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On the phase change for perturbations of Hamiltonian
systems (non-parametric case) *

Anatoly Neishtadt and Alexey Okunev

Abstract

We consider perturbations of Hamiltonian systems with one degree of freedom
such that the evolution leads to separatrix crossings. Such crossings are described
by a parameter called the pseudo-phase. We prove a formula for the dependence of
the pseudo-phase on the initial conditions.

1 Introduction

We start with a Hamiltonian system with one degree of freedom

. 9H . 0H

_od . o 1.1
i=3, 94 (1.1)

with the Hamiltonian H(p, q). We assume that H has a saddle C' with two separatix
loops l1 and Il forming a figure eight. We also assume H(C) = 0, H > 0 outside
the loops and H < 0 inside each loop.

Then we add a small perturbation e f:

. OH
q= 87 + Ef‘](p7q76)a
P (1.2)

p= =G+ ehlp.a.2)
We assume that H is analytic and f is C?. We use that H is analytic to apply the lo-
cal normal form [3] in a neighborhood of C'. Denote by fr(p,q,&) = fq % +fp % the
rate of change of H divided by €. For ¢ = 1, 2 denote ©; = — §l1‘ fr(p(t), q(t),0)dt
(here t is the time for the unperturbed system). Let ©3 = ©O; + ©5. We assume
that @1,@2 > 0, then ©3 > 0.

As ©3 > 0, the trajectories of the perturbed system starting close to the figure
eight outside it eventually approach the separatrices of the unperturbed system. We
study the phase change for such trajectories. Formulas describing such phase change
were obtained (using the averaging method) in [2] for Hamiltonian systems with
one degree of freedom and slow time dependence; in [6] for slow-fast Hamiltonian
systems with one degree of freedom corresponding to slow motion. In [1] the authors
use the averaging method to compute the phase change for perturbed strongly
nonlinear oscillators. Unlike [2] and [6], they do not provide an estimate for the
accuracy of using the averaging method, but instead check that the result compares
well with numerical experiments.

A parameter called the pseudo-phase (we use the terminology from [6]) describes
the phase at the moment of separatrix crossing. We show that a formula for the
pseudo-phase similar to the formula from [6] also holds for our case, this is done in
Section 6.

The general plan of the proof is close to the one in [6]. However, instead of the
improved adiabatic invariant considered in [6] we consider the averaged system of
order 2. An important part of our paper is obtaining estimates for the coefficients of
this system (in particular, proving that solutions of this system cross the separatrices
of the unperturbed Hamiltonian system).

2 Energy-angle variables

Let us consider the action-angle variables I,p; ¢ € [0,27) We will assume that
¢ = 0 corresponds to a specific transversal I' that is chosen in Section 9.1. It will
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Estimates Obtained in

T T = O(in(h)), 2 = O(h™Y), 2L = O(h™?) Section 9.3

w | w=0(n"'h), 2% =0 ' ~2h), L% =O(h2In"%h) | Section 9.3

fn=0(1), Y =0(h71), 42 = O(lnh),
Section 9.5
I ol =0n?), Zhe = o 11nh) oL = 0(n?n)
%o = O(h™"); fo(h,0) = O(h=Y/2In™" h);
fo for dp O 6)} fol ’0)72 O( n )i Section 9.5
o = 0(™)
ou
up1 = 0(1); =2 = O(Inh);
Uh,1 Oun 1 9un f’l ( )1 9¢ 9?2 uhf ) _2 Section 10
o BRAS = O(h™'Inh); =5+ = O(h™*1nh)

U1 Up 1, 252t = O(h™ Inh); 252 = O(h~2Inh) Section 10

fa fra= O(In~' h), 6fh L= O(h_1 In"2h) Section 10
fon for=0("" In"?h), 821 = 0(h™?) Sections 9.6, 10

Up2 w2, 2ot = O(h~'In’ h); Zge2 = O(h™2 I’ h) Section 10

Fho fro= O(In~' h), Df" 2 =0(h™ 1) Section 10

s frns=0(h"? In*h) for h > en'e. Section 10

7%2 ?%2 = O(h 2Inh) for h > eln'®e. Section 10

f* . For fn1, fn2, fh’g, for, f%,_rg anfi derivat.ives.: same as for Section 10

’ the corresponding expression with overline instead of hat.

Table 1: estimates. Note that the estimates for functions that depend on €, e.g. fi, s«

and f, ., are uniform in €.
;

be tangent to the bisector of the angle between the separatrices. We will assume
that the separatrices are numbered in such way that for a trajectory outside the
figure eight close to the separatrices it is close to l2 for 0 < ¢ < 7 and to [y for
<< 2m.

Denote by h the value of the Hamiltonian. We will always assume h > 0, as we
study a trajectory approaching the separatrices from the outside. We will use the
”energy-angle” variables h, . In these variables the unperturbed system (1.1) is
written as h = 0, = w(h). Denote by T'(h) = o0 h)
system. We will sometimes use the time ¢t passed from the last crossing of the
transversal ¢ = 0 instead of . We have t = %.

Denote by fn, f, the components of f in the energy-angle variables: f, = fqg—z—i—

fpg—z for y = h, ¢, y = y(q,p). Then the perturbed system (1.2) is written as
h=efn(h, p,¢),
¢ =w(h) +efo(h, @, e).

Let us state a useful relation between the derivatives of the components of f.

(2.1)

Lemma 2.1.

afn | 0f, 1dT wv(f) = o Oy
o + Do + T dn fr = div(f), where div(f) = 9 + ap (2:2)

Proof. Let us first prove that Bf“ +3 af" = 8f’ +3 af“" . Here f1, f, is the vector field
f written in the action-angle varlables

Recall that the divergence of a vector field v with respect to a volume form
« is a function dive(v) such that £,(a) = diva(v) - a (here £ denotes the Lie

derivative). In the coordinates z,y for the euclidean volume form dx A dy we have

. o v
divaznay (v) = G2 + F2.

Hence the equality rewrites as divapadg(f) = divarnae(f). But since I, ¢ are the
action-angle variables, dp A dg = dI A dp.

Finally, using that 2% = w(h) (this follows from the Hamiltonian equations in
the action-angles varlables) and fr = ah L f, we can compute that aff = af“ +
T or I m




3 Averaging chart

Remark 3.1. The formulas in this section are also valid for the parametric case
where H depends on a parameter z. For the parametric case we can set h to be the
column vector (h, z).

We start with the system (2.1). Let us find a change of variables

h=h + EUn,1 (Ev @, 6) + €2uh,2(ﬁ7 @, 6)7

(3.1)
Y= E + EUso,l(h7¢7 E)
that transforms (2.1) to the following form:
h= €?h,1(ﬁv €) + 52?h,2(ﬁa e)+ E3?h,3(ﬁv D,€), (3.2)
¢ = w(ﬁ) + ‘S?w,l (E7 6) + 52?%2(37 ¢7 5)'

Let us call the new chart h, % the averaging chart. For brevity we will often omit
the dependence of the functions f., f, , and u. . on €.

*, %

Lemma 3.1. For k=h, i =1,2 and for k = ¢, i =1 we have

Fri(h) = (Ya,i(h,@))e, (3-3)
—_ 8uk,¢
frei(h) +w(h) 90 (R, @) = Yii(h, ¢), (3-4)
where
Y1 = fn,
ow
Yoir=fo+ %Uh,h (3.5)
8fh 8fh 8uh,17 athf
Yho = ﬁuh,l + %U;p,l ~ on fh,l - 9o fgo,l'

The formulas for ?h,?, and f%Q are stated in Lemma 8.1 below.

We will prove this lemma in Section 8. The formulas above uniquely define ?,“ and
uk,; under an additional assumption that for k = h, i = 1,2 and for k = ¢, i =1
we have

(uk,i)¢ =0.

We will always assume this to hold.
For h — 0 many expressions introduced above tend to infinity. We will use the
estimates given in Table 1, these estimates will be proved below.

Remark 3.2. For h large compared with € (i.e. h > eIn'®¢) the derivative of the
coordinate change given by (3.1) is close to identity (by (3.1) and Table 1). This
means that for such h this coordinate change is invertible.

Since (ag’;’i Yo = 0, we have
?k,i = <Yk,i>so~
Using that <a§§;i Yo =0, <87;’;j )o = mr(uk.i)o = 0, we can simplify this for f, ,:
- Ofn Ofn
Sha= <Euh,1 + %u%ﬁ%. (3.6)

Using Lemma 2.1, we can prove another formula for ?hg that gives a better estimate
for h — 0.

Lemma 3.2.

ofs | 0t

T o (3.7)

?h,? = (div(f)un,1)p, where div(f) =
This lemma is proved in Section 7.
The following formula is similar to formula 2 from [5]. We will prove it in
Section 7.
Lemma 3.3.
I T
una(hyto) = = (t - —)fh(h,t +to)dt. (3.8)
T /o 2
Here the second argument in fn is not ¢, as usual, but the time t. We use the
notation fp(h,t) = fn(h,@(h,t)).

This can also be rewritten as follows:

! /0 (@(t) = 7) fa(hy £ + to)dt. (3.9)

un,1(h,to) = o



4 Averaged system of order 2

The coefficients of the the initial system (3.2) in the averaging chart depend on e.
We would like the coefficients of the averaged system that we define in this section
to be independent of €. To this end, let us introduce some notation. First, let us
expand

fp.a.€) = f°(p,a) +ef' (p,q) + 2 f*(p.q,e), (4.1)

where f%(p,q) = f(p,q,0) and f'(p,q) = L(p,q,0). Clearly, f7, f7, f; and f, are
smooth functions of p and ¢q. The functions fg and fg are uniformly bounded by
some constant independent of ¢ (by Taylor’s theorem with the Lagrange form of
remainder). Let us also consider the perturbed system (2.1) with the petrurbation
ef%(h, @) instead of ef(h, @, ). For such system we may also consider a coordinate
change of form (3.1) that transforms it to the form (3.2). Let us add an upper index
0 to the coefficients of these equations (e.g. u?L’l, ?2,1) to show that we started with

the perturbation ef°. The coefficients ug,* and ?S* are determined by the same
formulas as wu . and ?*7*, but we should plug f° instead of f into those formulas.

Now let us rewrite (3.2) in such way that only the coefficients next to the largest
powers of € depend on . This is done simply by expanding the coefficients similarly
to (4.1). The resulting system will be

ﬁ:€ Y1(%)"’52_]?}“2(5)"V‘‘(’:3.]?h,3(ﬁ7¢75)7 (4 2)
?=wh) +cfor () +2fp2(h,B,e),
where ) 0 R o R N
Fra=TFns fon =TFons fro=Fro+ (Fa(h@))e (4.3)

(here fit is the h-component of f' written in (h, ) coordinates), and fo2 and
fn,3 satisfy the estimates in Table 9.3. The estimates for fi . will be proved in
Lemma 10.2 below, one can also find formulas for f, 2, fn,3 there. Also note that

by [4, Corollary 3.1] we have fOT fRdt = —03 + O(hlnh), so we have

fra = w (4.4)

The averaged system of order 2 is obtained from the system (4.2) by removing
all terms on the right hand side that depend on ¢:

= cfna1(h) + € fn2(h)
w(h) 4 ew: (h).

h (4.5)
é

Here we denote wi (h) = f,.1(h) in order to match with [6]. We will sometimes call
this system simply the averaged system.
Let us introduce the slow time 7 = et. Then the first equation in (4.5) can be
written as follows: )
oh . 5 ;s
O = Fualh) + e fa(h). (16)

By the estimates on fh,l and fhg from Table 1 we get that

Oh _ —©3+O(hInh) + O(e) (47)
or T ' '

As ©3 > 0, this means that for small e any solution h(7),&(7) of the averaged
system of order 2 starting close to the separatrices crosses the separatrix of the
initial unperturbed Hamiltonian system. Denote by 7. the slow time at the moment

of crossing, h(7«) = 0. From (4.7) we also see that for small €, h and 7 < 7. the
function h(7) is decreasing. By (4.7) we also have

or T

o —@(1 + O(hInh) + O(e)). (4.8)

Let us prove that the solution of the averaged system (4.5) approximates the
solution of (3.2) for h separated from zero:

Lemma 4.1. Consider a solution h(7),5(T) of (3.2) with initial conditions h(0),%(0).
Consider also a solution h(t) of (4.6) with initial condition h(0) such that [h(0) —
h(0)| < Ce? for some C. Then for small enough € for any T such that

h(r) >eln'®¢ (4.9)



we have the following estimates (in the error terms below we write h for il(T), e.g.

O(h) instead of O(h(r))):
h(1) — h(r) = O(®h ™" In® h),

B(r) —p(0) =< /OT (w(ﬁ(r’)) + awl(?z(r’)))dr’ +O(eh™" In* h).

Proof. Let us start with the estimate for k() — h(7). We will first only consider
the system up to some moment 7y;, such that for all 7 < 7¢;, we have

0.5h(7) < h(r) < 2h(7). (4.10)
In order to receive a better estimate, let us switch from h to the action I. From t}le
Hamiltonian equations in I, p-chart we have 2% = w. Denote T = I(h), I = I(h).

Denote fI j=w" fh’], j=1,2,3. As h, P is a solution of (3.2), it is also a solution
of (4.2). From (4.2), (4.5) we have

i

efia(h) + & fra(h) + € fr.s(h, B, e),

o (4.11)
= efra(h) + & fra(h).

As f] 1 = W)flfoT fodt, the estimate %(IOT f}?dt) = O(Inh) ([4, Lemma 3.2])
yields 2211 — O(In h).

Denote A = |I(r) — I(7)|. From (4.11) we have the following differential in-
equality for A:

A < ea(t)A + °b(7), (4.12)

where a(7) = | 211 (&) +e 2012 (¢)| for some € € [I(7), I(r)] and b(r) = |fr.s(I(), 3(7))|-

We have ¢ ’;112 = ewZ-(w ' f12) = o(1) by (4.10), (4.9) and Table 1. Hence, we
have the estimate a(7) = O(1). By Table 1 we have b(t) = O(h™21n® h).

As in [6], we use the following estimate for A obtained by solving (4.12):

A(r) < exp ( /O ’ a(T')dT'> (A(O) 4+ /O ’ b(T')dT').

Using (4.8) and the estimates for a and b, we can make a change of variable and
compute the integrals above as integrals dh:

/OT a(r")dr’ = 0(1); /07 b(r")dr' = O(h™ ' In° h).

As A(0) = O(e?), this gives the estimate A(T) = O(*h™'Inh). As 2 = o,
by (4.10) we have
|h(7) — h(7)| = O(®h™ " In® h). (4.13)
From the estimate on k() — h(7) we have just proved and (4.9) we get that
h() — h(r) = O(eln™¢) and so for small e we have [h(7) — h(1)| < 0.5¢In'%¢ <
0.5h(7), so the condition (4.10) actually holds for all 7 considered in this lemma.
Let us now prove the estimate for ¢. Denote wo,1(h) = w(h) + ewi(h). Then
from (4.2) we have

7o) -7 =7 [ (w01 () + o a (R), B )

From Table 1 and (4.9) we have 62‘;;1 = O(h™*In"2h). Thus from (4.13) we have

wo.1(h(7)) — wor(h(r)) = O(e*h~21n® h). From Table 1 we have f, »(h(7),5(7)) =
O(h™%1Inh). So

E(T)—¢(0)=6’1/0 wo,1(h(7"))dr’ +5/ O((h(r")) % In® h(r"))dr'.

Agam we make a change of variable and compute the error term as an integral dh:
ef, O ~21n® h(7'))dr = O(eh™' In* h). This proves the formula for .
O

5 Cancellation lemma

In this section we prove the following lemma. It will be useful when we prove the
formula for the phase, because due to this lemma two terms will cancel out. Recall

the notation wy(h) = f(p, = f

@,1



Lemma 5.1. Consider a solution h pf the averaged system (4.5). Take any 71 <
T2 < T« and denote hy = h(m1), ha = h(12). We have 0 < ha < hi. Then

/:2 n(h(r)ydr =~ | "

1

"0 (h,0) + OhY?) + O™ k). (5.1)

Let us first estimate wi. Denote Z(h) = 0% t() £ (@)dep

Lemma 5.2. L dT
e —-1/2
wilh) = 7 gy T O

Proof. Integrating by parts, we can write

n~ ' h). (5.2)

27 o 2 o 27 f
21wy = fodp = ) ofo — / &y —==dp.
0 0 0

Using (2.2) and the equality + 2 o(Tf) = afh + %’fif f7, this rewrites as

27

27
man = 2mf(00) = [ pdiv(f o+ [ og ST

By Table 1 the first term is O(h~'/?In"! h). The second term is O(1) as div(f°) is
bounded As (Th commutes with integrating by ¢, we can rewrite the last term as

Ld 27 o7 fdp = 25 9Z. We have obtained (5.2). 0

Proof of Lemma 5.1. By Table 1 we have w; = ?2’1 = O(h™'In"3h). This means
that fohl Twidh converges, so from (4.8) we have

T2 N ho R
/ w1 (h(7))dr = _ei / Twidh 4+ O(hiIn™" hy) + O(eln™" h).
3 Jhy

T1

By Lemma 5.2 we can rewrite this as
T2 N 1
/ wi(h(7))dr = ~ 05 ln

T1

Asdt = TQ—‘ff, by (3.8) we have

a0 =% [ (1= D)= o= [T stwas -3 [ star

By [4, Corollary 3.1] fOT fl(t)dt = =03 + O(hInh). Hence,

ho

Z(h) + O(hy"*) + O(eIn"" h). (5.3)

"0 (b, 0) = 2T 4 O(hy 1nh)
hluh’l (A hy 11nhy).
Comparing this with (5.3), we get (5.1). O

6 Formula for the pseudo-phase

Consider a solution h(7), (1) of the perturbed equation (2.1) that approaches the
separatrices. Let the initial conditions be h(0) = ho, ¢(0) = ¢o. Set

ho = ho — eup, 1 (ho, ¢o).

By (3.1) and Lemma 10.2 this approximates the value of h in the averaging chart
corresponding to ho, o with error O(g?). Let h(r) be the solution of (4.6) with
this initial condition. Let 7. be the first time such that h(7.) = 0. In Section 4
we showed that 7. exists. Let h—1 be the value of h(7) at the first crossing of the
transversal ¢ = 0 with h(7) < e©34¢*3. For small ¢ it exists by Lemma 6.3 below.
As h decreases by approximately €03 during one turn, for most points this will be
the last crossing of this transversal. However, this choice of h_; allows us to dismiss
crossings of the transversal with h < O(¢*/3). If we wished to consider crossings
with small A, we would have to consider points being captured into the saddle of
the perturbed system. Let h_2 be the value of h at the crossing before h_1, h_3
be the previous crossing, and so on. Let us prove a formula for the pseudo-phase
E@ . This formula (6.1) is similar to the one from [6], see also Section 1 for more
references.

i%; - {217r (9””1 /;0 (“(ﬁ(T))+€W1(ﬁ(T))dT))+@ O3 1!/ e)}+0(51/3),
(6.1)

where u. = (01 — ©2). Note that u. = limp—4ouj ;(h,0) by Lemma 6.1 below.

Let us also recall the notation w; = f%l = ?0%1 and that ©2 corresponds to 0 <
p<mand Oz to ™ < ¢ < 27.




Remark 6.1. ¢ = 0 corresponds to the transversal I' defined in Section 9.1. How-
ever, one may easily show that (6.1) also holds if we take as I' any transversal
tangent to the bisector of the angle between the separatrices.

Remark 6.2. We have assumed earlier that ©1,02 > 0. If they have different
signs with ©3 = ©1+ 02 > 0, the last transversal crossing can happen for h > €Os.
In this case h_1 should be defined in such way that h > gl/s during all the time

before the moment corresponging to h—1. Then the right-hand side of (6.1) would
h_1
O3 °

give the fractional part of
First let us prove some auxiliary statements.

Lemma 6.1. o o
. 0 01 -0,
hl—lgls-o un,1(h, 0) = 4

Here ©4 corresponds to 0 < ¢ < m and ©1 to ™ < ¢ < 27.

Proof. Let us split the integral expression (3.9) (with f replaced by f°) for ug’l(h, 0)
into the integrals over the part of the trajectory near l; and near lz. For the first
part the value of ¢(t) — 7 is close to 7/2 far away from the saddle C'. But close to
C we have fn, =~ 0, so the integral near [; is close to ©1/4. Similarly, the integral
near [ is close to —03/4. O

Lemma 6.2. Take 11 < 7., denote hy = h(r1). Then we have

/T* w(h(r))dr = éi;hl +O(ehy) + O(h2 Inhy). (6.2)

Proof. As wT = 2w, (4.8) impies that

T . 0 . . .
/ wh(r))dr = — 2% (1 +O(hlnh) + O(e))dh,
T1 3 Jhy
which gives the required estimate. O

Lemma 6.3. Assume ©1,02 > 0. Then there is c1 > 0 such that for all small
enough € the following holds. Take a point (ho,0) on the transversal ¢ = 0 with
eO3 + gt/3 < hg < c¢1. Then the orbit of this point intersects the transversal ¢ = 0
once more with

h = ho — €03 + O(eho In ho) + O(*hg /).

Proof. By [4, Lemma 3.5, Corollary 3.4] there is ¢2 > 0 such that for cae < ho < 1
the orbit crosses the transversal and we have h = hg — ¢ fh:ho frdt + O(?hy 1/2).
By (4.1) we have fy — f = e¢)(p,q,¢) for some smooth . By [4, Lemma 3.2]
$ppy ¥dt = O(1), 50 §,_, fudt = §,_, fdt +O(e) = =03 + O(ho In ho) + O(e)
by (4.4). As e = O(h), this gives the required estimate.

For 03 +e%% < hy < cae by [4, Proposition 5.1] the orbit of our point intersects
the transversal ¢ = 0 once more (the condition ©1,02 > 0 is used here). Moreover,
arguing as in the proof of [4, Proposition 5.1], we can get that for this new inter-
section h = hg — O3 + 0(53/2). As ©3e < hg < cog, this estimate is equivalent to
the one claimed in the lemma. O

Lemma 6.4. There is a constant c¢1 such that for h_,, > c1 we have
how=h_1+eO3(n—1)+ 0>, Inh_,) +c0((h_n)"?). (6.3)
Proof. This follows from Lemma 6.3 by summation. O

Let us return to the proof of the formula for pseudo-phase. We denote by
h(7),@(7) the solution h(7),(7) of the initial equation, written in the averaged
chart (3.1). Denote ho = h(0), B, = #(0). We have hg — ho = O(£?), so we may
use Lemma 4.1

Lemma 6.5. For 7 such that

h(r) >eln'®e (6.4)

o (6.5)



Proof. The first estimate is given by Lemma 4.1. To obtain the second one, we
just plug the estimates from Table 1 into the equation h = h + cun,1 + €2uh3
from (3.1). O

Consider a moment 71 such that o(71) = 0 and k() is as close as possible to
e?/3In*3¢. Note that we have (6.4) for 7 = 71. We may check that under the
condition (6.4) the difference between h(7) for consequtive times 7 with ¢(7) = 0
is O(e). Indeed, the time between consequtive fast times of crossing the transversal

@ =0is O(T) and h is O(T~'). Hence,
h(m1) = (14 o(1))e** In*/® ¢, (6.6)

Denote by hi1, @1, h1, 3y, h1 the values of h,@,h, B, h at the slow time 71. As justified
by (6.5), we may write h; instead of h1 and h; in the error terms. For brevity let
us even denote h = h; for the error terms and write simply O(h).

We will split the integral in (6.1) into integrals from 0 to 71 and from 71 to 7.
First, let us check that

pot 1 /:1 (w(i}(T)) 4 swl(i}(T)))dT —2mm+ O(h ' n*h),  (6.7)

=0
where m € Z. By Lemma 4.1 we have

1 [ A - _
- / (w(h(r)) + swl(h(r))) dr =%, — By +O(ch™ ' In* h).
=0
We also have ¢ = @ + eup1. By Table 1 up1 = O(h™'Inh), so 3, — @, =
@01 — o+ O(eh™"Inh). As 1 = 2mm, this gives the required equality (6.7).
Now let us use (6.2), (5.1) to compute the remaining terms in (6.1). We have

L7 (@) +ewnlbr))ar ) + 2 = (6.8)
O3

2me\ Jrory

=& (m + euf) 1 (ha, )) +O(h*) + 0 'h*Inh).
3

Note that the term O(eIn~' &) from (5.1) is absorbed into O(h'/?) by (6.4). By
Table 1 and (6.4) we have .euj, ; = o(1). Hence, by (6.5) we have
ﬁ1+5u2’1(ﬁ1, 0) = ElJrsu?L’l(El, 0)+0(e*h™ " In® h) = hy4eup1(h1,0,6)+0(e*h " In® h).

The last equality is justified by Lemma 10.2. The error term O(e?) appears, but
it is absorbed into O(e?h™*In°h). As 0 = p1 = B, + cue,1, by Table 1 we have

%, = O(sh™'Inh). Hence, by the estimate 8ah L = O(Inh) from Table 1 we get

cun(h1,0,¢) = eun (b1, @y,e) + O(e®h™ " In? h)
and R R - B
by +eufy 1 (h1,0) = b1 + eupa (R, By, 6) + O(e*h™ " In® h).
As B - B
hy =Ry + eun(hr, 7y, €) + € una(hn, By, )
and by (3.1) and €®uy 2 is small by Table 1, we obtain
by + eup 1 (h1,0) = hi + O(e*h ™ In® h).

Combining this with (6.8), we get

L / (w((r)) + cwr ((r))dr ) + 2 = B ppy)

2me — O3 £O3

=71

with the error term
R=0(h"?)4+0(eh ™ In® h) + O( *h*Inh).

After taking a sum with (6.7), we get

;(33 = 2171_ <<,00 + i /T:TO (w(h(T)) + ewr (h(T))dT)) + %*3 —m+ R(h1).
Note that R absorbs the error term in (6.7). Applying (6.3), we get the required
formula (6.1), but with the error term R(hi) depending on h;. Note that the error
term in (6.3) is not greater than R. Then we just plug in the expression (6.6) for
hi and obtain R = O(e'/?In''/3¢). One may check that (6.6) minimizes the error
term. Indeed, first we check that up to some power of In e the value of R is minimal
for h =~ €2/3. Then Inh ~ (2/3) Ine, and from this we see that R is minimal for h
given by (6.6). This completes the proof of formula (6.1).



7 Proofs
Proof of Lemma 3.2. First let us check that

<%—ﬁuw>¢ - <%i;uh Do (7.1)

We shall use the following equalities (see Lemma 3.1):

Dun, L
Gt = (nTan B = et grwa =T (72)
7h,1 = <fh>w ?(p,l = <fw>so

Integrating by parts, we get

8 2#8 27 8
on(G e = [ Fruside=— [ petag
= =

1 27 1 O
:7;/ frfede — oJ/ frunadp + fsol/ Fndip.
=0

Using (7.2), we can rewrite the integral in the second term:

2w

1 27T 27T 8 1-
;/ frunade = / g;’luh,ldcp—l—;fh,l/ up,1de = 0. (7.3)
»=0 ©=0

=0

Indeed, the first term is szo up,1dup,1 = 0, and the second term is also zero because
(un,1) = 0. Hence, we have

) [ 2
Biee ==L [ ptede + 2F0 T
©

2m(5—
&,0 w Jo,—o

Similarly,

1o} ™9 2w 0
27"(%:7%,1)% = / ai:thdgo = */ fo gh d dp =
»=0 p=

1 27 27

1_
=75 Infede + ;fh,l fedep.

»=0 »=0

We obtained (7.1). This means that (3.6) can be rewritten as f, , = ((% +

af,fw Jun,1)p. By Lemma 2.1 this equals ((8f“ + af" 2 )un,1)e — L9 frun,1),. By (7.3)
the last term is equal to zero. This means

— 0 o)
Foz = <<ai; + aip i)

O

Proof of Lemma 3.3. The function up,1 is uniquely determined by two properties.

The first one is that uh L = fn(t) — (fa)+ (this follows from (3.4), (3.5)). Denote
by U the expression on the right hand side of (3.8). We have

8fh
a—to —/ - = (9 (t + to)dt.

Integrating by parts, this can be rewritten as

ou 1T

oty T

t=

- fh(t+t0)(t—% —*/ fu(t+to)dt = fu(to) = (fa)r.

Hence the first property of w1 holds for U.
The second property is that (up,1): = 0. This also holds for U, it is checked by
writing f U(to)dto as a double integral and changing the order of integration. [

8 Formulas for the averaging chart

In this section we present formulas for ?w,Z and ?h,3 from Lemma 3.1 and prove
this lemma. We use the notation introduced in Section 3.

Lemma 8.1.

o Denote by = the column vector (h, ) and by T the column vector (h,®). Let
fai= (fh,i7fcp,i)7 Ug,i = (Un,is Up,i)-



o Fork = z,h,¢ denote uk,12 = uk1 + €uk,2, ?k12 —?k1+5?k2> ?kQ&
fk2+5fk3a fk123—fk1+5fk2+5 fk3 For k =z the terms uy,2, [, 3

IRET)

appear, we set Uy 2 = f%g =0.

e For a vector-function g(x) = (g1, ..., q1) denote (%)mt = (‘991 (&), .-, %({z)),

2
(%)int = (%21921 (m),---, 89:2 L(m)), where &,m; are some intermediate points
on the segment [z, T].

Then we have the following system of linear equations determining ?W’Q and ?h’?):

ou ou
(1+e=52" )f¢2+ =57 s =
8 1 7 82w Of,
~ Oh onUn2 T uh ! 2(8h2 )intUh’l’z + (E)imﬁuz’l’2 h
8u Oy 1—
W Lf Fhioe %f“”’l’
®
8u Bu (8.1)
h 1,2 h,1,2%
(1 +e )fh 3 880 f¢,2 =
afh 1 v (fn
Oun1— 8u Oup.2—
- 82'1fh,2_ h2fh12 aingw,r

Proof of lemmas 3.1 and 8.1. We shall differentiate the coordinate change (3.1)
with respect to the time and rewrite all emerging terms as functions of Z. The
derivatives of the left hand sides of (3.1) are given by (2.1). They are functions of
x, let us write Taylor’s expansions at the point . We group together the terms of
order at least 3 for the coordinate change in h and 2 for the change in ¢

h=cfn(x) =efn(T + w1 + Uz ) =
_ 2@ s(9fn Lo (%
=efn(@) +e ox Us,1 T+ € ( Oh Un,2 F 2uz’1’2( Ox2 )mtuz’l’z ’
@ =wh)+efo(x) =wh+eun1 + 52uh,2) +efo(T+ ctp 1 + s ) =

=)+ &G+ £ol@) )+

2 [ Ow 1 7 0w Of,
te <8huh 2t gt 2(8h2 )intuh’1’2 * ( oz )mtum’l’2 '

Now we write the terms containing the derivatives of uy ;.

etn1(T) + e%un 2 (T) =

Oun 1 2 Oun,2 Oun,1 - 3 Ouni— Oun,2—
=€ 8@ w+e 8('0 w+ e fz,l +e€ Oz f17273+wfz71’2,3 ,

. Oup, 1 20Up1—
el (T) = 5%"-’ te (9; fan23

Let us plug these expressions together with (3.2) into the time derivative of (3.1).
Equating the terms of the same order in ¢ (grouping together the terms with order
at least 3 for the equation on h and 2 for the equation on ¢), we get (3.4) and (3.5),
as well as the following equations:

— ow 1 r 0w af. 0,1+
foo= F R L (W)mtuh’l’2 + (T;)imuz’m B 8; Fonza
_ Afn

T Bth auh,l* auh,zf

1
fh,s B 7 Uh2 + Qum,1,2( 922 )mtuz,lﬂ - Wf;c,z,s - fo,lﬂ,&

which are equivalent to (8.1), we just expand some terms like f, , , 5 in order to
move the terms containing ?W’Q and ?h,3 to the left hand side. O

9 Estimates related to the energy-angle vari-
ables

9.1 The coordinates ﬁ, t;

Our goal in this section is to estimate how ¢,p depend on h, ¢ for A — 0. To do
so, we introduce new coordinates h,%;. The subscript ¢ is here because there will
be different coordinate systems in different parts of the phase space. Then we will

10



estimate how ¢, p depend on iL, t; and how iL, t; depend on h, . Combining these
estimates, we will get the required estimates of the dependence of ¢,p on h, .

For simplicity we will assume that the Hamiltonian H is analytic. Then by [3]
one can find a new coordinate system x,y in the neighborhood of the saddle C such
that this coordinate change is analytic and volume preserving, and the unperturbed
system in the new coordinates is determined by a Hamiltonian H, , = H, ,(zy).!

Let h = zy, denote a(iz) = de;fL’y. Then in the new chart the unperturbed system
rewrites as
i =a(h)z, y = —a(h)y. (9.1)

Note that h is a first integral of this system. Also note that as H, ,(x,y) = H(p, q),
we have that k is a smooth function of k. This also means that h is defined on the
whole phase space, even far from C. We will assume a > 0 (else we may swap x
and y). Rescaling z and y if needed, we may assume that the neighborhood of C
where the new coordinates are defined contains the square S = {—1 < z,y < 1}.

Figure 1: Domains where t; are defined.

The diagonals x = %y split S into four triangles adjanced to each of its sides. In
each such triangle let us introduce the time #; (it can be positive or negative) that
passes after the trajectory intersects the adjanced side of S. The time #; can also
be continued outside the square to the neighborhood of the separatix crossing the
transversal #; = 0 (it is a side of ). Domains where each t; is defined are drawn
in figure 1. Note that the coordinate systems h,%; cover the whole phase space (we
only consider h close to zero here).

We will assume that ¢ = 0 corresponds to the transversal I' given by z =y > 0.

9.2 Estimates on how ¢, p depend on h,;

Outside of S each point of the phase space is covered by two coordinate systems
h,i;. For both of them the coordinate change p,q < B, t; is defined and is smooth
without singularities. So we only need to consider what happens inside S. For
definiteness, let us restrict ourselves to the triangle {z > y, « > —y} N S. For
brevity we will write just ¢ for the coordinate #; defined in this triangle. This means
that £ is the time after the trajectory intersects the line z = 1. Moreover, we will
only consider the upper half of this triangle (z >y, y > 0). Then ¢ will be negative.

‘We have
Tz = ea(fz)t'7 y=h —a(ﬁ>£7
- - 9.2
ho=ay, = 1na:; (9-2)
a(zy)

ox sy Ox ~ dy P 1 0Oy ~

- = ht,ﬁ: h y T~ — — ht Yy T~ = h . 93

= (Wi, o = ahe, 2= —d Wiy + o o= —alhy. (03

IThe result of [3] is for the case when H periodically depends on the time, but one may check that
when this dependence is constant the coordinate change constructed in [3] does not depend on the time.

11



Note that iz = fe®™7 = 0(1), as a(h)i < 0. Tt follows that

0 _ Oox Oy Ox
oL =0 o, 8—?‘;, o5 =0, (9.4)

Here we use that 2 > h'/?. Also note that — ¢ # 0 as h — 0, so we may write
O(h*) instead of O(h*). Tt also follows from ( .3) that

2y 24/ (h)i

—_— = — ‘}":O(h_l/zlnh)7

oh? ”” (9.5)
2 2 2 2 .
Oy _ o1y, ﬂﬁi T T _ o).

otoh or2’ oh2’ o8’ dioh

Now let us return from (x,y) to (q,p). Let us consider a smooth function ¥ (p, q)
without singularities (e.g. p or ¢), inside S it is a smooth function of z,y. Hence,
all partial derivatives of orders 1 and 2 of ¢ with respect to z,y are O(1). We will
use the following formula (a;, b; are some coordinate systems)

by A, 9by,  9*
8a18a] Z 0a;0a; 8bl Z da;j da; ObrOb; (06)

Using this formula and (9.4), (9.5), we get the following estimates.

oY _1/2y OO

—_— = O h 5 ~ = O 1 5

o ( ) oL, (1)

0y o1y 0% _1j2y O

— =0(h™ "), —= =0(h , —— = 0(1).

S = o, S = o), S = o)
These estimates are valid everywhere: we obtained them in a part of S, in other
parts of S they can be obtained similarly, and outside of S we even have O(1) on
all right hand sides as the considered coordinate change is smooth.

(9.7)

9.3 Estimates on how A, ; depend on h, ¢

First, recall that & is a smooth function of h without singularities and % —c#0
as h — 0.

Denote by S(ﬁ) the time that the solution with given h takes to get from the
diagonal of the square S to its side. Then the total time spent inside the square

during each period is 4S(h). From (9.2) we have S(h) = — 21:(h Hence,
2
S =0(nh), dS =0(h™h), ‘;h‘z =0(h™?). (9.8)

Denote by Treg,1(h) and Treg,g(h) the times that the solution spends outside S near
each of the separatix loops during each period. These are smooth functions of h.
Then

T =45+ Treg1 + Treg,2-

From (9.8) we get the estimates on T', w from Table 1.

For each #; we have &; = t — to,;, where to; is the value of ¢ corresponding to
Ei = 0. We have to,i = kS + k’lTT-egyl + szTeg,z with k € {1, 2,3}; k}17k2 S {07 1}
(see figure 1). Hence, we have

ti = (4S(h) 4 Treg,1(h) + Treg2(h))p — kS(h) = k1Treg 1 (h) — kaTreg 2 (h).

From this (and smooth dependence of h on h) we get

of ot o

90 =O(Inh), oh =0(h™),

%L 2%t 4, 0% P
oh h n, o _

%*()7%:()7%

9.4 Estimates on how ¢,p depend on h, ¢

As above, let 1¥(p,q) be a smooth function without singularities. Applying the
formula (9.6) to (9.7) and (9.9), we get the following estimates:

871/} _ ( —1) aw
oh — e
Py e Py
oz~ Ot ), ohdp

= O(Inh),
(9.10)

. o
O(h~'Inh), 3715 — O(In ).
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9.5 Estimates on f

Here we obtain the estimates on fn and fo from Table 1. The estimates on fp
follow from (9.10) as fi = fo 22 rias fo2E is smooth without singularities.

From (2.2) and Table 1 we have a%f = O(h™"). Let us apply 2 to (2.2).
As div(f) is smooth, by (9.10) we have Z3 o (div(f)) = O(h™'). So we obtain an
estimate a ah = O(h™?). The values of f, and % are determined only by the

local behav1or of f. If we estimate these functions near one separatrix loop, we
may assume that f = 0 far from this separatrix loop. We have just estimated %

of these functions, so f, = O(h™"), %L}f = O(h™?), as in Table 1.

Finally, let us estimate f,(h,0). For z,y > 0 we have ¢t =

o (h) (Inz — Iny),

this is obtained by solving (9.1) with initial conditions z =y = h'/? for t = 0. For
© = 0 (and therefore t = 0, z = y = h'/?) we have
dp 0 . 8t w

% _ 9 — _ —1/2, -1
9~ 92 (wt) = wo 2a(}~z)z O(h In"" h).

Similarly, % = O ?In""h), and f, = f. 22 + f,52 5 = O(h™"?In~' h). Here
fz, fy are the components of the vector field f written in the x,y chart, they are

o(1).

9.6 Estimate on ?%1

It will be convenient to prove the estimate ?%1 =O(h ' In"?h) here. As (up,1)p =
0, by Lemma 3.1 we have

T
?(p,l = (fo)o = %/ fedt. (9.11)

We split this integral into four disjoint integrals over the domains where the charts
h t; are defined. For definiteness we will consider only one such chart h t corre-
sponding to the triangle 0 < y < x < 1 C S (and continued outside S as discussed
above). Denote by 7 the part of our trajectory that is covered by this chart. We
can rewrite the part of (9.11) covered by our chart as

v G

where f;, ff are the components of f in the coordinates h,i. Note that dt = df.
Denote by ¢o(h) the value of ¢ at the moment ¢ = 0. We have ¢ = @g + wt

dp _ 9¢o 7 Ow wo _ kS+s1 _ k s1—ksa/4
and 5 = Gt We have £2 = 151sr — 1 +74§+32 . Here k € Z, S was

defined in Section 9.3, and s1, s2 are smooth functions of h corresponding to the time
spend outside S. Hence, 88‘%“ = O(h™'In"2h). We also have 22 = w = O(In"' h),

ot
w __ —17,—2 _ .
28 =0(h™" In""h), T = O(Inh). Hence, (9.12) rewrites as

)dt (9.12)

2h)/|ft~\df+ O(h*lln*’h)/0(1+|£\)|fﬁ\di. (9.13)

Split v into parts that lie inside and outside S: v = vin U Your. Outside S the
functions ¢, h are smooth functions of p,q without singularities, so f;, fy = O(1).
Also, outside S we have £ = O(1), so the integral (9.12) over v, is O(h™'In"3 h).

Inside S we have

ot ot
f fz Jrfya 7ft fz%Jny@

Recall that inside S by (9.2) we have { = O(Inz), % =0, g—i =O(Inz),h =

zy. We also have y = O(z), fo = O(1), f, = O(1). This gives the estimates
f5=0(@), fi=0@""),

/%n | frldt = /%n O(x™")dt = /Wm O(z~Hdz = O(h™?).

Here we used that on v;, we have z > h'/2. We also have

/A O(1+|ﬂ)|f,~1\df:/b O(1 + |Inz|)dz = O(1).

‘We have

Plugging this estimates in (9.13), we obtain that the integral (9.12) over i, is
also O(h~*In"3h). Hence, the part of _integral (9.11) corresponding to the chart
h,t is O(h™*In™3h). For other charts h,#; we have the same estimate, so f,
O(h™*In~3h).

el =
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10 Estimates related to the averaging chart

In this section we prove the estimates from Table 1 for the functions ux,; and fy ;.

We will also prove the estimates for the functions f;“ The following lemma allows
to mass-produce estimates for uy,; and f,, ;. However, these estimates are not always
good, so we will estimate some of these functions differently.

Lemma 10.1. Let functions f, u be determined by the equations (3.3), (3.4) and

the condition (u), = 0. Suppose that we have estimates for the function Y when
h —0: )

oY oY

Y = O(Yo(h)), F O(Y1(h)), o2

= O0(Yz2(h)).
Then we have
1. F=0(%), 2L = o1, Zf = 0(Ya)

» Rz T
g4, u=0(YoInh)

2.
3. aajghv e =0(Y1lnh)+O0(Yo-h™")
/.

S 2% = O(Yalnh) + O(Yi - h™1) + O(Yo - h™2).

Proof. Item 1 follows from (3.3). Let us rewrite (3.4) as

ou T —
e = = =7 (10.1)

The first part of item 2 immediately follows from (10.1) and the estimates on T’
from Table 1, while the second part follows from the first part and the condition
(u), = 0. The second parts of items 3 and 4 follow from the first parts in the same
way. To get the first parts we differentiate (10.1) with respect to h once or twice,
respectively, and use the estimates on T from Table 1. O

— — T
Let us now start with the function f, ;. We have f,; = %. By [4,
Corollary 3.1] we have fOT frdt = O(1), this gives the estimate for f, ; itself. To

estimate 82’;;1, we use the estimate %(I@T frdt) = O(Inh) ([4, Lemma 3.2]).

Let us estimate the function up,1, we will estimate the derivatives later. Since
the saddle C is a critical point of H, the function f, = %qu + %pr vanishes at C.
By [4, Lemma 3.2], it follows that §,,_, |fa|dt = O(1). This and (3.9) means that
up,1 = O(1).

We use the formulas for Yy ; from (3.5). As Y41 = fr, by Lemma 10.1 and the
estimates for fj, from Table 1 we obtain the estimates for the derivatives of up ;.
Next, we have Y, 1 = f, + g—jﬁuh,l. From the estimates we have just obtained and
the estimates on f,, in Table 1 we get Y, 1 = O(h™1), 63;;1,1 = O(h™?). This gives
us the estimates on the functions ?%1 and uy,1 and their derivatives. However, for

the function ?%1 itself we have obtained a better estimate in Section 9.6.
To prove the estimate for fi, 2, we use (3.7). As (up,1), = 0, we can replace

there div(f) with div(f) — div(f)(C):
Fan = ((div(f) = div(£)(C))un)e- (10.2)

We have (| div(f) — div(/)(C)l)e = & f,_, |div(f) — div(H)(O)ldt = %D by [4,

Lemma 3.2]. As up1 = O(1), by (10.2) this implies f,, = 2% = O(ln~"h).

By (9.10) we have %\;L(f) =O(h™"). We also use the estimate 82’;;1 =0 'nh)
obtained above. Then taking -2- of (10.2) we get B?h’h =0((h™).

For the function up,2 we use Lemma 10.1 and estimate Y} 2 given in (3.5) by

using Table 1: Y2 = O(h~'In®h), 282 = O(h~2In? h).

To estimate the functions fh73 and f,

»,2: we need to assume that
,

h>eln'lc. (10.3)

By (8.1) we have the following system of equations:

ou — Op.1—
(1+€%)f%2+62 8271]0"’3 = A,
0 0 —
(1+e¢ u;},;,z )fh,S + ugg’Q f«ﬂ,2 =B

From (10.3), (3.1) and the estimates on wup,1 and up,2 we have

h=h(1+o0(1)).
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This allows us to estimate the intermediate values from (8.1) as if they were at
the point h. Using Table 1, we have A = O(h~?Inh), B = O(h~?In* h). We can
substitute the expression for f, 5 from the second equation into the first one. This
yields

Tos (1 +Eaucp,1 _ 2 Oup1 3uh,1,2(1 +Eauh,1,2)—l> _

Oy Oh Oy oh
Qg1 Oup,1,2\ 1
=A-22201 = B.
“on ITEgn )
From (105)) and Table 1 we see that aug# = O(Inh) and 581%‘}’11'2 =o(1). E—Ience,
we have f_, = O(h™2Inh). Then from the second equation we obtain frna =

O(h™%1n* h).
Lemma 10.2. The estimates for the functions ?h,h?h,%?hﬁ’?w,l??wa and their

derivatives stated in Table 1 also hold for the corresponding functions fh,h fh,g, fh737 f%l, f%z
and their derivatives. Moreover, we have |un,1(h,p,€) —uj, 1 (h, )| = O(e).

0

Proof. Recall that the expressions ?*7* are computed by the same formulas as f

with the perturbation f replaced by f°. This means that the estimates we have f,or
?*7* (they are valid for any smooth perturbation f) also hold for ?i* By (4.3) we
have fh’l = ?2,1 and f%l = ?271, so for these expressions and their derivatives the
lemma holds.

By (4.3) we also have f, o = ?2,2 + (fr(h,9)),. Denote ¥ = (fi(h,¢)),. Simi-
larly to the estimate on f), , above, we have ¢ = O(In~'h) and 22 = O(h™*In"2 h).

oh
81;71'2 from Table 1 also hold for fh’Q. .

. _ i & ] o _

We have f,2 = f%g +e€ 1(f%1 —fon) Usmg (4.1), we get € 1(f80,1 —fon) =
<fé + Ef37>¢7 where f7 is the p-component of f* written in the energy-angle coor-
dinates. As the estimate for f,, = (f), holds for any smooth f, we can plug in
fé —&—Eff, instead of f and get the estimate (f:, + Efg)q, =0(h 'In"3h). As f;f and

f(? are uniformly bounded by a constant independent of €, one may check that this

Therefore, the estimates for ?h,Z and

estimate is uniform in €. Therefore, the estimate for f%Q also holds for f(,,,g.
Before estimating fAh73 we need to prove the second statement of the lemma.
The map U : f — wup,1 is linear by (3.8). Hence, un1(h,¢,e) — uj 1 (h, ) =

U(f(p,a,€) = f°(p,q)) = eU(f' (p,q) +f*(p, 4, €)) = O(e). The last equality holds,
because the estimate for up,1 gives that U(g) = O(1) for all smooth g. Again, this
estimate is uniform in € because f;? and qu are uniformly bounded.

We have fh,S = ?h,B + <ff%>w +571(?h,2 _?2,2)- Clearly, <ff%><ﬂ = O(1). By (3.7)
we have e~ (f,. —?2,2) = e Ndiv f un,1 —div O up 1 ). Asun,1 =uj ,+0(e) and
div f = div f* + O(e), we get e '(f}, , — ?2,2) = O(1), thus proving the estimate
fOI‘ fh’3. D
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