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Abstract

Weak convergence of inertial iterative method for solving variational inequali-
ties is the focus of this paper. The cost function is assumed to be non-Lipschitz
and monotone. We propose a projection-type method with inertial terms and
give weak convergence analysis under appropriate conditions. Some test re-
sults are performed and compared with relevant methods in the literature to
show the efficiency and advantages given by our proposed methods.

1 Introduction

Suppose C is a nonempty, closed and convex subset of a real Hilbert space H and
F : C → H a continuous mapping. The variational inequality problem (for short,
VI(F,C)) is defined as: find x ∈ C such that

〈F (x), y − x〉 ≥ 0, ∀y ∈ C. (1)

We shall denote by SOL the solution set of VI(F,C) in (1). Various applications of
variational inequality can be found in [7, 8, 23–25,33–35,43].

Projection-type method for solving VI(F,C) (1) have been considered severally in
the literature (see, for example, [16–18,22,29,40–42,45,48,56]). Several other related
methods to extragradient method and (2) for solving VI(F,C) (1) in real Hilbert
spaces when F is monotone and L-Lipschitz-continuous mapping have been studied
in the literature (see, for example, [16–18, 22, 29, 36, 40–42, 45, 56]). Some of these
methods involve computing projection onto the feasible set C twice per iteration
and this can affect the efficiency of the methods.
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In [19], Censor et al. introduced the subgradient extragradient method: x1 ∈ H,
yn = PC(xn − λF (xn)),
Tn := {w ∈ H : 〈xn − λF (xn)− yn, w − yn〉 ≤ 0},
xn+1 = PTn(xn − λF (yn))

(2)

and gave weak convergence result when F is monotone and L-Lipschitz-continuous
mapping where λ ∈ (0, 1

L
).

In order to accelerate the convergence of subgradient extragradient method (2) and
using the idea of in [2–6,10,12,13,20,37,38,46,47], Thong and Hieu [55] introduced
the following inertial subgradient extragradient method: x0, x1 ∈ H,

wn = xn + αn(xn − xn−1),
yn = PC(wn − λF (wn)),
Tn := {w ∈ H : 〈wn − λF (wn)− yn, w − yn〉 ≤ 0},
xn+1 = PTn(wn − λF (yn))

(3)

and proved that {xn} generated by (3) converges weakly to a solution of VI(F,C)
(1) when F is monotone and L-Lipschitz-continuous mapping F where 0 < λL ≤
1
2
−2α− 1

2
α2−δ

1
2
−α+ 1

2
α2 for some 0 < δ < 1

2
− 2α − 1

2
α2 and {αn} is a non-decreasing sequence

with 0 ≤ αn ≤ α <
√

5− 2.

The step-sizes in above methods (2) and (3) are bounded by the inverse of the
Lipschitz constant and this is quite inefficient, since in most applications a global
Lipschitz constant (if it indeed exists at all) of F cannot be accurately estimated,
and is usually overestimated. This leads to too small step-sizes, which, of course,
is not practical. Therefore, algorithms (2) and (3) are not applicable in most cases
of interest. This can be overcome by using an Armijo type line search procedure
(see [33, 43,53]).

We provide a simple example of a variational inequality problem where the method
(2) proposed in [19] and method (3) proposed in [55] cannot be applied.

Example 1.1. Suppose F : [0,∞) → R is defined by F (x) := ex, x ∈ [0,∞). It
is easy to see that F is not Lipschitz continuous on [0,∞). By the mean value
theorem, one has for an arbitrary r > 0,

|F (x)− F (y)| ≤ er|x− y|

with |x|, |y| ≤ r. Hence, F is uniformly continuous on bounded subsets of C :=
[0,∞). Consequently, one can easily see that F is monotone on [0,∞) since

〈F (x)− F (y), x− y〉 = (F (x)− F (y))(x− y) ≥ 0, ∀x, y ∈ [0,∞).

Finally, SOL of VI(F,C) is nonempty since 0 ∈ SOL.

Motivated by Example 1.1, it would be of interest to propose an iterative method for
solving VI(F,C) (1) for which the underline cost function F is uniformly continuous
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on bounded subsets of C but not Lipschitz continuous on C.

Our interest in this paper is to obtain weak convergence results using inertial
projection-type algorithm for VI(F,C) (1) when the underline operator F is mono-
tone and uniformly continuous. We do not assume the cost function to be Lipschitz
continuous as assumed in [18,19,22,40,41,55]. Our proposed method is much more
practical and outperforms the methods (2) and (3) numerically.

We organize the paper as follows: Basic definitions and results are given in Section 2
and the proposed method is introduced in Section 3. We give weak convergence
analysis of the proposed method in Section 4 and give some numerical comparisons
of our method with methods (2) and (3) in Section 5. Finally, we some concluding
remarks in Section 6.

2 Preliminaries

Suppose we take H as a real Hilbert space and X ⊆ H be a nonempty subset.

Definition 2.1. A mapping F : X → H is called

(a) monotone on X if 〈F (x)− F (y), x− y〉 ≥ 0 for all x, y ∈ X;

(b) Lipschitz continuous on X if there exists a constant L > 0 such that

‖F (x)− F (y)‖ ≤ L‖x− y‖, ∀x, y ∈ X.

(c) sequentially weakly continuous if for each sequence {xn} we have: {xn} con-
verges weakly to x implies {F (xn)} converges weakly to F (x).

Given any point u ∈ H, there exists a unique point PCu ∈ C (see, e.g., [9]) such
that

‖u− PCu‖ ≤ ‖u− y‖, ∀y ∈ C.

This PC is called the metric projection of H onto C. It is known that PC is a
nonexpansive mapping of H onto C and satisfies

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2, ∀x, y ∈ H. (4)

In particular, we get from (4) that

〈x− y, x− PCy〉 ≥ ‖x− PCy‖2, ∀x ∈ C, y ∈ H. (5)

Another property of PCx is :

PCx ∈ C and 〈x− PCx, PCx− y〉 ≥ 0, ∀y ∈ C. (6)

More details on PC can be found, for example, in Section 3 of [26].

The following results are needed in the next section.
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Lemma 2.2. The following statements hold in H:

(a) ‖x+ y‖2 = ‖x‖2 + 2〈x, y〉+ ‖y‖2 for all x, y ∈ H;

(b) 2〈x− y, x− z〉 = ‖x− y‖2 + ‖x− z‖2 − ‖y − z‖2 for all x, y, z ∈ H;

(c) ‖αx+ (1− α)y‖2 = α‖x‖2 + (1− α)‖y‖2 − α(1− α)‖x− y‖2 for all x, y ∈ H
and α ∈ R.

Lemma 2.3. (see [1, Lem. 3]) Let {ψn}, {δn} and {αn} be the sequences in [0,+∞)
such that ψn+1 ≤ ψn + αn(ψn − ψn−1) + δn for all n ≥ 1,

∑∞
n=1 δn < +∞ and there

exists a real number α with 0 ≤ αn ≤ α < 1 for all n ≥ 1. Then the following hold:
(i)

∑
n≥1[ψn − ψn−1]+ < +∞, where [t]+ = max{t, 0};

(ii) there exists ψ∗ ∈ [0,+∞) such that limn→+∞ ψn = ψ∗.

Lemma 2.4. (see [9, Lem. 2.39]) Let C be a nonempty set of H and {xn} be a
sequence in H such that the following two conditions hold:
(i) for any x ∈ C, limn→∞ ‖xn − x‖ exists;
(ii) every sequential weak cluster point of {xn} is in C.
Then {xn} converges weakly to a point in C.

Lemma 2.5. ( [28]) Let C be a nonempty closed and convex subset of H. Let h be
a real-valued function on H and define K := {x : h(x) ≤ 0}. If K is nonempty and
h is Lipschitz continuous on C with modulus θ > 0, then

dist(x,K) ≥ θ−1 max{h(x), 0}, ∀x ∈ C,

where dist(x,K) denotes the distance function from x to K.

Lemma 2.6. Let C be a nonempty closed and convex subset of H, y := PC(x) and
x∗ ∈ C. Then

‖y − x∗‖2 ≤ ‖x− x∗‖2 − ‖x− y‖2. (7)

Lemma 2.7. ( [31, Prop. 2.11], [30, Prop. 4]) Let H1 and H2 be two real Hilbert
spaces. Suppose F : H1 → H2 is uniformly continuous on bounded subsets of H1

and M is a bounded subset of H1. Then F (M) is bounded.

Lemma 2.8. ( [54, Lem. 7.1.7]) Let C be a nonempty, closed, and convex subset of
H. Let F : C → H be a continuous, monotone mapping and z ∈ C. Then

z ∈ SOL⇐⇒ 〈F (x), x− z〉 ≥ 0 for all x ∈ C.

3 Proposed Method

We give some assumptions on the feasible set C, the cost fucntion F and the iterative
parameter {αn} below.

Assumption 3.1. Suppose that the following hold:

(a) The feasible set C is a nonempty closed affine subset of the real Hilbert space
H.
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(b) F : C → H is monotone and uniformly continuous on bounded subsets of H.

(c) The solution set SOL of VI(F,C) is nonempty.

Assumption 3.2. Suppose the real sequence {αn} satisfy the following condition:

• {αn} ⊂ (0, 1) with 0 ≤ αn ≤ αn+1 ≤ α < 1
3

for all n.

Suppose we define
r(x) := x− PC(x− F (x))

as the residual equation. Then if y = x− F (x) in (5), we obtain

〈F (x), r(x)〉 ≥ ‖r(x)‖2, ∀x ∈ C. (8)

We next give our proposed inertial projection-type method.

Algorithm 1 Inertial Projection Method

1: Choose sequence {αn} and σ ∈ (0, 1) such that the conditions from Assump-
tion 3.2 hold, and take γ ∈ (0, 1). Let x0 = x1 ∈ H be a given starting point.
Set n := 1.

2: Set
wn := xn + αn(xn − xn−1).

Compute zn := PC(wn − F (wn)). If r(wn) = wn − zn = 0: STOP.
3: Compute yn = wn − γmnr(wn), where mn is the smallest nonnegative integer

satisfying

〈F (yn), r(wn)〉 ≥ σ

2
‖r(wn)‖2. (9)

Set ηn := γmn .
4: Compute

xn+1 = PCn(wn), (10)

where Cn = {x : hn(x) ≤ 0} and

hn(x) := 〈F (yn), x− yn〉. (11)

5: Set n← n+ 1 and goto 2.

If r(wn) = 0, then wn is a solution of VI(F,C) (1). In the analysis we assume that
r(wn) 6= 0 for infinitely many iterations, so that Algorithm 1 generates an infinite
sequence satisfying r(wn) 6= 0 for all n ∈ N.

Remark 3.3. (a) Our proposed Algorithm 1 requires, at each iteration, only one
projection onto the feasible set C and another projection onto the half-space Cn
(which has a closed form solution, [15]) and this is numerically less expensive than the
twice computation of projection onto C per iteration in extragradient method [36].

(b) As we have mentioned before, Algorithm 1 is much more applicable than (2)
and (3) because the Lipschtz constant of the cost function F is not needed during
implementations. ♦
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Lemma 3.4. Let the function hn be defined by (11). Then

hn(wn) ≥ σηn
2
‖wn − zn‖2.

In particular, if wn 6= zn, then hn(wn) > 0. If x∗ ∈ SOL, then hn(x∗) ≤ 0.

Proof. Since yn = wn − ηn(wn − zn), using (9) we have

hn(wn) = 〈F (yn), wn − yn〉

= ηn〈F (yn), wn − zn〉 ≥ ηn
σ

2
‖wn − zn‖2 ≥ 0.

If wn 6= zn, then hn(wn) > 0. Furthermore, suppose x∗ ∈ SOL. Then by Lemma 2.8
we have 〈F (x), x − x∗〉 ≥ 0 for all x ∈ C. In particular, 〈F (yn), yn − x∗〉 ≥ 0 and
hence hn(x∗) ≤ 0.

4 Convergence Analysis

Let us give weak convergence analysis of our proposed Algorithm 1 in this section.

Lemma 4.1. Let {xn} be generated by Algorithm 1. Then under Assumptions 3.1
and 3.2, we have that
(i) {xn} is bounded, and
(ii) limn→∞ ‖xn+1 − wn‖ = 0.

Proof. Let x∗ ∈ SOL. By Lemma 2.6 we get (since x∗ ∈ Cn) that

‖xn+1 − x∗‖2 = ‖PCn(wn)− x∗‖2 ≤ ‖wn − x∗‖2 − ‖xn+1 − wn‖2 (12)

= ‖wn − x∗‖2 − dist2(wn, Cn).

Now, using Lemma 2.2 (c), we have

‖wn − x∗‖2 = ‖(1 + αn)(xn − x∗)− αn(xn−1 − x∗)‖2

= (1 + αn)‖xn − x∗‖2 − αn‖xn−1 − x∗‖
+αn(1 + αn)‖xn − xn−1‖2. (13)

Also,

‖xn+1 − wn‖2 = ‖xn+1 − (xn + αn(xn − xn−1))‖2

= ‖xn+1 − xn‖2 + α2
k‖xn − xn−1‖2 − 2αn〈xn+1 − xn, xn − xn−1〉

≥ ‖xn+1 − xn‖2 + α2
k‖xn − xn−1‖2 − 2αn‖xn+1 − xn‖‖xn − xn−1‖

≥ ‖xn+1 − xn‖2 + α2
k‖xn − xn−1‖2 − αn‖xn+1 − xn‖2

−αn‖xn − xn−1‖2

= (1− αn)‖xn+1 − xn‖2 + (α2
n − αn)‖xn − xn−1‖2. (14)

Combining (12), (13) and (14), we get

‖xn+1 − x∗‖2 ≤ (1 + αn)‖xn − x∗‖2 − αn‖xn−1 − x∗‖2
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+αn(1 + αn)‖xn − xn−1‖2 − (1− αn)‖xn+1 − xn‖2

−(α2
n − αn)‖xn − xn−1‖2

= (1 + αn)‖xn − x∗‖2 − αn‖xn−1 − x∗‖2

−(1− αn)‖xn+1 − xn‖2 + (αn(1 + αn)− (α2
n − αn))‖xn − xn−1‖2

= (1 + αn)‖xn − x∗‖2 − αn‖xn−1 − x∗‖2

−(1− αn)‖xn+1 − xn‖2 + 2αn‖xn − xn−1‖2. (15)

Using the fact that αn ≤ αn+1, we obtain from (15) that

‖xn+1 − x∗‖2 ≤ (1 + αn+1)‖xn − x∗‖2 − αn‖xn−1 − x∗‖2

−(1− αn)‖xn+1 − xn‖2 + 2αn‖xn − xn−1‖2. (16)

By (16), we get

‖xn+1 − x∗‖2 − αn+1‖xn − x∗‖2 + 2αn+1‖xn+1 − xn‖2 ≤ ‖xn − x∗‖2 − αn‖xn−1 − x∗‖2

+2αn‖xn − xn−1‖2 + 2αn+1‖xn+1 − xn‖2 − (1− αn)‖xn+1 − xn‖2

= ‖xn − x∗‖2 − αn‖xn−1 − x∗‖2 + 2αn‖xn − xn−1‖2 + (2αn+1 − 1 + αn)‖xn+1 − xn‖2.

Therefore,

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − αn‖xn−1 − x∗‖2 + 2αn‖xn − xn−1‖2

+(2αn+1 − 1 + αn)‖xn+1 − xn‖2. (17)

Let us define

Γn := ‖xn − x∗‖2 − αn‖xn−1 − x∗‖2 + 2αn‖xn − xn−1‖2.

Then we have from (17) that

Γn+1 − Γn ≤ (2αn+1 − 1 + αn)‖xn+1 − xn‖2. (18)

Since 0 ≤ αn ≤ αn+1 ≤ α < 1
3
, we get −2αn+1 ≥ −2α and −αn ≥ −α. This implies

that −(2αn+1−1+αn) = −2αn+1 +1−αn ≥ −2α+1−α ≥ 1−3α > 0 since α < 1
3
.

Now, let us define σ := 1− 3α. Then

2αn+1 − 1 + αn ≤ −σ. (19)

Putting (19) into (18), we have

Γn+1 − Γn ≤ −σ‖xn+1 − xn‖2. (20)

From (20), we see that {Γn} is monotone nonincreasing. Furthermore,

Γn = ‖xn − x∗‖2 − αn‖xn−1 − x∗‖2 + 2αn‖xn − xn−1‖2

≥ ‖xn − x∗‖2 − αn‖xn−1 − x∗‖2. (21)

So,

‖xn − x∗‖2 ≤ αn‖xn−1 − x∗‖2 + Γn
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≤ α‖xn−1 − x∗‖2 + Γ1

...

≤ αk‖x0 − x∗‖2 + (1 + α + α2 + . . .+ αk−1)Γ1

= αk‖x0 − x∗‖2 +
Γ1

1− α
. (22)

From (22), we can infer that {xn} is bounded. Using the definition of Γn, we have

Γn+1 = ‖xn+1 − x∗‖2 − αn+1‖xn − x∗‖2 + 2αn+1‖xn+1 − xn‖2

≥ −αn+1‖xn − x∗‖2. (23)

Using (22) in (23), we get

−Γn+1 ≤ −αn+1‖xn − x∗‖2 ≤ α‖xn − x∗‖2

≤ αk+1‖x0 − x∗‖2 +
αΓ1

1− α
. (24)

From (20), we get
σ‖xn+1 − xn‖2 ≤ Γn − Γn+1

and so

σ
n∑
j=1

‖xj+1 − xj‖2 ≤ Γ1 − Γn+1

≤ Γ1 + αn+1‖x0 − x∗‖2 +
αΓ1

1− α

≤ αn+1‖x0 − x∗‖2 +
Γ1

1− α

≤ ‖x0 − x∗‖2 +
Γ1

1− α
.

Therefore, since x0 = x1, we get

∞∑
k=1

‖xn+1 − xn‖2 ≤
1

σ

(
‖x0 − x∗‖2 +

Γ1

1− α

)
=

1

σ
‖x0 − x∗‖2 +

1− α1

1− α
‖x0 − x∗‖2

=
( 1

1− 3α
+

1− α1

1− α

)
‖x0 − x∗‖2 <∞.

Observe that

‖xn+1 − wn‖ = ‖xn+1 − xn − αn(xn − xn−1)‖
≤ ‖xn+1 − xn‖+ αn‖xn − xn−1‖
≤ ‖xn+1 − xn‖+ α‖xn − xn−1‖. (25)

Using (25), we obtain
lim
n→∞

‖xn+1 − wn‖ = 0. (26)
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Lemma 4.2. Let {xn} generated by Algorithm 1 above and Assumptions 3.1 and
3.2 hold. Then

(a) lim
n→∞

ηn‖wn − zn‖2 = 0;

(b) lim
n→∞

‖wn − zn‖ = 0.

Proof. Let x∗ ∈ SOL. Since F is uniformly continuous on bounded subsets of
X, then {F (xn)}, {zn}, {wn} and {F (yn)} are bounded. In particular, there exists
M > 0 such that ‖F (yn)‖ ≤M for all n ∈ N. Combining Lemma 2.5 and Lemma 3.4,
we get

‖xn+1 − x∗‖2 = ‖PCn(wn)− x∗‖2 ≤ ‖wn − x∗‖2 − ‖xn+1 − wn‖2

= ‖wn − x∗‖2 − dist2(wn, Cn)

≤ ‖wn − x∗‖2 −
( 1

M
hn(wn)

)2
≤ ‖wn − x∗‖2 −

( 1

2M
σηn‖r(wn)‖2

)2
= ‖wn − x∗‖2 −

( 1

2M
σηn‖wn − zn‖2

)2
. (27)

Since {xn} is bounded, we obtain from (27) that( 1

2M
σηn‖wn − zn‖2

)2
≤ ‖wn − x∗‖2 − ‖xn+1 − x∗‖2

=
(
‖wn − x∗‖ − ‖xn+1 − x∗‖

)(
‖wn − x∗‖+ ‖xn+1 − x∗‖

)
≤ ‖wn − x∗‖ − ‖xn+1 − x∗‖M1

≤ ‖wn − xn+1‖M1, (28)

where M1 := supn≥1{‖wn − x∗‖+ ‖xn+1 − x∗‖}. This establishes (a).

To establish (b), We distinguish two cases depending on the behaviour of (the
bounded) sequence of step-sizes {ηn}.
Case 1: Suppose that lim infn→∞ ηn > 0. Then

0 ≤ ‖r(wn)‖2 =
ηn‖r(wn)‖2

ηn

and this implies that

lim sup
n→∞

‖r(wn)‖2 ≤ lim sup
n→∞

(
ηn‖r(wn)‖2

)(
lim sup
n→∞

1

ηn

)
=

(
lim sup
n→∞

ηn‖r(wn)‖2
)

1

lim infn→∞ ηn

= 0.

Hence, lim supn→∞ ‖r(wn)‖ = 0. Therefore,

lim
n→∞

‖wn − zn‖ = lim
n→∞

‖r(wn)‖ = 0.
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Case 2: Suppose that lim infn→∞ ηn = 0. Subsequencing if necessary, we may
assume without loss of generality that limn→∞ ηn = 0 and limn→∞ ‖wn−zn‖ = a ≥ 0.

Define ȳn := 1
γ
ηnzn +

(
1− 1

γ
ηn

)
wn or, equivalently, ȳn − wn = 1

γ
ηn(zn − wn). Since

{zn − wn} is bounded and since limn→∞ ηn = 0 holds, it follows that

lim
n→∞

‖ȳn − wn‖ = 0. (29)

From the step-size rule and the definition of ȳk, we have

〈F (ȳn), wn − zn〉 <
σ

2
‖wn − zn‖2, ∀n ∈ N,

or equivalently

2〈F (wn), wn − zn〉+ 2〈F (ȳn)− F (wn), wn − zn〉 < σ‖wn − zn‖2, ∀n ∈ N.

Setting tn := wn − F (wn), we obtain form the last inequality that

2〈wn − tn, wn − zn〉+ 2〈F (ȳn)− F (wn), wn − zn〉 < σ‖wn − zn‖2, ∀n ∈ N.

Using Lemma 2.2 (b) we get

2〈wn − tn, wn − zn〉 = ‖wn − zn‖2 + ‖wn − tn‖2 − ‖zn − tn‖2.

Therefore,

‖wn − tn‖2 − ‖zn − tn‖2 < (σ − 1)‖wn − zn‖2 − 2〈F (ȳn)− F (wn), wn − zn〉 ∀n ∈ N.

Since F is uniformly continuous on bounded subsets of H and (29), if a > 0 then
the right hand side of the last inequality converges to (σ−1)a < 0 as n→∞. From
the last inequality we have

lim sup
n→∞

(
‖wn − tn‖2 − ‖zn − tn‖2

)
≤ (σ − 1)a < 0.

For ε = −(σ − 1)a/2 > 0, there exists N ∈ N such that

‖wn − tn‖2 − ‖zn − tn‖2 ≤ (σ − 1)a+ ε = (σ − 1)a/2 < 0 ∀n ∈ N, n ≥ N,

leading to
‖wn − tn‖ < ‖zn − tn‖ ∀n ∈ N, n ≥ N,

which is a contradiction to the definition of zn = PC(wn − F (wn)). Hence a = 0,
which completes the proof.

Lemma 4.3. Let Assumptions 3.1 and 3.2 hold. Furthermore let {xnk
} be a subse-

quence of {xn} converging weakly to a limit point p. Then p ∈ SOL.

Proof. By the definition of znk
together with (6), we have

〈wnk
− F (wnk

)− znk
, x− znk

〉 ≤ 0, ∀x ∈ C,
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which implies that

〈wnk
− znk

, x− znk
〉 ≤ 〈F (wnk

), x− znk
〉, ∀x ∈ C.

Hence,

〈wnk
− znk

, x− znk
〉+ 〈F (wnk

), znk
− wnk

〉 ≤ 〈F (wnk
), x− wnk

〉, ∀x ∈ C. (30)

Fix x ∈ C and let k →∞ in (30). Since limk→∞ ‖wnk
− znk

‖ = 0, we have

0 ≤ lim inf
k→∞

〈F (wnk
), x− wnk

〉 (31)

for all x ∈ C. It follows from (30) and the monotonicity of F that

〈wnk
− znk

, x− znk
〉+ 〈F (wnk

), znk
− wnk

〉 ≤ 〈F (wnk
), x− wnk

〉
≤ 〈F (x), x− wnk

〉 ∀x ∈ C.

Letting k → +∞ in the last inequality, remembering that limk→∞ ‖wnk
− znk

‖ = 0
for all k, we have

〈F (x), x− p〉 ≥ 0 ∀x ∈ C.
In view of Lemma 2.8, this implies p ∈ SOL.

Theorem 4.4. Let Assumptions 3.1 and 3.2 hold. Then the sequence {xn} generated
by Algorithm 1 weakly converges to a point in SOL.

Proof. We have shown that
(i) limn→∞ ‖xn − x∗‖ exists;
(ii) ωw(xn) ⊂ SOL, where ωw(xn) := {x : ∃xnj

⇀ x} denotes the weak ω-limit set
of {xn}.
Then, by Lemma 2.4, we have that {xn} converges weakly to a point in SOL.

Remark 4.5. (a) One can still obtain weak convergence for Algorithm 1 when C
is a nonempty, closed and convex subset of H.

(b) In finite-dimensional spaces, Theorem 4.4 holds when F is monotone and con-
tinuous.

(c) Lemmas 3.5, 4.1, 4.2 and Theorem 4.4 can be obtained when F pseudo-
monotone and weakly sequentially continuous (i.e., for all x, y ∈ H, 〈F (x), y− x〉 ≥
0 =⇒ 〈F (y), y − x〉 ≥ 0;). The reader can see, for example, [49]. ♦

Remark 4.6. Our proposed method in this paper gives weak convergence results in
infinite dimensional Hilbert space. There exists strong convergence methods in the
literature for solving variational inequality problem in infinite dimensional Hilbert
space (see, for example, [16, 18, 32, 39, 42, 44, 45, 52]). These methods use ideas of
viscosity terms, Halpern iterations and hybrid methods. It has been shown numer-
ically in [32] that viscosity and Halpern-type strongly convergent methods outper-
form those of hybrid methods. Nonetheless, proposed viscosity and Halpern-type
strongly convergent methods involve the iterative parameter that is both diminishing
and non-summable. These conditions on the iterative parameters make the viscos-
ity and Halpern-type strongly convergent methods to be slower than our proposed
method in this paper in terms number of iterations and CPU time.
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5 Numerical Experiments

In this section, we discuss the numerical behaviour of Algorithm 1 using different
test examples taken from the literature which are describe below and compare our
method with (2), (3) and Algorithm 3.2 of Shehu and Iyiola [51].

Example 5.1. Equilibrium-optimization Model
In this example, we consider an equilibrium-optimization model (see, for exam-
ple, [50]) which can be regarded as an extension of a Nash-Cournot oligopolistic
equilibrium model in electricity markets.

In this equilibrium model, we assume that there are m companies, each company i
may possess Ii generating units. Suppose we denote by x, the vector whose entry xj
stands for the power generating by unit j. Suppose the price pi(s) is a decreasing
affine function of s where s :=

∑N
j=1 xj where N is the number of all generating

units. Thus, pi(s) := α − βis. Then the profit made by company i is given by
fi(x) := pi(s)

∑
j∈Ii xj −

∑
j∈Ii cj(xj), where cj(xj) is the cost for generating xj

by generating unit j . Let us assume that Ki is the strategy set of company i,
which implies that

∑
j∈Ii xj ∈ Ki for each i. Then the strategy set of the model is

C := K1 ×K2 × . . .×Km.

A commonly used approach when each company wants to maximize its profit by
choosing the corresponding production level under the presumption that the pro-
duction of the other companies are parametric input is the Nash equilibrium concept.

We recall that a point x∗ ∈ C = K1 ×K2 × . . .×Km is an equilibrium point if

fi(x
∗) ≥ fi(x

∗[xi])∀xi ∈ Ki, i = 1, 2, . . . ,m,

where the vector x∗[xi] stands for the vector obtained from x∗ by replacing x∗i with
xi. Define

f(x, y) := ψ(x, y)− ψ(x, x)

with

ψ(x, y) := −
n∑
i=1

fi(x
∗[yi]).

Then the problem of finding a Nash equilibrium point of our model can be formulated
as

X∗ ∈ C : f(x∗, x) ≥ 0 ∀x ∈ C. (32)

Suppose for every j, the cost cj for production and the environmental fee g are
increasingly convex functions. The convexity assumption here means that both
the cost and fee for producing a unit production increases as the quantity of the
production gets larger. Under this convexity assumption, it is not hard to see that
(32) is equivalent to (see, [58])

x ∈ C : 〈Bx− a+∇ϕ(x), y − x〉 ≥ 0 ∀y ∈ C, (33)

12



where

a := (α, α, . . . , α)T

B1 =


β1 0 0 . . . 0
0 β2 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 0 βm

B =


0 β1 β1 . . . β1
β2 0 β2 . . . β2
. . . . . . . . . . . . . . .
βm βm βm . . . βm


ϕ(x) := xTB1x+

N∑
j=1

cj(xj).

Note that when cj is differentiable convex for every j.

We tested the proposed algorithm with the cost function given by

cj(xj) =
1

2
xTj Dxj + dTxj.

The parameters βj for all j = 1, . . . ,m, matrix D and vector d were generated ran-
domly in the interval (0, 1], [1, 40] and [1, 40] respectively.

We perform numerical implementations using different choices of 10, and 20, different
initial choices x1 generated randomly in the interval [1, 40] and m = 10 with the
stopping criterion as ‖xn+1 − xn‖ ≤ 10−2. Let us assume that each company have
the same lower production bound 1 and upper production bound 40, that is,

Ki := {xi : 1 ≤ xi ≤ 40}, i = 1, . . . , 10.

We compare our proposed Algorithm 1 with algorithm 3.2 proposed by Shehu and
Iyiola in [51].

Table 1: Example 5.1 Comparison: Proposed Alg. 1 and Shehu & Iyiola Alg. 3.2
(SI Alg.) for σ = 0.5

N=10 N=20

No. of Iter. CPU time (10−2) No. of Iter. CPU time (10−2)
γ Alg. 1 SI Alg. Alg. 1 SI Alg. Alg. 1 SI Alg. Alg. 1 SI Alg.

0.01 223 435 2.6822 8.8916 228 520 7.9536 22.352

0.1 38 518 1.4433 13.108 36 473 1.0797 14.871

0.5 10 434 0.8232 7.9301 9 285 0.4196 9.6452

0.8 9 514 12.3590 13.1390 8 320 0.4596 8.3524
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Figure 1: Example 5.1: γ = 0.01, N = 10
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Figure 2: Example 5.1: γ = 0.1, N = 10
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Figure 3: Example 5.1: γ = 0.5, N = 10
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Figure 4: Example 5.1: γ = 0.7, N = 10
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Figure 5: Example 5.1: γ = 0.01, N = 20
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Figure 6: Example 5.1: γ = 0.1, N = 20
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Figure 7: Example 5.1: γ = 0.5, N = 20
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Figure 8: Example 5.1: γ = 0.7, N = 20

Example 5.2. This example is taken from [27] and has been considered by many
authors for numerical experiments (see, for example, [29, 42, 53]). The operator A
is defined by A(x) := Mx + q, where M = BBT + S + D, with B, S,D ∈ Rm×m

randomly generated matrices such that S is skew-symmetric (hence the operator
does not arise from an optimization problem), D is a positive definite diagonal
matrix (hence the variational inequality has a unique solution) and q = 0. The
feasible set C is described by linear inequality constraints Bx ≤ b for some random
matrix B ∈ Rk×m and a random vector b ∈ Rk with nonnegative entries. Hence
the zero vector is feasible and therefore the unique solution of the corresponding
variational inequality. These projections are computed using the MATLAB solver
fmincon. Hence, for this class of problems, the evaluation of A is relatively inexpen-
sive, whereas projections are costly. We present the corresponding numerical results
(number of iterations and CPU times in seconds) using six different dimensions m
and two different numbers of inequality constraints k.

We choose the stopping criterion as ‖xk‖ ≤ ε = 0.001. The size k = 30, 50 and
m = 10, 20, 30, 40, 50, 60. The matrices B, S,D and the vector b are generated ran-
domly. We choose γ = 0.8, σ = 0.5, αn = 0.2 in Algorithm (1). In (2), we choose
σ = 0.8, ρ = 0.1, µ = 0.2. In (3), we choose L = ‖M‖. Here, we compare our
proposed Algorithm 1 with the subgradient extragradient method (SEM) (2), and
the inertial subgradient extragradient method (Thong & Hieu) (3).
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Figure 9: Example 5.2:
k = 30, m = 10
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Figure 10: Example 5.2:
k = 30, m = 20
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Figure 11: Example 5.2:
k = 30, m = 30
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Figure 12: Example 5.2:
k = 30, m = 40
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Figure 13: Example 5.2:
k = 30, m = 50
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Figure 14: Example 5.2:
k = 30, m = 60
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Figure 15: Example 5.2:
k = 50, m = 10
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Figure 16: Example 5.2:
k = 50, m = 20
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Figure 17: Example 5.2:
k = 50, m = 30
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Figure 18: Example 5.2:
k = 50, m = 40

100 101 102 103 104 105
10-3

10-2

10-1

100

101

Figure 19: Example 5.2:
k = 50, m = 50
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Figure 20: Example 5.2:
k = 50, m = 60

We give an example in infinite dimensional Hilbert spaces. We give comparison of
our proposed Algorithm 1 with Algorithm (2), Algorithm (3) and the non-inertial
case of Algorithm 1 (when αn = 0).

Example 5.3. Let H := L2([0, 1]) with norm and inner product given as ‖x‖ :=( ∫ 1

0
x(t)2dt

) 1
2

and 〈x, y〉 :=
∫ 1

0
x(t)y(t)dt, x, y ∈ H respectively. We define the

feasible set C as: C := {x ∈ L2([0, 1]) :
∫ 1

0
tx(t)dt = 2}. Let us define the Volterra

integral operator F : L2([0, 1])→ L2([0, 1]) by

Fx(t) :=

∫ t

0

x(s)ds, x ∈ L2([0, 1]), t ∈ [0, 1].
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Then, F is monotone, bounded and linear with L = 2
π

(see Exercises 20.12 of [9]).
Observe that SOL 6= ∅ since 0 ∈ SOL and that (see [15])

PC(x)(t) := x(t)−
∫ 1

0
tx(t)dt− 2∫ 1

0
t2dt

t, t ∈ [0, 1].

We set the stopping criterion to be en := ‖xn+1 − xn‖ < ε where ε = 10−3. In our
proposed algorithm (1), we choose γ = 0.2, σ = 0.05, αn = 0.3 and for subgradient
extragradient method (SEM) (i.e., Algorithm (2)), we choose λ = 1

2L
while for the

Thong and Hieu Algorithm (3), we choose αn = 0.3 and λ = 0.01
2L

. We compared all
four algorithms with different initial points.

Table 3: Example 5.3 Comparison: Proposed Alg. 1, Non-inertial Alg. (αn = 0),
SEM Alg., and Thong & Hieu (T & H) Alg.

x0 = x1 Alg. 1 Alg. 1 (αn = 0) SEM Alg. T & H Alg.

37
5
tet No. of Iter. 63 87 919 16902

CPU time 1.0443× 10−2 1.5735× 10−2 0.13886 2.5550

97
12

(t2 + 7t) No. of Iter. 69 97 912 16605

CPU time 9.8188× 10−3 1.0992× 10−2 0.13403 2.5040
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Figure 21: Ex. 5.3: x0 = x1 = 37
5
tet
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Figure 22: Ex. 5.3: x0 = x1 = 97
12

(t2 + 7t)

Clearly, from all the three Examples presented above, our proposed algorithm 1
outperforms and highly improves the non-inertial algorithm (αn = 0), Shehu and
Iyiola Algorithm (3.2) in [51], subgradient extragradient method (SEM) (2), and
the inertial subgradient extragradient method (Thong & Hieu) (3) with respect to
number of iterations required and CPU time and achieved norm of the solution. See
Tables 1 - 3 and Figures 1 - 22.
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6 Final Remarks

We propose an inertial projection method for solving variational inequality problem
and give weak convergence result. The cost function is assumed to be monotone and
non-Lipschitz continuous. Our numerical implementations show that our method is
more efficient and outperforms some other related methods in the literature. Our
result is more applicable than the results on variational inequality where the Lips-
chitz constant of the cost function is needed. Our future project is focused on how to
extend the range of inertial factor αn beyond 1/3 and extend our results to infinite
dimensional Banach spaces.

Acknowledgements The authors are grateful to the anonymous referee and editor
whose insightful comments and suggestions improve the earlier version of this paper.
The project of the first author has received funding from the European Research
Council (ERC) under the European Union’s Seventh Framework Program (FP7 -
2007-2013) (Grant agreement No. 616160)

References

[1] F. Alvarez, Weak convergence of a relaxed and inertial hybrid projection-
proximal point algorithm for maximal monotone operators in Hilbert space.
SIAM J. Optim. 14 (2004), 773-782.

[2] F. Alvarez and H. Attouch; An inertial proximal method for maximal monotone
operators via discretization of a nonlinear oscillator with damping, Set-Valued
Anal. 9 (2001), 3-11.

[3] H. Attouch, X. Goudon and P. Redont; The heavy ball with friction. I. The
continuous dynamical system, Commun. Contemp. Math. 2 (1) (2000), 1-34.

[4] H. Attouch and M.O. Czarnecki; Asymptotic control and stabilization of non-
linear oscillators with non-isolated equilibria, J. Differential Equations 179 (1)
(2002), 278-310.

[5] H. Attouch, J. Peypouquet and P. Redont; A dynamical approach to an iner-
tial forward-backward algorithm for convex minimization, SIAM J. Optim. 24
(2014), 232-256.

[6] H. Attouch and J. Peypouquet; The rate of convergence of Nesterov’s acceler-
ated forward-backward method is actually faster than 1

k2
, SIAM J. Optim. 26

(2016), 1824-1834.

[7] J.-P. Aubin and I. Ekeland; Applied Nonlinear Analysis, Wiley, New York, 1984.

[8] C. Baiocchi and A. Capelo; Variational and Quasivariational Inequalities; Ap-
plications to Free Boundary Problems, Wiley, New York (1984).

[9] H.H. Bauschke and P.L. Combettes; Convex Analysis and Monotone Operator
Theory in Hilbert Spaces, CMS Books in Mathematics, Springer, New York
(2011).

19



[10] A. Beck and M. Teboulle; A fast iterative shrinkage-thresholding algorithm for
linear inverse problems, SIAM J. Imaging Sci. 2 (1) (2009), 183-202.

[11] R. I. Bot, E. R. Csetnek and C. Hendrich; Inertial Douglas-Rachford splitting
for monotone inclusion, Appl. Math. Comput. 256 (2015), 472-487.

[12] R. I. Bot and E. R. Csetnek; An inertial alternating direction method of mul-
tipliers, Minimax Theory Appl. 1 (2016), 29-49.

[13] R. I. Bot and E. R. Csetnek; An inertial forward-backward-forward primal-dual
splitting algorithm for solving monotone inclusion problems, Numer. Alg. 71
(2016), 519-540.

[14] X. Cai, G. Gu and B. He; On the O(1/t) convergence rate of the projection
and contraction methods for variational inequalities with Lipschitz continuous
monotone operators, Comput. Optim. Appl. 57 (2014), 339-363.

[15] A. Cegielski; Iterative Methods for Fixed Point Problems in Hilbert Spaces,
Lecture Notes in Mathematics 2057, Springer, Berlin, 2012.

[16] L.C. Ceng, N. Hadjisavvas, and N.-C. Wong; Strong convergence theorem by
a hybrid extragradient-like approximation method for variational inequalities
and fixed point problems, J. Glob. Optim. 46 (2010), 635-646.

[17] L. C. Ceng and J. C. Yao; An extragradient-like approximation method for
variational inequality problems and fixed point problems, Appl. Math. Comput.
190 (2007), 205-215.

[18] Y. Censor, A. Gibali, and S. Reich; Strong convergence of subgradient extragra-
dient methods for the variational inequality problem in Hilbert space, Optim.
Methods Softw. 26 (2011), 827-845.

[19] Y. Censor, A. Gibali and S. Reich; The subgradient extragradient method for
solving variational inequalities in Hilbert space, J. Optim. Theory Appl. 148
(2011), 318-335.

[20] C. Chen, R. H. Chan, S. Ma and J. Yang; Inertial Proximal ADMM for
Linearly Constrained Separable Convex Optimization, SIAM J. Imaging Sci. 8
(2015), 2239-2267.

[21] S. Denisov, V. Semenov and L. Chabak; Convergence of the modified extragra-
dient method for variational inequalities with non-Lipschitz operators, Cyber-
net. Systems Anal. 51 (2015), 757-765.

[22] Q. L. Dong, Y. J. Cho, L. L. Zhong and Th. M. Rassias; Inertial projection and
contraction algorithms for variational inequalities, J. Global Optim. 70 (2018),
687-704.

[23] G. Fichera; Sul problema elastostatico di Signorini con ambigue condizioni al
contorno, Atti Accad. Naz. Lincei, VIII. Ser., Rend., Cl. Sci. Fis. Mat. Nat.
34 (1963), 138-142.

20



[24] G. Fichera; Problemi elastostatici con vincoli unilaterali: il problema di Sig-
norini con ambigue condizioni al contorno, Atti Accad. Naz. Lincei, Mem., Cl.
Sci. Fis. Mat. Nat., Sez. I, VIII. Ser. 7 (1964), 91-140.

[25] R. Glowinski, J.-L. Lions, and R. Trémolières; Numerical Analysis of Varia-
tional Inequalities, North-Holland, Amsterdam (1981).

[26] K. Goebel and S. Reich; Uniform convexity, hyperbolic geometry, and nonex-
pansive mappings, Marcel Dekker, New York, (1984).

[27] P. T. Harker, and J.-S. Pang; A damped-Newton method for the linear comple-
mentarity problem, in Computational Solution of Nonlinear Systems of Equa-
tions, Lectures in Appl. Math. 26, G. Allgower and K. Georg, eds., AMS,
Providence, RI, 1990, pp. 265-284.

[28] Y. R. He; A new double projection algorithm for variational inequalities, J.
Comput. Appl. Math. 185 (2006), 166-173.

[29] D. V. Hieu, P. K. Anh and L. D. Muu; Modified hybrid projection methods for
finding common solutions to variational inequality problems, Comput. Optim.
Appl. 66 (2017), 75-96
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