. It is easy to see that all
properties ({)—(w) are fulfilled for any symmetric compact subset K C C\ R.

Proposition 3.2. Let L be an operator on a real manifold M with no real eigenvalues.
Then the operator

J = f(L) (12)
is well defined on M and satisfies the following properties:
1. J is smooth;
J? = —1d, i.e. J is an almost complex structure on M;

JL =1LJ, i.e. L is a complex linear operator w.r.t. J;

if L is Nijenhuis, then J is integrable and hence is a complex structure on M.
A very special case of item 4 was discussed in [3].

Proof. The fact that J = f(L) is well defined and is smooth follows from Section Bl
Next, items 2 and 3 are purely algebraic. Indeed, the scalar identity f2(z) = —1 implies
the matrix identity J? = f(L)f(L) = —Id, and L commutes with f(L) for any matrix
function f. Finally, the integrability of J, i.e., the fact that N; = 0, is a particular case
of Proposition 3.1l O
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Theorem 3.3. Let L be a Nijenhuis operator on M with no real eigenvalues, i.e., its
spectrum at every point x € M belongs to C\ R. Then

1. M is a complex manifold w.r.t. J canonically associated with L by (I2I).

2. L is a complex holomorphic tensor field on M w.r.t. J. In other words, the
subspace spanned by O,1,...,0.» is L-invariant and the restriction of L to this
subspace takes the form

Lt = Z l;(z) dz! ® 0.
ij=1

with all the functions I’ (z) being holomorphic.

3. The complex Nijenhuis tensor of L vanishes, i.e.

ol ol ol

Ozm k

+ l:’n@ =0. (13)

('NEC);/C =1

i
ozm MO

Proof. The first statement follows from Proposition To prove statements 2 and 3,
we will use complex coordinates z!, ..., 2" associated with J.

At each point p € M we consider L as a linear operator L : T,M — T, M. In the basis
0,i,05 (i =1,...,n) every operator can be written in the for

L= l; (p) 0. @ d2? +ml(p) 0z @ d2’ + m§ (p) 0, @ Az’ + Z;(p) Dz ® dz’
with some complex-valued functions I%(p), m}(p) and summation over 7 and j assumed.
By Proposition B.2] L commutes with J, i.e., is a J-linear. In terms of the above
decomposition this means that m§ (p) = 0. If we now think of L as a complex linear
map acting on span(d.i,...,0,»), we may associate it with the n X n complex matrix
L® = (Ii(p)). Our goal is to show that its entries Ii(p) = li(z', ..., z") are holomorphic

n

in coordinates 2z, ..., 2"

Lemma 3.1. Let L be a field of complex endomorphisms on a complex manifold (M, J).
Assume that the Nijenhuis tensor of L vanishes in the real sense, L has no real eigen-
values and, in addition, the imaginary part of each eigenvalues is positive. Then L is
holomorphic and its complex Nijenhuis tensor vanishes.

Proof. As explained above, if we think of L as a real operator acting on the 2n-
dimensional tangent space, then in the basis 0.1,...,0.n,05,...,0: we have L =
I:(p) 0.: @ 2 + I(p) 9z ® dZ’. Since the real Nijenhuis tensor N7, vanishes, we have:

L?0,:,0z) — L[LO,:,05) — L[0.:, LOz] + [LO,:, LOs] = 0.

2Speaking more formally, in this formula we think of L as an operator acting on the complexified
tangent space, i.e, 2n-dimensional vector space over C with basis 0,1,...,0,n, Oz1,...,0zn.
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Computing formally the left hand side and collecting the terms containing 0,s, we

obtain the following relation:
1« _ olr
(lﬁal —l‘-lal>azﬁ:0-

*0z1 7 0z~

Fixing the index i, we can treat it as a matrix identity of the form

L°X — XIC =,

where X¢ = % and (L)% = 5. Equations of this kind (i.e., AX — XB = 0 with
given A and B and unknown X)) are well known in Linear Algebra. One of the main

properties of such equations is as follows: if A and B have no common eigenvalues then
X =0.

In our case, the eigenvalues of LE and L€ are complex conjugate. Moreover, according
to our assumptions, the eigenvalues of LC lie in the upper half plane, whereas those
of LC in the lower half plane. In particular, L€ and LT have no common eigenvalues.
Hence X = 0, that is o = 0, meaning that L is holomorphic.

> 9z3

The condition Nz© = 0 given by (I3) is equivalent to the relation
L2[8Zi, 8Zj] - L[Lazi, 8Zj] - L[azi, Lazj] + [Lazi, Lazj] =0, 45=1...,n,

which is simply a part of the real Nijenhuis relations. O

To complete the proof of Theorem it remains to notice that positivity of the imag-
inary part of each eigenvalue of L® is a corollary of formula (I2)) that defines J. O

Remark 3.1. Theorem basically explains how we should treat Nijenhuis operators
with complex eigenvalues (in dimension 2n). First, we need to introduce complex
coordinates and next we may deal with such operators just in the same way as we would
do in the case of real eigenvalues (in dimension n) having in mind that all the objects
are now not just smooth, but holomorphic. For instance, if we can reduce a Nijenhuis
operator to a certain canonical form in the case of real eigenvalues, then replacing real
coordinates xy, ..., z, with complex coordinates zq, ..., 2z, we will get automatically a
canonical form in the complex case provided all the steps of the reduction procedure
admit natural complex analogs (which is almost always the case). We will apply this
principle below in Remark to get a canonical form for a complex Jordan block.
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4  Canonical forms for Nijenhuis operators

4.1 Semisimple case

It is a well known fact that pointwise diagonalisable Nijenhuis operators can be diag-
onalised in a neighbourhood of a generic point. Let us emphasise that some kind of
genericity assumption is essential (see Example LIl below). First we recall two classical
diagonalisability theorems in a neighbourhood of a gl-regular or algebraically generic
point (see Definitions 2.7 and [2.9]). One usually assumes that L is diagonalisable over
R (see [19], [32]), in our version complex eigenvalues are also allowed.

Theorem 4.1. Let L be a Nijenhuis operator. Assume that L is semisimple and gl-
reqular at a point p € M, in other words L(p) has n = dim M distinct eigenvalues (real
or complex)

AM,.. A €R and  p1,p1,- - Py P € C, s+ 2m =n.
Then there exists a local coordinate system
Uty ooy Ugy T, YLy v ey Ty Y (we set zo = To + 1Y)

in which L takes the following block-diagonal form with 1 x 1 blocks corresponding to
real eigenvalues and 2 x 2 blocks corresponding to pairs of complex eigenvalues:

= dia, U U z z wi 2g) = a5(25) —bp(2p)
L_d g()\l( 1)>"'>)\s( s)>Rl( 1)>"'?Rm( m)) th RB( 5) (bg(Zﬁ) CLB(ZB))’

where Ao (uqy) is smooth and p(z3) = ag(zs) +1bs(25) is a holomorphic function in zs.

Proof. This statement is a particular case of Theorem (for each complex 2 x 2-block,
we choose complex coordinates following Theorem [B.3)). O

This theorem can be easily generailsed to the semisimple case with multiple eigenval-
ues under additional assumption that L is algebraically generic, i.e., multipliciteis of
eigenvalues are locally constant.

Theorem 4.2. Let L be a semisimple Nijenhuis operator. Assume that L is alge-

braically generic at a point p € M and its real eigenvalues Ay, ..., s € R have multi-
plicities ky, ..., ks and pairs of complex eigenvalues py, p1,- -, Pm, Pm € C have multi-
plicities Iy, . . ., L, respectively. Then there exists a local coordinate system
1 k 1 ks 1 ! 1 Im _ :
Upy oo U Uy UGS 2y 2y 2y 2, where zg = 1 +1yg,
EH ~ o - Vo - %’a
u1 Us z1 Zm
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in which L takes the following block-diagonal form:
L= diag(Al(ul), A (), R(21), - ,Rm(zm))

where each block corresponds to one of real eigenvalues or one of pairs of complex
eigenvalues, namely,

Aafta) = diag(Malua). - Aalua)),  Rea(z) = ding(Ra(25), - Ra(z5)).

Vo Vv
ko times lg times

Ro(zs) = (“Wﬂ _bﬁ(zﬁ)) |

bs(25) as(2s)

with

1 ka

where Ao (Uq) 15 a smooth function of k. coordinates u, = (u),...,ut>) and p(zg) =

In the next theorem we do not assume that L is gl-regular or algebraically generic at
a point p € M. Instead we suppose that the eigenvalues of L, both real and complex,
are all smooth and functionally independent in a neighbourhood of p € M. Notice that
here we do not assume that the eigenvalues are all distinct at the point p, it may well
happen that all of them vanish at p simultaneously so that p is a singular point of scalar

type (Definition 2.1T]).

Theorem 4.3. Assume that in a neighbourhood of a point p € M™, the eigenvalues of
a Nijenhuis operator L

Ay A €R and pr=a1 i, pm =y, £if, € C, n=s+2m,

are smooth and functionally independent functions (the latter condition means that the
differentials of the n functions \i, ..., As,a1,b1,...,an, by are linearly independent at

the point p € M ). Then we can introduce a local coordinate system uy, ..., Us, T1, Y1, - - -y Ty Y
by setting up = A\, x; = o and y; = B; and in this coordinate system the operator L

takes the following form:

L= diag(ul, g Ry, .,Rm) with R; = (‘Cﬂ' _yj) : (14)

Yi  Xj

Proof. The right hand side of (I4]) defines a Nijenhuis operator whose characteristic
polynomial coincides with that of L and the coefficients of this polynomial are func-
tionally independent almost everywhere. Hence, the statement follows from Corollary
2.2 ]
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Example 4.1. Notice that functional independence of eigenvalues in Theorem (as
well as algebraic regularity and algebraic genericity assumptions in Theorems [£.1] and
[4.2)) is essential even if we assume that L is semisimple. Here is one of the simplest

examples:
2
I— (x :):?2/) '
Yy Yy

The eigenvalues of L are \; = 0 and A\, = 2% + %%, and L in Nijenhuis. However L
cannot be diagonalised in a neighbourhood of (0, 0).

4.2 Differentially non-degenerate Nijenhuis operators

The next two theorems give canonical forms under a rather different condition that L
is differentially non-degenerate (Definition 2.10]).

Theorem 4.4. Let L be a Nienhuis operator on M"™. Assume that L is differentially
non-degenerate at a point p € M, i.e., the differentials doq, ..., do, of the coefficients
of the characterteristic polynomial of L are linearly independent at p. Then there exists

a local coordinate system x1,...,x, in which L takes the following canonical form:
T 1
i) 0 1
L=| : = . - (15)
Tn—1 0 0 1
n 0 0 0
Proof. Since o4, ..., 0, are functionally independent, we can set x; = —o;. Then the

right hand side of (%)) defines a Nijenhuis operator whose characteristic polynomial
coincides with y(t) at each point. After this it remains to apply Corollary 2.2l Alter-
natively, one can use (§)) to “compute” L in coordinates xi, ..., x,. O

Notice that any operator given by (IH) is automatically gl-regular in the sense of Defi-
nition However we can generalise this statement to include more general examples.

Theorem 4.5. Assume that in a neighbourhood of a point p € M, the characteristic
polynomial of a Nijenhuis operator L factorises into several momnic polynomials with
smooth coefficients

xo(®) = [ xat),  degxa(t) =ka, Y ko=dimM.
a=1 a=1
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Suppose that all the coefficients of all polynomials x.’s are functionally independentﬁ
at the point p (i.e., their differentials are linearly independent at this point). Then there
exists a local coordinate system

T S o
S—— —— S———
1 T2 Ts
in which L splits into direct sum of operators Ly(xy), La(x2), ..., Ls(xs), i.e.,
L= diag(Ll(xl), LQ(SL’Q), ey Ls(xs)>7 (16)
where
rlo 1
2 0 1
Lao(za) = . (17)
ghe=1 0 0 1
ghe () 0 0

Proof. The proof is similar to that of Theorems .3 and 4.4l above and follows immedi-
ately from Corollary 2.2 O

Notice that in this theorem L, in general, is neither semisimple, nor gl-regular, nor
algebraically generic. For example, if all variables 2°’s vanish simultaneously at the
point p, then L(p) is nilpotent with s Jordan blocks of sizes ki, ..., ks. However, at
almost every point from a neighbourhood of p the operator R is semisimple with distinct
eigenvalues.

In this view, formulas (I6) and (I7)) can be understood as a Nijenhuis deformation of a
linear operator L(p) of an arbitrary algebraic type. And other way around, they show
one of possible scenarios for degeneration of a Nijenhuis operator that is gl-regular at
generic points. In particular, it is easy to see that (in an open domain of R™) one can
construct an example of a Nijenhuis operator that takes all possible algebraic types for
a given dimension.

Another important corollary of Theorem [4.3] is
Corollary 4.1. Differentially non-degenerate singular points are C*-stable.
Proof. Indeed, the property of being differentially non-degenerate is preserved under

perturbations of order 2. It remains to notice that the canonical form () is unique (i.e.,
contains no parameters) and therefore does not change under such perturbations. [

3Notice that the total number of these coefficients is exactly dim M.
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We do not know whether the Nijenhuis operators given by (I6)-(I7) are C*-stable
(at the origin). The problem is that factorisability of the characteristic polynomial
may not be preserved under perturbations. For general (i.e. not necessarily Nijenhuis)
perturbations, this property definitely disappears, but it is not clear what happens
under perturbation in the class of Nijenhuis operators.

Remark 4.1.

4.3 The case of a Jordan block

First we treat the case of a Jordan block with a constant eigenvalue A € R. Without
loss of generality we assume that A = 0, i.e., L is nilpotent.

Theorem 4.6. Let L be a Nijenhuis operator which, at each point, is similar to a
nilpotent Jordan block. Then there exists a local coordinate system xq,...,x, in which
L(z) is constant:

= (18)

This result was independently obtained by several authors (see [10], [18], [38]), we
suggest one more proof which will next be used for the non-constant eigenvalue case.

Proof. We shall prove this statement by induction using Definition 23] of the Nijenhuis
tensor Np. For this reason, instead of L we shall work with its dual L*.

As we know from Proposition 2.5, the image of L defines an integrable distribution of
codimension 1 and, consequently, there exists a regular function x; such that Image L. =
Kerdxy, or equivalently, L*d x; = 0.

The next coordinate function xs must satisfy the relation L*dxy, = d ;. Let us show
that such a function exists. First of all, notice that we can always find a 1-form « which
satisfies L*ow = dxy (since dz; belongs to the image of L*). From Definition and
the fact that N7, = 0 we have:

d (L*a)(u,v) + da(Lu, Lv) — d (L*a)(Lu,v) — d (L*a)(u, Lv) = 0.
Using d (L*a) = ddz; = 0 and L**a = L*d2; = 0 we immediately obtain:

da(Lu, Lv) =0

28



Since the vectors of the form Lu generate the kernel of d xy, this relation means that
da = 8 Adx; for some 1-form §. If we think of g as a differential 1-form on the leaves
of the foliation {x; = const} which depends on z; as parameter, then (3 is closed and,
consequently, can locally be presented in the form g = d h where h is also understood
as a function on the leaves of this foliations depending on x; as a parameter.

Now we set @ = o — hd x1. This new form still satisfy L*a = d x; and, in addition, is
closed. Hence locally we can fund a function xy such that d zs = a.

We continue the construction by induction. Suppose we have constructed xq, ...,z
such that L*dx;y; =dz;, e = 1,...,k — 1. We are going to construct x;,; such that
L*d x4 = dxg. Just as before, first take v such that L*« = dx) (notice that such a
form « exists for purely algebraic reasons if k < n, moreover this form will be linearly
independent with dzy,...,dxy). Then we have

0=d(L*?a)(u,v) + da(Lu, Lv) — d (L*a)(Lu,v) — d (L*a)(u, Lv) =
ddzg_1(u,v) +da(Lu, Lv) — ddzg(Lu,v) — dd zg(u, Lv) = d o Lu, Lv)
We see that the situation is absolutely the same as before and we literally repeat the

above construction to find xy,;. As a result we will obtain n independent functions
x1,...,x, satisfying L*(dzy) = 0 and L*(dagyy) = dag, & = 1,...,n — 1, which is

equivalent to the statement of Theorem [4.6l O
It follows from this proof that local coordinates x1,...,x, are not unique. Indeed, at

each step we need to solve the equation of the form L*d f = d x; and then set f = ;.
This shows that as long as zy, is chosen, the coordinate ;. is defined modulo arbitrary
function h satisfying L*d h = 0, i.e. up to adding a function of the from h = h(z).
In other words, canonical coordinate systems are parametrized by n functions of one
variable. This observation can be reformulated in the following more geometric way.

Corollary 4.2. In the assumptions of Theorem [{.6, consider an arbitrary regular
smooth curve y(t) which is transversal to the distribution Image L. Then there ex-
ists a unique local coordinate system x1,...,x, in which L takes the canonical form
(IR) and the parametric equation of v becomes ~y(t) = (¢,0,...,0,0).

The next theorem gives a normal form for a Jordan block with a non-constant eigen-
value.

Theorem 4.7. Suppose that in a neighbourhood of a point p € M, a Nijenhuis operator
L is algebraically generic and similar to the standard Jordan block with a non-constant
real eigenvalue A\(z). Then there exists a local coordinate system xq,...,x, in which
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the matriz L(x) takes the following form:

A(z1)
1 Azy) &= —Nus,
& 1 Az) §a = — N 2wy,
L(x) = Lean = . . where
. gn—l =-N(n-3 Tn-1,
€n—1 M) En = —N (n(— 2):51,
gn 1 )\(1'1)

(19)
and N = aa_m/\l' If d\(p) # 0, then in (I9) we may set A(xy) = x1 and X' = 1.

Formula (I9)) is analogous to those obtained in [7] and [40] in the presence of an addi-
tional compatible algebraic structure, either Riemannian metric or symplectic form (cf.
Section [6)). For this reason, the proofs in [7], [40] are not applicable in our situation.

Proof. Let A : U(p) — R be the eigenvalue of L considered as a smooth function and
denote Ly = L — X -Id.

According to Corollary we have the flag of integrable distributions
{0} C Tmage Ly™! C Image L} C -+ - C Image Ly C TM.

Notice that Ker L} = Image L} for any k = 1,...,n — 1. Let F} denote the foliation
generated by Image L%.

Consider a local coordinate system vy, ..., y, adapted to this flag, more precisely such
that Ker LY™* = Image LY = span(dy,.,,...,d,,). In other words, we can think of
Yk+1, - - -, Yn as coordintates on the leaves of Fy and of yy, ..., yr as coordinates on the
(local) quotient space M /Fy. In this coordinate system L takes lower triangular form

with A on the diagonal, moreover A = A(y;) by Proposition 2.3k

First of all we will show that for each L-invariant foliation J},, we can correctly define
the quotient operator Lj on the (local) quotient manifold M/Fy. This property is
equvalent to the following lemma (cf. Section 2.4)).

Lemma 4.1. In adapted coordinates yi, . ..,yn, let L denote the k x k submatrixz of L
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composed by L;'- with 1 <i,5 < k:

0 ... 0
Ly
I — o - 0
* *
0
* ... % Y

Then the entries Ly depend only on the first k coordinates y1,...,y, and L; defines a
Nijenhuis operator on M/ Fy.

Proof. In view of Proposition 2.4 the second statement follows from the first one.
Therefore it is sufficient to verify the first property for the largest submatrix L, _; and
then proceed by induction.

By Proposition 2.4] this property is equivalent to the following condition. Let 7 be an
arbitrary vector field that is tangent to F,,_1, i.e., n € Ker L) and £ be an arbitrary
vector filed that preserves F,,_1, i.e., [£,7n] € Ker L. We need to show that L& preserves
the foliation JF,,_; too, that is, [L{, n] € Ker L.

Using that L is Nijenhuis we obtain:
L(L = X-1d)[§, n] = LILE, n] + L[S, Ln] — [L&, Ln] — AL[E, 7] =
and therefore, taking into account that Ln = \n:

= LILE n] + LIE Al — [LE, Mgl — AL, n] = LILE, n] + £(A) - L — A[LE, 0] — LE(A) - 1)
= LALLE, ] = Lag(A) - 1.

The left hand side of this relation vanishes as [£, 7] € Ker L,, the directional derivative
Ly&(N) vanishes by Proposition since ((A) = 0 for any vector field ¢ € Image L.
Hence, [L¢,n] € Ker Ly as needed. Thus, we conclude that the entries of L,,_; do not
depend on y,, as required. In particular, L, _; defines a Nijenhuis operator on M/F, _;
in coordinates yi, ..., Yy,_1 (see Proposition [2.]). a

Notice that Lemma [£.1] holds true for the canonical form (I9) and moreover the sub-
matrix (Lean)r Of Lean represents a canonical form for a Jordan block in dimension
k. This suggests the following scheme of the proof by induction. We start with the
1 x 1 submatrix L, :()\(xl)) which already has a canonical form, so we set x; = y;.
Then we reduce Ly to the 2-dimensional canonical form (Lcan)2 by changing only one
coordinate y; — x5 and leaving all the others unchanged. And so on, assuming that
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L, = (Lcan)k (which means that the first canonical coordinates z1, ..., x; have been
already constructed), we reduce Lj,; to the canonical form (Lcan)k 1 by finding the
next canonical coordinate xp,q in terms of x1,...,xy and y,1. The process finishes in
n — 1 steps.

To complete the proof, we need to prove the following lemma justifying the above
procedure. To simply notation, we assume that k£ = n — 1. In other words, we treat
the very last step which is absolutely similar to each previous one.

Lemma 4.2. Suppose that a Nijenhuis operator L has been reduced to the form

0
e, |
0
in some (adapted) coordinates w1, ...,x,_1,Yn (in other words, L is “almost canon-

ical” except for the last row which contains some functions denoted by * and de-
pending on all variables). Then we may change the last coordinate only, i.e., set
Ty = f(x1,...,Tn_1,Yn) leaving all the other coordinates unchanged in such a way
that L will take the desired canonical form (19).

Proof. 1t follows from (I9) that the last coordinate x, is characterised by relation
L*dx, =&, dxy+dx,_1 + Adx,. It means that the function f can be found by solving
the following partial differential equation:

Lidf=dx, 1 —Nn—-2)fdz;. (20)

Let us first restrict this equation onto the leaves of the foliation F; given by {x; =
const}. In other words, we think of f as a function in x»,...,z,_1,¥y, dealing with
x1 as a parameter. Then on each leaf {z; = const} we obtain a simpler equation
Lid f = dx,—1 with A = A(x;) being a constant. But this equation has been already
analysed in the proof of Theorem and we know that it admits a solution for each
fixed ;. Take an arbitrary solution f = f(x1; @2,...,7,_1,¥s) of this kind. If we now
consider f as a function of all variables, then it satisfies (20) modulo d xy, i.e., we have

Lidf = <dx2 — X(n—2)fd:51> +gdx

where ¢ is a certain smooth function.

If we set T, = f(x1; T2y ..., Tp_1,Yn) (T1,%2,...,T,_1 remain unchanged), then in this
new coordinate system 1, ..., T, 1, %, the operator L will coincide with (I9]) except
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for one single element, namely

0 0 . 0

L= Len+ P, where P= : T (21)
00 ... 0
g 0 0

Using the fact that L and L., are both Nijenhuis, we can verify by a straightforward
computation that g depends only on x; and .

We now consider equation (20)) again with L given by (21]) in coordinates 1, . .., Tp_1, Tp:

Ldf=dx, 1 —Nn-2)fdx,

We will be looking for f in the form f = %, + h(z1,x2). Substitution gives
Lid (&, +h) =dx,y — N(n—2)(Z, + h)dzy,
or, in more detail:
dx,_1—N(n—2)T,dxy +gdx; + g—id vy =dx,_ 1 — N(n—2) (:in + h)dl’l,

which finally reduces to

oh

— =—g—-N(n-2)h

90y~ 9 (n—2)h,
with g = g(z1,22) and h = h(x1, z5). This equation obviously has a solution for any g.
This completes the proof. O
As explained above, this lemma immediately leads to the desired result. O

Remark 4.2. If a Nijenhuis operator L is similar (over C) to a pair of n x n Jordan
blocks with complex conjugate eigenvalues a+1i 3, 5 # 0, then its canonical form can be
easily obtained by introducing the canonical complex structure J on M and interpreting
L as a holomorphic Nijenhuis operator on the n-dimensional complex manifold (M, J)
as explained in Section (cf. Remark BI]). After this we can literally repeat the
above construction with real variables z; replaced by complex variables z;. The final
conclusion is the same as that of Theorem .7 with straightforward modifications: L,
given by ([I9) is now a complex matrix, x; should be replaced by z; and the function
A(z1) is holomorphic.

Remark 4.3. By the splitting theorem, in order to obtain a local description of a
Nijenhuis operator in a neighborhood of an algebraically generic point, it is sufficient to
do this under the assumption that the operator has one real, or two complex conjugate
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eigenvalues (Theorem B.2)). If in addition we assume that a Nijenhuis operator L is gl-
regular, i.e., each eigenvalue corresponds to exactly one Jordan block, then Theorems
4.1l and [4.7 and Remark (4.2 provide this description. Namely, if L is gl-regular and
algebraically generic, then locally L splits into direct sum of blocks of 4 types:

e trivial 1 x 1 Jordan block corresponding to a real eigenvalue A: (A(u)) where A(u)
is a smooth function of w;

e trivial 2 x2 Jordan block corresponding to a pair of complex conjugate eigenvalues
hoA ; CL(QE,y) —b(flf,y>) ;
=a+ib, p=a—ib, b # O: , where p(z,y) = a(x,y)+ib(z,
p p 7 (b(x’ ) alz.y) p(e,y) = alz, y)+ib(z,y)
is a holomorphic function in z = x +iy;

e non-trivial Jordan block given by (I9)) corresponding to a real eigenvalue;

e non-trivail complex Jordan block corresponding to a pair of complex conjugate
eigenvalues obtained from (I9)) as explained in Remark .2

5 Linearisation and left-symmetric algebras

5.1 Singular points of scalar type and linearisation

In the previous section we studied the local structure and normal forms of Nijenhuis
operators L at those points which satisfy some kind of regularity conditions (either al-
gebraic regularity, or algebraic genericity, or differential non-degeneracy). For instance,
Theorem [.1] describes the simplest situation when the eigenvalues of L are all distinct.
This section is devoted to the opposite case: we will assume that all the eigenvalues
of L at a given point py € M coincide and, even more than that, we will assume that
L(po) = A -1d, A € R, that is, pg is a (singular) point of a scalar type (Definition [2.11]).

Since for any Nijenhuis operator L and constant A € R, the operator L — A - Id is
still Nijenhuis, then without loss of generality we may assume that at a point pg € M
of scalar type we have L(py) = 0. Under this assumption, we can apply a natural
linearisation procedure for L(x) at the point py by expanding L(x) into Taylor series in

some local coordinate system !, ..., 2" (centred at py) and taking the linear part@:
L(z) =0+ Ly(x) + Lo(x) + Ls(x) + ...
where the entries of Ly(x) are homogeneous polynomials in x!, ... 2" of degree k and

. LI . oL
Ly = Ly, with (L )i(7) = E I\ ya®, where I}, = a—gﬂz(pO)‘
=1

4The same procedure is used for linearisation of a Poisson structure at a singular point [42].
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Notice that the linear part L; = Ly, is itself a Nijenhuis operator that can be naturally
understood as the linearisation of L at the point py € M (indeed it is straightforward

to check that its components (Ly,)i(z) satisfy the Nijenhuis relations (N Lﬁn);k =0,
see Definition 2.3)). In a more conceptual way, the linearisation Ly, of L should be
considered as a (1, 1)-tensor field on the tangent space T, M.

Definition 5.1. Let L(py) = 0 and n € T, M. The linearisation of L at py € M is
defined as the operator field

Liin(n) : T)(Tpo M) — T,(T,, M)
defined by the following formula:

s [7,LE](po) for any € € Ty(TpyM) = T M, (22)

where & and 77 are two arbitrary vector fields on M such that | (po) = & and 1(po) = 7.

The following proposition is obvious.

Proposition 5.1. (i) The operator ([22)) is well defined, i.e., does not depend on the
extensions & and 1 of the tangent vectors & and 7).

(17) Lun(n) is a Nigenhuis operator on the vector space T,, M whose components, in any
Cartesian coordinate system, are linear functions, i.e., (Lyn)i(n) = > p_ IL 0"
Moreover, if x*, ..., z" is a local coordinate system on M, then in the correspond-

. oL
. . . i
ing Cartesian coordinate system on Ty, M we have l% ) = 5 (Do)

The same object can be defined in an algebraic way by interpreting l;k as a structure
tensor of a certain n-dimensional algebra (ay, ) defined on the tangent space 7,,, M (in
the basis e; = 0,1,..., e, = 0;n). In other words, for any &, n € T}, we set by definition:

o . OL:
Exn= L=y (Z l;;ﬁ#“) O A (23)
7.k

i

Since Ly, is a Nijenhuis operator, this algebra is expected to be rather specia]ﬁ. What
can we say about it? The answer can be found in literature (see, e.g., [44]) although it
does not seem to be widely known, at least amongst differential geometers.

Definition 5.2. An algebra (a, *) is called left-symmetric if the following identity holds:

ExmxQ)—(Exn)xC=n*(ExC)—(nx&)x(, forall &,n, (€ a. (24)

5Recall that in the case of Poisson tensors, the linearisation procedure also leads to an algebra with
very special properties, namely, a Lie algebra.
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The definition is due to Vinberg [41]; recent papers on left-symmetric algebras include
12, 11].

Notice that (24) can be rewritten as L¢L, — L,L¢ = Li,; where L¢ : @ — a denotes the
left multiplication by &, i.e. L¢( = (. The latter relation implies that the commutator
[€,m] = & xn —n*E defines the structure of a Lie algebra on a (called the Lie algebra
associated with a).

The relation between (linear) Nijenhuis operators and left-symmetric Lie algebras is
very natural.

Proposition 5.2. Consider a (1,1)-tensor field L which is defined on a vector space
T ~ R"™ and such that all of its components are linear functions in Cartesian coordinates
xb, ..., 2", that is,

Li(z) =Y Iia* (25)
k

Then L(x) is a Nijenhuis operator if and only if I}, are structure constants of a left-
symmetric algebra. We will denote this left-symmetric algebra by (ar, *).

The proof of Proposition is straightforward and can be found e.g. in [44], we also
include it in Part 1T [22] of our series of papers on Nijenhuis geometry.

Thus, there is a natural bijection between linear Nijenhuis tensors and left-symmetric
algebras. In this view, sometimes by the linearisation of a (non-linear) Nijenhuis tensor
L at a singular point py € M of scalar type, we will understand the left-symmetric
algebra a;, defined on T,,, M. We will refer to it as the isotropy left-symmetric algebra.

The linearisation problem for a Nijenhuis operator L in a neighbourhood of a scalar-
type singular point py can be stated as follows: under which conditions L is (locally)
equivalent to its linearisation, that is, to the linear Nijenhuis operator Ly, associated
with ay? In this case we say that L is linearisable at the singular point p € M.
Sometimes linearisability may follow from the structure of ar. The next definition
is borrowed from Poisson Geometry. The only modification is that Lie algebras are
replaced with left-symmetric algebras and Poisson tensors are replaced with NIjenhuis
operators.

Definition 5.3. A left-symmetric algebra a is called non-degenerate if any Nijenhuis
operator L, whose isotropy left-symmetric algebra ay, at a singular point py is isomorphic
to a, is linearisable at this point.

Equivalently, non-degeneracy of a means that the corresponding linear Nijenhuis oper-
ator is C?-stable (at the origin).
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Notice that speaking of linearisability we have to distinguish at least three different
cases: smooth, real analytic and formal. In this view, non-degeneracy of a left-
symmetric algebra a can be understood in three different settings: smooth, real analytic
and formal. The following example is treated in detail in Part II of our work [22].

Example 5.1. Consider the two-dimensional left symmetric algebra b, , with a basis
e1, es and relations

egrxer =0, e;pxey=0, ey*xe; =ey, e€g%ey = qes.

The corresponding linear Nijenhuis operator is

0 =x
Lbl,a = (0 Oéy) , o€ R.

If @ < 0 and is irrational, then this left-symmetric algebra is degenerate in the smooth
sense. To show this one can consider the following smooth perturbation of Ly, ,:

L= (8 Ofy) N (h(:g,y) g(:%,y))

where h and g are both flat functions defined by:

e -1 . ay #0, bz, y) e gy £ 0,
W)= ( 22(?) 5 YEOnd gl y) = 0( Ve 7_& 0
0, xy = 0. ) ry = 0.

They satisfy two properties: 1) h(z,y) is a smooth first integral for the vector field
(x, ) (defined by the second column of Ly, , and 2) the relation h,g = hyh holds.
These conditions guarantee that L is Nijenhuis.

It is obvious, however, that L is not equivalent to Ly, , since the latter has zero eigen-
values at each point but L does not.

This trick with a flat perturbation does not work in the real analytic case (in particular,
the vector field (z, ay) admits no real analytic first integrals) and it can be shown (see
Part 3 [22] for details) that the algebra by , is analytically non-degenerate for almost
all negative irrational «’s.

In the next section, we prove the non-degeneracy for the simplest and most natural left-
symmetric Lie algebra, namely, the diagonal one. In general, the classification problem
for left-symmetric algebras is completely open and, to the best of our knowledge, has
not been even touched.
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5.2 Non-degeneracy of the diagonal left-symmetric algebra

Theorem 5.1. Let 0 be a non-trivial one-dimensional LSA and 0" = @,,0 be the direct
sum of n copies of 0. Then 0" is non-degenerate both in formal and real analytic sense.
Equivalently, consider the linear Nijenhuis operator of the form

Ly () = diag(z1, za, . . ., Ty)
and a formal (resp., real analytic) perturbation of Ly, of the form

where the entries of Li(z) are homogeneous polynomial of degree k > 2 in x and L
is a formal (resp. real analytic) Nijenhuis operator. Then L(x) is formally (resp.,
real analytically) linearisable, i.e., there exists a formal (resp. real analytic) change of
variables

with f; being homogeneous polynomial of degree k > 2 such that in new coordinates
the operator L takes the form

Lin(y) = diag(y1, y2, - - -, Yn),

01 ) more SPCZCZHCO,HQU,
Llln X L2 X L3 X s Lhn y ) 28

0
where (8_y) is the Jacobi matriz of the coordinate change (271).
x
Remark 5.1. In dimension two, the statement of Theorem [B.1] remains true in the
smooth category [22]. However, we do not know if it is still the case for k > 3.

Remark 5.2. We do not know if the direct sum of two non-degenerate left-symmetric
algebras is still non-degenerate and therefore we cannot use this obvious idea in our
proof. This general property might be true but we do not see any elementary explana-
tion of it.

Remark 5.3. The geometric meaning of the new coordinates v, ..., y, is very simple.
These are just the eigenvalues of the perturbed operator L. However, the argument
that “under small perturbations the eigenvalues change in a good way” does not work
in this case at all. The point is that generic (i.e., non-Nijenhuis) perturbations of
Ly (z) immediately destroy all good properties of the eigenvalues, typically they become
multivalued and by no means smooth. Theorem [5.1] is basically equivalent to the fact
that the eigenvalues of Ly, (x) remain smooth under Nijenhuis perturbations.
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Proof. We first prove formalnon-degeneracy of 0", or equivalently, formallinearisability
of L(x), by killing each term Ly (z) of the perturbation step by step. In other words, we
will use the traditional approach based on the following sufficient condition for formal
linearisations. As before, throughout the proof Li(z) denotes a matrix whose entries
are homogeneous polynomials in x of degree k > 2.

We first of all notice that if L(z) = Ly, (x) + Lg(x) + ... is a Nijenhuis operator, then

the Frolicher—Nijenhuis bracket of Ly, (z) and Lg(z) vanishes (see Definition 2.6]). In
this case we will say that Ly, and L are compatible.

Proposition 5.3. Assume that for any k and for any L, compatible with Ly, there
exists a change of variables

yi =x; + fir(x), where f;(x) is a homogeneaous polinomial in x of degree k,

that transforms L(x) = Lyy(x) 4+ Li(x) to the form L(y) = Lun(y) + Lg+1(y) +... (i.e.,
kills terms of order k). Then any Nijenhuis perturbation of Ly, of the form (28] is
formally linearisable.

Notice that this statement holds true for any linear NIjenhuis operator, not necessarily
the diagonal one Ly, (z) = diag(z1, za, ..., x,).

This sufficient condition for formal linearisability seems to be standard and we omit
the proof. We just want to show that it is fulfilled in our case. Namely, we are going
to prove the following

Proposition 5.4. Let R(x) be an operator whose entries are homogeneous polynomials
of degree k and such that [Ly,(x), R(z)]pxy = 0. Then there exists a change of variables

yi = x; + fi(2)

with f; being homogeneous polynomials of degree k such that the following relation holds:
(Id + J)_1 (Llin(y) + (terms of degree > k + 1)) (Id+ J) = Lin(z) + R(z), (29)

where J = (%) and F(z) = diag(fi(z), ..., fu(z)).

Proof. By equating k-order terms in (29]), we obtain

R(x) = F(x) = [Lin(x), J] (30)

This system is easy to analyse.
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Lemma 5.1. The change of variables y; = x; + fi(x) with required conditions (30)
exists if and only if the components of R(x) satisfy the relation:

i) = (a0~ ) (31)

If BI)) holds, this change of variables is unique and takes the form

yi = x; + Ri(z).

Proof. Assume that (B0) holds. Taking into account the fact that the diagonal elements
of [Lyn(z), J] vanish, we come to the condition that R!(z) (diagonal elements of the
perturbation) must coincide with fi,..., f,. In other words, if for a given perturbation
R(z) the desired change of variables exists then such a change is unique and is given
by the diagonal elements of the perturbation, i.e.

yi = z; + Ri(x).

On the other hand, off-diagonal elements R; of R(z) must coincide with the off-diagonal
elements of the (matrix) commutator [Ly,(z), J| = Lin(2)J — JLin(z), which are of

the form (z; — ;) J; = (z; — :E])gf = (z; — x])a L as stated. Conversely, if (31I]) holds,
it is easily seen that the change of variable y; = ZL’Z + Ri(x) satisfies (30). O

It remains to check that condition (31]) follows from to the fact the Frolicher—Nijenhuis
bracket of Ly,(x) and R(z) vanishes.

Lemma 5.2. Let Ly, and R(x) be compatible, i.e., [Lyy,, R(z)]pn = 0, then [B1I) holds.

Proof. Vanishing the Frolicher—Nijenhuis bracket of Ly, and R amounts to the following
relations (for all ¢ # j):

Lhn[R?{aa, 82] + Lhn[ﬁj, Rfaa] + R[l’zaz, 8]] -+ R[@Z, S(Zjaj] — [R?{aa, xlﬁl] — [l’jaj, Riaﬁa] = O,

with summation over « (but not over ¢ and j). A straightforward computation gives:

OR¢
— Z Tas

]a Zxa Za +0+0+sz Ja —R.0; - Zx] Zaa+R{aj=0

Taking the i-th component of this vector identity, we get:

IR} OR: OR} ; OR: OR! ;
~Tige L+ o, + Fr R — x; oz, (i — ;) o, - R; =0,
which coincides with (3TI). O
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These two lemmas complete the proof of Proposition [5.4l O

Taking into account the sufficient condition of formal linearisability given by Proposition
B3, we conclude that L(z) is formally linearisable.

In the real analytic case, the proof easily follows from the Artin theorem [2] which states
that if an analytic equation admits a formal solution, then it also admits an analytic
solution which is closed to the formal one in natural sense. In particular, this theorem
implies the following fact: if a polynomial equation

Ply)=y"+op1(2)y" ' +0ono(@)y" 2+ - +oy(x)y +oo(x) =0, z€R"ycR,

admits n distinct formal solutions y, = hg(x) (in the neighbourhood of z = 0), then
these solutions are automatically real analytic in a small neighbourhood of x = 0.

Formal linearisability of L(z) means that the new coordinates y; are formal roots of
the characteristic polynomial of the operator L(x) (see formula (28])). According to the
above particular case of the Artin theorem, y,(x) are, in fact, real analytic (in a small
neighbourhood of = = 0), as required. This completes the proof in the real analytic
case. 0

6 Applications

6.1 Complex eigenvalues of Nijenhuis operators on closed conected
manifolds are always constant

Theorem 6.1. Let L be a Nijenhuis operator on a closed connected manifold M with a
non-real eigenvalue A € C\R at least at one point. Then this number X is an eigenvalue
of L with the same algebraic multiplicity at every point of M.

Proof. Let k(x) be the number of non-real (perhaps, repeated) eigenvalues of L at
x € M, and A\((7),..., Ay (2) denote all the corresponding non-real eigenvalues of
L(z). Next, define

= )\z d = s
p(x) i:{f}%x)d( (2)) and  po := max pu(z)
where (-) denotes the imaginary part of a complex number. At the points where
k(x) = 0 we set u(z) = 0. Let My C M be the set of those points where the maximum
is achieved:

Mo :={z € M | p(x) = po}-
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Clearly, u(x) is a continuous function on M, so the compactness of the manifold implies
that My is not empty and is compact. Next, for each point x € M, let E(a:) € N be
the number of those eigenvalues of L(z) whose imaginary part equals p9. Denote such
eigenvalues by A1(z), ..., A, () and their algebraic multiplicities by mi (z), ..., mg,, (2).
Next, consider the function

m:My—=N My>z+— ( max mi(x)>,
1=1,....k(x)

denote by my its maximum and by Mo C My the set of points where the maximum is
attained. By construction, at every point x of M and for every eigenvalue X\ of L(z),
at least one of the following conditions holds:

1. $(A) < g or

2. the algebraic multiplicity of A is not greater than my.

Clearly, the set ]\70 is closed. Let us now show that it is open. Take arbitrary p € ]\%,
and let \g be an eigenvalue of L(p) of algebraic multiplicity mgy with $(X\g) = 0.

According to Theorems B.I] and B.3, there exists a connected neighbourhood U =
U(p) C M with a coordinate system z; = x1+1y1, -+ -, Zmg = Tmo +1Ymos Tomet1s -« -5 Tn
and a decomposition of the characteristic polynomial x (¢) in the product of three monic
polynomials

x(t) = P(t)- P(t) - Q(t)
satisfying the following conditions hold:

e the coefficients of the polynomial P(t) = t™ +a;t™ "'+ . . +a,,, are independent
of Tomy+1,...,T, and are smooth complex-valued holomorphic functions of the
variables z1, ..., Zn;

e the coefficients of the polynomial P(t) are complex-conjugate to that of P(t);

e the coefficients of the polynomial Q(t) = t"=2m0  pytn=2mo—1 4 ... 4 b, . are
smooth real functions of the variables To,,5+1, - - -, ZTn;

e at the point p € M, the polynomial P(t) is equal to (¢t — X\g)™°.

By assumptions, the function —3(ay) is the sum of imaginary parts of some mg eigen-
values of L and therefore is at most mq - tg, which implies that it attains its maximum
at p. Since a; is holomorphic, it is constant on U by the maximum principle. Then the
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imaginary parts of the roots of P(t) are constants on U. Since the roots of the polyno-
mial P(t) (with holomorphic coefficients) are also holomorphic on an open everywhere
dense subset of U, this condition implies that these roots themselves are constant on
U. Hence, U C M, and therefore M, is open.

Finally, since ]\70 is non-empty, closed and open, it coincides with the whole M, so that
at every point of M the eigenvalue Ay has multiplicity mg. Next, consider the operator
L' := (L—X-1d)(L—Xo-1d). Its Nijenhuis tensor is zero, and at every point the number
of non-real eigenvalues of L’ is one less than that of L. If all eigenvalues of L’ are real,
we are done, since the only non-real eigenvalues of L are constants Ao and ), both of
algebraic multiplicity mg. Otherwise, replacing L by L’ in all previous considerations,
we obtain that one of its complex eigenvalues (say, A) is constant and has constant
algebraic multiplicity at all points of M. Then, we consider L” = (L'—\,-Id)(L' —\,-1d)
and so on; in finitely many steps we come to a Nijenhuis operator with only real
eigenvalues. Theorem is proved. O

It easily follows from Theorem [£.4] that near a differentially non-degenerate singular
point there always exist points with non-constant complex eigenvalues. Hence we im-
mediately obtain

Corollary 6.1. A Nienhuis operator L on a closed manifold cannot have differentially
non-degenerate singular points.

The next corollary shows that the topology of a manifold carrying a Nijenhuis operator
L may “affect” the spectrum of L.

Corollary 6.2. The eigenvalues of a Nijenhuis operator on the 4-dimensional sphere
S are all real.

Proof. Let L be a Nijenhuis operator on S* with a complex eigenvalue \ at a point x
which without loss of generality can be assumed to be equal to i = /=1 (otherwise
replace L by its appropriate linear combination with Id). Then, by Theorem at
every point of S* the numbers i and —i are eigenvalues of L.

If i has algebraic multiplicity 2 at x, then i and —i have algebraic multiplicity 2 at
every point of S* and therefore L is a Nijenhuis operator with no real eigenvalues.
According to Theorem [3.3], in this case L induces a natural complex structure J on S*
which is impossible.

Let us consider the case when i has algebraic multiplicity 1, and construct an almost
complex structure on S*. Consider any Riemannian metric g on S?, the 2-dimensional
distribution D = Ker (L? + Id) and its orthogonal complement D-.
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Next, define an almost complex structure .J as follows: we choose an orientation 4-form
w and for the vector v = u+u"*, where u € D and ut € D+, we put J(v) = L(u)+R(ut),
where R is the F-rotation in the 2-plane D+ in positive direction. More precisely, R(u')
lies in D, is orthogonal to u*, has the same length as u*, and w(u, L(u), u*, R(ut)) > 0
for any nonzero u. Clearly, J? = —Id, so it is an almost complex structure.

Now, by the classical result of Steenrod [37, 41.20], the 4-sphere does not admit any
almost complex structure. This contradiction completes the proof. O

6.2 Geodesically equivalent metrics near differentially
non-degenerate singular points

Recall that two pseudo-Riemannian metrics g and g on M are geodesically equivalent, if
any g-geodesic is a g-geodesic. In this definition we consider geodesics without preferred
parameterization. Geodesically equivalent metrics is a classical topic and appeared
already in the papers of E. Beltrami, T. Levi-Civita and H. Weyl; it has a revival in
the last decades due to new methods coming from the theory of integrable systems and
parabolic geometry which led to solving a series of named and natural problems.

Let us recall, following [6], the relation between geodesically equivalent metrics and
Nijenhuis operators. Consider the operator L = L(g, g) defined by

3" gr;. (32)

By [0, Theorem 1], if the metrics g and g are geodesically equivalent, then L is a
Nijenhuis operator. Clearly, the pair (g, L) contains as much information as the pair
(9,9) so that the geodesic equivalence condition for g and g can be written as an
equation for g and L. The compact form of this equation is

(H,F} = 2HL. (33)
Here { , } is the canonical Poisson brackets on T*M, H is the hamiltonian of the

geodesic flow of g, H := % g (x)pipj, F is the quadratic is momenta function given by
F = Lig*p;p;, and £ is the linear in momenta function corresponding to the differential

of the trace of L, £ = ), agx)pi, where (z1,...,2,, p1,...,pn) are usual canonical
coordinates on 17" M.

If (33]) holds for a g-selfadjoint Nijenhuis operator L, we say that g and L are geodesically
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compatible@. It is natural to ask if a given Nijenhuis operator L admits a geodesically
compatible metric g (not necessarily positive definite)?

For diagonalisable Nijenhuis operators with n distinct eigenvalues, the answer is posi-
tive: there always exists two geodesically equivalent metrics g and g such that L is given
by ([B2)). Indeed, in this case and under the additional assumption that the eigenvalues
are real, there exists a coordinate system such that L = diag(Ai(x1), ..., \u(2,)), and
the metrics g and g are as follows:

g = Z(*&”i 1T ()\i—)\j)> da? (34)

=1\ j=Lj#i

_ - &g -

g = Z(F 11 %(Ai—xj)) da?, (35)
=1 \"" j=Lj#i

where ; € {—1, 1}. This result was obtained by Levi-Civita [25] in 1896. Generalization
of this result to the mixed case with real and complex eigenvalues (but still distinct) is
also known, see e.g. [§] (special cases were known long before this paper).

Next assume that a Nijenhuis operator L is algebraically generic (Definition 2.7]). This
case is also known and the answer is as follows: If L admits a geodesically compatible g,
then the geometric multiplicity of any nonconstant eigenvalue of L is one. In particular,
for a semisimple Nijenhuis operator L, a geodesically compatible metric g exists if and
only if all eigenvalues of multiplicity greater than 2 are constant. The direction “="
is proved in [7], while the direction “«<=" follows from [§].

However, if we consider a Nijenhuis operator L near a singular point p € M, then
existence problem for a projectively equivalent partner remains widely open. Only
the Riemannian case under the additional assumption that the metrics are strictly-
nonproportional is fully understood [30]. In almost all known global examples, such
points do appear and, moreover, turn out to be interesting from geometric viewpoint
(e.g., ombilic points on ellipsoids). It is expected that that classification of such points
may help to describe the topology of closed manifolds admitting projectively equivalent
metrics and to prove the projective Lichnerowicz conjecture for all signatures.

The main results of this section, Proposition and Theorem below, concern
differentially non-degenerate singular points (Definition 2.10). In this case the answer
is positive: there locally exists a metric geodesically compatible with L. Indeed, as
shown in Theorem [£.4], in this case there exists a coordinate system such that L is

6Notice that L defined by ([B2) should, in addition, be non-degenerate, but we may temporarily
ignore this condition as (B3] is preserved under shifts L — L +c¢-1Id, c € R.
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given by

T 1
) O 1
L= : . , (36)
Tp—1 0 0 1
Tn 0 0 O

and we have

Proposition 6.1. The metric g whose dual (=inverse) metric (g"7) = g~ is given by
o --- 0 0 -1
o --- 0 -1 =
0 -1 T :
—1 T Tog - Tpo1

is geodesically compatible with L given by (36).

The proof is left to the reader: one needs to check by direct calculations that the
operator (B0]) is g-selfadjoint and (B3] is satisfied.

Recall that one metric g geodesically compatible with L allows us to construct infinitely
many metrics gy geodesically compatible to L. This construction is essentially due to
Topalov [39], its special case was known to Sinjukov [36], and it is described in detail
in [7, §1.3]. Given geodesically compatible pair (g, L) and an analytic matrix function
in the sense of Section [3.1] one constructs a metric g; geodesically compatible to the

same L by setting g7(¢,1) = g(f(L)&, n) or shortly g; = gf(L).

The main result of this section is a description of all real analytic metrics compatible
with L near a differentially non-degenerate singular point.

Theorem 6.2. Let ¢ and L be geodesically compatible and real analytic. Assume
that L is differentially non-degenerate at a point p € M and L(p) is conjugate to
the n x n Jordan block with zero eigenvalue. Then there exists a real analytic function
f:(—=¢,e) = R such that in some local coordinate system w1, ..., x, centered atp € M,
the operator L is given by ([BE) and ¢' = g¢, where g is given by (B7).

Examples show that the assumption that the metric is real analytic is important.

Proof. The existence of coordinates such that L is given by (36]) was proved in The-
orem [4.4] moreover such a coordinate system is unique and real analytic. We can as-
sume therefore that we work on U C R™ with (xy, ..., z,,) being Cartesian coordinates,
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(0,...,0) € U and L is as in ([36). We need to show that ¢ = g; for a real analytic
function f. Because of real analyticity, it is sufficient to prove the last statement in any
open subset V' C U. Let us choose such a subset V.

Consider the mapping
¢:R" = R, 6(y) = (01(y), 02(y). -, 7a(y)), (38)

where o, is the elementary symmetric polynomial of degree k. By implicit function
theorem, ¢ is a local diffeomorphism near every point (yi, ..., y,) such that y; are all
distinct.

Next, take a sufficiently small positive € and consider the set Y := {(y1,...,yn) € R™ |
—e <y <..<yY, <e}. As an open subset where we prove that ¢’ = gy, we choose
V =UnNgo(Y). Note that ¢ is injective on Y, since the coefficients of the polynomial
t" — o t" 7t + 09t" 2 — ... + (—1)"0, determine its ordered zeros y; < ... < y, uniquely.

By construction, at every point ¢(yi, ..., y,) of this neighbourhood, L has n = dim M
distinct real eigenvalues —¢ < y; < ... < y, < &. Therefore, in coordinates yi, ..., y,
the operator L is diag(yi, ..., y,) and the metric ¢’ has the following form (which one
immediately obtains from (34)) by passing to the coordinates yy, ..., y, that are (ordered)

eigenvalues of L)

9= <fz-(yz-) IT - w)) dy?. (39)
i=1 j=Lij#i

Here f; are some functions of one variable; since the metric is real analytic, they are

also real analytic.

Next, consider the (1,1)-tensor M given by the following formula:
M=g'g =g"qg,;. (40)

By direct calculations we see that in coordinates yj, ..., y,, the metric g given by (B7])

takes the form
9=> ( IT wi- yﬁ) dy?. (41)

i=1 \j=lj#i
Comparing formulas (40) and (41]), we see that M is given by the diagonal matrix
M:dlag(fl(yl)a>fn(yn))a (42)

and therefore commutes with L. Since our objects are all real analytic, the operators
L and M commute at every point of U.

Next, observe that L is gl-regular on U in the sense of Definition 2.9 This implies that
M is a polynomial in L of degree < n — 1 whose coefficients a; are functions on U:

M = ap_y(2) L + ... + a1 (z)L + ao(z) Id. (43)
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Notice that the matrices L™ !, ..., L,1d are linearly independent. Therefore the coeffi-
cients a; are unique and real analytic in  on U. Since the eigenvalues of M at the point
d(y1, .., yn) are f1(y1), ..., fu(yn) and the eigenvalues of L at the point ¢(yi, ..., y,) are
Y1, ---, Yn, We obtain the following formula:

.fl y?_l 1 Ap—1 (¢(yla>yn))
=l z . (44)

./;n yrrz;_l e 1 ao (¢(y1;,yn))

Note that the f;(y;)-eigenvector of M coincides with the y;-eigenvector of L at every
point ¢(yy, ..., yn) and each of the functions f; is defined on (—¢,¢).

In view of (38)), the functions a;(¢(y1, ..., y,)) are symmetric in yi, ..., y,. This implies
that all the functions f; coincide, i.e., f;(y) = f(y) for some real analytic function f
defined on (—¢,¢). (Indeed, from (44)) we see that

n—1

fi(yi) = fir1(Wiy1) = Z(yf - yfﬂ)ak(ﬁs(yl» 3 Yn))

k=0

and then can take the limit as y; — y; 41 (keeping all the other y’s fixed). Since the
functions ay are bounded, we get f;(y) = fix1(y) for any y € (—¢, ), as needed.)

Finally, since f; = f we conclude from ([@2]) that M = f(L) and (@0) implies that
g = g5 =gf(L)on V =UnNe¢). Since both ¢ and g; are real analytic, they
therefore coincide on U as we claimed. O

6.3 Poisson-Nijenhuis structures near differentially non-degenerate
singular points

Recall that two Poisson structures P and P are called compatible, if their sum P + Pis
also a Poisson structure. If they are non-degenerate and therefore come from symplectic
forms w = P~! and @ = P~!, compatibility is equivalent to the property that the
‘recursion’ (1, 1) tensor L given by the relation

is a Nijenhuis operator. Since w can be recovered from w and L, we can reformulate

the compatibility condition as follows (cf. Section [6.2]). We will say that a symplectic
structure w and a Nijenhuis operator L are compatible if

(a) the form w(-, ) =w(L-, -) is skew-symmetric, i.e., is a differential 2-form,
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(b) this form is closed, i.e., dw = 0.

In the case when L is non-degenerate, a compatible pair (w, L) defines a Poisson-
Nijenhuis structure in the sense of [29] and [24]. However, non-degeneracy of L is not
very essential as we can replace it with L + ¢-1d, ¢ € R and here we will think of
compatible pairs (w, L) as a natural subclass of Poisson-Nijenhuis structures.

If one wants to study singularities of Poisson-Nijenhuis structures (cf. Problem 5.17 in
[9]), then it is natural to ask which Nijenhuis operators admit compatible symplectic
structures and what is a simultaneous canonical form for w and L near a (possibly
singular) point p € M?

Notice, first of all, that condition (a) imposes natural algebraic restrictions on the
algebraic type of L: in the Jordan decomposition of L all the blocks can be partitioned
into pairs of equal blocks (i.e. of the same size and with the same eigenvalue). In
particular, the characteristic polynomial of L is a full square and each eigenvalue has
even multiplicity.

If L has n distinct real eigenvalues, each of multiplicity 2, and in addition their differ-
entials are linearly independent at a point p € M, then there exists a local canonical
coordinate system 1, ..., ,, p1, ..., Pn in which L is diagonal with x; being its i¢th eigen-
value [29]:

w = dei Ndz;, L =diag(xy,xo,...,Tn, T1, T2y ..., Tp). (46)

Equivalenly, one can say that the pair (w, L) is a direct sum of two-dimensional blocks
(wi, L;) of the form w; = dp; Adz;, L; = z; - 1d. For further use and without pretending
that it is new, let us slightly generalise this result (cf. [29], [40], [17]). Consider 4
elementary examples of compatible pairs:

Type 1. L has one real non-constant eigenvalue of multiplicity 2:

w=dpAdx, L= Azp)-Id

Type 2. L has one real constant eigenvalue of multiplicity 2k;

k
w=>Y dpjAdz;, L=X-1d, AeR.

Jj=1

Type 3. L has one pair of non-constant complex conjugate eigenvalues of multiplicity 2:

w=Re(dzAdw), L=a(z,w)- Id+p(z,w)-J,

where z = x+iy,w = u+iwv, J denotes the corresponding complex structure and
a(z,w) +1p(z,w) is a holomorphic function in z and w.
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Type 4. L has one pair of constant complex conjugate eigenvalues of multiplicity 2k:

k
w = Re <Zdszdwj>, L=o-1d+p-J,

=1

where z; = x;+iy;, w; = u; +iv;, J denotes the corresponding complex structure
and a+ifp e C, g #0.

Theorem 6.3 (Folklore). Let w and L be compatible. Suppose that L is semisimple
and algebraically generic in a neighborhood of p € M. Then the pair w and L locally
splits into a direct sum of ‘elementary blocks’ of 4 types described above. If d\(p) # 0
or d(a(p) +168(p)) # 0 for some real or complex eigenvalue, then in the corresponding
‘elementary block” we may set A = x (see Type 1) and a +1i5 = z (see Type 3).

Notice that to admit a compatible symplectic partner, a semisimple algebraically generic
Nijenhuis operator L should satisfy one additional condition, namely, its non-constant
eigenvalues must be all of multiplicity 2 (cf. Section [6.2)).

If L is algebraically generic but not necessarily semisimple, the description (rather non-
trivial) of compatible pairs w, L was obtained by Turiel [40] under some additional
assumptions on the differentials of tr L¥, k = 1,...,n. These assumptions basically
mean that each eigenvalue is either constant or its differential does not vanish.

The next natural step is to study local normal forms for w and L at differentially non-
degenerate singular points. However, since each eigenvalue of L has multiplicity at
least two, the coefficients of the characteristic polynomial of L cannot be functionally
independent. For this reason, we will appropriately modify this condition.

The main result of this section is Theorem below. Unlike other results mentioned
in this section, which hold in both smooth and analytic cases, this theorem holds in the
formal category. Still, it answers the natural question: what happens at points where
the eigenvalues of L collide but the differentials of tr L* remain linearly independent
for k =1,...n = %dim M. Note that this question is clearly important for finite
dimensional integrable systems and we do hope that it might also be important for

understanding of bihamiltonian structures in infinite dimension appearing in the theory
of integrable ODEs and PDEs).

Theorem 6.4. Let w and L be compatible (i.e., define a Poisson-Nijenhuis structure
on M?"). Suppose that at a point p € M?", we have tr L = --- = tr L™ = 0 but the
differentials of tr L, ..., tr L™ are linearly independent. Then at this point there exists
a formal coordinate system x1, ..., Ty, P1, ..., Pp Such thatw =Y . dx; Adp; and L is given

by matrix
A 0,
(5 %) (a7)
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where

—x; 1 0 -+ 0 0

—p2 —DP3 - —DPn
—zy, 0 1 I py 0 o --- 0
A= : o ol o S=ps o0 o, (48)
—Tp_q 1 : : : :
—z, 0 e e 0 pn 0 0 - 0

0, is the zero n X n-matriz, and A' denotes the transposed of A.

In this work we provide only a sketch of the proof. The complete proof will be published
later and in fact we do hope to obtain the proof of this theorem in the analytic or even
smooth category.

Sketch of the proof. The characteristic polynomial of L is the square of a certain
polynomial of degree n:

xo(t) = (t" + o t"t + .+ 0,)

The condition that the differentials of tr L¥ for k¥ = 1,...,n are linearly independent
implies, that the differentials of o are linearly independent also. Take them as first
coordinates x. As these functions commute with respect to the Poisson bracket related
to w, we can complete them up to a canonical coordinate system (x1, ..., Zn, P1, .-, Pn)
so that w =Y. dz; A dp;.

It follows from the fact that w = wL is skew-symmetric and formula (8) that in these

coordinates A
On
i (5 %), (19)

where A is in the form ([8) and the matrix S is skew symmetric. Furthemore, the
condition dwy = 0 gives us S = S + M, where S is in the form (48], while M is skew
symmetric and depends only on z1, ..., x,.

Note, that all the statements we have used so far work in smooth and analytic categories.
The following proposition we prove only in formal category.

Proposition 6.2. Let w and L be as above, that is w =), dx; Adp; and the Nijenhuis

operator L in the form
I A 0n
S \S+M A

where where A and S are the n X n-matrices given by [@8)) and M is skew-symmetric
and depends on x' only. Then there exists a formal series U(z) = Uy(x) + Us(x) + ...
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with Uy, being a homogeneous polynomial in x1, ..., x, of degree m, such that the formal

. . . A 0,
canonical transformation x;, = x;, p, = p; + g—g brings L to the form g it) .

The proof of this proposition is similar to the proof of non-degeneracy of the diagonal
left-symmetric algebra (Theorem [5.1]).

Remark 6.1. Theorem shows that singularities of a Nijenhuis-Poisson structure
do not necessarily lead to singularities of the associated (bi)-Lagrangian fibration: the
singular point p € M remains regular in the sense of the momentum mapping defined
by the commuting independent integrals tr L, ... tr L".

7 Conclusion and further research

In our paper we have tried to demonstrate that Nijenhuis Geometry may become an
interesting and important area of research related to and having applications in many
areas of mathematics and mathematical physics. One of our goals has been to re-direct
the research agenda of the theory of Nijenhuis operators from “tensor analysis at generic
points” to studying singularities and global properties, as it already happened before
with other areas of differential geometry.

A very stimulating example for us in this context was Poisson Geometry. Having its
origin in classical works of Poisson, Jacobi and especially Sophus Lie (who devoted the
second volume of his famous “Theorie der Transformationsgruppen” [27] to the study
of Poisson algebras of functions), this area of mathematics for many decades remained
just an instrument for Hamiltonian and quantum mechanics. Everybody was familiar
with the definition, basic properties and Darboux canonical form and this knowledge
was basically sufficient. (Aren’t we in a similar situation with Nijenhuis geometry now?)
The situation dramatically changed in 70-80th of last century: “After a long dormancy,
Poisson geometry has become an active field of research during the past 30 years or
so, stimulated by connections with a number of areas...” (A.Weinstein, 1998 [43]).
These connections revealed, in particular, the importance of singularities and non-local
properties of Poisson structures (see [42], [26], [20]) and that was somehow a turning
point. That is the reason for our optimism in view of further research prospects for
Nijenhuis Geometry.

As pointed out in Introduction, this work is the first in a series of papers we are currently
working on. The second of them [22] will soon be available on arXiv and is entirely
devoted to linearisation of Nijenhuis operators and their relations to left-symmetric
algebras in the spirit of Section Bl In particular it contains the classification of all real
left-symmetric algebras (equivalently, linear Nijenhus operators) in dimension 2 and
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description of those of them which are non-degenerate in the sense of Definition in
smooth and real-analytic cases (the results turned out to be slightly different).

Part 3 will be devoted to studying nilpotent Nijenhuis operators L and their normal
forms. The simplest situation when L is similar to a single Jordan block has been
treated in Section ] and we will generalise these techniques to the general case. The
main difficulty is that in general the distributions Ker L* are not integrable anymore.
It is expected that the classification of nilpotent Nijenhuis operators can be reduced to
classification of (flags of) distributions with additional properties implied by the relation
Ni, = 0. The latter problem is highly non-trivial, but this reduction would be interesting
on its own in any case. We will also discuss canonical forms for Nijenhuis operators with
a single eigenvalue A (not necessarily constant) in the case of several Jordan A-blocks.
According to Splitting Theorem (Theorem BIl), completing this programme would lead
to solution of the local description problem (Question 1 from Introduction) and we will
do it for low dimensions.

The topic of “Nijenhuis Geometry 4”7 are gl-regular Nijenhuis operators. In Section
4, we gave a local description of such operators under additional assumption of dif-
ferential non-degeneracy. The canonical form given by (IH) is analogous to canon-
ical n-parametric versal deformations of gl-regular matrices in the sense of Arnol’d
[M]. We are going to show that ‘versality property’ still holds for gl-regular Nijen-
huis operators in the sense that local canonical forms, in general, can be obtained
from (5] by replacing the ‘versal’ parameters zi,...,z, with some smooth functions
fi(zy, ... xn), ..o, fulz1, ..., 2,). These local results are a necessary step for stydying
gl-regular Nijenhuis manifolds (which can be understood as analogues of regular Pois-
son and symplectic manifolds), i.e., such that the Nijenhuis operator L is gl-regular at
each point of M, but not necessarily diagonalisable (cf. Problem 5.11 in [9]).

Finally, “Nijenhuis Geometry 5”7, with tentative subtitle Nijenhuis Zoo, will collect
various examples, facts and constructions related to Nijenhuis operators with emphasis
on singularities and global properties. In particular, we explain how to construct a real
analytic R-diagonalisable (at each point) Nijenhuis operator L on a closed surface of
arbitrary genus g > 0 and why, under additional condition that each singular point of
L is non-degenerate, such operators exist only for ¢ = 0 and 1 (sphere and torus). We
will also discuss examples of left symmetric algebras of arbitrary dimension and related
constructions. For instance, we will prove an interesting uniqueness result: if det L(z) =
I/ ; for a linear Nijenhuis operator L(z) = (I{,a), then L = diag(z1, ..., 2y).

In conclusion, we refer to [9, Section 5(c)] devoted to open questions in Nijenhuis
Geometry.
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