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Abstract

This thesis is concerned with certain partial differential equations, of kinetic type, that are
involved in the modelling of many-particle systems.

The Vlasov-Poisson system is a model for a dilute plasma in an electrostatic regime. The
classical version describes the electrons in the plasma. The first part of this thesis focuses on a
variant known as the Vlasov-Poisson system with massless electrons (VPME), which instead
describes the ions. Compared to the classical system, VPME includes an additional exponential
nonlinearity, with the consequence that several results known for the classical system were not
previously available for VPME.

In particular, global well-posedness had not been proved. In this thesis, we prove that
VPME has unique global-in-time solutions in two and three dimensions, for a general class of
initial data matching results currently available for the classical system.

The quasi-neutral limit is an important approximation of Vlasov equations in plasma
physics, in which the Debye screening length of the plasma tends to zero; the formal limiting
system is a kinetic Euler equation. For a rigorous passage to the limit, a restriction on the initial
data is required. In this thesis, we prove the quasi-neutral limit from the VPME system to the
kinetic isothermal Euler system, for a certain class of rough data.

We then investigate the rigorous connection between these Vlasov equations and the
associated particle systems. We derive VPME and the two kinetic Euler models associated
respectively to the classical Vlasov-Poisson and VPME systems rigorously from systems of
extended charges.
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1.1 Kinetic Equations in Physics

This thesis provides a contribution to the mathematical theory of kinetic equations. Kinetic
equations are a class of partial differential equations used in the modelling of large many-particle
systems.

A fundamental concrete example of such a system is a gas. The atomic theory of matter
posits that a gas consists of a very large number of particles. However, it is not possible
for humans to observe these particles directly. Instead, we experience a gas through its
macroscopic properties, such as its temperature and pressure. It is a fundamental physical
problem to understand how the observable behaviours of a gas emerge from the underlying
dynamics of its constituent particles. The ‘kinetic theory of gases’ is a physical theory that
aims to explain these behaviours as the consequences of the motion of the gas particles. The
mathematical field of kinetic theory deals with a class of PDEs that arise from this theory.

The different scales of description of a gas can be translated into different types of mathe-
matical models. In a ‘microscopic’ model, one tracks the states of all particles in the system
individually. Typically this results in a classical mechanical N-body problem. Of course, for the
physical applications we have in mind, N will be far too large for such a model to be practical.
For example, for gases at room temperature, N is of order 1023, It is therefore desirable to
replace this model with a coarser description of the system.

A ‘macroscopic’ model describes the evolution of observable quantities associated to the

system, such as the density, velocity and temperature. For gas modelling, equations from fluid
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mechanics are typically used. In this case, the gas is modelled as a continuum with a single
velocity at each point in space.

Kinetic equations offer a ‘mesoscopic’ description of physical systems, at a scale in between
the particle and continuum models. A kinetic model uses a statistical description of the system
under consideration. The state of the system is described using a density function f = f(z,x,v).
The key structural feature is that f is allowed to depend not only on the time # and the spatial
position x of the particles, but also on their velocity v. The model retains the information
that gas particles at a particular spatial position may have different velocities, in contrast to
a continuum model. The function f(¢,x,v) is then interpreted as the density of particles with

position x and velocity v at time 7.

Large N Hydrodynamic Limit
Particle Model |——®{ Kinetic Model »| Fluid Mechanics

-~ -
-~ -~ -
—— —_——

e - —————

Derivation of Fluid Equations

Fig. 1.1 Microscopic to macroscopic hierarchy for kinetic equations

It is a key problem in mathematical kinetic theory to justify the place of a kinetic equation
in this hierarchy of models. On the one hand, we wish to derive kinetic equations from the
underlying models they describe; this validates the use of the equation from a mathematical
perspective. On the other hand, we wish to connect kinetic models to higher level macroscopic
models, through hydrodynamic limits. This provides a possible strategy for deriving macro-
scopic models, such as the equations of fluid dynamics, from particle models - by passing via
an intervening kinetic model.

The origins of modern kinetic theory are usually traced to the work of Maxwell [69] on
the modelling of gases. In this work, Maxwell derived a version of the Boltzmann equation
for dilute gases and identified its equilibrium distribution. Boltzmann [14] generalised this
work and derived the ‘H-theorem’, which says that the (physical) entropy of solutions of the
Boltzmann equation that are not in equilibrium must increase over time. The Boltzmann
equation gives a mesoscopic description of a system of particles that interact with each other

through collisions and otherwise move freely. It takes the form
of+v-Vif =0(f),

where Q is a nonlinear integral operator, acting in v only, that describes the change in f due to

collisions. Notice that the interaction between particles in this model is localised in x.
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Subsequently, Jeans [58] proposed a kinetic model to describe large systems of stars
interacting through gravity. This model is now referred to as the gravitational Vlasov-Poisson
system. In contrast to the Boltzmann equation, this is a collisionless model. In this thesis,
we will consider the electrostatic Vlasov-Poisson system, which is very closely related to the
equation proposed by Jeans.

The principal focus of this thesis will be on kinetic equations that arise in the modelling
of plasma. A plasma is an ionised gas, which means that it consists of charged particles. The
interaction between these particles is thus electromagnetic in nature. An important difference
between electromagnetic interactions and interaction through collisions is that electromagnetic
forces are long range. Charged particles influence each other even if the spatial separation
between them is large. For this reason, the models typically used for ionised gases have a
different structure from those typically used for electrically neutral gases.

Landau [60] proposed a kinetic model to describe the evolution of a plasma, now known as
the Landau-Coulomb equation. This model is based on adapting the Boltzmann equation to
the case of Coulomb interaction, and thus focuses on describing collisions within a plasma. It
takes the form

of+v-Vif =0L(f), (1.1

where Qr.(f) denotes the nonlinear Landau collision operator.
Vlasov [84, 85] proposed an alternative kinetic model for plasma. This equation takes the
form
of+v-Vif+(E4+vxB)-V,f=0, (1.2)

where E and B are, respectively, the electric and magnetic fields generated by the plasma
itself. The fields E and B are found using the Maxwell equations. This interaction is therefore
non-local in space, representing the fact that particles feel the influence of other particles
in the system even if their spatial separation is large. The system (1.2) is known as the
(non-relativistic) Vlasov-Maxwell system.

In [84], Vlasov first considers a version of (1.2) that includes a term accounting for collisions.
However, he then argues that on the physical scales relevant to plasma, the collision terms can
be neglected. This illustrates an important principle: the ‘correct’ model to use for a physical
system is not fixed solely based on the type of interactions in the system, but rather depends
also on the physical regime in which the system is considered. For this reason, quantitative
results are important in the study of hierarchies such as Figure 1.1. They allow us to identify,
from a mathematical perspective, the timescales and regimes of physical parameters on which
the models are valid.
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The central equation we consider in this thesis is a kinetic model for the ions in an unmag-
netised plasma. It is known as the Vlasov-Poisson system with massless electrons, or VPME.
This is a non-collisional model, similar in structure to (1.2). It is a variant of the better-known
Vlasov-Poisson system, which models the electrons in an unmagnetised plasma. Our goal is
to consider a hierarchy of models similar to the one shown in Figure 1.1, centred around the
VPME system.

The macroscopic limit considered in this thesis is known as the quasi-neutral limit. This is
not a hydrodynamic limit, because the limiting equation is still a kinetic model. However, our
study is intended to be in a similar spirit to this framework: we will derive the macroscopic
model from an underlying kinetic model, and use this to connect the macroscopic model
to a particle system. The macroscopic limit we consider is motivated by a widely used
approximation in plasma physics, known as quasi-neutrality. In this approximation, a key
characteristic parameter of the plasma, known as the Debye length, is set to zero. Under this
approximation, equations of the form (1.2) are replaced by kinetic equations with a more
singular type of interaction. In this thesis we refer to these equations as ‘kinetic Euler’ systems.
The mathematical study of the quasi-neutral limit is motivated by the need to identify the
physical regime in which this approximation is indeed valid.

Large N Small Debye length
Ton Dynamics > VPME > Kinetic Euler

‘Mean field’ ‘Quasi-neutral’

- -
-~ -
~—— . ——

Fig. 1.2 Microscopic to macroscopic hierarchy for the VPME system

An important step in this investigation is to study the well-posedness of the VPME system.
Before studying solutions of the VPME system, we wish to prove that such solutions exist and
are unique for a given initial datum. Previously, global-in-time well-posedness results were not
available for the VPME system in any dimension higher than one. In Chapter 2 of this thesis,
we fill this gap by proving global well-posedness for the VPME system in dimension two and
three.

Moreover, we develop a key toolbox of estimates on the electric field for the VPME system,
which allow many results for the Vlasov-Poisson system to be adapted to the VPME case. We
demonstrate this in our study of the hierarchy shown in Figure 1.2, where these estimates are
key element. In Chapter 3, we prove a rigorous limit from the VPME system to a kinetic Euler
model. In Chapter 4, we derive the VPME system from a microscopic system of extended
charges. In Chapter 5, we combine these limits to identify a physical regime in which the

kinetic Euler system can be derived from a system of extended charges.
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1.2 Plasma Models

1.2.1 The Vlasov-Poisson System

In this thesis, we will focus primarily on kinetic equations arising in the modelling of plasma.
Plasma is a state of matter that forms when an electrically neutral gas is subjected to high
temperatures or a strong electromagnetic field. This causes some of the gas particles to
dissociate, splitting apart into charged particles. The resulting system is an ionised gas.

Plasma is abundant in the universe. The study of plasma is important in astrophysics - in
space, plasma is found for example in stars, the solar wind and the interstellar medium. Plasma
is also studied as part of research into nuclear fusion reactors.

The degree of ionisation - that is, the fraction of gas particles that dissociate - varies in
real plasmas. In this thesis, we will concentrate on models that describe only the charged
species in the plasma, neglecting the neutral species that do not dissociate. The interactions
with the neutral species are very weak in comparison to the interactions of the charged species.
There are two types of charged particle in a plasma: negatively charged electrons and positively
charged ions.

The relevant physical situation to keep in mind is therefore a coupled system of ions and
electrons. Since these particles are charged, they will interact with each other principally
through electromagnetic forces. In fact, it is usual to make an assumption which decouples the
dynamics of the two species. This assumption is based on the fact that the mass of an electron
is much smaller than the mass of an ion. Consequently, an electron typically moves much more
quickly than an ion. This results in a separation between the timescales on which each species
evolves.

Consider first the point of view of the electrons. The ions are, relatively speaking, much
more massive and therefore slow moving. For this reason, it is common to assume that the ions
are stationary over the interval of time on which the plasma is observed. It remains to model
the dynamics of the electrons.

The Vlasov-Poisson system is a well-known kinetic equation describing this situation.

The electrons are described by a density function f = f(¢,x,v), which is the unknown in the
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following system of equations:

.
8zf+v'vxf+3,_zE'va:07

Vi, xE =0,

(VP) =1 &V E= Qi+erf> (1.3)
prltx)i= [ flt.xv)dv

\f|t:O = fo > 0.

Here ¢, is the charge on each electron, m, is the mass of an electron and & is the electric
permittivity. Q; : RY — R, is the charge density contributed by the ions, which is independent
of time since we assume that the ions are stationary. The electrons experience a force g.E,
where E is the electric field induced by the whole plasma. This is found from the Gauss law

VixE =0, 80VX-E=Q,'—{—qepf,

which arises as an electrostatic approximation of the full Maxwell equations.
The name ‘Poisson’ comes from the following rewriting of the system. Since V, x E = 0, it
is possible to write E as a gradient. Thus there exists a function U such that E = —V,U. Then

U must satisfy the Poisson equation

—&AU = Qi+ qepy.

The function U is known as the electrostatic potential.

The system (1.3) expresses the fact that each electron in the plasma feels the influence of
the other particles in the plasma in an averaged sense, through the electric field £ induced
collectively by the whole plasma. This is a long-range interaction between particles. In
particular, this equation does not account for collisions between particles, which would require
the Landau-Coulomb operator Q7 mentioned above in equation (1.1).

The system (1.3) needs to be equipped with boundary conditions. For applications to nuclear
fusion, it is typical to consider plasmas confined by a strong magnetic field. For astrophysical
applications, we might consider a condition of decay at infinity. In this thesis, we will focus on
the case of periodic boundary conditions. That is, we assume that the spatial variable x lies in
the d-dimensional flat torus T¢, which can be identified with the space [—%, %]d . The velocity
variable v lies in the whole Euclidean space R¢.

Moreover, we restrict in particular to the case where the background ion density Q; is

spatially uniform. This is considered to be a reasonable approximation under the assumption
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that the scale of fluctuations in the ion density is much larger than the scale of fluctuations in

the electron density. This results in the system

(8,f—i—v-fo+;17€eE-va:O,
VX E =0,
(VP) := (1.4)
eV E=q.lpy— [ faav),
Td x R4
| fle=0=fo = 0.

The ion charge density is chosen to be

0=—q. [,  fdeav

so that the system is globally neutral. This is required by the conservation of charge, since the
plasma forms from an electrically neutral gas. In mathematical treatments, it is common to see

(1.4) written in the rescaled form

.
hf+v-Vif +E-V,f =0,

VixXE=0,

VP):= 1.5
VP)=S g g g1, (15)

fli=o0 = fo, / fodxdv=1.
\ Td xR4

Another commonly considered form of the system is the case where the spatial variable x
lies in the whole space R?. In this case the boundary condition is that the electric field should
decay at infinity. The electric field can then be represented as the convolution of p; with the

Coulomb kernel
X

K(x) = dW.

The system then reads as follows:

91f+v Vuf +E- va—o

= Ca /Rd x — y|dpf y)dy (1.6)
f‘t—OZfOZO,/ fodxdv=1.

R4 xR
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In this case, if we included a uniformly distributed background of ions this would result in
a system with infinite mass. It is therefore usual to consider a system describing only the
dynamics of electrons, resulting in a uniformly vanishing background.

By changing the sign in the equation for E in (1.6), we obtain a model for a system with

gravitational interaction:

Of+v-Vif +E-V,f =0,
EW)=—Ca [ =pi()dy

veRrd [x —y|
f|t:0:f020,/ fodxdv=1.
R4 x R4

This model is used to describe, for example, the dynamics of large collections of stars. It was
discovered by Jeans [58]. We do not consider gravitational Vlasov-Poisson systems in this
thesis.

1.2.2 The Massless Electron Model

The classical version of the Vlasov-Poisson system, which was presented above, describes
the electrons in a dilute, unmagnetised plasma. We may instead wish to model the ions in the
plasma. This leads to a variant of the Vlasov-Poisson system that will be the second main
equation considered in this thesis.

From the point of view of the ions, the electrons have a very small mass and so are very fast
moving. It is not possible to assume that they are stationary. Instead, we observe that, since the
electrons move quickly relative to the ions, the frequency of electron-electron collisions will be
high in comparison to other kinds of collisions, and electron-electron collisions are relevant
and frequent on the typical timescale of evolution of the ions. It is therefore common in physics
literature to assume that the electrons are close to thermal equilibrium.

The limit of massless electrons is the limit in which the ratio between the masses of the
electrons and ions, m,/m;, tends to zero. Here m, is the mass of an electron and m,; is the
mass of an ion. This limit is physically relevant due to the large disparity in mass between the
ions and electrons. In this limit, it is assumed that the electrons instantaneously assume the
equilibrium distribution.

The equilibrium distribution can be identified by studying the equation for the evolution of
electrons. Let the ion density p[fi] be fixed, and assume that all ions carry the same charge g;.
We have discussed that the evolution of the electron density can be modelled by the Vlasov-
Poisson system (1.3). As discussed above, in the long time regime we consider we expect the

effect of electron-electron collisions to be significant. We therefore augment the system (1.3)
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with a collision operator. Bellan [11, Chapter 13, Equation (13.46)] suggests the following

rescaling of the Landau-Coulomb operator for modelling collisions in a plasma:

Ce
Qelec(f) = WQL(f)y

where C, is a constant depending on physical quantities such as the electron charge g, and
number density n,, but not on the electron mass m,. The Landau-Coulomb operator Oy is
defined as follows: for a given function g = g(v) : RY — R,

Qu(8) = Ve | av=v.): [g()Vig(v) —g(1)Vig(vs)ldv..

The tensor a is defined by
7P -z®z

W=

We thus consider the following model for the electron density f., here posed on the torus
x € T

e Ce
Ifotv-Vefot ZEV, [, = Z0L(f),
me mg (1.7)

V.xE=0, &V, E=qp[fi]+q.plfe]-

Consider the rescaling in velocity

Notice that p[F,] = p[f.]. Then F, satisfies

{ \/meazFe+V'VxFe+(IeE'VvFe :CeQL(Fe)a (1.8)

VXE=0, &V-E=qplfil+qep|Fe.

We assume that F, converges to a stationary distribution f, = f, (x,v) as m, tends to zero, and
focus on formally identifying f,.

We expect that f, should satisfy the equation

V- fo_e +q.E - vae = CEQL(fe)'

By considering the following entropy functional

Hlf) = [ flogfaxay,
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which is non-increasing for solutions of (1.8), it is possible to show that f, should be a local

Maxwellian of the form

Folx,v) = Pe(x) (e (x))"/ exp [~ Be () [y — ue ()], (1.9)

since these are precisely the distributions for which the time derivative of the entropy vanishes.
The electron density p,, mean velocity u, and inverse temperature B, can then be studied using
an argument similar to the one given in the proof of [7, Theorem 1.1].

Substituting the form (1.9) into equation (1.7), we obtain the following identity for all x
such that p,(x) # 0 and all v € R¢:

— V. B.- (v—ue)]v—ue]2 —ue-Vxﬁe\v—ue|2+ﬁe(v—ue)Tque(v—ue)
+ (v —ue): [VX log (peﬁed/z) —qePeE +ue- Vi | +ue - Vilog (peﬁed/z) =0.

For each fixed x, the left hand side is a polynomial in v — u.(x), whose coefficients must all
be equal to zero. For example, by looking at the cubic term we see that V.8, = 0 and thus f3,
must be a constant independent of x.

The quadratic term then gives
vTquev =0 forallv € ]Rd,

which implies that V,u, is skew-symmetric. On a spatial domain for which a Korn inequality
holds, it is possible to restrict which u, can occur. For example, in the case of the torus x € T¢
considered, the fact that the symmetric part of V,u, vanishes implies that u, is constant [25,
Proposition 13].

Finally, from the linear term we obtain that

V.log(p. ed/2> —gePeE = 0.

Since V, x E =0, E is a gradient - that is, it can be written as E = —VU for some function U.
Then

V,log (peﬁg/z) = —q.BViU.

From this we deduce that p, should be of the form

pe(x) =Aexp(—q.pU),

for some constant A > 0. This is known as a Maxwell-Boltzmann law.
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Since V, x E =0, we can write E = —V, U, where U is the electrostatic potential within
the plasma. Then

Vipe = —ﬁperU.

From this we deduce that p, should be of the form

pe(x) = Aexp (_%;)) |

which is known as a Maxwell-Boltzmann law.

See Bardos et al. [7] for rigorous results on identifying the Maxwell-Boltzmann law as
the limiting distribution of the electrons in the massless limit, for Vlasov-Poisson models with
collision operators of Boltzmann or BGK type.

From equation (1.7), we see that the electrostatic potential U should satisty the following

semilinear elliptic PDE:

U
~8AU = gip[fi] +Ageexp (—Z;T ) . (1.10)
e

The normalising constant A is chosen so that the system is globally neutral, that is, the total

charge is zero:

q.U
iPlfi] +Aqe - =0.
/qup[fH qexp( kBTe)d’“ 0

The equation (1.10) replaces the standard Poisson equation for the electrostatic potential
in the Vlasov-Poisson system (1.3). After a suitable normalisation of physical constants, this

leads to the following system for the ions:

(@f+vWGf+E-VJE:Q
E=-V.U,

AU:eU—pf,

\f|r:0 = fo, AdXRddede: 1.

(VPME) := (1.11)

This is known as the Vlasov-Poisson system with massless electrons, or VPME.
Note that solutions of the system (1.11) always satisfy global neutrality, since on the torus
the Poisson equation
AU =h

can only be solved if % has total integral zero.
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The VPME system has been used in the physics literature in, for instance, numerical studies
of the formation of ion-acoustic shocks [68, 77] and the development of phase-space vortices
behind such shocks [15], as well as in studies of the expansion of plasma into vacuum [70]. A
physically oriented introduction to the model (1.11) may be found in [40].

This system is one of the central equations considered in this thesis. We will investigate
several mathematical questions related to this system. Chapter 2 focuses on the problem of
showing global well-posedness for this equation in dimension two and three. We then look
at two limits relating the VPME system to other models for the ions in a plasma. One is the
quasi-neutral limit, which connects the VPME system (1.11) to a macroscopic model for the
plasma. The other is the mean field limit, in which the aim is to derive the VPME system from

an underlying system of interacting particles.

1.2.3 Quasi-Neutrality

Quasi-neutrality is a concept from plasma physics, referring to a situation in which a certain
characteristic scale of the plasma is small. This property occurs frequently in real plasmas. We
will use this idea to motivate a mathematical problem known as the quasi-neutral limit. This is
a limit in which one can derive other plasma models from the Vlasov-Poisson systems, under a

certain rescaling.

1.2.3.1 The Debye Length

Plasmas have several important characteristic scales, one of which is the Debye (screening)
length, Ap. The Debye length is important in describing electrostatic phenomena in the plasma.
For example, it characterises charge separation within the plasma, describing the scale at which
it can be observed that the plasma contains areas with a net positive or negative charge, and so
is not microscopically neutral.

In physics textbooks, such as [11, 23, 63], the Debye length is usually motivated by a
description of charge screening within plasmas. Electric fields applied to plasmas are damped,
because the mobile charges within the plasma move to oppose the field. For example, if a
positive test charge is placed into a plasma, the electrons will be attracted to and so move
towards it, consequently neutralising the charge density. The Debye length describes the scale
beyond which such fields are damped.

To see this more explicitly, consider the aforementioned situation of placing a point test
charge into a plasma. Assume that the plasma is in equilibrium before the test charge is placed.

We consider a regime in which the ions can be assumed to be fixed and uniformly distributed,
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and we only take the motion of the electrons into account. We assume that their motion is fast
enough that the electrons are always thermalised.

We consider placing a point test charge of charge 8 at the origin. When the charge is added,
it induces a potential ®. In response, the electrons take on a Maxwell-Boltzmann distribution.

Pe = Ne€X 9e®
e TN P\ T, )

where ¢, is the charge on an electron, kp is the Boltzmann constant and 7, is the electron

Their spatial density is therefore

temperature and 7, is the spatial density of electrons prior to the introduction of the test charge.
The normalisation 7, is chosen because the potential ® should decay in the far field. The

potential ® should solve the following equation:

b
&AP = n.q. (exp (Z)_:T ) - 1) _ﬁ 50;
e

where &y denotes the Dirac distribution.

By rescaling this equation, we can identify key parameters. Let ® := Z;;:. Then

B

& kB Te

A= —1- L, (1.12)
ned, Nede
This motivatives defining a scale Ap by
&okpT, 12
Ap = ( ol ) . (1.13)
neq,

This scale is the Debye length associated to the electrons. Equation (1.12) then becomes

B

AEAD =e® -1
Nede

0.

From the structure of this equation we can see that Ap is important in determining the shape of
the potential. More explicitly, ® is then of the form ®(x) = ¥ (%) , where W is a solution of
the following equation:

B

AY =¥ —1—
neqelg

&o- (1.14)
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To see the screening effect, in standard physics presentations it is common to linearise

equation (1.14) to obtain
B

AY =W
NeqeAf

0.

Using the symmetry of the problem, it is possible to derive an explicit formula for ¥ (see for
example [11]). In dimension d = 3 this is

1 =l
Wi = L S
AT ng.A; |x|
Then ® takes the form

ksTo e o i

D D
CD(X)Z!% Bze D_2€ _ ﬁ e ’
nq: |x| dmey x|

which is known as the Yukawa potential. The decay of ® demonstrates the shielding effect
described earlier: the typical length of spatial decay of @ is of order Ap.

If we consider a timescale on which the ions are significantly mobile, it is possible to
perform a similar analysis in which the motion of ions also plays a role in this screening effect.
The ions will then have an associated Debye length, which may differ from the electron Debye
length. It is defined by the formula (1.13), replacing the the electron density, temperature and
charge with the corresponding values for the ions.

Since the Debye length is related to observable quantities such as the density and tempera-
ture, it can be found for a real plasma. Typically, Ap is much smaller than the typical length

scale of observation L. The parameter

A
S:Z_D
L

is therefore expected to be small. In this case the plasma is called quasi-neutral - since the
scale of charge separation is small, the plasma appears to be neutral at the scale of observation.

Quasi-neutrality is a very common property of real plasmas, to the point that some references
include quasi-neutrality as part of the definition of a plasma. For example, Chen [23, Section
1.2] includes quasi-neutrality as one of the key properties distinguishing plasmas from ionised
gases more generally. In plasma physics literature, the approximation that € ~ 0 is widely used.
For this reason, it is important to understand what happens to the Vlasov-Poisson system in the

limit as € tends to zero. This is known as the quasi-neutral limit.
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1.2.3.2 The Debye Length in the Vlasov-Poisson System

When written in appropriate dimensionless variables, the classical Vlasov-Poisson system (1.5)
takes the form )
of+v-Vof +E-V,f=0,

E=-V.U,
VP)e := 1.15
( )8 —EZAU:pf—l, ( )

fli=o= fo,/ Sfo(x,v)dxdv = 1.
\ Td x R4

In equation (1.15) we can see that the relative Debye length € indeed appears as a parameter
describing the scale of the electric field E. In physics literature, it is common to work under the

assumption that € ~ 0. This leads to another model.

1.2.3.3 Kinetic Euler Systems

Formally setting € = 0 in the system (1.15) results in the following system:

hf+v-Vif =VU-V,f =0,
fli=0 = fo, / So(x,v)dxdv = 1.
Td xR4

This is an example of a Kinetic Euler system. In system (1.16) the force —V,U is now defined
implicitly through the constraint py = 1, rather than explicitly through the Poisson equation, as
in (1.15). It is akin to a pressure term in a fluid equation.

The system (1.16) was discussed by Brenier [19] as a kinetic formulation of the incom-
pressible Euler equations. The correspondence can be seen clearly by considering monokinetic

solutions of (1.16), which are solutions of the form

f(t,x,v) =p(t,x)0(v—u(t,x)) (1.17)

for some density p and velocity field u. If f of the form (1.17) is a solution of (1.16), then u is

in turn a solution of the incompressible Euler equations:

Ju+u-Viu—V,U =0,
(InE):={ e (1.18)
Ve-u=0.
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This observation illustrates the reason for calling (1.16) an ‘Euler’ equation. We will refer to
(1.16) as the Kkinetic incompressible Euler system, to distinguish it from other kinetic Euler
systems we will introduce below.

It is also possible to consider the quasi-neutral limit for the VPME system. In this case, the

scaled system is

(O f +v-Vof +E-Vyf =0,
E=-VU,

e2AU =Y —py,

\f’t:O = fo, /EdXRdfo(x,v)dxdv =1.

(VPME)g = { (1.19)

The formal limit is another kinetic Euler system:

hf+v-Vof =VU-V,f=0,
fli=0 = fo, / fo(x,v)dxdv=1.
Td x R4

This system was introduced and studied in a physics context in [38—40]. For monokinetic

solutions of (1.20), the pair (p,u) satisfies the following isothermal Euler system:

alp —I—Vx(pl/t) :Ov

(IsE) :=
o (pu)+V,: (puu)—V,p =0.

We therefore refer to (1.20) as the kinetic isothermal Euler system.

It is worth observing that, although we have introduced both KInE and KIsE under the
umbrella of ‘kinetic Euler systems’, these systems are structurally different. In the KISE system
(1.20), the force —V, U depends on py in an explicit, albeit singular, way. In the KInE system,
the force is defined implicitly through the incompressibility constraint. This distinction is
similar to the difference between compressible and incompressible Euler equations, which is
not surprising considering the connection between these systems through the monokinetic case.

To understand the KISE system, it is often instructive to consider a related system, named
Vlasov-Dirac-Benney by Bardos [4]. This system can also be thought of as a kinetic Euler
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equation. The VDB system reads as follows:

hf+v-Vif =V U-V,f=0,
(VDB):= U=ps—1 (1.21)
fli=0 = fo, / fo(x,v)dxdv=1.
Td x R4

It can be obtained by linearising the coupling U = log p between U and ps. As well as being
interesting in its own right, the VDB system provides useful intuition for the KISE system,

since they have similar structures but the coupling between VU and py is linear for VDB.

1.2.3.4 The Quasi-Neutral Limit

Formal identification of the limiting system does not guarantee that equations (1.16) and
(1.20) are good approximations for (1.15) and (1.19) when € is small but non-zero. To show
this, it is necessary to study the quasi-neutral limit from each Vlasov-Poisson system to the
corresponding kinetic Euler system. It is not guaranteed that this approximation will always be
valid. Note, for example, that Medvedev [70] describes a situation in which the quasi-neutral
approximation U = logp is not valid everywhere. This provides a physical motivation for
a study of the transition between (1.19) and (1.20). In particular we would like to identify
conditions on the data and quantitative ranges of the physical parameters for which the limit
holds. Results of this type identify regimes in which the limiting systems (1.16) and (1.20) can
be validated mathematically.

The rigorous mathematical justification of the quasi-neutral limit turns out to be a challeng-
ing problem, requiring quite stringent restrictions on the initial data. The reasons for this are
at least in part of physical origin. This will be discussed further in Section 1.5. In Chapter 3,
we consider the quasi-neutral limit from VPME to the kinetic isothermal Euler system. We
are able to prove a rigorous quasi-neutral limit for a class of rough data, in dimension two and

three.

1.2.4 Derivation from a Particle System

It is a fundamental problem in the theory of kinetic equations to derive the PDE models, in a
rigorous way, from the underlying physical system they are meant to describe. For instance,
consider the classical Vlasov-Poisson system (1.5), which we motivated as a model for the
electrons in a plasma. A lower level description of this system would be to consider a system
of N electrons, each modelled as a point particle with mass m, and charge g,. The dynamics of

the electrons can be described using the laws of classical mechanics. In this case, the state of
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the i electron can be characterised by its position X; and velocity V;. For ease of presentation,
here we consider this system evolving in the whole space without a background of ions. The
evolution of (X;, V,)f\': | should then be described by the following system of ODEs:

Xi=V

o (1.22)
Vi=—FE (X {X;}j4) ,

me

where E (Xi; {X;} #i) is the electrostatic force exerted on electron i by the other electrons in the
plasma. The force exerted on electron i by electron j is given by the Coulomb force between

point charges; in three dimensions this is

g Xi—X;
471'8() |Xl'—Xj‘3’

where &) denotes the vacuum permittivity. We use the notation K for the function

x
" G
Then the particle system (1.22) becomes
X; =V,
. q2
Vi=—=<Y K(Xi—X;j).
Me jZi

After an appropriate non-dimensionalisation, we reach the system

Xi =V

Vi=—a) K (Xi—X;),
J#

(1.23)

where the parameter « is a function of the physical constants of the plasma.

We would like to show that the PDE model (1.6) gives a good description of the limiting
behaviour of the particle system (1.23) as N tends to infinity. To do this it is necessary to rescale
the system, which means choosing o to vary with N. The choice of scaling @ = a(N) affects
the kind of limit we can obtain.

In order to derive the Vlasov-Poisson system (1.6), the appropriate choice is the mean field
scaling a(N) = 1/N. With this choice, formally speaking, the Vlasov-Poisson system appears
to describe the limiting behaviour of (1.23). This connection between the particle system (1.23)
and the PDE (1.6) is called the mean field limit. However, whether this limit truly holds is
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an open problem, and it may be false in some regimes. In Section 1.6, we will discuss the
technical obstacles to this limit in greater detail, and give an overview of recent approaches to
this problem.

Similar issues affect the derivation of the VPME model for ions. In this case, for the
microscopic model we consider a system of ions, modelled as point particles, in a background
of thermalised electrons. The assumption of thermalisation is justified by the difference between
the typical timescales of the ions and electrons. This is modelled by an ODE system of the
form .

Xi=V
V= _zlv];K(Xi —X;) +Kxev,

where U is the electrostatic potential induced by the ions and the background of electrons. That

(1.24)

1s, U satisfies

N
AUI@U—lZ&([.
N,':1

(1.25)

As in the classical case, the rigorous derivation of the VPME system from the particle
system (1.24) remains an open problem. However, in Chapter 4 we will prove a rigorous
derivation of the VPME system from a regularised version of (1.24).

If we consider a different choice of scaling o/(N), then it may be possible to obtain different
PDE models in the limit. Recall for example the hierarchy of plasma models that we laid out in
Figure 1.2. By using a different scaling of o than the mean field scaling, it is possible to pass
from the particle model to the kinetic Euler system KIsE (1.20), rather than the VPME system.
We investigate this direction in Chapter 5, where we derive the kinetic Euler systems from
regularised particle systems, under an alternative scaling. For example, for the KInE system

(1.16) we use a scaling of the form

(logN)*

o(N)=C N

for some exponent k stated in Theorem 1.26 in Section 1.7. For the KIsE system (1.20) we use
a scaling of the form
logloglog N

o(N)=C N
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1.3 Well-Posedness Theory for Vlasov Equations

The Vlasov-Poisson system is an example of a nonlinear scalar transport equation. In particular
it belongs to a class of PDEs known as Vlasov equations. The aim of this section is to
introduce this class of equations and to review some of the fundamental concepts involved in
their well-posedness theory. For further details, we refer to the notes of Golse [31].

1.3.1 Vlasov Equations

Vlasov equations are used to model large systems of interacting particles. Below is a general

example:

(O0f +v-Vef +FIf)-Vof =0,
FIf)(t,2) = ~VaW = py,
pr.)= [ Fexdn

| (0,x,v) = fo(x,v) = 0.

The unknown f = f(t,x,v) represents the density of particles at time ¢ which have position

(1.26)

x and velocity v. In this thesis, we will only discuss the problem posed on domains without
boundary, letting (x,v) € 2~ x R?, where either 2~ = R (the whole space case) or 2~ = T¢
(the periodic case).

Equation (1.26) describes a system in which particles influence each other through pairwise
interactions. The interaction between two particles is described by a pair potential W depending
only on the separation between the particles in position space. The force exerted on a particle
at position x by another particle at position y is therefore —V,W (x —y). For example, the
Vlasov-Poisson case can be obtained by choosing W to be the Green’s function of the Laplacian
on 2. In the limit as the number of particles tends to infinity, this results in an effective force
F[f] as defined in (1.26). In Section 1.6 we will discuss the connection between the PDE
(1.26) and the underlying particle system in more detail. In this section, we will focus on the
well-posedness theory of the PDE (1.26).

1.3.1.1 Transport Equations

The basic underlying structure of (1.26) is that of a scalar transport equation. Letting z = (x,v),

equation (1.26) is of the form
of+b-V.f=0,
f(0,2) = fo(2).

(1.27)
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where

b(t,z) .= (v F[f](t,x)).

The fact that the force F', and therefore b, depends on f is what creates the nonlinearity in
(1.26).

In this section, we will discuss some aspects of the theory of the linear equation (1.27),
which will be useful for understanding the nonlinear Vlasov equation. The properties of the
transport equation (1.27) clearly depend on the choice of the vector field b. For proving well-
posedness, what is important to understand is the regularity of 5. One way to understand this is
through the classical method of characteristics.

The transport equation (1.27) is associated with a family of characteristics. A path (Z(t)),cg
in phase space is a characteristic trajectory for equation (1.27) if it satisfies the ODE

i—f =b(t,2). (1.28)
The characteristics are a useful tool for understanding the behaviour of equations like (1.27)
- see for example [24] for a more detailed exposition of this theory. We will make use of
characteristics in many places in this thesis. We will use the notation Z(¢;s,z) to denote a
solution of (1.28) which has phase space position z at time s; that is, Z(s;s,z) =z = (x,v).

If b is sufficiently regular, then the system (1.28) has a unique global-in-time solution for
any choice of data (s, x,v). For example, this will be the case if b is continuous in all variables

and Lipschitz with respect to z, with less than linear growth:
|b(t,21) =b(1,22)| < Llzi — 22, [b(z,2)] < C(1+z]). (1.29)

In this case the characteristic trajectories can be used to construct solutions of the transport
equation (1.27). Suppose for example that fy is a C! function with compact support. Then

(1.27) has a unique solution f; which can be represented by the formula

f(t,2) = fo(Z(0;1,2)).

This shows that the equation (1.27) indeed models the transport of mass along this family of
curves.

The representation of the solution f in terms of characteristics is useful for understanding
its properties. For example, it immediately implies that the equation preserves sign: if fo > 0,
then also f; > O for all . Similarly, the L*(.2" x R?) norm of the solution cannot grow over
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time: if fy € L=(2 x RY), then also f; € L*(2 x R?) with

1F ) =2 xray < [ foll =2 xrey-

If b 1s less regular than specified in condition (1.29), then for both the ODE (1.28) and the
PDE (1.27) solutions may not exist globally and may not be unique without further assumptions.
The well-posedness theory of the ODE (1.28) under weaker regularity conditions than (1.29)
was considered by DiPerna and Lions [26], by making use of the connection between the ODE
and the corresponding transport equation (1.27). This strategy was then extended in many other
works; for more details on this subject see for example Ambrosio [1].

In the context of Vlasov equations, the lesson is that the well-posedness theory of the
transport equation (1.27) depends crucially on the regularity of the vector field b. Consequently,
for the nonlinear Vlasov equation, it will be important to understand the regularity of the force
F[f] and how that regularity depends on properties of f. This depends on the regularity of the

interaction potential W.

1.3.2 Regular Potentials

When W is sufficiently regular, the Vlasov equation (1.26) has a well developed well-posedness
theory. In particular, when V,W is a Lipschitz function, it is possible to construct unique global
solutions to the Vlasov equation (1.26), assuming very little regularity on the initial datum
Jo- In fact it will be enough to suppose only that fj is a probability measure with moments of
sufficiently high order.

The case where V, W is Lipschitz is thought of as the ‘regular’ case for Vlasov equations of
the form (1.26). We will discuss this case here in some detail, as this will allow us to introduce
several useful ideas in Vlasov equation theory that we will return to in the Vlasov-Poisson case.
In particular, the aim is to understand how the assumption that V,W is Lipschitz is used in the
well-posedness results.

The immediate consequence of the Lipschitz assumption is that VW % p is then a Lipschitz
function, for any finite measure p, without further regularity assumptions. This means that
even measure solutions of (1.26) will have an associated classical characteristic flow. We will
see subsequently that this assumption on W also allows the construction of unique solutions for

the nonlinear problem (1.26).

Notation: Spaces of Measures. We are going to look for measure solutions of equation

(1.26). We begin by specifying some notation for the class of solutions we are interested in.
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At each fixed time ¢, the solution should be measure on the phase space 2~ X R4, where
the position space 2" is either R or the torus T¢. We denote the space of finite signed Borel
measures on .2 x R? by ./, and the space of finite (non-negative) measures by ./ . We equip
these spaces with the topology of weak convergence of measures, in which a sequence (),

converges to i as n tends to infinity if and only if

fim ¢dun:/%Rd¢du, Vo € Cy(2 x RY).

n—oo | a7« Rd

Furthermore, .#) denotes the subspace of .# consisting of all finite signed measures with a

finite first moment:
X v|)d X,V) < o0,
/%Xd(IHH) () <+

Similarly AZ | = 4N M.

The space C([0,00);.#) consists of paths ¢ — p(t) € .# taking values in the space of
signed measures, where the continuity of the path is defined in terms of the topology of weak
convergence of measures. The spaces C (]0,);.7), C([0,00);.#) and C([0,00); .4 1)
are defined similarly. In the next section we will look for solutions of the Vlasov equation
(1.26) in the space C ([0,00);.# ;). We refer to such solutions informally as ‘measure-valued

solutions’.

1.3.2.1 Weak Formulation

To make sense of measure solutions for equation (1.26), it is necessary to understand the

equation in a weak sense.

Definition 1 (Weak Solutions). f € C([0,e);.# ) is a weak solution of the Vlasov equation
(1.26) if, for all test functions ¢ € C} ([0,0) x 2~ x RY),

L] [00+vVio— (VW wpp)- V10 0. dx.dv)dr+ %XRdcb(O,x,V)fo(dx,dV()lzg

In order for (1.30) to make sense, VW *, py must be regular enough that (VXW *y pf) -V, 0
is integrable with respect to f. This is ensured by the following lemma, which shows that
VW %, py will be Lipschitz provided that VW is Lipschitz.

Lemma 1.1. Let u € # (%), and let VW be a Lipschitz function. Assume that either (a)
VW € L*(XZ) or that (b) u € #(Z"). Then VW x U is a Lipschitz function. Moreover, we

have the quantitative estimate

[VW s i (x) = VW s i (y) | < [ VW[ Lip [ (27) [x = 1. (1.31)
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Proof. First, we check that the function

VW) = [ VW(r—y)du()
is well-defined. Under condition (a),
VW (x =) < [[VW||=2) € L' (])-
Under condition (b),
VW (x =) < [VW (@) + VW [uiply| € L' (|u]).

Next we prove the estimate (1.31). By definition,

VW 1) = VW () = [ [VW(r=2) = VW (=) du ().

We estimate this using the fact that VW is Lipschitz:

VW s 1(3) = VW )] < [ |9W (=) = VW (s =2) dlu )

< I9W e =1 [, 1dll)

which completes the proof. [

1.3.2.2 Representation via Characteristics

We will again find it useful to represent solutions of the Vlasov equation (1.26) in terms of their
characteristics. When fj is a measure we cannot define the composition fy (Z(0;7,z)). Instead
we look at another representation, which uses duality.

Observe that b(t,z) := (v, F[f](z,x)) is divergence free, so that the transport equation can
also be written as a continuity equation:

A f +div. (bf) =0,

(1.32)
fli=o0 = fo-

We have already used this fact when defining weak solutions (Definition 1). Solutions of the
continuity equation (1.32) can be characterised as the pushforward of their initial data along
the characteristic flow induced by b.
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Definition 2 (Pushforward). For i = 1,2, let (£;,.%;) be a measurable space. Let u be a
measure on (Q,.%#]). Let 7 : Q] — Q) be a measurable map. The pushforward of u along
7, denoted by F U, is the measure on (£,.%;) defined by the relation

Tapn(A) = (771(A4)), VAe P

In particular, for all measurable functions g on Q, for which the composition go .7 is integrable
with respect to u, the following relation holds:

/gdﬁ#u=/ go 7 du.
Q Q

To represent solutions of the linear continuity equation (1.32), we will take .7 to be
the flow map induced by the characteristic system (1.28). The flow is a family of maps
(@5 : 2 xR — 2 x RY),, defined by the property

DY () = Z(t;5,2).

Then, if b satisfies (1.29), the continuity equation (1.32) has a unique solution f for any initial
datum fjy € .# . Moreover, f has the representation f; = <I>2J fo. That is, for all ¢ € C,,

[y @08= [, 0@ @)= [, 0@:09) o). (3D

xRd

For proofs and further details, see [1, Proposition 4].

Conservation of Mass From the representation (1.33) it is clear that the equation conserves
mass: for a continuous path f € C([0,0);.# ), f; has finite mass for all times 7, and therefore
(1.33) can be extended to the function ¢ = 1. This implies that f; has the same total mass
as fo. The assumptions fy > 0 and [, e fodz =1 thus ensure that, for each fixed ¢, f; is a
probability measure on .2~ x R¢.

We let & denote the space of probability measures on 2~ x R¢, and 2, the space of
probability measures with a finite first moment. The discussion above shows that it is enough

to consider measure-valued solutions in the space C ([0,0); &2).

1.3.2.3 Existence of Solutions

We now turn to the existence of solutions for the nonlinear Vlasov equation (1.26). We refer to
the works [18, 27, 72, 31] for the following result.
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Theorem 1.2. Assume that VW : 2 — R% is a Lipschitz function. Let fo € &,. Then there
exists a solution f € C ([0,00); Z?) of the Vlasov equation (1.26), in the sense of Definition 1.

The proof of this result presented here follows the presentation of [31, Theorem 1.3.1].
The proof can be formulated as a fixed point problem: first, we decouple the nonlinearity and
consider the equation

9g+v-Vig+F[f]-Vig =0,

gli=0 = fo.

(1.34)

In equation (1.34), g is the unknown and f should be thought of as a fixed ‘input’. We have
discussed above that, for any fy € &7, the solution g of equation (1.34) has the representation
g = D% [f]afo. A solution of the nonlinear Vlasov equation (1.26) can therefore be constructed
by proving the existence of a fixed point of the map f +— ®% [f]4fo.

In fact, we will look at the corresponding map on the flow ®% [f]. We can think of ®%'[f]
as an element of the space C (R x 2 x R4 ) This can be made into a Banach space with an

appropriate choice of norm. For flows we want to consider the map .7 defined by

T[] = D% [y fo]-

If ¢ = .7[¢], then ¢4 fp is a solution of the Vlasov equation (1.26) with initlal datum fj.

To find such a fixed point, we can use a standard iteration argument. Set ¢ to be the
identity map on 2° x R for all ¢, and consider the sequence (¢,), where ¢, = .7 [¢,]. To
prove that this iteration converges to a limit, it is enough to show that .7 is a contraction on
C ([O, T); 2" x Rd) for some 7. We can then conclude that a fixed point exists by the standard
arguments for a Picard iteration.

We equip C ([0,T]; 2° x R?) with the norm

9(2,2)]
@y, := sup  sup :
T reor)eaxre 1112

This is chosen instead of the usual uniform norm, because the identity map is not bounded.
However, it does have finite || - ||y, norm. Moreover, any flow induced by a vector field
b satisfying the condition (1.29) can be shown to satisfy a bound of the form |®%/(z)| <
C(t)(1+ |z|) for a continuous function C(¢). Hence it is reasonable to use the norm || - ||y, for
such flows.



28 Introduction

Lemma 1.3 (7 is a contraction). Let VW be a Lipschitz function and assume that fy € 2.

Then there exists T such that 7 is a contraction on Yr:

|7 1] = T[dallly, <C(T,W, fo)llo1 — $2|lv;,

where C(T,W, fo) depends only on ||VW ||Li, and My (fo), the first moment of fo.

Proof. We introduce the notation Z; = (X;,V;) to denote trajectories of .7 [¢;]:
Zi(1:2) = ™94 fo) (2).
By definition, for each z € 2~ x R, Z; satisfies the ODE
Xi=Vi, Vi=F[pufol(Xi), Z(0;z) =z (1.35)

Then

||‘7[¢l]_<7[¢2]||YT = sup |Zl(t7z)_ZZ(I,Z)|
t€[0,T] 1+ |z|

Our strategy will be to control the quantity |Z; (¢;z) — Z»(;z)|, using the fact that Z; solves the
ODE (1.35). For the x coordinate, clearly

X0~ %) < [ Vi) =Vl ds

In the v coordinate, we have

Vi) =30 < [ 1Flgrafol (61 (5)) — Flgaefl Ca(s)|ds.

We split the integrand into two:

/Ot |F(¢14f0](s,X1(5)) — F$28f0) (5, X2(s))|ds < I + I,

where

I = /Ot |F[¢14f0](s,X1(s)) — F¢14f0] (s, X2(s)) | ds

and

b= [ 110 fol(5.Xa(5)) — Flganfol (s Xels)l ds

The control of the quantities /; and I, depends on two key estimates. For I; we need to
understand the regularity of F[f] for fixed f. For I, we need to understand the stability of F[f]
with respect to f.
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The regularity estimate is provided by Lemma 1.1: since ¢;4fp € C([0,T]; &),

1F[¢1#f0](2;)|Lip < VW |[Lip-

Then .
1 < VWL /O X1 (5) — Xa(s)| ds.

The stability estimate is proved below in Lemma 1.4. It implies that, for all x € .2,
|[F[@1f0](t,%) = Fl@anfol (1, x)| < M1 (fo) [VW [ILipl| @1 — 2]l

Then .
b < My () VW iy | 1191~ 62l b

Then
X1) = Xa(0)|+ Vi) — Va(0)| < v [ 1(5) = Xa(o)] + Vi ()~ Va(s)]ds

t
M (o) [VW iy [ 1101 = s ds.

where
Cw = max{||VW||Lip, 1 }.

This implies that

21(152) = Za(:2)| < My (fo) (€ = 1) 161 = bl
which proves the result. ]
The proof above relies on Lemma 1.1 and the following stability estimate.
Lemma 1.4 (Stability Estimate for F'). Let VW be a Lipschitz function, and fy € # . Then,

forany ¢1,¢, € C(Z xR 2 x RY),

sup [Fl914fo] — Flg23 ol < My (o) [VW gy sup 21—
e 7€ xR4 1+ |Z|

Proof. By definition,

|F¢14f0](x) — Fd2sf0) (x)| = ‘/%XW VW (x = Px¢1(z)) = VW (x — Px$2(2)) dfo(z) |,
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where Py denotes the projection onto the x coordinate. Since VW is Lipschitz,

Floufo)() = Floaefol 0] < VW iy | 1Peéu(2) = Pea(a)] dfo(2)

A

szm<stﬂ@:Mﬂ)&wﬂ+WhW)

7€ X xR4 1+|Z|

]

1.3.2.4 Uniqueness
We present a uniqueness argument due to Dobrushin [27].

Theorem 1.5 (Uniqueness of Solutions for Equation (1.26)). Assume that VW : &~ — R? isa
bounded, Lipschitz function. Let fy € &). The solution f constructed in Theorem 1.2 is the
unique solution of (1.26) in the class C ([0,o0); .4 ).

The idea is to prove a quantitative stability estimate between solutions with respect to their
initial data. To do this, we will make use of a certain distance on probability measures which
metrises the topology of weak convergence of measures. These are known as Wasserstein

distances.

Wasserstein Distances. The Wasserstein distances, also known as Monge—Kantorovich
distances, are a family of distances on probability measures. They are defined in terms of

couplings of measures.

Definition 3 (Coupling). Let (Q,.%) be a measurable space. Let u and v be two probability
measures on Q. A coupling of ¢ and v is a measure 7 on the product space such that, for all
A € 7, the following two equalities hold:

TAXQ)=pu(4), m(QxA)=v(A).

The set of couplings of i and v is denoted by IT(u, v).
Given this definition, it is possible to define the Wasserstein distances (W}) ,¢[1 co)-

Definition 4 (Wasserstein Distances). Let (Q,d) be a Polish space, equipped with its Borel
o-algebra .7 .
Let p € [1,0). Let u and v be probability measures on (Q,.%) such that, for some xp € Q,

/ d(x,x0)” At (x) < oo, / d(x,x0)? AV (x) < oo, (1.36)
Q Q
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Then the p™ order Wasserstein distance between u and v, W, (1, V), is defined by
1/p
Wy(u,v) = < inf d(x,y)? dn(x,y)) , PE[l,+eo). (1.37)
mell(u,v) J (x,y)€eQxQ

The property (1.36) ensures that the quantity (1.37) is well defined.
In the case p = oo,

Wo(l,v)= inf 1 — esssup d(x,y).
EGH(N:V) x,yEQxQ

Each distance W), satisfies the triangle inequality, and provides a metric on the space of

probability measures satisfying (1.36) (see for example [83, Theorem 7.3]).

Wy (1, u3) < Wy (1, 42) +Wp (U2, 13).

For p € [1,0), convergence with respect to W), is equivalent to weak convergence (of measures)
along with convergence of the p™ moment (see e.g. [83, Theorem 7.12]). W, therefore metrises
the topology of weak convergence of measures.

Wasserstein distances have a monotonicity property: if p < g, then
W,(u,v) < Wy(u,v). (1.38)

This follows from the monotonicity of L” norms on finite measure spaces.

We also recall an important duality property - see for example [83, Theorem 1.3].

Lemma 1.6 (Kantorovich duality). Let u,v € Z2(Q) be probability measures satisfying (1.36)
for p € [1,00). Then

WP (V)= sup {/ ¢du—/wdv},
(9.w)ez (JQ Q

where

F={(9,y) € L' () x L'(v) : ¥x,y € Q,9(x) — y(y) < d(x,)"}.

An important specific case of this property arises in the case p = 1, where the duality can

be phrased in terms of Lipschitz functions.
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Lemma 1.7 (Kantorovich duality for Wy). Let u,v € &(Q) be probability measures satisfying
(1.36) for p = 1. Then

Wi(i,v)=  sup {/Q¢du—/g¢d\/}, where 0] = sup
Xy

O, l19llLip<t

Stability Estimate. Theorem 1.5 is proved by controlling the Wasserstein distance between
two solutions of the Vlasov equation (1.26), in terms of the Wasserstein distance between their
initial data. This will imply the uniqueness of measure solutions for (1.26) as an immediate
corollary. In the following, we will make use of the first order Wasserstein distance W; on the

space 2~ x R? equipped with the metric
d(z1,22) = |x1 —x2| + |v1 — a2l

where z; = (x;,v;).

Lemma 1.8 (Stability Estimate for (1.26)). Assume that VW is a Lipschitz function. For
i=1,2, let fi € C([0,00); P)) be a solution of the Viasov equation (1.26) with initial datum
fo.i € 1. Then

Wi (f1(t), f2(t)) < exp 2| VW [Lipt) W1 (fo15 fo.2) -

Corollary 1.9. Fori= 1,2, let f; € C([0,0); Z) be a solution of the Vlasov equation (1.26),
with the same initial datum fy € &). Then fi = f>.

Remark 1. The requirement for f; to have a first moment can be removed by considering the
truncated distance

d(Zl,Zz) = min{|x1 —x2| + |V1 —VZl, 1}.
In order to streamline the arguments, we present the proof without this truncation.

We now discuss the proof of Lemma 1.8. The overall strategy will be used many times
throughout this thesis.

The proof is based on, firstly, the choice of a particular coupling of the solutions. This
coupling is constructed using the characteristic flows ®%[f;] induced by the solutions. Given
any 7o € I1(fo,1, fo.2), let 7; by defined by the relation, for any ¢ € C, [(2" x R?)?],

/(%_XRd)Z(Z’(ZhZz)d”z = /(%de)2¢ (@™ [fi](21), D™ [£2](z2)) Ao (21, 22).

That is,
= (@Y [fi] @ @™ [£]) , 7o
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Using this coupling 7;, a functional can be constructed which controls the first order

Wasserstein distance between the solutions:

D::/ . <|X1—X2|+|V1—V2|> drm,.
(2 xR4)2

The control of this functional follows a strategy similar to the one used in the construction of
solutions, in the proof of Lemma 1.3. The aim is to prove a Gronwall estimate on D. This
again relies on two key estimates, one expressing the regularity of the force F[f] and the other
its stability with respect to f. The regularity estimate is the same Lipschitz estimate from
Lemma 1.1: for f € &2,

HF[f]HLip < HVWHLip-

The stability estimate in this case needs to be quantified in the Wasserstein distance W;. Itis a

consequence of Kantorovich duality (Lemma 1.7).

Lemma 1.10. Let VW be a Lipschitz function on 2. Fori= 1,2, let p; € P (Z"). Then, for
all Z,
VW [p1 = pa] (x)| < [[VW[[2ip Wi (p1,p2).

Using these estimates, we are able to prove Lemma 1.8.

Proof of Lemma 1.8. We introduce the notation Z;(z,z) := ®%[f;](z) for the characteristics

corresponding to the solution f;. Note that
D(z) =/ X1 (t21) = Xa(t,22) [+ [Vi(t,21) — Va(t,22)| 7o (21, 22)-
(%XR")

The aim is to prove a Gronwall-type estimate on D. Using the ODE satisfied by the flow

we obtain

t
1X1(t,z1) — Xa(t,22)| = X1—X2+/O Vi(s,z1) —Va(s,z2)ds

t
< yxl—x2]+/0 Vi(s,z1) — Va(s,22) | ds.

Similarly,

t
Vi(t,21) = Va(t,22)| < v —VzlJr/0 (VW s ppy (X1 (5,21)) — ViW % py, (Xa(s,22)) | ds.
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Altogether this implies the inequality

D(t) gD(O)-i—/Ot /(%de)2 Vi(s,21) = Va(s,22)]

+ |V)CW>x<pfl (X1(s,21)) = ViW % pg, (XZ(S,ZZ))‘dﬂo(zl,zg)ds.

We can rewrite this as
1
D(t) < D(0) +/ / v = val + [VaW 5 py, (1) — ViW 5y (x2)| dty (21, 22) .
0 J(Z xR4)2

The important quantity to control is

/(,%”deﬁ ‘VXW *pr (X1(s)) = VaWxpy, (Xz(s))|d7rs,

We split this into two parts:
/wzfxmfl)z [VaW s py (1) = VW s ppy (x2) [ dty <1y + D,
where

I = /(%de)z ‘VXW*pfl (x1) = ViWxpy (xz)]dns

and
L= /(%de)z VAW 5 py, (12) = VW 5y, (x2) | dy.

Controlling /; depends on understanding the regularity of V,W x py,. In this case, since
VW is Lipschitz, Lemma 1.1 implies that V.W x py, is also Lipschitz. We therefore have the
estimate

I < ||VxW||Lip/ |x1 — xo| d7zg.
(2 xRd)2
For I, we use the stability estimate from Lemma 1.10:
Hva *Pf — VW *Pf, HL‘”(%) < ||VXW||LipW1 (pflapfz)'
Then

L < HVXWHLipWI (pf”pr)/(%de)Z drms = ”VXWHLile(prsz)-

Then, since Wi (py,,pr,) < Wi(f1, f2), it follows that

L < ”VxW||LipD~
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We conclude that ,
D(r) < D(0)+2|V:W iy | Ds) s

which implies the result. O

1.3.2.5 Summary: Role of the Lipschitz Assumption

We collect together the main points where the assumption that VW is Lipschitz was used in the

well-posedness theory presented above.

Regularity of the Force. The fact that V,W is Lipschitz implies that F[f] = V,W % p is
Lipschitz for any measure p, without requiring any additional regularity assumptions: for any

probability measure f,
IF [ Lip < [[ViW |Lip- (1.39)

This property is used to prove existence of the characteristic trajectories for measure solutions.
It also plays an important role in the construction of solutions (Lemma 1.3) and the stability

estimate in Lemma 1.8.

Existence of the Characteristic Flow. The fact that F|[f] is Lipschitz was used to show that
the characteristic system for the Vlasov equation (1.26) is well-posed. This ensures that the

characteristic flow exists. This flow was used extensively in the estimates above.

Stability of the Force. Another key ingredient is that difference between the forces induced
by two different solutions f; and f> can be controlled in terms of a weak distance between py,

and py,. We used this in the proof of the stability estimate in Lemma 1.8 in the form

||F[f1] _F[fz]HL""(%’) < ||VW||L1le<pf17pf2) (140)

This estimate also implies Lemma 1.4, which was used in the construction of solutions. This is
due to the estimate

Wa(ntfo(0). 02#ho(0) < [ [o"() =63 (2)| o)

<lov=ally [, (1+IDfo(e).

In conclusion, the well-posedness theory for Vlasov equations with regular interaction

depends on the two key estimates (1.39) and (1.40). When we discuss the well-posedness
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theory of more general equations of Vlasov type, one of the recurring ideas will be to look
for suitable versions of or replacements for these estimates. In the following sections of this
introduction, we will discuss this idea in the case of the Vlasov-Poisson system (1.5). In
Chapter 2, where we prove the well-posedness of the VPME system (1.11), the key step of the

proof will be to prove suitable regularity and stability estimates on the electric field.

1.3.3 Coulomb Interaction

The Vlasov-Poisson system is an example of a Vlasov equation (1.26), for which the interaction
potential W is singular. Consider for example the whole space case 2" = R?, where the
Vlasov-Poisson system reads as follows:

(f +v-Vof +E-Vyf =0,
E=-V,U,
—AU = py,
\f’t:0:f0 >0, /def(): L.

(1.41)

The electrostatic potential U is a solution of the Poisson equation on R?. It can therefore be
represented using the Green’s function of the Laplacian. Let G denote the fundamental solution

of the Poisson equation on R?:
—AG = §.

Then U = G+ p and E = —V (G x p). Thus (1.41) formally has the form of a Vlasov equation
(1.26), with the choice W = G. A similar representation is possible in the periodic case
2 =T

In Section 1.3.2 we discussed the well-posedness theory of Vlasov equations when the
interaction potential W is sufficiently regular. The main difficulty in analysing the Vlasov-
Poisson system comes from the fact that the Coulomb potential G has a singularity, which
means that the theory for regular potentials does not apply. In order to make progress, it is
necessary to understand the properties of G. This will depend on the dimension d of the system.
In this section we will focus on the cases d = 2, 3.

In the whole space case 2" = R?, explicit formulae for G are available - see for example
Hormander [50, Theorem 3.3.2]:

—-loglx|, d=2,
1 d=3.

4x|x|?

G(x) = (1.42)
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Similarly, the force K = —VG is given by the formulae

. znTx‘Zv d - 27
K(x) = (1.43)
= d=3.

On the torus 2 = T¢, the fundamental solution has the form Gper = G + Go, where
Gy € C°°(']I‘d) is a smooth function - see for example [37, Lemma 2.1]. Similarly, we write
err - _Vprer in the fOI'm

Kper = K + K. (1.44)

From the formulae (1.43) it is clear that K is not a Lipschitz kernel, due to the point
singularity at x = 0. This means that K * p will not in general be a Lipschitz force if we only
know that p is a measure - consider for example the case where p is a Dirac mass. This causes
problems for the theory outlined in Subsection 1.3.2. The way to deal with this is to consider
solutions for which p has higher regularity.

In fact VK is not integrable near zero, so we cannot even show that K x p is Lipschitz
for general p € L. This is a critical regularity estimate for solutions of Poisson’s equation.
However, it is possible to prove a log-Lipschitz estimate, which is enough to guarantee the
existence of a unique characteristic flow.

This regularity estimate suggests that the class of f for which ps lies in L™ is interesting for
the study of the Vlasov-Poisson system. We will see in Section 1.4 that solutions with p € L™
have a uniqueness property, and that such solutions exist globally in time provided that the

initial datum is compactly supported.

Lemma 1.11 (Log-Lipschitz regularity of the electric field). Let U be a solution of
—AU =p

for p € L>(T4). Then

Vd
VU (x) = VU (y)| < Callp | o (aylx — ¥ <1+10g (H L y<va |-

The proof of this well-known result can be found for instance in [66, Lemma 8.1] for the
case where the spatial domain is R?. It was used by Yudovich [86] in the proof of the existence
and uniqueness of global weak solutions the 2D incompressible Euler equations with bounded
vorticity. For completeness we briefly recall the proof below on the torus T¢ for general d,

since this case will be used several times in this thesis.
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Proof. We use the representation VU = Kpe * p. Since Kper = K + Ko, we have

VU@ = VUO) = | [ [Kperlx =2) = Kperly )] pL2)

X—Z y—z
— d
AJu—wawaﬂp&)z

For the second term, we use the fact that Ky € C!(T¢) to deduce that

<Cy

| ole—2) - Koy 2l ple)a:
T

|, Kolx—2) — Koy = )] p(2) b

< VKol =gy =31 [ 1p@]dz < Callplz-lx =31
For the first term we split the integral by defining the two regions:
Ay ={zeT¢: |x—z <2x—y|}, Ay={zeT¢:2x—y| < |x—2z| <2Vd}.

Then let

xX—z y—2
I-ZZ/ — z)dz.
’ mm[u—zw y—e| P

Forz € Ay,
x—z] <2x—y|, [|y—z| <3x—y]

Thus, letting u = x — z,

L < |lp | ey </|u<2x_y| Ju| ==V du \M!(dl)du) < 5P| =yl = yl-

|| <3|x—yl

For I, we first assume that |x — y| < \/3 since otherwise A; is empty. For z € A, set
K@ (w) := 2=2 Since

w—zld”

Cq

VK& (w)| < ——
lw—z|d

for some dimension dependent constant C; > 0, we deduce that

X—2 . y—=2
pe—z® |y—z/

— |K(Z)(x) —K(Z)(y)] < ( Gslg)” |VK(Z)((1 —0)x+ 9y)|) lx—y|
€0,

< Cd( sup |(1—6)x+ 9y—Z|_d> x—y|
0¢€0,1]

:Cd< sup |x—z+ 9(y—x)|_d> |x —yl.
0€[0,1]
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Since for z € A,
1
vl < Dy —
=yl = 5l

it follows that for all 6 € [0, 1],
0 1
x—z+0(y—x)| > |x—z[—S|]x—z > ]x—2z]|.
2 2
Hence

X—Z _ y—z
lx—zd  |y—z¢

< Calv—2[~x -y

Then

<Gyl [ =2 @)z < Cabr=llplmqro [ =l
Z€EA, ZEA)

2Vd | Vd
= Calx =yl = (ze) /2|x_y| 7 4r = Gabe=yllp ooy log =

Altogether we obtain

Vd
VU (x) = VU (y)| < Callp | o= (ayx = ¥ (1+10g (H L y<va |-
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1.4 Well-Posedness Theory for the Vlasov-Poisson System

The theory of existence and uniqueness of solutions for the Vlasov-Poisson system for electrons
is nowadays well understood. For instance, it is known that solutions exist globally in time,
without a smallness or perturbative condition on the initial data fy. In this section, we review
some of the more recent well-posedness results for the Vlasov-Poisson system for electrons.
We place a particular emphasis on those results upon which our study of the VPME system in
Chapter 2 will be based.

Iordanskii [56] proved that, in dimension d = 1, (1.5) has a unique smooth solution for
initial data f decaying sufficiently quickly at infinity. In the three-dimensional case d = 3,
Arsen’ev [2] introduced a notion of weak solution for the Vlasov-Poisson system (1.5) and
proved their existence, globally in time, for initial data f, belonging to the space L' NL* (]R6).
Horst and Hunze [55] then showed that the boundedness condition fy € L“(R6) could be
relaxed to fy € LP(R®) for p > (12 +3+/5)/11.

In Vlasov-Poisson theory, the terminology ‘strong’ or ‘classical’ solution usually refers
to a solution for which there is an associated classical characteristic flow, according to the
definitions in Section 1.3.1.1, rather than necessarily to a C' solution. The techniques involved
in proving the existence of such solutions differ depending on the dimension d considered. The
mathematical reason for this is that the estimates available for the electric field depend on the
dimension d. We will discuss this in greater depth below.

Ukai and Okabe [81] proved the existence of global-in-time strong solutions in the two-
dimensional case d = 2, for initial data fy € C'(R*) decaying sufficiently fast at infinity.

In dimension d = 3, local-in-time existence was established by Kurth [59]. Global-in-time
existence was proved under various symmetry or near-symmetry conditions in [9, 52, 78], and
for small data, with no symmetry condition, by Bardos—Degond [6].

For large data, global-in-time strong solutions in dimension d = 3 were constructed by
Pfaffelmoser [74], for any compactly supported initial datum fy € L(R®). The proof is based
on controlling the rate of growth of the support of the solution, and showing that the solution
remains compactly supported in RO at all times. Schaeffer gave a streamlined proof of the same
result in [79]. Horst [54] extended these results to include non-compactly supported initial
data with sufficiently fast decay at infinity. These results are valid for the whole space case
(x,v) € R® and are based on an analysis of the characteristic trajectories of the solution. To
prove a version of this result on the torus (that is, for (x,v) € T? x R?), it is necessary to deal
with the fact that characteristic trajectories wrap around the torus. The method was adapted to
the torus by Batt and Rein [10], who proved the existence of global-in-time strong solutions for
(1.5) in the three-dimensional case d = 3, for initial data fy € L' NL=(T? x R3) with compact
support.
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An alternative approach to the construction of global-in-time solutions in 3D was provided
by Lions and Perthame [64]. Their method is based on proving the propagation of moments.
They showed global existence of solutions, provided that the initial datum fy € L' NL=(T¢ x
R4) has moments in velocity of sufficiently high order. However, their strategy is for the whole
space case x € RY, and it is not currently known how to adapt it to the torus.

Pallard [73] combined the two approaches by proving the propagation of moments using
a method reminiscent of [74, 79, 10]. This result extends the range of moments beyond that
covered by the result from Lions—Perthame [64], as well as including a result of propagation of
moments for the equation posed on the torus.

Lions and Perthame [64] also proved a uniqueness criterion for their solutions under an
additional technical condition requiring Lipschitz continuity of the initial datum f. Robert
[76] then proved uniqueness for solutions that are compactly supported in phase space for
all time. Loeper [65] proved a general uniqueness result which requires only boundedness
of the mass density py, and therefore includes the compactly supported case. Loeper’s result
is similar in style to the Dobrushin result quoted above as Theorem 1.5, in that it relies on
a stability estimate on solutions in a Wasserstein distance, in Loeper’s case W,. In the one
dimensional case, Hauray [47] proved a weak-strong uniqueness principle, showing that if a
bounded density solution exists, then this solution is unique among measure-valued solutions.
This result is also based on a Wasserstein stability result.

In the remainder of this section, we introduce in greater detail two of the more recent
results in the well-posedness theory for the Vlasov-Poisson system for electrons. We begin by
discussing Loeper’s [65] uniqueness result for solutions for which pr is bounded in L. Then,
in Subsection 1.4.3, we discuss the approach of Pfaffelmoser [74], Schaeffer [79] and Batt and
Rein [10] based on controlling the support. In Chapter 2, we will prove analogues of these
results for the VPME system, which are stated in Section 1.7 below as Theorems 1.21 and 1.22.

1.4.1 Basic Estimates

We begin by recalling some basic properties of solutions of the Vlasov-Poisson system (1.5).
The aim is to understand the basic a priori estimates on solutions that are implied by the
conservation laws of the system. In this case, the conserved quantities are the energy and the
mass.

1.4.1.1 L? Estimates

In Subsections 1.3.1.1 and 1.3.2.2 above, we discussed the conservation of L” norms for

solutions of transport and continuity equations.
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Here, we use the fact that the Vlasov-Poisson system is a transport equation to derive
LP(T¢ x RY) estimates on smooth solutions. Note first that the vector field

b(x,v) = (v,E(x))

is divergence free in T¢ x R¢. Thus, if f is a solution of the Vlasov-Poisson system (1.5), then
f satisfies both a transport and a continuity equation.

We assume that f is a smooth solution of (1.5) and therefore induces a classical characteristic
flow. We therefore have the following L” (T¢ x R¢) estimates.

Firstly, for the transport equation (1.27), if the initial data f; is in the space L=(T% x R?),
the solution f satisfies, for ¢ > 0,

£ = (e xmay = [1foll oo ey -

This was a consequence of the representation via characteristics.
Secondly, for the continuity equation (1.32) we showed that, if fj is a finite measure, then
the total mass of the solution f; is non-increasing. In particular, if fy € L'(T? x R?), then

£ (2., ')HL'('JI“’XR") = HfOHL'(’]I‘ded)'

This was a consequence of the pushforward representation (1.33).

For strong solutions of the Vlasov-Poisson system (1.5) with initial data fj € L ﬂL“(Td X
RY), we therefore expect to have uniform in time L? estimates, for any p € [1,+oo]: for any
t >0andany p € [1,+o],

1

1 1—1
£ ) ey < [foll a1 foll " (1.45)

1.4.1.2 Moments

In the theory of kinetic equations, it is important to understand how to extract information
about the spatial density p, from properties of the full phase-space density f. The following
lemma is a well-known useful result showing that control of the moments of f implies L (T¢)
integrability for p.

Lemma 1.12. Let f € L=(T¢ x RY) satisfy, for some q > 0,

A= [, bl dedy <
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Then, the mass density p|f], defined by

q+d . .
belongs to the space L 4 (Td). Moreover, we have the following estimate on the norm:

= d_
oL, 5 1 < Caa Moy Malf17

Proof. The proof uses an interpolation argument. We split the integral defining p[f] into two
parts - one involving small velocities and another involving large velocities. For some R, to be

fixed later, we have

/ flx,v)dv= flx,v)dv+ f(x,v)dv.
R4 [v|<R

[v|>R

The small velocity term is bounded in terms of the volume of the ball of radius R in R¢, since
fer>:
| F)d < Gl o R
[v|<R

The large velocity term is bounded using the higher moment:

flx,v)dv<R1 /Rd V]9 f(x,v)dv.

[v|>R

Thus
d _
/Rdf(xav)dvSCd”fHL""(TdXRd)R +R ‘I/Rdlquf(x,v)dv.

We choose R so as to minimise this bound. The optimal value is
1d
+
[ wlereear) ©
R4

1Nl = e e

R=R(t,x) =Cy

This implies that

_d_
q+d

_9
/Rdf(x,v) 4 < Cag |11l (/Rd VI7f (x,v) dv)
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+d ..
Next, take the L*@ (T9) norm of these quantities:

_d_

_4q_ q+d
e <Cigq ||f||ZI?Td) (/deRd v[?f(x,v) dvdx) :

L'd (T¢)

H/Rdf(x,v)dv

This completes the proof. []

This estimate is used to deduce properties of the electric field E from estimates on the
moments of the solution f. It is particularly useful in conjunction with the conservation of

energy, as we will explain in the next section.

1.4.1.3 The Role of the Energy

The Vlasov-Poisson system has an associated energy functional, which is defined as follows:

1 1
&[] =3 Rd|v|2fdxdv—|—§/Td|VU\2dx. (1.46)

Td x

~\~

=%
The first term % is the total kinetic energy of f, while the second term & is the electrostatic
potential energy. This functional is formally conserved by the equation.

Lemma 1.13 (Conservation of Energy). Let f be a smooth solution of the Vlasov-Poisson
system (1.5). Then, for all t,

gvp[f(t7 K )] = (goVP[fO].
Proof. Consider the time derivative of the kinetic energy .#". Using the equation (1.5) satisfied
by f, we find that

d _ 2
GHO= [ WPy drdy

= TdXRd[—v-fo—E-va]\v\2dxdv.

We apply integration by parts. The term involving V., f vanishes because the function v|v|?
does not depend on x. We are left with

%%(t) = Z/I[‘dx]Rd [V'E(t,x)]f(t,x, V) dxdv.

We define the current density J; : [0,%0) x T¢ — RY by

Jr(t,x) = /Rdvf(t,x,v)dv.
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Then d
SH (D)= Z/TdE(t,x) Jp(,x) .

Since E is defined by the relation £ = —V,U, we may write
d%/— —2/ V,.U-Jrdx
dr N Td FE

We integrate by parts one more time to obtain

d |
A = 2/Td U div,J dr.

We next consider the time derivative of 2. We calculate that

d_ d ,
E‘@_E(/MVM dx) —Z/Tdé?thU-Vdex

Integration by parts gives
d
—P = —2/ Ud,A,U dx.
dr Td

We use the Poisson equation to substitute for AU:
d P =2 Udprdx 1.47
S = /T Uaipydx. (1.47)
To obtain an expression for d;p ¢, we use the transport equation:
of+v-Vif +E-V,f=0.
Integrating with respect to v gives
8tpf+/ v~fodv+/ E-V,fdv=0.
Rd R4

Since E is independent of v, E -V, f is a total derivative in v and the third term vanishes. The

second term may be expressed as
/ v-fodv:/ divy (vf)dv
R4 R4

= div, (/Rdvfdv>

= diVfo.



46 Introduction

We conclude that d;p = —div,J. Substituting this into (1.47) gives
d d
—@:—2/ UdiviJrde= — S 4,
dt VS dt

O

Since both ¥ and & are non-negative, control of & VP implies a bound on .#, which is
exactly M»[f], the second order velocity moment of f. By Lemma 1.12, this implies an L?

estimate on py.

Lemma 1.14. Let f € L' NL=(T? x RY), such that &V [f] is finite. Then

1071, 52y < CallF1 2y 6711155

It is therefore useful to be able to prove estimates for the Vlasov-Poisson system that involve

the quantity ||p fHL% 1) We will use a similar property in the study of the VPME system.

1.4.1.4 Electric Field

An important consequence of these estimates is that solutions of the Vlasov-Poisson system
with bounded energy automatically satisfy certain uniform-in-time integrability bounds on their
electric fields E. This follows from the fact that £ = —VU, where

~AU =p;—1, xeT<

We then apply standard estimates for the Poisson equation. By Calderén-Zygmund estimates,
if pr € LP(T?) for p € [1,0), then

HE”WU’(Td) < ”U”Wlﬁ(ﬂrd) < CpHPf”LP(Td)-

42 we therefore have a uniform-in-time estimate on E in W1 (T9).

For the choice p = ¢

Moreover, Sobolev embedding estimates can be used to deduce uniform-in-time L4 esti-
mates on E for some ¢ = g(p,d). This explains why the theory of the Vlasov-Poisson system
differs depending on the dimension. As d increases, there are two effects. One is that the gain
of integrability on E with respect to py due to Sobolev embedding is smaller. At the same time,
the integrability on p; obtained from the conservation of energy is also of lower order. Overall,

the a priori uniform estimate on E is weaker for higher d.
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Explicitly, in dimension d = 2 we have the critical case of Sobolev embedding, where the
Lebesgue exponent is equal to the dimension of the space. We therefore expect a uniform-in-

time L estimate on E for any p € [1,0): for all z > 0,

IE )l (ray < C(p, fo)-

In dimension d = 3, we only have this estimate up to p = 14—5: for all > 0,

B35 g0, < 0

This is a key difference between the cases d =2 and d = 3.

1.4.2 Uniqueness for Solutions with Bounded Density

We discuss a uniqueness result due to Loeper [65], dealing with solutions of the Vlasov-Poisson
system for electrons (1.5) with bounded density - that is, solutions for which the spatial density
py lies in L>(T¢). The following theorem comes from [65, Theorem 1.2].

Theorem 1.15. Let fy € L' € L*(T¢ x RY) and let T > 0. There exists at most one solution f
of (1.5), in the sense of Definition 1, for which p; € L= ([0, T];L(T¢ x R?)).

Remark 2. The definition of weak solutions given in Definition 1 makes sense for solutions
of the Vlasov-Poisson system with bounded density, since in this case E is a log-Lipschitz

function by Lemma 1.11.

This result is a based on a version of the Wasserstein stability estimate in the smooth case
that we discussed in Lemma 1.8. In Section 1.3.3 we discussed the fact that Lemma 1.8 does not
hold for Vlasov equations with singular interactions such as the Coulomb force. However, we
can recover a similar estimate by assuming additional regularity on the solutions we consider.
In fact, a version of the stability estimate is possible for solutions with bounded density. The

following theorem is a consequence of the proof of [65, Theorem 1.2].
Theorem 1.16. Let f1(0), />(0) be probability measures on T¢ x RY. For each i, let f; be a

solution of the Vlasov-Poisson system (1.5). Assume that, for some T >0, fori=1,2,

sup |[p[fi(t)][| 1= (e < Co.
t€[0,T]
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Then the second order Wasserstein distance between the two solutions satisfies the following
estimate: for allt € [0,T]

Cexp C(1-+10g LA )T | s (1(0). o(0) < a

W2 (£1(0), f2(0)) e~ if Wa (£1(0), £(0)) > d.

W2 (f1(2), f2(1)) <

The constant C depends on C.

This result is proved following a similar method to the proof of Lemma 1.8. It requires
suitable replacements for the regularity estimate (1.39) and stability estimate (1.40). For the
regularity estimate we use the log-Lipschitz property from Lemma 1.11. The necessary stability
estimate was proved by Loeper [65]. The following result comes from [65, Theorem 2.9]. It

can also be adapted to the torus.

Theorem 1.17. For each i = 1,2, let p; € Z NL*(R?) and let U; satisfy

—AU; = Pi, lim Ui(x) =0.

=0

Then
IVU1 = VUs | 22y < max||pill L Walpr, p2)-

In the one-dimensional case d = 1, it is possible to replace Theorem 1.16 with a weak-strong
stability estimate due to Hauray [47, Theorem 1.9], in which only one of the solutions needs to
have bounded density. This results in a weak-strong uniqueness principle. This was extended
to the VPME case in [44].

In Chapter 2, we will prove an analogue of Theorem 1.16 for VPME. This result is stated

below as Theorem 1.21.

1.4.3 Global Existence of Solutions

We have seen above that bounded density solutions of the Vlasov-Poisson system have a
uniqueness property. It is also possible to show that solutions in this class exist globally in
time, for compactly supported initial data. This was proved by Pfaffelmoser [74] and Schaeffer
[79] for the whole space case (1.6), and subsequently for the torus by Batt and Rein [10]. For

example, the following result is a consequence of the estimates of Batt and Rein [10].

Theorem 1.18 (Existence of solutions on the torus). Let d = 3, and suppose that fy € C}(T% x
RY), with fy > 0 and [ foll Lt (raxray = 1. Then there exists a global-in-time solution f €
C! ([(),00) x T4 x R4 ) of the Vlasov-Poisson system (1.5).
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The approach of [74, 79, 10] is based on showing that f; is compactly supported for all 7,

with the size of the support controlled by a continuous function:
supp f; C TY x Bg(0), ReC(R4Ry).

This implies global-in-time existence because the solution can always be continued locally
from a compactly supported initial datum [51, 74].
Moreover, these solutions have bounded density. Indeed, p[f;] satisfies the estimate

P Uil z=(pay < Call il 1= (pa ey RY

where Cj is the volume of the unit ball in R?. Thus the uniform bound on the L™ norm of f;
(1.45) implies that

P Lfilll = (ray < Call foll po=(pa ey RY < C(d, fo)RY.

The uniqueness result of Loeper (Theorem 1.15) thus applies to these solutions.

In Chapter 2, we will prove an analogous result on the global-in-time existence of solutions
for the VPME system. Our method makes use of the estimates of Batt and Rein [10], which
control the electric field for the classical Vlasov-Poisson system (1.5). We will revisit their
method in detail in Chapter 2, in Section 2.7, where we adapt these estimates to the VPME

case.

1.4.4 The Vlasov-Poisson System with Massless Electrons

In Chapter 2 of this thesis, we investigate the well-posedness theory of the VPME system
(1.11). The main difficulty in analysing the VPME model compared to the classical system is
that the coupling between the density f and the electric field E is nonlinear.

In the one-dimensional case, global existence of solutions was proved in Han-Kwan—
Tacobelli [44, Theorem 1.1]. In dimension d = 3, weak solutions were constructed globally in
time by Bouchut [17].

In this thesis, we extend the main well-posedness results outlined above for the system
(1.5) to the VPME case. We prove a uniqueness result in the style of Loeper [65], which is
stated in Section 1.7 as Theorem 1.21, and proved in Chapter 2, Section 2.6. We also prove the
global existence of solutions following a method in the style of Batt and Rein [10]. This result
is stated in Section 1.7 as Theorem 1.22, and proved in Chapter 2, Sections 2.7-2.9.
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The key step in our analysis is to prove appropriate regularity and stability estimates on the
electric field in the VPME system. These estimates are proved in Chapter 2, Sections 2.4 and
2.5.
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1.5 The Quasi-Neutral Limit

1.5.1 Challenges

In this section we describe some of the challenges involved in proving a rigorous quasi-neutral
limit. These challenges can be related to known phenomena in plasma physics.

To understand the issues, it is useful to observe that the quasi-neutral limit can be related to a
long time limit for the Vlasov-Poisson system. If f is a solution of the unscaled Vlasov-Poisson
system (1.5), then fe = f (é, g, v) is a solution of the system with quasi-neutral scaling (1.15).

One source of difficulty therefore arises from dealing with instabilities in the Vlasov-Poisson
system, which are known to exist. An important example is the two-stream instability, which
we describe below. In order to avoid this instability, it is necessary to restrict the class of data
considered.

Another source of difficulty is that solutions of the Vlasov-Poisson system exhibit an
oscillatory behaviour in their electric field. This oscillation is related to the plasma oscillations,
which are a well-known phenomenon in plasma physics. The oscillation does not become small

in the quasi-neutral limit, and must therefore be removed.

1.5.1.1 Two-Stream Instability

The two-stream instability is an instability mechanism for the Vlasov-Poisson system that is
well-known in plasma physics. The model problem is to consider firing two jets of electrons at
each other - these jets are the ‘two streams’. This physical situation is known to be unstable —
see for example [11, Section 5.1].

In a kinetic model, configurations of this type can be represented by choosing an initial
datum f whose velocity distribution consists of two bumps. Solutions beginning from such
configurations develop an instability taking the form of vortex-like behaviour in phase space
— see for example [12] for simulations and experimental results on this phenomenon. Such
behaviour prevents the quasi-neutral limit from holding. It is therefore necessary to place some

condition on the initial data for the Vlasov-Poisson system that rules out this instability.

1.5.1.2 Plasma Oscillations

Another key issue in proving the quasi-neutral limit is the presence of a known oscillatory
behaviour that does not vanish in the limit. This is related to the ‘plasma oscillations’ which are
well-known in plasma physics. This behaviour was first described by Tonks and Langmuir [80].
The origin of these oscillations can be understood by considering a plasma in an equilibrium
state, so that both ions and electrons are uniformly distributed. Consider perturbing the electrons



52 Introduction

by a small amount. The ions then exert a restoring force on the perturbed electrons which
pulls them back towards their starting position. The electrons will then overshoot their starting
position, and the continued influence of the restoring force will set up an oscillation.

This behaviour is seen mathematically in solutions of the Vlasov-Poisson system as an
oscillation in the electric field. These oscillations were analysed by Grenier [33] using the fact

that the electric field satisfies the following equation:
€207 divE +divE = div([(1 —p)E] + V2 /d VR vfedv. (1.48)
R

In physics presentations, one typically considers the situation described above of a system
slightly perturbed out of equilibrium. In this case the spatial density p is close to uniform. If we
assume further that the electrons are cold, then the density f¢ is roughly of the form f; ~ 5,4(,7)5).
Since the average velocity u should be small, it is possible to make the approximation

€?02E +E ~0.

From this it can be derived that E oscillates with frequency %

Grenier [33] showed that similar oscillations occur for the full equation (1.48) coupled
with the Vlasov-Poisson system. These oscillations do not vanish in the quasi-neutral limit.
However, they can be accounted for by introducing a ‘corrector’ function. This corrector can
be built from the solutions of known equations - see Section 1.5.4.1 below for details.

1.5.2 Known Results

The mathematical study of the quasi-neutral limit from Vlasov-Poisson to kinetic incompress-
ible Euler received significant attention in the 90s. We refer for instance to the papers of
Brenier—Grenier [21] and Grenier [32], using an approach based on defect measures, and the
result of Grenier [34] for the one-dimensional case. Brenier [20] and Masmoudi [67] considered
the ‘cold electrons’ regime, in which f¢ converges to a Dirac mass in velocity as € — 0, and
the limit is the incompressible Euler system (1.18).

A general result of interest for our purposes is the work of Grenier [33], who proved the
quasi-neutral limit rigorously under the condition that the initial data for (1.15) are uniformly
analytic, in a sense based on a reformulation of the Vlasov-Poisson and kinetic incompressible
Euler systems as multi-fluid pressureless Euler systems. We will describe this precisely in
Section 1.5.4.1.

In Sobolev regularity, the quasi-neutral limit does not hold in general. This is due to the

possible occurrence of the two-stream instability, which would prevent strong convergence
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to the limit. Counterexamples to the quasi-neutral limit were constructed by Han-Kwan and
Hauray [42], in arbitrarily high Sobolev regularity.

An alternative way of relaxing the regularity constraint was investigated by Han-Kwan and
Tacobelli [43, 44]. These works extended the quasi-neutral limit to a class of rough data. The
data must be a very small perturbation of the uniformly analytic case, but may be as rough
as L™ (or a measure in the case d = 1). The smallness of the perturbation is measured in a
Wasserstein distance. The papers [43, 44] cover the cases where the dimension d = 1,2, 3.

For the massless electrons model, similar results are available. The cold ions case was
considered in [41]. In analytic regularity, it is possible to prove a version of Grenier’s result
[33] - see the discussion in [44] after Proposition 4.1. Han-Kwan and Iacobelli [44] showed a
rigorous limit in dimension one, again for rough perturbations of analytic data. However, in
higher dimensions, a similar result was not previously available. This gap is filled in this thesis
- in Chapter 3, we present a proof of a rigorous quasi-neutral limit for the VPME system for a
class of rough data in dimension d = 2, 3.

A positive result is available in Sobolev regularity for the VDB system (1.21) by Han-Kwan
and Rousset [46]. The VDB system can also be derived in a quasi-neutral limit, from the
following linearised version of the VPME system:

(0 +v-Vef +E-V,f =0,
E=-VU,

AU =1+U —py,

\f‘l:O = Jfo, /TdXRdfo(x,v)dxdv =1

(VPME)g :=

Han-Kwan and Rousset [46] proved this limit rigorously for data with sufficiently high Sobolev
regularity, under an additional stability criterion.

1.5.3 Existence Theory for Kinetic Euler Systems

A proof of the quasi-neutral limit will either require or imply a result of existence of solutions
for the relevant kinetic Euler equation. Local existence of solutions was shown in analytic
regularity in one dimension by Bossy et al. [16] for the kinetic incompressible Euler system,
as part of a study of more general kinetic equations with an incompressibility constraint. The
corresponding result for the Vlasov—Dirac—Benney equation was proved by Jabin and Nouri
[57]; see also Mouhot and Villani [71, Section 9]. Local-in-time existence in analytic regularity

in higher dimensions is a corollary of the quasi-neutral limit results of Grenier [33].
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In Sobolev regularity the systems are in general ill-posed. Instability results were shown
for the VDB system by Bardos and Nouri [8] and by Bardos and Besse [5] — see also the report
of Bardos [4] on this work. These results were later extended by Han-Kwan—Nguyen [45] and
Baradat [3], with results covering both the VDB and kinetic incompressible Euler systems.

In Sobolev regularity, local-in-time existence has been proved under a further stability
criterion in [5, 46] for the VDB system. No global-in-time existence results are available for

any of the kinetic Euler systems we consider.

1.5.4 Rough Data Results

In Chapter 3, we will prove a result on the quasi-neutral limit from the VPME system (1.11)
to the KISE system (1.20). Our result holds for rough data that are small perturbations of the
analytic case, in dimension d = 2,3. It is analogous to the results of Han-Kwan—lacobelli [43]
for the classical Vlasov-Poisson system, and an extension of the one dimensional result of
Han-Kwan-Iacobelli [44].

In the following sections, we discuss the results of Grenier [33] for the analytic case and

Han-Kwan-lacobelli [44, 43] for small rough perturbations of the analytic case.

1.5.4.1 Analytic Case

In this section, we discuss a result by Grenier [33] dealing with the quasi-neutral limit for the

classical Vlasov-Poisson system (1.15), in the case of analytic initial data.

Multi-Fluid Formulation. Grenier’s approach to the quasi-neutral limit is phrased in terms
of a representation of the Vlasov-Poisson system (1.15) as a multi-fluid pressureless Euler-
Poisson system. The idea is to think of the electron density f; as a superposition of layers of
fluid, each described by an associated velocity field. To be more precise, assume that fe may

be represented in the form
Feltox,v) = /@ pL(1,x)8,9, ) (v)u(d), (1.49)

for some probability space (®, &, 1) and a family of functions (pZ,v%)gce.
The representation (1.49) allows a general class of initial data f¢(0). For example, any

continuous initial datum f¢(0) can be represented in this form. Choose ® = R?, and let

1

Hde) = e

de,
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for suitable values of k and ¢ so that  is a probability measure. Then let
pg(O,x) = c(1+ ‘9|k)f8(07x7 6), VS(O,X) =0.

The formula (1.49) is also able to represent distributions with much lower regularity in v, such
as sums of Dirac masses in velocity.

The idea of the multi-fluid representation of the Vlasov-Poisson system is to formulate
a representation (1.49) of f; where the (p2,v?)gce satisfy fluid equations. The multi-fluid
system for (p2,v?)gce associated to (1.15) is the following:

2,08 +div,(p?) =,
8tv89 + (vg -Vx)vg =E,
V)C X Eg - 0,

&’V -Ee = / pdu(de)—1.
®

(VP—MF)g := (1.50)

If the collection (pg , vg)geg is a solution of system (1.50), then the formula (1.49) defines a
weak solution of the Vlasov-Poisson system (1.15).

We can consider the quasi-neutral limit of the multi-fluid system by formally setting € = 0
in the system (1.50). This results in the system

9,p? 4 div,(p?v?) =0,
o+ (- vl =E,

(KInE — MF) := V. xE=0, (1.51)
| pPuae) —1.
c]
If (p9,19) o satisfies the system (1.51), then the density g defined by
glt,x,v) = /@ PO (1,%)8,0(, (v)11(d6) (1.52)

is a weak solution of the kinetic incompressible Euler system (1.16). The connection between

systems (1.50) and (1.51) is thus a multi-fluid version of the quasi-neutral limit.

Quantifying Analyticity. To measure analyticity the norms ||-||g; are used. These are defined
for 6 > 1 by

Igllss ==Y, 12(k)|8%,
kezd
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where g(k) denotes the Fourier coefficient of g of index k. Here & is a (large) parameter
quantifying the exponential rate of decay of the Fourier coefficients of g - the larger 0 is, the
faster ¢(k) must decay with respect to & in order for the series to converge, and therefore the

smoother g must be in order to have finite norm.

Correctors. To obtain convergence in the quasi-neutral limit, it is necessary to account for
the plasma oscillations described from a physical perspective in Section 1.5.1.2. This is done
by introducing correctors, which describe these oscillations.

The correctors are defined as follows. For a solution (p6 , ve)(;e@ of (1.51), we also define
the corresponding current density

J(1,%) ::/Gve(t,x)pe(t,x),u(de).

If g is defined by (1.52), then J satisfies

J(t,x) z/dvg(t,x,v)dv.
R

Similarly, for a solution f¢(0,x,v) for the system (1.15), we define the current density Jg:

Je(t,x) = /Rdvfg(t,x,v)dv:/@vg(t,x)pg(t,x)u(de).

Note also that the electric field E; is defined in (1.50).
The corrector Z; is defined by

Felt.x) =+ (d(10)ef —d (e )., (1.53)

1

where d. are solutions of the following equations:

Vixdy =0, V- (8tdi —l—J-dei) =0

£E¢(0) £ iJe(0)
;)

Vx-di(O):;i_r%Vx-(

Note that this system only depends on f, through its initial data f¢(0,x,v).
The corrector is used to ‘filter’ the velocity fields, after which convergence can be proved.

Instead of looking at v¥, one shows that v¢ — %, converges to a limit.
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Quasi-Neutral Limit. The main result of Grenier [33] is a quasi-neutral limit from system
(1.50) to (1.51), under the assumption of uniform analyticity of the data with respect to x. The
following result is one case of the main result of [33].

Theorem 1.19 (Quasi-neutral Limit for Analytic Data). For each € € (0,1), let g¢(0) be a
choice of initial datum for the Vlasov-Poisson system (1.15). Assume that the {g¢(0)}ec(0,1)

are uniformly analytic in x, in the sense that, for some 8 > 1,

sup (14 [v[**)1ge(0,-v)l[z; <C.
£€(0,1),veR4

Suppose further that
sup / ge(0,x,v)dv—1 <n,
gc(0,1) |[/R? Bg,
where 1 is sufficiently small.
Let {pf(0,x),v2 (0,%)}gere ec(0,1) be defined by
P2 (0,x) =ca(1+1(0]"1)ge(0,x,0),  v2(0,x) =#. (1.54)

Assume that, for each 8 € R™, p8(0,x) and v8(0,x) have limits p®(0,x) and v? (0,x) as &
tends to zero, in the sense of distributions. Assume also that divJe(0) and €E¢(0) have limits
in the sense of distributions as € tends to zero. Let ) satisfy &y > 01 > 1. Then there exists
T > 0 such that:

(i) For each € € (0,1), there exists a solution {pf v}y pa of the multi-fluid system (1.50)
with initial data given by (1.54), with each p¢ and v? bounded in C ([0,T];Bs,) .

(ii) There exists a solution (p®,v? E) to the limiting system (1.51) fort € [0, T), with initial
data
p®(0) = lim p? (0)
e—0
12 (0) = lim |v¢(0) — VA~ divJe (0)

e—0

(iii) Define the corrector function % by (1.53), and let
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then as € tends to zero, for all s € N,

sup ||P3—Pe\|m+|!(vg—ﬁe)—veHH.s —0.
1€[0,T]

In fact, Grenier proves [33, Theorem 1.1.3] that the quasi-neutral limit for the multi-fluid
systems holds for any sufficiently smooth solutions of (1.50), satisfying for some s > %l +2 and
some 7" > 0,

sup 1€ () g5 pay - 1vE ()l gs (my + 1€ Ee (0) | s pay | < oo (1.55)
0€0,:€[0,T],e€(0,1)

The analyticity is needed to prove that solutions satisfying (1.55) exist. It is used to get a time
interval of existence that is uniform in €. Grenier proves the existence of such solutions in [33,
Theorem 1.1.2], using a strategy similar to the proof of the Cauchy-Kovalevskaya theorem by
Caflisch [22].

VPME. A similar strategy can be used to prove the quasi-neutral limit for VPME in analytic
regularity. The necessary modifications of the proof are discussed in [44].
The multi-fluid system for VPME is

dhpg +dive(pvd) =0,
(VPME —MF )¢ :={ 0v¢ + (v - Va)vg = =Vl
e2AUe = eVe —/ plu(de).
Q)

In the quasineutral limit, we formally obtain

9,p? +div,(p9v?) =0,
oo+ (- vl = -vU,

U =log (/@p‘ﬁt(d@)) .

In analytic regularity, we have the following equivalent of Theorem 1.19. The main

(KISE —MF) :=

difference between the results is that correctors are not necessary in the VPME case, as

explained in [44, Section 4.1].

Theorem 1.20. For each € € (0,1), let g¢(0) be a choice of initial datum for the VPME (1.19).
Assume that the {g¢(0) }ec(0,1) are uniformly analytic in x, in the sense that, for some & > 1,

sup (14" 1)][ge(0,-v) |5, < C.
€€(0,1),veRd
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Suppose further that

sup
€€(0,1)

=,
350

/ ge(0,x,v)dv—1
]Rd

where 1 is sufficiently small.
Let {pf(0,x),v? (0,%)}gere gc(0,1) be defined by

pf(O,x) =cq(1+ |9|d+l)g8(0,x, 0), vg(O,x) =0.

Assume that, for each 8 € R™, pf(0,x) has a limit p®(0,x) as € tends to zero, in the sense
of distributions.
Let 8y satisfy & > 01 > 1. Then there exists T > 0 such that:

(i) For each € € (0,1), there exists a solution ((p8 ,V8,)gcpa, Ee) of the multi-fluid system
(1.50) with initial data given by (1.54), with each pf and v® bounded in C ([O, T];B(sl) .

(ii) There exists a solution (p® ,v? E) to the limiting system (1.51) fort € [0,T), with initial
data (p%(0),v%(0)) such that, as € tends to zero, for all s € N,

sup [HPEG _p9||H5(Td) + ||Vf; _Ve”Hs(Td)} — 0.
t€[0,T]

1.5.4.2 Rough Perturbations

The works of Han-Kwan and lacobelli [44, 43] deal with small, rough perturbations of these
analytic results. The idea is to consider initial data f¢(0) for the Vlasov-Poisson system
satisfying

Wp (fe(o)vgs(o)) < ¢(8)

where the functions g¢(0) satisfy the conditions of Theorem 1.19 or Theorem 1.20 as appropri-
ate. The function ¢ must converge to zero sufficiently quickly as € tends to zero. If the rate
is too slow, then the Sobolev counterexamples from [42] will not be excluded and the limit is
false in general. Thus f¢(0) is a small perturbation of the analytic regime, in the sense of a
Wasserstein distance.

In [44], the authors prove a quasi-neutral limit of this kind in the one-dimensional case
d = 1, for both the classical Vlasov-Poisson and VPME cases. This one-dimensional result
is valid even for measure data. In [43], they prove a result in higher dimensions d = 2,3, for
the limit from the classical Vlasov-Poisson system (1.15) to the KInE system, for a class of
L™ data. However, previously a result in dimensions d = 2,3 was not available for the VPME

system.
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In both works [44, 43], the method of proof is to consider the solutions fe and g¢ of the
relevant Vlasov-Poisson system starting respectively from the initial data f¢(0) and g(0).
Stability estimates are used to show that f; and g, are sufficiently close to each other in a
Wasserstein distance, so that the limit that holds for g, can also be extended to f¢. The key
ingredient is the stability estimate of Loeper [65], quoted above as Theorem 1.16, or, in one
dimension, a weak-strong estimate in the style of Hauray [47]. The obstacle to proving a rough
data quasi-neutral limit for VPME in dimensions d = 2,3 was the previous absence of suitable
Loeper-style stability estimates in this case.

In this thesis, we are able to fill this gap, proving a quasi-neutral limit for the VPME
system in dimensions d = 2,3 for data that are small perturbations of functions satisfying the
assumptions of Theorem 1.20. This result is stated below in Section 1.7 as Theorem 1.23, and
proved in Chapter 3. The key ingredient is the stability estimates that we develop for the VPME
system in Chapter 2, Sections 2.4-2.5.
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1.6 Mean Field Limits

The problem of deriving a Vlasov equation from its underlying particle system is known as the
mean field limit. In a typical formulation of this problem, one considers a system of N point
particles evolving under the influence of binary interactions between the particles, described
by an interaction force —VW derived from a potential —W, and possibly an external force
—VV arising from an external potential —V. The dynamics are modelled by a system of ODEs
describing the phase space position (X;, V) ., of each of the N particles:

X; =

(1.56)

Vi ZVXW(X,- —X;)+ VV(X;).

J#i

ZIHN<

The choice of scaling 1/N is designed to be the appropriate one to obtain a Vlasov equation in

the limit. The formal limiting system is
Of+v-Vif+ (VW pr+VV).V,f=0. (1.57)

The aim of this section is to discuss what is known rigorously about the limit from the ODE
system (1.56) to the Vlasov equation (1.57).

In order to make sense of the limit, we need a way to compare solutions of the ODE system
(1.56), which are trajectories in the space (2~ x R )N , with solutions of the PDE (1.57), which
are functions or distributions. The connection is formulated by using empirical measures. The

empirical measure p” associated to a configuration (X;, V,)fV: | is defined by the formula

N
Y Sx.v)- (1.58)

i=1

ZIH

The normalisation 1/N ensures that u” is always a probability measure.

Then, any solution of the ODE system (1.56) can be represented as a path # — uV(¢) in the
space of probability measures. u”v can then be compared with solutions of the PDE (1.57). As
a mathematical statement, the mean field limit corresponds to showing that,

if lim uY = f,. then lim u” = #, fort > 0.
if lim g = fo, then lim p;" = f; fort >

This convergence should hold in the sense of weak convergence of measures. Whether it
is possible to prove such a statement depends on the choice of the potentials W and V. In

particular, what matters is their regularity.



62 Introduction

1.6.1 Lipschitz Forces

Early works on the mathematical justification of the mean field limit include, among others,
Braun-Hepp [18], Neunzert-Wick [72] and Dobrushin [27]. These results deal with the case of
Lipschitz force fields, that is, under the assumption that

VW, VV e Wi, VW (0) =0.

We highlight in particular the method of proof used by Dobrushin [27], which provides a
framework still used in more recent works on the subject. The approach has two key steps:

(i) First, observe that, if (Xl-,Vi)i.\; | is a solution of of (1.56), then the resulting empirical

measure p is a weak solution of the Vlasov equation (1.57), in the sense of Definition 1.

Indeed, we have already discussed that Definition 1 makes sense for measure solutions

when the force is Lipschitz. For empirical measures, the weak form requires that, for all
0 €C2([0,T) x X xRY),

T 1 N
A NZ{&,(])(ZZ)-}—V V.0 (t,7) +ZVWX —-Xj)- Vv‘])(lazi)}dt

J=1

+/ NZVV V0 (,Z;) dr + ~ Z¢oz 0)) =0. (1.59)

The ODE (1.56) implies that the left hand side of (1.59) is equal to

3
— Y o(T,z(T
Ni:l

which is equal to zero since ¢ is compactly supported in time. Thus u" is a weak solution
of (1.57).

(i) Then, the mean field limit is proved by showing a stability result for solutions of the
Vlasov equation (1.57). In the case of Lipschitz forces, the necessary result is provided
by Lemma 1.8. Notice in particular that this is a quantitative stability estimate. This fact

will be useful later when we discuss regularised limits.

In plasma models, we consider interactions between charged particles. Electrostatic in-
teractions are described by the Coulomb force K, which we defined in equation (1.43). This
situation is not covered by these results for Lipschitz forces, because K has a strong singularity
at the origin. Next, we discuss what is known in the theory of mean field limits for interactions

with a singularity.
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1.6.2 Singular Forces

In many physical systems, the interaction force follows an inverse power law |VW| ~ |x|~%. For
example, in dimension d = 3 the Coulomb force corresponds to the case o = d — 1. Because
of the singularity at the origin, these forces are not regular enough to apply Dobrushin’s results.
From now on, we will discuss forces satisfying a growth condition of the following form: for

all x € RY\ {0},
YW@ _ . VW)

o <O <C oaec(0,d—1]. (1.60)

1.6.2.1 Typicality

For singular forces, it is not necessarily expected that a mean field limit result should hold for
any choice of initial data for the ODE (1.56). Instead, we seek to prove results that hold for a
‘large’ class of initial data.

In order to discuss the notion of the size of a set of configurations, it is necessary to specify
a measure on the space of configurations. This can be done by considering choosing initial
configurations randomly. Given a fixed probability measure fy € Z(2" x R?), the initial
data for (1.56) are chosen by drawing independent samples from fy. The (random) empirical
measures iV constructed by this procedure will converge weakly to fo as N tends to infinity,
for example in probability. This is a consequence of a generalised Glivenko—Cantelli theorem
— see for example Van der Vaart and Wellner [82] for an in depth discussion of results of this
type. We look for mean field limit results that hold with a high probability with this method of
choosing initial data.

1.6.2.2 Regularised Limits

One approach to the mean field limit problem for singular forces is to consider a regularisation
of the limit. The idea is to replace the singular potential W with a regularised function W,. VW,
should be smooth enough that a mean field limit holds with this interaction for fixed » > 0.
The regularisation parameter r quantifies the degree of approximation; as r tends to zero, W,
converges to W. The regularised mean limit involves taking simultaneously the limits » — 0
and N — oo, ultimately deriving the Vlasov equation (1.57) with singular interaction W from a
sequence of regularised particle systems (1.56) with regularised interaction VW,..

The aim in this scheme is to optimise the rate at which r may converge to zero as N tends
to infinity. The faster r converges to zero, the closer the regularised particle systems are to the
original interaction. An important benchmark is to be able to take r <N _5, which is the typical
spatial separation between particles if they are distributed uniformly in the spatial domain.
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There have been several works aimed at deriving Vlasov equations with singular forces
from regularised particle systems. For instance, Hauray and Jabin [49] considered a truncation
method in which the force is cut off below a certain distance from the origin ry, dependent on
the number of particles N. They showed that the mean field limit holds for a large set of initial
configurations, for forces satisfying (1.60) with & < d — 1 (in particular not the Vlasov-Poisson
case), from a particle system with force truncated at ry, provided that ry converges to zero
sufficiently slowly as N tends to infinity. In [48, 49], they are also able to prove a mean field
limit without truncation for the case of ‘weakly singular’ forces in which o < 1.

1.6.2.3 Vlasov-Poisson

The Vlasov-Poisson system (1.6) gives a kinetic description of a system of electrons interacting

through electrostatic interaction:

X; =V,
Vi= ]lVZK(Xi —Xj)-
J#i

This system is of the form (1.56) with the choice W = —G, with G defined in (1.42), and V = 0.

A mean field limit for the Vlasov-Poisson system was proved in the one dimensional case
d = 1 by Hauray [47]. In higher dimensions, the true mean field limit for Vlasov-Poisson
remains a major open problem, due to the strong singularity of K.

Instead, one may consider regularised limits. Observe that K is of the form (1.60), with
o = d — 1. This endpoint case was not covered in [49]. We highlight two recent results on
regularised mean field limits for this system, due to Lazarovici [61] and Lazarovici and Pickl
[62]. The two results are of slightly kinds and use different regularisation methods.

Lazarovici and Pickl [62] proved a regularised mean field limit for the Vlasov-Poisson
system, using a regularisation by truncation. The truncation radius can be chosen to satisfy ry ~
N=a+7 for any M1 > 0. Their results show that there exists a large set of initial configurations for
which the mean field limit holds. However, these configurations are identified in a non-explicit
way which does not rely on the initial condition alone. This is because their argument relies
on a law of large numbers argument throughout the evolution to compare the mean field force
from the particle system to the limiting force.

Lazarovici [61] considered a method of regularisation by convolution. In this approach, the
point particles are replaced by delocalised packets of charge, with some smooth, compactly

supported shape y, fixed throughout the evolution. For the classical Vlasov-Poisson case, this
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results in the particle system

Xi =V

. 1
P = N;[% *xK*xX] (Xl'—Xj).
JFi

(1.61)

This is known as a system of ‘extended charges’. The shape is then allowed to depend on a

regularisation parameter r by taking

1 (x) =y ()-C) . (1.62)

r

Lazarovici showed that a mean field limit holds with high probability, provided that ry >
CN @t for some 17 > 0. The admissible configurations are identified by a condition on
the initial configuration alone.

The double regularisation y, x, V.G *, X, is used because it offers several useful technical
features. This type of regularisation was previously considered by Horst [53] in the Vlasov-
Maxwell case and later used by Rein [75]; a version also appears in Bouchut [17]. One
advantage is that the microscopic dynamics correspond to a Hamiltonian system, for which the
corresponding energy converges as r tends to zero to the energy of the true Vlasov-Poisson

system.

1.6.3 Mean Field Limits for VPME

In Chapter 4, we consider the problem of deriving the VPME system (1.11) in the mean field
limit from an underlying particle system. A natural choice for a particle system related to
VPME is to consider the dynamics of N ions, modelled as point charges, in a background of

thermalised electrons. On the torus, this is modelled by an ODE system of the form

>
I

(1.63)

<
ZIHS

N
Y Kper(Xi —X;) — K xeV,
i

where U satisfies N
1
AU=¢"——Y'§
e lel X

We can think of this system as being of the form (1.56) by taking —W = Gpe, and an ‘external’
potential V' = Gpe; * eV. Of course V is not truly an external potential because U depends

nonlinearly on f.
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The mean field limit for VPME was proved in the one dimensional case d = 1 in [44].
In higher dimensions, once again there are no results available, due to the singularity of the
Coulomb interaction. Instead, we consider a regularised system. We use a regularisation based
on the approach of Lazarovici [61]. We consider a system of ‘extended ions’ represented by
the following system of ODEs:

Xi =Vi
) v (1.64)
Vi=—Xr* Ver(Xi)a

where U, satisfies

1 N
AU,:eUr—NZx,(Xi), xe T (1.65)
i=1

We are able to derive the VPME system (1.11) from this regularised system, under a
condition on the initial data that is satisfied with high probability for ry > CN 7d<++2>+n. This
matches the rate found in Lazarovici’s result for the Vlasov-Poisson system. This result is
stated below as Theorem 1.24. The proof is given in Chapter 4.

1.6.4 Derivation of Kinetic Euler Systems

In Chapter 5, we consider the derivation of the kinetic incompressible Euler and kinetic
isothermal Euler systems introduced in Section 1.2.3.3. Our approach is based on a combined
quasi-neutral and mean field limit. We are able to derive the KInE system from a version of
(1.61) with a modified scaling. Similarly, we derive the KISE system from a version of (1.64)
with a modified scaling. These results are stated below as Theorems 1.25 and 1.26.

For the KInE system, we obtain a scaling of the form

(logN)*

a(N)=C Y

for some x specified in the statement of Theorem 1.25. For the KISE system, we obtain a
scaling of the form
_c logloglog N

a(N) £
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1.7 Summary of Results

In this section, we summarise the main results of this thesis.

1.7.1 Well-Posedness for the VPME System

In Chapter 2, we will study the well-posedness theory of the Vlasov-Poisson system with
massless electrons. We prove the existence and uniqueness of bounded density solutions for
compactly supported initial data.

The key technique is a decomposition of the electrostatic potential U. We write U in the

form U = U + U, where U and U satisfy the following equations:

AU =p;—1, AU=""U—1.

Thus U is the electrostatic potential used in the classical Vlasov-Poisson system, and can
therefore be handled using known methods. The key step is to study U, in particular its
regularity and stability with respect to py. This decomposition was previously considered in
the one dimensional case d = 1 in [44].

We are able to show that U is in general smoother than U, including in the higher dimen-
sional cases d = 2, 3. This fact allows known methods for the classical Vlasov-Poisson system
to be adapted to the VPME case. In this thesis, we demonstrate this principle in two cases. In
one case, we adapt the proof of uniqueness for bounded density solutions, due to Loeper [65],
to the VPME case. We then prove the existence of bounded density solutions by adapting the
methods of Batt and Rein [10].

1.7.1.1 Uniqueness

We prove a uniqueness result for solutions of the VPME system (1.11) with bounded density.
This is an analogue of Loeper’s result [65, Theorem 1.2] for the Vlasov-Poisson system (1.5).

Theorem 1.21 (Uniqueness of bounded density solutions for VPME). For eachi= 1,2, let f;
be a solution of (1.11) in the space C([0,T]; 2 (T x RY)), with bounded density

sup ||p[filll=(ray < Ci
t€[0,T]

for the same initial datum f(0) € (T x R?). Then f| = f>.

The proof of this result is given in Chapter 2, in Section 2.6. As for Loeper’s result, the

proof of Theorem 1.21 is based on a stability estimate for solutions of the VPME system in
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W,. The key step is to prove a stability estimate for U with respect to py, analogous to the one

proved for U by Loeper (Theorem 1.17).

1.7.1.2 Existence of Solutions

We prove the existence of solutions for the VPME system (1.11) with bounded density, for
compactly supported initial data.

Theorem 1.22 (Existence of solutions with bounded density). Let d = 2,3. Consider an initial
datum fo € L! ﬂL“(']I‘d x RY) with compact support in T¢ x RY. Then there exists a global in
time solution f; € C([0,0); 2(T x RY)) of (1.11) with initial data fy, which has conserved

energy and a mass density bounded locally in time:
EMEf1=EYER), P € Lige([0,0):L7(T)).

The proof of this result is given in Chapter 2, Sections 2.7-2.9. The main idea is to control
the size of the support of the solution. This is the method used by Pfaffelmoser [74], Schaeffer
[79] and Batt—Rein [10] for the classical Vlasov-Poisson system. Since we work with the
VPME system posed on the torus, we follow the methods of Batt and Rein [10]. The key step
is to prove suitable bounds on E=_-VU , the smooth part of the electric field.

1.7.2 Quasi-Neutral Limit for VPME With Rough Data

In Chapter 3, we prove the quasi-neutral limit from the VPME system (1.11) to the KISE
system (1.20), for a class of rough data. The starting point is analogous to the approach of
Han-Kwan and Iacobelli [43] for the classical Vlasov-Poisson system, which we described
in Section 1.5.4.2. The idea is to work with initial data for the VPME system that are small

perturbations of analytic functions satisfying the assumptions of Theorem 1.20.

Iterated Exponentials. In the following statement, we will use the notation exp,, to denote

the n-fold iteration of the exponential function. For example

expz(x) := expexpexp (x).

Theorem 1.23 (Quasi-neutral limit). Let d = 2,3. Consider initial data f¢(0) satisfying the

following conditions:
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* (Uniform bounds) f¢(0) is bounded and has bounded energy, uniformly with respect to €:

for some constant Cy > 0,

/e (0)][ = (e ey < Co (1.66)

and

1 2 &’ 2 U
= — \% <.
5 deRd‘v‘ fdxdv+ > /Jl‘d’ U| dx+/TdUe dx <Cy

* (Control of support) There exists C; > 0 such that

fe(0,x,v) =0 for |v| >exp(Cie~2). (1.67)

* (Perturbation of an analytic function) There exist g¢(0) satisfying, for some § > 1, n > 0,
and C > 0,

sup sup (1+[v|*"1)||ge(0,-,v) |5, <C,
e>0ypcRd

sup
e>0

<,

/ ge(0,-,v)dv—1
Rd

Bs

as well as the support condition (1.67), such that, for all € > 0,

Wa(fe(0),86(0)) < [eXpg(Ce™?)]

for C sufficiently large with respect to Cy,C}.
* (Convergence of data) g¢(0) has a limit g(0) in the sense of distributions as € — 0.

Let f¢ denote the unique solution of (3.1) with bounded density and initial datum f¢(0). Then
there exists a time horizon T, > 0, independent of € but depending on the collection {go ¢ }«,
and a solution g of (3.2) on the time interval |0, T, with initial datum g(0), such that

lim sup Wi(felr),g(t)) =O0.
€-04ci0,1,)

The proof of this result is given in Chapter 3. The main idea is to develop a version of the
W, stability estimate for the VPME system that is quantified with respect to the Debye length €.
This estimate is proved in Section 3.3. This estimate is used to control the distance between the
solution f¢ with rough data and the analytic solution with data g¢(0), which is already known

to converge in the limit € — 0 due to Theorem 1.20.
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1.7.3 Derivation of VPME from a System of Extended Ions

In Chapter 4, we consider the derivation of the VPME system from an underlying microscopic
system. We use the ‘extended ions’ system (1.64)-(1.25) introduced in Section 1.6.3. Our main

result is the following theorem.

Theorem 1.24 (Regularised mean field limit). Let d = 2,3, and let f(0) € L' N L™(T? x RY)
be a compactly supported choice of initial datum for (4.2). Let f denote the unique bounded
density solution of the VPME system (1.11) with initial datum f(0).” Fix T, > 0.

Assume that r = r(N) and the initial configurations for (1.64)-(1.65) are chosen such
that the corresponding empirical measures satisfy, for some sufficiently large constant C > 0,

depending on T, and the support of f(0),

W3 (f(0).17(0))

<1.
pd+2+Cl|logr|~1/2

lim sup

Then the empirical measure 11 associated to the particle system dynamics starting from this

configuration converges to f:

lim sup Wa(f(r),u(r)) =0. (1.68)
N=eorcio,1,]

In particular, suppose that fy has a finite K" moment for some k > 4:
Ly (i ) ey < e
Td xR4
Choose r(N) = N~ for some v satisfying

< ! min ! 1 4
——min<{ —, 1 —— .
L) 'k

For each N, let the initial configurations for the regularised N-particle system (4.4) be chosen
by taking N independent samples from fo. Then (1.68) holds with probability one.

1.7.4 Derivation of Kinetic Euler Systems from Systems of Extended
Charges

In Chapter 5, we derive the KInE (1.16) and KIsE (1.20) systems from underlying microscopic

systems of extended charges.
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1.7.4.1 Kinetic Isothermal Euler

For the KIsE system, we consider the following system of extended ions, which is a version of

(1.64)-(1.65) with quasi-neutral scaling:

Xi =V
) (1.69)
Vi = —Xr* VxU(Xi)a

where U satisfies

Xr(x_Xi)-

1N
e*AU =¥ — —
N:1

1

Recall that y, is the scaled mollifier defined in (1.62). For this system, we prove the following
convergence result. We state the result here for the case where the initial data for (1.69) are
chosen randomly, by taking independent samples from a given law f¢(0). See Theorem 5.3 in

Chapter 5, Subsection 5.2.2 for a statement dealing with other initial configurations.

Theorem 1.25 (From extended ions to kinetic isothermal Euler). Let d = 2 or 3, and let
fe(0),8¢(0) and g(0) satisfy the assumptions of Theorem 1.23. Let T, > 0 be the maximal time
of convergence from Theorem 1.23 and let g denote the solution of the KIsE system (5.5) with
initial data g(0) on the time interval [0, T,| appearing in the conclusion of Theorem 1.23.

Let r = r(N) be of the form

__1
r(N) =N~ @@ for some 1> 0, ¢ > 0.

There exists a constant C, depending on d, 1, ¢ and { f¢(0)}¢, such that the following holds.
Let € = €(N) satisfy

C
—_—, lim g(N) =0.
v1ogloglog N N—soo

For each N, let the initial conditions for the regularised and scaled N-particle ODE system

e(N) >

(1.69) be chosen randomly with law fe(y) (0)*N. Let uY (1) denote the empirical measure
associated to the solution of (1.69).
Then, with probability one,

lim sup Wi (), (1), g(r)) = 0.
N=eose0,7;]
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1.7.4.2 Kinetic Incompressible Euler

We also prove a similar result for the KInE system. For the microscopic model, we consider

the following system of extended electrons:

X =V

.og7?

V= —ZXr*err*%r(Xi_Xj)~
N iz

In this case, we choose configurations for the particle system that approximate initial data
f2(0) for the Vlasov-Poisson system (1.5) for which the quasi-neutral limit holds. Specifically,
we assume that f¢(0) satisfy the assumptions of the rough data result of Han-Kwan-Tacobelli

[43]. These assumptions are stated below.

Assumption 1 (KInE, d = 2,3). The data f¢(0) satisfy the following:

(i) There exists Cy independent of € such that

1f(0)l= < Co,  &XF(£e(0)) < Co.

(i) (Control of support) For some y > 0,

fe(0,x,v)=0  for |v|>e7. (1.70)

(iii) (Analytic + perturbation) There exist functions g¢(0) satisfying (1.70) and

sup sup (1 + ’v’dJrl)Hgé‘(Ov '7V>H350 <C,
€€(0,1) yeRd

such that X
Walfe(0).g6(0)) < [&%p, (Ce~+9)) |

for C > 0 sufficiently large, where { = {(7y) is defined as follows:

» Ford =2, we fix any 6 > 2 and let

¢ =max{y,d8}.

C:max{y,z—g}.

e Ford = 3 we let
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We then have the following result.

Theorem 1.26. Let d =2 or 3. For each € > 0, let f¢(0) satisfy Assumption 1. Suppose that
2¢(0) has a limit g(0) in the sense of distributions as € tends to zero. There exists T, > 0 and a
solution g(t) of (1.16) on the time interval [0, T,] such that the following holds.

Fix T < T, and o > 0. There exist constants Ar, Cr depending on T, a and {f¢(0)}¢ such
that the following holds. Let r = r(N), € = €(N) satisfy

1 R
r=ArN @3 g > Cr(logN) T

Then, if the initial N-particle configurations [Z£(0)]Y_ are chosen by taking N independent
samples from f¢(0), with probability one the following limit holds:

lim sup Wi (g, (1),8(t)) =0,
N=reorcio 7]

where

. ,ué\f (1) denotes the empirical measure corresponding to the solution of (5.4) with initial
datum [ZE (O],

. [Lé\f (1) is the measure constructed by filtering ,ué\{ (1) using the corrector Zs defined in
(1.53), according to Definition 5 in Chapter 5, Subsection 5.2.1.1, using the given choice

of fe(0) and g(0).
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In this chapter, we prove global-in-time well-posedness results for the Vlasov-Poisson
system with massless electrons (VPME) in dimension d = 2,3. Recall that VPME is a kinetic
model for the ions in a plasma. We introduced this model from a physical perspective in
Section 1.2.2. On the torus, the system reads as follows:

/

of+v-Vif +E-V,f=0,
E=-V.U,

(VPME) := AxU:eU_/dfdvzeU_pf’ (2.1)

fli=o = £(0) >0, /R £(0,x,v)dxdv = 1.
\ Td x R4

Global well-posedness of the VPME system was shown in the one dimensional case in Han-
Kwan-Iacobelli [43]. In three dimensions, Bouchut [17] proved the global-in-time existence of
weak solutions. However, global existence of strong solutions was not proved in dimensions
higher than one.

In this chapter, we prove global-in-time existence of strong solutions of the VPME system
in dimensions d = 2 and d = 3, for compactly supported data. We also prove the uniqueness of
solutions with bounded density.

These results provide analogues of two important results for the classical Vlasov-Poisson
system (1.5). Our uniqueness result is comparable to the result of Loeper [65] for the classical
system. We also prove a global existence result in the style of Batt and Rein [10] for solutions
on the torus for d = 2, 3.

The key step in our analysis is a decomposition of the electric field. We are able to show
that the electric field in the VPME system behaves like a perturbation of the electric field in
the classical Vlasov-Poisson system (1.5). This perturbation is general more regular than the
remainder of the electric field. This key observation allows known methods for the classical
system to be adapted to the VPME case. We demonstrate this in full for the results mentioned

above.



2.1 Statement of Results 77

2.1 Statement of Results

The aim of this chapter is to prove the following results. Together they provide, for d = 2,3,
global existence of solutions of the VPME system (2.1), for a general class of data, as well as

uniqueness for solutions with bounded density.

2.1.1 Uniqueness of Solutions With Bounded Density

Theorem 2.1 (Uniqueness for solutions with bounded density). Letd = 2,3. Let fo € 2 (T x R?)
with p[fo] € L(T%). Fix a final time T > 0. Then there exists at most one solution f € C([0,T]; 2(T¢ x R?))
of the system (2.1), with initial datum fo, such that p[f] € L*([0,T];L™(T¢)).
Moreover, we have a quantitative stability estimate. Let f,g be solutions of the VPME
system (2.1) such that

sup [[p[f ()l z=cray, sup [lplg(®)]llze(ray <M
t€[0,T] t€[0,T]

for some constant M > 0. Then there exists C > 0 depending on M such that for all t € [0, T,

4/d =
Wa(f(0),8(0)) e if Wa(£(0),2(0)) > d.

Wt ee) < 4 P [C (1 1og ETEE) O i Wa(£(0),5(0)) < d

The proof of this theorem is given in Section 2.6.

2.1.2 Global Existence of Solutions

We prove a result of global-in-time existence, analogous to that of Batt and Rein [10] for the
Vlasov-Poisson system (1.5). The following theorem is proved in Sections 2.7 and 2.9.

Theorem 2.2 (Existence of solutions with bounded density). Let d = 2,3. Consider an initial
datum fy € L' N L™(T? x RY) with compact support in T¢ x R?. Then there exists a global
in time solution f € C([0,00); 2(T? x R?)) of (1.11) with initial data fy. This solution has

bounded density, locally in time:

Py € Lipe([0,00):L7(T)).
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2.2 Strategy

The core of this chapter is an analysis of the electric field E in the VPME system, which is
carried out in Sections 2.4 and 2.5. We prove integrability and regularity estimates on E in
terms of integrability estimates on p, as well as estimates on the stability of £ with respect to
py. We have discussed in Sections 1.3 and 1.4 that this is the key information needed when
studying well-posedness for a nonlinear equation of Vlasov type.

The fundamental step in our analysis is a decomposition of E. For example, in the torus

case we write E as E + E where
E=-VvO, E=-VU,
and U and U solve respectively
AO=1-p;,  AU=eT10_1.

This decomposition was previously used in [44] for the one dimensional case.

The advantage of this decomposition is that it allows us to think of E as a perturbation of
the electric field E that we would have in the classical Vlasov-Poisson system (1.5). Moreover,
the perturbation E depends on py only through U, which will be smoother than ps due to the
regularising properties of the Poisson equation. We might therefore expect U to have higher
order regularity than U, and this is indeed what we find (see Proposition 2.4). For this reason we
sometimes refer to U as the ‘singular’ part of the potential, and U as the ‘regular’ or ‘smooth’
part.

The challenging part of the analysis of U is that it satisfies an equation with an exponential
nonlinearity. It turns out that, even though the nonlinearity is exponential, it has a helpful sign
which allows it to be controlled. We show this using techniques from Calculus of Variations.
This strategy was also used in the one-dimensional case in [44]. Here we are able to extend
these results to higher dimensions.

These regularity estimates allow us to adapt methods developed for the classical Vlasov-
Poisson system to the VPME case. In Section 2.6, we prove Theorem 2.1 on the uniqueness of
bounded density solutions. The strategy is to prove a W, stability estimate on solutions, with
respect to their initial data. This proof follows the strategy of Loeper [65].

In Section 2.9, we construct global-in-time solutions of the VPME system on the torus
(2.1). Our approach follows the method of Batt and Rein [10] for the classical Vlasov-Poisson
system, which is in itself an adaptation of the methods of Pfaffelmoser [74] and Schaeffer [79]
to the torus. The key step is to control the growth of the size of the support of f; in T¢ x R¢.
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In Section 2.8, we prove the existence of unique solutions to a regularised version of
the VPME system. This will allow us to complete the existence proof by an approximation
argument. This result is not quite covered in the existing literature to our knowledge, because
the electric field £ in the VPME system cannot be written in the form

E=F=xp

for some F. Instead, the coupling between E and p is nonlinear. However, the estimates in
Sections 2.4 and 2.5 allow us to adapt well-known methods for Vlasov equations with smooth

interactions, which we presented in Section 1.3, to our approximating system.

2.3 Basic Estimates

In this section, we summarise some basic estimates for solutions of the VPME system. In
a similar spirit to Section 1.4.1, we look at the a priori estimates we can expect to have on

solutions, based on the conservation laws of the system.

2.3.1 LP(T9 x R?) Estimates

Solutions f of the VPME system solve a transport equation with a divergence free vector field.
If fo € L' NL>(T¢ x RY), we therefore have uniform in time estimates on the LP(T¢ x R?)

norms of f.

Lemma 2.3. Assume that fo € L' NL=(T¢ x RY). Let f be a solution of (2.1). Then, for all
pE[l,e],

1 1—1
HleLP(deRd) < HfOHZquXRd) ||f0||Loo&~dXRd)-

2.3.2 Energy

The system (2.1) has an associated energy functional:

1 1
EME[f] 1= = |v|2fdxdv—|——/ |VU|2dx+/ UeY dx. (2.2)
2 JTdxrd 2 Jd T4
This functional is conserved by the evolution for smooth solutions.
The conservation of the energy functional provides a uniform estimate on the second
moment of f in velocity, or, in other words, the kinetic energy of f. In Section 1.4.1, we

discussed a similar property for the classical Vlasov-Poisson system. For the classical system



80 VPME: Global Well-posedness in 2D and 3D

(1.5) this implication is immediate because both terms in the classical energy (1.46) are non-
negative.

For the VPME energy functional (2.2), we need to deal with the fact that some of the terms
may be negative. In particular, we need to consider possible values of the function x — xe* for
x € R. Since

d X\ X
a(xe )= (x+1)e

it follows that, for all x € R,

xe* > (xe")| =1 = —e

gME

Consequently, bounds on the total energy imply bounds on the kinetic energy:

1

5 d|v|2fdxdv§é"ME[f]—|—e_1. (2.3)

2.3.3 Estimates on the Mass Density

As discussed in Section 1.4.1, it is possible to deduce L”(T%) estimates on the mass density
Py from estimates on the moments of the full phase-space density f- Using the bound (2.3)
on the kinetic energy, we can therefore obtain the same L7 (']I‘d ) estimate on py as in the
classical case, using the interpolation estimate from Lemma 1.12. Since the energy functionals
are formally conserved by their respective equations, this estimate is uniform in time. That is,

we can expect a uniform bound of the form

s )l a2, = C(d, fo). (2.4)

d(T4)

The constant C( fy) depends on the initial datum f; through the relation

C(d, fo) = Ca (6 (fo] + €7 ol 7200 g

where C; is a dimension dependent constant.

In the next section, we will derive regularity estimates on the electric field in terms of
integrability estimates on py. The crucial point is that we will be able to derive estimates on
the smooth part of the potential U that depend on the L7 ('I[‘d ) norm of py, and are therefore

uniform in time.
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2.4 Regularity of the Electric Field

In this section we prove several key regularity estimates on the electric field in the VPME
system. These estimates will ultimately show that the electric field in the VPME case is a
smooth perturbation of the field in the classical case. This fact will allow us to adapt the existing
techniques for proving well-posedness of the Vlasov-Poisson system to the massless electron
model.

The strategy is based on the following decomposition of the electric field. We let E = E +E,
where

E=-VU, E=-VU,

and U and U solve respectively

~

AO=1-p;,  AU=e"+V_1.

We impose without loss of generality that U has zero mean over the torus:

Udx =0.
Td
Notice that in this way U := U + U solves
AU = €U — pf.

We consider charge densities py € L>(T?), since the solutions of VPME we will work with
will have densities in this class. We want to derive integrability and regularity estimates on
E, assuming that py has this degree of integrability. In particular, the aim is to give estimates
in terms of the L7’ (T9) and L*(T%) norms of ps. The L7 (T?) norm is of interest because
the conservation of energy for the VPME system provides a uniform-in-time bound on this
quantity.

Our aim is to prove the following proposition.

Proposition 2.4 (Regularity estimates on U and U). Letd = 2,3. Let h € L*(T¢). Then there
exist unique U € W'2(T%) with zero mean and U € W'2(T9) satisfying

~

AD=1—h, AU =e"*0_1,



82 VPME: Global Well-posedness in 2D and 3D

Moreover we have the following estimates: for some constant Cy 4 > 0,

10 lcos e < Ca <1+ Vil > | L Jonga—2
L) (0.4 ifd =3

1Ull¢ra(rey < Caa (1 + HhHLm(Td)> , o€ (0.1)

[llceqee) < Caa exp (Caa (141112, ) ). ae(0,1)
Olcoamn < Caaexpexp (Cag (144 sz ). aed o) =2
L (0.4 ifd=3

The remainder of this section is structured as follows:

(1) In Section 2.4.1, we discuss the existence and regularity of U, which is based on standard

theory for the Poisson equation.

(11) In Section 2.4.2, we prove the existence of U, given U with the regularity derived above.

Our proof uses techniques from the calculus of variations.

(111) In Section 2.4.3, we prove energy estimates on U. These estimates imply regularity for U

using the regularity theory of the Poisson equation.

2.4.1 Regularity of U

The regularity estimates on U are based on the analysis of the following Poisson equation
AU =1—h.

The existence of a solution U € W!2(T¢), unique up to additive constants, for # € L>(T%)
L“(Td) is well-known - see for example [28, Chapter 6]. Choosing a solution with zero mean
then specifies U uniquely. In the following lemma, we recall some standard elliptic regularity
estimates for this solution, that follow from Calderén-Zygmund estimates for the Laplacian

[30, Section 9.4], and Sobolev inequalities.

Lemma 2.5. Let U € W'2(T9) have zero mean and satisfy

AU = h.
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(i) If h € L%(Td), then for all a € (0,1), ifd =2, or o € (0, %] if d =3, there exists a
constant Co g > 0 such that

1Ul|coe(ray < Cara (1 + Hh”Ldjf(Td)) :

(ii) If h € L=(T?), then for any « € (0, 1), there exists a constant Coq such that
HUHCU"(T") <Coa HhHL“’(Td)'

In order to prove estimates on the VPME system, we would ideally like to have good
control of the regularity of the electric field, especially the singular part VU. The estimates in
Lemma 2.5 are not quite strong enough to provide Lipschitz regularity for VU. However, a
log-Lipschitz estimate is available. We stated this as Lemma 1.11 in the introduction and gave

a proof there. Below, we recall the statement.
Lemma 2.6 (Log-Lipschitz regularity of E). Let U be a solution of
AU =h

for h € L*(T%). Then
_ . Vd
VU (x) = VU ()| < Callh| o ey [x = ¥ <1+10g <H L y<va |-

2.4.2 Existence of U

In this section we prove the existence of a solution U of the equation
AU = V7V — 1, (2.5)

under the condition that U € W2 N L*(T¢). By Lemma 2.5, when we consider solutions of the
VPME system (2.1), we expect U to have this regularity. Our strategy is to seek a minimiser of

the functional .
. 2 2 U+h
hn—>/[h] ._/szWh] —l—(e h)dx

in the space 1 € W12(T?). We then use the fact that equation (2.5) is the Euler-Lagrange
equation of this minimisation problem to conclude that the minimiser is a solution of (2.5).

The following lemma holds in any dimension d.
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Lemma 2.7 (Existence of a Unique Minimiser). Let U € W2 N L*(T¢). Then there exists a
unique U € W'2(T%) such that

JW0)=_inf 7).

heWw1.2(Td)

Proof. The uniqueness of minimisers follows from the fact that _¢ is a strictly convex func-
tional.
We prove existence of a minimiser using the direct method of the calculus of variations.

Consider a minimising sequence (/;)ren such that, as k tends to infinity,

I — inf _Z[h].

heW12(Td)

We will show that / is uniformly bounded in W'2(T%). This will allow us to extract a
convergent subsequence. Since U € W2 N L>(T¢) and the torus has finite measure, in fact
Ucw!? (’]Td) by monotonicity of L” norms. Therefore, for k sufficiently large,

A< J-U]
= IVO 721, +/Td(1 +0)dx

< \|VU]|§2(W) +140]| =~(pay =: C1.- (2.6)

The constant Cq is finite since U € W2 N L>(T9).
We observe that

eU+S —§ = eUeS —s Z e_HUHL‘”(Td)es —s Z S2 _CZ,
for some constant C; depending on [|U||;(ga) only. Thus
/ Ut —hkdxz/ h} — Cydx. 2.7)
Td T4

By equations (2.6) and (2.7),

1

/Td SV + (1~ Co)dx < 7 (] < Cr 1.

Thus the sequence (/;)en is bounded in W12(T%), uniformly in k:

VA |2 ¢pay + [ il | 120y < G,
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where the constant C3 is independent of k.
By weak compactness of W!2(T¢), up to a subsequence A converges weakly in W 1.2(T%)
to a function U':
h—U  inWh(T9).

Since W!2(T9) is compactly embedded in L?(T¢), we also have strong convergence:
h—U  in L*(T9).
Then, up to a further subsequence, we have
h, — U ae.

To show that U is indeed a minimiser, we prove that ¢ is lower semicontinuous. By the
weak convergence of /; to U in W12(T9) and by strong convergence in L?(T%),

1 A
liminf [ |V 2dx>/ 2V 2 dx
mint [ Lwnars [ vopas

k—ro0

since the norm is lower semicontinuous under weak convergence. Strong convergence in

L?(T?) implies strong convergence in L!(T¢)), and therefore

lim/ hkdx:/ U dx.
k—yo0 Td ’]I‘d

By Fatou’s Lemma,

liminf [ &Y™ dx> [ liminfeV ™ dx= [ V7V dx.
k—yo0 Td Td k—>oo Td

We conclude that

lim 7 [ > 7 [U],

k—roo

which proves that U is a minimiser.
[]

Next, we check that the minimiser U solves the Euler-Lagrange equation (2.5). Again this

holds in any dimension d.

Lemma 2.8 (Euler-Lagrange Equation). Let U € W2 NL™(T4) and let U € W'2(T%) be the
unique minimiser of _# whose existence was proved in Lemma 2.7. Then U is a weak solution
of equation (2.5).
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Proof. First observe that, by definition of a minimiser,

S0 < #1-0] < +os

Explicitly, by definition of ¢,

[ 3IVOP+ (27 -0) ax < _r(-0] <+

Since U € W'2(T%), by monotonicity of norms on the torus we have U € L' (T¢). From this
we deduce that

/ eUede < oo,
’]I‘d

Since [|U||;(7a) is finite, it follows that

/ eﬁdx < oo,
Td

Altogether, we have VU € L2(T9), U € L'(T%), e¥ € L=(T9), and U € L!(T9).
We now show that U is a weak solution of (2.5). Let ¢ € C°,n > 0. By minimality of U,

JUI< Z[U+n9).

Then,

0< JU+n¢] - (/ |VU—|-nV¢|2——|VU|2 )

n
1 ~ _
+ = O Utno _ de)+—(/ —(U + +de)
n(/w Ve 7\~ HN9)

. Vol|? o e?—1
:/ VU-V¢+de+/ LU g [ pd
Td 2 Td ] Td

In the limit as 1 goes to 0 we obtain, for all ¢ € C2°(T?),

- JU+n¢]- 7U] _ s 040 4 4
0< lim : _/TdVU V¢)dx—|—/we odx— | dx.
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Since the latter inequality is valid both for ¢ and for —¢, we have that, for all ¢ € C°(T¢),
Oz/TdVﬁ-V¢)+(eU+0—l>q)dx. 2.8)
This implies that U is a weak solution of the equation
AU = eUH7 —1 on T¢,
which completes the proof. []

2.4.3 Regularity of U

In this section, we prove regularity estimates on U.

Lemma 2.9 (Regularity of U). (i) Let U € W2 N L=(T9), with the estimate
1O | oy < M.

Let U € WH2(T4) be the solution of (2.5) constructed in Section 2.4.2. Then U € C-%(T¢)
forany a € (0,1), with the estimate

Hﬁ”cl-,a(qyd) <C (1 +62M,) .

(ii) Let U € W12 N CY»¥(T?) for some o € (0,1), with the estimate
1Tl oy < Mo
Then U € C>%(T4) with
| | c2a(pay < Cexp [C (M + (14 1)) ] (M + (1+2M1)) .
Proof. Our general strategy will be to consider the equation satisfied by U:

AU = V7V — 1, (2.9)

)

which we think of as a Poisson equation with source ¢U+U _ 1. The aim is to make use of
standard regularity estimates for the Poisson equation in order to deduce the required regularity
for U. The first part of the statement follows from Calder6n-Zygmund estimates and Sobolev

embedding, while the second part makes use of Schauder estimates. However, in order to
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implement this strategy, we must first prove suitable L” and Holder estimates on the source

term eV TV — 1. We will obtain these using energy estimates on the equation (2.9).

~

To prove an L? estimate on U+ for p > 1, the formal argument is to choose e(P=DU a5 4
test function in the weak form of equation (2.9). Since

Velr=00 = (p—1)eP~-D0y(

Y

from (2.9) we obtain

—(p—l)/d|Vﬁ|ze(p1)0dx: (eUepﬁ—e(p*I)ﬁ> dx.
T

Td
This implies that
/ eUep[7 dx < / e("’*l)[7 dx.
Td Td

Bounding eV from below using the L™ norm of U, we obtain
e_Ml/ epﬁdx</ (P10 gy,
Td ~Jrd

In other words,

-1

<€V, pay- (2.10)

1712,

To this we add an L' (T?) estimate, which follows from the fact that eV — 1 must have total

integral zero: since U is a solution of (2.5), we have
o:/ AUdx= | &Y —1dx.
Td Td

Since U = U + U, it follows that
1 =/ eUJrﬁde e_Ml/ eﬁdx.
Td Td

Thus
0 _ 0 M
||e ||L1(Td)—/ﬂ‘d€ dx <™.

Applying (2.10) in the case p = 2, we find that
le¥ 1|2 (pay < €.

By induction we then obtain
e[| r(pay < €™ 2.11)



2.4 Regularity of the Electric Field 89

for any integer n.

We now check that (2.10) can be obtained rigorously. The weak form of equation (2.9)
is given in equation (2.8); that is, U satisfies (2.8) for test functions ¢ € C*(T?). Since
eV € L'(T9), this further extends to all ¢ € L~ NW!2(T%) by a density argument. We therefore
define a test function in L= "W !2(T¢) that approximates e(? -0,

Consider the truncated function

U := (UAKk), forallkeN.
Since e(P~D0k € L*(T9) and VU € L*(T9),
Velr D0 = (p—1)elP VUV, = (p— 1)V x5,y € LA(T9);
thus e~ D0k € 1N W12(T9), and we can use it as a test function in equation (2.8):
0=/, VO - VeP~D0k gy 4 /T d <606<ﬁ+<p—1>0k> _e<p—1>z7k> dx
=(p— 1>/Td Vﬁ-e(p_l)ﬁkVﬁx{g<k}M+Ad (eUe(ﬁ+(p_l)ﬁk) —e(p_l)ﬁk> dx

7712,(p—1)U U ,(U+(p—1)T -0,
= (p=1) [ VO gy det [ P00 e [ olr D0 ge2.12)

Since [qa |Vl7\ze(1’_1)ﬁkx{l7<k}dx >0, and e M < U <M, (2.12) implies that

oM / LU p-D0 < / oP—1)Tk
Td Td
1)U

By definition of Uy we have that e(?~ DU ig increasing and converges monotonically to elP— DU,

hence by the Monotone Convergence Theorem

eMl/ eU+(p1)U:€M1/ epUS/ U
Td Td Td

Thus we obtain (2.10), which implies the L" estimate (2.11) for any integer n.
We now prove the desired estimates on U. For part (i) of the statement, we apply (2.11) for
some n > d. Since

U U+0 101, 0 oM
e | may = €70 [l ey < V1= gy < M1,

we have
AU =eU+V —1 e L'(TY),
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with
| 1||Ln(’]rd) < 14M

By Calder6n-Zygmund estimates for the Poisson equation [30, Section 9.4],

Hl/jHWl”(Td) S Cl’l.,d (1 +62M1) .

~

Using Sobolev embedding for n sufficiently large, we deduce that for any a € (0,1), U €
Ch%(T%), with
||U||C1,a(Td) < C(x,d (1 +62M1) )
For part (ii) of the statement, it is enough to prove a bound on the C%%(T%) norm of U.
This bound is provided by part (ii). Then, if

||U||C03a('ﬂ'd) <M>,
we have
”U”CO,OC(Td) <M, +Ca,d (1 +62M1) :

and so
€l couney < Cexp [C (My + (14€2))] (Mo (1+621)).

Thus AU € C%%(T9).
We may then apply Schauder estimates [30, Chapter 4] to obtain U € C>% with the following

estimate:
10llczagps) < € (10 ll=(ze) +lle” = Ul o)
< Cexp[C(Mi+ (1+))] (M + (1+€M)).
This completes the proof of part (ii). ]

2.5 Stability of the Electric Field

In this section we study the stability of the electric field E = —VU with respect to the charge
density pr. This is one of the key estimates needed to prove the uniqueness of solutions with
bounded density. Our aim is to prove a version of the following estimate for the singular part £,
due to Loeper [65].
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Lemma 2.10 (Loeper-type estimate for Poisson’s equation). For each i = 1,2, let h; € L*(T¢)
be a probability density function:

h; > 0, hi(x)dx = 1.

Td

Let U; be a solution of
AU; = h; — 1.

Then
IVO = V02|72 sy < max|[Bil] = ay W5 (1, ).

The main result of this section is the following proposition:

Proposition 2.11. For each i = 1,2, let U; be a solution of
AU; = h; — 1,
where h; € L*NL+2)/4(T4), Then
IVO = V0a| 72 sy < max|[Bil] = ay W5 (1 ).
Now, in addition, let 17,- be a solution of
AU; = 0t 1 2.13)
Then
V01~ V02l < expexp |Co (14 max oo )|
X max [ if| ) W3 (h1, o).

Proof. We will show that

IVUI = VU2 gy < ClITL = Tal[ 7 ay- (2.14)
The proposition then follows from the Poincaré inequality for zero mean functions:

101 — (72||iz(qrd) <CillVUI - VUzHiz(Td)-

We then apply the Loeper estimate from Lemma 2.10.
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We now prove (2.14). For convenience, we define the constant
A= exp lmle ||UiHL°°('JI“’) +mlax ||Ui||L00(’I['d):|

which will be fixed throughout the proof. Note that A can be controlled using Proposition 2.4,

1005-co0 = G (14 Wz 0 ) 10 < enp (Ca (1 D, ) ).
Subtracting the two equations (2.13), we deduce that U 1— ﬁz satisfies
A(ﬁl B ﬁz) _ eU1+U1 _eUz+l72 — eU1 <el71 —602> _|_el?2 <el71 —602> _ (2.15)

The weak form of (2.15) extends by density to test functions in LN W!2(T¢). Since

U, — U, has this regularity by assumption, it is an admissible test function. Hence
_ /d|vz71 VO, |Pdx = /d O (01— ) (0~ Tr) dx 2.16)
T T
+ [ e (J’l - eUz) (U1 — Us)dx =: I + .
T

Observe that (¢* — ¢”)(x —y) is always non-negative. Furthermore, by the Mean Value

Theorem applied to the function x — ¢* we have a lower bound
("= ) (x =) = ey

We use this to bound /; from below:

—|O o0 — i l/]\,‘ « -l - — -l -
11 2 e H 1||L (’Jl‘d) max H HL (’]I‘d)HUl _UZH%IZ(Td) ZA 1||U1 _U2’|i2(']rd)- (217)
For I, we use the fact that, again by the Mean Value Theorem,

|€x_ey| < emax{x,y}|x_y"

Therefore

12 S e||U2HL°°<Td>+maxi||Ui||L°°('Jl‘d) /d |Ul _UZHﬁ] —ﬁ2|dx SA/d |Ul _UZHI/J\I —ﬁz|dx
T T
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By the Cauchy-Schwarz inequality, for any choice of ¢ > 0
_ _ 1  ~ ~
L <A (ocHUl — UzHiz(Td) + HHUI — U2||22(Td)) . (2.18)
Substituting (2.17) and (2.18) into (2.16), we obtain
~ ~ _ _ 1 ~ ~
[V -ViPar < 4 (aum AT — Uz||§z(w))
— A0y = OalIf - (2.19)
We wish to choose o as small as possible such that

A 1
——A"" <0.
4o -

Thus the optimal choice is & = ATZ. Substituting this into (2.19) gives
o~ ~ 1 _ _
_ 2 143 a2
/Td\vm VO dv < 2 A%0) = 02l g

This completes the proof of (2.14).

2.6 Wasserstein Stability and Uniqueness

In this section, we prove a quantitative stability estimate between solutions with bounded
density. This is a version of Loeper’s [65] estimate for the classical Vlasov-Poisson system,
which we recalled as Theorem 1.16.

Proposition 2.12 (Stability for solutions with bounded density). Fori= 1,2, let f; be solutions
of (2.1) satisfying, for some constant M > 0 and all t € [0,T],

pLA] < M. (2.20)

Then there exists a constant C > 0, depending on M, such that, for allt € [0,T],

W2 (f1(2), f2(t)) < B (1,W2(£1(0), £2(0))),
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where B denotes the function

l6deexp [(1+1log ) e ] 1<Ty
(d vx)€C(1+log16)(t—T0) t>Tp,

B<t7x):

where

Ty — inf{t >0 16deexp [(1 +log %) e—C’} > d} .

This estimate immediately implies a uniqueness result for solutions of VPME with bounded

density.

Corollary 2.13 (Uniqueness of solutions with bounded density). For eachi = 1,2, let f; be a
solution of (2.1) in the space C([0,T]; 2 (T x R?)), with bounded density

sup ||p[fi]ll = (rey < Ci
t€[0,T]

for the same initial datum f(0) € (T x R?). Then f| = f>.

Proof. We will prove Proposition 2.12 by means of a Gronwall type estimate. To do this, we
will first consider the evolution of particular specially constructed couplings 7, € T1(f;(2), f2(¢)).
First, observe that f; can be represented as the pushforward of the initial datum f;(0) along
the characteristic flow associated to (2.1). That is, for each i = 1,2, given f;, consider the flow
Zi(t;0,z) = (Xi(1;0,2),Vi(t;0,z)) defined by the system of ODEs

Vi = Ei(X;) (2:21)
(X;(0;0,2),V;(0;0,z)) =z = (x,v),

where E; is the electric field induced by f;:
E =-VU AU; = e — p[fi].

We again use the decomposition E; = E;+E;. Since plf] € L*(T?) by assumption (2.20),
Lemma 2.6 implies that E; has log-Lipschitz regularity. Since L™(T%) L7 (T?), we have
plfil € LN L7 (T%). Thus we may apply Proposition 2.4 to deduce Lipschitz regularity of
E;. Overall this implies that E; has log-Lipschitz regularity, which is sufficient to guarantee the

existence of a unique solution to the system (2.21). The uniqueness of the flow implies that the
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linear Vlasov equation
dg+v-Vig+Ei-Vig=0,  gli—o=fi(0) (2.22)

has a unique measure-valued solution g (see for instance [1, Theorem 3.1]). This solution can
be represented as the pushforward of the initial data along the characteristic flow, as defined in
Definition 2:

g =Z(1;0,)4:(0). (2.23)

Since f; is also a solution of (2.22), and the solution is unique, it follows that g = f;. We deduce
that f; has the representation (2.23). Note that here we are not yet asserting any nonlinear
uniqueness, because we already fixed E; to be the electric field corresponding to f;.

We use the representation above to construct ;. First, fix an arbitrary initial coupling
7o € I1(£1(0), £2(0)). We then build a coupling 7; for which each marginal evolves along the
appropriate characteristic flow. That is, we let

= (Zl(l;o,-)®Zz(l‘;0,-))#ﬂ0. (2.24)

This means that, for all ¢ € C,((T? x R¢)?),
/ 0 (21,22) dm (21, 22) =/ ¢ (Z1(2;0,21),22(t;0,22))) dmo(21,22).  (2.25)

(T4 xIR4)2 T x R4

We now consider the quantity

D= [ (K (10,2) = X102+ Wi (1:0,2) ~ Va(1:0,2) ) do (a1, 2).
(TdxR4)

(2.26)
By definition (2.24) we have
Dt:/ x—x2+v—v2d7rz,z.
(t) (deRd)zl | —X2|" +[vi — 2| dm (21, 22)
It then follows from the definition of the Wasserstein distances (Definition 4) that
W3 (fi(t), fa(t)) < D(@). (2.27)

Moreover, since 7y was arbitrary, we have

W5 (f1(0), £2(0)) = i}rlOfD(O)- (2.28)
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We will therefore focus next on controlling the growth of D(¢). This amounts to performing
a Gronwall estimate along the trajectories of the characteristic flow. We give the details in

Lemma 2.14 below. We obtain a bound

D(1) < B (1,D(0)),

where the function f is defined by

16deexp [(141log ) e "] 1 < To(x)

2.29
(d \/x)eC(lJrlog 16)(t—To) 1> To(x), ( )

Blz,x) <

where

To(x) :inf{t >0:Cexp [<1+10g1)6€—d) e*Ct} > d}.

From (2.27) it follows that

WZZ (fl <t>7f2(t)) < ,B (I7D(O)> :
Finally, taking infimum over 7 and applying (2.28) concludes the proof. [

Lemma 2.14 (Control of D). Let D be defined by (2.26). Then

D(t) < B (t,D(0)),
where B is defined by (2.29) for some C > 0 depending on M.

Proof. Differentiating with respect to ¢ gives

D=2 (deRd)z(Xl (1) =X2(2)) - (Vi(1) =Va(1)) + (Vi(2) = Va(2)) - [E1 (X1 (1)) — E2(Xa(2))] dTep.
(2.30)
We split the electric field into four parts:

E|(X1) — E2(X2) = [E1(X1) — E1(X2)] + [E1(X2) — E2(X2)]
+ [El(Xl) —El(Xz)} + [El (Xz) —Ez(Xz)] .

Applying Holder’s inequality to (2.30), we obtain

4
D<Dp+2vDY 1'?,
i=1
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where

I = E\(X)—E (X)) |Pdmy, L= Ei(X2) — E»(X0)|* dmp;
! (deRd)zl 1(X1) —E1(X2)["dmo, D (deRd)zl 1(X2) — E2(X2) |~ dmo

(2.31)
1::/ EX—Edeﬂ,I::/ E(X>) — B (X)) dnp.
3 (’JI‘ded)2’ 1(X1) —E1(X2)["dmo, L (deRd)2| 1(X2) — E2(X2)|"dmo
We estimate the above terms in Lemmas 2.15-2.18 below. Altogether we obtain

CD(r) (1 + ylog%y) it D(t) < d
C(1+10g 16)D(7) it D(1) > d.

D(1) < (2.32)

We use this to derive a Gronwall type bound on D(¢). If D(0) < d then, since D is a
continuous function of #, there is an interval ¢ € [0,7;) on which D(r) < d. On this interval D

satisfies

D(1) < CD(t) (1 + |log%|> = CD() (1 “log %) .

We then note that the function { : R — R defined by

§(t)=Kexp [Ae‘cz}

has the property
: K
{=CClog—.
¢
Thus for ¢ € [0,#], D satisfies
D)
D(t) < 16d log —~= . 2.33
(1) < 16deexp [ 0g o ¢ (2.33)

Let

16de

Then #; > Ty and the bound (2.33) holds for ¢ € [0, Tp).
For ¢t > Ty, we claim that D satisfies

D(0
Ty = inf{t > 0: 16deexp (log Le—Cf) > d} .

D(l) < deC(1+lOgl6)(t7To). (234)
Indeed, if D(¢) > d, we define

7(t) = sup{s <t :D(s) <d}.
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Then .
D(t) =d+ / D(s)ds.
(1)

Then, by (2.32), we have the bound

t
D(1) §d+C(1—|—logl6)/( Dls)ds
T(t
t
<d+C(1+1logl6) [ D(s)ds.
Ty

This bound clearly also holds for those ¢ > Ty for which D(7) < d. Then (2.34) follows from

the integral form of Gronwall’s inequality. If D(0) > d then a similar argument shows that
D(l‘) < D(O)eC(1+logl6)t‘

Note that 7p = 0 in this case. This completes the proof.

Lemma 2.15 (Control of 1). Let I be defined as in (2.31). Then
L <C(M+1)*H(D),
where D is defined as in (2.26) and

x(logﬁ)2 ifx<d

H(x):=
) d(log16)? ifx>d.

Proof. First we use the regularity estimate for £ from Lemma 2.6:

B lon = eqeo |,

2
Lo e s (100 K1)~ X2(0)P
= gln = 1Wegon [, 00 =0 (10g 00

[X1(2) = X2 (1)]

2
Iwymma—xxnﬁ<mg v ) d

The function
= (o gez)
a(x) =x(log T6d

is concave on the set x € [0, 16de™']. Since X;(t) € T¢, we have |X; — X»|?> < d. Note that

d(d) = —log16(2 —1log16) > 0;
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hence the function H(x) defined in the statement is concave on R, and

1 2 2
(R ey I CAORS ADISLES

Then, since 7 is a probability measure, we may apply Jensen’s inequality to deduce that

1 2 2 1 2
< 3o = oo ([, K0 =Xa(00Pam ) < oy~ 1B ) HD)

Lemma 2.16 (Control of I,). Let I be defined as in (2.31). Then
L < M?D,
where D is defined as in (2.26).
Proof. From (3.16), for all ¢ € C(T¢) we have
/( o O PO 70 = Lo 0@fendir= [ owpsaar  @39)
Thus

b= [ B0~ Ex(0)py o.0)dx
<|lpgy llz=(ra) 1Ed —Ezﬂiz(w)
= 01l 20| V01 = V02l B

We use the Loeper-type stability estimate from Lemma 2.10 to control the difference between
different electric fields. Then

I < max g, |7 o) W3 (P1,:P12) < max |0 7o ) D-

Lemma 2.17 (Control of I5). Let I be defined as in (2.31). Then
13 < CM,dDu

where D is defined as in (2.26) and Cy 4 depends on M and d.
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Proof. Observe that

By %, (0] — B [%2(0)]| dmy

L= /
(’]deRd)Z
~ )
= /(TJXRJ)2||E1||CI(T‘1)|X1 (t) _XZ(IN dTC()

< ||ﬁ1 ||é2.a(']rd)D

for any o > 0. To this we apply the regularity estimate on U, from Proposition 2.4 with ot € A;:

[Gullsaes) < Cas expexp (Ca (1410545 1, ) ) < Casra

since

”pfiHL%(Td) < HPf,'HLw(Td) <M.

Thus we have
L <CyaD.

Lemma 2.18 (Control of 1). Let 14 be defined as in (2.31). Then
Iy < Cy aM°D,

where D is defined as in (2.26) and Cyy 4 depends on M and d.

Proof. Using (2.35) again, we deduce that

L= [ B0~ Ba) oo, e
<105 [l (ray 1By = E2I 7
= przuLm(’]I‘d)”VUl _VUZHIZ}(Td)-

To control the L?(T?) distance between the electric fields we use the stability estimate in
Proposition 2.11:

V01~ V02l < expexp | Co 14 maxllog oo )| maxllog - w2005
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Therefore
1o < expexp [ 1+ mx g o )| maxllg - W3 01,2

< expenp G (1 max s ) | max g -0 < o

2.7 A Priori Estimates on the Mass Density

In this section, we prove a priori L*(T¢) bounds on the mass density p  of a solution f of the
VPME system (2.1). The idea is to control the maximum possible growth of a characteristic
trajectory. This gives a bound on how far the support of f; can spread over time. We will need

to use different methods depending on whether d =2 or d = 3.

2.7.1 Two-dimensional Case

In this section we fix d = 2. Our aim is to prove the following a priori growth estimate on the
charge density of a solution of (2.1) with bounded density.

Proposition 2.19. Let d = 2. Let f be a solution of (2.1) with bounded density py € L}, ([O, +°°);L°°(’11"2)),

satisfying for some constant Cy > 0,

1 l=(o.rxmwrzy <Co, - sup EME[f(1)] < Co.

Assume that f(0) has compact support contained in T? x Bp2(0,Ry), for some Ry. Then

sup (o7 (1) =(r2) < Cr (14 Ro)*.
t€[0,T]

The constant Ct depends on Cy and T.

2.7.1.1 Control of E

Lemma 2.20. Let d = 2. Let f be a solution of (2.1) satisfying for some constant Cy,

11l =(p0,7)x T2 xR2) < Co5 sup &MF[f(1)] < Co,
t€[0,T]
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and such that the support of f at any time t is contained in T? X Bp2(0;R(t)) for some function
R :[0,400) — [0,4o0). Then for all x € T? and all t € [0,T],

E(t,0)] <€ (1+ [log(1+R(1))]'/2)

Proof. We follow the methods of [43, Proposition 3.3]. From the equation we have the

representation

E(x) = Kper * [py — 1](x) = K [py — 1](x) + Ko * [py — 1] (x), (2.36)

where Ky = —VGj is the smooth function defined in (1.44).
For the second term, since Ky is continuous on T2 and thus bounded, by Young’s inequality

we have
1Ko * (Pr = Dl =(2) < | Koll =12y lPr — Ll 2112y < 2| Kol| =72y (2.37)

The second inequality follows because py has unit mass.
We estimate the first term by splitting the integral into a part close to the origin and a part

far from the origin: for any & € (0,1) and any x € T?, we have

[Kxlpr—1)(w)] <C

/[ ' 2 (prlx—y)—1)dy

| 1/2
< C8llps ~ Ul +C (| —d) .
<CBlpy— ey +C ([ o) oy laes

< C8|lps = 1l =(12) +C(~10g(8))"Ilps = 1 2(12)-

We note the following estimates on py: firstly, since f is bounded with supp f C T x
BRZ(O,R<t>),

\pr(t,x)| = '/VERZf(t,x,v)dv < C|f (2 xrn)R(E)?. (2.38)

/ ft,x,v)dv
VEBRa (O:R(2))

Thus
s (t,)l=(r2) < CCoR(1)*. (2.39)

Secondly, by (2.4) we have a uniform L?(T?) bound

1o, )22y <€, (2.40)
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where C depends on Cy only. Substituting this into (2.38), we find that, for any 6 € (0,1),

‘/[_ | ‘%(Pf(x—y)—l)dy §C<3R(t)2+(_10g5)1/2>‘

%77]2 y‘

Choosing § = (14 R(t))~2, we obtain

L

o Prlr =) = Dy <C (14 (og(1 +R()) 7). (2.41)

f’i]

Substituting (2.41) and (2.37) into (2.36), we obtain
E(t,x)] < € (1+ (log(1+R(1)))?),

for C depending on Cj only. ]

2.7.1.2 Control of £

Using Lemma 2.20, we obtain an L™(T?) control on the whole electric field E.

Corollary 2.21. Let d = 2. Let f be a solution of (2.1) satisfying, for some constant Cy,

||f||L°°([0,T]><’]I‘2><]R2) < Co, sup @@ME[f(t)] < Co,
t€[0,T]

and such that the support of f at any time t is contained in T? x Bp2(0;R;) for some function
t— R;. Then

JE(t, )=y < € (14 (log(1 + R) 2.
where C depends on Cy only.

Proof. By the triangle inequality, |E| < |E| + |E|. Since E = —VU, by Proposition 2.4,

V(1) -2y < Cexp (C(1+ otz ) )-

By (2.40),
IE(, M =2y <C

for some C depending on Cy only. Therefore, by Lemma 2.20,

JE(t, )y < € (14 (1og(1+R) ).
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This completes the proof. [

2.7.1.3 Control of support

Proof of Proposition 2.19. Our goal now is to control the growth of the support of p;. If we
know that py € L=([0,T]; L™ (T?)), then characteristic trajectories of (2.1) exist uniquely by the
log-Lipschitz regularity of E. We may then control the growth of the support of f by studying
the maximal possible growth of these characteristic trajectories. Let V(¢;0,x,v) denote the v
coordinate at time ¢ of the characteristic trajectory that starts from phase space position (x,v) at
time 0. We choose

R, := sup IV (5;0,x,v)];
s€[0,t], (x,v) e suppfy

then the support of f at time 7 is contained in T? x B2 (0;R;) for this choice of R,. Next we
use the previous estimates to perform a Gronwall type estimate on this quantity.
For any fixed trajectory V (¢) = V(¢;x,v), observe that

VI IVO)+ [ 16 g ds.

Thus, by the uniform bound on E from Lemma 2.21,
R, <Ro+ /Otc (1 + (log(1 +Rs))1/2> ds.

By comparison with the function

z(t) = (142Ct) [Ro +log (1 +2Ct)],
which satisfies the differential inequality

z2>C(1+1log(1+2))

(see Lemma A.1), we deduce that

R, < (1+42Ct) [Ro+1og(1+2Ct)].
Recalling (2.39), we conclude that

sup [lps(t)ll (12 < Cr(1+Ro)?,
+€[0,T]
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which completes the proof. [

2.7.2 Three-dimensional Case

In this section, we consider the case d = 3. We adapt estimates by Batt and Rein [10] in order
to prove a growth estimate on the mass density p;.

Proposition 2.22. Let f be a solution of (2.1) in dimension d = 3. Assume that there exists C
such that

£l 0,713 <R3y < Co, sup &MEf(1)] < Co,
t€[0,T]

and that f is a solution with bounded density py, such that f(0) has compact support contained
in T3 x Bgs(0,Ry). Then

sup [y (1) | =(rs) < max{T /%, C(Rg+T°)}.
1€[0,T]

The arguments of Batt and Rein [10] relate the growth of the mass density to the maximal
possible growth of the characteristics corresponding to the equation, for the case of the classical
Vlasov-Poisson equation. Our aim is to adapt these arguments to the massless electrons case.

Let (X(t,7,x,v),V(t,7,x,v)) denote the phase space position at time ¢ of the characteristic
trajectory that starts from phase space position (x,v) at time 7. The existence of these char-
acteristics follows from the assumption that the solution f we consider has bounded density.
The electric field E therefore has log-Lipschitz regularity, and the existence of characteristic
trajectories then follows. The idea is to control how large |V (¢,0,x,v)| may become as ¢ grows,
for all x, v contained in the support of the initial datum f(0). The supremal value of |V (¢,0,x,v)|
gives the extent of the support of the solution f at time #: if

R, == sup{|V(s,0,x,v)| : s € [0,7],x € T¢ v € Bga(0;Ry)},

then
supp £(#,+,-) C T x Bga(0:R;).

In particular this is useful because, since the L=(T¢ x R) norm of f is conserved by the VPME
system, we may deduce the following bound on the mass density p;:

1 (2, )l sogpay < £t o pa ) R < CoRY (2.42)

where Cy depends on f(0) only.
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The growth of V (¢, 7,x,v) can be estimated using bounds on the electric field E, since
V(t,T,x,v) —v+/ X(s,7,x,v))ds. (2.43)
As a first estimate, we may write
1
V(t,7,x,v)| < |vy+/ 1E(5,) | =y ds (2.44)

<+ [ NG + By 05,

which remains true in any dimension d. The term involving E can be estimated using Proposi-
tion 2.4:

BNy < 10062 ernn < e (141705, ) )

The conservation of energy implies that this estimate is in fact uniform in s. The remaining

task is to estimate
E(s,x) = K, ps(s,x).

In the two-dimensional case, we accomplished this by using an interpolation argument to
estimate E in terms of the L=(T¢) and L7 (Td ) norms on py(s,-) - see Lemma 2.20. In the
two-dimensional case, the dependence on |||~ (p«) Was logarithmic, resulting in a differential
inequality that could be closed. In the three-dimensional case, the corresponding interpolation

results in the following estimate:

|

4
1E(s,2) || =73y < Cllpsll” )HPszm(Ta)

5
3
4

< Collps 33 (2.45)

~

The estimate (2.42) then implies that
_ 4
1E(s,2) || =(13) < CoR?,
where Cy depends on f(0) only. Substituting this into (2.44) results in the estimate

t 4
R §R0+Co/ (1+RJ)ds. (2.46)
0
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Since the exponent 4/3 is greater than one, the integral inequality (2.46) cannot be used to
obtain an estimate on R; for large 7.

The strategy of Batt and Rein [10] works by improving the exponent in the estimate (2.45)
using a bootstrap argument. As in [10], we introduce the quantities

o) = sup{l (5, )=y 0 < s < 1} .47)
hy(t,A) :==sup{|V (t1,7,x,v) =V (t2,T,x,v)[; 0 < 11,1, T < 1, [t — 2| <A, (x,v) € T? x R},

In [10], Batt and Rein prove a technical lemma, which we state below as Lemma 2.23. Roughly

speaking, this shows that, if an inequality of the form
I (£,A) < Cuhp (1)PA (2.48)

holds for some exponent 3 > %, then, along any characteristic trajectory, an improved estimate
holds on E:
E (X (t,7,x,v))| < Chy (1), (2.49)

for a new exponent 8 satisfying % < B’ < B. Notice for instance that (2.45) implies that (2.48)
holds for the choice 8 = %. This can then be used in a bootstrap argument, because (2.43) and
(2.49) together imply that an estimate of the form (2.48) holds for a smaller value of 3. Once
B is sufficiently small, then it is possible to prove a version of (2.46) which can be closed to

deduce an estimate on R;.

Lemma 2.23. Let (X (t;s,x,v),V(t;5,x,v)) denote the solution at time t of an ODE

X(1) _ X(s)\  (x
<V(t)> =a(t,X(t),V (1)), (V(s)) = <v> ,

where a is of the form

\%
a(t,X,V) = (ag(t,X,V)> ,

for some vector-field ay : [0,T] x T3 x R? — R3.
Assume that, for t € [0,T|, f = f(t,x,v) is the pushforward of fy along the associated
characteristic flow; that is, for all ¢ € Cb(T3 X R3),

Lo feamotemdedr = [ sk g(X(1:.0,0).V(6s,2.0) ded,

T3 xRR3
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Assume that there exists Cy > 1 such that

1Nl = (o, x T3 xR3) < Coy sup [|fi[v?[l1(p3 g3y < Cs-
t€[0,T]

Also, suppose that
hy(t,A) < Cuhp(1)PA  forall hy(r) P <A <1, (2.50)
where hp,hy are defined as in (2.47). Then for all0 <ty <t <t witht —t) <A, if
hp(1) P2 <A<t

then

15
LX) =51 ps(s ) dvas <€ (o a7 o (1))
where C depends only on C,.

Using this technical lemma, we now carry out the bootstrap strategy outlined above.

Proof of Proposition 2.22. Using the representation of the Coulomb kernel on the torus K.,
discussed in Section 1.3.3, the total force E has the representation

E(13) =C || 1 5pr(t:y)dv-+ [Kox (o = D)) + E(o.x),

where Kj is a smooth function. Fix a characteristic trajectory (X (¢),V (¢)). Along the trajectory
we have an estimate

V)~ V(n) <C / / X(s) =y 2py(5,y)dyds (2.51)

h
+C [ 1Ko ma oy (s, X(5) — s+ [ 1B X(5))] s,
51 1
Since Ky is a C!(T?) function, we have

[Ko*x [pr(s,-) = 1| < [[Kollp=z) 5 (5 ) = Ui rsy < [1Kollz=(rs) (2.52)

where the last inequality follows from conservation of mass.
For the smooth part of the field, we use Proposition 2.4 and Lemma 1.12 to get

IE (s, M=y < 10 (5.l crars) < Caexp (cd(l +Ilps(s:)1l 5 m)) <c,  (253)
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for some C depending on Cy.
Now, in order to apply Lemma 2.23, we need to ensure that (2.50) holds for some f3 > 0.
To do that, we rely on the following estimate from [50, Lemma 4.5.4]:

[ =125 dy < Cllos s, s ) s < Cllpr(s My 254)

where the second inequality follows from (2.4). Recalling the definition of 4y and hp, we may
combine (2.54), (2.52) and (2.53) with (2.51), to deduce that (2.50) holds with 8 = g, provided
that hp (t)*z/ 9 < A <t. This allows us to apply Lemma 2.23 to obtain a better control on the
term [rs |X (s) —y|~2p#(s,y) dyds. Using (2.51) again we get

2
3

hn(t,A) < C (hp(t)~ g +hp(t)1/6> A+CA<Chy()DA,  if hy() 2 <A<,
where we used that hip > 1 (since ||py||p1(pay = D).

This implies that (2.50) holds with f = 27, so we may reapply Lemma 2.23 to obtain a
even better control on the term [1s X (s) —y|~2p#(s,y) dyds. Using (2.51) again we get

2.8
3

hn(t,A)§C<hp(t) 7 4 h ()1/6)A+CA<Chp()s*6A if hy(1) 4/ <A<t

After one more iteration, we get

iy (1,4) < C (hp( £ +hp(z)1/6) A+CA<C (hp(t)% +hp(r)1/6) A < Chy(1)'/54,
(2.55)
provided that A, ()88 <A<t
Thus if the support of f(0) is contained in T? x Bp3(0,Ry), then arguing as in (2.38) for
d =3 we have

3
hp(t) < CllF(O)|| =13 3y (Ro + Ay (1))
If £ > hy(t)~%/81 it follows by (2.55) and the Cauchy-Schwarz inequality that

1%+ hp (1)

3
hy(t) < C <R0 +hp (t)1/6t> < CRY+Chp(1) 1 < CRY+C—

and therefore
hy(t) < C(RY +19).

On the other hand, for t < h, (t)_g/ 81 we trivially have

hy(1) <t781/8,
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Combining these two bounds together we obtain, as desired,

hp(1) < max{t=81/8 C(R3+1)}.

2.8 A Regularised System

Next, we turn to the construction of solutions for the VPME system. We begin by considering
a regularised system. We will be able to prove the existence of solutions for this system using
a variation on the theory for Vlasov equations with smooth interaction that we discussed in
Section 1.3.2.

In Section 2.9, we will then construct solutions of the VPME system by proving compactness
of the solutions of the regularised system, using the mass density estimates from Section 2.7.
After extracting a convergent subsequence, we will prove that the limit is a solution of VPME.

To introduce our regularisation, we define a scaled mollifier y, by letting

_ X
x(x) =y <;> (2.56)
Here y : RY — R is a fixed smooth, compactly supported and (therefore) bounded function.
We assume further that y is radially symmetric, non-negative and has total mass 1. We then

consider the following regularised system:

Ifr+v-Vafy +ELf]-Vofr =0,
E, = —x*VU,,
AU, = eV — x.xplf3],
frli=o=£(0) >0, [ra,gaf(0)dxdv=1.

(2.57)

We regularise the ion density but not the electron density. This is a slightly different
approach from that of Bouchut [17], where both densities are regularised. The idea is that the
thermalisation assumption should lead to a regularising effect. This choice is further motivated
in part by our later study of the mean field limit in Chapter 4, where we will use a microscopic
system of this form.

We introduce the decomposition
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where
E, = —xxVU,, Er:—x,*Vﬁr,

with U,, U, satisfying
AU, =1—x,%plfy], AU, =eUrtUr_1,

Notice that we are using a technique of ‘double regularisation’; for instance, if we define

the ‘singular’ part of the electric field to be E, = —y, * VU,, where

AU, =1 2-+p[f],

then E, can be represented in the form

E_r:x,*xr*err*p[f,].

This type of regularisation appeared in the work of Horst [53], and has subsequently been
used in many other contexts. An advantage of this approach is that the system (2.57) has an
associated conserved energy, defined by

EVE(f] = L

1
_ 1 2 1 2 U,
=3 de]Rd|v| fdxdv+2/qrd|VUr| dx-i-/wUre dx. (2.58)

If £, converges to some f sufficiently strongly as r tends to zero, then we would expect &ME[f,]
to converge to &ME[f], where &MF is the energy of the original VPME system, defined in (2.2).

In the regularised system, the force E, will be smooth. It is therefore possible to construct
solutions for this system using standard methods for Vlasov equations with smooth interactions,
following for example [18, 27, 31, 72]. The standard results cannot be applied directly since

the force is not of convolution type, but the method can be adapted to our case.

Lemma 2.24 (Existence of regularised solutions). For every f(0) € 2(T? x R?), there exists
a unique solution f, € C([0,00); 2(T? x RY)) of (2.57). If £(0) € LP(T? x RY) for some
p € [1,00], then for all t € [0,00),

17O o (raxray < 17 (O) | (pa xa)-

Proof. We sketch the proof, which is a modification of the methods described in Section 1.3.2
in order to handle the extra term in the electric field. First consider the linear problem for fixed
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1 € C([0,00); Z(T¢ x RY)):

/

dig) +v- Vg FE Ju]-v,e =0,

Er('u) — _Xr*VUr(‘u),
AU = U — y, v plul,
o= f© =0, [ f(0)(dxdv) =1,
Td x R4

(2.59)

\

for £(0) € 2(T? x RY).

Observe that, for any probability measure u, X, * p[u] is a function satisfying
2 P[] < {120 o (e -
This is shown in the proof of Lemma 1.1. Then by Proposition 2.4,

10 ey < exp [Ca (14 10l

and hence Er(“ ) — Ar * VUr(“ ) is of class C! (']I‘d), with the uniform-in-time estimate

1ES et ney < 1l ooy VU Ny < e ayexp [ Ca (1 12wy ) | < Cra
(2.60)
This implies the existence of a unique global-in-time C! characteristic flow. Using this flow
we may construct a unique solution g&“ ec ([0,00); 2(T? x RY)) to the linear problem (2.59)
by the method of characteristics. Since the vector field (v, E,) is divergence free, this solution
conserves L (T x R?) norms for p € [1,+od].

To prove that the nonlinear equation has a unique solution in C ([0,0); 22(T? x R?)), we
adapt the methods presented for smooth Vlasov equations in Section 1.3. We have discussed in
Subsection 1.3.2.5 that it is enough to show that the electric field Er(“ )V is Lipschitz and has a
stability property in W with respect to u:

IEH |Lip < C; (2.61)
IEH) — Y| oy < W (1, V). (2.62)

The Lipschitz regularity (2.61) holds by (2.60). For the stability (2.62), once again we use the
decomposition Er(“ ) = E,(” ) —|—E\,(” ). First,

E‘r(”) = —X,,*VUr(“) :Xr*err*%r*p[:u]?
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where Kpe, is the Coulomb kernel on the torus (recall the definitions in Subsection 1.3.3). This
is a force of convolution type. The kernel is Lipschitz since Kper € L'(T?) and y, is smooth.
We can therefore use the stability estimate of Lemma 1.10. It remains to verify stability of E,
with respect to U.

Consider two continuous paths of probability measures u, v € C([0,0); 22(T9 x R¢)). First
note that by Young’s inequality,

VB —E"lmnoy = 126 (VO = VO =iy < 112y | VO = VO 2y
By the L? stability estimate from Proposition 2.11,

ye{u,v} ve{p,v}
< N =T 2 ey

VG~ V0 ey < exp | max 107 1yeqon+ max 10 o))

By Proposition 2.4,

max (O | ooy +max (07 oy < exp [Ca (14 12 ) |

ye{u,v} e{u,v}

Hence

VO~ VO 12y < Ca 10 = O 120y
_ v

< G 10 0 = pty = Cra 112 % G x (PIR] = P V)| )

Note that ¥, *, G is smooth and hence Lipschitz. We can therefore apply Lemma 1.10. Explicitly,
by Kantorovich duality for the W; distance we have

Wi(pu,pv) = sup {/ ¢dpu_/ ¢dpv}-
[lip<1 (/T T4

Thus for any x € T¢

1 G (P = o)) = [ [ Glx =) dpy = pu) )

< HXr *x G(.X— ')HLile (p,ll;pv) < Cr,dwl (pli7pv)7
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where C, 4 is independent of x. Hence

||xr ky Gk (Pu _pV)HL""(Td) < Cr,dWI (P,u,Pv)~

We conclude that
HXI’ * (Vﬁr(u) - Vﬁi’(‘/)) HL‘”(Td) < Cr,d Wl (P,uapv) < Cr,dwl (.u’a V),

which shows that (2.62) holds.

The methods of proof of Theorem 1.2 (existence of solutions) and Theorem 1.5 (uniqueness
of solutions) can therefore be adapted to this case. This proves the existence of a unique
solution f, € C([0,0); 2 (T x R?)) for the nonlinear regularised equation (2.57).

This solution also preserves all LP(T¢ x R?) norms, since it is the solution of the linear
transport equation

atg—f—v : ng+Er[fr] -V,g=0,
dieo=1(0)20, [ fO)dxav=1,
Td xR4

and (v, E,[f;]) is a divergence-free C' vector field.

2.9 Construction of Solutions

In this section, we show that the approximate solutions f, converge to a limit as r tends to
zero, and that this limit may be identified as the unique bounded density solution of (2.1) with
data £(0). In the following lemma, we collect together some useful uniform estimates for the
approximate solutions f;.

Lemma 2.25. Let f(0) € L' NL=(T¢ x RY) be compactly supported. For each r > 0, let f,
denote the solution of (2.57) with initial datum f(0). Then f, have the following properties:

(i) LP bounds: for all p € [1,+o0],

sup sup || fr(t) || o raxray < [ (0) o (raxra)- (2.63)
r>0re[0,T]

(ii) Moment bounds:
sup sup v £ (2,x,v) dxdv < C[£(0)].

r>0¢e[0,7]/ T?xR4
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Proof. Property (1) was proved in Lemma 2.24. Property (i1) is a consequence of the con-
servation of the energy functional &ME[f,] defined by (2.58). First we must check that
&ME[£(0)] is bounded uniformly in r. Since f(0) € L=(T“ x R?) with compact support,
we have po := p[f(0)] € L™(T¥). Since ||t * po|l z~(7a) < [|Poll 1 (1a)> by Proposition 2.4 we
have for any o € (0,1)

1U(0) lcrery < € (s llpollz=ra))

Moreover [ra,,ga [v|2f(0,x,v)dxdv is finite since £(0) is compactly supported. Therefore there
exists Cy depending on f(0) such that

sup sup EME[£,(1)] < Co. (2.64)
r>01€[0,T)

Note that xe* > —e~!. This implies that for all » and all 7 € [0, T],
/ W2, (¢, x,v) dxdv < C, (2.65)
T4 xR4

which completes the proof of Property (ii). ]

Proposition 2.26 (Density bounds). Ler £(0) € L' NL*(T¢ x R?) be compactly supported.
For each r > 0, let f, denote the solution of (2.57) with initial datum f(0). Fix T > 0. Then,
forall r € [0,1] the mass density p|f,] satisfies the following bounds, which are uniform with

respecttor:

supllplf )l a2, <CLA(O)) (2.66)
r>0 d (T)
sup | 1))~z < CIT.£(0)] (2.67)

Proof. The L (T“) bound follows from the moment bound (2.65) and the uniform L= (T¢ x
R4) bound (2.63), after applying the interpolation estimate Lemma 1.12. For the L(T%) bound
we use the estimates on the growth of the support from Propositions 2.19 and 2.22, which are

valid for solutions of the regularised equation, with the same constants. We give the details in
Lemmas 2.27, 2.28 and 2.29 below. [l

To prove L* bounds on the mass densities p[f,] that are uniform in r, we revisit the
calculations in Section 2.7, and show that they can be adapted to the regularised system. We

recall that we used different methods in the two cases d = 2 and d = 3. In both cases, we make
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use of the decomposition

This results in the estimate

‘Er(xﬂ <Cq4

1 A~
(| = 1) * Xk Xr % PLAI(X) |+ | Ko * X% X x p ] (%) +|E-(x)]. (2.68)
Note firstly that, since Ky € C*(T¢), by Young’s inequality,

1Ko 5 2% X PLF )l oo paty < NI Kol =y 126 % 2 5 P LA 0
< [|Ko[ =4y

using the fact that p[f,] and y, have total mass one.
Secondly, by Proposition 2.4, for o € (0, 1), for all r > 0,

|00l crageay < Caa exp (Caa (1A a2 1, ) )

Thus

Er[| = (ray = (|2 % VUr || oo (pay < [[VU|| o 70
< Caexp (C (1+ 12U a2 ))
<C

d

(T4
< Cyexp (Cd <1+HP Folll a2 >>

where the final inequality uses the bound from (2.66):

sup [p[fr(D)]ll a2 o, < CLFO)]

r>0

It remains to estimate the term

‘(\ |}1 1)*Xr*%r*p[fr]< )|

To do this, we revisit the estimates of Section 2.7 and show that they apply when the regularisa-
tion by convolution is included. Since f; satisfies the regularised system (2.57), we will be able
to show that these bounds hold rigorously rather than being a priori estimates. We begin by
showing that the regularised kernel is comparable to the non-regularised one.
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Lemma 2.27 (Bounds on the regularised kernel). Let d > 1 and let X, be defined by (2.56) for
some fixed y € C.(R?). Then there exists a constant C(d,x) > 0, independent of r, such that,
forall x € [—%, %}d,

Xr(x—y) C(d,x)
< .
/[m T O

d . .
Proof. For each x € [—%, %} , consider the function

|x|d—1/[ %r(x_y) dy.

~34 !
There exists a constant C; > 0 such that, for all x,y € R4,

it < (DI =yl

- o=yl "
’x|d 1/_1 l]d |y|d 1 dy /_lldbCrx y ‘dy‘F/ lld | |d 1 |xr(x—y)|dy.

272 777

(2.69)

Note that

[ o=t [ [x(C)|avs [ ey =c.

x+[-3.3] x+[-5.3] r R4
Split the second term of (2.69) as follows: for any L > 0,

=yl / x =y =yl

——x(x—y)|dy < ——xr(x—y)|dy+ ——|x(x—y)|dy.

Joyye vl [ Sl [ Syl

The first term is estimated by

e —y|4! -1 1 d—1
e T O SN ey | o 4y S Gl e

Observe that

_ _qlxe-t o rx _ _ _
M) = T 2 (B) < Kl < €O

The second term is estimated by

Jx — y|9! B
z>|y|>L|y|T\xr(x—y)!dy§L 19 2l ey
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For the constant, we find that

I 2l = e [ (3) |

= [l )
R4

<C(x)r' .
Altogether this gives
|x|d_1/[_ MdySC(x) [l-l-r_1 (CdL—l-Ll_drd)} .
Minimising over L, the optimal value is L = C;r. Then

d—1 Xr(x—y)
x| /[_;;]dMTd)’SC(d,%)-

This completes the proof. [

Remark 3. Lemma 2.27 also applies in the case of the double regularisation y; * ¥, since

toertes) =2 [ (=) (D) ay =t [ g e=3) 2 0)dy=r ()

r

Lemma 2.28 (Mass bounds, d = 2). Let d = 2. Let f(0) € L' N L™(T? x R?) have compact
support contained in T? x Bp2(0,Rp). For each r > 0, let f, denote the unique solution of
(2.57) in the space C ([0, 4o0); 2(T? x R?)) with initial datum f/(0).

Then f,(t) is compactly supported in T? x R? for all t € [0,0). Moreover, the mass density
plf,](¢) lies in the space L™(T?), with the bound

sup sup [|p[£,)(1)] =(r2) < Cr (1+Ro)”.
re(0.1]7€[0,T)

Proof. We discussed in the proof of Lemma 4.7 that E, = E,[f,] is a C' (T?) function for all 7,

with the estimate (2.60), which is uniform in # > 0 but not in r.
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The characteristic system of system (2.57) is the following ODE for paths ¢t — Z,(¢;s,7),
where Z,(t;5,2) = (X,(t;7,2),V,(t;7,2)):

X (t;7,2) = Vo (t;7,2)
Vi(t;7,2) = E [t,X,(t;7,2)] (2.70)

Z(7:7,2) =z=(x,v).

This system therefore has a unique global-in-time solution for all s € R, z € T? x R2.

For any characteristic trajectory Z,(¢;0,z), the velocity component satisfies

Vi630,0)] < 1 [ 10 (5) =2y .
By estimate (2.60) and the fact that £(0) is compactly supported,
Ve(2;0,2)| < Ro+Cyt.
Thus f,(¢) is compactly supported for all # > 0, with the following preliminary bound on R;:
R, <Ry+Cit.
Then the mass density satisfies
P L0 l=(r2) < C(Ro+Cr)*.

We now seek a bound that is uniform in r. By (2.71) and the decomposition (2.68) of E,,

t
Vi (£;0,2)| < v +C(fo)f+/0 ds.

(’_1|) * 2% % LI (5,1 (5:0,2))

By Lemma 2.27,

ds.

LA )
T2 L=(T2)

ly

Vi5:0.9)] < b+ ol + [

By Lemma 2.20,
t
Ve (2:0,2)[ < |v] +Ct+C/ <1+(10g(1+RS))'/2> ds,
0

where the constant C depends only on f(0) and is independent of r.
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As in Proposition 2.19, we deduce that
R; < (1+42Ct) [Ro+1log (1 +2Ct)],

and conclude that

sup [P [£](1)|| =(r2) < Cr(1+Ro)*.
t€[0,T]

[
Lemma 2.29 (Mass bounds, d = 3). Let d = 3. Let f(0) € L' N"L>(T? x R?®) have compact
support contained in T x Bgs(0,Ro). For each r > 0, let f, denote the unique solution of
(2.57) in the space C ([0, 4o0); 2(T? x R?)) with initial datum f(0).
Then f,(t) is compactly supported in T> x R? for all t € [0,+c0). Moreover, the mass
density p[f,](t) lies in the space L™(T?), with the bound

sup sup [|p[f;](¢)llp=(p) < max{T~*"/%,C(R +T°)}.
r>0¢€[0,T)

Proof. By (2.60), the characteristic system (2.70) is well-posed for all s € R, z € T3 x R3. We
define the quantities

1) (1) = sup{lIpLf) ()l (s : 0 < s <1}
hy (6,4 i= sup{|Vi(11,7,2) — Vi(12,7,2); 0 < 11,02, <1, |11 —12] <A, z€ T> x R},

We check that these quantities are well defined. By the uniform C! estimate (2.60) on E,,

15}
|V (t157,2) = Vi(t257,2)| < |E,[5,X(s,;7,2)]| (2.71)

n

< |t2_tl|HErHL°°(’]I‘3) §Cr]t2—t1]. (2.72)

Thus h%r) (t,A) < C,A. Moreover

LA [ flexv)a

supp fr(t)
<0 =3 sy (Ro +Crt)>.

By the uniform L*(T? x R?) bounds (2.63),

e L)l (r3) < IO =15 sy (Ro +Cit) ™ (2.73)
te|l,
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By estimates (2.72) and (2.73), both A (1) and Ay (1, A) are finite for all # > 0 and A € [0,7].
We now apply the bootstrap scheme from the proof of Proposition 2.22, using the estimates

(r)

of Batt and Rein (Lemma 3.13). We use this to obtain an estimate on &, that is independent of
r.

By (2.71) and the decomposition (2.68) of E,,

Vi(1137,2) = Vi(1237,2)| < C(fo)

(Lz) 2% 2+ PL) (5. X (s:7.2)) | s,

By Lemma 2.27,

WV, (t157,2) = Vi(t2:7,2)| < C(fo) [a — 11| +C(x // pLA(s.) Sdyds. (2.74)
™ |X,(5:7,2) — y|*

We then apply the bootstrap argument from Proposition 2.22. The estimate (2.74) plays the

role of estimate (2.51). Since

PN 4y < i)

3 |x—y| % ||p[fr]||Loo T3)?

by (2.66) we have
4
9

h (2,A) < CA [hf{)} :

where C depends on f(0) only. By Lemma 3.13 and (2.74), we obtain
(") () (y] 2 o [0 ] 70
W (e,A) < C [hp (t)} A, if [hp (t)} <A<t

Iterating this scheme as described in the proof of Proposition 2.22, we obtain

] o 11/6
WA < C [hl())(z)} A,

~8/81
provided that [hl()r) (t)} < A <t. The constant C is independent of r. As in the proof of
Proposition 2.22, we conclude that

hp(1) < max{t =818 C(R}+1)}.

This completes the proof. []

From Proposition 2.26, we deduce the folllowing regularity bounds on the regularised
potential U,. These estimates are uniform in r > 0.
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Lemma 2.30 (Uniform regularity of the electric field). Let f(0) € L' NL*(T? x R?) be com-
pactly supported. For each r > 0, let f, denote the solution of (2.57) with initial datum f(0).
Then, for any o € (0, 1), there exist constants C|a., f(0)], Cla, T, f(0)] such that

sup sup H[/]\r(t)HCLoc(Td) <Cla, f(0)], sup sup [[U(t)cre(rey < Clat, T, f(0)]. (2.75)
r>0r€[0,T] r>0¢€(0,T]

Proof. These estimates follow from Proposition 2.4, using the density bounds from Proposi-
tion 2.26 and the fact that ||, * p[£(!)]l| .o (zay < 1P [£r()] | o (Ta)- O

The final ingredient is a compactness property of the solutions f, of the regularised system.
We show that the solutions f, are equicontinuous in time into the space W~ 1?(T%). We will

use this property to extract a limit point from {f, },.

Lemma 2.31 (Equicontinuity in time). Let f(0) € L' N\L=(T? x R?) be compactly supported.
For each r > 0, let f, denote the solution of (2.57) with initial datum f(0). For any t| < t,

17r(12) = fr(t) lw=12(7a xray < CLF(0)] |2 = 1],
where W—12(T4 x RY) denotes the dual of W'*(T¢ x RY).
Proof. We use the fact that f, satisfies the transport equation
O fr = —divey (W E:Lf+(1)]) fr) -

From the weak form of this equation we have, for any function ¢ € W'?(T¢ x R9),

d

E/%Rd 0.()dxdv

= '/d Vi (v, Er[f3(1)]) f(t) dxdv
T4 xR

1/2
< ([, .10l drar)
T4 xR4

1/2
<( [, WP+ ELORS )
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Using the uniform L= (T¢ x R?) bound on £, (2.63), we can control this quantity by

d

1/2
2 1/2
E/de]gd 0 fr(r)dxdv) < (/deRdWx,vM dde) I (r )”L‘” Td xR)

X (/deRd v|? f,(¢) dxdv + Hfr(t)HL""(’]I‘dX]Rd)/

Td x R4

1/2
!Er[fr(t)]lzdde>

1/2
2
< ([, 17ar0P sy ) IOz

1/2
X (/ |v|2f,(t)dxdv—|—/ ]VU,]dedv) :
Td x R4 Td x R4

We control the last factor using the regularised energy &ME[f,]. From the definition of &MF
(2.58), we have

/d V£ (2 dxdv+/ |VUr|2dxdv§<5"ME[fr]+e’1.
T

Thus

d
E/H‘dx dq)fr( )dXdV

By the conservation of the regularised energy (2.64), we conclude that

< ClF(O) = (pasray (C+EEFr)]) IV 127 -

d
E/WW 0 £.(1) dxdv

This estimate means that

< ClFO]IVOl 2 (ra wpay:

0 Olly e = s [ oag0)arav<cC,

19112 (pd ey <

thus 9, f, € L=((0,T); W~ 12(T? x R?)). Thus, for any #; < t,,

15}
I+(02) = Sr00) sy < [ 1905 (0) lraquimey dr < Clra =11
1
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In the next lemma, we use the above bounds to extract a convergent subsequence of approximate
solutions, and show that the limit is a weak solution of (2.1). This completes the proof of
Theorem 2.2.

Lemma 2.32. Let £(0) € L' NL=(T¢ x RY) be compactly supported. For each r > 0, let f,
denote the solution of (2.57) with initial datum f(0). Then there exists a subsequence f,,
converging in L7 ([0, 400); W 12(T4 x RY)) to a limit f € C([0,+00); W~ 12(T4 x RY)); that
is, for each time horizon T > 0 and for all § € W'2(T¢ x RY),

lim sup =0.

n=r 10,7

[, 0 U0 =) dray
T4 x R4
Moreover, for each t € [0,40), for any p € [1,0| and all ¢ € LP(T x R?),

lim =0.
n—oo

Ly 00~ fle))dvay
Té xR

Furthermore, f belongs to the space C ([0, +oo); .y (T x Rd)) and is a weak solution of (2.1)
with initial datum f£(0), for which ps € L5, ([0, +0); L*(T¢)) and

loc

sup &YE[f(1)] <C.
1€[0,00)

Proof. To extract the convergent subsequence, we need to make careful use of the equicontinuity
in time. The curves
t fr(t) e W (T x RY)

are equicontinuous in the norm topology on W ~12(T“ x R?) by Lemma 2.31. They are also
uniformly bounded in W~12(T¢ x R?) since f, € L(]0,+o0); L?(T? x R%)) by (2.63). We
now fix a compact time interval [0, 7]. By an Arzela-Ascoli type argument we may extract a
subsequence r,, such that for all ¢ € W'?(T¢ x R9),

lim sup
nrtel0,T)

=0, (2.76)

Ly )= £(0)) 6 dx
T xR

for some f € C([0,T];W~12(T9 x RY)). In particular, since C*(T¢ x RY) ¢ W!2(T9 x RY),

lim sup =0, forall g €eC(TYxRY).  (2.77)

% tel0,T]

Ly (0= pe)) 9 dxay
T4xR
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We now want to prove that the convergence holds also in L?(T% x R?) —w, for p € [1,4-0),
and L= (T? x RY) — w*. For fixed ¢ € [0, T], we have the uniform bounds

sup ||+ (0) | (pa xray < IFO) [ o(rapay, — sup [VI® fy(t,2,v) dxdv < C[f(02.78)
r>0 >0 J T4 xR4
This implies that {f,(t)} 0 is relatively compact in LP(T¢ x R?) —w for p € [1,+o0) and
L=(T¢ x RY) — w*. For each p € [1,+oc] and ¢ € [0, T] there is a further subsequence r,, and
a limit g € LP(T? x RY), both depending on 7 and p, such that for all ¢ € L”" (T x R?) (p*
being the Holder conjugate of p),

lim
k—ro0

L, 00, (=g dxar| =0,
TexR

In particular, this holds for ¢ € C°(T? x R?)  LP"(T¢ x R?). By (2.77), we deduce that

/ F(0) 0 dxdv = / gddxdv  forall ¢ € C7(T x RY).
Td xR4 Td xRd

Thus f(¢) = g. The uniqueness of the limit implies that in fact the whole original subsequence
f,(t) converges to f(t) in LP(T9 x R?) —w for p € [1,+o0) and L=(T9 x R?) — w*.

Note that the weak (or weak™) convergence of f,, to f implies that the bounds (2.78) pass
to the limit: for all# € [0,7] and p € [1, +oo],

150 ep oy SISO ascroieys [, WESexr)dedy <CLA(O)) @279)

Since f;., (¢) is non-negative for all n and 7 € [0, 7’|, this property also holds for the limit f: note
that, for fixed #, the function 1y ¢(,)<oy € L”(T¢ x R?) is non-negative. Since f;, () converges
to f(¢) weakly in L' (T x R?),

02 )l dxdv = li
o /Jl‘ded f() {f(r)<0} v = lim

n—oo Jd

R4 fr,, <t) {f(f)<0} dde > 0
Thus
)1 dxdv = (),
/‘dX]Rdf() {f(l‘)<1)} Vv

which implies that f(z) > 0 almost everywhere.
We will now show that the path ¢ — f(¢) is in fact continuous with respect to convergence

of measures. This is equivalent to showing that the function

(o 0:0) = [ oS (x ) drdy (280
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is continuous with respect to ¢, for all ¢ € C,(T¢ x R?). Since f € C([0,T];W~12(T? x RY)),
we already know that this holds for all ¢ € W!2(T? x R?), and therefore certainly for ¢ €
CH(T¢ x RY). We will enlarge the space of admissible test functions ¢, first to C.(T¢ x R9),
and then to C,(T? x RY).

Let ¢ € C.(T? x RY), and fix ¢ € [0,7]. We will show that the path (2.80) is continuous
at . Given € > 0, there exists a function ye € C}(T? x RY) such that ||¢ — Vell = (1a xra) < €.
Then, for s € [0,7],

[(f(s), @) = (f(0), )| < [(F(s), 0 = We) |+ |(F (), We) = (f(0), We) |+ [(f (1), We — )]

By (2.79), for all s € [0, T] we have the estimate

[(£(5).0 — W) < IF ()l sy 19 — Wl =z
<C(f(0))e.

Thus
[(f(5),0) — (f(2),0)| < Ce+|(f(s),we) — (f(1), ¥e)l,

where C > 0 depends on f(0) only. Since 7 — (f (), We) is continuous in ¢, there exists § > 0
such that, if |s —¢| < &, then

|(f(s), @) — (f(2),¢)| <2Ce.

Therefore the function (2.80) is continuous for all ¢ € C.(T¢ x R?),
Now let ¢ € Cp,(T¢ x RY). For each R > 0, let Ng € C°(T¢ x R) be a cut-off function
taking values in [0, 1] and such that

Nr(x) =1 for x| <R, Nr(x) =0 for |x| > 2R.

Let ¢ := ¢nr. Then ¢r € C.(T? x R?). By (2.79), for all ¢ € [0, T],
(09 = 0r) < 19 mroney | fltv)dedy
x€T9,|v|>R

) 2
<19l = (raxray R M>R|V| f(t,x,v)dxdy

< ||| xcpay R,
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where C > 0 depends only on f(0). Thus

[(f(5),9) = (f(0), ) < |(F(s), @ — @)+ [{f(5), 9r) — (£ (1), R} + [(F (1), — )|
< Cl1 |l = (pascray R™ + [(f(5), 0r) — (£(1), 9r)].

Given € > 0, first choose R sufficiently large so that the first term is smaller than €. Then, since
0r € Co(T? x RY), (f(t),dr) is continuous with respect to z. Thus there exists § > 0 such
that, for all s € [0,7] such that |s —¢| < &, the second term is smaller than €. Thus (f(¢),¢) is
continuous with respect to z. We deduce that f € C ([0, T]; .4, (T? x R?)).

Next we show that the convergence also holds for the mass density. Since f;, (f) converges
in L' (T¢ x RY) —w, for all ¢ € L(T¢) we have

tim [ plf (0@ ds=lim [ f ox)o(x)drdy

n—oo n—oo Jd

= F(t,x,v)6(x) dxdy = /Td pr(t,x,v)(x) dx.

Td x R4

In other words p,, (t) — py(t) in L'(T¢) —w. Since, by (2.66) and (2.67), p[f;, (t)] are uni-
formly bounded in L?(T¢) for all p € [1, o], the convergence also holds in L”(T¢) —w for
p € [1,+00) and in L=(T%) — w*. In particular,

sup o ()l pp(ray < Hminf{|p[fy, ()]l o (pa)-
1€[0,T] "

We deduce that, by Lemma 2.25,

sup ||pr(t)]] a2 <C, sup ||pr(t)||=(pay < Cr. (2.81)
sup el e, 390 Py 0) o) < Cr

Next, we prove convergence of the electric field. By Lemma 2.30, for any o € (0, 1),

sup sup [[Ur(?)l|cro(ray < Clet, T, £(0)],
r t€l0,T]

which implies that U,(t),VU,(t) are equicontinuous on T?. Hence there exists a further
subsequence for which Uy, (¢), VU, (¢) converge in C(T4) to some U(t),VU ).
We identify the limit U(¢), by showing that it is a solution of

AU(t) = eV — ps(1). (2.82)
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The elliptic equation for U,(¢) in (2.57) in weak form tells us that for all r and all ¢ €
W1’2 le (Td),
[, VU099 + (40— g5 p[£, (1)) g dx =0,
T

The first two terms converge by dominated convergence, since U, () are uniformly bounded in
C'(T¢). For the term involving y, * p[f,(t)], we split

L, Geeplrre)=pr0) o= [ (zesplhte) = plio) ods+ [ (pLr(e) —pf<r(>2) ou
For any ¢ € L (T¢), we have

[ ool = pliD o = | [ Greo - o)plnlas

<lex0 =9l a2 oy IR LEON, 02 1,
<Cliao =9l a2 -
The right hand side converges to zero as r tends to zero by standard results on continuity
in L? spaces. For r = ry,, the second term of (2.83) converges to zero as k tends to infinity,
for all ¢ € L%(Td), since p[f,(t)] converges to ps(t) weakly in L7 (T?). Hence, for all
¢ € WI2NLF (TY),

| YU@)-V9+ (") = pr(1))gdv = 0.
Since U(t) € C1(T¢) and ps(t) € L*(T?), this extends to all ¢ € WH2(T?) by density of
L7 (T%) in L>(T¢) . In other words U (¢) is indeed a weak solution of (2.82).

Our earlier stability estimates (Proposition 2.11) imply that (2.82) has at most one solution
in L NW12(T9). Since U(z),VU(t) € C(T%) we do have U(t) € L°NW!"2(T?). Since the
limit of any convergent subsequence is uniquely identified, it follows that for all # we have
U, (t) = U(t) in C'(T%), where U(¢) is the unique L= NW!2(T%) solution of (2.82) (that is,
without passing to further subsequences).

Next we consider the convergence of the regularised electric field

Ey, [fr(O] = =2 VU, (1).
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This converges to —VU (t) uniformly since, for some fixed @ € (0, 1),

2% VU (1) (x) = VU (1) (x)| =

/ 1x =) [VU(0)(3) = VU, 1) ()] dy
y€Te:|x—y|<Cr

< r o r - - (Xd

<Ol [, wlel®ay

< Caurr® [ 010)b|*dy < Coairr®.

The right hand side converges to zero as r tends to zero, which proves the assertion.
Finally, we show that f is a weak solution of (2.1) on the time interval [0,7]. Since f, is a
solution of (2.57), for any ¢ € C=(]0,%0) x T? x R?) we have

/ f(O,x,v)(p(O,x,v)dxdv-l-/w/ (0 +v-Vip+E.(x)-V,0)frdxdvdr = 0.
Td x R4 0 JTdxRrd

Since d,¢ +v- V.9 € C(]0,00) x T¢ x R¥), (2.76) implies that for all fixed ¢, as n tends to
infinity,

/ (8t¢+v-qu))frndxdv—>/ (30 +v-V.9) fdxdv.
Td x R4 Td x R4
Since

‘/deRd(at(P‘f’v-qu))frn dxdv S ||f(0)||L°°(Td><Rd) /’]I‘ded ‘atd)—f—vvx(]”dxdv GLI([O’OO>)’

we deduce from the dominated convergence theorem that for all ¢ € C=([0,0) x T? x R?), as

n tends to infinity,

/ / (8tq)+v-qu))frndxdv—>/ / (30 +v-V.9) fdxdv.
0 JTdxRd 0 JTdxRrd
For the nonlinear term we have the estimate

<

/ / V.0 (Evf, + V.U f)dxdvde
0 Td xR4

/0 /deRd (E,+VU) -V, frdxdvdr

+

/oo<> /deRd —VU-V,¢ (fr — f)dxdvdr
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Now assume that supp¢ C [0,7] x T¢ x R?. We estimate the first term using the uniform
L=(T9¢ x RY) estimate (2.63):

/ / (E, +VU)-V,9 f,dxdvdi| < C[£(0)] / / \(E,, +VU)-V,|drdvdr.

0 JTdxRd 0 JTIxRI

Since E,, () + VU (t) tends to zero as n tends to infinity for each ¢, the function V, ¢ belongs to
L'(]0,00) x T¢ x R?), and the uniform bound

sup ||Ey, (1) + VU (t)||=(pay < Cr
t€[0,T]
holds (by (2.75)), it follows by the dominated convergence theorem that the right hand side

converges to zero as n tends to infinity. Similarly, for the second term we use that, for each ¢,
since VU (1) -V, ¢ € L' (T x RY),

/ VU -V,¢ (f;, — f)dxdv| — 0.
Td x R4
Combining this with the bound
VU V9 (f; = f)| < CIT, f(0)][Vu@] € L'([0,00) x T x RY),

which follows from (2.63) and (2.75), we conclude that, as n tends to infinity,

// (Vv(p-Ern)frndxdvdt—>—// (Vy6-VU) fdedvdr.
0 Td x R4 0 Td xR

Hence, for all ¢ € C°([0,T] x T¢ x RY) with ¢(T,-,-) =0,

/ f(O,x,v)¢(0,x,v)dxdv+/T/ (30 +v- Vi — VU (x) -V, ) f drdvdr = 0.
T4 x R4 0 JTIxR)

Thus f is a weak solution of the VPME system (2.1).

By (2.81), f has bounded density on [0,7]. Thus Theorem 2.1 implies that f is the
unique bounded density solution of (2.1). Therefore the limit of any C([0,T];W~1?(T9 x
R4)) convergent subsequence fr, must be f. This implies that in fact f, converges to f in
C([0,T];W—12(T? x R)) as r tends to zero, without passing to a subsequence. Since T was ar-
bitrary and the limit f is unique for each T', by extension a single path f € C(]0,c0); W ~12(T¢ x
R4)) may be defined that coincides on each [0, 7] with the limit of f,. This completes the
proof. [
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2.9.1 Energy conservation

The solutions we have constructed have finite energy. Indeed, since each f, satisfies a conserva-
tion of the energy &MF defined in (2.58), for some constant C[£(0)] > 0 independent of ¢ and r
we have for all ¢ € [0, 4),

EVEL ()] = EMELF(0)) < CLA(O))-

Since U,(t) converges to U(t) in C'(T?) and f,(r) converges to f(t) weakly in L' (T x R?), it
follows that

/Td Ef (@ dvdy <timint [ v (0)drdy

r—0 JTdx

/WU (1)[2 dx _hm/ WU (1) dx

/ U@V dar=1im [ U, (1) d.
T

r—0.JTd

In particular,

lim &ME[£(0)] = EMF(£(0).

r—0
Moreover,
EME£(1)] < timinfEME(£, ()] < EME[£(0)].

In other words f has uniformly bounded energy. Next we want to show that the energy is in
fact conserved for solutions with compactly supported data. We will do this by controlling a
moment of order strictly greater than two.

Lemma 2.33. Let £(0) € L' NL>(T? x RY) be compactly supported, and let f be the unique
solution of the VPME system (2.1) with initial datum f(0) and locally bounded density. Then,
forall p € [1,4o) and all T > 0,

sup [ () ey < Cpr
re(0.7] /TR PLfo

where Cy, 1 1, m depends on p, T, fo and a bound on the mass.

Proof. By assumption, there exists M such that

sup P ()| =(ray <M.
1€[0,T]

Then, by Proposition 2.4,
||| = (pay < CM + €M,
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Let V (¢;x,v) be the characteristic trajectory beginning at (x,v) at time t = 0. Then
V(t;x,v)| < |v| —I—/Ot |E| = (ayds < [v] + (CM+eCM> . (2.84)
Let R; be a function such that f; is supported in T9 x Bra(0;R;). Then (2.84) implies that
R <Ro+Cpy.
Let yy € C,(RY) be a sequence of non-negative test functions satisfying

yv(v) =P, <N,
YN () T v, N —ee.

We take the representation of f as the pushforward of fj along the characteristic flow induced
by f. Then

[, oenasdr= [ (V) fodsavs [
T4 xR4 Td x R4

Td xR

|V (t;x,v)|? fodxdv

< [, IRo+Cural” fodrdy < CIRo+Coral” B I ollrvsi
X

S Cp7tﬂM7fO'

By monotone convergence, we have

[, w7 fidrdy = lim (V) fr dxdv < Cparr g

—oo JTd R4
as required. ]

We complete the proof of the conservation of energy by showing that instead of the bound

/ [v[2f(¢)dxdv < liminf/ v[2f+() dxdy
Td x R4 r—0  JTdxRd

we in fact have the equality

/ lv[2f () dxdv = lim v[2f+(¢) dxdv.
Td x R4 Rd

r—0.JTd x

Lemma 2.34. Let £(0) € L' N L™(T? x R?) be compactly supported, and let f be the unique
solution of the VPME system (2.1) with initial datum f(0) and locally bounded density. Let f,



2.9 Construction of Solutions 133

be the solution of the regularised equation (2.57) with initial datum f(0). Then, for all t,

/ W2 £(r) dxdv = lim V2 £.(1) dxdv.
Td x R4 R4

r—0 Td %

Proof. Let yy € C,(R?) be a sequence of non-negative test functions satisfying

wv(v) =% v <N,
wv(v) Tv?, N — oo

By Lemma 2.33, for any a > 0,
/w PR dedy < o
X

In fact, the same estimate holds for f, with the same constant Cy, for all r, since we showed in
Lemma 2.25 that for any 7 > 0,

sup o[£ ()]l =(pey < M,
1€[0,T]

where M is uniform in r. Hence we have the estimate

[, Prodsav= [ ()t deay
T4 xR¢ Td xRd

< ‘ [ P
(x,v):[v|>N

<N ¢ . V[T f(r)dxdy < CqN™¢,
X

along with the analogous one for f,. Then

<2CaN %+

/deRd V2 [£(2) = f(1)] dxedv /deRd wv(v) [£(t) — £(t)] dxdy

The second term converges to zero as r tends to zero, since f, converges to f weakly in
L'(T? x R?). This completes the proof. O
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In this chapter, we prove a quasi-neutral limit for the VPME system. In quasi-neutral

scaling, the system reads as follows:

(O fe+v-Vife+Ee-Vofe =0,

Ee = —VUs,

2AU, = Ve — Jra fe dv = eVe — pe,

\f£|z:0 = f¢(0) >0, /deRd fe(0,x,v) dxdv = 1.

(VPME), :=

3.1)
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The quasi-neutral limit is the limit in which the Debye length € tends to zero. We introduced
the Debye length and the physical motivation for this limit in Subsection 1.2.3, and discussed
its mathematical background in Section 1.5. The main result of this chapter is a rigorous
quasi-neutral limit for the VPME system for a class of rough data.

The formal limiting system is the kinetic isothermal Euler system:

dg+v-Vig+E-V,g=0,
E=-VU
(KISE) := ’ (3.2)
U =logp,

g(0) >0, [ri,pag(0,x,v)dxdv=1.

The aim is to prove that, if f¢(0) converges to g(0) as € tends to zero, then the solutions f¢ of
(3.1) converge to a solution g of (3.2).

Rigorous results on the quasi-neutral limit go back to the works of Brenier and Grenier
[21] and Grenier [32] for the Vlasov-Poisson system for electrons (1.5). A result of particular
relevance to the contents of this chapter is the work of Grenier [33], proving the limit for the
classical system assuming uniformly analytic data. The works of Han-Kwan and Iacobelli
[43, 44] extended this result to data that are very small, but possibly rough, perturbations of the
uniformly analytic case, in dimension 1, 2 and 3.

In the massless electrons case considered here, Han-Kwan and Iacobelli [44] showed a
rigorous limit in dimension one, again for rough perturbations of analytic data. The main
result of this chapter extends the results of [44] to higher dimensions by showing a rigorous
quasi-neutral limit for the VPME system (3.1) in dimension 2 and 3, for data that are very
small, but possibly rough, perturbations of some uniformly analytic functions.

3.1 Statement of Results

We state the main result of this chapter, which is a quasi-neutral limit for rough data that are
small perturbations of analytic functions. We begin by introducing some concepts and notation

needed to state our results.

Energy We recall that we defined the energy associated with the VPME system in (2.2). For

the quasi-neutral limit, we need to write the energy with a quasi-neutral scaling. This results in
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the following functional:
2
EME[f] - / ]v]zfdxvar—/ \VUydeJr/ UeY dx,
2 2 Td Td
where U is the potential defined in (3.1).

Analytic Norms We introduced the family of analytic norms | - ||p, in Section 1.5.4.1.
Explicitly, for 6 > 1 the norm || - || g, is defined by

lgllss := Y [8(k)[8,

kezd

where g(k) denotes the Fourier coefficient of g of index k.

Iterated Exponentials We will use the notation €xp,, to denote the n-fold iteration of the

exponential function. For example

exps(x) := expexpexp (x).
Our main result is the following theorem.

Theorem 3.1 (Quasi-neutral limit). Let d = 2,3. Consider initial data f¢(0) satisfying the

following conditions:

* (Uniform bounds) f¢(0) is bounded and has bounded energy, uniformly with respect to
E:
1 (O)]l=(misray < Cor & [fe(0)] < Co,

for some constant Cy > 0.

* (Control of support) There exists C; > 0 such that

fe(0,x,v) =0 for |v| > exp(C1e72). (3.3)
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* (Perturbation of an analytic function) There exist g¢(0) satisfying, for some § > 1, n >0,
and C > 0,

sup sup (1+ [v|*"1)[|ge (0,-,v)||5; <C,

€ ycRd
sup ‘/ ge(0,-,v)dv—1|| <n,
€ R4 BS
as well as the support condition (3.3), such that
S o1
Wa(fe(0), g6 (0)) < [&Py(Ce™)] (3.4)

for C sufficiently large with respect to Cy,C.
* (Convergence of data) g¢(0) has a limit g(0) in the sense of distributions as € — 0.

Let f¢ denote the unique solution of (3.1) with bounded density and initial datum f¢(0). Then
there exists a time horizon T, > 0, independent of € but depending on the collection {g¢(0)}e,
and a solution g of (3.2) on the time interval |0, T, with initial datum g(0), such that

lim sup Wi(fe(r),g(t)) =O0.
€-04cj0,1,)

Remark 4. The condition (3.3) should be understood as giving the fastest growth rate on the
support for which the inverse quadruple exponential is an admissible rate in (3.4). In particular,
this would still be the rate achievable by our methods even if the support of the data was

uniform in €.

3.1.1 Strategy of Proof

The main idea of the proof is to consider the unique bounded density solution g¢ of the VPME
system (3.1) with initial datum g.(0). Since each g¢(0) is compactly supported, the fact that a
unique ge exists is a consequence of the results of Chapter 2. We will use g¢ as an intermediate
step between f¢ and a solution g of the KISE system (3.2).

The quasi-neutral limit for the VPME system (3.1) with uniformly analytic data can be
proved using the methods of Grenier [33], with the modifications for the massless electrons
case described in [44, Proposition 4.1]. We stated this result above as Theorem 1.20. Grenier’s
result gives an H*® convergence of a representation of the VP system as a multi-fluid pressureless
Euler system. In [44, Corollary 4.2], it is shown that this implies convergence in W;. We can

therefore make use of the following result.
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W, stability

Fig. 3.1 Strategy for the proof of Theorem 3.1.

Theorem 3.2. Let g.(0) satisfy the technical conditions stated in Theorem 3.1, and let g
denote the solution of (3.1) with initial datum g¢(0). Assume that g¢(0) has a limit g(0) in the
sense of distributions as € tends to zero. Then there exists a time T, > 0 and a solution of (3.2)

on the time interval [0, T,| such that

lim sup Wi (ge(r), g(1)) = 0.
€=0sci0,13]

To show the convergence from f; to g¢, we use a stability estimate in W, for solutions
of the VPME system. We proved an estimate of this type in Proposition 2.12 of Chapter 2.
In the setting of the quasi-neutral limit, what is important is to quantify the dependence of
the constants in the estimate on €. The quantified estimate is Proposition 3.9 stated below in
Section 3.3. We use this to show that, under our assumptions on the initial data,

lim sup W) (fe(r),8¢(2)) = 0.
€=04¢0,7,)

The combination of these two results will complete the proof.

This chapter is structured as follows. The W, stability estimate is proved in Section 3.3.
The proof relies on regularity estimates for the electric field, which are proved in Section 3.2.
The stability estimate also relies on bounds on the mass density of the solutions. We quantify
the dependence of these bounds on € in Section 3.4. The proof of Theorem 3.1 is completed in
Section 3.5.

3.2 Estimates on the Electric Field

In this section we revisit the regularity estimates on the electric field that we proved in Sec-

tion 2.4, with the aim of quantifying their dependence with respect to €. Once again, we use
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the decomposition of the electrostatic potential into two parts:
Up = Ug + Up,
where U, and ﬁg are solutions of the equations
AU =1-plfe],  €*AU = letle 1.

We will use the notation £ = —VU, and Ez = —VU.

3.2.1 Regularity

The following is a version of Proposition 2.4 with quasi-neutral scaling. We will give the proof
of these estimates below.

R

Proposition 3.3 (Regularity estimates on U, and 178). Letd =2,3. Let h€ L”NL"7 (T9).
Then there exist unique Ue € W'2(T?) with zero mean and Uy € W'2 N L™ (T9) satisfying

A0 =1—h, AU, = U+l 1.

Moreover we have the following estimates for some constant Cg 4 > 0:

[Oclconiry < Cae™ (1+ 1003, e JODra=2
a(dy < € d+2 ) o

ellcoa(rd) = Sad L“F (4) (0,3] ifd =3
|Tellera(ey < Caa ™ (14 Il =) ) e (0,1)
|0ellcrams < Cagexp (Caae™ (141l a2, ) ac(0.1)
_ L - (0,1) ifd =2
|Oellczary < Caa®Py (Cane > (141 a2 ) @ed ™

Lo (1) (0,5]ifd=3

3.2.1.1 Regularity of U,

For the singular part of the potential U, the dependence on € can be deduced using the fact

that the Poisson equation is linear, that is, that
A(e*Tg) =1—h.

By applying Lemma 2.5 from Chapter 2 to £2U,, we deduce the following estimates:
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() If h € L7 (T9), then for all a € (0,1), if d =2, or & € (0, 1] if d = 3, there exists a
constant Cy 4 > 0 such that

e < g2
1Uellcow < Caae <1+\|h|yﬁ(w))

(ii) If h € L=(T?), then for any & € (0, 1), there exists a constant Co,q Such that
1ellcrons) < Caae™ (14 Ihll=zs))
We can also deduce the following quantified version of Lemma 2.6.
Lemma 3.4 (Log-Lipschitz regularity of E¢). Let Ug be a solution of
e*AUs = h

for h € L*(T%). Then
_ i _ Vd
VO (x) = VUe(y)| < & *C|hl|r=|x— ]| (Hlog (H Lpyizva | -

3.2.1.2 Regularity of U,

In Section 2.4.2, we proved the existence of a unique W!?(T¢) solution U of the equation

under the assumption that U € L™(T¢) "W !2(T¢). We showed that this solution in fact belongs
to the Holder space C1%(T?) for o € (0,1). Furthermore, if U € C%%(T9), then U € C%%(T9).
The method of proof also applies for general €. We will revisit part of the proof here in order to
quantify how the constants depend on €.

Lemma 3.5. Consider the nonlinear Poisson equation
2AU, = Uetle 1. (3.5)
Assume that Ug € L= (T4) NW12(T9) with

||Ug”Loo(Td) SMI (36)
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Then the unique W'2(T) solution Us, of (3.5) belongs to CY%(T%) for all o € (0,1), with the
estimate
Hﬁg”cl,(x('ﬂ*d) < CS_Z <€2M1 + 1) .

If, in addition, U is Hélder regular with the estimate
Hl_]gHCO,a(Td) S M2
for some o € (0,1), then U € C>*(T%) with the estimate

HﬁeHcl,a(W) < [My+Ce % (M 4 1)]exp [Ce % (M1 4 1)].

Proof. The idea is to prove L? (Td) estimates on the right hand side of (3.5), in particular on
¢Vs. The estimates on Uy are then deduced using standard regularity estimates for the Poisson
equation.

Since U is already controlled in L™ by assumption (3.6), it is enough to estimate Ve, We

prove an a priori estimate using the equation satisfied by Up:
2AU, = eVetUe 1
We use the function (P~ 17 as a test function in the weak form of this equation. Then
/Td eP=D0e g — 82(p —1) /]I‘d \Vﬁg\zeﬁe dx—i—/Td ¢Ue . oPUe dx,

and so

/ oUe . ePUe gy < / (P10 g
Td Td

We can make this estimate rigorous by using a truncation argument, as described in the proof
of Lemma 2.9. Since
1Uel| = (ray < M1,

we have

As As -1
e 17, ogay < € ll€ 117, - (3.7)

Note that the constants in this estimate do not depend on €. We therefore deduce an estimate
for all p < o by induction, in the same way as we did in Lemma 2.9.
First, since

ozsz/TdAﬁgdx: (e% —1)dx,

Td
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for any € we still have

%] (ay = 1.

Then i
€% |1 oy < el =ty < M,

By induction, using (3.7), we conclude that for all integer p,
HeUeHLP(Td) <M (3.8)

By interpolation, this extends to any p < oo.
Next, we use these estimates to deduce regularity for 175. By Calder6n-Zygmund estimates

for the Poisson equation,
||l78||W2-ﬂ(Td) < Cmdg_z”e[]ﬁﬁg ey < Cna€ ™’ (62M1 +1).
By Sobolev embedding with n sufficiently large, for any a € (0, 1),
||ﬁs||cl~a(1rd) < Ca,d3_2 (€2M1 +1).
Now assume that for some o € (0, 1),
||US||00706(T4) <M,.
Then Ue € C%*(T¢), with
1Uellco.ccray < [|Uellco ey + ||ﬁ€||C0-0‘('JI‘d) <My +Ce 2 (M +1).

Since
eUg(x) o eUe(y) < emaX{Ug(x)’Ug(y)} |Ug (x) —Ug (y)| )

it follows that
HeUs ||C07a('1[‘d) S ||Ug||c0,oc(jrd) exXp [Cg_z (1 -+ €2M1)] .
By Schauder estimates [30, Chapter 4],

el c2acrsy < € (10l ey + €% = Hicoaray)
< [My+Ce? (14 M) ] exp [Ce 2 (14 2M1)],
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as required. [

3.2.2 Stability

We are also interested in the stability of U with respect to the charge density. The proposition
below is a quantitative version of Proposition 2.11.

Proposition 3.6. For eachi= 1,2, let Ug(i) be a zero-mean solution of
A0 = h—1,
where h; € L* LT (T4). Then
~(1) 7(2) 12 —4 , 2
Now, in addition, let l/]\éi) be a solution of
~(i 7(0) | 730)
AT = U0 g,
Then
~(1 ~(2 _ _
HVUé ) _ VUé )Hé(Td) S eXpZ |:Cd£ 2 (1 + mlaX HhiHL(d+2>/d('Ed)>:| (310)
X max 17l = (a) W3 (hy,hy).

For the stability of VU, we use a result proved originally by Loeper [65] in the whole
space RY, and adapted to the torus T¢ in [43].

Lemma 3.7 (Loeper-type estimate for Poisson’s equation). For each i = 1,2, let Ug(i) be a
solution of

A0 =i — 1,
where h; € L*(T¢). Then

(1 —~(2 _
190" = VO |2y < € max il oy W3 (i ).

For Ug we use a version of Proposition 2.11 in which we quantify the dependence of the

constants on €.
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Lemma 3.8. For eachi=1,2, let ﬁg(i) c Wh2NL*(T9) be a solution of
2A0 = 0 +0 3.11)
for some given potentials Uéi) € L=(T?) . Then
VT VO |2y < Cell O =0 |2,
where C depends on the L™ norms of Uéi) and Uéi). More precisely, Ce can be chosen such that
Ce < exp [C (ml.ax HUs(i)HL‘X’(Td) +max ||l7§i)|!m(w>” :
for some sufficiently large constant C, independent of €.

Proof. We look at the equation solved by the difference ﬁé b_ l/]\s(z). By subtracting the two

equations (3.11), we find that

A0 — ) = I _ P08

By taking 178(1) — 178(2) as a test function, we find that

e /Td|vz7£“) VO Pa= [

5(1) 701 2, 7@\~ ~
. (eUs +U) _ U +Ue )(Ug(l)—Ug(z))dx.

In the proof of Proposition 2.11, we showed that for any U, U V, Ve L>(T9),

= [ (=) (O =V e < Co O =V

where
Cuy < exp{ € |10l(za) + 10l ray + 17 =y + 1V x| -
Thus
IVO VO |22y < Coe 2O O | 2a -
where

e <exp |C (mx |00 1o+ mx 10 oo )|
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Proof of Proposition 3.6. It suffices to prove (3.10), since (3.9) follows immediately from

Lemma 3.7. By the Poincaré inequality for zero-mean functions,
108" = 08122 0y < CIVOE = VO |25 .
By Lemma 3.7,
IO = VO 22 ay < € max [yl e gy W ().
Then, by Lemma 3.8,
1V0:" = V0 |2y < Ce e max [yl gy W3 (hi o),

for
Ce <exp [C (m?x O = +max Hﬁs(’)!!p(qrd)ﬂ :
For the L= (T¢) estimates, we use Proposition 3.3:
10 =y < Cae™ (141l a52 )

10 mroy < Caexp [Cae™ (1 il a2 ).

Hence
e <oy |Coe? (1+max ]2 ) |

which implies (3.10).

3.3 Wasserstein Stability

To prove the quasi-neutral limit, we will need a quantified stability estimate between solu-
tions of the VPME system (3.1). The following proposition is an €-dependent version of

Proposition 2.12. We revisit the proof here, keeping track of how all the constants depend on €.

Proposition 3.9 (Stability for solutions with bounded density). Fori= 1,2, let f\" be solutions
of (3.1) satisfying for some constant M and all t € [0,T],

(1) <M.
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Then there exists a constant Cg¢ such that, for allt € [0,T],

W (£ 18 0) < B (1w (10, 18 0)) ).

where B denotes the function

l6deexp [(1+1log ) e '] t<Tp
(d vx)ecg(l+logl6)(z—T0) t>Tp,

ﬁ(t7x) -

where

Ty — inf{t >0 16deexp [(1 +log %) e—Cﬂ > d} .

If in addition, for some constant Cy,

sup £, )= <Co, sup EME[FO)(1) < G, (3.12)

Xy

t€[0,T] t€[0,T]

then C¢ may be chosen to satisfy
Ce < EXp,o(Ce2) (M +1).

Proof. The W, distance is defined as an infimum over couplings (Definition 4). Thus it suffices
to estimate the L? distance corresponding to a particular coupling of fg(l) and fg(z). To do this
we will first represent féi) as the pushforward of fg(i) (0) along the characteristic flow induced
by fg(i). That is, consider the following system of ODEs for Zz(i) = (Xz(i),VZ(i)) € T4 x R¢:

Vz(i) :Eéi) (Xz(i)), (3.13)

where the electric field Eéi) is given by

£~ —vul,
] (i) ] (i) 1

AU = eV —pl = —p[f)
Since fg(i) has bounded mass density, Proposition 3.3 and Lemma 3.4 imply that Eéi) is a
log-Lipschitz vector field, with a constant uniform on [0,7]. This regularity is enough to

imply that there exists a unique solution of (3.13) for every initial condition z, resulting in a
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well-defined characteristic flow. Since the characteristic flow is unique, by [1, Theorem 3.1]

the linear Vlasov equation

{ Ag+v-Vig+E (x)- Vig =0, (3.14)

gli—o=£(0)>0

has a unique solution. Moreover, this solution can be represented, in weak form, by the relation
[, ea@=[  o(Z") 0@ (3.15)
Td xR Td xR

for all ¢ € C,(T¢ x RY). Since £ is certainly a solution of (3.14), we deduce that g = .
and so fél) has the representation (3.15). We will use this representation to define a coupling
(1) (2)
between fz ' and fp’.
Fix an arbitrary initial coupling 7 € IT [ D0y, 1@ (0)}. We define 7, to follow the
corresponding characteristic flows: for ¢ € C,((T¢ x R9)?), let

— (1) ~(2)
/(deRd)z(P(ZI’ZZ)dm(ZI’Zz)_/MRJ‘Z)(ZZ Z; )dﬂo(m,a).

We can verify that 7; is indeed a coupling of fél) and fg(z) by checking the marginals:

. _ (i)
/('JI‘dXRd)Z (P(Zz) dTEr(Zl;ZZ) = /('Jl‘ded)2 (Z) (Zzi (l‘)) dTC()(Zl ,Zz) (3.16)
=/, o (#0) £ 0@
= 0(2)f (1)(dz).
Td x R4

Next, we define a functional which is greater than (or equal to) the squared Wasserstein
distance between fg(l) and fg(z) . Let

Dt:/ x—x2+v—v2d7rz,z.
(1) (deRd)zll 2"+ v — a7 dm (21, 22)

Since the Wasserstein distance is an infimum over couplings, while 7; is a particular coupling,
D must control the squared Wasserstein distance:

wi (s ) < .
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To prove our stability estimate, it therefore suffices to estimate D. We will do this using a

Gronwall estimate. Taking a time derivative, we find

) = (1) 2) 0 o
p=2f . (O-xD0) (0 -vPw)
+ (Vz(ll)(f) - Vz(zz) (l)> . (Ee(l)(f,Xz(ll)(l)) _EEZ) (I,Xz(zz) (t))) dﬂo(zl’zz)'

Using the Cauchy-Schwarz inequality, we obtain

1/2
DSD—}—\/B(/ dTL'o(Zl,Zz)) .
(T xR)?

2
ES @ x D 0) - EP 1, xD )

In other words,
) 1/2
‘ dn’t(ZlaZZ)) .

b<D+vD ( /( E(t,x1) — E(1,3)

Td xRd)2

We split the electric field term into the form

/(']I‘d xRd)2

(1) @) “
ES (trxl)_ES (ta-XZ)‘ dﬂ:t ZlaZZ Z

where
._ 7 2 — 72 2
I := |E (t,x1) E, (I,X2)| dmy, b := |E (l‘,)Q) E, (t,)Cz)‘ dm,
(T4 xR4)2 (T4 xR4)2
=(1 =2
2 ::/ ED (1) = ED (1,0 Pdm, I ::/ EW(1,x0) — B (1,x) .
(T4 xR4)2 (Td xRd)?2

Control of 7;: To estimate /;, observe that by Lemma 3.4,

2
—411 412 2 vd
I < Ce™"|lpe ”L""(Td) /('H*dXRd)Z 1 — 22| <1 +log (m) ]1|x1—x2|§\/3> dr;.

As in Lemma 2.15, we use the function

x(log ) ifx < d

H(x):= 5
d(log16)” if x > d,
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which is concave on R . Then

411412 2
I <cCe*|p! HUA(W)/(dew)2ﬁr(|x1 x[?) dr,.

By Jensen’s inequality,
_ 1 _
1 < e H|pd" |y H (/(dew)z X, —lezdm> < Ce*M*H(D).

Control of I,: For I, observe that
= (1 (2 2
B< [ B 00— 500 (@)
2 (1) =2
ST P [0 2
We apply the Loeper stability estimate (Lemma 3.7) to obtain

b < e max pg o o) W3 (pe" p2”) < Ce ™MD,

Control of I3:  To estimate /3, we recall a regularity estimate on ﬁél) from Proposition 3.3:

~(1 (1 _ - 1
||E£ )”c1(1rd) < HUe( )||c2(1rd) < CdeXP2<Cd€ 2<1+ ||Pzg )HLderz(’]I‘d)))'
Under conditon (3.12), by Lemma 1.12,

(1)
ol o2 o, <€

for some C depending on Cy only. Therefore

=112 2 — )
L <||Eg ||C1<Td)/(wad)2 |x1 —x2|“dm <exXp,(Ce™~)D,

for some C depending on Cy and d only. If (3.12) does not hold, we can use the fact that

o] a2

(1)
L4 ey = e "Nl =(ray <M

and complete the proof in the same way, to find a constant depending on M.
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Control of I;: First, note that

~(1 (2 2 2 (1) a2
L= [ JED )~ B PP (@) < 108 e ro 1B — B s
We apply the stability estimate on 17,3(1) from Proposition 3.6 to find

B~ B w583 Cae (1 man ) |
xmax e | po) W (e, pEY):
Once again, if conditon (3.12) holds then
1Be" = B2\ ) < %P5 (Ce ) max e | poy W3 (e %),
for some C depending on Cy and d only. Thus
14 < &xp,(Ce*)M?D.

Altogether we find that

CeD(1+|logZ|) ifD<d
Ce(1+logl6)D  ifD>d.

If (3.12) holds, then C¢ may be chosen to satisty

Ce < Ce M +exp,(Ce ) +exp,(Ce )M
< eXpo(Ce2) (M +1).

‘We conclude that

D(r) < B (z,D(0)),

following the argument used in the proof of Lemma 2.14.
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3.4 Growth Estimates

In this section we will study how the support of a solution of the VPME system grows in time.
We present two different proofs for the two and three dimensional case, respectively in Sections
3.4.1 and 3.4.2. The result we obtain is the following:

Proposition 3.10 (Mass bounds). Let f¢ be a solution of (3.1) satisfying for some constant Cy,

1 fell L=(jo,7)x T x ) < Co, sup &M [fe(1)] < Co.
t€[0,T]

Assume that py, € L=([0,T];L™(T)). Let Ry be any constant such that the support of f¢(0,-,-)
is contained in T¢ x Bga(0,Ry).

(i) If d =2, then:

-2 _772
sup [y, ()]l =2y < Cre  [Ro+&77]".
t€[0,T]

The constant C depends on Cy only, while Ct depends on Cy and T.

(ii) If d =3, then:

sup [|e (1) | =(rs) < max{T /8, C(RY + €% "T0)}.
t€[0,T]

The constant C depends on Cy only.

3.4.1 Proof of Proposition 3.10 in the two dimensional case

In this section, we prove an estimate on the mass density pg in the case d = 2. Observe first
that if the support of f is contained in the set T? x Bg2(0;R;), then

e (1)l (ray < CRF, (3.17)

where C is a constant depending on || f¢(0)|| [=(T2xRr2)- Our argument will rely on controlling
the growth of the support of f.. To do this we will find a bound on the growth rate of the
velocity component of the characteristic trajectories. Since any characteristic trajectory (X;,V;)
satisfies

Vt =E¢ (Xz)7

we look for a uniform estimate on the electric field E..
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By Proposition 3.3, for the smooth part E, we have the estimate

Eellcr2y < exp{Ce (14 Ipel2ro) ) }
<exp (Ce_z),

where the constant C depends only on a bound on the initial energy. However, for the singular
part E¢, Proposition 3.3 only gives us the estimate

Bell ) < &2 (1+ 1Pe =) )

which depends on an L™ bound on the mass density. If we use this estimate in combination

with (3.17), this results in a bound on the size of the support of the form
t
R < Ro+exp (Ce )t +C£2/ R} ds. (3.18)
0

The solution of the ODE
y=C(1+y%)

blows up in finite time and so the differential inequality (3.18) is not enough to imply a bound
on R;. We need to use a more careful estimate on E. In dimension two, we can make use of the
fact that the conservation of energy gives us a uniform bound on ||p¢||;2(12), by Lemma 1.12,

and use an interpolation argument.

Lemma 3.11. Let p € L' NL>(T?) satisfy the bounds
oy =1, [Pl <Co llpllz=(m2) <M.
Let E; = —VU,, where Uy is the unique W' (T?) solution of the Poisson equation
e2AU; = 1—p.
Then there exists a constant C depending only on Cy such that
|Eelly(r2y < Ce2 (1+ log|'/2).
Proof. We use the representation

Ee= 8_2err* (p—1) :Ce_z/[_ 12 ﬁ(p(x_)’) —1)dy+e*Kox (p—1),

Bl —
|
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where K is a C' (T?) function. By Young’s inequality,
1Ko * (p = )| =12y < [[Koll = (2)llp = L[ 12y < C.

We split the integral term into a part where |y| is small and a part where |y| is large:

y _ I x—v)— 2 X—y)— :
Joyyepr P —nar= [ e -nark [ S (e - D

For the part where |y| is large, we use Young’s inequality with the L? control on p:

y 1
“— (p(x—y)—1)d g/ —lp(x—vy)—1]|d
/22yzl \y\z(p( =1 y‘ 2>yl |y] Plr=y) = 1ldy

1
<|l=lasp>rx|lp—1]
H|y| =bl=

L=(T?)

1 1/2
< / —dy) — |22

(Looe®) o=t
< C(Cy+1) |logl|'/2.

Where |y| is small, we use Young’s inequality with the L* control on p:

/|yl<p<x_y)_1>dy’g/ Loy~ 1]dy

<t y]? vi<t [yl

1
< Hrﬂlylgz*\l)—lf
¥l L>(T?)
1

<lo =t [y

<CMI.
Altogether we obtain
|Bell- ) < Ce 2 [1 +coylogzyl/2+Mz} .
We choose I = M~ ! and conclude that
B2y < Ce2 (1+ [10gM|' ).

where C depends on Cy only.
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By using this estimate, we can deduce a differential inequality on R, that can be closed.

Lemma 3.12. Let f be a solution of (3.1) with bounded energy and compact support contained

in T2 x Bg2(0;R;) at time t. Then R satisfies the estimate
Ry < %7t (14 Ro + (logt v 0)).

Proof. We consider the velocity coordinate V;(x,v) of an arbitrary characteristic trajectory

starting from (x,v) at time t = 0. We have

t
Vi) < oI+ [ Eellmgony s
t e —_
<1+ [ Eelli oy + | Eellmgrey s

t
<y +/ exp (Ce 2)+Ce™2 (1 + |logRs|1/2> ds
0

The size of the support is controlled by the modulus of the furthest-reaching characteristic

trajectory that starts within the support of f¢(0):

R < sup Vi (x,v)|
(x,v)€T2 X B (0;R)

t
< sup {M +/ exp(Ce %) +Ce ™ <1 +\logRs]1/2> ds}
(0;Ry) 0

(x,v)ET2 X B

t
< Ry+ / exp (Ce~2) +Ce~2[logRy| /2 ds.
0
We compare this with the function
z(t) = (142Ct) [Ro +log (1 +2Ct)].

By Lemma A.1, this satisfies
> C(1+1og(1+2)).

We deduce that
R, < et (67 +Ro + (logt vV 0)).
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Proof of Proposition 3.10, case d =2. We combine Lemma 3.12 with the elementary estimate
(3.17): forall r € [0, T],

1P (1) | =(pay < CRY

< e (€72 +Ro+ (logt V0))°

< CT€C872 (R() + 8_2)2 .

3.4.2 Proof of Proposition 3.10 in the three dimensional case

In this section, we prove a mass bound in the case d = 3. In this case, the conservation of
energy gives us a uniform bound on || pe/|;s /3(T3)+ This integrability is not enough to allow us
to use the elementary interpolation approach that we used in the the two dimensional case.
Instead, we will adapt estimates devised by Batt and Rein [10] for the classical Vlasov-Poisson
equation on T? x R3. We used this approach in Chapter 2 to prove the existence of solutions
of the VPME system with bounded density. Here we focus on identifying how the bounds on
|Pel| (1) depend on €.

As in the two dimensional case, Batt and Rein’s argument relies on controlling the mass
density using the characteristic trajectory with velocity component of greatest Euclidean norm
starting within the support of f¢(0) at time zero. They prove a bootstrap estimate on the
convolution integral defining the singular part of the electric field. We recall this estimate in the

following technical lemma.

Lemma 3.13. Let (X(t;s,x,v),V (t;s,x,v)) denote the solution at time t of an ODE

X(1) B X(s)\  (x
<V([)> _a(t7X(t)7V(t))? (V(S)) - <V> )

where a is of the form

v
alt,X,V) = (az(t,X,V)> ’

for some vector-field as : [0,T] x T3 x R? — R3.
Assume that, for t € [0,T|, f = f(t,x,v) is the pushforward of fy along the associated
characteristic flow; that is, for all ¢ € Cy(T> x R?),

[, feemotemaav= [ flsx o (s ). Viesx ) ded
T3 xRR3

T3 xRR3
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Assume that there exists Cy > 1 such that

1Nl = (o, x T3 xR3) < Coy sup [|fi[v?[l1(p3 g3y < Cs-
t€[0,T]

Also, suppose that, for some B € (0,1),
hy(t,A) < Cohp (1)PA  forall hy(1)™P <A<, (3.19)
where hp,hy are defined as in (2.47). Then for all0 <t; <t <twithtp —t) <A, if
hy(t) P2 <A<y

then
5]
[ [ =31 2pr(s.9) dvds < € (o (0P By 1)1/9)
1
where C depends only on C..

We complete the proof of Proposition 3.10 by combining Lemma 3.13 with the estimates

on E, from Proposition 3.3.

Proof of Proposition 3.10, case d = 3. For any characteristic trajectory (X;,V;), we have for
any0<1 <t <T,

1]
V= Val < [ 1Ee(X)] s
5]

We can write the total force E¢ in the form

Ee(x) = € Ko (pe— 1](x) +Ce ™ [ 55 pe(v) v+ Ee

Since Ky is a C!(T?) function and pe has unit mass, the first term satisfies the bound

|62 [Ko* (pe — 1)](x)| < € *[|Kol| p(r2y llPe = Ll 1 ()
<Ce 2.

For the last term, we use Proposition 3.3:

Ee| < exp € (14 1Pellsir) ) | < exp(Ce ™).
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Therefore,

131
Vi = Vi < / [exp(ae‘ZHCe‘2 /T 1X(5) =y 72pe(y) dy| ds. (3.20)
i :

From [50, Lemma 4.5.4] we have the estimate

L@h—ﬂ”m@wwéCWM&N@Mm()ﬁﬁpéCWd M)

where C depends only on || f¢(0)|| =13 «g3) and the initial energy.
By (3.20), we have
I (1,A) < (Cs‘zhp (1)5 + eCe’z) A.

Since pe has total mass 1, i, > 1. Thus

\O\A

I (1,4) < €% Al (7).

This means that condition (3.19) is satisfied with C, = e© ’ We apply Lemma 3.13 to improve

our bound on

Feeding this new estimate into (3.20), we obtain
hn(t,A) < Ce 233 <hp (1)3°5 +hy (t)]/6> A+ (Ce 24 Ce )M < &€y (1) T1A,

as long as
hy(1)"20 <A<t

We will iterate this process until we achieve the lowest possible exponent for 4, i.e. %.

Applying Lemma 3.13 a second time, we obtain
LX) =31 2pedy <€ (hp(0) 5 +1p(0)' )

with C, = eCS?Z, provided that
hp(1)™4% <A <1,
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and therefore

3

hn(1,8) < Ce > €2 ()35 4 hp(0)!1°) At (Ce 2 4-Ce T)a < & (1)

Applying Lemma 3.13 once more, we obtain

/p X(5) = | 2pe(y) dy < CC (p (1) 35F 1y (1)11°) A,

with C, = ¢“€ ", provided that

and therefore
hn(1,A) < Ce 23 (hp( 03 4, (r)1/6) A+ (Ce 2+ Ce YA < e 7y (1)5A, (3.21)

since 243 <% L and hy > 1.
Finally, we use this new growth estimate on characteristic trajectories to control the mass
density. Assuming that f(0) is supported in T3 x Bps(0; R, ), we have

3
hp < C|[fellp=(raxra) (Ro+ hin (2,1))

Since we work with L=(T¢ x R?) solutions, we have a uniform bound on || f|| L°(TdxRY)
depending only on the initial data. Therefore, using (3.21), we find that if 4, (t)*g/ 81 <1,

_ 3
hy < C(Ro+hn(t,1))? <C (R0+ec’3 “n, (;)é)

2

< CR3+€€ hy(1)'28 < CRY +

Hence
hp < C (Ry+¢71°).

If instead /1, (t)_g/81 > t, then

Therefore, we may conclude that

ho (t) < max{t 8/8 C(R3 + ¢ "19)}.
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3.5 Quasi-Neutral Limit

In this section, we complete the proof of Theorem 3.1.

Proof of Theorem 3.1. Let g¢ denote the solution of (3.1) with data g¢(0). We will use g¢
to interpolate between the solution f¢ of (3.1) starting from f¢(0) and the solution g of (3.2)
starting from g(0). By the triangle inequality,

Wi(fe(1),8(1)) S Wi(fe(t), ge(1)) +Wi(ge(),8(1))- (3.22)

By Theorem 3.2, there exists a solution g of (3.2) such that

lim sup Wi(ge(r),g(r)) = 0. (3.23)
€=0.c(0,7]

To deal with the first term of (3.22), we use a stability estimate around g¢ for the VPME

system. By the monotonicity property of Wasserstein distances (1.38) and Proposition 3.9,

Wi(fe(t),8e(t)) < Wa(fe(t),ge(t)) (3.24)
Cexp € (1+1og MU0 o=Cut) i Wy(f(0).ge(0)) < d
Wz(fs(o)ags(o))ecst it W2(fe(0),86(0)) >d.

where C¢ may be chosen to satisfy
Ce < EXp,y(Ce ) (M +1).

for any M satisfying

sup [|ps, ()| Lz, sup || Pg () ||z <M.
0.7.] 0.7,]

By Proposition 3.10, we may take M such that

M < Cecg_z.

The constant C depends on T, Cyp, the dimension d, and Cy, the rate of growth of the initial
support. We emphasise again that the appearance of an exponential rate here is a consequence

of the form of the equation rather than because condition (3.3) allows fast growth of the initial
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support. It follows that we may estimate
Cet < CEXpy(Ce™?)

for all t € [0, 7,]. Hence we have convergence if

Wz(fs (0)’85(0))
4vd

exp;3(Ce—2)

log
—> 0

as € tends to zero. This holds if

Wa(fe(0),8¢(0)) < (expy(Ce ™))~

for sufficiently large C. In this case, it follows by (3.24) that

lim sup Wi(fe(),ge(t)) = 0.
€=0sci0,73]

Combined with (3.23) and (3.22), this completes the proof.






Chapter 4

Derivation of the VPME System from a
System of Extended Ions

4.1 Introduction

In this chapter, we derive the VPME system (2.1) from a microscopic particle system. The
VPME system is a model for the ions in a plasma, assuming that the electrons are instanta-
neously thermalised. A possible choice of microscopic system would therefore be a system of
N ions, modelled as point charges, in a background of thermalised electrons. On the torus, this

is described by the following system of ODEs:

Xi=V,
1Y U 4.1)
Vi= N Zerr(Xi _Xj) _err*e ’
J#i

where U satisfies N

1

AU:eU——Z(SXi.
Nizl

The formal limit of this particle system, as N tends to infinity, is the VPME system, which

reads as follows on the torus:

o'?tf+v-fo+E-VVf:O,
E=-V.U,

(VPME) := AU =V _/ Fdv=eU —p (4.2)
R ’

fli=0 = fo >0, / fodxdv=1.
Td x R4

\
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In fact, we will not be able to derive VPME from the point charge system (4.1). This is
due to the singularity of the Coulomb interaction, as discussed in Section 1.6. Instead, we will
consider a limit from a regularised system. We use a regularisation method inspired by the
work of Lazarovici [61] for the classical VPME system. The idea of the proof is to use a model
consisting of ‘extended charges’. Instead of modelling the ions as point charges, we replace
these with delocalised packets of charge. We define this system in detail in Subsection 4.1.1
below.

4.1.1 The Extended Ions Model

In this section, we introduce the extended ions model. We fix a smooth, radially symmetric
function y : R? — [0, 4+-c0) with unit mass and compact support contained within the unit ball
in RY. Define

x-(x) = 4y <)—:> . (4.3)

We then consider a microscopic system describing the dynamics of a system of ‘delocalised
ions’ of shape y,. For 1 <i <N, let (X;,V;) denote the position and velocity of the centre of
the ith delocalised ion. The system is described by the following system of ODEs:

X;=V;
| 1 “4.4)
Vi=§ Zj#i%r * Kper * 2r(Xi _Xj) — Xr * Kper * eU’

where U satisfies N
1
AU (x) = V0 — N l; Xr(x = Xi)
and K, denotes the Coulomb kernel on T9, defined in (1.44). That is, Kper = —VGper, where
Gper = G+ Gy for Gg a smooth function and G the Coulomb potential on R4, defined by (1.42).

Note that we can rewrite the velocity equation as
Vi = —Xr¥ VU(t7Xi)7

and the equation for U as
AU = ¢V — Xr* Py
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where [,Lﬁv denotes the empirical measure as defined in (1.58). This is valid because X * Kper *
x-(0) =0, and so

N
NZ%r*err*%rX X Z%r*err*XrX X) %r*err*Xr*puﬁV(Xi)-
J#i j=

Indeed, since Kper 1s odd and ;- is even, we have

Xr * Kper * xr(o) = / Xr(—X)err(x _)’)Xr(y) dxdy

T4 x T4
= Xr<_y)err(y_x)%r(x)dXdy
T4 xTd
== [, 20 K= ) (—2)
Td xTd
= —Xr * Kper * 2-(0).

4.2 Statement of Results

The main result of this chapter is the following theorem.

Theorem 4.1 (Regularised mean field limit). Let d = 2.3, and let f(0) € L' NL*(T¢ x RY)
be a compactly supported choice of initial datum for (4.2). Then, for all T, > 0, there exists
a constant C = C(fy, T.) such that the following holds. Assume that r = ry and the initial

configurations for (4.4) are chosen such that the corresponding empirical measures satisfy,

W3 (f(0), ;" (0))

pd+2+Cllogr|~1/2

lim sup < 1. 4.5)

Then the empirical measure associated to the particle system dynamics starting from this

configuration converges to f:

lim sup Wa(f(r), " () =0.

r—0tel0,1]

Remark 5. This result in fact holds for any choice of initial data for which there exists a constant
M > 0 such that for all » > 0,

sl ([0,T] xT4) SuPHPfrHLw ([0,1.]xTd) <M.

In this case, the constant C(fy,T,) = Cu.1, in fact depends only on M and 7.
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For Theorem 4.1 to be useful, we need to check whether the condition (4.5) is reasonable.
This is dealt with in the following result. We consider data chosen randomly, by drawing
independent samples from fy. A generalised Glivenko—Cantelli theorem - a law of large
numbers result for measures - implies that u™¥ (0) chosen in this way will converge to fy almost
surely as N tends to infinity. With a suitable choice of parameters, the rate of this convergence
will be fast enough to satisfy (4.5).

Theorem 4.2 (Typicality). Let d = 2 or 3, and let fy be a choice of initial datum for (4.2)

satisfying the assumptions of Theorem 4.1 and having a finite kth moment for some k > 4:

/]I‘dXRd (lx’k+ |V|k> fo(dxdv) < H-oo.

Let r = cN~Y for some y satisfying

1 14
—mind -2 4.6
y<d+2mm{d’ k} (46)

For each N, select initial configurations for the regularised N-particle system (4.4) by taking
N independent samples from fy. Then with probability 1, this gives an admissible set of

configurations for Theorem 4.1, i.e. the regularised mean field limit holds:

lim sup Wa(u (1), f(1)) = 0.

N=eose0,7:]
Remark 6. It is worth noticing that our assumptions on r are the same as the ones found by
Lazarovici for the classical Vlasov—Poisson system in [61].

4.2.1 Strategy

The overall strategy is to apply the approach of Lazarovici [61] for the Vlasov—Poisson system,
with appropriate modifications to adapt it to the VPME case. In this section, we briefly outline
this approach.

The regularised mean field limit is proved in two stages. As an intermediate step between
the particle system (1.63) and VPME, we introduce the following regularised version of the
VPME system (4.2):

Ly +v-Vfy +E.-V,f, =0,
E, = —x,+VU,,
AU, = ¥ — 2, %pf],
frli=0=f(0) >0, [pa,paef(0)dxdv=1.

“.7)
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We studied this equation in Section 2.8 and proved that it has a unique solution f, for any
£(0) € L'NL=(T? x R?). The convergence of u" to f will be proved as a two-stage limit,
passing via f;.

fr

Fig. 4.1 Strategy for the proof of Theorem 4.1.

First, as N tends to infinity with r fixed, [,Lﬁv converges to f,, the solution of (2.57) with
initial datum f(0). This holds because the force in (2.57) is regular enough that the equation
has a stability property even in the class of measures, as investigated for example by Dobrushin
[27]. However, the rate of this convergence will degenerate in the limit as r tends to zero,
because the regularised force will converge to a singular force in this limit. The goal is therefore
to quantify this convergence in W, optimising the constants so as to minimise the rate of
blow-up as r tends to zero. This step will be carried out in Section 4.4.

As in the article of Lazarovici [61], the technique we use to do this is to consider an
anisotropic version of the W, distance. For some parameter A > 0, we consider

%
Wit (u,v) = ( inf A2 x1— x>+ v —vz|2d7r(x1,v1,xz,vz)>
mell(u,v) J(Td xR4)2
For this anisotropic distance, we will prove a differential inequality of Gronwall type, with
a growth constant C; depending on A. We then allow A to depend on r, and optimise with
respect to r in order to achieve the smallest C possible. The optimal value of A will lead to a
rate of convergence as r tends to zero that will allow us to close the estimate.

In the second step, we must show that f, converges to f as r tends to zero. We already
showed that this holds if £(0) € L' NL=(T? x RY) with compact support, in Section 2.9 when
we constructed global solutions of the VPME system. In this chapter we will show that this
convergence can be quantified, in the second order Wasserstein distance W», again aiming to
optimise the rate in r.

By combining these two limits, we will identify a regime for the initial data in which u

converges to f.
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The main difference in adapting the proof to the VPME case is to include the additional
part of the electric field E = —VU, where

AU =940 1, AT =p[f] 1,

and the analogous part of the electric field for the regularised equation (4.7). This is ac-
complished by making use of the regularity and stability estimates on the electric field from
Sections 2.4 and 2.5.

4.3 Preliminary Estimates

4.3.1 Behaviour of the Wasserstein distance under regularisation

We recall some useful results on the behaviour of Wasserstein distances under regularisation by
convolution. See [83, Proposition 7.16] for proofs. The first observation is that regularising

two measures cannot increase the Wasserstein distance between them.

Lemma 4.3. Let 1, v be probability measures, r > 0 any positive constant and ) a mollifier
as defined in (4.3), where y € C*(R%;[0,4-o0)) has total mass one. Then

Wp(Xr*HaXr* V) S Wp(uav)'

We also have an explicit control on the Wasserstein distance between a measure and its

regularisation:

Lemma 4.4. Let u be a probability measure and r > 0. Let ), be a mollifier as defined in (4.3),
where y € C2(R%;[0,+0)) has support contained in the unit ball and total mass one. Then

Wy (Xr s pt) <.

If a measure Vv is close to an L”-function in Wasserstein sense, then it is possible to estimate
the L”-norm of the regularised measure ), * v in a way that exploits this fact. We will use
this in our estimates to control the regularised mass density X, * p,. The following estimate is
shown in the whole space for p = o in [61, Lemma 4.3] (see also [13] for similar estimates),
but it is straightforward to adapt it to the case of the torus with general p. We revisit the proof
here for completeness.
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Lemma 4.5. Let v be a probability measure on T¢ and h € LP(T?) a probability density
function, for some p € [1,+oo|. Then then exists a constant Cq 5 ,, depending on the dimension

d, the integrability exponent p and || X || ;= (ra), such that for all r € (0, %] g € [1,+00),

12 V| 1o (ray < Cay <HhHLﬂ(W)+"7(q+d)qu(h,v)) .

Proof. Throughout the proof, we identify functions and measures defined over the flat torus T¢
with Z?-periodic functions and measures defined on R¢.
We give the proof in the case where the Wasserstein distance W), is defined using the toroidal
distance
drpa(x,y) := inf |x —y+k|.
kezd

Note that dpq is less than or equal to the distance d 9, induced by the identification of the

torus T¢ with the unit cube 2, = [—%, %] % The same result will therefore then also apply to
Wasserstein distances defined using d g, .

Step 1: Kantorovich Duality. The proof is based on the characterisation of Wasserstein
distances in terms of Kantorovich duality, which was stated in Lemma 1.6. In particular this
means that for all pairs of functions (¢, y) € L'(T¢,v) x L'(T¢, h) such that

¢ (x) —w(y) < dpa(x,y)?

the following inequality holds:

Wi(h,v) > /

Td

o(v(dd — [ WOIh()dy.

Td

In particular this holds if we choose Y = ¢*, where ¢* is the conjugate function of ¢ with

respect to the cost function dra (x,y)?:

¢"(x) := sup {(y) —dpa(x,y)7}.

y€eT

Now consider the mollification ¥, * v. We make use of the identification of the torus T¢
with the unit cube 2. For a fixed x € 2;, we may write
_ x—
v = [ () via,

X7¢@d



170 Derivation of the VPME System from a System of Extended Ions

In the expression above, the measure v on 2, is identified with its periodic extension to R?,
The function Y is only evaluated over the principal domain 2;; note that the restriction r < %

is imposed so that the support of ¥, is entirely contained within 2,;. Then

o) =r @0 [ () vi)
x—2y r

Define a function ¢, : x — 2; — R by

o) =1 (52,

7

Note that, for r < 1/2, ¢, = 0 on the boundary of x — 2, and so ¢ can be extended periodically
to the whole of R, thus inducing a well-defined function on T,

Then we may write ), * v(x) in terms of ¢, and its conjugate:

2orv() =r D [ g ppvia)

X*Qd

— { [, eome-[ ¢;<y>h<y>dy] e g ) ay

The conjugate function ¢ : T¢ — R is defined by

0 (v) = sup {9u(2) —dpa(y,2)7}.

7€x—2y

We wish to use the bound
X+ v(x) < r- DWW (h,v) 4@ H) / ” 10 (y)|h(y) dy. (4.8)
x—Z2y

To make this rigorous, we must check that ¢, € L'(v) and ¢; € L (h). For ¢,, we use the fact
that

[@ulle <Pl 2l

Thus, since V is a finite measure, ¢, € L' (v). The relevant estimates on ¢; will be proved in
Step 2 below.

It then remains to to control the term
D [ o)) d.
X7Qd

This is done by studying the support of ¢;.
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Step 2: Support of ¢’. By definition,

¢, (v) = sup a(zx,y),

ZEX*Qd

where
xX—z

o(zx,y) =rly (7) —dra(y,2)7.

First, we note some global lower and upper bounds. For the lower bound, let k € Z¢ be such
that y + k € x — 2, (such a k always exists), and consider the choice z = y + k. We find that

a(yx,y) =riy (M) >0,

r

since the function J is non-negative. Thus ¢(y) > 0 for all y € T<.

For the upper bound, since x is a bounded function, we have the estimate

a(z3x,y) < 11| x = (ray = dpa (3,2)T < 1|2 | o) -

Thus
1021 () < 7112 L) (4.9)

Note that in particular this implies that ¢; € Lp/(']I‘d), where p’ is the Holder conjugate of p,
and so ¢ belongs to L' (). Thus the estimate (4.8) is rigorous.

Next we will control the support of ¢;. Firstly, since the support of ¥ is contained in the
unit ball, if dpa(x,z) > r then

a(zx,y) = —dpa(y,2)7 < 0.
Secondly, if dya(y,z) > nr for some 1 > 0, then

a(z%,y) < P2l =roy — 1)

1

If we choose n = ||x||5m(Td , then

)
o(z;x,y) <O0.

It follows that, if ¢;(y) > 0, then the intersection

1

Bra (x:7) B (3211w s ) (4.10)
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must be non-empty. Here Bra(z;7) denotes the ball with radius r and centre z on T¢ with

respect to dya. The set (4.10) is non-empty if and only if

o) < r (14 12wy )-

We deduce that
supp; C Bys (37 (1412l =zs)) ) -

Step 3: L” estimate. Using the upper bound (4.9), it then follows that, for all y € x — 2,

* 4(x—y)
0r () < 1Nl ray L _y 01 (r(l + ||x||mrd>>> ’

where Bt (0; ) denotes the open ball in R of radius § with respect to the Euclidean metric.
Define the function ¥y , : £; — R by

4z
Wyy(2) =11 ||X‘|Lw(Td)ﬂBRd(0;£) (r(l 4 HxHLm(Td))> '

This can be extended periodically to the whole of R and thus induces a well-defined function
on T¢.

We may then write

[ e e0Iay= [ 600Ny < [ Wy (e y)h0)dy = W eh).

Thus
X xv(x) < r_(d”)W(f(h, V) + r_(dw)\Pd% * h(x).

Since the torus has finite volume, we then deduce that, for all p € [1,+o9],
12 % V| o mey < Ca WA, v) 4 D, *h|| 1 (ra)-
The next step is to apply Young’s inequality to the second term:

p(d+a) IRZR *hHLP(Td) < ”_(d+q)”\PdJCHLl(Td)”hHLp(Td)'
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The final step is to evaluate |4,y |11 (1a):

[Wa.y

4z
oy =Wl [ 10 &
L}(Td) FD J g, Baa O \ r(1+ 1] o e
< T 2 mray (1 D2 ) ) B (0:1)
< CyyrtH.
We conclude that
125 Vllppay < Car™ W) +Cag ] oipa),

which completes the proof. []

4.3.2 Regularised Kernel

We will need a Lipschitz estimate for the regularised kernel x, x K. A suitable estimate is proved
in [61, Lemma 4.2(i1)] for the whole space case. The adaptation to the torus is straightforward,
since Kper = K + Ko, where Kj is smooth. The remainder can therefore be controlled using
Lemma 1.1.

Lemma4.6. (i) Let h € L' N L*(R?). There exists C > 0 such that

2 K ¢ hllip < Cllogrl(1-+ [ =):

(ii) Let h € L*(T¢). There exists C > 0 such that

1% Kper * hllip < Cllog rl(1+ 1] -)- (4.11)

4.3.3 Estimates for the Regularised System
We make use of the existence result for the regularised system, which we proved in Section 2.8.

Lemma 4.7 (Existence of regularised solutions). For every f(0) € 22(T¢ x RY), there exists a
unique solution f, € C([0,00); 2 (T x RY)) of (2.57).

We recall some basic estimates on these solutions, which are independent of r > 0. We

have uniform-in-time L”(T¢ x R?) estimates on f;. If £(0) € LP(T“ x R?) for some p € [1, ],
then for all

1Ol peracray < N F O o xra)-
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We also recall the definition of the regularised energy, which is conserved by the regularised
VPME system:

) =1

I
=5/, Rd|v|2fdxdv—|—E/Td\VU,de—k/TdUreUrdx_ 4.12)
X

By the same interpolation argument as used for VPME, we can deduce the following uniform-

in-time estimate on p[f,]:

sup [PL O] a2 < CELFO)]+1). (4.13)
t€[0,00) L d (1)

In Theorem 4.1, we assume that the initial datum f(0) is compactly supported. Using the
growth estimates in Section 2.7, we can therefore deduce a L™ (T¢) estimate on p[f,]. That is,
for any 7" > 0 there exists M > 0 such that

sup sup {|p[f(t)]l| = (ray < M.
r>0¢€[0,T]

4.4 W, stability for the regularised VPME system

In this section we perform the first step of the strategy outlined in Figure 4.1, showing that
uN — f, as N tends to . To do this, we a weak-strong stability estimate for the regularised
VPME system introduced in (2.57), in the Wasserstein distance W,. This can be applied to
uY and £, as both are weak solutions of this system. The estimate is optimised to degenerate
slowly as r tends to zero. This will allow us to use solutions of (2.57) as a bridge between the
particle system (4.4) and the VPME system (4.2).

Lemma 4.8 (Weak-strong stability for the regularised equation). For each r > 0, let f,, W, be
solutions of (2.57), where the f, have uniformly bounded density and initial energy:

sup sup [|py, [l =ray <M, (4.14)
r>0¢€[0,T)
sup EME[£,(0)] < Co, (4.15)
r>0

for some Cy, M > 0. Assume that the initial data satisfy, for some sufficiently large constant
C > 0 depending on T, Cy, M and d,

VV22 (fr(o) ) .ur(o))

1.
(d+2+Cllogr|~1/2) <

lim sup
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Then

lim sup W5 (f(t), (1)) =0.

r=0tejo,7)
Proof. To lighten the notation, we drop the subscript r from f, and u,. Fix an arbitrary coupling
of the initial data my € TI(o, fo). As in the proof of Lemma 1.8, we define a coupling 7; that
follows the characteristic flow of (2.57). We use the notation Z (i) for the characteristic flows,
with i = 1,2. They are defined by the following ODE system:s:

(%) =y (%2 =y

v = EW (x ) v =D x?)

(x5 (0),v(0)) = (x,v) x2(0),v(0) = (x,v) (4.16)
E}gﬂ) — _%r*VUr(“) E,gf) — _Xr*VUr(f)
\AUW)zewW—wam \AUV)Zew”—%mPﬁ

First, we check that unique global solutions exist for both systems. The same argument
applies to both u and f, so we will write it for i only. Observe that since p is a probability

measure and ¥, is smooth, y, * p, 1s a function with
126 % Puull = mary < 12l 1= (e -
Hence by the regularity estimates in Proposition 2.4, Ur(“ )is a C! function with
10 1oy < exp [€ (14 12z )] (4.17)
Then E,(“ S Ay * VU,(“ ) is a smooth function with bounded derivative

12 oy < ller o 30 € (14 126wy ) |

Therefore there is a unique C' flow corresponding to (4.16).
We then define
m:(ﬂ”mq)®%nmaqhmb (4.18)

recalling that # denotes a pushforward (Definition 2). It follows from the discussion in
Subsection 1.3.2.2 that 7; is a coupling of w(¢) and f(¢).
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Using m;, we define an anisotropic functional D which controls the squared Wasserstein
distance W1 (f;, 14;). For 2 > 0, let

D([) = / 7(«2|)C1 —)C2|2-|- |V1 —V2|2d7Tt(X1,V1,)C2,V2). 4.19)
(deRd)z

We will choose A later in order to optimise the rate obtained in our eventual estimate on D. We
note some relationships between D and the Wasserstein distance. By Definition 4, since 7; is a

particular coupling of i, and f;, as long as we choose A% > 1, we have

W2, f;) < D(1). (4.20)

If we only look at the spatial variables, we can get a sharper estimate:

W5 (pu (1), p7(1)) < A72D(t). (4.21)
Since my € II(uo, fo) was arbitrary we may take the infimum to obtain

infD(0) < A°W5 (1o, fo)- (4.22)

o

We now perform a Gronwall estimate on D. D is differentiable with respect to time, since
E, is uniformly bounded (4.17) and p(0) and f(0) have finite second moments. Taking a time
derivative, we obtain

D=2 A2(x1 —x2) - (v —v2) + (v —v2) - (Er(“)(t,xl) gV (l,x2)> dr,.
(']I‘ded)z

Using a weighted Cauchy inequality, we find that for any o > 0,

D=2 12|X1—XQ|2+|V1—V2|2C17L',
(T4 xIR9)2

2
EW(t,x)—EY (1, dr.

1
Oc/ |v1—v2|2d7r[+—
(T xR4)? o J(Taxray

Therefore

D<(a+A)D+— ZI,,
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where
I = / EW 1, x") —EW (1, xP) Pdry, b= / EV (0,2 = EW (1, %) |? dr,

I ::/|E£“)(t,x,<”)—ES“)(z,X}Z))Fan, L ::/|I§r(f)(t,X,(2))—Er(“)(t,X,(z))Fdno.

We have again used the decomposition E,(f ) — E,(f ) + l??,(f ), and the analogous form for E,(“ ) .

To estimate these quantities, we first note some basic regularity properties, which follow
from Proposition 2.4. First, we wish to control the regularised mass density y, * p, with an

estimate that behaves well as r tends to zero. For this we use Lemma 4.5 with ¢ = 2 and (4.21):
12 Pl < Ca (Il +r~ “2 W o, ) (4.23)
<y (’|Pf”m(1rd)+r_(d+2))“_2D> :

We will use this estimate in the cases p = % and p = oo. For p = oo, by assumption (4.14) we

obtain
12 Pull ey < Ca (M 4+~ 42272D) (4.24)

For p = ‘5%2, by the initial energy assumption (4.15) and (4.13) we have
<C
prHL%(Td) = Ld,

where C; depends on Cy and d. Thus

—(d+2) 3 -2
% Pul 02 ) < Ca <1+r A D) (4.25)
for C; depending on Cp and d.
We also wish to control the regularity of 17,(“ ), Using (4.25) and Proposition 2.4, we obtain

10 |2 ey < Cexp, (cd (1 n r_(d+2)7L‘2D> ) . (4.26)
We estimate /; and I, in the same way as in [61]. For I} we use Lemma 4.6:
126+ Kper * h[Lip < Cllogr|(1+[|Al|=)-
We combine this with the mass density estimate (4.24) to obtain

2
I < C(logr)? (M n r—<d+2>/1—21)> A~2D. 4.27)
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For I, we use Proposition 2.11 and (4.24) to obtain

L <CM(M+r~4*22,2D)A~2D. (4.28)

For I; we compute:

13:/ E® (0, xMy — E® (1, x )2 dmy (4.29)
(T4 xIR9)2

= v 2 (VO (1,2) = VO (1,y)) P d,

< - x—y]?
< sl VO e

77 (1) 2 2
= S o PR

We apply the regularity estimate (4.26) to obtain

s < CExp, [Ca(1 + 722 2D)] /(w e V|,

< CeXp, [Cd(l + r*(d“)/rzl))] A72D.

For I; we compute
I = ED (6, —EW (1, xY) 2 dmy
(Td xR9)2

= ot % < (VO (0,x) = vOM (2, x2))) 2 dmy

— [ 1 (V0 0,6) = VO 1,0)) Pos(t.2)
T

< ol IVTY = VO |2, (430)

By Proposition 2.11,

IVO = VO 2 10y < €3y |Ca1 4+~ DA72D) | |0~ O |12

< Cexp, [ Call 4+~ H272D) | (M + 7~ 422.2D)2.72D,

thus
Is < CM&xp, [Cd(l + r_(d+2)7L_ZD)] (M + r~ @+ -2D)A 2D,
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We summarise all these bounds as

2
D<(A+a)D+ iC(l + [logr|)? <M+ r—<d+2m—2p) A~2D 431)

+ CEp, Cd(1+r*<f’+2>x*2D)] (1 +M(M+r’(d+2)7t’2D)) A~2D.

This differential inequality is nonlinear and so the estimate cannot be closed in its current

form. To deal with this, we introduce a truncated functional, rescaled to be of order 1:
D=1 (@22 )

Since D is differentiable, D is at least Lipschitz. In particular, at almost all times ¢, D is
differentiable, with either

d . d
—_ = —_ = 7(d+2) 72—
D(r)=0 or LD()=r 222D,

Thus (4.31) implies that, for almost all ¢,

d A A 1 A
P <A +a)D+_-C [1+|logr|*] M*A~2D.

We then optimise the exponent by choosing

o, =Cy(1+[logr)MAY, A, = Cy(1+|logr|)'/>VM. (4.32)
Then d
=

Since D is absolutely continuous,

D) =DO)+ [ (5)as,

where the function g(t) = $D(r) wherever this derivative exists, and g(#) = 0 otherwise. Thus

A

D(t) < D(0) +Cy. /0 "D(s)ds.
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Then by Gronwall’s inequality we deduce
sup D(r) < exp(C4A.T)D(0) < r~ 42 A2 exp(C4A.T)D(0)
[0,7]

< Cyexp [|1ogr| <(d+2) +ch\/A_4|1ogr|—1/2)} A72D(0).

In order to use this estimate to control the Wasserstein distance, we need to ensure that for
r sufficiently small,

inf sup D(t) < 1. (4.33)
™ tef0,1)

If (4.33) holds, then by (4.20), for all r € [0, T],

Wi (w, f,) <r?222inf sup D(r) <r??A2 =0
™0 tef0,1]

as r tends to zero, since A2 only grows like |log 7| by definition (4.32). Using (4.22), we obtain
for any 7,

sup D(t) < Cyexp [| logr| ((d—|—2) —|—CdT\/1\_4]10gr]*1/2>] A, 2infD(0)
[0,7] o

< Cyexp [| logr| ((d+2) +CdT\/M|10gi’|_l/2>]sz(ﬂ07f0)~

Since we assumed that the initial data satisfy

WZ
limsup 2 (Ho: fo) - <1,
r—0 rd+2+Cd,M,T ‘ ]Og }’|
for large Cy p.7, (4.33) holds for sufficiently small r. This completes the proof. O

4.5 Convergence from the Regularised System to VPME

Lemma 4.9 (Approximation of (VPME)). Fix f(0) € L' N L™(T? x RY) satisfying a uniform
bound on the energy as defined in (4.12):

sup &E[£(0)] < Co, (4.34)
r>0
for some Cy > 0.
For each r > 0, let f, be a solution of (2.57) with initial datum f(0). Let f be a solution
of (4.2) with the same initial datum f(0). Assume that {f,},~0,f have uniformly bounded
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density:

sup sup [|py, [l (pay < M, sup ||pylpe(ray <M
r>01€[0,T] 1€[0.7]

for some M > 0. Then
lim sup W5 (f(1), f:(1)) =0.

r—0telo,7)

Proof. We fix an initial coupling my € I1(f(0), f(0)) and construct 7, € TI(f(¢), f(t)) as in
(4.18), using the characteristic flows

(%) = vl (%2 =

v = Ex () v = E,(x3)

(X4 (0),V42)(0)) = (x,v) (X (0),V22(0)) = (x,v) (4.35)
E=-VU E, = —x.% VU,

(AU = eV —py (AU, = eV — x5 py,.

We define D as in (4.19). As in Lemma 4.8, we obtain for any o > 0,

D<(a+A)D+— ZI,,

where
h_/wzx ax)m%,b_/wtx”pE@ﬁW%%,
L= /yE t. XN —E,t,x?)Pdry, I = / Et, X"y — E,(t,x"V)? dm.
For 11 we use the regularity estimate (4.11) to deduce
I < |logr|*M> / XY — x?2dmy < [logr|*M2A72D. (4.36)
For I, we use the stability estimate from Lemma 2.10:
IVT = VU, || 2(pa) < VMW (2% Py, Pf )

By Lemma 4.4,
Wa(xr %P1, Pr) < 7+Wa(py,, pr)-

Hence

IVT = VU, || 2(ra) < VM(r+27'VD). (4.37)
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We account for the extra regularisation by elementary methods: first, for g € C'(T%),

2
dx

s =2+ 8liEmny = |,

<
Td

Hence, by Jensen’s inequality applied to the probability measure x,(y)dydh on T? x [0, 1],

o Xr(0)[8(x) — glx—y)]dy

2
dx.

1
/Td /0 —yXr(y)Veg(x—hy)dhdy

1
2 2 2
ls=2gln < [ [, bP0) [ IVele—hy)drdyan

< r2||Vg||1242(Td) /Td |y|2751 (y)dy < CrZHVgH[zJZ(Td)- (4.38)

This estimate extends by density to g € W12(T¢9).
Next, standard estimates for the Poisson equation and L? interpolation inequalities imply

that
d +2

d 2 a2
IV2T, 2 ¢pay < Cllpy, Nl 2¢pay < Cllpg, I 2 aayllPsl i L4 <CM 7, (4.39)

since by (4.34) and (4.13) we have
IPsll a2 ) <€ (4.40)

d)_

for some C depending on d and Cy only.
Therefore, using (4.38),

— — — d-2
HVUr — Xr* VUTHLZ(’]T‘J) < CHVZUrHLZ(Td)r < CMW}",

and we conclude that
L <CM?*(r+A"'VD)%

The term /3 is estimated like 7, using the regularity estimate from Proposition 2.4 and (4.40):
1Urllc2a(pay < C,
where C depends only on the constant Cy controlling the initial energy in (4.34). We obtain

L< C/ XY - x?2dmy < cA2D.
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Finally, 14 is estimated in the same way as I, using the stability estimate Proposition 2.11,
Proposition 2.4 and (4.40):

IVU = VU, || 2(pay < CIVT = VT, || 210y < CVM(r+A~'VD).
By Proposition 2.4 and (4.40), we have
[Ulle= < 10 lesaray + 10 etz < exp (C(1+ o4l a2 1, ) ) <,
where C depends on Cy and d only. Hence
eV ll2¢ms) < C.
Since AU, = eUr — 1, by standard regularity results for the Poisson equation this implies that
ID?Uy || 12(7ay < C.
Therefore, using (4.38) again,
IV, — 2 VU, | 20y < CIDPTrl ey <

and we conclude that
L <CM*(r+A"'VD)2.

Altogether we have
D<(a+A)D+ % (|logr|* +1) M*D +CM*r.
Optimising the exponent, we deduce that
D < CA.D+CM?*r?,

where
A = VM(1+ |logr|) /4.
Hence
D(t) < (D(0) + CM22) exp [cm(l + \1ogr\)1/4t]
< (D(O) —I—CMZI’Z)eC‘/M“Ogr'l.
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Since D controls the squared Wasserstein distance (4.20),
W2 (£(0),£(1)) < (D(0) +CM*r2)CVMIlee
Then, by (4.22), and since f and f, share the same initial datum,
W2(f:(0). /(1)) < (infD(0) + ChP )V Ml
< (A2W3(£(0), £(0)) +CM2P2) £V MIee

< CM?2e€ M|logr|t.

Since

M2
2=C\[ flogr]

2eC M|logr|t:r 7

we conclude that for any compact time interval [0, 7],

lim sup W3 (f.(t),f(t)) =0.

r=0s¢0,7]

Finally, we combine these estimates to complete the proof of Theorem 4.1.

Proof of Theorem 4.1. Let f, be the unique solution of (2.57) with initial datum f. By the

triangle inequality for W>, we have

sup W2 (' (1), £(1)) < sup W3 (" (1), fr(1)) + sup W3 (£(2), £(1).
t€[0,T] t€[0,T] t€[0,T]
We apply Lemma 4.8 to the first term using the assumption on the initial configurations and
deduce that it converges to zero as r tends to zero. For the second term we apply Lemma 4.9,

since f and f, have the same initial datum. This completes the proof.
[

4.6 Typicality

In this last section of the chapter, we prove Theorem 4.2 concerning the relation between the
choice of parameters in the mean field limit and the initial configurations. Our method follows

the approach of Lazarovici [61] for the mean field case.
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The idea is based on the following observation. If one constructs a collection of empirical
measures (VV)y by drawing N independent samples from a reference measure Vv, then, by the
Glivenko-Cantelli theorem, almost surely v/ will converge to v as N tends to infinity, in the
sense of weak convergence of measures. The idea is to use a quantitative version of this result
to find configurations for which the associated empirical measures converge to our reference
data fj sufficiently quickly to satisfy the assumption (4.5) of Theorem 4.2. A suitable result
of this type was proved by Fournier and Guillin in [29], with the distance between vV and v
measured in Wasserstein sense. The following result is from [29, Theorem 2].

Theorem 4.10. Let v be a probability measure on R™ and let vV denote the empirical measure
of N independent samples from v. Assume that v has a finite kth moment for some k > 2p:

My(v) = / xk dv (x) < foo.
Then there exist constants c,C depending on p,m and My (V) such that for any x > 0,

P(WP(VN,v) > x) < a(N,x)1g<py +b(N,x),

where )
2
exp (—cNx~) p>5
2
a(N,x)=C{exp| —cN lm} ) p=73 (4.41)
exp <—ch’"/p> p<%3
\
and

b(N,x) = CN(Nx)~k=)/p
forany o € (0,k).

Proof of Theorem 4.2. We follow the approach of [61, Theorem 3.3]. The idea of the proof is
to show that, for the choice r = ¢cN 7,

2 N
Wa koo fo) 1) —1. (4.42)

P | limsu
p d+2+Cr, m|logr|~1/2

N—oo T

Then we may apply Theorem 4.1 to conclude that the mean field limit holds on this full
probability event. To prove (4.42), observe that

W2 N
U N Axc {limsup 2 (Hp . o) <1},

-1/2
n N>n N—soo pd+2+Cr m|logr] /
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where Ay is the event
Ay = {szw(z)v?f()) > %rd+2+CT*,M|logr1/2}'
Since (U, Ny=nA%)" = Ny Un=nAn, by the Borel-Cantelli lemma it suffices to show that
Y P(Ay) < co. (4.43)
N

We estimate P(Ay) using Theorem 4.10, with

_ lrd+2+cr*,M|1ogr\—1/2 — N Yd+2)=Cr, 14 logN| /2
3 .

XN
Note that p = 2 and m = 2d. The assumptions on Y in (4.6) are chosen such that
Za(N,xN) +b(N,xy) < eo.
N

In this way (4.43) holds and the result follows.
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5.1 Introduction

This chapter focuses on the derivation of kinetic Euler systems from underlying particle systems.
We consider the kinetic incompressible Euler (KInE) (1.16) and kinetic isothermal Euler (KISE)
systems (1.20) introduced in Section 1.2.3.3.

We recall that the KInE system reads as follows:

dg+v-Vig—V,U-V,g=0,
(KInE) := pe=1, 5.1
8li=0 = 80, Jrd pa&o(x,v)dxdv =1,

The KInE system formally describes the dynamics of the electrons in a plasma in the quasi-
neutral regime. The physical situation therefore suggests that an appropriate microscopic model
would be a system of interacting electrons. In this chapter, we consider this problem on the
torus. Due to the confinement, we may also include a uniform background of ions. This leads
to the following model:

X;i=V

Vi= o) T Ky ,).

j

(5.2)

Recall that Kper was defined to be the Coulomb kernel on the torus T,

In order to derive the KInE system from the particle system (5.2), it is necessary to identify
an appropriate choice of the scaling o(N) that connects the two systems. With the choice
o(N) = SN;Z, for a fixed value of €, the formal limit as N tends to infinity is the Vlasov—Poisson

system
.

Ofe+v-Vife+Ee-V,fe =0,
Ee - —Vng,
—&2AUg = py, — 1,

feli=0 = fe(0) >0, /[Fdedfe(O) dxdv =1.

(VP)g := (5.3)

The quasi-neutral limit € — O then connects the Vlasov—Poisson system to the KInE system.
To obtain the KInE system from the particle system (5.2), a possible strategy to identify the
correct scaling is to consider a two-stage limit, combining the mean field and and quasi-neutral



5.1 Introduction 189

limits. This amounts to choosing a scaling of the form

where € is now allowed to depend on N. We look for for a choice of € = £(N) such that both
limits can be taken simultaneously. The limit should hold in the sense of convergence of the
empirical measure, as outlined in Section 1.6. In this chapter, we follow a strategy along these
lines.

We have discussed in previous chapters that the mean field limit from the particle system
(5.2) to the Vlasov—Poisson system remains an open problem in any dimension d > 1. We will
therefore not consider limits from the system (5.2) in our derivation of KInE. Instead, we use a
regularised system.

We use the same regularisation as was discussed for the mean field limit for VPME in
Chapter 4. This represents a system of ‘extended charges’; for KInE, these represent extended
electrons. Fixing a smooth non-negative mollifier y € C*(T¢) with mass one, we define the

scaled mollifier

B =rz(3). r>0
We then consider the regularised system
Xi=V
Vi= %Zxr*xr*l(per(x,——xj). G4

J#i

For this system, the aim is to find a choice r = r(N), € = €(N) such that the limit from (5.4) to
KInE holds.

We also consider the corresponding problem for the KISE system, which reads as follows:

og+v-Vug—V,U-V,g=0,
(KISE) := U =logp,, (5.5)
8li=0 = 80, Jraxpa go(x,v)dxdv = 1.
This is a model for the ions in a plasma, under the assumption of quasi-neutrality.

For KIsE, the natural microscopic model is a system of N ions, interacting with each other

and with a background of thermalised electrons. This is represented by the following system of
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ODE:s: .
Xi=V,
-2 N
. £ _ 5.6
J#i

where U satisfies

2 U 1 al
e°AU =¢e"” — —) Oy.
N ; X
An intermediate step between these systems is the VPME system

atf8+v‘vxf8 +E-V,fe =0,

E=-V,U,
(VPME), := AU = plf]. (5.7)
fs‘t:O :fs(o)-

We also replace the point charges in (5.6) by ‘extended ions’ in this case. This results in the

Xi =V
) Vi (5.8)
‘/i — _XV*VXU(Xi)a

system

where U satisfies
N

1
82AU = €U — ]T[ l:ZIXr(X—Xl)
As for KInE, the goal is to find a relationship € = €(N),r = r(N) between the parameters such
that the KIsE system (5.5) is obtained from (5.8) in the limit as N tends to infinity.

Choice of Initial Configurations. To prove these limits, it will be necessary to make restric-
tions on the initial configurations that we specify for the particle systems (5.4) and (5.8). These
constraints arise due to the issues that we have discussed regarding the choice of initial data
in the mean field and quasi-neutral limits. We need to avoid pathological configurations in
the mean field limit as well as avoiding triggering unstable behaviour, such as the two-stream
instability, that would obstruct the quasi-neutral limit.

Our strategy will be to choose initial data for the particle systems whose empirical measures
approximate, as N tends to infinity, distributions f¢(0) for which the quasi-neutral limit holds.
We will work in the close-to-analytic regime of the quasi-neutral limit, using the results of
Han-Kwan-lacobelli [43] for the electron models, and the results of Chapter 3 for the ion

models.
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5.2 Statement of Results

5.2.1 From Extended Electrons to Kinetic Incompressible Euler
5.2.1.1 General Configurations

In this section, we state a result concerning the derivation of the KInE system from the extended

electrons system (5.4). First, we must make some preliminary definitions.

Empirical Measure. Throughout this chapter, we use the notation [,LQ' . to denote the empirical
measure associated to the solution of the relevant particle system, either (5.4) or (5.8). It is
defined by the formula

1 N
Her (1) = 5 X St w0 (5.9)
i=1

Correctors. In the quasi-neutral limit for the classical Vlasov—Poisson system, we need to
account for the effect of plasma oscillations, as explained in Section 1.5.1.2. The method for
dealing with this is to introduce a corrector function Z; that describes the oscillations. The
corrector g is defined in (1.53). The oscillations can then be removed from ug - by a ‘filtering’

process, which we define below.

Definition 5. Let u be a probability measure on T x R¢. Let Z : T — R be given. The
corresponding filtered measure [i is defined to be the measure such that

(@00 = [, 0lcv+ () ey

for all test functions @.

We will apply this definition with the choice # = Zs.

Energy. We define the energy associated to the classical Vlasov—Poisson system (5.3) on the

torus, with quasi-neutral scaling. This functional is defined as follows:

&) ::/

Td

2
|V|2fdxdv+8—/ V. Ue|*dx, (5.10)
x R4 2 Jrd

where Ug = € 2Gper * (p[f] — 1). This energy functional is conserved by strong solutions of
(5.3).
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Reference Data. We will choose the initial data for the particle system (5.4) to approximate
given functions f¢(0) € L' NL=(T? x R?), which we interpret as possible choices of initial
data for the Vlasov—Poisson system (5.3). We assume that f¢(0) satisfy the following set of
assumptions. These are precisely the assumptions of the quasi-neutral limit for rough data
proved in [43].

Assumption 2 (KInE, d = 2,3). The data f¢(0) satisfy the following:

(i) There exists Cy independent of € such that

1f(0)le= < Co,  &XF(£e(0)) < Co.

(i) (Control of support) For some y > 0,

fe(0,x,v)=0  for |v|>e 7. (5.11)

(iii) (Perturbation of analytic functions) There exist functions g.(0), satisfying (5.11) and

sup sup (1+[v|1)]ge(0)(,v)llp;, < C,
£€(0,1) veRd

such that B
Walfe(0).80¢) < [&py (Ce )|,

for C > 0 sufficiently large. The exponent { = {(y) is defined as follows:

e Ford =2, we fix any 6 > 2 and let
¢ =max{y,6}. (5.12)

e Ford =3 we let 18
é':max{y,?}. (5.13)

Main Result. Under these assumptions, we have the following theorem, in which the KInE

system is derived from the system of extended electrons.

Theorem 5.1. Let d =2 or 3. For each € > 0, let f¢(0) satisfy Assumption 2. Suppose that
g¢(0) has a limit g(0) in the sense of distributions.

Fix T > 0 and 1 > 0. Then there exists a constant Cr and a weak solution g(t) of (5.1)
with initial datum g such that the following holds:
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Recall the exponent { depending on f¢(0) and defined in (5.12)-(5.13) and let € = gy,
r = ry be chosen such that

Crp2-dC
r<e CT€ )

Let the initial configurations [Z8(0)]Y_, for the N-particle system (5.4) be chosen such that

the corresponding empirical measures satisfy, for some 1 > 0,

Wa(ud'(0), fe(0))
A < (5.14)

limsup

N—oo
Let [Z;" (1), denote the solution of (5.4) with initial datum [Z£ (0)]Y_,. Let p () denote
the corresponding empirical measure. Let ﬁé\{ (1) denote the measures constructed by filtering

,ué\;(t) using the corrector % defined from g in (1.53), according to Definition 5. Then

lim sup Wi(fi,(1),&(t)) =0.

N=reo4e(0,7]

5.2.1.2 Typicality

Theorem 5.2 (KInE, typicality). Let d =2 or 3. For each € > 0, let f¢(0) satisfy Assumption
2. Suppose that g¢(0) has a limit g(0) in the sense of distributions. For fixed T, there exists a

constants Cr,At > 0 such that the following holds:
Recall the exponent  defined in (5.12)-(5.13) and let € = €y, r = ry be chosen such that
r>ArN~ qay T

Cre—2-dC
r<e Cré€

for some & > 0. Then, if the initial N-particle configurations [Z£(0)Y_, are chosen by taking
N independent samples from f¢(0), with probability one the following limit holds:

lim sup Wi(fi,(1),8(t)) =0,
N—=c(0,7]

where
* g(t) is a weak solution of (5.1) with initial datum g ;

. ,LLQ’ .(t) denotes the empirical measure corresponding to the solution of (5.4) with initial
datum [ZE(0)]Y., ;
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. ,ELQ” (t) is the measure constructed by filtering ,ué\{ (1) using the corrector % defined in
(1.53), according to Definition 5, using the given choice of f¢(0) and g(0).

5.2.2 From Extended Ions to Kinetic Isothermal Euler
5.2.2.1 General Configurations
For the KISE system, we can prove the following limit.

Theorem 5.3 (From ions to kinetic isothermal Euler). Let d =2 or 3, and let f¢(0),g¢(0) and
g(0) satisfy the assumptions of Theorem 3.1. Given €,r,N, let (Z(()i’r))ﬁil € (T4 x RH)N be a
choice of initial data for the regularised and scaled N-particle ODE system (5.8). Let ,ué\f -
denote the empirical measure associated to the solution of (5.8) with this initial data as defined
in (5.9).

Let T, be the maximal time of convergence from Theorem 3.1. There exists a constant C > (0
depending on {f¢(0)}¢ such that if the parameters (r,€) = (r(N),€(N)) and the initial data

ud(0) satisfy

rg[exp3(C£ 2)} ; 1\1,520 <r(fl+2+n)/82 )

=0, (5.15)

for some 1 > 0, then

lim sup Wy (uf,(1),8(1)) =0,
N=veorci0.1,]

where g is a solution of the KIE system (5.5) with initial data g(0) on the time interval [0, T,].

5.2.2.2 Typicality

Theorem 5.4. Let d =2 or 3, and f¢(0),g¢(0) and g(0) satisfy the assumptions of Theorem 3.1.
Let (r,€) = (r(N),€(N)) be chosen to satisfy

r < [exp3(Ce™?)] B

where C > 0 is the constant from Theorem 5.3. Assume that r = r(N) are chosen such that

r=cN~7Y, where ¢ > 0 is an arbitrary constant and vy satisfies

1
0<y<

For each N, let the initial configurations for the particle system (5.8) be chosen by taking N
independent samples from f¢(0). Then, with probability one, this procedure selects a set of
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configurations for which Theorem 5.3 holds, that is,

lim sup Wi(u,(1),8(t)) =0,
N=etei0,7,]

where g is the solution of (5.5) with initial datum g(0) on the time interval |0, T,] provided by
Theorem 3.1.

5.3 Strategy

5.3.1 General Configurations

N
us’r\\g\f—>oo r—0

Fig. 5.1 Strategy of proof for Theorems 5.1 and 5.3.

For the derivation of the KInE system (Theorem 5.1), the overall strategy of the proof is to
combine the regularised mean field limit for Vlasov—Poisson, due to Lazarovici [61], with the
quasi-neutral limit from Han-Kwan-Iacobelli [43]. For the KIsE system (Theorem 5.3), the
strategy is the same, using the VPME variants of these results, which are Theorems 4.1 and 3.1
of this thesis respectively.

Since we work with a regularised microscopic system, it will be convenient to introduce a
regularised version of each Vlasov—Poisson with quasi-neutral scaling. For the electron models,

we use the following system:

atfe,r +v-Vyfer +Ee,r[fe,r] “Vifer=0
(VP)S,r: E¢ r[fs r] —8_ %r*x%r*prer*xpfa (5.17)
fer(0) = fe(0) >0, / ngxv Ydxdv = 1.
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For the ion models, we use the following system:

p

a[ng- + V- fo&r +E£7r[f8,r] : vas.,r - 07
Eer=—xr*VUe,r,

82AU87r = eler — Xr* P [ fer],
fer(0) = fe(0) >0, dfg(O,x, v)dxdv =1.
\

(VPME)¢ , == (5.18)

Td xR
The strategy is illustrated in Figure 5.1. The steps of the proof are as follows:

(1) With € and r fixed, we prove the mean field limit for the regularised system. We show
that the empirical measure ué\{ ,~ coming from the regularised particle system (5.4) or (5.8)
converges to the solution f¢ - of the regularised Vlasov—Poisson system. The key point is
to quantify this convergence in the Wasserstein distance W;.

(i) With € fixed, we remove the regularisation from the Vlasov—Poisson system. We show
that the solution f¢ , of the regularised system converges, as r tends to zero, to the solution
fe of the Vlasov—Poisson system (5.3) or (1.19). Again we quantify the convergence in
Ws.

(iii) Finally, we use the known results on the quasi-neutral limit ([43] or Theorem 3.1) to
conclude that fe converges to a solution g of the relevant kinetic Euler system, as € tends
to zero.

The main goal of our estimates is to quantify the rates of convergence in steps (1) and (i1).
To do this, we again use an anisotropic distance, as we did in Chapter 4. For some parameter A,
we consider
1
(A) : 2 2 2 ’

W, (1, v) = < inf A%lxr —x2|" 4 [vi — 2 dﬂ(xl,vl,xz,vz)>

mell(u,v) J(Td xR4)2
We then choose A in order to optimise the rate of convergence we obtain. In this chapter, A
will be allowed to depend on both € and r.

The estimates for steps (i) and (ii) are performed using similar methods to those used in
Chapter 4. The constants in those estimates depend on L*(T¢) bounds on the mass densities
p|fe.r] and p[fe]. The main difference for the estimates in this chapter is that we have to keep
track of how this bound depends on €. To do this, in the KInE case we use mass density
estimates from [43]. For the KIsE case we proved the necessary estimates in Chapter 3. We

recall these estimates below in Section 5.4.1.3.
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5.3.2 Typicality

Our strategy for the proof of Theorems 5.2 and 5.4 is the same as used in the proof of
Theorem 4.2. We check that, if we choose the initial configurations for the particle system
by drawing independent samples from the reference data f¢(0), then the necessary rate of
convergence (5.14) or (5.15) occurs with high probability.

To prove this, we use the concentration estimates from Fournier—Guillin [29] on the rate of
convergence of the empirical measures in Wasserstein sense. In comparison to the mean field
limit, in this chapter we need to deal with the fact that the reference data f¢(0) depend on €. It
is therefore necessary to keep track of how the constants in the concentration estimate depend
on g. Our strategy is to use the fact that the reference data f¢(0) are compactly supported, and

to use a scaling argument.

5.4 Preliminaries

5.4.1 Regularised Vlasov—Poisson Systems
5.4.1.1 Existence of Solutions

We need to check that solutions of the regularised Vlasov—Poisson systems exist globally
in time for our choice of initial data f¢(0). This follows from the fact that each f¢(0) €
L'NL>(T? x R¥) is compactly supported. For the ion model (5.18), this is proved in Section 2.8
of this thesis. For the electron model, we can use the general result for Vlasov equations with
Lipschitz kernels (Theorem 1.2), since the function ;. * X, * Kper is Lipschitz.

In both cases, since f¢ , solves a transport equation with a divergence free field vector field,

we have the a priori estimate

sup || fe,r(t)llo(raxra)y = [|.fe,r(0)ll Lo xcra)- (5.19)

t€[0,00)

5.4.1.2 Energy

Each of the regularised systems (5.17) and (5.18) has an associated energy functional. For the

electron model, it is a regularisation of (5.10):

VPl . 2 3_2 2
EYP(f) = /deRdM favdv+ S /Td e, [f]]dx. (5.20)
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This functional is conserved by solutions f¢ , of (5.17):

EF fer(t)] = EXF[fe(0)].

For the ion model, we have the following rescaling of (2.58):

1 e2
S =5 [ WPrardv+ S [ VU Pt [ Ueetera.
" 2 JTdxRd 2 Jrd ’ Td &

This functional is conserved by solutions f¢ , of (5.18):

Sor fer(t)] = &2 1fe(0)):

The conservation of these functionals implies a uniform-in-time a priori bound on ||p[f] ||L “2
for a solution f of one of the regularised Vlasov—Poisson systems. For the electron model, this
follows from the fact that both terms in (5.20) are non-negative. Thus if éag\frp [f] < Cop, then we

have an upper bound on the second moment

/H‘dx]Rd lv[2fdxdv < Cp.

1

For the ion model, since x¢* > —e™ ", we have a similar estimate: if éaéVIrE [f] < Cop, then

/ v[2fdxdv < Co+e L.
T4 x R4
It then follows from the interpolation estimate in Lemma 1.12 that

<C 5.21
LA, o5 1 <. 621
where C depends on Cp and || f|| ;= (ra x ga)-

For solutions f¢ - of the regularised Vlasov—Poisson systems, the uniform L?(T9 x R?)
estimate (5.19) on f¢ , then implies that ||p|fe /]

| a2 is bounded uniformly in time for
L@ (19

solutions of the regularised Vlasov—Poisson systems.
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5.4.1.3 Mass Bounds

In our proofs, we will need uniform estimates on the mass density. That is, we use a bound of

the form

sup p[fe()]ll1=(ray < Mer, sup sup |[p[fe(t)][|f=(pa) < Me,r- (5.22)
t€[0,T] r t€[0,T]
For the classical Vlasov—Poisson system, we can obtain these estimates from [43]. These
results are based on controlling the growth of the size of the support of f¢ () over time, in the
style of Batt and Rein [10], quantifying the dependence on €. We use the following result.

Proposition 5.5. Let d = 2,3. Let f¢ be a solution of the Vlasov—Poisson system (5.3), for
initial data satisfying Assumption 2. Fix T > 0. Then there exists Cq 7 such that for allt € [0,T],

Ip[felllz=(ray < Car g4,
where ( is defined in (5.12)-(5.13).

The same estimate applies to the density p[fe .| for solutions of the regularised system
(5.17).
For the VPME system, we use estimates from Chapter 3, in particular Proposition 3.10.

Again the same estimates apply to the solution of the regularised system (5.18).

Proposition 5.6. Let d = 2,3. Let f:(0) € L' NL>(T9 x RY) be compactly supported, with
support contained in T? x Bg(0), where R < AE” for some constant A. Then there exists
C =C(A,d) depending on A and d and Cr depending on T such that

2
sup ||, (t)l| o (pay < Cr e .
t€[0,T]

5.4.1.4 Empirical measures

Note that, if (X;(),Vi(t))Y_, is a solution of the extended electrons systems (5.4), then the
resulting empirical measure ,ug{ . defined by (5.9), is a weak solution of the regularised Vlasov—
Poisson system (5.17). A similar property holds for (5.8) and the regularised VPME system
(5.18).
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5.4.2 Filtering

In the derivation of KInE, convergence holds for a version of the empirical measure filtered
using the corrector function Z. In our estimates, we will need to account for the effect of the

filtering on the Wasserstein distance. For this we quote the following lemma from [43]:

Lemma 5.7. Let v, Vv, be probability measures on T¢ x R4, and let V; denote a measure
obtained by filtering v; using a given vector field Z : T — R¢ (see Definition 5). Then

Wi (Vi, Vo) < (14 ||ViZ|| =)W1 (v1, v2).

In this chapter we will always use the corrector %, defined by (1.53). In this case
IV Fe| < |Vidy |+ |Ved-|.
Thus there exists Cr independent of € such that for 7 € [0, T],
||Vx%)8||L°°(Td) <Cr.

Thus
Wi (\71, \72) < CrWw; (Vl , Vz).

5.4.3 Quasi-neutral Limit for Classical Vlasov—Poisson

We recall the quasi-neutral limit for the classical Vlasov—Poisson system proved in [43, Theorem
1].

Theorem 5.8. Let y, 8, and Cy be positive constants, with & > 1. Consider a choice { f¢(0)}
of non-negative initial data in L' satisfying Assumption 2. For all € € (0,1), consider fe(t)
a global weak solution of (V P)e with initial condition f¢(0). Define the filtered distribution
function

Jrze(taxvv) = fE (taxﬂ}_%e))
where g is the corrector defined in (1.53).

There exist T > 0 and g(t) a weak solution on [0,T] of (KIE) with initial condition go such
that

lim sup Wi (fe(t),g(t)) =0.

€=0s¢(0,7]



5.5 Proof for General Configurations 201

5.5 Proof for General Configurations

5.5.1 Stability for the Regularised Vlasov—Poisson Systems

In this section we prove a quantitative estimate of the rate of convergence of the empirical
measure of the solution ,ué\f . of the scaled and regularised N-particle system (5.4), to the solution
fe,r of the mean-field regularised equation (5.17). Our approach is similar to the methods of
[61].

Proposition 5.9. Fix T > 0. For any small B > 0, there exists Cg p such that the following
holds: Let f¢ , be a solution of (5.17) and /,Lé\fr be defined as in (1.58). Let € = €y, r = ry be
chosen such that

r<e Cpre (5.23)

Assume that the initial condition for (5.4) is ‘well-placed’ in the sense that there exists N > 3
such that

]\171—120 e vpl+d/2+n/2 =0. (5.24)

Then for any ' € (B,n), there exists a constant C = C(B,T,n,n’,v,§) such that for all N
sufficiently large, for allt < T we have

W2, (1), fer(1)) < CrATENB,

Proof. We follow the proof of Lemma 4.8, with a quasi-neutral scaling. To lighten the notation,
we drop the sub- and superscripts 7, €, N from f¢ , and /.LQ’ - We define a coupling 7; that follows

the characteristic flows associated to f and u:

(Xl =V (Xz =V

Vi =EX (xi) V= EJ) (X2)
(Z1(0;0,z)) = z= (x,v) (Z2(0;0,2)) =z = (x,v)
E(“)——x,*VUs(‘i) E(f)——)(,*VUg(f,)
AU = Ve — 3,5 py | 2AUY) = U — x5y

These systems have unique classical solutions by the same arguments as in the proof of
Lemma 4.8.
Fixing an arbitrary coupling of the initial data my € I1(uy, fo), we define a coupling m; €
I (u(r), f(2)) by
= (Z] (t;0,~)®22(l‘;0,~))#71'(). (5.25)
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Using m;, we define an anisotropic functional D. For A > 0, let
D(l‘) = / 12|X1 —xz|2—|—|v1 —VZ|2d7l'l(xl,V1,xZ,V2). (5.26)
(T4 xR4)2

We perform a Gronwall estimate on D. Following the same steps as in the proof of

Lemma 4.8, we obtain

D<(a+A)D+— ZL,

where

= [IES ) B P, b= [1BD ) - B )P,

I} and I, are estimated in the same way as in the proof of Lemma 4.8, which follows the
argument of [61]. Compared to the case € = 1, here we gain an extra factor of £~# due to the

quasi-neutral scaling. The estimates are otherwise the same. We obtain

—4 2
D<(A+oa)D+ Z—aC(l +|logr|)? (M+ r*(d“))ﬂl)) A72D. (5.27)

We introduce the truncated functional

D=1A (r*(dﬂ)?t%D) )

By the same argument as in the proof of Lemma 4.8, D is Lipschitz and therefore differentiable

almost everywhere and absolutely continuous, with either

d . d . d
- — el — —(d+2)9 22
dtD(t) 0 or dtD(t) r A dtD(t).
Thus (5.27) implies that, for almost all ¢,
d 24 =2

We then optimise the exponent by choosing
o = Cae (1 + [logMAT!, A = Cue~" (14| logr|) 2V,

Then d.
dt d
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Since D is absolutely continuous, the integrated form of this inequality also holds. Then by

Gronwall’s inequality we deduce the following estimate:

sup D(t) < exp(CyA.T)D(0). (5.28)
[0.,7]

Now we must choose r and € in such a way as to prevent the factor exp(CyA.T) from
exploding too quickly.
First we check that infy, D(0) — 0. For convenience we will define a function @ by

Wa(pe'(0), £e(0))
o(N) = Z—}/r1+d/2+n/2 ;

thus (5.24) implies that @ is bounded. Recalling (4.22),

infD(0) < 3 A2W2(L'(0).£o(0)).

Thus, since by definition D(0) < A2~ (4+2)p(0), it follows that
r W (11(0), £ (0)).

By definition of @ we have
A 1
infD(0) < =re > o(N)>.
infD(0) < 5re (V)

1
If (5.23) holds, then e ! < Cﬁj]log r|2+4¢ and thus
. A A 2
infD(0) < Cr'l|log r| 7€ (N)~.
o
Then for any " < 7 there exists C = Cg 1.,/ ¢ such that
infD(0) < Cr7'.
o

Next, we use the Gronwall estimate to get convergence at later times. We can do this by

controlling the exponential growth factor in (5.28). Observe that for » < 1 this factor satisfies

1/25—1 1/2 —CcM!/2e—! —1/2
oM 2e " logr V2T _  —CM'/2e™ |logr|~1/2T (5.29)
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If &, r satisfy (5.23), then by Proposition 5.5,
¢
M2 logr| V2T < CTe™ =% |logr| V2 < B (5.30)

and hence
r—CM1/28*1|logr\’1/2T < B (5.31)

This implies that for all 7 € [0, T]
infD(¢) < inf D(0) r P
infD(t) < inf D(0)r
<cr'b. (5.32)

Upon choosing 1" > f3, we find that infz, D(T) — 0 as N — oo.
For N sufficiently large, we have infy, D(T) < 1. Then

sup W5 (fe.r tte,) < A2r* T 2inf D(T). (5.33)
[0.7] o

Recall that we chose A = CM'/?e~!|logr|'/2. Thus by (5.30) we have A < CBT~!|logr|.
Hence
l2rd+2 < Cﬁ,T| logr|2rd+2.

Then by combining (5.33) with (5.32) and (5.33) we obtain

sup W3 (fe) < C log 24241 B.
0,7

By adjusting 1’ and C so as to absorb the logarithmic factor, we may conclude that for N
sufficiently large,

up W3 (fer 1) < CrATZHT=P,
0T

5.5.2 Stability for Regularised VPME

The following lemma is a quantified version of Lemma 4.8.

Lemma 5.10 (Weak-strong stability for the regularised equation, with quasineutral scaling).
Let f¢(0) satisfy the assumptions of Theorem 3.1. Let f¢ , be the solution of (5.18) with data
fe(0). Fix any T > 0. Then there exists a constant A depending on T and { f¢(0)} such that the
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following holds. For each (&,r), let U » be a measure solution of (5.18). Assume that for some

n >0, r = r(€) satisfies

li WZ (:u'E,r(O)7f€(O>) —0. (534)

___ _o1—1
r< [exp3(A£ 2)} and r_% a2

Then

lim sup WZ(.uSr( ) fs r( )) =0.
—0telo,7]

Proof. We follow the proof of Lemma 4.8, tracking the dependence of the constants on €. For
ease of notation we drop the subscripts on f¢ , and ¢ ,. Let 7; be defined as in (5.25), and let
D be defined as in (5.26). Following the same steps as for Lemma 4.8, we obtain

D<(a+A)D+— ZI,,

where
ni= [ES ) - B 6P Pam, b= [IEDX) - EE )P am,

= [EQ ) - B P Pam, 1= [EDX) - EE ) Pan,

To estimate these quantities, we first note some basic L”(T¢) estimates on the regularised
mass density X, * py, using (4.23). For p = d+2 , since f¢(0) has uniformly bounded energy

(1.66), by (5.21) we obtain
<
loAll a2 o) <€
where C depends on Cy and d only. Thus

I pul a2 1, < Ca (147 @22 72D), (5.35)
for C; depending on Cp and d.
For p = o we obtain
1% Pl oy < Ca (Mep +7~42272D). (5.36)

where Mg 7 is a constant such that

sup | ll=(rey < Me,r-
t€[0,T]
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By Proposition 5.6, there exists a constant C depending on 7" such that

sup 1|07 l=(po) < exp(Ce ™).

t€[0,T]
Therefore M, 7 may be chosen to satisfy
M7 <exp(Ce™). (5.37)

—4

We estimate /; as in (4.27). An extra factor of €~ appears due to the quasineutral scaling

on the force: 5
I < Ce~*(logr)? <M£7T n r—(d+2)/1—2D> A2D.

Similarly, I, is estimated as in (4.28) using Lemma 2.10 and (5.36) to obtain
L < C8_4M87T(M87T + r_(d+2)),_2D)7L_2D.

For I5 the same computation as in (4.29) implies that

77 (1)

L < U,

3= /(deRd)2” &
(ti)

‘%Z(Td)lx—y‘zdnt.

Using (5.35) we apply Proposition 3.3, which is a regularity estimate on 178 , taking account

of the quasi-neutral scaling, to obtain
108l c2(za) < Caxpy (Cag ™2 (147~ @22-2D) ).
Thus
I < Cexp, [Cde_z(l +r_(d+2)l_2D)] / x—y|*dm
(']I‘dXRd)z
< CExp, [Cde’z( 1+ @42y *ZD)] A72D.

For 14, as in (4.30) we obtain

Is < |19l I VO = VO |2, 0.
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By the stability estimate from Lemma 3.8 and the density bound (5.36),

IVOE) ~ VOB |20y < Co2exDy [Cae (147~ DA72D) 1|0 — O8I

< Ce~°&xp, [cd e2(1+ r_(d+2)),_2D)] (Me.z+r~@*22-2p)A2D.

Thus
I; < Ce~M¢ 7 €%p, [Cds’z(l v r’(d+2)l’2D)} (M. +r~@222D)A 2D,
We summarise this as
D<(A+a)D+ éCs“(l +|logr|)? (M&T + r(d+2>7LZD)2;LzD (5.38)
| Cexp, | Cae (1 + r*<d+2>z*21))] (1 + Mo (Mo + r*<d+2u*21))) A72D.
We introduce the truncated functional

D=1 (r @),

which is Lipschitz and so differentiable almost everywhere. Where the derivative exists, (5.38)

implies that

d . N | -
D (A+a)D+-C [8*4 (14 |logr|)? +m2(c8*2)} M2 A72D.
We optimise the exponent by choosing
—4 p Jp— 0,12 ~1
o, =Cy [8 (14 |logr|)” +&xp,(Ce )} Me A,
1/4
Ao=Cy [8*4 (1+|logr|)? +ﬁ2(08*2)} Mer. (5.39)

Then d
—D < C, \D.
= 4
By absolute continuity of D, it follows that

A

D(t) < D(0) +Cy. /0 "D(s)ds.
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From this we deduce that

sup D(1) < exp(CyA.T)D(0)
[0.,7]

IN

r~ 2 )72 exp(C4 2. T)D(0)
< @42 exp(CyA.T)D(0)

< Cyexp [ |logr|((d+2)+ CuT e logr| 1) + /Mg 153 (Ce )| D(0).

By the estimate (5.37) on Mg 1, we obtain

sup D(1) < Cyexp [| logr| ((d+2) +CyT exp (C€_2)|10gr|_1/2>}ﬁ3(C8_2)D(0).
[0,7]

By assumption (5.34) on the relationship between € and r,
~1/2 1 -2
|logr| <exp —iexp(Ae )| -
Thus we have

sup D(1) < Cyexp [| logr| <(d+2) +exp(Ce ™2 — %exp (Ae_z)))} exp3(Ce2)D(0).
[0,7]

By assumption on Wz (i, (0), fe,-(0)), for all sufficiently small r there exists a choice of initial
coupling Jt(gr) such that
D(0) < p42H10,

Then

sup D(t) < Cyexp {| logr| (exp (Ce™2— %exp (Ae™2)) — n) +%2(C8_2)] :
[0,7]

For sufficiently small €,

N 1
supD(t) < Cyexp [—§n|logr| +WZ(C8_2)}
[0,7]

1
< Czexp [—En exp,(Ae2) +WZ(C82)] :
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Thus if A > C, then

supD(t) — 0
[0,7]

as € tends to zero. In particular, for € sufficiently small,

inf sup D(t) < 1.
™ tefo,1]

Hence, for € sufficiently small,

inf sup D(r) =inf sup r~“TDA2D(r).

T tef0,7] ™0 tef0,T]
Thus
sup W (g (1), fer(t)) < inf sup D(1) = r*2)2inf sup D(r) < r?t2)2.
1€[0,T) 0 t€[0,T] ™0 te[0,T]
By (5.39),

1/2
A2 =¢, [8_4 (14 |logr|)? + mZ(Ce—Z)} exp (Ce™2).

Hence, for any o > 0,
rT2A2 < Crit2 %exp,(Ce™?) < Cexp {exp (Ce %) — (d +2 — &) exp,(Ae %) }.
The right hand side converges to zero as € tends to zero. Therefore

lim sup W5 (f;,)=0.

€=0¢cio,7)

5.5.3 Removal of the Regularisation
5.5.3.1 Classical Vlasov—Poisson

In this section, we prove the following Gronwall-type estimate between solutions of the

regularised and unregularised Vlasov-Poisson systems.

Proposition 5.11. (i) Let f¢ , be a solution of (5.17) and f¢ a solution of (5.3), both having
the same initial datum f¢(0). Let M = Mg 1 be chosen such that (5.22) is satisfied. Then
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there exists a constant C, independent of r, M and €, such that for all t € [0,T]

Wa(fer (1), fe(t)) < Ce3/2M3/4 | log r|~1/4gCe M liogr|! 2

(ii) Let {f:(0)} be a set of initial data satisfying Assumption 2. Let { be defined as in (5.12)-
(5.13), and let T > 0 be fixed. If € = €y and r = ry are chosen to satisfy (5.23) for some
B < 1, then

lim sup Wa(fe,(t), fe(t)) = 0. (5.40)
N=eotc(0,7]

Proof. We consider couplings of f¢, and f that evolve along the characteristic flows of
their respective equations. Since f , and fr have the same initial datum f¢(0), the choice
7o (x,v,y,w) = fo(x,v)8(x —y,v —w) is an optimal initial coupling, so that at time t = 0 we
have

Wefersde) = [, lemsP o= wldm(e )
(Td xRd)?2

We take 7; to solve
(O +v Vit w- V)T + (Ee r[fe ] (x) - Vo + Ee[fe](v) - Vi) m = 0.

Then 7; is a coupling of f¢ (f) and f¢(¢) for all times ¢. As before we define an anisotropic

distance D: let .

D(t) - 5 (T4 xIR9)

. A2 x = y)? + v —w|rdm (x, v, y,w)

for some A to be specified later. Then, as in the proof of Lemma 4.8, we estimate that

D'(r) < (A+a)D(r) + % /( o opu Berl o)) = Bl 0)Pdm. (541

By the triangle inequality, the second term in (5.41) may be estimated as follows:

1

— 2 l _ 2
36 oo Eerlferl (O EelFelO)Pam < & [ e e 1(2) = ey e 09 d

(. J/

-~

=N

1 — 2
+ a (T4 xRd)2 |E£.,r[f£,r] (y) E; [fg] (y)| drm, .

(.

=l

The term /; is estimated using the Lipschitz regularity of the regularised forces (Lemma
4.6):
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I :/ Ee, r —Ee¢ r 2d7'L'
! (’]I‘ded)2| erlfer](¥) = Eerlfer] ()]
) ’ )
S/(deRd)2||£ Xr*err*(xr*pfsJ)HLip |X—y| dm

ng4|10gr\2(1+er*Pfg,rHL°°)2/ x—y|*dn

(T4 xRd)2

< Ce *logr)?M*A72D(1).
For I, we first observe that since the y-marginal of 7; is py, (y) dy,
b= [l Kpee s (2P, = P P0)P1 ()
< M”gizerr * (Xr* Xr* Pfe,— Pr.) HiZ(Td)v (5.42)

where (5.42) follows from the fact that ||py, ||z~ < M by definition (recall (5.22)).
We then apply the Loeper stability estimate, Theorem 1.17:

&2 Kper * (X A Pr, — Pl 2000y < € M PWa (o % 20 5 P2 P1)-
To control the Wasserstein distance we first apply the triangle inequality:
Wa (% X P s Pre) < Wallr ¥ X # Pt X % Ptie,) +Wal2r %P s Pfe ) T WalPre o Pre):

The third term can be controlled by A~1DY2 due to (4.21). We apply Lemma 4.4 to each
of the first two terms. This results in the estimate

Wa (X * X * Pre, o Pre) < 2r+27'DV2.
Thus we get the following estimate for I:

L <Ce *M*(2r+A"'D'/?)?
<Ce*M*(r* +A7°D).
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Substituting these estimates into (5.41) gives us that
D'(1) < {/l +a+ éCe4M2(| logr|? + 1)12} D(t)+ ge4M2r2
< {/1 +a+ éC£_4M2| log r|2,1—2} D(t)+ g£_4M2r2. (5.43)
We will now choose the parameters ¢ and A so as to minimise the constant in the exponential

part of our Gronwall estimate; that is, the coefficient of D in (5.43). This has a minimum for
(a, A) satisfying

a = CA 'e2M|logr|
_ Ce~*M?|log r|? 1/3
po= ()

thatis, c = A =C€ ogr . With this choice of parameters (. ecomes
hat i A =Ce~'M"/2|logr|'/2. With this choice of p (5.43) b
D'(t) < Ce 'M'?|logr|'/?D(t) + Ce M3/ r* | 1og r| /2.
Since D(0) = 0, the above inequality implies that
D(Z‘) < C873M3/2r2’10gr’71/26C£_1M1/2|10gr|1/2t‘
We conclude that

Wz(f.g’r(f),fg(f)) < C8—3/2M3/4r|logr|—1/4€C8*1M1/2|1ogr|1/2t.

Finally, we use this to prove (5.40). Since {f¢(0)} are assumed to satisfy Assumption 2,
we may apply Proposition 5.5 to deduce that

M<Ce %,
for { defined in (5.12)-(5.13). Next, we observe that the relation (5.23) implies that
e+ < ¢y ylogr],

for some C 7. Thus
e M2 < Cp.7l logr|'/2.
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Moreover, by (5.29) and (5.31), we have

“lal/2 1/2 _
LM [logr| t§r [3

Thus

sup Wa(fe (1), fe(1)) < Crr'=P|logr|'/2.
+€[0,T]

Since B < 1, the right hand side converges to 0 as N — . This completes the proof.
[]

5.53.2 VPME

The next lemma is a quantified version of Lemma 4.9.

Lemma 5.12 (Approximation of (VPME) in quasineutral scaling). Let f¢(0) satisfy the as-
sumptions of Theorem 3.1. Let f¢ , be the solution of the scaled and regularised Vlasov equation
(5.18) with initial datum f¢(0). Let f¢ be the unique bounded density solution of (3.1).

Fix T > 0. Then there exists a constant C depending on T and on {f¢(0) }¢ such that the
following holds. If r and € satisfy

r< [exps(Ce™?)] .

then

lim sup W, (fe,r(t)vfe(t)) =0.
r—0 [O,T}

Proof. By (1.66), Lemma 1.12 and (5.21) there exists a constant C depending on Cy and d only

such that

<C. .
10 W e 0. 27:2282 gy 1P o . 242 oy =€ (5.44)

By Proposition 3.10, there exists a constant C depending on the initial data and 7 such that

préd | 2=(0,77:2= (1)) > 101 | 120,772 (1)) < €XP (Ce™?). (5.45)

We will control the Wasserstein distance between f¢ , and fe using a particular coupling
m;. Since both solutions share the same initial datum, we take 7y to be the trivial coupling
fe(0)(x,v)8((x,v) — (y,w))dxdvdydw. We construct m; € II(fe(2), fe-(¢)) as in (2.25), using
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the scaled version of the characteristic systems in (4.35):

(x() =y (%2 =y

v~ p ) 2~ £ x)

X (0), v (0) = (x,v) (x3(0),v2(0)) = (x,v)
E=-VU E, = —x, VU,
\SZAU :eU—pfs \SZAUr :eU’—xr*pfw.

We define D as in (4.19). As in Lemma 4.8, we obtain for any o > 0,

. C
D<(a+A)D+—) I,
(@+)p+ 2y,

I ::/|VU,(X,(1))—VUr(X,(Z))|2d7ro, b ::/|VU,(X,(1))—VU(Xt(I))Fdno,

I, is estimated as in (4.36). There is an extra factor of £ % due to the quasineutral scaling
and the mass bound M = M, r depends on &:

I < Ce *|logr*Mg 7 A?D.
We estimate /; as in (4.37), keeping track of the dependence on € in Lemma 2.10:

IVU = VU, || 2y < Ce>/Me 1 (r+A~"'VD).

We conclude that
L <Ce *M;;(r+2"'VD)>

For I, by the regularity estimate from Proposition 2.4 and the uniform L (Td ) estimate
on the density (5.44) we have

U | c2(pay < 8XP2(CE™2),
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where C depends only on Cy. We obtain

For I, we use the stability estimate from Lemma 3.6 and the L7 (']I‘d ) estimate (5.44):
IVU — VU, || 2(pay < &XPy(Ce2)||VT — V|| 1274y < &XP5(Ce %) \/Mer(r+A~'VD).

Hence

I < &xXp,(Ce~2)M? r(r+24- VD)2

For I5, by (4.38) we have
lx % VU, — VU, ||L2 1) < cr?||U, ||W22 14)-

Thus

Is = /Td | xr % VU (x) —VUr(X)IZpr (dx)
2
< 1P [l (120 % VUr = VU 127
S CI’ZMs,THUrH%/Z,Z(Td)

2.4 U, 2
Scr € M87THe _pfér)HL;(Td)'

As in (4.39), we have
”’7 o o
1ose Mezray < U0 2nay 105, | e = CMer -
To estimate e, first note that by Proposition 2.4 and (5.44),
7 -2
1U|| = (ray < CE™7.

By (3.8), -
eV || 21y < exp(Ce™2).

Thus
1% | p2(pay < Cexp (HUI’HL""(T")> 1€V || 2pay < exp(Ce™2).
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Therefore

[}

d—
d

Is <Crre *Mer (MS’T +eC£’2) .

Putting these five estimates together, we obtain

D<(a+A)D+ Wr “exp,(Ce )Mz 1
+ % {WZ(CE*Z)MéT +& Y| logr|*Mg ; +exp,(Ce %)} D
By (5.45), we may estimate that
M7 <exp(Ce ™).
From this we deduce
D<(a —|—7L)D+ — {exp (Ce™?)|logr|* +&xp,(Ce %)} D+ lzepo(Ce 2.
After choosing o and A so as to minimise the constant in front of D we obtain
D < CA.D+e&xp,(Ce 2)r?,

where
A = [exp (Ce2)|logr2 +&xp,(Ce )] > 1,

for r, € sufficiently small.
Therefore, by a Gronwall estimate

D(t) < (D(0) +&xp,(Ce2)r*) exp[CtA].
Since my was trivial, D(0) = 0. Since D controls the squared Wasserstein distance,
W3 (fer(t), fe(1)) < exp(Ce™*)r* exp[CrA].
Then, by definition of A,

sup W3 (ferl0). fe(1) < exp lexp (Cre2)|1ogr|!/?] -exp3(Cre ).
t€|0,T
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If r < [exp3(Ae2)] ', then
_ 1
et 2|10gr|_1/2 < exp {CTS_Z — 5 exXp (Ae_z)} —0

as € tends to zero, for any A > 0. Hence, for any 1) > 0, for € sufficiently small,

r2 exp [exp (CT8_2)|10gr|1/2} < rz—exp (CT872)|logr|*1/2

< P2,
Moreover,
r* 1 exps(Cre %) < exp [expy(Cre ) — (2—n)exp,(Ae )],

which converges to zero for any 11 < 2 as € tends to zero, as long as A > Cr.
. ___ —1
Therefore, if r < [exp3 (AS*Z)} for A > Cr, then as € tends to zero (and so r also tends

to zero),

sup Wz(fe,r(t)7fs<t)) — 0.
t€[0,T]

5.5.4 Conclusion of the Proof
5.5.4.1 From Extended Electrons to KInE

We combine the previous results to complete the proof of Theorem 5.1. We use [i to denote
the distribution produced by filtering u using the correctors defined in (1.53), following
Definition 5.

Proof of Theorem 5.1. In the following, ué\f, denotes the empirical measure associated to
the solution of the particle system (5.4), while f¢ , denotes the solution of the regularised
Vlasov—Poisson system (5.17) with initial datum f¢(0). fe denotes the solution of the scaled
Vlasov—Poisson system (5.3) with initial datum f¢(0). Let g be the solution of the KInE
system (5.1), on some time interval [0, 7;], obtained in the quasineutral limit from f; using
Theorem 5.8.

Our aim is to estimate W/ ( ﬂé\f &) First, we apply the triangle inequality for the Wasserstein

distance to get
Wl(ﬂé\,’rag) < Wl(ﬁgrvf&’) +W1(f~€7g)
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We begin by estimating W ( ﬁé\j ., fe). By Lemma 5.7 and the fact that W < W,

Sup Wl (naé‘\{r?fE) S CT Sup Wl (:u“g{rﬂfé')
[0,T] [0,T]

< Cr supW, (.ué‘\{r? fe)
[0,7]

<Cr (sup Wz(ugr,f&r) + sup WZ(fE,raf&‘)) :
0,7 [0,7]

Under conditions (5.24) and (5.23), the first term converges to zero by Proposition 5.9. The

second term converges by Proposition 5.11. Hence

lim sup W (2, fe) =0.
N=e10,7]

For W (fe,g), we apply Theorem 5.8 to deduce that

lim sup Wi (fe,g) =0.
N=10,1]

Therefore

lim sup Wy (fi,, &) = 0.
N=re0,7] ’

5.5.4.2 From Extended Ions to KISE

Proof of Theorem 5.3. In the following, ué\,’ -~ denotes the empirical measure associated to the
solution of the particle system (5.8), while f¢ , denotes the solution of the scaled version of
(5.18) with initial datum f¢(0). fe denotes the solution of the scaled VPME system (5.7) with
initial datum f¢(0). Let g be the solution of the KIE system (3.2), on some time interval [0, 73],
obtained in the quasineutral limit from f¢ using Theorem 3.1.

Our aim is to estimate W; (2, (), g(t)). By the triangle inequality for W,

sup Wi(ug,(1),8(1)) < sup Wik, (1), fer(1))
t€[0,13] t€[0,1;]

+ sup Wi(fer(t),fe(t))+ sup Wi(fe(t),g(r)). (5.46)
t€[0,T] t€0,T%]

The last term converges to zero as € tends to zero, by Theorem 3.1.



5.6 Typicality 219

For the other two terms, we first observe that

Wi (e, (1), fe.r(t) < Wallte (1), fer (), Wilfeu(t), fe(1)) < Wafeu (1), fe(0)).

Then the second term of (5.46) converges to zero by Lemma 5.10 and the third term of (5.46)
converges to zero by Lemma 5.12, provided that (5.34) is satisfied for C depending on 7.
[]

5.6 Typicality

5.6.1 Concentration Estimates

To prove the typicality theorems - Theorem 5.2 and Theorem 5.4, we use the same strategy as
in Section 4.6. We employ concentration estimates, due to Fournier and Guillin [29], that allow
us to quantify the rate of convergence of the empirical measures to the reference data f¢(0). For
the regularised mean field limit, we used [29, Theorem 2], which we quoted as Theorem 4.10.

In this chapter, for each N we choose initial configurations by sampling from a different
reference distribution fg(y)(0). To use Theorem 4.10, we would need to track the dependence
of the constants ¢,C on (the moments of) f¢(y) (0).

Instead, we will make use of the fact that we work with compactly supported data. We will
find it more convenient to use a slightly different version of the concentration estimates from
Fournier—Guillin [29]. These estimates are designed for compactly supported measures. The

following result is from [29, Proposition 10].

Theorem 5.13. Let v be a probability measure supported on (—1,1]™. Let vV denote the
empirical measure of N independent samples from v. Then there exist constants c,C depending

on p and m only such that for any x > 0,
P (ngj(vN7 V) > x) < a(N7x)ﬂ{x§1}7
where a(N,x) is defined, as in (4.41), by

)
exp (—cNx?) p>

2
a(N,x) =C{ exp (—CN {m] ) p=14

exp <—chm/p> p<
\

ST

ST
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5.6.2 Rescaling of Measures

Our goal is to apply Theorem 5.13 in the case where v = f¢(0)dxdv, which has support
contained in T¢ x By for some R > 0. In order to apply the above estimate, we first rescale the

velocity variable in order to work with measures supported in [—1,1]2¢.
Definition 6. Let v be a measure on T x R?. We define a scaled measure .#%[v] such that for
any X € Z(T%) and V € #(R?),

IR[VI(X xV) =v(X XRV).

Similarly, let v; and v, be measures on T¢ x R and let 7 € IT(vy, V). Then let ylgz) (7] be
defined via
FP ) (X) x Vi x Xa x Vo) = T(Xy X RV} x X, X RV3).

Remarks 1. (i) Note that #\2 1] € TI(.Sr[v1], %k [V2]) -

(ii) Vlgz) gives a bijection between II(vy, v,) and I1(S&[Vvi],-Z&[V2])-

We examine the effect of this scaling on the Wasserstein distance.

Lemma 5.14. Let Vi, v, be measures on T¢ x R4. Then

W,(vi,v2) < RW,(Lrvi], Zr[V2]).

Proof. Observe that for any 7w € I1(v, v2),

_v|P —wlPdmr — —vIP L RPly — wlP (2)
S A an = [ e Rl 7

P —ylP P g7?
<R /(deRd)zu 3P+ v —wlP a7 ]

Since ,7152) is a bijection, taking infimum over 7 yields
Wp(Vi,v2) < RW, (FR[Vi], SR [V2]).

]

Remark 7. Note that, if (Zi(R))ﬁvz , are N independent samples from .#z[v], then (Zl-(R))ﬁ.V: | has

the same law as (X;, xV;)Y.

will use this property in the proofs below to identify scaled empirical measures with empirical

1» where (Z)Y | = (X;,V;)¥_, are N independent samples from v. We

measures drawn from scaled distributions.
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5.6.3 Conclusion of the Proof.

Proof of Theorem 5.2. We follow the strategy of Lazarovici [61], and consider the events where

the desired rate of convergence does not hold at N:
A= { W3 (0), £e(0)) > ce~21ps 2}

Our goal is to show that Y [P(Ay) is finite for some choice of C and 1. By the Borel-Cantelli
lemma, this will imply that the probability that these events occur infinitely often is zero. In
other words, with probability one, there exists N such that Ay, occurs for all n > N. This means
precisely that the desired rate of convergence holds. We estimate P(Ay) using the concentration
inequality from Theorem 5.13 and the scaling argument described above.

By Lemma 5.14,

P(Ay) < P (&2 WR(Soo il (O], Forlfe(0)]) > o242 )

By Remark 7, .%,y[u¥ (0)] has the same law (as a random measure) as the empirical measure
of N independent samples from .%;—y[f¢(0)]. Since the scaled measures have support contained
in [—1,1]??, we may apply Theorem 5.13 to deduce the existence of constants &, c,C depending
only on d such that

44 2
exXp (—CN <m> ) ford =2

exp <—ch3(5+’7)> for d = 3.

P (W2 (S rlidle)s Se 11/ (0)]) = w7201 <C

Using this we deduce that

-2
exp (—CNS‘H”(M_D (log <2+N_%+4a+n(a_%))> > ford=2

P(Ay) <C 1
exp (—cN15“+"(3“_§)) ford = 3.
Thus Y y P(Ay) is finite for
d(d+2)?
n 1—ad(d+2)’

which completes the proof.
]

Proof of Theorem 5.4. We use the same strategy as for Theorem 5.2. Recall that we already

assumed that f¢(0) were compactly supported with the support in velocity growing no faster
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than ¢€€ "~ for some C. It is enough to show that

Y P(Ay) <o, (5.47)
N
where Ay denotes the event
1 _
Av = {wm-@z MY (O), 7, coalfe(0)]) > 57" exp(—2Ce 2>}.

We observe that the assumption

r< [ﬁg,(AS*z)] ,

implies that
exp(—Ce?) > c(loglogN)fC >cN~¢

for { depending on C and A, any o > 0 and ¢ depending on «, C and A. We then apply

Theorem 5.13 with the choice
Xy = CN—y(d+2+n)—a'

The assumption (5.16) on 7y implies that it is possible to find n > 0 such that
Za(N ,XN) < oo
N

This yields (5.47), which completes the proof.
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Appendix A
Differential Inequalities

Lemma A.1. Let K,C > 0, and define
z(t) = (14-2Ct) [K +1log (1 +2Ct)].

Then
> C(1+1log(1+2z)).

Proof. By direct computation,
z=2C[(K+1)+log(1+2Ct)].
Secondly,
log(1+z) =log[l + (1 +2Ct)[K +1log(1+2Ct)]] <log[(1+2Ct)[(K+1)+log(1+2Ct)]].
Thus, since log(1+x) < x,

log (1 +z) =log(1+2Ct)+log[K + 1+log (142Ct)] < log (1+42Ct) +log [K + 1 +2C1]
<log(1+2Ct)+log[(K+1)(1+2Ct)] =2log(1+2Ct)+log(K+1).

Therefore |
1+log(142z) <2log(1+2Ct)+K+1< Ez',

which completes the proof.
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