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Abstract
Needle-punched carbon/carbon composites (NP-C/Cs) are advanced materials widely used in
aerospace applications. The needle-punching technique improves the integrality of carbon-
fibre plies, however, it also introduces many defects, affecting the mechanical behavior of NP-
C/Cs. A theoretical model of irregular beams is suggested to investigate the mechanical
behavior of unidirectional needle-punched carbon/carbon composites. Stress distributions in
punched and squeezed fibres and an effect of the needle-punching technology are assessed.

Keywords Carbon/carbon composites . Mesomechanics . Theoretical analysis

1 Introduction

Carbon/Carbon composites (C/Cs) demonstrate excellent properties such as high specific stiffness
and strength, low density, good wear resistance, high thermal resistance and low thermal
expansion [1]. As a result, they are widely used in aerospace structures and braking systems.

The needle-punched (NP) structure, produced from fibre fabrics and nonwoven webs with a
through-thickness needling technique, has advantages of the combined high inter-laminar
properties and lower-cost processing [2, 3]. The NP C/Cs are prepared from the preforms by
employing a chemical vapor-deposition (CVD) process, with heat-treatment at temperature of
2000 K for 2 h, followed by densification at 1300 K under the pressure of 1 kPa. Thanks to the
NP process, interlaminar properties are strengthened; however, many defects are introduced
into laminates inevitably.

Some efforts were taken to characterise the performance of C/Cs. Zhang et al. [4, 5] investigated
bending properties and fracture mechanism of C/Cs with high-density preform and observed
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delamination and interlaminar fracture. Li et al. [6–8] examined macro-fracture with scanning
electron microscope (SEM) micrographs to understand the bending deformation and failure mech-
anism of 3D NP C/Cs at room and high temperatures. The obtained results showed that the load-
deflection curves below 400°C exhibited a linear elastic behaviour and brittle fracture, while failure
above 500°C was plastic. Static compressive behavior of such composites was studied by Zhang
et al. [9, 10], demonstrating that both transverse and longitudinal compressive strengths for materials
with dualmatrixwere higher than thosewith a singlematrix. The failuremodes under transverse and
longitudinal compressive loading regiones were shear and extension failure, respectively. Cai et al.
[11–13] also investigated the bending properties of the 3D NP C/Cs. measuring the flexure strength
of 98MPa.Variety researchers [14–16] investigated effect of holes due to needling, e.g. properties of
3D z-pinned composites, including development model of their internal geometry and characteri-
zation of mechanical properties under static loading conditions.

Still, to the best of authors’ knowledge, researches employing theoretical models and numer-
ical simulations of mesoscopic features of NP C/Cs are rare. In this paper, the microscopic stress
distributions are derived analytically for fibres andmatrix; bending behavior of such composites is
studied theoretical. Finally, some conclusions are drawn based on the obtained results.

2 Mesoscopic Features of NP C/Cs

The NP C/Cs studied in this paper were alternately stacked with 0° and 90°unidirectional (UD)
carbon plies, as well as layers of short-cut-fibre web clothes between them, as schematically shown
in Fig. 1(a). The composites contained ten layers and the thickness of each layer was 0.5 mm.

The preform [17, 18] was punched by regularly arranged needles on the needle plate. A
distance between the neighboring needles was 2.4 mm along the X direction and 4 mm along
the Y direction (Fig. 1(b)), the diameter of needle hole is 0.9 mm.

3 Theoretical Analysis of UD NP C/Cs

3.1 Mesoscale Mechanical Model of Squeezed Fibre Bundles

Fibres of UD NP C/Cs are squeezed in the X-Y plane as a result of application of the needle-
punching technology [19, 20]. To simplify the analysis, the produced hole shape formed by
squeezed fibres is considered as the irregular hexagon (Fig. 2). This is used as a representative

Fig. 1 Schematic diagram of geometry model: a NP C/Cs; b needle distribution



volume element (RVE) for analysis below. Hence, the shape equation for the matrix can be
suggested as:

hm xð Þ ¼
r
l
x 0 < x≤ lð Þ

r l < x≤ l þ rð Þð Þ

(
ð1Þ

where r is the radius of the needle hole, l is the range of the punching effect.
The shape equation of a fibre bundle has the following form:

H xð Þ ¼
r
x
l
þ hy

2
0≤x < lð Þ

r þ hy
2

l≤x < l þ rð Þ

8><
>: ð2Þ

where hy is the height of fibre bundles before punching.
According to the relationship of deformation between the fibre bundles and the

matrix (Fig. 3) [21–23], the shear strain of the latter can be presented as:

γm ¼ H xð Þ
hm xð Þ y

0
xð Þ ð3Þ

where hm is the height of matrix, H is the sum height of fibre bundle and matrix.
So, the shear stress of the matrix can be solved as:

qm xð Þ ¼ τm xð Þ ¼ Gmγm ¼ Gm
H xð Þ
hm xð Þ y

0
xð Þ ð4Þ

where Gm is the shear modulus of matrix.

Fig. 2 Half of RVE of squeezed fibre bundles



Then, equilibrium equations for fibre bundles can be written as (see Fig. 4):

−M xð Þ þ S0x−∫
x
0qf xð Þhy

2
ds ¼ M0

S xð Þ þ ∫l0qf xð Þsinθds ¼ S0
qf xð Þcos θð Þ ¼ qm xð Þ

8>><
>>: ð5Þ

whereM0 and S0 are the moment and shear force at the end(x = 0), respectively; M(x) and S(x)
are the moment and shear force of the beam element representing the bundle, respectively;
qm(x) and qf(x) are the shear stress of matrix and fibre domains, respectively.

Fig. 3 Deformation relationship between fibre bundle and matrix

Fig. 4 Quarter of RVE of squeezed fibre bundles



The moment of fibre can be described by:

M xð Þ ¼ Ey11h3y
12

y
0 0
xð Þ ð6Þ

where y(x) is the deflection shape equation of the beam element, Ey11 is the elastic
modulus of fibres along the 1 direction. Then, the equilibrium equations can be
simplified as:

−
Ey11h3y
12

y1
0 0
xð Þ þ S0x−∫

x
0

Gm

cos θð Þ 1þ hyl
2rx

� �
y1

0
xð Þhy

2
ds ¼ M 0; 0≤x < lð Þ; ð7aÞ

−
Ey11h3y
12

y2
0 0
xð Þ þ S0x−∫

x
0

Gm

cos θð Þ 1þ hy
2r

� �
y2

0
xð Þhy

2
ds ¼ M 0; l≤x < l þ rð Þ: ð7bÞ

The boundary conditions:

y1 0ð Þ ¼ 0
y1

0
0ð Þ ¼ 1

�
ð8Þ

The Eq. (7a) cannot be solved analytically, so the forth-order approximation was used:

y1 xð Þ ¼ y1 0ð Þ þ y1
0
0ð Þx− 3

2

Gmhy2ly1
0
0ð Þ þ 4M 0rcosθ

Ey11h3yrcosθ
x2−

1

2

2Gmh2yr
2Ey11cosθy1

0
0ð Þ−4S0Ey11hyr2cos2θ−3G2

mh
2
y l

2y1
0
0ð Þ−12GmlrM 0cosθ

E2
y11h

4
yr2cos2θ

x3þ

3

8

Gm
6Ey11Gmh2y lr

2cosθy1
0
0ð Þ−4S0Ey11hylr2cos2θ

−3G2
mh

2
y l

3y1
0
0ð Þ þ 16Ey11M 0r3cos2θ−12Gml2rM 0cosθ

!

E3
y11h

5
yr3cos3θ

x4

ð9Þ

Using boundary conditions (8), the equations for moment M1(x) and shear force S1(x) can be
solved (0 ≤ x < l):

M1 xð Þ ¼ Eyh3y
12

y1
0 0
xð Þ ¼ Eyh3y

12
3 Q1 þ Q2xð Þ þ 9

2
Q3x

2

� �
: ð10Þ

where

Q1 ¼
Gmhy2l þ 4M0rcosθ

Ey11h3yrcosθ
;

Q2 ¼
2Gmh2yr

2Ey11cosθ−4S0Ey11hyr2cos2θ−3G2
mh

2
y l

2−12GmlrM0cosθ

E2
y11h

4
yr2cos2θ

;

Q3 ¼
Gm

E3
y11h

5
yr3cos3θ

6Ey11Gmh2y lr
2cosθ−4S0Ey11hylr2cos2θ

−3G2
mh

2
y l

3 þ 16Ey11M 0r3cos2θ−12Gml2rM 0cosθ

 !
:

8>>>>>>>>><
>>>>>>>>>:

ð11Þ

The shear force S1(x) can be obtained directly:

S1 xð Þ ¼ M 1
0
xð Þ ¼ Eyh3y

4
Q2 þ 3Q3x½ � ð12Þ



The maximum axial stress is

σ1x xð Þ ¼ �M1 xð Þdy
Iz

¼ �M1 xð Þhy
4I z

¼
Eyh4y 3 Q1 þ Q2xð Þ þ 9

2
Q3x

2

� �
11bh3y
2

þ 24bhyr2 þ 12bh2yr

! ; 0≤x < lð Þ ð13Þ

where b is the bundle’s width.
The shear stress between the fibre bundle and the matrix is:

τ1 f xð Þ ¼ Gm 1þ hy
2r

� �
y1

0
xð Þ ¼ Gm 1þ hy

2r

� �
1−3Q1xþ

3

2
Q2x

2 þ Q2x
3

� �� �
; 0≤x < lð Þ: ð14Þ

Equation (7b) can be solved exactly analytically as follows:

y2 xð Þ ¼ C1eωx þ C2e−ωx þ 4S0rcosθ
Gmhy 2r þ hy

� � x− 4M0rcosθ
Gmhy 2r þ hy

� � l≤x < l þ rð Þ ð15Þ

Using the boundary conditions:

y2 lð Þ ¼ y1 lð Þ
y2

0
lð Þ ¼ y1

0
lð Þ

y2 Lð Þ ¼ 0
y2

0
Lð Þ ¼ 0

8>><
>>: ð16Þ

where L = l + r, the coefficients can be found as:

C1 ¼ eωL−ωL−1
ω −2e2ωL þ 4eωL þ ωLe2ωL−ωL−2ð Þ

C2 ¼ −ωLe2ωL þ e2ωL−eωL

ω −2e2ωL þ 4eωL þ ωLe2ωL−ωL−2ð Þ
S0 ¼

1−eωLð ÞGmhy hy þ 2r
� �

4rcosθ −2eωL þ ωLeωL þ 2þ ωLð Þ
M 0 ¼

Gmhy hy þ 2r
� �

ωLe2ωL þ ωL−e2ωL þ 1ð Þ
4ωrcosθ −2e2ωL þ 4eωL þ ωLe2ωL−ωL−2ð Þ

8>>>>>>>>>>><
>>>>>>>>>>>:

ð17Þ

where ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6Gm

Ey11h2ycosθ
1þ hy

hyþ2rð ÞL
� �s

.

So, the momentM(x) and shear force S(x) equations can be obtained for l ≤ x < L using Eqs.
(15) and (17):

M2 xð Þ ¼ Ey11h3y
12

y2
0 0
xð Þ ¼ ω

Ey11h3y
12

eωL−ωL−1−ωLe2ωL−2ωx þ e2ωL−2ωx−eωL−2ωx

−2e2ωL þ 4eωL þ ωLe2ωL−ωL−2
eωx ð18Þ

S2 xð Þ ¼ M2
0
xð Þ ¼ ω2

Ey11h3y
12

ωLe2ωL−2ωx−e2ωL−2ωx þ eωL−2ωx þ eωL−ωL−1
−2e2ωL þ 4eωL þ ωLe2ωL−ωL−2

eωx ð19Þ



So that the maximum axial stress is:

σ2x xð Þ ¼ �M 2 xð Þdy
I z

¼ �M 2 xð Þhy
4I z

¼ �
ωEy11h3y

eωL−ωL−1−ωLe2ωL−2ωx þ e2ωL−2ωx−eωL−2ωx

−2e2ωL þ 4eωL þ ωLe2ωL−ωL−2
eωx

� �
hy

11

2
bh3y þ 24bhyr2 þ 12bh2yr

� � l≤x < Lð Þ
ð20Þ

The shear stress between the fibre bundle and the matrix is:

τ2 f xð Þ ¼ Gm 1þ hy
2r

� �
y2

0
xð Þ ¼

Gm 1þ hy
2r

� �
eωxþωL− ωLþ 1ð Þeωx þ ωL−1ð Þe2ωL−ωx þ eωL−ωx−e2ωL þ 2eωL−1

−2e2ωL−4eωL þ ωLe2ωL−ωL−2
l≤x < Lð Þ

ð21Þ

3.2 Mesoscale Mechanical Model of Deflected Fibre Bundles

Changing from the plane x-o-y (Fig. 4) to x-o-z (Fig. 5), another RVE can be introduced to
analyse the in-plane deflection of fibre bundles caused by needle-punching.

Based on the RVE geometry, the relationship for deformation of the fibre bundle and the
matrix can be obtained as:

γzm ¼ hzf
hzm

z
0
xð Þ ¼ hzf

hzm
rmcosαz

0
αð Þ

hzf ¼ hzy þ hzm

8<
: ð22Þ

where hzy, hzm is the height of fibre bundle and matrix, respectively, γzm is the shear strain of
matrix.

So, shear stress of the matrix is:

qzm αð Þ ¼ Gmγzm ¼ Gm
hzf
hzm

rmz
0
αð Þcosα ð23Þ

Fig. 5 RVE model of deflected fibre bundles: a analysis of internal force; (b) shape parameters



The differential equations of equilibrium in a polar coordinate system can be written

−Mz αð Þ þ Sz0r f sinα−∫
γ
0qzf αð Þhzf

2
r f cosαdα ¼ Mz0

Sz αð Þ−∫γ0qzf αð Þcosαdα ¼ Sz0
∫γ0qzf αð Þr f γdα ¼ ∫γ0qzm αð Þrmγdα
r f ¼ rm þ 1

2
hzf þ 1

2
hzm

8>>>>>><
>>>>>>:

ð24Þ

where My αð Þ ¼ Ezh3zf
12 z

0 0
xð Þ ¼ − Ezh3zf

12 r f sin αð Þz0 0 αð Þ.
The shear stress in fibre bundle has the following form:

qzf αð Þ ¼ Gmhy
hm

rmcosα 1−
hzf þ hzm

2r f

� �
z
0
αð Þ þ c1 c1 ¼ 0ð Þ ð25Þ

Equation (24) after simplification is:

z
0 0
αð Þ− 3Gm 2r f −hzf −hzm

� �
Ezhzf hzmr f

� �
cos2α
sinα

z
0
αð Þ ¼ 12 Mz0−Sz0r f sinα

� �
Ezh3zf r f sinα

ð26Þ

It has the following solution:

z αð Þ ¼ Cz1eλα þ Cz2e−λα þ 4hzmMz0

Gmh2zf 2r f −hzf −hzm
� �

cos2α
−

4hzmSz0r f sinα

Gmh2zf 2r f −hzf −hzm
� �

cos2α
ð27Þ

where λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Gm 2r f −hzf −hzmð Þcos2α

Ezhzf hzmr f sinα

r
.

Then, from Eq. (28) and the boundary conditions (29), parameters of Eq. (27) can be
obtained as Eq. (30):

z
0
αð Þ ¼ λCz1eλα−λCz2e−λαþ

8Mz0hzmsinα

Gmh2zf 2r f −hzf −hzm
� �

cos3α
−

4hzmSz0r f 1þ sin2α
� �

Gmh2zf 2r f −hzf −hzm
� �

cos3α

ð28Þ

z 0ð Þ ¼ 0
z
0
0ð Þ ¼ 1

z γð Þ ¼ 0
z
0
γð Þ ¼ 0

8>><
>>: ð29Þ

Cz1 ¼ eλγ−λsinγcosγ þ cos2γ−2
D λ; γð Þ

Cz2 ¼ −eλγ
−2eλγ þ cos2γeλγ þ λsinγcosγeλγ þ 1

D λ; γð Þ
Mz0 ¼ 2−cos2γ þ λsinγcosγ−2e2λγ þ cos2γe2λγ þ λsinγcosγe2λγ

A⋅D λ; γð Þ
Sz0 ¼ −2λcos3γeλγ−2sinγe2λγ þ λcosγ þ 2sinγ þ λcosγe2λγ

B⋅D λ; γð Þ

8>>>>>>>>>>><
>>>>>>>>>>>:

ð30Þ



where
D λ; γð Þ ¼ −λ2cosγsinγ þ 2λeλγ−2λe2λγ þ λcos2γe2λγ þ 2λcos3γeλγ þ 2sinγe2λγ

−λcosγ þ λ2e2λγsinγcosγ−2λþ λcos2γ−2sinγ−λe2λγcosγ;

A ¼ 4hzm
Gmh2zf 2r f −hzf −hzm

� � ;B ¼ 4hzmr f
Gmh2zf 2r f −hzf −hzm

� � :
Please check displayed equation below if presented correctly.
So, the full form of deflection equation for the fibre bundles is solved:

z αð Þ ¼ Cz1eλα þ Cz2e−λα þ 4hzmMz0

Gmh2z f 2r f −hz f −hzm
� �

cos2α
−

4hzmSz0r f sinα

Gmh2z f 2r f −hz f −hzm
� �

cos2α

¼ S2
S1cos2α

ð31Þ

where,

S1 ¼ −λ2sinγcosγ þ 2λeλγ−2λe2λγ þ λcos2γe2λγ þ 2λcos3γeλγ þ 2sinγe2λγ

−λcosγ þ λ2sinγcosγe2λγ−2λþ λcos2γ−2sinγ−λcosγe2λγ
S2 ¼ λsinγcosγ þ 2−cos2γ−2e2λγ þ λsinγcosγe2λγ þ e2λγcos2γ

� �
þ 2e2λγsinγ−λe2λγcosγ þ 2λcos3γeλγ−2sinγ−λsinγ
� �

sinα

þ


−λeλαsinγcosγ þ 2eλ 2γ−αð Þ−eλ γ−αð Þ þ eλ αþγð Þ−eλ 2γ−αð Þcos2γ−

2eλα þ eλαcos2γ
�
cos2α−λsinγcosγeλ 2γ−αð Þ

8>>>>>>>>><
>>>>>>>>>:

ð32Þ

The moment and shear force of the fibre bundle are:

Myf αð Þ ¼ Ey11h3zf
12

z
0 0
xð Þ ¼ −

Ey11h3zf
12

r f sinαz
0 0
αð Þ ¼ Ey11h3zf r f S3

12S1cos4α

Szf αð Þ ¼ M 0
z αð Þ ¼ S4

S1cos5α
−

S5
S1cos3α

8>><
>>: ð33Þ

where

S3 ¼ −12þ 6λcosγsinαþ λ2eλ γ−αð Þcos4α−12λeλθcos3γsinαþ
12sinγsinαþ 8cos2αþ 6cos2γ−6λsinγcosγ−6λe2λγsinγcosγ
þ 6λe2λγcosγsinα−12e2λγsinγsinα−6e2λγcos2γ þ 12e2λγ−
2λ2e2λγ−λαcos4α−λ2eλαþλγcos4α−λe2λγcosγsinαcos2αþ
λ3e2λγ−λαsinγcosγcos4αþ λ2e2λγ−λαcos2γcos4α−λcosγsinαcos2α
−λ2cos2γeλαcos4αþ 2λeλγcos3γsinαcos2αþ λ3eλαsinγcosγcos4α
þ 2e2λγsinγsinαcos2αþ 4λe2λγsinγcosγcos2αþ 4λsinγcosγcos2α
þ 2λ2eλαcos4αþ 4e2λγcos2γcos2α−2sinγsinαcos2α
−8e2λγcos2α−4cos2γcos2α

S4 ¼ 48sinαþ 48λeλγcos3γ þ 18λcosγcos2γ þ 24e2λγcos2γsinαþ
8cos2γsinαcos2α−2λ3eλ 2γ−αð Þcos5αþ λ3eλ αþγð Þcos5αþ λ3eλ γ−αð Þcos5α
−2λ3eλαcos5α−36λeλγcos3γcos2αþ 24λsinγcosγsinαþ
24λe2λγsinγsinαþ 18λe2λγcosγcos2α−24λcosγ−2sinγcos4α−
16sinαcos2α−48sinγ−24cos2γsinαþ 40sinγcos2α−48e2λγsinα−
8e2λγcos2γsinαcos2αþ λ4eλ 2γ−αð Þsinγcosγcos5α−36e2λγsinγcos2α−
24λe2λγcosγ þ 48e2λγsinγ

S5 ¼ λcosγcos2αþ 8λsinγcosγsinα−λ3eλαcos2γcos3αþ
λ4eλαsinγcosγcos3α−2λcosγ þ 4e2λγsinγ−2e2λγsinγcos2α−
2λe2λγcosγ þ λe2λγcosγcos2α−2λeλγcos3γcos2αþ 8λe2λγsinγ
cosγsinα−λ3eλ 2γ−αð Þcos2γcos3αþ 4λeλγcos3γ−16e2λγsinα

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð34Þ



Using geometric neutral surface considerations of a circular beam (Fig. 6):

a ¼ R−ρ ¼ R−
h

ln
R0

R1

ð35Þ

Together with the Taylor series expansion omitted higher order term [24–26]:

a ¼ h2

12R
ð36Þ

The axial stress of the beam element can be presented as:

σx αð Þ ¼ Myf αð Þz
abh ρþ zð Þ ð37Þ

The shear stress of the fibre bundle has the following form:

τ zf αð Þ ¼ qzf αð Þ ¼ Gmhy
hm

rmcosα 1−
hzf þ hzm

2r f

� �
z
0
αð Þ ð38Þ

where, the full form of z'(α) is given:

z
0
αð Þ ¼ S6

S1cos3α
ð39Þ

where,

S6 ¼ −2e2λγsinγcos2αþ 4sinαþ 4λeλγcos3γ−2λeλ 2γ−αð Þcos3αþ
λeλ αþγð Þcos3αþ λcosγcos2α−2λeλαcos3αþ λeλ γ−αð Þcos3αþ
2e2λγcos2γsinα−2λcosγ−λ2eλαsinγcosγcos3αþ λeλαcos3αþ
λ2eλ 2γ−αð Þsinγcosγcos3α−2λeλγcos3γcos2αþ λe2λγcosγcos2αþ
λeλ 2γ−αð Þcos2γcos3αþ 2λsinγcosγsinαþ 2λe2λγsinγcosγsinα−
2cos2γsinα−4sinγ þ 2sinγcos2α−4e2λγsinα−2λe2λγcosγ þ 4e2λγsinγ

ð40Þ

Fig. 6 Section parameters



4 Conclusion

The theoretical bending model was suggested for UD NP C/Cs to analyse the stress distribu-
tion of fibre bundles after the application of the needle-punching technology. The suggested
analytical approach can be used for predictions of stress distribution in fibre bundles for design
and optimization of C/Cs.
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