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Asymptotic Theory for Robust Autocorrelation Test
under Stochastic Volatility *

Manabu ASAI**

Abstract: Wooldridge (1991) suggest a robust test for autocorrelations of the disturbances of
regression models, under misspecified conditional heteroskedastic model. Although stochastic
volatility (SV) models allow unconditional time-varying variance, the Monte Carlo results of Asai
(2000) indicate that the test of Wooldridge (1991) is robust under the SV process. This paper
shows that the test statistic has asymptotic y? distribution under the null hypothesis of no serial
correlation, even when the underlying process has stochastic volatility.
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1 Introduction

Wooldridge (1990, 1991) developed a general framework for robust, regression-based
diagnostics to models with conditional means and conditional variances. As an application,
Wooldridge (1991) proposed a test for autocorrelations of the disturbances of regression models,
which is robust to the misspecification of conditional heteroskedastic models. Monte Carlo
experiments of Asai (2000) show that the robust autocorrelation test of Wooldridge (1991) has
satisfactory size and power in finite sample. The purpose of this paper is to give a formal proof for
the asymptotic property of the test statistic.

The organization of this paper is as follows, Section 2 introduce the testing procedure in the
presence of stochastic volatility. Section 3 shows that the robust test follows the y? distribution
under the null of no serial correlation, and Section 4 gives some concluding remarks.

The matrix (Euclidean) norm of the matrix, or vector 4, is dened as ||A|| = \/m . We
denote a strictly positive constant by K.

2 Stochastic Volatility Model and Robust Autocorrelation Test

Consider the regression model with autoregressive disturbance:

* The author is most grateful to Yoshi Baba for very helpful comments and suggestions.
** Faculty of Economics, Soka University
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Ye=%+ uy, @

W=yl g+ - -+ p+e (t=1,2,..,T), @)
where y, is a dependent variable, x, is a 1 x & vector of variables which may include exogenous
variables and predetermined variables, g is a k x 1 vector of parameters, y = (y,..., 7,)' isap x 1
vector of parameters, and e, follows a stochastic volatility (SV) process:

e, =2z expla,/2) 3)

Ap1 =@ + P+ 1y, @
with 2z, ~ #id(0,1) and , ~ N(0, o2 ).

We assume |¢ | < 1 for the strict and covariance stationarity of «;. By the denitions (3) and (4),
Theorem 3.5.8 of Stout (1974) shows that e; is strict stationary and ergodic. The structure 21 of the
SV model (3) and (4) and property of the log-normal distribution indicate:

E(e) =0, V(e) =02 E(e;ey) =0fort#s, )

where

2
0% =exp v + Tn
‘ 1—¢ 2(1-¢2))’
(see Andersen and Serensen (1996) for the moments of the SV model). Hence, ¢, is covariance
stationary if |#| < 1. The autocovariance function of ¢ is given by:
o

2 2
Elé}e}_,] = 2 1y % =0,1,2
[etet—s}_exp 1_¢+1_¢2+1_¢2 , =0 1,4,..., 6)

indicating the dependence of the second moment.

We assume that y satisfy the stationary condition.
Assumption 1. The roots of the characteristic polynomial, 1 —vy,m — - - - y,m? = 0, ave greater than one
in absolute value.
Remark 2.1. Since ¢, is strict stationary and ergodic, Theorem 3.5.8 of Stout (1974) and equation
(2) with Assumption 1 imply that #, is strict stationary and ergodic. Hence #; has an MA ()

representation:

oo
up = gier-1, 00 =1, @
=0

with unconditional moments, E(x,) = 0 and V(x,) = o2, where c%2=02Y7002<o.
For the model defined in (1)-(4), consider testing autocorrelations via the null hypothesis:
Hy:yp=- - -=v,=0. ()
For this purpose, we use the robust Lagrange multiplier (LM) test introduced by Wooldridge (1991).
Following Wooldridge (1991), dene the ‘misspecification indicator’ as:
M(B) = (Vs =21, Yiop = X1 B). ©
Corresponding to the OLS estimate, 4, define i, = A(B) = (d,,..., tiy.,) with the OLS
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residual defined by #, = y, — x; /? Wooldridge (1991) considers a kind of standardization of the
misspecification indicator using an approximated heteroskedastic model. For the underlying SV
process, we use the ARCH(g) specication for the approximated heteroskedastic model. Note that
the test statistic of Wooldridge (1990) is robust to the misspecification of heteroskedastic function, if
the regularity conditions are satisfied.
The construction of the robust LM statistic involves the following steps:
1. Obtain the fitted values, i, (¢t = 1,...,T) from the regression of #2 on (1, #2 1,..., #2.,).
2. Define %, = hiV2x,and it,= hiV2 4, (¢t =1,...,T).
3. Save the 1 x p vector of residuals, say 7, , from the regression of each of A, on &, where i, =
(@ 1yeeny h_p)-
4. Compute T — SSR, where SSR is the sum of the squared residuals from the regression of 1 on
U7y

In the following, we show that 7'— SSR has the asymptotic »%(p) distribution under H,.

3 Asymptotic Property

In the asymptotic analysis, we use the following notations to explain quantities used in the
procedure in the previous section.

In addition to the misspecification indicator (9), define the error term y,(8) = y;— x; . For the
OLS estimator 4 = [YL, #lx,]" XL, #y, the OLS residuals are given by &, = w,(3) = u, - x.(5 - p°),
where f° is the vector of true parameters. For the first step in the above procedure, we formally
state the approximating ARCH (¢) model as:

he(0) = 80 + 61 (ye—1 — 2e—18)* + -+ + 84 (Y1—g — Tt B)%, (10)
where 0 = (6", ") and 6 = (6o, 51,..., 5,)". The OLS estimator of ¢ is obtained by:

~ r ~ " -1 T . R
0= |:Z Kt(ﬂ)’ﬁt(ﬁ)} Zﬁt(ﬂ)/@t(ﬁ) (11)
t=1 t=1
where
ke(B) = [1 (ye—1 — $t715)2 o (Ypeg — xt,qB)Q], or(B) = (yr — $t5)2. (12)

By the definition of ,(6), we can write ﬁlt in the first step as ﬁlt = h,(é) with 6 = (3 " ,BA n'.

Based on %, and #, in the second step, the residual in the third step is given by:

T - ~ A
’Ft = S\t - i“t |:Z jéfi't:| Zjéj\t = [ht(é)] V2 |:)\t(6) — .IJtBT] 5
t=1 t=1
where

~ T ~ 71 T ~ ~
Br = Z[ht(e)]lmil’t} Z[ht(9)]7lmg)\t(5)~ 13)

t=1 t=1

By regressing 1 on #, 7, in the fourth step, we obtain:
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T — SSR = & (14)
where
s L~ LBy )
(r = 7 ;um = 7= ; nl0) [At(b’) - xtBT} : 15)
1 o 1 ] '
QT = T ;ﬂ?ﬁ’;‘t = T ; hi(é):| [/\t(B) — QﬁtBT] [At(ﬁA) — xtBT] 5 (16)

and SSR is the sum of the squared residuals. Note T — SSR = TR? , where RZ is the uncentered
r-squared from the regression of 1 on #, 7,
Corresponding to 6, denote the parameter space as ©® = ©4 x ©; where ©; c R*and O; < Re'L.

We make the following assumptions.
Assumption 2. The vector process x, is strict stationary and evgodic. For any t and s, x, and u, are
independent. For the second moments of x, and u, V, = E|x\x] is finite and positive definite, and o2
defined by equation (7) is finite, respectively. For the fourth moment of x;, E (| xyxyi%y x,:|) is finite for
alli,j, L, andr (i,7,1, r=1,.. k).
Assumption 3. For the approximating ARCH (q) model (10), 59> 0 and 5;>0 (i =1,..., q). The
roots of the characteristic polynomial, 1 —5ym — - - - —5,m? = 0, are greater than one in absolute value.
Remark 3.1. The parameter vector, &, is determined by the property of #, with the structure (2)-(4).
The true value of § is given by the following assumption.
Assumption 4. © is compact. For the vectors of the true parameters, f° € O and 6° € Oy,
where

0° = [Blra(8°) ke(8)]] " Elra(B8°) p0(5°))-
Assumption 5. The distribution of z; is symmetric and E(z4%) < oo.
Proposition 1. Under Assumptions 1-5,

VT (5= 6°) = 0,(1),
where § is defined by (11).
Proposition 2. Under Assumptions 1-5 and H,

T-SSR% *(p)-
where T — SSR is defined in equation (14).

4 Conclusion

Wooldridge (1991) developed a serial correlation test which is robust to the misspecification
of conditional variance. The paper shows that the test statistic suggested by Wooldridge (1991) has
the asymptotic y? distribution under the null hypothesis of no autocorrelation, when the underlying

process follows the stochastic volatility (SV) model. The sufficient conditions for the result are
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existence of the fourth order moment and the assumption of a symmetric distribution.

We can consider several extensions of the paper. Regarding the underlying process, the
approach used in this paper applicable to symmetric ARCH class model and symmetric type
SV models. We may also examine asymptotic properties of various tests under misspecified

heteroskedastic models. These are important directions of future researches.
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Appendix

A.1 Proof of Proposition 1

For a matrix A, {A}i, denotes the (7, 7)th element of A. We introduce Lemma A.1 of Wooldridge (1990)
which is repeatedly used in the following proofs.
Lemma 1. Assume that the sequence of random functions {Qrwy, 0) 0 € ®, T=1,2,.}, where
Qr(wy, - ) is continuous on ® and O is a compact subset of ‘RY, and the sequence of non-random
functions {Q+©0) 10 € ©,T=1,2,.]} satisfy the following conditions:

(i) supso|@rwr, 0) — Q1(0)] 50;

(i) {Qr(wy, 0) :0 € ©, T=1,2,..} is continuous on uniformly in T. Let 67 be a sequence of random

vectors such that 6, — 09 2 0 where {09} — @.

Then Qr(wr, 67) — Q1609 5 0.
Proof. See Lemma A.1 of Wooldridge (1990). []
Lemma 2. Under Assumptions 1 and 2, ﬂA L3 pe.

Proof. Noting that y,=x;5° + u,,
1 & Tz
! !
= tha:t = Z:L'tut.
TS TH

Since x; is strict stationary and ergodic, the uniform law of large numbers (ULLN) for stationary

B=p+

ergodic processes (see Lemma A.2.2 of White (1994)) indicates:

T

1 5.

T > wiaji — {Vatij| == 0,
=1

foralliandj (4,7 = 1,..., k). By Assumption 2, V, is positive definite, and the continuity of the matrix
inverse indicates that % T | x}x, is nonsingular almost surely for T sufficiently large. As the

elements of V3! are uniformly bounded,

1< - .
{(T;W%) }”_{Vz Yij

for all i and . Since E(x%) = {V,};; < Kand E(u?) = o2 < K by Assumptions 1 and 2,

Elziuy| < (/E(z})E(u?) < K,

by Holder’s inequality. Since (x/, u,)' is strict stationary and ergodic, x;u, is strict stationary and

A1)

a.s.
—0,

ergodic. By the ULLN for stationary ergodic processes (Lemma A.2.2 of White (1994)), we obtain:

a.s. 0’

T

1

T E Tiuje — E(xiug)
=1

Since V';! has uniformly bounded elements, uniform continuity implies,
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|{

foralli (i=1,..., k). Since E(x}u,;) =0 by Assumption 2,

1 o g
T Z méxt] T Z Thuy 25,0,
t=1 t=1

implying that Lemma 2 holds. [

a.s. 07

1w g
sz',ﬁxt] TZx;ut — (V7 E(zug)
t=1 t=1

i

Lemma 3. Under Assumptions 1-4, VT (B — B°) % N(0, 02V ).

Proof. Consider the quantity % Z?:l xéut. As (x}, u,)' is strict stationary and ergodic, x} ;
is strict stationary ergodic. Assumptions 1 and 2 indicate that x; «, is strict stationary ergodic
martingale difference with E(u?x,x;) = o2V, , which is finite and positive definite. By the ULLN for
stationary ergodic process (Lemma A.2.2 of White (1994)),

a.s. 0’

1 T
2 2
T > uiziai — oo{Vitij
t=1

forall iandj (4,7 = 1,..., k). Since V, is finite and positive definite by Assumptions 2, we can define
the symmetric positive definite matrix, o7 V;/2 such that (¢} V:2)2 = o2 V! . Assumptions 2-4

imply that the elements of V;/2 and o} are uniformly bounded. By Lemma 3.2 of White (1980a),

T
_ _ 1 _
au2 {Vz 1/2 T E u%zgzt:| V. 1/2}” — {Ii}ij
ij

t=1
foralliandj (4,7 = 1,..., k). Also, by Chebyshev’s inequality,
Tt

P(ﬁ

as T — oo . Hence,

P
=0, (A2)

V (zirur)
> E) < T762 — 0,

Lt Ut
VT

As equations (A.2) and (A.3) satisfy the regularity conditions for the central limit theorem (CLT) for

Zo. (A3)

max
1<t<T

strict stationary ergodic martingale differences (Theorem 24.3 of Davidson (1994)), we obtain:

T
1
o v Zxéut 4 N(0, Iy). A4

VT =
Now
1 < - 1 &
VIo'VIPB - ) =V} | =3 xixt} VP VRS .
T t=1 vT t=1
By (A.1), (A.2), and Lemma 3.2 of White (1980a),

T -1
1
{V;/Q szifﬂt me} —{Ik}ij
t=1 ..
ij

50,
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and hence,
T
\/TU;W;/?(B —B°) — gglvz—l/zi Z g LN (A.5)
VT 5

Lemma 3.3 of White (1980a) with (A.4) and (A.5) indicates:

VTo V23— %) 4 N0, I,). O
Lemma 4. Define
Zor = ke(8%) ke (B°).
Under Assumptions 1-5,
@) | £ & — EGoin)
(ii) T = E k(B2 (°)] is positive definite.

250 foralliandj (i,j=1,..., g+1), where & ;;; is the (i, j)th element of Z;

Proof. We can write the (7, /)th element of =, as:

12 (i=j=1)
Coust = ug_j (i=1j5=2,...,q+1)
’ uj_; (J=1,i=2,...,q+1)
upup_y (1,5 =2,...,q+1).

By Remark 2.1, E| &1j:| <o and E|&,;i;| <. Fori,j=2,.,q+1,

Bloasil = Bluf_ui_j) < [Blui_]"” [Blui_j)]""* = Eluf] < oo,
by Holder’s inequality and the finite fourth moment by Assumption 5. Hence E| & ;| exists and
bounded. Since #, is strict stationary and ergodic, Theorem 3.5.8 of Stout (1974) with the structure
=y, implies that all elements of =, except for (1, 1) are strict stationary and ergodic. Note that &y,

= 1. By the ULLN for stationary and ergodic process (Lemma A.2.2 of White (1994)),

Z 50 Jigt — 50 zgt —S) 07 (A6)

foralliandj (5,7 =1,..., ¢ + 1), which gives Lemma 4 ().

By the structure, T Y1, Z, is the sample mean of the outer product of random vector x,(53°),
thus its determinant is non-negative. Since «,(4°) is linearly independent by Assumption 3, the rank
of T Y1, 2y is g+ 1, which guarantees that the inverse of the matrix exists almost surely when
T> q + 1. Combined with (A.6), we obtain Lemma 4(ii). [ ]

Proof of Proposition 1 Since #; and ¥, are strictly stationary and ergodic, Theorem 3.5.8 of Stout
(1974) with the structure (12) implies that elements of x;(8%'x:(#° and Kt(ﬁ/\')'Kt(,HA) are strict
stationary and ergodic. Combined with Lemma 4 and the consistency of /?’ by Lemma 2, Lemma 1

indicates that:
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{; > m(B)’m(B)} —{To}i

ij

a.s. 07

for all i and j (4,7 = 1,..., ¢ + 1), where I'* is stated in Lemma 4. By the proof of Lemma 4,
L > Kt(,bA’)'/ct(ﬂA) is nonsingular almost surely for T sufficiently large. As the elements of 'y’ are

uniformly bounded,

1 & N
{ (T Z m([)’)'%(ﬁ)) } - {Fal}ij
t=1 »

forall i and j (7, 7 = 1,..., ¢ +1). Since u, and x, are strictly stationary and ergodic, the elements of

=0, A7)

x:(B)'p:(B°% and rct(/?)'q)t(,BA) defied by equation (12) are strictly stationary and ergodic. Since
E[[{K‘t(ﬂo)}[]z] ={r}, <K by Lemma 3 and E[[{pt(ﬂ(’)]z] = E(u}) < K by Assumption 5,

E [{r:(8%)}ir(8%)] < VEI{m(BO)}PIE[@e(BO)P] < K (i=1,...,9+1), (A8
by Holder’s inequality. By the ULLN for stationary ad ergodic process indicates, we obtain:

T
- D ke(B) e(5%) ¢ — {Elre(B°) pe(B°)]}i
T

t=1 i

= 1

a.s. 07

=1,.., ¢ +1). Since T’y has uniformly bounded elements, uniform continuity implies
L
T Z re(B) ke (8°)

L t=1

=1,..., g +1). By Assumption 4,

LT
T D B eu(8%) p — 67
t=1

i

foralli (@

a.s.
07

=5 m(ﬁ“)/wz(ﬁ")} — {05 Elwe(3) 05
t=1

i

foralli (¢
—1

a.s.

— 0,

o
{_T;Ht(ﬁ ) ke(B°)

foralli (i =1,..., ¢ +1). By (A.7) and the consistency of ﬂA’ by Lemma 2, Lemma 1 indicates:
(1 "z

{ T Z Ifz(ﬁ)'/‘ét(B) T Z Kt(ﬁ)th(B)} -7
L t=1

foralli (i=1,..., g +1), showing that § %5 50 . The covariance matrix of VT (5A —0°)is given by:

a.s.

— 0,

i

V (VT - 67) =15 E [(udre(5°) — Elufr(8))) (wdra(5°) — Elutra(8°))| T3
Since the elements of I'y' are bounded and those of E [#} x,(8%'x,(8°] are bounded by (A.8), the
elements of V(v7 (5 — %)) are bounded. By Chebyshev’s inequality,

P(\/T §i— o0 V(\/T(f;_éf))’

<6)21*

foralli (i =1,..., ¢ + 1). The result establishes v7 (3 -6° =0,1).[]

A.2 Proof of Proposition 2

Define the information set up to t as J, = {yt, Xi, Vot Xy )

Lemma 5. Under Assumption 1 and 2, h,©) is strict stationary and ergodic with:
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q
E[h(0)] = b0 + [o7 + (B = Bo) Va(B = Bo)] Y _ 6, A9)
=1
where
2
2 _ Oc
AR pp—

and o is the variance of e, defined by (5).
Proof. Noting that y, ; —x;_;8 = u;_; — % _;( B — Bo), we obatin:
hi(0) = do + Xq: 0 [up—i — x¢—i(B — 50)]2 ) (A.10)
i=1

where 3, is the true value of 5. Since #, and x, are stationary and ergodic by Assumptions 1 and 2,
Theorem 3.5.8 of Stout (1974) with the structure (A.10) implies that 4,(0) is stationary and ergodic.
For obtaining E[%;(0)], the variance of #, is obtained by the conventional approach. Since #, is
uncorrelated with x, by Assumption 2, we obtain E[{u,_; — x,_;(8 — Bo) )] = 0% + (B — Bo)' V. (B - B).
Then we obtain (A.9). []
Lemma 6. Let Z,,0) = [1,©)]-'x/ x,. Under Assumptions 1-4,

() supoeo|TS01 & i710) — El£,5::©0)| 50 for all i and j (i, j = 1,..., k), where & ;;,6) is the (i, th

element of 2,;0);
(i1) {T’1 T EE,0]:0c0,T=1,2,.. } is O(1) and continuous on © uniformly in T,
(iii) E[2.;0°)] is positive definite.

Proof. By definition, we obtain:
sup ||Z1(0)|| = suplhe (8, B)] ||,
0cO 0cO

and

||xtwt|\—\/tr ((zhe) (zyae)) = \/tr(actxtxtxt \/tr((xtaci)Q)
2
— vzt = { ool ) = o

Noting that #,(5, 8) =6, > 0 by Assumption 3, we obtain:

B [sup ||Eu<e>||} —F [sup[ht<9>rl||x;xt|@ < KE [sup ||xt||2] = KE[|ln]?] <oo. (A1)
e 60cO 0eO

The first inequality comes from Assumption 4. Since 1/4;(5, ) is strict stationary and ergodic by
Lemma 5, the uniform law of large numbers (ULLN) for stationary ergodic process (see Theorem

A.2.2 of White (1994)) with the result £ [sup veol|| E1:6) H] < oo indicate that:

a.s.
sup — 0,

0co

T
Tt Zfl,ijt(e) — E[&1,451(0)]
=1
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for all i and s (4, j = 1,..., k). By the almost sure convergence, we obtain the weak convergence in
Lemma 6(1).
By (A.11), E[=,,(0)] exists, and it does not depend on ¢ and continuous on ® by the structure.
Thus Lemma 6(ii) holds.
By equation (10), /;(6°) is independent of x;. Hence E [2,,©°)] = E[1/k,©6°) ]V, . Since E[1/h:(6°)]
> 0, we obtain Lemma 6(iii) by Assumption 2. []
Lemma 7. Define
Eai(0) = —[he(0)] " [(ye—1 — x-18) -+ (Yr—p — T1—pB)]- (A12)
Under Assumptions 1-4,
() suppeo|T X1y &,i71(0) — E[cfz,m(ﬁ)” B0foralli G=1,.,k andj (j=1,.., p), where & ije (9) s
the (i, 7)th element of Z5,0);
(i) {T7'3L, E[2,0)]: 0 ©,T=1,2,.. }is OQ) and continuous on © uniformly in T.

Proof. By (A.12), we obtain an alternative expression of =, (@) as:

E20(0) = —[he(0)] " 2 [(ur—1 — 21 (B = 5°)) -+ (wi—p — 2e—p(B — B))]-

We can write the (7, 7)th element of =,,(0) as:
£2.jt(0) = —[he(8, B)) @it (ur—j — e (B — B°)) -
To prove Lemma 7 (i), we will show that E [Supﬂeeﬁ |&, 1741 is finite. By Assumptions 3 and 4 and /,(6)

>0, > 0, we obtain:
k

1624t (0)] < K wis (wp—j — xe—j(B— B°)) | < K ||zaus—j| + Y |wizra—i|lB — B -
=1

For the upper bound of | 8, - A% | (I = 1,..., k), we follow the approach of the proof of Theorem 1 of
White (1980b). Since £° is finite, there exists a compact neighborhood of v of #° such that (5, -47)
is finite. There also exists a finite vector /Ni' (not necessarily in v) with element /}, such that |- 49|

<|p;—p¢|forall g in v, so that for all B in v:

k k
S w18 = B <D w16 — Bl
=1 1=1

Hence we obtain E[supce |§2,ij,(¢9)|] < oo, Since 1/4;(5, B) is strict stationary and ergodic by Lemma
5, Theorem 3.5.8 of Stout (1974) with the structure (A.12) implies that &, ;;;(0) is strict stationary
and ergodic. The ULLN for stationary ergodic processes (Theorem A.2.2 of White (1994)) with the
result E[sup peoy| €2t ©)|] <« indicates that:
T
sup T ; €2,it(0) — E[2,45:(0)]| == 0,
foralli (i =1,..., k) and j (j = 1,..., p). By the almost sure convergence, we obtain the weak
convergence in Lemma 7(i). By the proof of Lemma 7(@), E [2,:(6)] exists, and it does not depend on

t and continuous on ® by the structure. Thus Lemma 7 (ii) holds. []
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Lemma 8. Define

B} = [B [[he(6°)] ]| B [[ne(6°)] 210 (87)]
Under Assumptions 1-4, By exists and

Br - By = 0,(D), (A.13)
where §T is defined by equation (13).
Proof. Noting that B} = [E[2,,6°)]]' E[Z.:(6°)], Lemmas 6 and 7 indicate that Br(6°) exists. Since
ﬂA’ - f° 2 0 by Lemma 3 and §—6020 by Proposition 1, Lemmas 6 and 7 satisfy the conditions of
Lemma 1, which establishes (A.13). []

Lemma 9. Define
—_ wt(ﬁ) /
Z3t(0) = —
3t ( ) ht (0) $t
Under Assumptions 1-4,

(i) subyo|T'EL, £,.40) - E[§3’“(g)]| 2,0 for all i (i = 1,..., k), where &5, () is the ith element of
E3(0);

(i) (T X1 El25/0)]: 0 € ©,T=1,2,... | is O(1) and continuous on © uniformly in T;

(iii) 3 X1 E20°) = O,(1).

Proof. Assumptions 3 and 4 indicates:

k
it (ur — 24(8 = )] < Klwiue| + K |wigaul|B — -
=1

1
|§3,it (0) ‘ < m

By discussions similar to the proof of Lemma 7, we obtain E [supsco |£5.::0) \] < o0, and we can show
that & ;,(0) is strict stationary ergodic process by Theorem 3.5.8 of Stout (1974). By applying the
ULLN for stationary ergodic process (Theorem A.2.2 of White (1994)) with E [sup.e |5, (©)|] <
indicates that:
T
sup Tt ;fﬁi,it(o) — E[&3.4(0)]| == 0,

for all 7 (i,= 1,..., k). By the almost sure convergence, we obtain the weak convergence in Lemma
93).

Since E[supg.o|&5.40)|] < o, E[25,(0)] exists, and it does not depend on ¢ and continuous on ©
by the structure. Thus Lemma 9(ii) holds.

When f =°, conditional on the information set up to ¢ — 1, we obtain E (&3 ;,(0°)| 5;_1) = 0 and:

U2 .TZ
V(€ie(09)|311) = % < Ko {Va}it < oo,

for all i (i,= 1,..., k), by Assumptions 2-4. Hence V(fg_”(ﬁ)) is also bounded. By Chebyshev’s

inequality,
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d

forany ¢ >0andalli (5,=1,..., k), indicating that Lemma 9(iii) holds. [
Lemma 10. Define

Eq(0) = %wém(ﬁ ) (A.14)
Under Assumptions 1-4,
(i) suppeo| T X1y E4.i510) — ElEy i1 0)]| D 0 for all i (i = 1,..., k) and j (5 = 1,..., g+1), where &, ;,0)
is the (i, 7)th element of =4 (0);

(i1) {T‘1 SLEEL©)]:0c0,T=1, 2,...} is O(1) and continuous on © uniformly in T.

T

T71/2 Z Egt(eo)

2
€
t=1

<6>>1W

Proof. We can write the (i, j)th element of Z4,(9) as:
oo = (0)] P (B) for j =1,
§4,th(9) - o -3 . . _ . _ 9))2 i
(D)) e (B) it (wi—jr — 2p—j1(B — B°))°  otherwise,
fori (i=1,..,k) andj (f=1,..., ¢ + 1). For j = 1, noting that %;(5, 8) >, > 0, we just need to replace
(5, 8) by [, 8)] in the proof of Lemma 9 to obtain the result of Lemma 10.
Hence, we concentrate on the casej=2,..., ¢ + 1.

By Assumptions 3 and 4 and ;@) > &, > 0, we obtain:

[€a,ijt (O] < [he(8, 8)) 7|t (ur — 22(B — B°)) (we—jrr — 21—ja (B — 5°))|

k
<K |:|ututjl'1',t| | Y wamn(B — BY)
=1
k
+2 w1 Y wawe— i (B — )
=1
ko k
e YN wam e (B = B (Br — BY)
=1 r=1
ko k
+2|u—j1 Z Z Turi—j+1 (B — BY)(Br — B7)
I=1r=1
ko kK
S S S st sron 5215 — BB~ BO) B — B2) ]
m=1 [=1 r=1
k
<K |:|Ututj||33it Flu D a8 — B
=1
k
+ 2|1 Z lziewre— 111160 — Brl
=1

k k
Flul YO i iz jallB— BB — Bl

I=1r=1
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k

k
+ 2| DD wiwnre |8 — B7lIBr — B

=1 r=1

k k k
+ 3TN it jir@ri—sill B — B8 — BB — 6?] :

1i=1r=1

foralli ¢(=1,.,k) andj (j= 2:.., ¢:1 +1). Since | 8, — B1] is bounded by the discussion of the proof of
Lemma 7,

k k
SUP|§4zgt(6’)| < Kilugugjlzidl + Kalu?_j | Y |wiwn| + Ksluww— | Y @i
=1 =1
ko k ko k
+ Kalue Y Y wiewn—j | + Kslujnl )Y [wiwntre—j
=1 r=1 I=1 r=1

k

E ok
+K6E E E |TitTmi it t—j41Tr—j41],

m=1[=1 r=1
foralli (i =1,..., k) andj (j = 2,...,, ¢ + 1). By Assumption 2, we obtain E[sung@\ Ein@] < .
Since #;9), v.(B), x; are strict stationary ergodic processes, Theorem 3.5.8 of Stout (1974) with
the structure (A.14) implies that &, ;;,(0) is strict stationary and ergodic. The ULLN for stationary

ergodic processes (Theorem A.2.2 of White (1994)) with the result E [sup veol £1.ij10) H < o indicates
that:

sup -t 264 z]t €4 zgt( )] ﬂ 07

0coe

foralli (i =1,., k) andj (= 2,..., ¢ + 1). By the almost sure convergence, we obtain the weak
convergence in Lemma 10(@i). By the proof of Lemma 10(), E[=4 ()] exists, and it does not depend
on ¢ and continuous on @ by the structure. Thus Lemma 10(i) holds. []

Lemma 11. Define

*2%

q
Ese(0) = @ Z (Y=t — 1 B) iy | (A.15)

Under Assumption 1-4,

(i) SUpyeo T Z 155 z/t(g) E[é:o lit(g)]‘ —>O f07' alli and] (Z ] 1! o k)’ where SES ijt (6) is the (l ])th
element of Z5,0);

(i) {T'3L, El25,0)] : 0 € ©,T=1,2,... }is OQ) and continuous on © uniformly in T .
Proof. We can write the (7, /)th element of Z5,(0) as:

q
&.0jt(0) = —2[he(0)] Py (B)zir Y | 6ilue—y — we—1(B — B°))wj -

=1
foriandj (4,7 =1,..., k). Noting that %,;(@) >, > 0, Assumptions 3 and 4, we obtain:

q
(5.5 (O)] < [ha(0)] | (wr — (B — B%)) wae Y 1(us— — x-1(B — B°)) w1t

=1
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q
SKZ51

=1

K
Ui — Wi Y Tt (Br — BY)

r=1

k
— Ut Tjt—1 Z $rt(ﬂr - 57?)
r=1

kE ok
+54-1 Z Z TrtTm -1 (Br — B7)(Bm — Bn)

r=1m=1

a k
<KDY 4 |:|Ututl||33'it e Y izl |Br — B
r=1

=1 =

k
+ |utfl| Z |xj,t—lzrt||ﬁr - 6:«)‘

r=1

k k
F3° S byttt — 52— /sm] |

r=1m=1

foralliandj (i, j = 1,..., k). Since | 5, — B9 | is bounded by the discussion of the proof of Lemma 7 and
8, 1s bounded by Assumption 4,

q k
sup [&5,60(0)] < K1Y |Jugwe—i|[za] + Kolu] > aiw—iwr ]
€0 =1 r=1
k ko k
FEolu ] Y |wjamimel + K3y Y |$j,t—lxrtxm,t—l:| ;
r=1 r=1m=1

for all i and 7 (7, j = 1,..., k). By Assumption 2, we obtain E [sup 4o |§5,i]-t(€)|] < o0, Since 1,(0), wi(B),
and x, are strict stationary ergodic processes, Theorem 3.5.8 of Stout (1974) with the structure (A.15)
implies that & ;;(0) is strict stationary and ergodic. The ULLN for stationary ergodic processes
(Theorem A.2.2 of White (1994)) with the result E[supy.o|&,;:(@)|] <  indicates that:
T

21618 T! ;f&ijt(g) — E[&,51(0)]] <0,
for all ¢ and j (4, 7 = 1,..., k). By the almost sure convergence, we obtain the weak convergence
in Lemma 11(i). By the proof of Lemma 11(), E[Z:;(0)] exists, and it does not depend on ¢ and
continuous on ® by the structure. Thus Lemma 11(ii) holds. []
Lemma 12. Under Assumptions 1-5, B7=0.

Proof. Define
=0 _ 1 IL’/ )\t(/Bo)
6t ht (00) t .
‘We can write the (7, j)th element of =¥ as:
1
£6.ijt = Wﬂfitut—ja

foralli (i =1,..., k) and j (j = 1,..., p). By the structure, Z¢; is an odd function of #, ; . Since #,_; has
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/)
{ut Ioeeey Wt jily Upj145eeey

a symmetric distribution by Assumption 5, E [56 it [ % ut 7], where uy
uH,} N {up .., ut_q}, is the integral of an odd function with respect to #;_; from —o to o, and thus
E[&8 1|2, u7’] = 0. By the law of iterated expectation, E[£¢ ;] = E[E [£2 it ] %, uﬁ'j)]] =0foralli G=
1,..., k) andj (j = 1,..., p). Thus we obtain, By = (E[[ht(ﬁ")]_lx}xt])_lE(Eé’t) =

Lemma 13. Define

— 1 0 1 0Y(B°)
=1 = 5 (0) A(8%) — B a5

Under Assumptions 1-5, TZ 11 271 = 0,(1).

Proof. Noting that awt(ﬁ) =—x,and B} = 0 by Lemma 12, we can write the (7, /)th element of =7, as:

§7ijt = _mut—ixjt = &2,5it(0°),

foralli (i =1,., p) and s (§ = 1,..., k). By the structure, Z7, is an odd function of #,_;. Since #,_; has
a symmetric distribution by Assumption 5, E[&£2;|%;, #\"] is the integral of an odd function with
respect to #,_; from —co to oo, and thus E[&2;|x;, u!™] = 0. By the law of iterated expectation, E [£%,;; ]
= E[El£34]%, u]] = 0foralli (i = 1,..., p) andj (j = 1,..., k). By Lemma 7 with E[£; ;; 6°)] = 0 for all
i and j, we obtain LY., £4,(6°)| “*> 0, which indicates X7, £4,(0°) =0,(1). ]

Lemma 14. Define

=0 _ (B {M(B”)}’
ST ) | 00 |

Under Assumptions 1-5, %Zfl E4©O°) =0,(1).

Proof. Since t(ﬁ) =0, we can concentrate on the part including
o\ , ,
t(ﬁ - _ [Itfl xt—p} )

B

We can write the (7, 7)th element of =g, as:
&ijt = *mutﬂfi,tﬁv

fori (G=1,.,p) andj (F=1,..., k). With a minor change of the discussion of the proof of Lemma 9,

we can show that:
1 T
Z 58 gt 58 th] E;) 07 (A16)
t:l

foralli (i =1,..,p) andj (j= 1,..., k). Since E[£{ ;| F-1] = ;Z(teoﬂ Elu;| 3,.4] = 0, the law of iterated
expectation indicates E [«;g,,t] = 0. Equation (A.16) with E [fs_m] = ( establishes Lemma 14. [ ]
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Lemma 15. Define

r e(B°) Ohe(6°)
[he(0°))2 98"

Under Assumptions 1-5 and Hy, 1311 E4:(6°) = 0,(1).

Proof. Noting that B =0 by Lemma 11 and

Ohy(
55/ **2251% 1Tt~

we can write the (7, j)th element of =g, under H, as:

2et€t
0] ’L
fg,ijt: 2 E 51 Et—1Tjt—1,

=9 = [Ae(8°) — 2 BT (A17)

fori G=1,.,p) andj (j=1,. ,k) ByAssumpt10n3
sup‘fgm‘ < K |eer— 12616,5 15,41 <KZ\etet iet—1] |2je—1]
=1 =1

and hence

|:sup}§9”t|:| < KZE|€t€t iet—1| E'lzj—i| < oo,
=1

by Assumptions 2 and 5. Thus, E [59‘1‘]‘;] exists and it is bounded. Since %:(@°), ¢,, and x; are strict
stationary ergodic processes, Theorem 3.5.8 of Stout (1974) with the structure (A.17) implies that
&§ .+ 1s also strict stationary ergodic. By the ULLN for stationary ergodic process (Theorem A.2.2 of
White (1994)) with E[supee |85 [] < oo,

Z 59 Jigt 59 z]t]

fori (G=1,.., p) andj (j = 1,..., k). By the structure, E [58 it | T 1] =0, and hence the law of iterated

~»O

expectation indicates E [510 ,ﬂ] = (. Therefore, we obtain TZ 1 29,07 | 22> 0. Since the almost sure
convergence implies the convergence in probability, which is equivalent to the definition of 0,(1),
the result establishes Lemma 15. []

Lemma 16. Define

St = () - ) T2 I,

Under Assumptions 1-5 and Hy, L T T E10:(0°) = 0,(1).
Proof. Noting that B7 = 0 by Lemma 11 and:

Ohy(6°
até/ ) = [1 ’LL?71 ugfq]v

(A.18)

we can write the (7, 7)th element of Z¢,; under H, as:



i
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€ T forj=1,
10,ijt — i .

" Eh:(T)t]Q forj=2,...,q+1,
fori (i=1,..,p) andj (5= 1,..., k). By Assumption 3,

sup |£i)0,ijt| < K leses—il
0co

forj=1, and:

Slelg |§f0,ijt| <K |€t€t—iet2—j} J

for j = 2,..., ¢ + 1. Since E |e;e,;|< o and Ele, ¢,_; €7,j|< « by Assumption 5, E[£9, ;1] exists and it is
bounded. Since 7#;(0°) and e, are strict stationary ergodic processes, Theorem 3.5.8 of Stout (1974)
with the structure (A.18) implies that &4, is also strict stationary and ergodic. By the ULLN for
stationary ergodic process (Theorem A.2.2 of White (1994)) with E[supy.e |4, il <0,

T

1 o o

T > ot — El€fod| =20,
=1

fori (i=1,.,p) andj (j=1,..., k). By the structure, E [f?olm | J,1] = 0, and hence the law of iterated
expectation indicates E[£%);:] = 0. Therefore, we obtain % ¥7.; Z,0,(6)| “*> 0. Since the almost sure
convergence implies the convergence in probability, which is equivalent to the definition of 0,(1),
the result establishes Lemma 16. []

Lemma 17. Define

T

R 1

Qp =D 07, (A.19)
t=1

Ox
\St—l‘| .

20 foralliandj G =1,..,p),

where

W=F

2
} M8 A7)

[

Under Assumptions 1-5 and H,,
(@) 0% is positive definite for large T
@) |T"'EL 0% - Elo%]

where % is the (i, 7)th element of O%.

Proof. Noting that

0_2

= m/\t(ﬁo)'/\t(ﬂo%

we can write the (7, 7)th element of Q¢under H, as:

o2

€ . .
[l (07)2
foriandj (i = 1,..., p). By Assumption 3

o __
Wijt =
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|wiie| < K lei—ier—jl,

forall iandj (4, 7= 1,..., p). Since E [e,_; e; j] < oo by Assumption 5, E [a)?j,] exists and it is bounded.
By the structure, (% is the sample mean of the outer product of random vector [,/ %,(6°)] 1 (B9,
thus its determinant is non-negative. Since 4;(°) is linearly independent by Assumption 1, the
rank of 34 is p, which guarantees that the inverse of the matrix exists almost surely when T > p.
Combined with (A.6), we obtain Lemma 17(i).

Since 7,;(0°) and e, are strict stationary ergodic processes, Theorem 3.5.8 of Stout (1974) with
the structure (A.19) implies that @9, is strict stationary and ergodic. The uniform law of large
numbers (ULLN) for stationary ergodic process (Theorem A.2.2 of White (1994)) with the result
E[|@%,|] < indicates that:

T
71 Z"-’?jt - E[wfjt] 25,0,
t=1
for all i and (i, 7 = 1,..., p). By the almost sure convergence, we obtain the weak convergence in
Lemma 17(i). [
Lemma 18. Define

o __ d)t(ﬁo) o\/
& = g (A.20)
Under Assumptions 1-5,
T
Qo128 "0 5 N(0, ),
\/T — Ct ( k?)

where 0°= E[Q2], where Q2 is stated in Lemma 17.

Proof. By the definition, E[ZY|F,4] = 0 and V[£?] 5.1] = Q¢. Since e, and 4,(6°) are strictly
stationary and ergodic, Theorem 3.5.8 of Stout (1974) with the structure (A.21) implies that ¥ is
strictly stationary ergodic matringale difference under H,. Since ()¢ is finite and positive definite by
Lemma 17, we can define the symmetric positive definite matrix, (° "2, such that ((}°12)2= ()L

Lemma 17 implies that (°~'2 is uniformly bounded. By Lemma 3.2 of White (1980a),

T
{Qol/Z |:71—‘ Z Q;J
t=1

for all i and j (i, j = 1,..., p). For the ith element of £¢, £%(@ = 1,..., p), Chebyshev’s inequality

QOI/Z} —{p}ij

]

=50, (A21)

indicates:
S V(“?’) 0
PS5t < it) _ i
( JT >6> S i
as T'— o, where @} is the (7, 7)th element of (1°. Hence,
0l
7
e vl Il (A.22)
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As equations (A.21) and (A.22) satisfy the regularity conditions for the CLT for the strict stationary

ergodic martingale difference (Theorem 24.3 of Davidson (1994)), we obtain
T

1 ;
Qo1/2 wid S &S N, ), (A.23)
=1

which establishes Lemma 18. []
Lemma 19. Define
[ (B))?
e (0
Under Assumptions 1-5 and H,,

(i) suppeo|T 211 E1y.in©) — E[fu_m(ﬁ)]‘ 20 foralliandj G,j=1,..,p), where En,ijn(0) is the (i, 7)th

element of =11,0);
(i) {T'2L E[2,@)] : 6 € ©,T=1,2,..}is 0Q1) and continuous on © uniformly in T .

E11¢(0) = 5 a5 Me(8) Me(B). (A.249)

Proof. We can write the (7, /)th element of Z,1,(@) under H, as:

E11,j¢(0) = —[he(0)] 2[er — m(B — B°)*er—ier—j,
foriandj (5,7 =1,..., p). Noting that %,(0) >, > 0, Assumptions 3 and 4, we obtain:

€11,556(0)] < [he(8,8)]7° |[er — e(B — BO) er—ier—j|

q
<KY
=1

2
eer—iei—j — 2€1—ie—j E Tt (Br

k k
+er—ier—j Z Z LTyt Lly (/Br - B?)(/Bl - Blo)

r=1 =1

k

lefer—iei—j| + 2 |erer—ier—j| Z |zre|(Br — BY)
r=1

k k
Hleier | > > lwmaul (B — B2) (B — /3;’)} :

r=1[1=1

q
<K),
=1

foralliandj (G, j=1,.., k). Since |3, - A1 is bounded by the discussion of the proof of Lemma 7,

q k ko
Zug 111,650 (0)| < K1 Z |:|’3126ti6tj| + K lejer—jer—j) Z |zre| + K3les—ies—j] Z Z |x'rtxlt|:| ;
=1

€ r=1 r=1 =1

for all i and s (4, 7 = 1,..., p). By Assumptions 2 and 5, we obtain E[sup059| fll,ij,(ﬁ)ﬂ < o0, Since
@), w:(B), and x, are strict stationary ergodic processes, Theorem 3.5.8 of Stout (1974) with the
structure (A.15) implies that & ;;(6) is strict stationary and ergodic. The ULLN for stationary
ergodic processes (Theorem A.2.2 of White (1994)) with the result E[sup veol E11.i1O) |] < oo indicates
that:
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a.s.

— 0,

2511 'th 511 Ut(e)]

sup |T'
0cO

for all ¢ and j (4, 7 = 1,..., p). By the almost sure convergence, we obtain the weak convergence
in Lemma 19(). By the proof of Lemma 19(), E[=,;(0)] exists, and it does not depend on ¢t and
continuous on ® by the structure. Thus Lemma 19(ii) holds. []

Proof of Proposition 2 Noting that IT?T — B7=0,(1) by Lemma 8, we rewrite (15) as:

1 ~u(B)
ﬁ; he(6)

We first consider the second term excluding IAQT — B4 . Noting that /T (é —-0° = 0,(1) by Lemma 3

B

[At(ﬁ) - xtB%]/ - (BT . B%)l %

and Proposition 1, a standard mean value expansion about #° and Lemma 1 produce:

1 Py ( B 1/& 30 L, 0u(B°) 5 o
VT2 i) Z ) Z_:{ht VTG
T 0 [0] R
1Y et g V@ )+ 0,1 @)
t=1

For the right-hand-side of (A.25), the first term is O,(1) by Lemma 9. Since O éﬁ ) _ —x;, the second
termis [-7T7X0, 5, ]T7Y 2(,8 —°), which is O,(1) by Lemmas 3 and 6. Since

Oh(0) — [Oh(0) OM(0)]
06/ _[ 2 op }_

ke(B) (—2) 251(%4 - xtiﬂ)xti:| ,

i=1
the third term of the right-hand-side of (A.25) is

Zm = (0

which is O,(1) by Lemmas 3, 10 and 11 and Proposition 1. Therefore

\/T(e - 00)7

0,(1).

Accompanied by E’T - B} = 0p (1), this results show that:

Z

Noting that «/T(H - 9") =0, (1) by Lemma 3 and Proposition 1, a mean value expansion about &’ and

[ tBT} +o0p(1).

Lemma 1 produce:

[ L (s — wBgl 290 g o) .26
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V(%) ToI(6°)7 o oy Vt(B°) Ohy(0°)
T [ht«m [ 20 } B S TN R }

x VT(0 — 0°) + 0,(1).

For the second term of the right hand side of (A.26),

V(B - ) = 0,0, Tz[ht w(E) g 2] — 0,0,

by Lemmas 3 and 13, respectively. Hence the second term of the right hand side of (A.26) is 0,(1).
For the third term of the right hand side of (A.26), Lemmas 14-16 indicate that

1 - [9e(8°) [ox(0%)]' 0 ;08 Ohi(6°)]
TZ |:hi(90) [ 39 ] — [\(B%) — 2 BY] [h:(HO)P 59/ ]_op(l).

As VT ( /- 6°) = 0,(1) by Lemma 3 and Proposition 1, the third term of the right hand side of (A.26)
is 0,(1). With B7=0 by Lemma 12,

T

T
T7 25 gy M ool = 534l

=1

where ¢?is stated in Lemma 18. By Lemma 17, the covariance matrix of 7 is positive definite for
large T. Moreover, (1°2Z; % N(0, I,) under H, by Lemma 18. Thus, &4 0° ¢ <% y2(p) under
H,. Applying Lemma 1 with \/T(é - 6°) = 0,(1), which is obtained by Lemma 3 and Proposition 1,
Lemma 19 ensures that {}; is a consistent estimator of (. Therefore, &3 (7 &7 % y2(p) under H,,

which establishes Proposition 2. []



