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ABSTRACT. We study random towers that are suitable to analyse the statistics of slowly
mixing random systems. We obtain upper bounds on the rate of gquenched correlation
decay in a general setting. We apply our results to the random family of Liverani-
Saussol-Vaienti maps with parameters in [ag, o] C (0, 1) chosen independently with
respect to a distribution v on [, «1] and show that the quenched decay of correlation
is governed by the fastest mixing map in the family. In particular, we prove that for
every 6 > 0, for almost every w € [ap, a1]%, the upper bound n'~ a5+ holds on
the rate of decay of correlation for Holder observables on the fibre over w. For three
different distributions v on [, 1] (discrete, uniform, quadratic), we also derive sharp
asymptotics on the measure of return-time intervals for the quenched dynamics, ranging

P 1 _ 1 2 _ 1 .
fromn~ =0 to (logn)=o0 -n~ =0 to (logn)=0 - n~ =0 respectively.

CONTENTS
[L.__Introduction| 2
[2. Random dynamical systems| 3
|3.  Abstract tower setting| 4
[3.1. Tower projections| 6
4. Statement of main results| 6
1>.  Applications to random LSV maps| 8
15.1.  Sharp asymptotics on the measure of return-time intervals| 14
15.2.  Natural probability distributions on the parameter space] 16
6. Proof of existence of absolutely continuous mixing sample measures 21
16.1. Distortion estimates| 21
6.2. Proof of Theorem 4.1l 23
[/. Random coupling] 24
[Z.1. Estimates on the random recurrence times for the basel 24

Date: January 17, 2019.

1991 Mathematics Subject Classification. Primary 37A05, 37E05.

Key words and phrases. Random dynamical systems, slowly mixing systems, quenched decay of
correlations.

WB and MR would like to thank The Leverhulme Trust for supporting their research through the
research grant RPG-2015-346. CB’s research is supported by a research grant from the National Sciences
and Engineering Research Council of Canada. The authors would like to thank V. Baladi and B. Saussol
for useful communications and helpful suggestions.

1



2 WAEL BAHSOUN', CHRISTOPHER BOSE*, AND MARKS RUZIBOEV*

[/.2. Random stopping times| 25
[/ Tail of the simultaneous return tim 26
[7.4.  Coupling| 34
I8.  Decay of correlations| 38
[8.1.  Decay of future correlations (Proof of Theorem@.2]item (1))| 40
[8.2.  Decay of past correlations| 42
43
9.1. Sub-polynomial tail estimates| 43
44

1. INTRODUCTION

In this paper we study statistical properties of systems that evolve according to deter-
ministic laws driven by a random process. Such systems are called random dynamical
systems and they are often studied via analysis of a related deterministic system, the
skew product map 7": 2 x X — ) x X given by:

T(w,z) = (ow, fu(2)),
where {f,}.ecq is a family of transformations that map X, the phase space, into itself,
and o is a measure preserving map on {2, the noise space. The f,’s are often referred
to as the fibre maps and o is called the base map or the driving system. The fibre maps
are the deterministic components of the random system, while the base map invokes the
required randomness, or time dependence, or parameter drift in the system.

Recently there has been a remarkable interest in studying statistical limit theorems for
random dynamical systems [1, 4} 15,19, 10, 12, 13} (15, 21]]. Most of these results assume
some knowledge about the rate of correlation decay of the random system under con-
sideration. In this work, we develop random towers that are suitable to study quenche
correlation decay for slowly mixing random systems. We obtain a general result on the
rate of quenched correlation decay. Moreover, we apply our results to answer the fol-
lowing questions: in what way does an individual map f,,, or a group of f,’s, dictate the
rate of quenchecﬂ correlation decay of the random system? A second question is: how
does the distribution on {2 (the measure preserved by o) effect the quenched statistics
of the system? We answer the above two questions in the framework of the Pomeau-
Manneville family [23]] using the version popularised by Liverani-Saussol-Vaienti [17].
Such systems have attracted the attention of both mathematicians and physicists (see
[16] for a recent work in this area). In particular, for Liverani-Saussol-Vaienti (LSV)
maps with parameters in [ag, ;] C (0, 1) and base dynamics ([, 1|4, o, v%) we show

'Quenched results in random dynamical systems refer to pathwise results for almost every w.

’In a simple model, yet important in the study of intermittent transition to turbulence [23], the first
question was answered in [6] only for the annealed dynamics; i.e., for the dynamics averaged over §2, and
only for a specific distribution on 2. Precisely [6] considered a system that has only two fibre maps and
with the base system being a Bernoulli shift.
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via a general random tower construction, that the quenched decay of correlation is gov-

1y,
erned by the fastest mixing map. Precisely, we prove that n'"a " is an upper bound

on the rate of quenched decay of correlation, for all 6 > 0. To illustrate the role that
0 > 0 plays in the quenched decay rate, and to address the second question above, we
also obtain sharp asymptotics on the position of return time intervals for the quenched
dynamics in the Liverani-Saussol-Vaienti family that depend on the randomising distri-
bution. In particular, we show how different distributions on [«v, 1] (discrete, uniform,
quadratic) change the sharp alsymptotics on the position of return time intervals for the

quenched dynamics from n~ =0 to (log n)% 0% to (log n)(%o ‘n 0,

In Section 2] we recall standard definitions and notation from random dynamical sys-
tems and present various natural notions of correlation decay in this setting. In Section
[3] we build random towers for our system and detail the dynamical hypotheses that are in
force throughout the paper. Our main general results are contained in Section f] (Theo-
rems4.1]and.2)) where we prove existence and correlation decay estimates respectively
for the dynamics on the random towers. In Section [5| we present detailed computations
applying our general results to the case of random LSV maps on the interval. Three
different randomising distributions are investigated: discrete, uniform and quadratic. At
the end of Section [5| we also compute exact asymptotics for the measure of the return
sets on the base of the random towers. In Section [f] we prove Theorem .1} The ex-
pansion and distortion conditions and related estimates are the main tools used in this
section. In the next section, Section [/, we introduce random stopping times and derive
asymptotics on their distributions in preparation for a coupling argument. In Section [§]
we obtain decay of correlation estimates (upper bounds) for observables on our random
towers. Both future and past decay estimates are derived. We conclude with Section 9]
where we present some technical results that are used repeatedly in the paper. Notation:
We use a < b if there exists universal constant C' such that a < Cb; ~, o, O will have
their usual meaning.

2. RANDOM DYNAMICAL SYSTEMS

Let (A, ¥, p) be a Borel probability space, let 2 = A% be equipped with the product
measure P := p? and let o : Q — Q denote the P—preserving two-sided shift map.
Let (X, B) be a measurable space. Suppose that f, : X — X is a family of measurable
maps defined for p-almost every u € A such that the skew product

T:OxX = 0OxX, T(w,z) = (0w, fu,(x))

is measurable with respect to J x B were wy, € A denotes the k-th coordinate of w € ().
In order to simplify notation, we will normally write f,, := f,,, when there is no danger
of confusion. So, for example, f,, = f.,. The resulting i.i.d. random map associated to
the family { f,,} can be viewed as follows: letting X, := {w} x X denote the fiber over
wand f" = fon-1,0---0 f, 0 X, = Xon, we have T"(w, x) = (0" w, fI'(x)). We
say that y is a T-invariant measure if (77 'A) = u(A) forany A € B x F. Assume
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that { X, },cq forms a measurable partitio of 2 x X. We are interested in 7'-invariant
probability measures, j, such that 7, = P, where 7 is the projection onto 2. Then
by Rokhlin’s disintegration theorem (see [22]] or [24] ), for any such measure p there
exists a (essentially unique) system of probability measures j,, on X, such that for any
AeTxB

(2.1) w +— p,(A) is measurable and p(A) = /MM(A)dP(w).

It is easy to check that p is T-invariant if and only if (f,,).tw = fow for P-ae. w, a
property we naturally refer to as f,,—equivariance (or simply equivarariance, when the
random map is understood) of the family { ., }.

In this paper we study statistical properties of the equivariant family of measures { ., }
for P-almost every w € €2, when y,, is absolutely continuous with respect to Lebesgue
measure m on X . More precisely we study future and past quenched correlations: given
v, : X x Q — R define future and past fibre-wise correlations

OOT&}&(@,@Z)) - /(QOU"LU Of:;L)wwduw - /@a”wdﬂonw/¢wdﬂw7
2.2)

COT;?L((p)w) = /(Spw Ofg—"w>w0*"wd,‘£a*”w - /wwdﬂw/wa"wdﬂanw-

Definition 1. Let B; and B, be two Banach spaces on 2 x X and let {p, },en be a
sequence of positive numbers such that lim,, ., p, = 0. We say that f,, admits quenched
decay of correlations at rate p,, if for P-almost all w and for any ¢ € B; and ¢ € B,
there are constants C,, and C, ,; such that

(2.3) |Cor) (¢, ¥)] < CuClypn,  [Cor®) (o, )| < CLClhypy.

Remark 1. Note that if C,, is P-integrable, then this implies the same rate for the inte-
grated correlations; i.e., fQ C’orﬁf 2,(4,0, Y)dP < CA’Wb pn- The importance of knowing the
rate of the integrated correlations is due to its relation to the annealed correlations of the
skew product. Indeed, setting @,, := [ ¢dp, and ¢, := [ 1dpu,, we have

Cora(T, ,10) — / Corth) (9, $)dP + Cory(0, 3, ).
Q

3. ABSTRACT TOWER SETTING

A main tool, in particular in the absence of spectral techniques, to study statistical
properties of dynamical systems is the so called Young Tower [26, 27]. Young Towers
have been used extensively to obtain rates of decay of correlations for nonuniformly
hyperbolic systems (see for example [2, 3, 11, [19] and references therein). In this sec-
tion we describe random towers which were first considered in [7]] to study quenched
statistical properties of i.i.d. unimodal maps. Later the work of [7] was extended in
[8] to cover a wider class of i.i.d. unimodal maps. Building on ideas from [7, [8] we

3This is satisfied, for example, when A is Hausdorff so that {w} is closed.
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study random towers with slowly decaying tails. Let A C X be a measurable set
with m(A) = 1. Consider a family of maps f, : X — X, where f,, depends only
on the zeroth coordinate of w. We say that f,, admits a random tower on A C X if
for almost every w € () there exists a countable partition {A;(w)}; of A and a mea-
surable return time function R, : A — N that is constant on each A;(w) such that
[Re(x) = foru@-1,0 0 fou 0 fu(x) € A for P-almost every w € 2 and m -almost
every x € A. Given the above information we define a random tower for almost every
w as

B A, ={(z,0) eAxZ, |z €UAj(07w), j,l € Z:,0 <L < Ryoeyy(x) — 1}
and random tower map F, : A, — A, by

(x,0+1), if 0+1<R,—,(2)
(fit) 2,0), if (+1= R, (2).

_[w

(3.2) Fw(l‘,f) = {

Denote by A, := {(z,f) € A,} the (th level of the tower, which is a copy of {z €
A | Ry—e,(x) > £}; forinstance A, o = A and FR«|A, o = fH|A. Let A = {A, }oen-
Then F' = {F, },cq is a fibered system on A; see Figure for a pictorial representation.

FIGURE 1. Dynamics on the tower

Notice that {A;(w)}, induces a countable partition P, on each A,;:

Py o= {FL (A (07w) | RulAj(0~w) > €4 1,0 € 2, ).

_[w

For (z,0) € A,, let R, denote the first return time to the base of the tower A g, e

(3.3) Ry(z,0) = Ry—e(x) — L.

The reference measure m and the o-algebra on A naturally lifts to A,, and by abuse of
notation we call it m. The lifted o-algebra will be denoted by B,,. Let R. (z) = R, (z)
and forn > 2, Rl(x) = R_pn (FJ7'(x)) + R.'(2).Next we define the separation
time s : A x A — Z, U {oo} for almost every w by setting s(z1, z2) = 0 if 2; and 2z,
lie in different towers A, and if zq, zo € A, then

s(z1, 22) = min{n > 0 | (F)"(z) and (F)"(z,) lie in distinct elements of P _rn_}.
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Below we refer to A as the zeroth level of the tower. We assume that the random tower
satisfies the following properties.

(P1) Markov: for each A;(w) the map F%|A;(w) : Aj(w) — A is a bijection;

(P2) Bounded distortion: There are constants ) > 0 and 0 < v < 1 such that for
all w and each A;(w) the map Ff|A;(w) and its inverse are non-singular with
respect to m with corresponding Jacobian JF%|A;(w) which is positive and
for each 2,y € A;(w) satisfies the following

JE . (x)

JEG(y)

(P3) Weak expansion: P is a generating partition for F, i.e. diameters of the parti-
tions Vi_oF IP,;. converge to zero as n tends to infinity;

(P4) Return time asymptotics: There are constants C' > 0, a > 1,0 > 0, u > 0,

v > 0, a full measure subset £2; C €2 and a random variable n; : {2y — N such
that

(3.5) {m{x eAN| Ry(z)>n} < C’(loi—f)b, whenever n > n;(w),

S D,}/S(Fu.}/%w (x70)7F5w (y70)) .

)

(3.4) —1

P{ni(w) > n} < Ce™;

(P5) Aperiodicity: There are N € N and {t;, € Z, | i = 1,2,..., N} such that
g.c.d.{t;} = 1 and ¢; > 0 so that for almost every w € Qandi =1,2,... N we
have m{z € A | R,(z) =t;} > €.

(P6) Finiteness: There exists an M > 0 such that m(A,) < M forall w € Q.

(P7) Annealed return time asymptotics: There are constants C' > 0, b > 0 and

a > 1suchthat [, m{z € A|R, = n}dP < C(lgag—fl)b.

3.1. Tower projections. For almost every w € Q and (z,¢) € A, we define tower
projections 7, : A, — X, as m,(x,{) = ff,gw(a:). Then 7, is a semi-conjugacy i.e.
Tow© F, = fo om,. Indeed, for (z, () € A, we have f,(m.(z,0)) = fuo fi . (z). On
the other hand, since F'(x, () € A,,,

Tow(T, 0+ 1) if Ry-e,(x) >0+1

Tow(fiF) (2),0) otherwise

Waw(Fw(*xag)) = { :fcfirélw<x)

Now, if v, 1s an absolutely continuous family of F,-equivariant probability measures on
A, then p, := (7, )., is a family of f,- equivariant probability measures on 2 x X.
Since each f, is nonsingular, if A C X is such that m(A) = 0 then m(7,'(4)) =
0, which implies v, (7 ;'(A)) = 0, consequently p,(A) = 0. Therefore each p,, is
absolutely continuous.

4. STATEMENT OF MAIN RESULTS

In this section we state general theorems concerning quenched correlation decay for
slowly mixing systems. We start this section by introducing some function spaces on A,
which are necessary to state the theorems. These spaces appeared in the present form in
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[7]. Below we let constants u > 0, v > 0,a > 1,b > 0,0 < v < 1 be as in (P2) and
(P4) above and set

I+ ={p.: Ay, = R|3C, > 0,VL, € P, either p,|L, =0

or ¢,|I, >0 and |log %)(x)’ < Oy Yy € 1}
Pu(y)
Let K, : 2 — R, be a random variable with infg K, > 0 and
4.1) Plw| K, >n}<e™.

Define the space of random bounded functions as

LK = {p,: Ay —R|3C, >0, sup |p,(2)| < CLE,}

€A,

and a space of random Lipschitz functions
3’“5“) ={p. € Lfow | 3C, > 0, |pu(z) — pu(y)| < CgoKw’Ys(m’y)> Vr,y € Ay}

Notice that the above spaces are defined for almost every w € (2. By taking small-
est possible values of C7, and C,, the spaces LK and ”ffw equipped with the norms
l¢lles, = CF, and [[p]|ls = max{C,, C},} respectively are Banach spaces. Note that no
regularity assumption is made in the w variable, in particular, these functions need not
be measurable in w. Finally we let B be a o-algebra on A defined as follows: B € B
if and only if for each w the intersection B, = BN A, € B,. Let {v,},ecq be a
fibered equivariant family of measures i.e. (F, ).V, = Vy,. Let p, = (m,)«V, and
p(A) = [, pw(Ay)dP(w). Then p is T-invariant (for the skew product 7" on Q x X).
We say that v is exact/mixing for F' if y is exact/mixing for the skew product 7'. We can
formulate equivalent conditions as follows.

Definition 2.

(i) The fibered system (F,v) = (F,, Vy,)weq is exact iff VO F~"B is trivial; i.e.,
for any B € Vo2 ,F "B, either for almost all w, v,,(B) = 0 or for almost all w,
v,(B) = 1.

(i) The random skew product (F, v) is mixing iff for all p, v € L?*(v),

// <pgnwoF£~wwdyde—// @wdywdp// z/;wdywdp'zo.
QJa, QJa, QJa,

We note that in our situation exactness implies mixing ([7], section 4). The first result
is the existence of absolutely continuous sample measures.

lim
n—o0

Theorem 4.1. For almost every w € () there is a family v, which is equivariant
and absolutely continuous with respect to m: (F,ry,)slVgky = Vgktiy, With v, = hym.
Moregtz)ver, there exists K, satisfying (@.I)) such that h,, € F* N F for almost every
w e .

The next main result is about the decay of future and past quenched correlations.
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Theorem 4.2. Let 5 > 0. Let K, be the function given in Theorem There exits a
full measure set €y C € and a random variable C,, on € such that for every ¢ € L&,
) € FI there exits a constant C,, ,, such that for every w € Qg

(i) “Future” operational correlations :

‘ / (Qone © F™)thy,dm — / PonwdVgn, / wwdm‘ < C,C,ynttoe,
(i1) “Past” operational correlations :
/(gpw o F., )o-n,dm — /gpwduw/wa—nwdm
Moreover, there exist constants C' > 0, ' > 0, v" € (0, 1) such that

P{C,>n} < Ce=vn",

S ch%wnlJréfa.

Remark 2. A quenched correlation decay rate of the form (lsf—fl)b, which is analogous to

what one expects in the deterministic setting, cannot be achieved since we want to get
information on the integrability of the C,, in Theorem .2} The shift of the Lipschitz
constant K, and hence the dependence of that constant on n, in equation (8.7)) and the
non-uniformity of the tail in (P4) are the main reasons for getting a rate at the order
ﬁ, for any 6 > 0. See Footnote [7|for more details.

Theorem 4.3. Let {1} be as in Theorem The map w — v, is measurable in w.
The measure v(-) = [, v, (-)dP is F-invariant, and the system (F) ) is exact and hence
mixing.

Proof. By Proposition [8.6] for almost every w, we have
. d(F"
(B nadom =] = [ |HEet

U—”w)*m
dm

Since d(F!_,_)«m/dm is measurable in (w,x), this implies that (w,z) — h,(z) is

measurable. The integrability of A, with respect to P follows from that of K. Thus,

{v.,} is a measurable family of measures and v(-) = [, v4,(-)dP is F-invariant. Using

the same method as detailed in [7] we conclude that the system (', v) is exact and hence

mixing. 0

— hy|dm — 0.

5. APPLICATIONS TO RANDOM LSV MAPS

In this section we illustrate our results with applications to the family of intermittent
LSV maps as described in [17]. Let 0 < a < 1 and consider f,, : I — [ defined as

L+ 2%2%), 0, 3],
R I
) 29 :

To define a random LSV map we fix two positive numbers 0 < oy < a; < 1 and let v
be a probability measure on [, a;]. Set 2 = [ap, a1]% and P = v%. Then the shift map
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o Q — Qpreserves P. Let a : 0 — [ap, o] be the projection to the zeroth coordinate
and let fo(,) = f.. We consider the skew product 1" : €2 x I — € x I defined by

T(w,z) = (0(w), fu(x)).

Compositions of f,, are given by f = f,n-1,0---0 fo,, 0 fo.

For each w we define a sequence of pre-images of % as follows. Let 1 (w) = 3, and

-1

(5.2) Tp(w) = (fw|(0,1/2}) Zp_1(ow) for n > 2.
Further let
1
(5.3) ry(w) = 1,27 (w) = z, and 2/ (w) = % for n > 2.

The sequences {x,(w)} and {2/ (w)} will allow us to define the random tower struc-
ture. First of all notice that from the definition of z/ (w We have f, (2 (w)) = z,(ow),
A2l (w)) = Tp1(0®w), ..., (2], (w)) = z1(0c"w) = &, Let A := (,1]. The se-
quence {x] (w)}n>0 generates a partition P, = {(z},(w), x;_l( )] ] n > 0} on each
A x {w} = A, . Define the return time R,, : A, o — N by setting

(5:4) Rol @ty @),y ()] = 1
A fibered system is obtained by defining a tower A, over each w € () by
Ay =UpZg U2y (w5(0™ ‘W),z (o w)] x L.

The fibered map F : (w,A,) — (ow,A,,) from equation (3.1) can be expressed in
this notation as follows: Let (z,¢) € A, over w, with z € (2}(c~*w), 2} ,(c~*w)].
There are two cases. If i« > ¢ + 1, then F(x ) = (x,0+1) € A,, since z €
(i (0w), 2, (c7w)] = (z}(c~ 1aw), 7i_(67*'ow)]. On the other hand, if i =
(+1thenz € (x, (0 ‘w), 2} (c‘w)], where R,—¢, = {+ 1, so the interval is mapped

bijectively to (,1] by f£*} . Therefore in this case we have F(z, () = (f**} (),0).

Proposition 5.1. The fibered system { A, }.cq with fibered map F' defined above satis-
fies properties (P1)-(P3) and (P5). In particular, the distortion condition (P3) is satisfied
forany~y € [3,1) and D < co.

Proof. Since every map in the family f,, expands by at least a factor of 2 on return to
the base interval (%, 1], with full returns, we see that the Markov and weak expansion
properties are satisfied. Furthermore, for each w, {z € A | R,(z) = 1} = (2,1], which
implies that the aperiodicity condition (P5) is satisfied. Since every f, has negative
Schwarzian derivative and this property is preserved under composition, we obtain the
bounded distortion condition (P3) using the Koebe principle. See Lemmas 4.8 and 4.10
in [6] for computations related to Schwarzian derivatives and [20] for more details about

the use of the Koebe principle. This completes the proof. 0
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It remains to establish appropriate estimates on the return time asymptotics as in (P4)
and (P7) and the uniform bound in (P6). Observe, in view of the return-time formula

(5.4), that
1
(5.5) m{R, >} = §xg(aw).

We will estimate terms on the right hand side of this expression. Let ¢, (respectively
«,) denote the special sequences of all wy, = «q (respectively, all w, = ;). Following
Lemma 4.4 in [6], we obtain coarse estimates on the location of the z,,(w). Translated
into our setting these estimates imply, for every ¢, n € N,

(5.6) xo(ap) < xp(w) < x(ay).

1
It is well known (see [27] section 6, for example) that x,(ay) ~ %ao %0 ¢~ a0 s0 if we
.

then limy co(a) = Loy ™ =

define c;(ay) = xg(go)éi and write z/(a) = % 2

c(ay). We define ¢/(a;) and ¢(«;) analogously using x¢(«;). Since, m{R, > (} =

sz(ow) < swe(ay) < C¢™ a1 this implies m(A,) < M for some M > 0 independent
of w. This proves (P6).

We now check that assumption (P4) is satisfied. Using definition and the esti-
mate (1 +2)™® < 1 — ax + M:ﬁ, valid for > 0, z > 0, and by substituting

r = [21,(w)]*“) we obtain

1 - ! an2%02 ()W) —ao
[Zaw)]*0 [zp-1(ow)]™ 2> 2% [22,(w)]
ap(1 + ap)

_ Tan [21.” (w)]Qa(w)fag ]

(5.7)

Iterating this one-step estimate along the sequence z(c* *w), k = 1,2, ... ¢ we obtain

¢

1 l—k
> 9% 4 20 3 2y (0 R0 e
[e(w)] pr

l
1 -
_ —;aﬁ § :[zxk<o_£7kw>]2a(az kw)fao}.

k=2

(5.8)
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Combining equations (5.8) and (5.6) implies that, for any parameter ¢ > 0

(log )7 _ 2%(log ()" {(10g 07 & {2%(@0)}&(0‘“%)%
= + 2 :
Tt 20 T S|
_ 1+ ag (log £)* i 2c(aq) 2a(oFw)=a0
2 -1 & g
(5.9) - T
> (1290 (log E)q 2ck(050) 0
il 0 —€ k%
k=2

a(otFw)—a l
1+ [QCk(al)r ( ) 0} (log £)4
- 1 = § :Ak(w)
2 ka1 l —

where we have introduced notation Ay (w) for the sequence of independent random vari-
ables Ay =0andfork =2,3,...¢

{—k
2p () 14 W 14y 2 () 124
M] _ 00(@2060 |: k( 1):|

Z_kw) —ag

£ 2 1

(5.10) Ap(w) := a2 [

k<o ko1

From now on we write Ay := Ag(w). Note that —g2%° < Ay < 2 for every k.
Assumption (A1) (Asymptotics on expectations)

Assume/ there are constants ¢ = g(v) > 0 and a constant ¢(v) > 0 such that the fol-
lowing holds:

(log £)*

0
(5.11) D B A c(v).
k=1

Fix any 0 < ¢ < ¢(v). Pick Vg so that for all £ > Ny,

(log ¢)1 ‘ c+c(v)
; Z:EVAkz 5

Note that, given expression (5.11)), N; depends only on the choice of ¢, and in particular
is independent of w. Set ry = a2°°.

Lemma 5.2. For each ¢t > 0 we have

log ¢)? o
(5.12) { ZE Ar| 2 t} < exp { 2ro(log €)% ]

“Below in the examples, we will show that the assumption is satisfied for different types of distribu-
tions. In particular, we will show how different measures v lead to different tail asymptotics.
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Proof. We may apply the classical result of Hoeffding (see [14] Theorem 1, or [[18]]
Lemma 1.2) to the sequence of independent random variables A, noting that instead of
the bound 0 < A; < 1 we have —ry < Ay < 1y, accounting for the extra factor in the
exponential. 0

Next, we apply the previous lemma to obtain a large deviation estimate on the nor-
malized sums of A;. For each / > Nj:

(5.13)

gt ¢ ¢ ¢ -
P{(IOgg@ ;Ak<c} :P{@{ZA]{_ZEVAK‘} <c— (loggﬁ) ;EyAk}

{1og12 ZAk_ZEAk }

< exp [—%} 7

where in the last line we have used equation (5.12)). Now define

, log )7
ni(w) :=inf{n > Ny |Vl > n, (053;) ZAkZC}.

If ¢ > ny(w) then equation (5.9) implies that

(log £)°

5.14 Vo
o fe) =
and hence

1770 [log ] % 1 [log ]
(5.15) zow) < H e

c (7 (7
provided <4 2% < ¢ < c(v). We may take b := L and a := aio and C = c(u)_% in (P4).

Note that the constant C' is independent of n and w. Finally, we estimate, for n > N;
and fixed0 <v <1

Ue(v) — cf?
P{n;(w) >n}<ZeXp e (72
(5.16) — [ 8ry(log ¢) }

< Z exp [—ul’] < C'exp [—un']
I>n

for suitable constants © > 0 and C' < co. We can remove the restriction n > N; by
substitution of a larger constant C' in the final expression

P{n;(w) >n} < Ce ™,
completing the second condition in (P4). Finally we verify (P7).
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First, we have
(Pxm){z e A|R,=n}=(Pxm){xe€AlR, >n—1}
— (P xm){x € A|R, > n}
1 1

" gl TR
= §Ey[xn_1(0w)] - §Eu[ffn(w>]
= %Ey[xn_l(o'w) — x5 (w)],

where we have used the fact that P is o-invariant to write E, [z, (w)] = E,[x,—1(ow)].
Now recall that f,,(z,(w)) = 2,_1(0w) and f,(2,(w)) = z,(w) + 2°C) (z,, (w))* )+,
Using this fact, (5.17), (5.15) and 0 < 2z, (w) < 1, we obtain

(P xm){z € A|R, =n} = %EV[T(“)(%(w))“(W)“J

< %EZ,[ZO‘O(J;H(Q)))C“O-H] _ 2ao—1EV[xn(w)]ao+1

(5.18) o a a
< 2% ! (Eu[l{nl(w)én} : xn(w) 0+1] + Eu[l{n1(w)>n} : xn(w) O+1])
| a(ag+1) 1 a(ag+1)
1 ) v ~ ag
_ 220400(”)—1—% [ 0g n] + Ceun < C[ 0g n]
n%—H n070+1
Choosing b= @ and a = aio completes the verification of (P7).

Theorem 5.1. Let 0 < ag < a; < 1 be fixed and Q = [ag, ;1]* equipped with the
product probability measure P := v and left shift 0. Let f,, w € ) be a random
family of LSV maps with respect to the measure v%. Assume condition (A1) holds for
the asymptotic expectations. Then there exists a family of absolutely continuous sample
stationary measures /i, on [0, 1], for almost every w € Q (i.e. f,,/tw = How). The map
w — [, 1s measurable, p = fQ H,dP is T-invariant and (7', 11) is exact and hence
mixing.

Moreover, for every 0 > 0 there exists a full measure subset €2y C €2 and a random
variable C,, : Q9 — R, so that for any ¢ € L0, 1], v» € C"|0, 1], the class of n—
Holder functions on [0, 1], we have

(1) “Future” correlations:

1
‘/(SOOfﬁ)w dpt, — /wduanw/@bduw < CoCop—r—57
neo
(i1) “Past” correlations:
1
'/(gpo ")V dpg—ny, — /¢dﬂw/¢dﬂ0nw < quw—i_é_l.
neo
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There exist constants C' > 0, v/ > 0 and 0 < v" < 1 such that the random variable C|,
satisfies the following tail estimates: for all n € N

P{C,>n} < Ce~vn",

In particular, C,, is integrable. Finally, every n € (0,1] can be used by choosingﬂ
v € [3,1) so that 27y > 1.

Proof. Proposition [5.1] establishes conditions (P1) - (P3) and (P5). Since we are as-

suming (A1), condition (P4) follows from equations (5.3) and (5.15) with constants
1

b="2L a= aio, C' = ¢(v) 0. The second condition in (P4) holds because of equation

(16). (P7) is verified in (5-T8).

Theorem and Corollary therefore apply and give existence and mixing of the
sample stationary measures ji,. Finally we apply Theorem to obtain the decay of
correlations.

For ¢ € L>([0,1]) and v» € C"([0,1]) define ) = o7, p = pom, : A, — R.
Then we have [(p o f")du, = [(@ o F)h,dm. Now, to apply Theorem |4.2]it is
sufficient to show h,, € fff“ and ¢ € LX«. The latter is obvious, since the projection
7, is nonsingular and hence, for v,— a.e. (z,¢) we have |@p(z,¢)| < ||¢||r~. For the
former one we first note that since |(f5)'| > 2 we have |z — y| < (3)*®¥). Hence, for
any (z,0), (y,0) € A, we have the inequality

1

- - 1
— — 's(x’ ) _
619 @0 - 90 0] < W) < [l
Now since s((z,¢), (y,)) = s(z,y) the inequality (5.19) implies
|(ha) (@, £) = (Dha) (Y, O)] < [9l] [l | gacy* (0@
+ ol Ny -0,

)o@ ysla)

O

5.1. Sharp asymptotics on the measure of return-time intervals. Although we will
not need lower bound estimates on the x,,(w) to prove the main results in this paper,
it is not difficult to identify conditions (see Assumption (A2) below) under which the
upper bounds from the previous section are sharp. This condition will hold for all of the
examples discussed in this paper.

Notice that from equation and the summability derived in equation (5.16)), an
application of Borel-Cantelli yields, for almost every w,

1 q
lim inf —( 0z () >
¢ Lxp(w)]oo
Keeping in mind that 0 < ¢ < ¢(v) was arbitrary (and working through a sequence

of choices ¢ increasing to ¢(v), applying Borel-Cantelli at each step) we obtain a set
Qs C Q of full P—measure such that for every w € (), we have

SRecall that « is the regularity parameter in the distortion condition (P2).
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(7 1
(5.20) lim sup — ‘“(Z) < _
¢ flogl]=  [c(v)]2o
Now we concentrate on deriving lower bounds. Using definition (3.1)) and the esti-
mate (1+2)~® > 1 — az, valid for & > 0, = > 0, and by substituting z = [2x,,(w)]*)
we obtain

1 1
(5.21) - < 022, (w)] 270,
(@ (e = 07 ()
Iterating (5.21]) we obtain
(log ¢)1 (log ¢)1 (log ¢)1 ! —k \ja(ot—Fw)—
< 2o¢0 + 2040 o w a(o g
o)™ = ¢ 2_alo W)
LV
(log ¢)1 (log ¢)1 =k, \a(otFw)—
— —2Ot0 2(10— 2 alo w)—ao
(5.22) R kz:;[ zr{o W)l
¢
9L — — g —k
+a02a0 (10g E) (é L\/ZJ) . 1Og(€ L\/ZJ) Z [zxk(ojfkw)]a(a w)—ap

Clog(¢ — [VI))r ¢~ V1]
=(I)+(II)+ (LII).
Clearly (I) = o(1) and the same is true of (/) since

(log ()1
Vel

In order to estimate (/7]) note that from equation (5.20), for all ¢ sufficiently large
(depending on w), for |[V/¢] +1 < k <,

k=[Ve]+1

(]I) S a02ao

q a(az_kw)—ao
- log k)@
0p2° [ka(aé_kw)]“("z fw)—ao < 02° 3—( 8 1) 01 =: Al (w).
le(v)]ro koo
From now on we write A} := A} (w). In addition to Assumption (A1) we now as-

sumeﬁ the following asymptotics on the £, (A},):

Assumption (A2) (Asymptotics on expectations revisited)

log(¢ — |VE))? ,
Vi > E(4) = c(v).

k=Ve|+1

(5.23)

SWe will see that for many examples, including the ones presented in the next section, Assumption
(A2) will hold.
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Another large deviations estimate as in the preceding section will give, for each

¢(v) < caninteger Ny = Ny(c) so that forall £ > Ny, % Zizb@ﬂ E,(A}) <
cte(v)

- and

log(¢ — |VE)? <~ (0= Ve = cw)?
(V1] 2 Mzepsew Sro(log(¢ — [V/E])2

k=Ve|+1

Once again, application of Borel-Cantelli implies there exists a random variable ny(w),
finite almost everywhere, such that for all £ > ny(w)

(log £)1 y
@) =

and for each 0 < v < 1 there are constants « > 0 and C' < oo so that

P {ny(w) >n} < Ce ™.

(5.24)

The factor ¢ > ¢ in equation (5.24)) is necessary to account for the two o(1) terms (/)
and (II) in equation (5.22). Returning to equation (5.24), another sequence of Borel-
Cantelli reductions over the parameter ¢’ decreasing to ¢(v) gives a full measure set
Q5 C 2 such that for every w € €y

(5.25) lim inf £ w(i) > ! -
¢ logl]®  [e(v)]%o

We have therefore established the following (fibre-wise, or quenched) exact asymp-
totics

Proposition 5.3. For random LSV maps as described in Theorem assuming as-
ymptotic growth conditions and , we have the following exact asymptotics:
There is a full measure subset ' C § such that for all w € SV, foralln = 0,1,2,...
we have

it~ L8]

5.2. Natural probability distributions on the parameter space. In this subsection
we verify assumptions (A1) and (A2) for some natural probability distributions v on

[Oéo, Oél].

5.2.1. Example: Discrete distribution. Here we assume v is a discrete probability dis-
tribution; for concreteness, v = p1d,, + P2da, With p; > 0 and p; + ps = 1.

Lemma 5.4. %Zizl E A, — ag2%p,. Therefore, in condition ll we can take
q:=0and c¢(v) :== ®2*p; > 0.
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Proof. Write Ay (w) = Xi(w) — Yi(w) where

(5.26)

Using o-invariance of P, a direct calculation shows

2ck () ]
E,(Xi) = 2™ {pl + po [ k(l 0)] } ;

ko
while
1 9 g 2 201 —aQ
E)Y, = +2a00402°‘° pl{ Ck(loéﬁ} —l—pz{ Ck(?l)] )
kal k(Xl
Therefore,
¢
1 _op
-1 Z B, X}, = ap2°p, + O£ =),
k=2
whereas
1 ¢
— DN EY, =0
LS Evi=ou)

ol

—2
for 6 = min{ag/c,2 — o/} > 0. It follows that

14

where ¢ := min{d,1 — £} > 0. Therefore Assumption (5.11) is satisfied by taking
q:=0and c(v) := ®2*p; > 0. O

1 (-1
i Y B A= ap2"p; + O(L°),
k=1

We now show the upper bound on the z,(w) obtained above is sharp.
Proposition 5.5 (Sharp asymptotics for the discrete probability distribution). For almost

every w
1

Proof. We only need to verify Assumption (A2) and apply Proposition[5.3]

where c¢(V) = ap2°°p;.

V4 Y/ X1 _q
1 2% 1 a0
D E EV(A;C) = g p1+ P2 {—}
(= vel k=|VE]+1 (- vl k=[VE]+1 Wk

= a02a0p1 + 0 <£°‘%;g‘l> .
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Since 0p2*°p; = ¢(v) we have verified Assumption (A2). O

5.2.2. Example: Uniform distribution. Here we assume v is the uniform probability
distribution on [av, o], that is, for oy < t < o,
1

(oo, ) = ———(t = ).

We start with a lemma that will allow us to compute the appropriate expectations in
condition (5.11]).

Lemma 5.6. Let ¢ > 1. Then, as © — o0

1 1

a; — Qg Cu

i 6—(c—l)a0u'

(5.27) E, [e-(ea@maon]

Proof. We have

al

Eu [e—(ca(w)—ao)u} — / e—(cz—ao)udx
o

a1 — O o

— 1 X i [ef(cfl)aou _ ef(calfao)u]

) — Gy Cu

_ 1 . ief(cfl)aou [1 . efc(alfao)u} )

a; — Oy Cu

U

As in the previous section, we decompose Ag(w) := Xj(w) — Yi(w) according to
equation (5.26)).

Using o invariance of P and Lemma with u = —log (M) , ¢ = 1 and

k0

ko1

u = —log (M) , ¢ = 2, respectively, we obtain

2200 1
E, (X ~ —0 ,
(5.28) (Xi(w)) a; — ap log k

E,(Yie(w)) = o(log k).

29a
52%0

It follows that log k- E, Ay, ~ s Now apply Lemmaof the Appendix to compute

1—oo
the asymptotics for the sum:

¢ 29a0
lol%EZEVAk_> ag2 ‘

) —
1 1 0

Therefore we can take ¢ = 1 and ¢(v) = SLZZ) in Assumption (A1)

1—
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Proposition 5.7 (Sharp asymptotics for the uniform probability distribution). For al-
most every w
1
log ¢ | @0
x@(w) ~ [C(V)£:| )

29
ag2°0
al—ag”

Proof. We verify Assumption (A2) and apply Proposition [5.3]
log(¢ ~ V7)) § log(¢ ~ V7))

e E,(A)) = qp2*°————=~
0 — |V k%ﬂ () (— V¢

where c(v) =

¢ 1 k a(o‘nfkw)fao
0g 0
X E, | |3—
2 { C(V)k}
k=[Ve|+1
We can evaluate the individual expectations using Lemma|5.6]to obtain:

a(anfkw)—ozo

log k o Qo 1
c(v)k

B {3 a; —aglogk’
Now, two applications of Lemma [9.2|from the Appendix shows
o L TV
k:%ﬂlogk_;logk_;logkw log¢

Applying this to the first estimate gives

sl =LV~ gy o 082 loa( = VI =21V | a2

- - - Tog ¢ o
¢ — | VY] b VT4 ar—ag (- |V og Q1 — Qg
Since % = ¢(v) we have verified Assumption (A2). O

5.2.3. Example: Quadratic distribution. Here we assume v is the quadratic probability
distribution on [, a1}, given by

1 2

v([ag, t]) = )2(75—@0) :

(1 — g
Again, we begin with a simple lemma that will allow us to estimate the expectations.

Lemma 5.8. Let ¢ > 1. Then, as ©u — o0

2 1

- - ef(cfl)aou.
(1 — )? (cu)

(5.29) E, [em(cal@)meo)u]
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Proof. We have

2 1
E, —(ca(w)—ag)u] _ / —(cx—ao)u(,, d
|:€ ] (Oél - 050)2 ap ‘ (x aO) !
2 -1 1
— —(car—ap)u . . —(car—ap)u __ ,—(c—1)agu
(a1 — ap)? { cu (a1 = ao) (cu)? le ¢ ]}
2 1

— . —(c—1)aou 1— —cla1—ap)u . 1 )
(o —a0)?  (cu)®’ {1-e [eular = ao) + 1]}

OJ

Writing A, = X}, — Y}, as in equation (5.26)), using invariance of P and Lemma[5.§]
with we obtain

B ) ~ 2 (5 ) =

a1 — Qo log k)2’

E,(Yi(w)) ~ 2 (alofaof (igf)? — (@> |

2
It follows that (log k)? - E, Ay, ~ 2 ( a0 ) after which an application of Lemma

a1 —0Q

(5.30)

of the Appendix implies
¢ 2
(log ¢)? Qg
E, AL — 2 )
14 kz:; F a1 —

2
We take g = 2 and ¢(v) = 2 ( a0 ) in the assumption (5.11). For this example, lower

a]—ag

bounds can also be obtained by essentially following the steps in the previous example
and using Lemma[5.§]in place of Lemma[5.6]

Proposition 5.9 (Sharp asymptotics for the quadratic probability distribution). For al-

most every w
(log £)*] %
() [ c(v)l ’

where c¢(v) = 2 (LY

a1 —ag
Proof. We verify Assumption (A2) and apply Proposition[5.3] The key estimates are
203 1
(a1 — ap)? (log k)?

E, A, ~

log(¢ — |V7))> < 203 (log(f — [V7]))? (£ — 4[V7))

k:%ﬂ E,(Ay) ~ (a1 — ao)? v _ L\/ZJ (log ¢)2 ~ c(v),
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where we have again used Lemma [9.2]in the Appendix to estimate the sum and verify
Assumption (A2) for this example. 0

6. PROOF OF EXISTENCE OF ABSOLUTELY CONTINUOUS MIXING SAMPLE
MEASURES

6.1. Distortion estimates. Here we prove consequences of bounded distortion which
are key for many of the later computations. For any n > 1

6.1) P =vrlpoip L and AN ={Ac P | F'A= Ao}

Lemma 6.1. Foranyn > 1, A € A and x,y € A the following inequality holds

F’I’L
JE;(y)
for some D > 0.

Proof. The collection AL(U") is a partition of F;"Asn, ¢ and for any x € A,n, o each

A € A% contains a single element of {F_,"x}. For x € A let j(x) be the number of
visits of its orbit to A, x,, o up to time n. Since the images of A before time n will remain
in an element of P _x,,, all the points in A have the same itineraries, up to time n and so
j(z) is constant on A. Therefore JF"(z) = J(F7«)I(Z), for the projection & of z onto
Agny o (e if . = (2,() then T = (2,0)). Thus for any =,y € A from (3.4) we obtain

E" Fha)i(z
(6.2) “] s) ‘:‘Mﬂ‘sp.
JES () JF) ()
O
Corollary 6.2. For any A € AL, El A — Agny o is a bijection and for each y € A
we have
m(AOnw 0)
6.3 JE(y) > ————.

Proof. Lemma |6.1| implies JF}(z) < (14 D)JE(y). Integrating both sides of this
inequality with respect to x over A gives

m(Ageso) = /A JE™(x)dm < JEM(y)(1 + D)m(A),

which finishes the proof. O
Lemma 6.3.
(i) There exists a constant M, > 1 such that for alln € N and w € (),
d(E™).m

dm S M()m(Aw) S M()M



22 WAEL BAHSOUN', CHRISTOPHER BOSE*, AND MARKS RUZIBOEV*

(ii) Let A\, be a family of absolutely continuous probability measures on {A,,} with
D ¢ F. Forevery A € A let vpny = (F7), (o] A) and ¢, = %™ There

dm
exists Cy > 0 such that for each w € €, for all x,y € A,n, o we have
0 () C
— 1| <D+ [ —1](1 + D),
Pu(y)
where D is as in (3.4).

Proof. To prove the item (i) we estimate the density d(F)").m/dm at an arbitrary point
x € Agn,, and consider three different cases according to the position of x. First of all,
for any 2 € Agn,, o, from Corollary [6.2] we have

d(F)em, 1 m(A)
0= 2 TSP 2 R

yer—nx AeAn
m(A,)
m(Aonw’O) ’

Since m(Agny,0) = m(A) = 1 choosing My = D + 1 finishes the proof for the case
T € Agnwyo.

For x € Agny,p with £ > n we have F"(z) =y € A, 4—p. Since JF,(y) = 1 for
any y € A, \ Ay o,

d(FL’j)*m(x) B 1
 JF,(y) - JEma (Frly)

Finally, let z € Any g, for 0 < ¢ < n. Then for any y € F_"x the equality F"~‘y =
Fol, x € Agnry holds. Hence, JF,n i, (Fly) = 1 forall j = 0,...,0 — 1.

o=ty

Therefore, by the chain rule we obtain JF(y) = JE" *(y). Hence the problem is
reduced to the first case since

d(EF").m Z 1 Z 1 d(E"%.m , .,
N W/ = = = « F .
dm (I') JFJ}y JFS—Zy dm ( gn*€w<x))

yeEF, "z yeFoﬁ*"(F;f_gwx)

<(D+1)

=1.
dm

This finishes the proof of item (i).
To prove item (ii) we first note that £} : A — A,n, is invertible. So for any
T € Ayng o there is a unique zy € A such that F}(x¢) = = and

AVgn, 1 A,

Let o, = % then for x,y € Ayny, o, using Lemma and the assumption on ‘fl’\—; we
obtain

dm

w JE" By x s(zg,
; Eyi ‘1‘ N inigz; 1@; —1| <D [P — 1)1+ D).
w w dm
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Remark 3. It is important to note that the constant C'y does not depend on w. Moreover,
if A and n are such that the orbits F/(xq), F7(yo),j = 1,2, ...n see sufficiently many
returns to the base, so that Cyy*(*%) < log 2, then the upper bound in (ii) becomes
2D + 1. The elements A for which this holds are independent of the starting measure \.

6.2. Proof of Theorem 4.1
Proof of Existence. Recall that m(A) = 1. Recall the definitions of P9 and AY in
(6.1), and for A € ﬂ’g,)jwmafj%o let

w d j

A = d_ (F;_jw)* (ma),

where m4(B) = m(A N B). Clearly, ¢% , is a density on A, such that ¢/ 4,|A,,, = 0

for ¢ > j. Below we consider two cases dependlng on A. First, notice thatif A € AW

Y
then Fj : A = A, is a bijection. For z,y € A, let 2,y € A be such that
F Jw(x’) = z,and F’_, (y') = y. By the choice of A there exists i such that [/ , =

(Ff ). The bounded distortion condition implies that

7ay) JEL, ()| _ D
64)  |log ZaW | _ oy TEomsl®) 01 < 2 sy)
¢ ;fA(x) JF; i Z 1—77

Notice that the constant in equation is independent of j, A and w. Hence for all
D
x,y € A, letting D' = e we have
;'J,A(y) <D ;}A@)
Integrating both sides of the latter inequality over A, ; with respect to = implies

w m(A) o,
(6.5) aly) <D A D'm(A).

On the other hand, if A € iP(j ju|Ds-iw o such that FJ i (A) € Ay for £ > 0 then
2 a(r) = 07 A(F;_ng( )). Hence we can apply @ Futher define

n—1

sz = % (:L Z(F; Jw) (mlAU—jw,O)) :

j=0

As above ¢¥|A,, = 0 for ¢ > j. Forxz € A,y ¢ < j we write ¢, as a convex
combination of ¢} , and obtain

(6.6) ¢ (x) < D'
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Notice that if ¢(z) = 0 and ¢(y) # 0 then s(z,y) = 0. Taking this into account for
all y € A, such that ¢ (y) # 0 we have

(6.7)
S 2a()
62(2) — 62()] < ~ S et |2
n = ],A(y)
=0 AGT(JEJL\,' o= Jw,0
’ n—1 w
< D/(l - rY)lgD - 1)%2 Z ‘log QE,jEZ; m(A) < D/(D/ o 1>,Ys(x,y)
j ]’

where we have used equation (6.4)) in the last step.

Hence ¢ € T NJ! (ie. K, = 1). Since, d(z,y) := ~*@¥) defines separable metric
space structure on A, for each w, by Arzela-Ascoli Theorem there exists a subsequence
of ¢ — h, € fr'"j N 3”%. By a diagonal argument we construct along the sequence

{o*w}, for almost every w € (2, a convergent subsequence {gbgi“dx} for every ¢ € Z.
The limiting measure is F,-equivariant i.e. (F,r,)«Vgk, = Vgkt1,,. Moreover, h,, =

4C

e € FrNJFE and by, < waLy by construction. O

7. RANDOM COUPLING

7.1. Estimates on the random recurrence times for the base. For a single map, the
recurrence time gives a key construction parameter for coupling arguments. In the set-
ting of random maps, this recurrence time is w dependent. Our first task is to obtain a
suitable version of the recurrence time (see ¢, below, and its use in the following Lemma
[7.2). At this stage, it is useful for the reader to recall from section [3] our assumptions
(P1)-P(7); in particular that @ > 1 in (P4). Moreover, recall the regularity class of the
equivariant densities defined by the random variable K, from Theorem [4.1]

Lemma 7.1. Let N and ¢; be from the aperiodicity condition (P5). There is an ¢, € N
so that for every ¢ > (, there are nonnegative integers c; such that

N

i=1
Proof. See Lemma A2 [23]]. L]
For ¢ € N define a random variable V¢ : Q) — R by
VE=m(AuoNF;(Agewp))-
Recall that every base A, o = A.

Lemma 7.2. For each ¢ > {; there is a constant V' (¢) > 0 so that for almost every
w € ,

VE>V(0).



QUENCHED DECAY OF CORRELATIONS 25
Proof. The result follows from the aperiodicity condition (P5) and bounded distortion
(P2). First, suppose Fy = FJ' : A — A, and Fy = F2 - A — A ji iy, satisfying
m(F7PANA)
m(A)
Then, since F,L-_1 are bijections when restricted to A, using bounded distortion, we get
m«BoFUAAﬂAL>mUT%EJAﬂMOA)7ME?AHM

> >0,i=1,2

m(A) - m(F7PANA) m(A)
- 1Im(F,'ANA) m(FTPANA)
- D m(A) m(A)
> %62 ‘€.

Now, for ¢ > {;, Lemma n implies F’ can be written as a composition of Fi (with
at most ¢ terms). Iterating the above estimate and using the lower bounds given in
condition (P5) implies the existence of the required lower bound V' (¢) > 0. O

Remark 4. From the proof of the previous lemma, it is clear that one should not expect
a lower bound on the V'(¢), uniform over all /.

7.2. Random stopping times. Let A = {(w, z)|w € Q,z € A,}. Denote by A ®,, A
the relative product over (2, that is A ®, A = {(w, z,2")|w € Q,z,2" € A,}. These
are measurable subsets of the appropriate product spaces (2 x A x N in the case of
A, for example), and naturally carry the measures P x m and P := P X m X m
respectively. We can lift the tower map F' to a product action on A ®, A with the
property F,, X F, : A, x A, — A,, X A,, by applying F' in each of the x, 2’
coordinates.

With respect to this map, we define auxiliary stopping times 73 < 75 < ... to the
base as follows:

Let {, be the constant given in Lemma 7.1} For (w, z,2) € A ®,, A set

o (z,2") =inf{n > by | Flx € Agnyo};
75 (@, 2') = inf{n > 77’ (z,2") + by | F}a" € Agnuo}s
3 (z,27)

5 (z,2') =inf{n > 75 (x,2") + by | E2’ € Ao}

and so on, with the action alternating between x and x’. Notice that for odd i’s the
first (resp. for even i’s the second) coordinate of (F,, x F,,)7 (x,2’) makes a return to
A Lo
o1 w,0

Let i > 2 be the smallest integer such that (F, X F,)™ (z,2') € A o
Then we define the stopping time T, by

T, (z,2') =7 (x, ).

0 X Aafl,wwvo.
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Next define a sequence of partitions & < & < &5 < ... of A, x A, so that 7 is
constant on the elements of £ for all i« < j, 4,57 € N. Given a partition Q of A, we
write Q(z) to denote the element of Q containing x. With this convention, we let

w
T =1

&)=\ F P | (2) x A,
k=0

Letting 7 : A, x A, — A, be the projection to the first coordinate, we define

5 —1
& (z,2") = w&y (z, ') % \/ F*P oy, | (7).
k=0

Let 7’ be the projection onto the second coordinate. We define & by refining the parti-
tion on the first coordinate, and so on. If £5; is defined then we define &5, | by refining
each element of &3 in the first coordinate so that 75, is constant on each element of
&5, Similarly &5, is defined by refining each element of £5;_ ; in the second coordi-
nate so that 73, , is constant on each new partition element. Now we define a partition

fﬁw of A, x A, such that T}, is constant on its element. For definiteness suppose that ¢
is even and choose I' € & such that 7,,|r > 7. By construction I' = A x B such that
F7'(B) = A e 0 and I’ A is spread around A -~ . Werefine A into countably many
pieces and choose those parts which are mapped onto the corresponding base at time
7. Note that {7;, = 7’} may not be measurable with respect to &’. However, since
71 = Lo + 7 and &, is defined by dividing A into pieces where 7/, is constant,
{T., = 7"} is measurable with respect to £, ;.

7.3. Tail of the simultaneous return times. In this section we estimate the tail of the
simultaneous return time 7;,. We start this section with the lower bound on the measure
of the set that made return at time 7;°.

Lemma 7.3. Let A\, and )\, be two probability measures on { A, } with densities @, ¢/, €
?jﬂLfOW. Let A = A\, x\,. Foreachw, foreachi > 2and I' € £ such that T}, | > 77
we have

MT, = 79T} > C5V7, 7,

1

where 0 < C5 < 1. We can fix C; = 2(25—:11)2, independent of \, for all 7 sufficiently

large, i.e. i > ig(\).

Proof. In the proof we write A for a measure on A, since the dependence on w is clear
from the context. For definiteness assume 7 is even. Then I' € & has the property

Ff‘l(wf) = A -, and F (7'T) = A+ . Together with the definition of 7,
this implies 7'{7, = 7°[['} NI = «'". Therefore, letting v - := (F;’f’l)*()\hrF)

1
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we have

B MNr{T, = YNzl /\(FJT’WAUT;JOJ N FJT;J_IAUT;i " Nl
)\{Tw — 7_:)|P} — (ﬂ-{ T } @ ) ,0 1w,0

(D) - )\(7rF)
— (Ff‘l)*(MWF)(F;i::f Ao NA o V=0 e W(FUZZ w N 0 VA o).

Finally, item (ii) of Lemma@ applied to v -~ implies that

1 »
wl‘\ le 1A ﬂATw .
| }_ 1+D+C)\(D—|—1) ( 0-7,7 w O"LLUO szlw’o)

Now, the lemma holds with C5 = min{ 775577 (1+CA/1)(D+1) }. In view of Remark
2D+1

s(p+1)e for all 7 sufficiently large. M

lw

MT, =7

we can use C5 =

The next lemma estimates the distribution of 77"’s on A, x A, by the measure of the
tail of the random tower.

Lemma 7.4. Let C5 be as in Lemma 7.3 For each w, foreach i and T € &
Mt =78 > o +n|T'} < ]\40]\46';\_1 ~m{f20¢iw+z0w > n}.

Proof. Suppose that 7 is even. Since 7;” is constant on the elements of & for every
I' € & we have

71'({(5(] 2| R, o Fly HO( )>n}ﬂF>—{x|R o [ HO( ) >n}nal.

Letting v -, = (Ff_l)*()\hrf), we have
M7y =18 =l > T} = MR v, 0 FS 0 > 0T}

A {R o, 0 Fo T > n}y nal)
A7)

= AR ey 0 Fir T > n}

= (FS). DB v, 0 oo Sn} =y o, (R v 0 Floa ™ > ).
Applying item (ii) of Lemma@ we obtain
Mrty =7 —lo > i} < (14 D Ca(14 DR v 0 Foa 4 5 ).

Finally, since the density of (F L;’ 1+ZO)*m is bounded above by the first item of

Lemma 6.3 we have
Mre, — 78 > o+ 0T} < MoM(1+ D+ C\(1 + D))m{]—?afiwgow > n}.
For ¢ odd the calculation is analogous and we obtain for all ¢

My =7 > lo+nT} < MoMC'm{ R oss > n}.
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Suppose we are given a sequence of positive integers /o < 7 < 7o < - < T, < ...
with 7, — 7,_1 > {, for all 7 > 2, denoted 7, and a positive integer ¢ > 0. Define
associated subsets of A ®, A

Gq(F) = {(Wax7x,)|7'f(x,$/) =7,1i=1,2,...q}.
This is a partition into sets where a specified sequence of hitting times up to ¢ is attained:
U?G(I(F) = UT1<TQ<...Tqu<7_:> =A R A.

For fixed w denote G¢(7) = G,(7) N (A, x A,,), the cross section of G,(7) at w. Let
Ge ={(z,2") € Ay, x A, | 77 (w,2") = 75,5 = 1,...,q}. The following lemma gives
a useful estimate on the size of the elements G,(7).

Lemma 7.5. There exists a C' > 0 such that for each fixed 7, ¢ > 0
q
P(G,(7) < CP{ry (@, ') = i} [ [ 2 = 75-0).
j=2
where
V(T — ) = / m{x € Ay| Ry = Tis1 — 73 — Lo}dP(w).

Q
Proof. Assume first that ¢ is even and let G be as above. Let k; = 7; — 751 — (o,
7 =1,...,q. We first show that

m x m(Gy) < Dm x m(G,_;)m x m{f%afq,ﬁeow o F;i;_l;;q‘gﬂo = k,}.

Indeed, for any I';; € £ ; with 7 ‘1"5;71 = 7; we have

mxm(GeNLy_)  mxm({ry =70l )

mxm(l¥_) m x m(T%_,)
_mry =m0ty mUE (w{ry =1 N1G)
m(m'Ty ) - m(A)

Ty > To—1+00 __
S Dm(AU"'q—Qw’U m qu 2{R07q71+;€0w e} qu 1 0= kq})
_ » Tq-1—Tg—2+l0 _
= Dm{Agra—200 N R ry_140, 0 F 77, =k}

< Dm{RUTq,ﬁsz o F;?;fz_;q’ﬁeo =k}
Hence we have
mx m(GYNIY . _
( q q) 1) < Dm{RUTq_1+fow o FTa1 Tq—2+b0 _ k;q}
1

m X m(I'g_ ol 2w
Therefore,
mx m(GYNTY )
x m(G¥) = x m(T¥ 1
m m( q) Z m m( q—l) m X m<rw_1)
reces “
< Dm x m( ;Ufl)m{figfq_ﬁeow o F;ﬂ;f;;"’ﬁgo = k,}.
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By induction, for any ¢ > 2, we have

m x m(G¥) < D *m x m(GY) Hm{R ryatto, © FIa 1 1™ 2t _ k;}.

7j=2

A similar argument applies to obtain the same formula when ¢ is odd. Now by (i) of
Lemma (6.3 we get

(7.1)  mxm(G¥) < (DMyM)**m x m(GY) Hm{R Ciinoy, = Ky}

7j=2
Notice that, m{R _-,_,+,,_, = k;} depends only on wr,_, 44, ..., wWr,_ 4e5+k,—1 While
m{R_-+t,, = kj+1} depends only on Wri g+ - s Wry+lo+k; 11 —1- By definition of k;, we

have 7;,_1 +{y+k; —1 = 7; — 1 < 7;+{y. Therefore, the product on the right hand side
of (7.1)) is formed of independent random variables. Moreover, observe that m x m(GY')
depends only on wy,, . ..ws—1 and 73 — 1 < 7y + ¢,. Thus,

q
/ mx m(GF)dP < (DMyM)™™ / m x m(G)dP [ ] / m{R o, s, = )P,
Q Q . Q

Since o is P invariant, taking C9 := (DMyM )72 gives the desired estimate. O

We now present two lemmas that will be invoked in the proof of Proposition
below.

Lemma 7.6. We have 3> . 7(7j11 — 7;) < C(K) < 0o. Moreover, C(K) — 0
as K — oo.

Proof. Using assumption (P7) and Lemma9.1]in the appendix, we have

(7.2)
= X log(ryn — 75— L)t C'log(K)?
T —T) < C J < = C(K).
_ Z_KV( 7)< Z (Tj41 — 75 — 30) T (K =)t (%)
Tj+1—Tj= Tj+1—Tj=
Moreover; C'(K) — 0 as K — oo. O

Lemma 7.7. We have %, P{7}"(z,2') = k} < oo.
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Proof. Recall that 7%(z,2') = ly + R, 0 F(x); ie., 7(z, 2') does not depend on
2. Therefore,

> P{r(x,2)) =k} =) P xm{Ru, 0 F(x) =k} x m(A,)
k>4 k>0

< M Pxm{Ryu, 0 Fo(2) =k} < M*My Y P x m{R, = k}

w

k>0 k>0
(log k
<M2MCZ Og X < o0,
k>0
where we have used the first item of Lemmal6.3and (P7). O

We can now present the main result of this section.

Proposition 7.8. Let 6 > 0 be given. Let A\, and )\, be two two families of probability
measures on {A,} with densities ¢, ' € I+ N LE. Let \ := X\, x X,. Then there

exists a constant C’; and a subset Q25 C ) of full measure and a random variable ns on
Q5 such that for any n(w) > ns(w) the following holds

(logn)®
ne—1- ha—1-6°

MT, >n} < C;
Moreover, there exist C > 0, u' > 0,0 < v’ < 1 such that for any n
P{w | ns(w) >n} < Ce~vn”

Proof. Let ¢ := min{-2-,1/2}. Fora.e. w € Q we haV

a1
MT, >n} < Z MT, >n;m¢, <n <72} + M1, > n; Tine) < n}
i<|ne]

(1.3) < ) Mre <n <7+ ML > ngr < n}

1<|n]

=Y + Y.

We will show that the term Y; decays at the indicated log-polynomial rate (in n) while
the term Y5 decays as stretched exponential, which implies the result. First, for the term

7 Notice that we have chosen ¢ = n to keep the proof and the estimates of Y7, Y> and C, as simple
as possible. One may try ¢ = (logn)? for sufficiently large d so that Yg decays faster than Y7 and C,,

remains integrable and get a quenched decay rate of the form M for some d’ > d, in Theorem

[4.2] However, no matter how we choose ¢ = g(n), with g(n) — co as n — oo, a quenched correlation
decay rate of the form (I:L’g n)’ , which is analogous to what one expects in the deterministic setting, cannot
be achieved since we want to get information on the integrability of the C, in Theorem [4.2] The shift
of the Lipschitz constant K, and hence the dependence of that constant on n, in equation and the

non-uniformity of the tail in (P4) are the main reasons for getting a rate at the order ﬁ, forany § > 0.
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Y, we have:
Z Mre, <n<71¥) = Z Z Mre, <n< 7| TIAND)
i<[ne] i<|ne] Teg
= > Y M <n<t | TIND)
(7.4) bl S,

<Y Y Mm-S | THO).

i<[ne] Tegr, j=1
T, |T<n

For each term in the sum (7.4), using Lemma/[7.4] we obtain,
Mry =7y = © | TIMD) = Mr = 72, 2 (5 = o) + GITYA(D)
(7.5) < MMC AR o vy > ; — YD)
< MMCAT) Y mfx € A[R ¢ vrgr > kY.

k>%—to

For each w € Nyez 07"(Q4), where Q4 is the full measure subset from condition (P4),
we want to define a random variable n4(w) such that for any n > n4(w) we have
ny (o0 ) < [ntve) forany k > 2 — o, i = 1,...,|n'"¢], so that we can
apply the uniform decay rates from (P4). Below the constraint 7, |I' < n is crucial.

ng(w) = inf{m|vn > m,VN € {1,2,...n+ 6}, Vk > [n'¢| — by, n1 (cVFw) < k}.

We claim that n4 has a stretched exponential tail.

n+Lg
Plngw)>m} <> > > P{n(o" Fw) > k}
n>m N=1 k>|nl—¢|—{
n+4o
= Z Z Z P{ny(w) > k}
n>m N=1 k>|nl—¢]|—{y

ot

S Z<n+€0)6_u/n1)/ S o w'm 7

n>m

for an appropriate choice of v’ > 0, 0 < v” < 1. Now, for n > ny4 using the fact that
771 < nand Lemma@ we can further upper bound the sum in the equation (/.5)) by
1o logn)"

[log (% — £9)]°
2 KL .
[% _ go}afl — ' nafl

(7.6) > m{z €AR s i >k} <C

k>%—Lo
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Now, inserting the estimate back into equation (7.3)) and substituting that result
into (7.4) we obtain the final estimate on Y:

b b
Y'l < MQM C 1KO Z gnl] < Clnc(a—‘rl) UOg n] < Cl [log TL] )
na

nafl — naflfé
i<|nc]

Now we tackle the term Y5 by decomposing A ®,, A into two pieces. First for pa-
rameters X > 0and 0 < p < 1, and integer ¢ > 0 define

By(K, p) = {(w,z,2")[#H{il2 <i < ¢, 7° =77y > K} > pq}.

We are going to pick the parameters /', and p ~ 1 later, but the idea is that for points
in B, (K, p) the first ¢ return times have many (at least pq) large (bigger than K) gaps.
Our decomposition will be according to this B, (K, p) for ¢ = |n°]:

Y, = MT, > n, 7y <np= A{T, > n} N B,(K,p))
+ Mo > 0} N[By(K, p)I) < MBy(K, p)) + A{Te, > n} N [By (K, p)[°).

In order to estimate the first term in this expression, fix a sequence of integers 2 < t; <
ty < --- <tsfor pg < s < q—1and define

By(K, {t;}) = {(w,z,2") |7y — 77, > K,i=1,2,...5}.

Then B,y(K, p) = U2}, Up <..ct, Bo(K, {t;}) and by Lemma 7.5| we can estimate mea-
sures of the terms on the right by

(7.8)
P(BJ(K. {t:})) = Y P(By(K,{t:})NGy(7))

T1<72<...Tq

D S CHCIETE) SLICTIRSER N DI | G

(7.7)

T1<72<...T¢ 1 To<T3< g =2
T, —Tt,—1>K Ty, —Te;—1>K
i=1.2,..5 i=1.2,..5
= (1 g P{Tl {L‘ J} —Tl}H E Ttl Tt,—l H E — Tj- 1
i=1 ¢, —T¢, 1 J#t Ti—Tj—1
q—s
q w AN
<C? Y P{rf(x,2') = m} ( > ’Y(m)) ( > W(m)> :
m>£o m>K m2>Lo

Now applying Lemmas and we obtain, assuming p > 1,
(7.9)

P(B Z S P(By(K{t:}) <Z2C I < [2eCIC(K)]7).

s=pq t1<---<ts s=pq
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We pick K large enough so that
2eC[C(K)]P := ky < 1.

This shows P(B, (K, p)) < x{. Since we want estimates over individual fibres A, x A,
we finally observe the above estimate shows m x m (B (K, p)) < li?/ ? except on a set
of w of measure at most m‘{/ ®. Once again, an application of Borel-Cantelli shows there

is a full measure set {25 C Q and n5(w) > ny(w) with stretched exponential tails (there
exists u > 0 and 0 < v < 1o that P{ns > n} < e *"" and such that, for every w € Q5
and n > ns(w), m x m(By (K, p)) < n(f/Q.

We now turn our attention to the complement of B, (K, p). Note that for each w, 7 =
(71,...7,) either G¢(7) € BY(K, p) or G¢(7) N BY (K, p) = (). Let us call those 7 in
the former class w, ¢ — good. The others we will call w, ¢ — bad. Therefore, for w fixed

M{TL > w7 < n} 0 [B(K, )Y) < M{To > 72} 0 [BE(K, p)))
1 3 w w (=
(7.10) = Y ML > NG,
T: w,q— bad
We move now to estimate the individual terms in the sum over w, g — bad terms. Note
that each G¥(7) is ¢ measurable. Therefore we can write

G4 (T) = Ur,eeo,r,cas ()l

as a disjoint union. Recall that {7}, > 7,_; } is measurable with respect to ff;. Therefore,
for each I'; in the above decomposition, either I'y N {1, > 7,1} =T, or I', N {7}, >
T4—1}1 = 0. Call the former w, ¢ — good and the latter w, ¢ — bad. Finally, note that if
I'yisw,q— bad thenT', N {T,, > 7,} = 0. Now we estimate:

ML, > 730G (@)= Y ML, >7}nTly)

I'y: w,g— good
= Z 5‘({Tw > Tt {T > 11} N Fq)j‘<{Tw > 11} NTy)
Iy: w,qg— good
< D) (L =GVETTIMTL > 7o T > 1y} NTOA{TL > 70} ML)
I'q: w,q— good

< ) ML, -GVETEDA{TL > nynTy).

I'y: w,q— good

Now, since each good I'; in the above sum is a subset of G(7) that is w, ¢ — bad we
know that #{i|2 <i < ¢, 7, — 7,_1 < K} > (1 — p)q. Therefore, in the above product,
considering only those factors in the product, and keeping in mind the lower bound
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given by Lemma(7.2) we get
M{T, > 7.} N GJ(T)) < (1— 5V (K))=ra Z A{T, >n}NT,)
Iq: w,qg— good
< (L= CGRV(E)TP7 3" NI
Iq: w,q— good

Finally, summing first over all the good I, and then over all G%/(7) for w, ¢ — bad T we
obtain

(T, > 7} MBI, pIF) < (1 - G5V ()
Set 15 = max{x1, (1 — CxV/(K))" ="} < 1 and obtain
Y, < Okt = "kl

for all n > ns(w), giving the claimed stretched exponential decay. This completes the
proof of the lemma. U

7.4. Coupling. Here we consider F,, = (F,, x F, )T°u which is a mapping from A,
A, X A, into Az,,. Let 51 be the partition of A, on which 7}, is constant. Let
T, < T, ... be stopping times on Aw defined as

n—1
Tl,w = Twa Tn,w = dIn-1w + Tng—l,ww o Fw .

For u,z € A, we define a separation time §(u, z) associated with [, as the smallest

n > 0 such that F"(u) and F(z) lie in distinct elements of £ "%
Let A, and X, be two probability measures on {A,, } with densities o, ¢’ € FFNLEx.

Let A\ = A\, x X, and ® = d)\/d(m x m), then ®(z,2') = @(x)¢'(z). The next lemma
establishes the regularity of F,, and .

Lemma 7.9. (1) Foranyn > 0, u, z € A,, with S(u,z) >n

JE™(u)

< ﬁvé(ﬁ‘ﬁu,ﬁ’ﬁz)’
JE(2)

log

where D > 2D is a constant.
(2) Foranyn > 0, u,z € A,

P (u) ;

| < ClpnyS02)
‘%MJ—%” |
where Cp = C, + C.

8Notice that, for any u = (,2'), z = (y,y') € A, if §(u, z) > n then s(x,2’) > nand s5(y,y’) > n
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Proof. Letu = (x,2'), z = (y,1/). For n > 0 choose k so that F"(u) = (F, x F,)*(u).
Then

J}?ﬁ(a:, ) og JFk(2)

JE"(y,y") JES(y) JES ()
< Dy EERESD) eSS o PaS(RIuise),

. ‘ JE*(z)

+ ‘log

where we have used $(u, z) < min{s(z, 2’), s(y, ') }. Similarly for the second item we

have
o(x) ¢'(z')
©(y) ' ()

O(x,2')
D(y,y)

< C«q),y§(u,z)

log

< ‘log ‘ + ‘log

O

Let éf be the partition of Aw on which T’ ,,...,T;, are constant. For z € Aw let
£¥(z) be the element containing z. Given ®(x,z’') = ¢(x)p(x’) let i;(P) be such that
Cey" < D. Fori < iy let ®; = ®. Fori > i, let

Ci)z'—1(2) . @—1(“)
. — & mm —=——

(7.11) d;(z) =

A

TF(2),

where ¢ is a small number that will be defined below. Since (®; —®;_,)/JE! is constant
onevery [' € £, we have

T (FL)e(Bimy — @) (m x m)|T) = 7l (FL) (D1 — @) (m x m)|T).
Note that, ®; is the density of the part of A which has not been matched up to time 7; .

Lemma 7.10. For all sufficiently small ¢ > 0 in (7/.11), there exists 0 < ¢ < 1
independent of ® such that for almost every w and for all 7 > 7,
ci)i S (1 - 61)&31‘_1 on Aw-

We will introduce the following densities in order to prove Lemma For z € A,

let
: P(2)

o T

and for ¢ > iy, let
0, .

Uy(z) = — 1(2) e, = min Uu), Wi(2) = U(z) — ein
JFGTi—pr(FZ;l(’Z)) u€si(2)

Lemma then follows from the following lemma:

Lemma 7.11. There exists C' such that for all sufficiently small ¢ the following holds:

forany z € A, withu € &(z) and i > iy

log ~ (u)
Ui(z)




36 WAEL BAHSOUN', CHRISTOPHER BOSE*, AND MARKS RUZIBOEV*

Proof. By definition of ¥; and item (1) Lemma [7.9]of we have

‘I/z(u) \ifi_l(u) A s(Ft s
(7.12) ‘log—‘ < |log = + DASFea o),
Wi(2) U,_4(2)
Since ¢; , is constant on f;" (2) welete; = ¢; .. We have
‘i’i v, v, —& ‘-Eiz o ‘-Eiu
o 10 o, Wil0)| | W)~ W) | _|wis ~ wi
gi | Wi(u) 1 € U, (u)
< -1 C1 .
= 0,0 | (2) ) 1-c-1-¢ ‘ ©0.(2)
Notice that C in the latter inequality increases as g’—gg increases. Allowing ¢ to depend
on 7, z, u and wﬂ fora given 0 < ¢’ < v~ — 1 we can choose ¢ small enough so that
(7.13) = o<
1—¢
we obtain
W, (u) Ui(u)
7.14 log —= < (1+¢€)|lo )
(7.14) 5 3.02) (1+¢) |log .0)
By (7.12)) and (7.14)) we obtain
\ifl' {I}i— N AT A
(7.15) 10g _ (u> S (1 +8/) log~—]'(11') +D75(qu’sz) .
i\Z \I/i_l(Z)

Moreover, for i = i; we have

\ijh (u)

log ——=
\Ilil (Z)

§(1+s’)(

(I)(U) P AL ot
1 D $(FYu,FYz)
. <I><z>’+ !

< (1 + 8/)(Cq>’)/§(u’z) -+ lﬁfyg(ﬁiluvﬁilz))
< (14 &")2DFluwFilz)
Note that in the last inequality we have used Cpy*(*2) < D~5( Bl Bl 2)
the relation §(Fy,/u, I,/ 2) = $(Fu, I};z) + j we have
log (¥
2)

where C' = 2(1 +¢')D > imolX+eN.

. Finally, using

(7.16) < (i (Ein Pz

“Notice that when i = 4, we can choose ¢ uniform for all u and z, allowing dependence only on D
and Cp.
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Now, we show by an inductive argument that ¢ in (7.13) can be chosen independent
of 4, u, z, w. First of all notice that we can choose ¢ independent of u, z for i = 4,

because N
Wiy (u) _ P(u) JFL(2)
Ui () @(2) JFI (u)
Let ;7 > 4; and suppose that ¢ is small enough so that holds for all ¢ < j and
u € £2(z). Then by we have

log

< (14 D)%

Wi(u)
Ui(z)
which implies that :II’IZ—EZ)) € [e=(©+D) C+D] Therefore C' in (7-13) is bounded by ¢“+2.
Hence by choosing ¢ < &e¢~(“*P) we conclude that the estimate in holds for
i = 3. O
Lemma 7.12. Let 0 < £; < 1 be as in Lemma(7.10] For almost every w and all n € N

<C+D,

(FD)e ) = (FD-O0)] S 2MTho > 0} +2) (1—e)) "ML <0 < T},

where A\ = A, x \..

Proof. In Lemma the estimates for the mass of \ after the i*” iterate matching was
given. Now we will relate that estimate to the iterates of F,. Define ®,, ®,... as
follows: for z € A, x A, let

d,(2) = @Z(z) when T;,(2) <n <Tit1,(2),

where ®;(z) is as in (7.11). We first prove that |(F*).(\) — (F™).(\N)| < 2 [ ®,d(m x
m). Below we use the notation ®(m x m) to denote a measure whose density with
respect to m x m is ®. First of all recall that &5 = ® and write ® = ©,,+> ', (Py_1 —
®;). We have

[(F2)«(A) = (FD)«(N)]
= |m.(F, X F,)H(®(m x m)) — m.(F, X F,)"(®(m x m))|

*

(7.17) < me(Fy X F)H( @ (m x m)) — m(Fy X F)L (P (m x m))|

n

+ Y (e = T (FL X FL)E (@1 — @p)(m x m))l.
k=1

Since, for any A C A, we have
o (F % FL)(®, (m x m))(A) = / Bd(m x m),
Fo"(A)x Ay

the first term in the final sum in (7.17)) is bounded by 2 [ ®,,d(m x m). Now, we claim
that all other terms in (7.17) vanish. Let A, = UA;,; C Aw be such that A;; = {z €
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A, | k =T,.(2)}. By construction A, j is a union of elements oféw and Ay ;NAg,; = @
for i # j (because Tw < Tjw forv < 7). Forl' € £°J|A/yc ; by definition of the ®;’s we
have ®;_; — &, = ®;,_, — ®;. On the other hand, ®,_, = &, on A, \ Ag. Hence for

each £ and for every I' C A;; we have
(R m) o (Fy X FL)E (@g(m x m)|T) = (F%F).ml (Fy x FL)& (@g(m x m)|T)
which finishes the proof of claim.
It remains to estimate [ ®,,d(m x m). We have

/(I)nd(mxm):/ ®,d(m x m +Z/ ®,,d(m x m).
{Til,w>n}

Tl w <n<Tl+1 u.;}

Note that ®,, = ® on {7}, , > n}. Hence we have

/ O, d(m x m) = / dd(m x m) = MT}, . > n}.
{Ti; w>n} {Ts; w>n}

LetAn be such that 7, < n < T;;;,. By Lemma we have ®,, = QA%» < (1-
1)1 T1®, Hence

/ ,d(m x m) < / (1 — &) " dd(m x m)
{Ti w<n<Ti+1 w} {Ti,w§n<Ti+1’w}

= (1 - El)i_il+15\{7—;,w <n< T‘i—&-l,w}-

8. DECAY OF CORRELATIONS
The main result of this section is the following proposition.

Proposition 8.1. For every 6 > 0 there is a full measure set Qg C §2 and a random
variable ng(w) such that for all probability measures \,, X, on {A,} with d’\nj, T2 €
375“ N ?j, there is C' so that for any n > ng, we have

(20 — (.00 < closn™

naflfé :
Moreover, there exist C' > 0, such that
P{ng >n} < C'e "™,
for some v’ > 0and 0 < v’ < 1.

Notice that the constant C' in Proposition depends on A and )\ through the Lips-
chitz constants of their densities, which belong ffi{w N J7 and hence C' is independent
of w. Before proving the proposition, we prove the following auxiliary lemma.
Lemma 8.2. There exists C such that for all > 1 and for any I' € ff

MTii1w — Tiw > 0T} < C5(m x m){T,r,,,, > n}.

7“)0.)
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Proof. By definition we have
)\{T’i—i-l,w — T;'M > an} = )\{TaTi»ww ¢} FZ) > n}

Therefore, it remains to bound the density d(F),\/d(m x m). Let ' € £. Any
Zu e A 7;.,, have unique pre-images u, z € I'. By definition we have
JEi(2)

d(E).A ) dE)S (w)

. wh A oy [ OELA e DEelE) o, @)
g(d(mxm)( )/d(mxm)( ) gJFoi(u) g@(z)
< Dy L) 4 Oy < D 4 Cg =1 log C.

Since D is independent of T this implies d(F),\/d(m x m) < C. O

Proof of Proposition Note that, by taking 7p,, = 0 Lemma implies

o0

@) |(ED.(N) — (F).(W)] € 2(1— )"0 31— e MTiw < 0 < T}

=0

By choosing A(n) € N so that (1 —&;)4™ < n=2% for any i > A(n) we have

> - s . 1
(82) Y- MLw Sn<Tie} < Y (1-a) < —
i=A(n) i=A(n) !

Now we estimate S\{Ti,w <n<T,}fori <A(n). Leth = mTELAX””)‘z. We proceed as
in equation (7.4) in the estimate of Y;. For every ¢ we write

MLioiw<n<Tu}< ) Z)‘{TJ—Hw_ ;w>—|F}A()

reéy , J=0
T; 1w|F<n
i—1 n
< _
(8.3) (by Lemma(8.2)) C5 Z AT (m x m){T ., > Z}
N FO
z 1w|F<7’L
n
SC’;\MZ Z )\ Zm{ oTiww ;}
reg
Ti—1,6|T<n

Recall that there is a full measure set {25 and a random variable n5 which is finite on €25,
and P{ns > n} < Ce """, Now define

ng(w) = inf{n|vk > n,¥N € [1,k] "N, ns(cVw) < k}.
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We now show that ng has a stretched exponential tail. Indeed,

P{ng(w) >n} <Y Y P{ns(c"w) > k}

k>n N=1

_Zzp{n5 ) > k) < Clemn

k>n N=1

for an appropriate choice of v’ > 0, v" € (0,1). Since A(n) ~ logn, for any ¢ > 0 we
have

P{ng(w) > ﬁ} < P{ng(w) > n'=c} < v,

Therefore, by Proposition [7.8 and the definition of A(n), for any 475 > ng we can
estimate (8.3)) as follows:

(1 log n)"
MT 1w§n<Tw}<0M2OZ logm) s = ool

(8.4)

a(log n)* _ (logn)**
S(logn) noe—1-46 S no—1-6 °

Finally, using (8.4)

A(TL) b a o0 b+a
(logn)™* i o (logn)
85 > (1-e)MTiw<n<Tu} S 255> (1-a)' S 55

i=1 i=1

Thus, combining (8.2]) and finishes the proof. O

8.1. Decay of future correlations (Proof of Theorem item (i)). Letvy € ?ﬁ“ and
o € LB« Also, let Cy, C{b and C’:D be the constants given in the definitions of FX«
and LX< respectively. Let ) = A, (1) + (Cy, + 1)K, + 1), where A, = ([ ¢dm +
m(A,)[(Cl+1) K, +1])7%. Then ¢ € FFNFe, [hdm = 1and |¢(z)| < 2(C), +1)
for all z € A,. The second assertion is obvious by the choice of A,,. For the third one
we use the inequality A, < m(A,)~ (1 + K,,)~! < 1. For the first claim we have

-1
¥(y)

For the correlations we have the following relation

< O S @)
7M@)~ ) < Coy

1 ~
86)  C(pv) = - Cilllp,¥) = m(A)[Ku(Cy + 1) + 1CH e, (A ))-
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Let A\ be a probability with density % = 4. Then by Propositionfor every n > ng
we have

Cr%{w(@?&)‘ = ‘/(@U”w © Fg)@z’wdm - /Spo"wdyo"w/@zwdm’

< '/(g&tynw o FM)d\, — /gpanwdygnw
(8.7)
< sup Won () - [(F))edw — (F)) 4]
TEA N,
(lOg n)b-i—a

S C;Ka'"wc)\,u

na—1—6

Similarly, for the probability measure \’ with the constant density m(A,) ™! we have

<10g n>b+a

alé'

f
Cll(p, m(Aw))

Define C) » := max{C),,Cy,}. Substituting (8.7) and (8.8) into (8.6), and using the
inequality A" < m(A,)[1 + (2C) + 1)) K,,] we have

(8.8) < CLKyniCyy

(log n)b—i—a

Mw na—-1-6 °

Let ny(w) = inf{k > ng(w) | V0 >k, Ky, < (°}. Then
P{n; >n} < P{ng >n} + ZP{Kakw >k} < emun 4 Z e—uk” < Ce~vn”
k>n k>n

Now, if n > n; then

(logn)bJra
no— 1-26 °

| nw (p,7) | < C,\,,\'C; 2+ K, (24 3C))]

If n < n; then we let
Cop = n7(w)* K, sup Kyng.

n<nr

Hence, for all n € N we have obtained

‘/ Yoy © ED),dm — /(po.nwdz/anw/wwdm

It remains to show P{C,, > n} has the desired decay rate. We write
P{C, > k} < PUK, > K%} 4 P{ sup Koy > K%} + Plna(w) > BY/69}.

n<nr(w)

)b+a

(logn
< CyCo s 7

Notice that by the definition of n; we have

P{ sup Kyny > k'?} < Pins(w) > k} + ZP{K(,% > k'3,

n<nrz(w)
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Hence, we have
. v/3 _ o/ 1.6v _ 2/ .6v/(3a _lvl3a
P{C, >k} S (k+1e kv WK om0 B

Then the conclusion of the theorem holds with v’ and v’ :=

,U/

@ .
8.2. Decay of past correlations. To obtain decay of past correlations we need to prove

the results of Sections [/| and with the corresponding shift on w. Below we use the
notation w = o~ "w’ for ' € Q.

Lemma 8.3. Let A\, and )\, be two probability measures on {A,,} with densities
e, € FIn L5 Let A = Ay x X,. Foreach w € Qletw = o "w'. Then
forany i > 2 and I' € &, where such that 7;,|r > 7i*, we have

MT, > 79T} > 11— C5v7

lw
where 0 < C5 < 1. Dependence of C on X on can be removed if we only consider
i > ip(N).

Lemma 8.4. Let C5 be as in Lemma For each ' € (2, let w = o~ "w'. For every i
and I' € &

Mre, =18 > by +nT} < MOMC;\_1 : m{RUT;wreow > n}.

Proposition 8.5. Let § > 0 be given. Let A,y and )\, be two probability measures on
{Au } with densities o, " € I+ N FLe'. Then there exists a constant C; and a subset
Q5 C Q full measure and a random variable ns(w') which is finite on Qs such that for
any n > nj letting w = o~ "W’ we have

(logn)®
na—1-4"

MT, >n} <C;

Moreover, there exist u' > 0,0 < v < 1 such that for any n
P{w | ns(w) > n} < Ce ™™,

Proposition 8.6. For every 6 > 0 there is a full measure set (g C ) and a random
variable ng(w'), which is finite on Qg such that for all probability measures Ay, \.,, on

{A,} with %, ZA—;:' € ?ffw’ N T, there is Cy x so that for any n > ng(w') letting
w = o~ "W we have
1 b+a
(F2).00) = (E2) ()] < oy 108

na—1—6
Moreover;, there exist C > 0, v/ > 0 and 0 < v’ < 1 such that
P{ng >n} < Ce ™™ .

Using the above statements and following the same strategy as in the proof of future
correlations we conclude decay of past correlations.
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9. APPENDIX
9.1. Sub-polynomial tail estimates.
Lemma 9.1. Leta > 1 and b > 0. Then

log k)® 1 (logn)®
Z(g)N (g).

ko a—1 nol

k>n

(og )

Proof. The proof is based on integration by parts. Since is monotonically de-

creasing on (C, +00) for C' big enough, we have

Z (loli;ak)b < /n‘x’ (loiax)b‘

k>n

Let K = [b] + 1. Then first making change of variables y = log = and the integrating
by parts K times we obtain

i—1

* (logz)’ 1 1o -«
9.1) = (logn)’n' ™+ > (a—1) H — ) + Ii(a, b),
n =2

T a—1

where I;(a,b) = (a — 1) % H]I.(:_Ol(b =) Jiogn 0" ell=9dy. Since b — K < 0 we
conclude that I;(a) < (a — 1)7K-1 Hf:_ (a — j)n'~¢, This shows that the dominant
term in (1)) is = (log n)’n'~. O

Lemma 9.2. Suppose a > 0 and a; ~ m. Then 37\, ak ~ Goabye

Proof. A straightforward estimate, us1ng the fact that ), _ 27 log Toale " X shows that

S par —ocand Y ;s ap ~ > ), log 77 We work with the latter sum. An elemen-
tary estimate shows

/”Jrl dx <2n: 1 < 1 +/” dx
o (logz)* = <= (logk)* = (log2)* J; (logz)*

Therefore 3= o g ~ Jo onsye- We now estimate the integral.

©2 /” dx B n B 2 n /” dx
%) , (oga)®  (logn)®  (og2)e +* /), Tloga)et’

using integration by parts. The first term above is the claimed rate, and the second term

is clearly o (W) . We will show the same is true for the third, integral term. We first
upper-bound as follows:

a(logn)a/” dx <g/” dx
n 5 (logx)ett = n J, logz
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Now simply estimate the right hand side by

a/” dz a/‘/ﬁ dz a/” dx

— - +_

nJty, logx  n ), logz  n |/ ;logz
. n—2+ a n—\/ﬁ.
“log2 n logy/n n

Since both terms are o(1) in n we are done. O
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