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Abstract. In 1736 L. Euler gave solution to the famous Seven Bridges of
Konigsberg problem, considerin a graph consisting of nodes representing the
landmasses and arcs representing the bridges. This problem is a referent of
how to codify the information given of a problem into a simpler and richer
structure. In the case of the Dynamics of rational functions, Shishikura in
[5] explores this idea in the context of rational functions, and he stated a
connection between a certain kind of topological tree with a p-cycle of Herman
rings associated to a rational function. In this work we develop some examples
of realizable configurations for rational functions, two of them sketched in [5],
and an example of a non realizable configuration which we modify in order
to be realizable.
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Ejemplos de codificacion de la dinamica de una funcién
racional en un arbol topolégico

Resumen. En 1736 L. Euler dio solucién al famoso problema de los Siete
Puentes de Konigsberg, considerando un grafo formado por nodos que re-
presentaban las masas de tierra y arcos que representaban los puentes. Este
problema es un referente de cémo codificar la informacién proporcionada de
un problema en una estructura mas simple y més rica. En el caso de Dinami-
ca de funciones racionales, Shishikura en [5] explora esta idea en el contexto,
y enuncia una conexién entre un tipo especifico de arbol topolégico y un p-
ciclo de anillos de Herman asociados a una funcién racional. En este trabajo
desarrollamos algunos ejemplos de configuraciones realizables por funciones
racionales, dos de ellas bosquejadas en [5], y un ejemplo de una configuracion
no realizable, la cual modificamos para que sea realizable.
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1. Introduction

In this paper we will deal with the class of automorphisms on the Riemann sphere,
denoted by R, where

R = {f . C—>C: flz)= 2% where p and q are complex coprime polynomials} .
q(z

P. Fatou and G. Julia in [2] and [4] studied the iteration of functions with degree at least
two in the class R, that is, the convergence on compacts of sequence of iterates of the
function f, {f™}nen, where f™ is the composition of f with itself n times. In particular,
when n = 0and n = 1, fO = Id and f! = f, respectively. Observe that the class of
rational functions R is a semigroup with the composition of functions, i.e., if f € R, then
f™ € R. They consider the iteration of all the points z € C under f € R and obtain two
disjoint sets, namely, the Fatou set, denoted by F(f), which is the set of point z € C such
that the sequence of iterates of f forms a normal family in a neighbourhood of z and the
Julia set, which is the complement of the Fatou set and denoted by J(f) = C\ F(f).

We recall some well known properties of the Fatou and Julia sets for rational functions:
(i) F(f) is open, so J(f) is closed; (ii) J(f) is perfect and non-empty; (iii) the sets J(f)
and F(f) are completely invariant under f; and finally (iv) the repelling periodic points
are dense in J(f) (see [1] for a proof).

D. Sullivan in [8] classifies the connected components U of the Fatou set of a rational
function f as follows: (i) attracting, (ii) parabolic and (iii) linearizable rotation domains
(Siegel disk and Herman ring).

In this paper we are particularly interested in Herman rings, whose existence was proved
by Herman in [3], and later on Shishikura in [5] constructed them using quasiconformal
surgery. A significant characteristic of these kind of components is that their existence
is not related to the existence of periodic points like the others (see [1] for a proof).

In [6] Shishikura studies the realization problem, which is an inverse construction to
the existence theorem; that is, he studied the conditions under which there exists a
rational f such that given a finite collection with p elements of topological annuli that
will correspond later on to a p-cycle of Herman rings for some function f. In order to
do that, he constructed three objects: a topological tree T associated to the collection
of topological annuli, a linear metric d on C and a continuous function F onto T, which
conform a Shishikura’s triple.

In what follows, we shall explain the construction of the elements that conform a
Shishikura’s triple, say (T, d, F'), and we give the procedure for obtain the orbit model on
(T,d, F). Finally, we enunciate the Realization theorem for rational functions.

Organization of the paper. This paper contains two sections. In Section 2 we explain
the necessary elements to guarantee the realization of a configuration of a p-cycle of
Herman rings for a rational function through a construction of a Shishikura’s triple given
in [6] and [7], and Section 3 contains examples of some realizable configurations and the
procedure to obtain them.
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2. Shishikura’s triple and the Realization theorem

We recall that a component U in the Fatou set is called:

(i) A p-cyclic Siegel disc if there exits an analytic homeomorphism ¢ : U — D, where D
is the unit disc, such that ¢ conjugates fP with e*™®z for some a € R\ Q, where « is
called the rotation number of the disc.

(ii) A p-cyclic Herman ring if f? is conformally conjugate to an irrational rotation on a
concentric annulus, that is, there exist 0 < g < 1, 8 € (0,1) \ Q and a conformal change
of variables hy : Hy, 1 — H such that f? o h = h o Ry, where Ry is the rigid rotation of
angle 276, and H,, ; is the standard annulus of inner radius ry and outer radius 1.

A configuration for a p-cycle of Herman rings is defined as follows: fix r such that
7o < r < 1 and define vo = h;' ({# € C:| z |= r}) with a determined orientation and y; =
f7(10); then f induces equivariant orientations of v;, and {;} defines a configuration,
which is independent of the choice of r and the orientation of ~.

Shishikura in [6] studies the conditions under which a finite arrangement of topological
annulli D := {Ay, ..., Ap1} corresponds to a configuration of cyclic Herman rings (the
elements in D satisfies that for some i, j, A; C A; or, for every 4,j, A; N A; = 0 or the
combination of the two cases). In order to do that, on D constructs three objects: a
topological tree T, a linear metric d on C and a continuous function F onto T, which
conform a Shishikura’s triple.

In the same paper, he defines an orbit model on (T, d, F') in order to obtain f € R and a
collection of Herman rings {Hy, Ha, ..., Hp1} such that {Ho, Hy, ..., Hp1 } is a p-periodic
cycle of Herman rings of f, with f(H;) = H; for some ¢,5 € {0,...,pl}. When these
conditions are satisfied, it is said that f realizes the configuration D.

It should be mentioned that initially we obtain a rational function with a p-cycle of Siegel
discs, which via quasi-conformal surgery is transformed into Herman rings (see [5] for a
proof).

2.1. Abstract tree

Consider D as in Section 2 and assume that there exists a non-empty closed set B such
that B consists of a finite number of connected components By, ..., B,,, where none of
them is a point and each A € D is disjoint with B and separates 5.

In this part, we will construct an abstract tree associated to the configuration D. For
that, consider on C an equivalence relation ~g as follows: for z,y € C, x ~4 y if, and
only if, d(z,y) = 0, where d is a metric given by d(x,y) = > ,.p mod(A(z,y)), which is
continuous on C x C and d is a pseudo-metric on C. Thus, the quotient space

T(D) :=C/ ~q
is called the abstract tree associated to the configuration D.

Furthermore, T'(D) is indeed a topological finite tree, this is, a one-dimensional finite
simplicial complex which is connected and without loops. Moreover, T'(D) is the union
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of specific arcs with determined end points and satisfies that the projections w(A) are
dense in T'(D) and are isometric to open intervals. For a proof see [6].

A. Algorithm for obtaining the tree associated to a configuration D.

Intuitively it is possible to construct 7' as it shall follow the following algorithm, which
is exemplified in each step.

(i) Consider a collection C of topological annuli with the conditions mentioned in Section
2.1 (see Figure 1(a)).

(ii) Now, in C consider a graph I' whose vertices are the connected components of the
complement of the annuli (see Figure 1(b)).

(iii) Two vertices are connected by an edge if, and only if, the corresponding two vertices
have a common annulus whose boundary is contained in them (see Figure 1(c)).

Figure 1. (a) Configuration C of topological annuli. (b) Vertices of the tree associated to the configu-
ration C. (c) Edges for a configuration C.

(iv) Thus, we obtain a tree as follows.

[ 4]

Figure 2. A configuration of Herman Rings (left) and its Shishikura’s tree associated (right).
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2.2. Shishikura’s tree associated to a configuration given by a p-cycle of Herman
rings

With base to the previous definition of an abstract tree we are able to define a Shishikura’s
tree for a configuration of a cycle of Herman rings (see [6], [7]). Let f € R and f™ the
n-iterate of f. Take f such that it has a p-cycle of Herman rings { Ho, ..., Hp, }, and define
the following sets:

(i) € ={f"(2)|z is critical point of f, n > 0};
(ii) Ag = {connected components of Hy \ closure(Hy NC)};
(iii) A" = {connected components of f~™(A) : A € Ag, n > 0};
(iv) B =UOH;, where 9H; denotes the boundaries of the Herman ring H;, and

(v) A ={A e A" : Ais essential}, where an annulus A € A’ is essential, if f"(A)
separates B for all n > 0.

The sets Ay, A and A are collections of disjoint annuli. Taking A as D and B as B in
the previous section, T'(A) is a metric space and d can be projected to a linear metric.
T(A) is called a Shishikura’s tree which is denoted by 7.

2.3. Continuous function on T
Let T be as Shishikura’s tree and F : T — T be defined by
F(z) = 7o (f o 0(r ) (x)),
where 7 is the canonical projection and 8(7~'(z)) is the boundary of 7~ () in C; this

function is well-defined and continuous.

It is observable that f induces a map on 7" and therefore a permutation on the elements
of T. Moreover, it satisfies that if J C T is an arc that does not contain any branch
points or the image under 7 of a critical point of f, then R = 7—1(J) is an annulus and
f: R — f(R) is a convering map degree of degree k for some k € N and

d(F(z), F(y)) = kd(x,y),

so that DF(z) := k denotes an unbranched point z € (z,y).

It follows from the construction of T that F' is a piece wise linear function that acts as
a permutation on the elements of 7', and the arcs I; can be oriented in such way that f
respects the orientations, that is, considering 9~ I; and 9" I; the beginning and the end
of the arc Ij, then 8IJ = {871j,8+1j} and F((?*IJ) = 87]j+1, F(8+IJ) = 8+Ij+1.

Thus, in order to represent T we need a finite set of arrowed segments, denoted by
T1,..., Ty, and their respective lengths as well as a periodic arc, x,,+1, with its end points.
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2.4. Local models

Now, we will explain how Shishikura in [7] gets a rational function f that realizes a
configuration of Herman rings, for which the concept of local model for singular orbits is
needed. Since each complementary component of A is collapsed to a point, we lose the
dynamics, which can be recovered by defining local models via surgery. The plan behind
this concept is as follows.

First, consider a tree associate to a configuration of annulli (see Figure 3).

Second, thicken all the segments of the tree to tubes with a small common radius, blowing
up all the singular points to balls. Gluing the balls and the tubes, a topological sphere
is obtained (see Figure 4).

/ o

Figure 3. Abstract tree. Figure 4. Plumbing construction.

Finally, define a function on the tubes so that if x, F(z) & Sing(T, F), it is a covering of
degree DF(z) from the circle corresponding to = to that corresponding to F'(x). Thus,
we define a rational function with the same degree as the the local degree of F. We obtain
a cyclic function G : mC — mC, where mC := (Z\Z) x C (see Figure 5).

Figure 5. Local model.

2.5. The Realization Theorem

Shishikura proved in [6] the following theorem related with a Shishikura’s triple and its
local model.
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Theorem 2.1. Suppose that (T,d, F) is a Shishikura’s triple and has a model. Then
(T, d, F) is realizable by a rational function f.

Summarizing the ideas exposed so far, in order to determinate the realization of a con-
figuration of annuli, we need:

1. A configuration D of annuli.
2. Determinate the configuration of the configuration D.
3. Construct the abstract tree T'(D) associated to D, as in Section 2.1.A.

4. Construct the narrowed abstract tree associated to T'(D) taking into consideration
the permutation given by the configuration.

5. Determinate the length of the edges of the narrowed abstract tree.

6. Determinate the local model of singular orbits on the end points of the narrowed
abstract tree associated to T'(D).

Remark 2.2. As a result of step 5 we obtain a linear system of n x n+ 1 equations, where
one of the variables must be the length of the cyclic arc x,,+1. Thus, we will obtain that
all the solutions will depend on x,, 1.

In the following section, we will give example of realizable configuration, keeping on the
steps above.

3. Examples of realizable configurations for rational functions

In what follows we shall construct some examples of specific configurations of Herman
rings realizable by a rational function by using the results from Section 2.

Example 3.1. Consider the configuration C1 of the cyclic annuli given in Figure 6.

This configuration was proposed by Shishikura in [7], and it is the simplest one. The
abstract tree associated to the configuration Cy is given in Figure 7.

A

14

Figure 6. Configuration C; of a p-cycle of annuli. Figure 7. Abstract tree associated to the config-
uration Cj.
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Figure 8. Associated narrowed tree.
As we mention in Subsection 2.3, it is necessary to construct an associated narrowed tree

(see Figure 8).

By [7], the configuration Cy is realizable by a rational function.

Example 3.2. In the following example, consider the configuration Co given in Figure 9.

The associated abstract tree to his configuration is given in Figure 10.

@\\ as

© ,,2

Figure 9. Configuration of annuli C2. Figure 10. Abstract tree associated to the configuration Cs.

As we know, to construct the Shishikura’s tree T and define the function F for the
configuration given we know that it is only necessary to determinate the length of the edges
of T in term of the periodic arc xs, for which we will consider the following narrowed
tree (see Figure 11).

In this case let us determine the lengths of the segments that form the abstract tree; in
order to do it, consider the following system of equations:

T1 = Ts;

2xy = w3; (1)
2x3 = 71 + T4 + T5;

T4 = X5+ X1+ To.
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Figure 11. Arrowed tree associated to the configuration Ca

Solving the above system of equations, we obtain that x1 = xo = x5, T3 = 4x5, x4 = D5
with x5 > 0. Therefore, is possible to assign finite lengths to each segment and construct
a finite topological tree.

Now, let us construct a local model for singular points in the given tree. In Table 1, we
present the function g at each point of X, where the expression x — ¢ with x € X, means
that pg = , for the branch B at x containing the segment x. Considering that the degree
of each one must be 2 for some functions given that DF = 2 for some segments, and that
each function has a Siegel disk, and by using quasi-conformal surgery, we have a p-cycle
of Herman rings.

Using the configuration Ca, we can associate it to a narrowed tree with 10 symbols, say
0-,04,1_,14+,...,5_,54, according to where the corresponding segment starts and fin-
ishes; these symbols are used in Table 1.

We recall two important facts: (i) a is a Diophantine number if |ag| < q% has infinitely
many solutions in integers q for p < v for some real number v and at most finitely many
for u < w; (i) If the eigenvalue of a periodic orbit of rational function f is of the form
e?™® with o a Diophantine number, then f has a p-cycle of Siegel discs, and therefore a
cycle of Herman rings.

Point « e, Cw — (@F(I) T =
04 2 e2m02(1 - 2) x5 = 0,24 — 1
14,24,34 Zz x5 — 0
1.,2_ 2 e ™21 —2) | x5 = 0, 29,23 — 00
0_,3_ Z 2z x5 — 0,22,T4 — 0

Table 1. The local model for singular orbits of T.

Example 3.3. Consider the configuration Cs of annuli in Figure 12.

Following the algorithm described in the Section 2.1.A, we obtain the tree associated to
the configuration Cs (see Figure 13).

As 3.2, we can associate a narrowed tree associated to the abstract tree (see Figure 14).
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h

Figure 13. Tree associated to the configuration Figure 14. Narrowed tree associated to the con-
Cs. figuration Cs.

From the above tree we can determinate the length of the segments solving the following
system of equations associated to the narrowed tree:

21 = x5 + 211 + 2714 + T17;

Ty = 28 + Tg + 12 + x16 + X17;

T3 = Te + T7 + T15 + Ti6 + T17;

Ty = 213 + T10 + 21 + T17;

T5 = 214 + 11 + T2 + T8 + To + T16 + T12 + T3 + X175
Te = T15 + T16 + X175

T7 = 24 + 213 + T10 + 221 + T5 + 2714 + T11 + T2 + T17;
Trg = T17; (2)
T9g =16 + T12 + 23+ Te + T15 + T7 + T4 + 213 + 273
Z10 = 221 + X5 + 2214 + T17;

T11 = T2 + Tg + T16 + Tg + T17;

X192 = T3 + T + T15 + T7 + T4 + T17;

13 = T10 + 221 + X5 + T17;

2214 = x11 + X2 + T8 + T9 + T16 + T12 + X3 + T6 + T17;
T15 = X175

T16 = T17-

The above system of equations has solution as follows:
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__ —614 __ —1696 __ 1783 _ —3527 __ —2063

€Tl = 1289 T17, T2 = 1289 Ti7, T3 = 1289I177 Ty = 1289 T17, T5 = 1289 Z17,
—_ __ —5951 _ _ —4313 __ —1100 __ —1356

Te = _3$17, T7 = 1289 17, T8 = T17, L9 = 1289 T17, T10 = 1289 17, T11 = W*/L‘l7;
_ —1250 _ —=3102 __ 451 _ —

T2 = 1289 Ti7, 13 = 1289 T17, T14 = ngxl77 T15 = T17, Ti6 = T17-

As in the 3.2 and using the configuration Cs, we can associate a narrowed tree with the
symbols 0_,04,1_,1,,...,15_,154 according to where the corresponding segment starts
and finishes. With these symbols, we present the local model for singular orbits of the
abstract tree associated to the configuration Cs (see Table 2).

Point « e, ¢ C, = (@F(I) T =
04 z = e™02(1 - 2) x5 — 0,214, 29 — 1
84+,94+,164,12 Zr> 2 x5 — 0
6_,15_ 2 e2™02(1 - 2) g, 15 — 0
13_,10_,1_,7_ z s ze?™02(1 — 2) x4 — 0
5_,14_,1_2_,9_z14,23 Zz x5 — 0
6,154 2 e™2(1 - 2) x16,T15 — 00
T4,4,,13.104,1_,5,,14, 11,2, | 2+ 22(1 - 2) 16, — 2
8+ 2z T16 — 0
9,,12,,3,6,,15,,4,13, 2z e2™5(1 - 2) T16 — 3
104,14,54,144 2 2021 - 2) 16 — 2
2,,8,,9,,16, zs e™2(1 - 2) T16 — 4
34,64,15, 2 e2™2(1 - 2) T16 — 2
104,14,54 2z e2™5(1 - 2) T16 — 2
114,24,84,94,124,3,64 2 2021 - 2) 16 — 4
154 2 eT2(1 - 2) 16— 5

Table 2. The local model for singular orbits of T.

From the Realization theorem, it implies that there exists a rational function g such that
g has a cycle of Herman rings of period 15.

Example 3.4. We will show an example of a non realizable configuration in order to
illustrate the importance of the local degree.

Consider the configuration C4 of a p-cycle of annuli given in Figure 15.

As the previous two examples, we need to determinate the lengths of the segments that
form the tree, so, first we construct the abstract tree associated to the given configuration
(see Figure 16).

We continue considering the narrowed tree associated to this abstract tree (see Figure

17).
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©
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Figure 15. Configuration C4 of a p-cycle of an- Figure 16. Abstract tree associated to the con-
nuli. figuration Cy4.

X9

X13

Figure 17. Narrowed tree associated to the configuration Cy4.
The associated tree determines a linear system of equations given as follows:

—Il—l—xg—|—$3+I5+I6+I7+I8+I9+I13+I14—|—9$16:O—I2+I9—|—$16:O;
—I3+$8+$10+2$6:0;

—24 + 27+ 211 + T1a + 3216 = 0;

—T5 + 2 + x12 + T13 + T15 + 416 = 05

—xg + 213 + 216 = 0;

$4—$7++I14—|—2x16:0;

T3 —xg + 16 = 0;

ZTo —x9 + x16 = 0;

1 — 210 +T16 = 0;

z3 — 211 + 16 = 0;

$4—$12+I16:O;

$5—$13+I15+2I16 :0,

1+ X2 + T3 + T4 + T7 + 28 + Tg + T10 + T11 — T14 + 2216 = 05

1+ X2 + T3 + T4 + T7 + 28 + T + T10 + 211 + T12 — 215 + 10216 = 0.

(3)

[Revista Integracion, temas de matemdticas



Examples of codification of the dynamics of a rational function into a topological tree 13

The coefficients of the x;’s correspond to the local degree of the desired function. The
solution of the system of equations is:

1 =0, 20 =0, x3 =4x15, 4 = —3x15, 5 =0, g = 15, ¥7 = —dx15, T3 = 4215,

g =0, w10 =0, z11 = 4215, 12 =0, 213 =0, 214 = 4215,

where x15 denotes the length of the periodic arc. Thus, this configuration is non realizable,

because there is mo a continuous function on the abstract tree associated to the given
configuration.

Now, we consider the following narrowed tree associated to the same configuration given
in Figure 18, in which we change the local degree on some segments; in this case three,
two and two on the segments x1,xs and xs, respectively.

Figure 18. Second narrowed tree associated to the configuration Cy4.

With these new conditions, we obtain that the system of equations has solution as follows:

_ 249 _ __ 11 _ 239 _ 269 _ 211

€Ty = — 65 T16, T2 = 2:1716; T3 = gxlﬁa Ty = — 65 16, L5 = — 65 16, L6 — — 65 Z16,
_ 33 __ 76 _ _ 184 __ 76 _ 174

Tr = _?xlﬁu Trg = %xlﬁu Tg = 3:'[;167 10 = — 65 T16, 11 = %$167 T12 = — 65 £16,
— 276 _ —64 _ 137

xr13 = — 65 16, T14 = — 13 16, L15 = — 65 T16,

where x16 > 0 denotes the length of the periodic arc.

Therefore, from the Realization theorem, it implies that there exists a rational function
g such that g realizes the configuration Cy.
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