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1 Introduction

The main aim in this work is to describe the analytic solutions and asymptotic behavior
of the solutions of a family of initial value problems in the complex domain. Such a family
consists of partial differential equations in two complex time variables of the form

Q(az)u(tlr t21 z, 6) = P(t/flJrlatl; t12<2+18t2; 85; z, f)u(tly tZyZ; 6) +f(t1y t2; z, 6); (1)

under given initial data (0, £,,z, €) = u(1,0,z,€) = 0. Here, Q(X) € C[X] and P(T1, T>, Z,
z,€) stands for a polynomial in (T4, T2, Z) with holomorphic coefficients w.r.t. (z,€) on
Hp x D(0, €p), where Hg stands for the horizontal strip in the complex plane

Hg = {ze C: ’Im(z)‘ </3}

for some B > 0, and D(0, €y) < C stands for the open disc centered at the origin with radius
€o for some small €y > 0. The symbol € acts as a small complex perturbation parameter in
the equation. Moreover, k;, k, are positive integers with 1 < k; < k;. The forcing term,
constructed in detail in Sect. 2, turns out to be a holomorphic function in C? x Hg x
D(0, €p). In this paper, we also adopt the notation D(0,r) for the closed disc centered at
0 € C and radius r > 0.

The precise constrains involving the parameters involved in each of the equations de-
termining the family of PDEs under study are described in Sect. 2.
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This is the continuation of a series of works devoted to the study of PDEs in the complex
domain under the action of two complex time variables. In [18], the authors studied a

family of nonlinear initial value Cauchy problems of the form

Q(3,)0y, 0y (1, £, 2, €) = (P1(0z, €)ulty, 12, 2,€)) (Pa (0, €)ulty, 1, 2,€))

+ P(t1, 5,0y, 0gy5 0zs €)us(tr, 2, 2, €) + f (L1, £2, 2, €), (2)

where the terms in Q, P, P, P; are such that the action of ; and ¢, is symmetric. Moreover,

we assume that the polynomial
7D(tl) Lo, atl; atz, 821 E) = Q(Bz)atl atz - Ll(tl) L2, atp atz) az, 6)1 (3)

where L, involves leading terms of the differential operator P, can be factorized in such a

way that each of the factors only depends on one of the time variables, i.e.,
P(tb Lo, atli 8L‘27 az’ 6) = 7Dl(tly atl ’ az: E)PZ(t27 atzr afa E)'

From this symmetric configuration one is able to construct families of analytic bounded
solutions ug, (¢1,t2,2,€) € Op(Ty x T x Hgr x &) for every 0 < h < -1, where Ty, T3, &
stand for open bounded sectors with vertex at the origin in C, 8” > 0, and (E,)o<n<,-1 is
a good covering of C* (see Definition 3). Moreover, an asymptotic behavior of such solu-
tions can be observed with respect to the perturbation parameter €. Indeed, there exists a
formal power series € > (¢, £, z, €) € E[[¢], where E stands for the Banach space of holo-
morphic and bounded functions defined in 7; x 75 x Hg» with the norm of the supremum,
which turns out to be a formal solution of (2). In addition to this, a multisummability result
joins both analytic and formal solutions (see [18], Theorem 2).

In the second study [15], the property of symmetry of the equations drops, and P in (3)
is no longer factorizable into two terms which only present dependence on one of the time
variables. This asymmetry causes that the procedure followed in [18] is no longer valid in
that second framework and the procedure followed differs from that in [18].

In both studies, a Borel-Laplace method is applied. In the symmetric case, the analytic
solution is constructed as the Laplace transform with respect to 7; and 1, of an auxiliary
function w(ty, 72), which is well defined in a domain of the form (S; U D(0, p)) x (S U
D(0, p)) for some p > 0 and certain sectors Sy, S, with vertex at the origin. Moreover, such
a function admits an exponential growth at infinity with respect to 7; € §; and 1, € S,.
This is the suitable configuration in order to apply Borel-Laplace techniques on each of
the variables involved and achieve summability results (see Sect. 5.1). On the other hand,
the asymmetric settings in the problem considered in [15] cause the function & (73, 72) only
be defined in sets of the form S; x (S; U D(0, p)), and a small divisor phenomenon is ob-
served. Therefore, the summability conditions are not satisfied, and a different approach,
focused on studying the natural domains and asymptotic behavior of w(zy, 72), and apply-
ing summability results asymmetrically, has to be followed.

In this sense, this work is concerned with a family of equations in which none of the
previous strategies is satisfactory. On the one hand, the symmetric situation does not hold

in the present work, so the strategy followed in [18] is not available. On the other hand,
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the strategy considered in [15] does not apply because the auxiliary function w(t;, 72) re-
quires that, at least for one of the variables, a neighborhood of the origin is contained in
its domain of definition. This is not the case, so a summability procedure cannot be fol-
lowed. The reason for failure is that the deformation path accomplished when computing
the difference of two consecutive solutions of the main problem, written as the Laplace
transform o, is no longer applicable. A small divisor phenomenon occurs, which does not
allow to determine the Gevrey orders involved in the relationship between the analytic
and the formal solution. The precise reasoning on the failure of this procedure is detailed
in Sect. 2.1.

A second novelty in the present work is the appearance of two different kinds of families
of analytic solutions of the main problem for which one can give a picture of their asymp-
totic behavior with respect to the perturbation parameter. Following the terminology in
the study of boundary layer solutions of equations, we distinguish the inner solutions (see
Sect. 4.1) and the outer solutions (see Sect. 4.2) of the main problem and describe their
asymptotic representation with respect to the perturbation parameter near the origin.
A recent work by the authors [17] constructs boundary layer expansions for certain initial
value problem with merging turning points, regarding inner and outer solutions, which
only considers the action of one time variable in the equation. In that previous work and
also in the present work, the Gevrey orders of the asymptotic representation of the inner
and outer solutions are different in general. As mentioned, we observe a comparable phe-
nomenon in the present situation. However, in our context the inner solutions might not
be A1k;-summable in general for some 1, > 0 to be precised.

The so-called inner and outer expansions are of great interest in mathematics under the
theory of matched asymptotic expansions. For a detailed theory on this subject, we refer to
classical textbooks such as [3, 7, 11, 20—22]. For the general aspects on Gevrey asymptotic
expansions in this context, we refer to the book [9].

It is worth mentioning that the special solution u(t;, £, z, €) of the main problem under

study (1), which is constructed in this work, satisfies the partial differential equation

5 A1ky V4 Aaky q
Ppq(u) := E—tlf1+13t1 -(€ tlz(ﬁlatz u=0 (4)
ky ko

for (p,q) € N? satisfying pk; = gk,. Moreover, the forcing term f(¢1, t,,z, €) in (1) satisfies

Pyof =0. (5)

One may choose (p,q) := (ky, k1) or other generator (p,q) = (gcd(ky, k2)) "L (kz, k1). There-
fore, the present study can be seen from the point of view of the asymptotic behavior of a
family of special solutions to the system of singularly perturbed partial differential equa-
tions (1) and (4) satisfying the compatibility condition (5).

The study of singularly perturbed PDEs in the complex domain is a topic of increasing
interest. In 2015, Yamazawa and Yoshino [23] studied parametric Borel summability in
semilinear systems of PDEs of fuchsian type and of combined irregular and fuchsian type
by Yoshino [24].

The theory of monomial summability was put forward by Canalis-Durand, Mozo-
Ferndndez, and Schifke in [4]. Recently, Carrillo and Mozo-Fernandez have studied fur-
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ther properties on monomial summability and Borel-Laplace methods on this theory in
[5, 6], and this technique has been successfully applied to families of singularly perturbed
ODEs and PDEs.

We now give a general overview of the sections in which the present study is divided
and the main results obtained. The statement of the main problem under consideration
is settled in Sect. 2, where we give arguments on the reason of failure of the methods
used in [15, 18] in this family of PDEs (see Sect. 2.1) and determine the shape of the an-
alytic solution as a Laplace-like transform of a function related to the meromorphic ker-
nel §2 provided in (18) (see Sect. 2.2): given two good coverings of C*, (5,?1)05;,15[1_1 and
(E1y Jo<hy <t,-1, with the first good covering consisting of sectors with wide enough opening

(see Definition 3), we construct two sets of analytic solutions of (1) in the form

1 o0 u \N u \©
oyt n )= omym | )y, Ao\ ey ) e
.y
)

d
X exp(izm)—u dm, j=1,2.
u

The elements of the first family are constructed on a domain of the form 7; x (7, N
D(0, p2)) x Hgr x 5,91 for some p; > 0. The elements in the second family are constructed on
domains of the form 77 x T, x Hpr X 5;;. Here, 7; is a bounded sector, 75 is an unbounded
sector, and the direction &, € R is an appropriate argument, the set 7, is a bounded sec-
tor that depends on € € &7 and tends to infinity with € — 0; A1, 4> € N. The function
w(u, m, €) comes as a result of a fixed point argument in the Borel plane, in certain Banach
spaces of functions (see Sect. 2.3 and Sect. 2.4). We finally relate the analytic solutions
to an asymptotic representation in different subdomains achieving the construction and
asymptotic results on the inner solutions (see Sect. 4.1) and on the outer solutions (see
Sect. 4.2). In both situations, we provide differences of consecutive solutions (in the sense
that they are associated with consecutive sectors in the fixed good covering) and apply the
Ramis—Sibuya theorem (see Theorem (RS)) to arrive at the existence of a common asymp-
totic representation of all the inner solutions and an asymptotic representation of all the
outer solutions. This asymptotic behavior appears in the form of Gevrey asymptotic ex-
pansions of order 1/(A1k1) with respect to the perturbation parameter € on &7 regarding
the inner solutions, whilst 1,k;-Gevrey summability can be observed regarding the outer
solutions, with respect to the perturbation parameter (see Theorem 4).

The paper is organized as follows.

In Sect. 2, we state the main problem under study and analyze different ways to approach
the problem. The section ends with the construction of the solution to an auxiliary prob-
lem in the Borel plane within a Banach space of functions with exponential growth and
decay. In Sect. 3, we study the solution of an auxiliary problem, which turns out to be cru-
cial in the sequel. Section 4 is devoted to the construction of the analytic solution of the
main problem in addition to the inner and outer solutions. The work ends in Sect. 5 with
the study of the parametric Gevrey asymptotic expansions of both types of solutions in
appropriate domains, with respect to the perturbation parameter. The last section is fo-
cused on the technical proof of Lemma 4, left at the end of the paper for the sake of clarity

in the ongoing argumentation.
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2 Statement of the main problem and solution of an auxiliary problem
Our main aim in this work is to provide analytic and formal solutions to the main problem
under study (1) and give information about the asymptotic behavior relating both. In this
section, we detail the elements involved in the main problem under study and provide dif-
ferent approaches which might be followed in order to search analytic and asymptotically
related formal solutions.

Let 1 <k < ky and Dy, D, > 2 be integers. We also fix A;,A, € N. For 1 < ¢; < D; and
1 < ¢, < D,, we consider nonnegative integers 8;,, §¢,, and Ay, .

We assume that

Ap,p, = Mkidp, + Aakadp,, Aoky > Aiky, (6)
Afllz > )"lklaﬁl + )‘2k25@27 k18D1 + k28D2 > kl(sﬁl + k28521

1<6<D1-1,1<{,<Dp-1. (7)

We consider polynomials with complex coefficients Q, Rp,p,, and Ry, ¢, for every 1 <
€1 <D;—-1and1<4{y; <Dy —1.We assume that

Q(im)

& meR, (8)
RD1D2 (lm)

Q.Rp;p,’
where Aqgp, Rp, stands for the sectorial annulus Agr), Dy defined by
L 2
{zeCirgry ,, =121 <14, »218(2) € (@QRp, b, Bakp,p,) ]

1 2 ;
for some 0 < TQRp, b, <TQRp,p, and aqgrp, p,» Barp,p, € R With aqry, p, < Barp,p,- In ad-
dition to that, we assume

deg(Rfllz) = deg(RD1D2)1 1 =< El =< Dl - 1) 1 =< EZ =< D2 - 1;
€
RD1D2 (lWl) 7/0, meR.

We consider the main initial value problem under study:

Q(az)u(tl: tZ)Z’E)
k1+1 3 ko+1 )
= EADlDz (t11+ 8!]) P1 (t22+ atz) DZRDlDz(aZ)M(tI’ t21 Z,E)

Kl NS (dotla 18
+ Z €2t (1779, ) " (6527 0 ) 2 coy0, (2 €)Rey 0, (3 ult, £, 2, €)

1<¢1<D;-1
1<lp<Dp-1

+f(t,t,2,€), (10)

under given initial conditions u(0, £, z,¢) = 0 and u(t;,0,z,€) = 0.
Let €y > 0. For every 0 < ¢; <D; —1and 0 < £, <D, — 1, the functions c;,¢,(z, €) are

holomorphic on Hg x D(0, €p). They are defined by the inverse Fourier transform

1 o0 .
CK152(Z, 6) = ]:_1 (m = C@lgz(m,e))(z) = W /:OO Cllez(m,€)€lzm dm,
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where m — Cy, 4, (m, €) is continuous for m € R and satisfies uniform bounds with respect
to € € D(0, €p). More precisely, there exists C¢,¢, > 0 such that

Cl][z
sup |Cyp,(m,€)| < ———=—exp(-Blml|), meR, (11)
eeD(O,eo)‘ " ’ (1 + |m|)l’- ( )

for some pu > 0.

f is a holomorphic function in C* x C x Hg x (D(0,¢€) \ {0}) for every 0 < 8’ < . The
details of its construction are given in Sect. 2.2.

We look for time rescaled solutions of (10) of the specific form

uty, tr,z,€) = F ' (m > U(eM ty, €t m, €)) (2). (12)
Accordingly, we assume that the forcing term writes in the same manner:
f(tl! tZ; zZ, 6) = f_l (m = F(e}hl tlr €A2t21 m, E))(Z), (13)

where F(T1, T, m,€) is holomorphic with respect to (T3, T») on certain domain in C2,
continuous with respect to m in R, and holomorphic with respect to € on the disc D(0, €p).

In view of (6), the classical properties of Fourier inverse transform, and the definition of
f and ¢y, 4,, we get that the expression U(T}, T, m, €) turns out to be a solution of

Q(lm)u(Tl) TZ, m, 6)
+ s + 8 .
= (1507, ) P (T3> 97,) ™2 Rpy p, (im) U (T, To, my €)

} : - - k1+1 3 ko +1 3
+ GAZIKZ )lelrsgl A2k2552(T11+ aTl) 51 (T22+ aTZ) [2)
1<¢1<D;-1
1<lp<Dp-1

1 o0 ’
X (27)1/2 _/ Cope,(m —my, €)Ry, g, (imy )U(T1, T, my, €) dimy
—00

+F(T1’ T2rm’6)' (14')

2.1 Afirstapproach
As a first approach, one is tempted to follow the techniques used in the previous works of
the authors dealing with singularly perturbed partial differential equations in two complex
time variables such as [12-14]. On the one hand, the family of equations studied in [18]
shows a symmetric role of the time variables in the equation. Although this is the case for
(10), in that previous study it holds that the principal part of any of the equations in the
family is factorizable as a product of two operators which split the dependence on the time
variables. For this reason, that procedure is no longer valid in the present framework. On
the other hand, the study made in [15] does not fit the main problem under study, as it can
be deduced from the forthcoming argument.

We search for solutions U(T1, T, m, €) of (14) of the form of a double Laplace transform

udl,dz(Tlt TZ; m, E)

klkz / / < <M1>kl (uz)k2>du1 dbtz
=— = w(u1, Uy, m,e)exp| - — - = —_— (15)
(2m)12 Lay ILay S P T T, uy up
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along well chosen halflines Ly, = R,e%VL, with d; € R, j = 1,2. Accordingly, we assume
that the forcing term F(T7, T,,m, €) is written in a similar way:

kiks ~ u \ M U k2 duy du,
F(Ty, Ty, m,€) = (2;)1/2 / / F(upumm,e)exp(—(%) - <T =
Ldl Ld2 1 2 1 2

where F(uy, u5, m, €) defines a holomorphic function on C2 with respect to (i, #5), con-

tinuous with respect to m € R, holomorphic with respect to € on D(0, €).
Let

P, (11, 73) = QUim) - (ki)™ (ka3?) " Rp, py (i), (16)
We consider the related problem

(Qim) - (ky rlkl )‘SDl (k rfz)sDz Rp, p, (im))w(t1, T2, m, €)

_ _ k1\¢ ka\§
— 2 EAKIZZ )»1/(15[1 )kaégz (kltll) 51 (k2T22) o

1<¢1<D;-1
1<tp=<Dy-1

1

o0
X W/ Coye,(m — my, €)Ry, g, (im1) (1, To, 11, €) dimy
-0

+ F(11, 7o, m, €). (17)
Under the previous construction, the following proposition holds.

Proposition 1 Under the previous construction leading to (17), it holds that the possible
actual holomorphic solutions w(ty, Ty, m, €) of (17) cannot be defined on any set of the form
(S1 UD(0, p)) x Sy (resp. S1 X (S2 U D(0, p))) with respect to (11, T2) for any p > 0 and any
unbounded sectors Sy, Sy with vertex at the origin in C, i.e., S; = {z € C: arg(2) € (o, B))} for
some real numbers oa; < B and j = 1,2.

Proof Since equation (17) exhibits a symmetric behavior with respect to 7; and t,, we
only give details on the first of the previous statements, whilst the second follows from a
symmetric argument.

Fix m € R and let py > 0. We consider 15 € S, such that

2 1
%l >< Torop, 1\
21 = k16p, ;0D 19D :
(po/2)™°P1 ki k2

We derive that any t; € C such that P,,(71, 12) = 0 would satisfy that

rklt‘iDl TIQBDZ _ Q(lm) 1
L2 7 Rpop, (im) (%01 1300
Dby ky "k,

which entails

k18
1 1 0\ ¥1901
|T1|k15D1 S 5 V(ZQR 3 3 S ,0_ .
|7y k292~ D1, lel k2D2 2
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It follows that all the k;8p, roots of 7; = P,,(71, 72) for such choice of 7, belong to the disc
D(0, po). The limit pg — 0 concludes the result. a

As a matter of fact, a small divisor phenomenon is observed, which does not al-
low a summability procedure. Moreover, the possible actual holomorphic solutions
(11, T3, m, €) of (17) are only expected to be well defined and holomorphic on products
of sectors with infinite radius, say S; x S,. This construction does not allow us to use the
procedure applied neither in [18] nor [15] in order to analyze the asymptotic properties
of the solutions with respect to the small perturbation parameter € (see the introduction
of this work for further details).

2.2 Second approach
In view of the failure of the approaches in [15, 18] (see Sect. 2.1), we need to adopt another
perspective.

We search for solutions of (14) of the special form

u\~ u \*\ du
Uy (T, Tr,m,€) = / o(u, m,e)exp(—(—) — (—) )—
Ly Tl T2 u

=/ w(u, m,e)82(u, Tl,TQ)d_u, (18)
Ly u

where L, stands for a halfline departing from the origin and with bisecting direction of
argument given by d € R for some d € R to be determined. Accordingly, we assume that
the forcing term F(T1, T, m, €) is expressed in a similar manner. Let ¢ : C x R x D(0, €p) —
C be an entire function with respect to the first variable, continuous in R with respect to
the second one, and holomorphic with respect to the third variable on the disc D(0, €p).
Moreover, there exist Cy, B, u,v € R, with Cy, 8,v > 0 and

M>1+deg(Rlllg)) 1§£1§D1_1715825D2_1;

such that the following bound holds:

C /
|1/f("-',m,€)| = me—ﬂlm\ exp(\)|t|k )|"-'| (19)
for all (z,m,€) € C x R x D(0, €p) and some k; < k' < k. In this situation, it is straightfor-
ward to check that the function

k1 ko d
F(Ty, Ty, m,€) := N W(u,m,e)exp(—<%) —<%) >7u, (20)

where L, = [0, oo)ey‘m , can spin around the origin in order to guarantee that F is a holo-
morphic function on C* x C with respect to (71, T>) by analytic continuation. The corre-
sponding forcing term f (¢, tp, m, €) expressed in (13) is holomorphic on C* x C x Hgr x
(D(0,€9) \ {0}) forall0< B’ < B.

Our idea consists on merging the double integral Laplace transform along the product
L4, x Ly, from the first approach in (15) into a simple integral along a halfline L; € C. Ge-
ometrically, it consists in a projection on the diagonal part (1, u) € C2, u € C of the space
C2. The advantage is that the related problem associated with the Borel map w(u, m, €)
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(see (21)) involves now P,,(t, T) as a denominator which is this time well defined on a full
neighborhood of 0 w.r.t. T and analytically continuable along unbounded sectors S; with
suitable directions d € R. As a result, the asymptotic analysis in € becomes a tractable
task. The drawback of this approach concerns the class of equations we are able to handle,
which is reduced compared to our previous studies and contains linear PDEs with special

time reliance.

Remark Observe that in the case kj = ky, the function U, turns out to be a Laplace trans-
form of order k; in the meromorphic function

1
N, 1) = 41
(Z)a+ (B
near 0 € C2. That situation is directly linked to a summability procedure with respect to a
germ of function in C2, as described in [19]. However, in our situation, the function 2 is
meromorphic near 0, not analytic.

Under the hypothesis that the solution of (14) is of the form (18), w in (18) solves the
problem

(Q(im) - (k1 rh )(SD‘ (kzrkz)(SD2 Rp,p, (im))a)(f, m,e€)

— - ) )
— 2 EAZIEZ )lelfsi,l kzkz(?gz (klfkl) 51 (szkz) %)
1<¢1<D;-1
1<tr<D-1

1 o .
X ——m / Coyey(m —my, €)Ry g, (imy)w(t, my, €) dmy + (T, m, €). (21)
@2m)12 J o
We substitute (17) by (21) as an auxiliary problem in order to solve the main equation. In
the next section, we study some spaces of functions which are involved in the construction
of the solution of (21).

2.3 Banach spaces of functions with exponential growth and decay
The Banach spaces described in this section are modified versions of those appearing in
[12]. We omit the details which can be derived directly from that work and the variations
of that norm stated in [15, 18].

We fix positive real numbers 8, i, v, with x> 1, and an integer kK’ > 0. Let p > 0 and S,
be an open and unbounded sector with bisecting direction d € R, i.e.,

Siq = {ze(C:arg(z)e(d—a,d+u)}

for some a > 0. We denote by D(0, p) the closed disc centered at 0 and positive radius p.
Firstly, we recall some classical properties of the inverse Fourier transform, which are
used in our construction.

Definition1 We denote by E 3 ,,) the vector space of continuous functions 1 : R — C such
that

| 2(m) ”(ﬂ,u) = su%(l +|m|)" exp(Blml)|h(m)]

is finite. The space Eg,,) equipped with the norm | - ||, is a Banach space.
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Proposition 2 Let f € Eg ). The inverse Fourier transform of f, given by

F 1)) = (271% [;wf(m) exp(ixm)dm, xcR,
can be extended to an analytic function on the horizontal strip

Hg = {z € C/|Im(2)| < B}. (22)
Let ¢(m) := imf (m) € Ep,;,_1). Then the following statements hold:

(@) 9, Ff)(z) = F 1 (¢)(2) for z € Hg.
(b) Let g € Eg ), and consider the convolution product of f and g:

1 o0
W)= s [ = m)gtomy) i

Then 1 € Eqp,) and F1(F)(@) F1g)(2) = F- () (2), z € Hy.

Definition 2 We write Expfvv B k) for the vector space of continuous complex-valued
functions (z,m) > h(t,m), defined on (S; U D(0, p)) x R, holomorphic with respect to
T on S; U D(0, p) such that

1

- K Blm]| K
”h(‘L’,WZ) H(V’ﬂ‘#,k,) = sup (1 + |m|) e’ exp(—vltl )m|h(t,m)|
1€S,4UD(0,p),meR
is finite. The normed space (Expfl\,,ﬂ%k/)y Il - llw,8,1,k)) is @ Banach space.
The next result is straighforward from the definition of the norm || - ||,g,.,k/)-

Lemma 1 Let (t,m) > a(t,m) be a bounded continuous function of (D(0,p) U S;) x R,

holomorphic with respect to t on D(0, p) U S,. Then, for every h € Expfv’ iy it holds that

d

a(t,mh(t,m) Exp(v,ﬁ,u,k’

) and

|a(t, m)h(z,m) ||(,,,,g,ﬂ,k/) < ( sup |a(z, m)|> [z, m)| o)
(z,m)e(D(0,p)US ) xR

The proof of the next result follows analogous arguments as those in Proposition 2 in
[16], and we refer to that work for a complete proof.

Proposition 3 Let Ry, R, € C[X] such that
deg(R;) > deg(Ry), Ry (im) #0, w > deg(Ry) + 1.
Givenf € Eg,)and g € Eprlv,ﬂ,u,k’)’ then it holds that the function

1
Ry (im)

D (t,m):= / f(m —my)Ry(imy)g(t, my) dmy

d

is an element of EXp(, ;1

Y and there exists Cy > 0 such that

” @(t,m) ” W k) = G Hf(m) ” (B.0) Hg(r, m) ” W, B k')’

Page 10 of 24



Lastra and Malek Advances in Difference Equations (2020) 2020:20 Page 11 of 24

2.4 Solution of an auxiliary equation
At this point, we provide a brief summary on the strategy to trace. We continue with the
approach described in Sect. 2.2, searching for solutions of (14) in the form (18). In this
section, we guarantee the existence of w(t, m, €) by means of a fixed point argument in the
Banach space of functions introduced in Sect. 2.3.

At this point, we follow a similar guideline as the one initiated in our former study [12].

We consider the following polynomial:
Pon(t) = Pon(t,7) = Qlim) — KPP hd0i+k2ma R 1 (i) (23)

In the following, we need lower bounds of the expression P,,(r) with respect to m and .

In order to achieve this goal, we can factorize the polynomial w.r.t. 7, namely
k15D1 +k25D2—1
) )
Pyu(t) = k'K *Rp,p,(im) [T (= aqulm)), (24)

1=0

where its roots ¢;(m) can be displayed explicitly as follows:

1
|Q(im)| > k19p; +k23p,

R $ B
|RD1D2 (lm) |k1D1 k2D2

-1 Q(im) 9l
xexp( p————~—| arg o, )t 2T
10p; +K20D, Rp, p, (im)ky " ky

forall 0 </ <kép, +kodp, — 1, forall m e R.

qi(m) = <

We set an unbounded sector S; centered at 0, a small disc D(0, p), and we adjust the
sector Agry, p, in @ way that the following condition holds: a constant m > 0 can be chosen
with

|t —qu(m)| = m(1+|7]) (25)

forall 0 <! < kiép, +k28p, —1,all m € R, provided that t € S;UD(0, p). Indeed, the inclu-
sion (8) implies in particular that all the roots g;(m), 0 <! < k18p, + k26p, — 1, remain apart
of some neighborhood of the origin, i.e., satisfy |q;(m)| > 2p for an appropriate choice of
p > 0. Furthermore, when the opening of Aqgj, j,, is taken close enough to 0, all these
roots g;(m) stay inside a union U/ of unbounded sectors centered at 0 that do not cover a

full neighborhood of 0 in C*. We assign a sector S; with
SaNU =02.
By construction, the quotients g;(m)/t fall apart some small disc centered at 1 in C for all

€S, meR,0<I<kép, +kdp, — 1. Then (25) follows.

We are now ready to supply lower bounds for P, (7).
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Lemma 2 A constant Cp > 0 (depending on ki, ky, 8p,, 8p,, m) can be found with
|Pn(1)] = Co|Rpyp, (irm)| (1 + [ ]) P12 (26)
forallt € S;UD(0, p), all m € R.
Proof Departing from factorization (24), the lower bounds (25) entail
|P(0)] = kg™ Ky 2 k1900 k290s Ry, ()| (14 [ )22 202
forall T € S; UD(0, p). O

Lemma 3 Assume that conditions (6)—(9) hold on the elements involved in problem (10),
with forcing term f determined by the construction and conditions in (19)—(20). We single
out a sector S, that fulfills the constraints from the construction above.

Then there exist €y, >0 and &, > 0 (depending on ki, ky, 8p,, 8p,, Q, Rp,p,) such that
if Cy <&y, then for every € € D(0, €y) the map H. defined by

He(w(t,m)) = p 1(r)( I ednnhikiy kb (k) (gl e
m 1<t;<D;-1
1=6,<Dy-1
1 o0
X 2n)i’ [w Ceye,(m — th)R(ilZz(lml)w(frml)dml)
+ Pm(r)l//(r,m,e) (27)

satisfies the following properties:

(i) H(B(0,)) C B(0, ), where B(0, @) is the closed disc of radius w > 0, in

d
EXP{, k)

(ii) We have

1
[He(@1) = He(ws) ”(v,ﬂ,;/.,k’) =5 w1 = 2l (v,p,.k%)

forall w1,y € B(0,w) C Expﬁ)’ﬁ,u,k,).

Proof Take w € Eprlv,ﬂ,u,k/) and € € D(0,¢p). Let 1 <4y <Dy -1and 1<¢, <D, - 1.

Bearing in mind Lemma 1, Proposition 3, from (9), (11), and (26), we have

GAZIZZ —)»1/(1851—)»2/(25(2 (kl_’:kl)all (kzl_kz)séz

1 e Celez(m —m, E)Rllez(iml)
X
@)V J o Pyy(7)

w(t,my) dm,
W81k

|T |k1541 +k23(2
< Cl(eo) sup

(1 2 1-1\k18D; +k2dp,,
1€S,4UD(0,0),meR (1 + |z|)frop1+i2oDy

X

1 o)
Rowpy ) .o, 120 = R0 imeo(e, ) d
RD1D2(im) f_m hlz(l’ﬂ my, €) Z1lz(lm)a)(1: my) dmy

W,k

< C(€0)C1CoCyye, Ha)(t,e)”(u,ﬁ'“'k,) < C(e0)C1CoCyy iy s (28)
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where

éAzlzzz—Mkl@tzl—lzkz% k5ll—5D1 k% =8D,
0 1 2
C(eg) = sup

1<t;<Dj-1 (277) 12 CpmF19D1 k20D,
1<lp<Dy-1

>0,

is such that C(eg) — 0 for g — 0, and

|T |k15¢1 +k25g2

(1 + |‘L' |)k16D1 +k25D2

G =
reSdUD(Op ),meR

On the other hand, in view of (9), (19), and (26), we derive that

H L yeme) < Sy <G
T,m,e€ = sup ; = L3Sy
P(7) aBk)  res,uD0,) CplRpypy (im)|(1 + |7 ])f1°01 42002
meR

for some C3 > 0.
Let @,&y,€0 > 0 such that C(eg)CiCo(D 1<e1<1-1Cry0)w + &y Cs < w. Under this

1<¢p<Dy-1
choice, we get that #, is such that H.(B(0, z)) C B(0, ). For the second part of the proof,

we choose w1, w; € Exp W Bk) with [|wj|l(v,8,.k) < @. Analogous estimates as in (28) yield

eDeyty—r1kide) ~hokade, (klrkl)‘sh (k kz)‘sfz RK1£2 (im)

( 1(1’, Wl) - (,()2('[, Wl))

Py(7) Bk
C(EO)CI CZCZ1€2 le(‘[’ m) - (,()2(1', m) H W Bok')’ (29)
and consequently
[He(wr) -H wz)” gy = C( 60)C1C2< Z Celzz)
1<¢1<D;-1
1<ly<Dy-1
x |1z, m) — wa(t,m) | (30)

(V:Bspk’)*

Let € > 0 be such that C(ep)C1C, ZI<L’15D1—1,1§L’2§D2—1 Cey¢,) < 1/2. This entails that H,
is a contractive map in B(0, ) C Exp k') O

As a consequence of Lemma 3, we achieve the next result.

Proposition 4 Assume that the hypotheses of Lemma 3 hold. Let w > 0. Then there exist
€0 >0 and &y > 0 such that if Cy <&, then for every € € D(0,€), equation (21) admits a
solution w(t,m,€) € Expfvﬁ,ﬂ,k,), with |lo(t, m, €)llw,pui) < @.

Proof By the classical fixed point theorem in Banach spaces, Lemma 3 guarantees the exis-
tence of a function w(t,m,€) € B(0,w) C Exp (o, k) such that H.(w(t,m, €)) = w(t, m, €)
for every € € D(0,€p). Moreover, the function w(z,m,€) depends holomorphically on
€ € D(0, €). One can directly check that this fixed point is a solution of problem (21). [

Page 13 of 24
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3 Actual solutions of auxiliary problem (21)

Let £ be a bounded sector of C* with vertex at the origin. Let d € R be the bisecting
direction of an unbounded sector S, satisfying the hypotheses of Proposition 4. Let w, be
the solution of (21) constructed in Proposition 4. Let 7~'1 be a bounded sector with vertex
at the origin, i.e., Ti={zeC: arg(z) € («, B), |z| < p} for some o < B and p > 0, and let T
be an unbounded sector with vertex at the origin. We choose each of the previous sectors

and small enough § > 0 in order to satisfy that
ki — kyarg(T)) € (-%ﬂs,%-a), j=12, (31)

forall T; € 7~]7, some & € R (which might depend on T} and T5) under the assumption that
6'5*/7_1 S Sd.

In particular, observe that there exists §; > 0 such that cos(k;§ — k; arg(71)) > &; for every
T, € T;. Moreover, there exists 8, > 0 such that cos(ky& — kyarg(T,)) > 8, for every T, € Ts.
The function U; defined in (18) turns out to be an actual solution of auxiliary problem

(21) in the domain 77 x 75 x R x £. Moreover, the following estimates hold:

|UE(T17T21W176)|
K 00 7
_ @+ |ml) /e”rk
0

eBlm]

ki k2
X exp(—m cos(ki& — ky arg(T1)) — T cos(kz& — ky arg(Tz))> dr

<@ (1+|ml) "eP"L(T1|, | T2]), (32)
where
00 , k1 ko
K r r
L(ITy,|T»|) = vr 81— ———8, ) dr.
(11,1 T3)) /0 e exp( T T 2) r

Due to K’ € (ki, k), the function L(x, y) is well defined in {(x,y) € R : x>0,y > 0}.
We write L(|T1,|T2|) = Li(IT1l, | T2l) + La(| T1 |, | T2 ), with

P ; &1 §1— ) 5
L1(|T1|,|T2|)=/ e e T ik * dr,
0
33
ook,_,kl l_rk282 (33)
L2(|T1|,|T2|)=/ e e 1T ke g,
P

for some p > 0.
The proof of the following technical lemma is left to Sect. 4 at the end of the work in

order not to interfere with the ongoing arguments.

Lemma 4 The following statements hold:
(1) There exists C1 > 0 such that 0 < Li(|T1|,1T2|) < Cy for all |T1|,|T>| > 0.

Page 14 of 24
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(2.a) Let p1 > 0. There exists large enough p$° > 0 such that

ok

-5 ko
Ly(IT11,1Tol) < Coge NI | Ty ¥

’ -1 1 k//(kz—k/) ’ ’
X exp<v(l—k k) <8_> |T2|k2k (koK )) (34)
2

Sor all |T1| < p1 and |T3| > p5°, and some Cy, > 0.
(2.b) Let p1, p2 > 0. Then it holds that

,Okl ka
L2(|T1|¢ |T2|) < Cyp exp(— AR 81) exp(_2|T k2 82)
1 2

forall |T1| < p1 and |T3| < pa, and some Cyp, > 0.

Following our new approach, we are able to construct global solutions U (T, Ts, m, €)
in the time variable T on an unbounded sector 75. This was not possible in our two pre-
vious studies [15, 18], where only local in time solutions were built up. This feature allows
us to study the asymptotic expansions w.r.t. € in two different situations: when 7, remains
in a prescribed bounded domain (which is related to the forthcoming outer solution, con-
structed for the main equation (10)) and when T, tends to oo in a related manner with €
(linked to the inner solutions of (10) that we plan to build in Sect. 4.1).

4 Inner and outer solutions of the main problem

In this section, we preserve the conditions established in the statement of the main prob-
lem under study in Sect. 2. More precisely, we assume that conditions (6)—(9) hold on the
elements involved in problem (10), with forcing term f determined by the construction
and conditions in (19)—(20).

Our main aim is to construct solutions of the main problem (10) together with their
asymptotic behavior in different situations. This will be done via (14) and shape (18), as
stated in our second approach in Sect. 2.2.

We first specify some geometric constructions on the domain of definition of the solu-
tions. First, we recall the definition of a good covering in C*, and that of a good covering
of prescribed opening.

Definition 3 Let (1,1 > 2 be integers. We consider two sets (5’,?1 Jo<m<y-1 and
(5,320)05;,232,1, where 501, Ehoj C D(0, o) are open sectors with vertex at the origin which
satisfy the following assumptions:
(i) 521 N 521“ Z @ forall 0 <hy <t; -1 (with 5101 :=&)) and h”; N Z;’H # ) for all
0 <hy <iy—1 (with g;o = gooo)

(ii) The intersection of three different elements of each family is empty.

(iii) The union of the elements of each family covers a punctured disc centered at 0 in C.

(iv) The opening of 521 is larger than 7w /(A2ky) forall 0 < /g <3 —1.
Then we say that (521 Jo<h<y-1 is a good covering of C* of opening m/(A2k>), and

(€ Jo<hy<i,-1 1s just called a good covering in C*.

Definition 4 Let 77 be a bounded sector with vertex at the origin, and let 7, be an un-
bounded sector with vertex at the origin. Let (521)05;,15[1_1 be a good covering of C* of



Lastra and Malek Advances in Difference Equations (2020) 2020:20 Page 16 of 24

opening 7/(Ayk;), and let (5;;’)05;125[2_1 be a good covering in C*. For every 0 < i1 <
1 -1, let Sghl be an unbounded sector of bisecting direction dj,, and let S;‘;z be an
unbounded sector of bisecting direction dj, for all 0 < /1, <1, — 1. We say that the set
{711, T, (5,31)051115,1_1, (521)051415”_1} is admissible if there exists § > 0 such that

ki, — k;arg(€t) € (_% +4, % - 5), j=1,2, (35)

for all t; € T}, some &, € R (which might depend on #; and ¢) such that V-1 ¢ Sdhl ,and
alle e &) .
The set {71, 75, (5;;)051125!2_1, (522)05;425[2_1} is said to be admissible if it holds that there

exists small enough § > 0 with

ki, — K arg (i) € (—% 48, % - 5), j=12, (36)
for all ¢; € T}, some &, € R (which might depend on ¢; and €) such that V1 ¢ Sdh2 ,and
all e € 5;1’;.

4.1 Construction and results on the inner solutions
Definition 5 Let uy > A, be an integer in such a way that
Ak > ( A2) 1_1Y" (37)
> - ——— .
1K1 > (U2 = A2 Kk

Let x5° be the bounded domain

x5° = {%2 € C* : ryo0 < 2] < Roo0, arg(x2) € (002,00, Boioo) }

for some real numbers 0 < 73,00 < Ry oo and @900 < B2,00-
We assume that the good covering (£;7)o<n,<i,-1 satisfies the next additional condition:
for all 0 < &, <15 — 1, we can choose ), € R (which depends on 8;;) such that, for all

% € x5 and € € &7, the complex number

tr = x_Ze()hz\/j (38)
eHn2

belongs to 7, for all € € £7. Then we define the set

X2 g, V1 00
Toe s = {—e ) 1Ky € Xgo f-

em2

Remark Observe that 75 ., € T, forevery e € 5,‘1’2" and 0 < /15 <1y — 1. In addition to this,

observe that 7 ,, is a bounded domain for every € € 5,3; for 0 < hy <1y — 1 with

lim _ dist(73e ,,0) = 00.
E%O,GESZ;
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Theorem 1 Let {71, 7s, (85;)05;125[2_1, (S;O,;)Oshzszz—l} be an admissible set. For every 0 <
hy<iy—lande € 5"20, the function

(tl; b, Z) = udh2 (tlx t,z, 6)’
where

Uy, (t1,t2,2,€) := .F_l(m — L[gh2 (e’\ltl,e“tz,m,e))(z),

1 oo u k1 u ka
= — u,me)exp| | —— ) -[—
(2m)12 /:m /L%“h wdhz( ) p( (6*1t1> (612&) >
2

d
X exp(izm)—u dam, (39)
u

where Wdy,, (1, m, €) is constructed in Sect. 2.4, defines a bounded holomorphic function on
Ti X Toeus X Hp for all 0 < B’ < B, which is an actual solution of (10), called an inner
solution. Moreover, for every € € ,f; NEX | there exist C,D > 0 such that

hy+1?
_ 1 - 1
sup |udh2+l(t1,xze "Ze%*/_,z,e) - Ug;, (tl,xze “Zeghz‘/_,z,e)|
tleTl,xzexzoo,zeHﬁ/
<C D (40)
xp| ————— ).

Proof Let0 < /iy <13—1,and dj, be the value d determined in Proposition 4. The function
w(t,m,e) € EXP?:%,u,k’) solves equation (21). This entails that Ug,, (€M), €*2ty,m,€) is a
solution of (14), and its inverse Fourier transform with respect to m turns out to be a
solution of (10). The geometric construction of the domains involved guarantees that the
map (t1,6,2) — Ud,, (1, 2,2, €) represents a bounded holomorphic function defined in
Ti X Taeuy X Hy for every 0 < B’ < B, where € belongs to &7

Regarding the definition of T > P,,(7) in (23) and (26), we get that all the roots of P,,(t)
are at positive distance, say p > 0, to the origin. This entails that the integration path defin-
ing the difference of two consecutive inner solutions can be deformed as follows.

Let0<hy <i1y-1,fixee ,‘fzo N E,‘l’;l, and write &, = xze"‘zeehz‘m € Tye,u, for some
x5 € x5° and 6y, € R, as described in Definition 5. For every ¢, € T, z € Hg/, we get that

Uay, (i t2,2,€) —ug, (t1, 1,2, €)

1 o) ) . .
- —1/2/ / o, m,€)2 (1, €' 11, €"1,) — ™™ dm
(27[) -0 JLg u

1 *° N o\ adu
- —1/2/ / a)(u,m,e).Q(u,e 1t,€ 2t2)—e’zmdm:E1—E2 + Ej3,
(271) -0 Léhz u

with £2(u, T1, T,) defined in (18), and where

u
11002

1 *© A A du izm
Eji= —— w(u, m, €)82 (u, e 11, €"2ty) — " dm,
(277)1/2
—00 LEhZ

1 o du,
Eyi=—— w(u, m, €)82 (u, € by, ty) — ™" dm,
(27)172 0
-0 Lghz,p/z
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and where Lghzwp/g =[p/2, +oo)e§h2+lﬁ, L%W2 = [p/2, +oo)e§hz*/j1, and

1 oo s rap \ DY i
Eyi=—— w(u,m,€)2(u, €' t1, €2 ty)) — " dm,
(2 )1/2
4 =00 Y Chy iy +1,p/2 u

where Cp, n,+1,0/2 is the arc of circle departing from (,0/2)65’72*1*/_, ending at (,0/2)65"2*/_
Bearing in mind that 5 > Ay, (38) and Lemma 4, one can apply (2.a) in Lemma 4 to arrive

at |E;| is upper bounded by

7 ki ko
‘/OO‘/OO i e‘ﬁVﬂlevrk exp( - r 51— r 8y drelm\lm(z) dm
—o00 Jp/2 (1 + |m|)ﬂ |€}‘1t1| |6)‘2t2|
~ 0 ’ 7 k1 r ko
< le exp vk exp(—( ) 81 - ( ) 82) dar
012 (vr") le*1ty | le*22,|
% ,
~ /2)ks _ky vl 1\ R koK
<CiCy em(—%)k“tﬂhkz-k’ exp(y(lk Tka) ™! (5_> |e’\2t |k2 k’>
€l 2

k ok k
< Coaexp| - (0/12)"18, | )L2|1+ k/Ckz K |6|—M2(1+k27_2k,)
= L1 a |e)~1|k1Ck1 XZ

T1

K / k:
e kg koK
Y —1 1\ k-« ok’ 1+k vy _/LZZ_
X exp(v(1 ki) <8_> |e*2 | k2K C,oc” le| R (41)
2 2

for some positive constant Cy, Cr1,C e > 0. Taking into account (37), we derive that

i D,
Eil = Gexp| — 1 (42)

for some Cy, Dy > 0.
An analogous upper bound can be associated with |E;|. We finally consider |Es|. Anal-

ogous estimates as for the previous yield

E + /
= )”2 g, (L+lme IMI)"

k k X
w exof - (p/2)7181  (p/2)"28,|€|"22 dr "G g,
e[}k Cry |e[*2k2Cy 00

- 2)k1s
5 CP<L)

le[*1k1Cry

for some Cs, Cra, ngc > 0. This entails

; D,
|E3| < Cyexp “lepak (43)

for some Cy, Dy > 0. We conclude (40) from (42) and (43).
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We now fix a different good covering to provide the asymptotic behavior of the outer
solutions. Let ¢; > 2 be an integer. We fix a good covering in C*, (521 )o<h; <, -1 of opening

J—kz. We observe that (35), (36) are satisfied for j = 2 under the second assumption in (6).

4.2 Construction and results on the outer solutions
Theorem 2 Let pp >0and 0 <hy <11 —1. Let

{T’ 75’ (51'(1)1)0§h1§L1—1’ (521)0§h1§L1—1}

be an admissible set. For every 0 < hy <11 — 1, the function (t1,t,2,€) > Ud),, (t1,t2,2,€),
defined by

F! (m = Ug, (e“tl, ty, m, e))(z)

1 00 u k1 u ko
) (2m)12 ./_oo '/Léh w(u,m’g)exp<_(€ht1> - (E)‘th) )
1

d
x exp(izm)—u dm, (44)
u

defines a holomorphic and bounded function of Ti x (T, N D(0, p2)) x Hg x 5,?1, solving
(10). This solution is called an outer solution of (10).

For every two consecutive outer solutions associated with (10), which are jointly defined
in Ty x (T2 N D(0, p2)) x Hy x (&) NEY 1), it holds that

sup |udh1+1 (tll 0,2, G) - udhl (tlr £, 2, 6)’
11€T1,0€(ToND(0,02)),2€Hy

A

a D
< Cexp<_m),e cE NEY (45)

for two positive constants C,D>o.

Proof Let 0 < h; <3 — 1. We proceed as in the first part of the proof of Theorem 1, to
arrive at the splitting

udh1+1 (tly bz, E) - Mdhl (tb b, z, 6) = El - E2 + E3

for every t; € Ti, ty € T, N D(0, p3), z € Hyr, and € € 521 al 5,?1“. According to Lemma 4,
statement (2.b), one has

C 2t 2)2s
11l = C1C2bexp<— (p/2) 8 )exp( M)

. _
et [k 2|er2ty |k

ko

<G C -
= G102 exp( 2p§2 |e |2k
for some C; > 0, valid for every € € 5,91 N 5h01+17 t1 €71, ta € (T, N D(0, p2)), and z € Hp.
Analogous bounds hold for |E;|. Regarding |E3|, one can follow the same bounds as for
|E1|. We conclude (45). O

Page 19 of 24
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5 Parametric Gevrey asymptotic expansions of the solutions

This section is devoted to the study of the asymptotic expansions associated with the outer
and inner solutions of (10), with respect to the perturbation parameter. We make use of
the cohomological criterion for k-summability of formal power series with coefficients
in a Banach space (see [2], p. 121, or [10], Lemma XI-2-6), known as the Ramis—Sibuya
theorem. We first recall the main definition of this summability theory.

5.1 k-Summable formal power series and the Ramis-Sibuya theorem
Let (E, || - ||g) be a complex Banach space.

Definition 6 Let k > 1 be an integer. A formal power series

fle) = ane” e E[e]
n=0

is said to be k-summable with respect to € in the direction d € R if there exists a bounded
holomorphic function f defined in a bounded sector V; of bisecting direction d and open-
ing larger than 7 /k and values in E such that it admits f (€) as its Gevrey asymptotic ex-
pansion of order 1/k on V, i.e., for every proper subsector V; of V, there exist D, M >0
with

N-1
H'/(e) ) Zf;qen
n=0

forevery N > 1and € € V3.

N
SDMNF<?+1>|6|N
E

Such a function is unique and it is called the k-sum of the formal power series. Further-
more, we can reconstruct the function f by means of the classical Borel-Laplace proce-

dure.

Theorem 3 (RS) Let (E4)o<n<—1 be a good covering in C*. Forall 0 <h <:-1, let Gy, :
&y — E be a holomorphic function, and define the cocycle Oy(€) := Gy.1(€) — Gy(€), which
is a holomorphic function defined in Zy, = Ej.1 N &y, into E. We assume:
(1) Gy is a bounded function as € € &, tends to 0 € C forevery0 <h <:-1.
(2) Oyle) is an exponentially flat function of order k in Zy, for all 0 < h <. -1, meaning
that there exist Cy, Ay, > 0 with

A
|| (4);,(6)”]E <Gy exp(—w), €€y,
forall0<h<.:-1.
Then, for all 0 < h < -1, the functions Gy(€) have a common formal power series Gle) €
E[e] as Gevrey asymptotic expansion of order 1/k on &;,. Moreover, if the opening of one
sector &y, is barely larger than |k, then Gy, (€) is promoted as the k-sum of Gl(e) on Eng-

5.2 Parametric Gevrey asymptotic expansions of the inner and outer solutions of
the main problem

In this section, we display the main results of the present work, namely the asymptotic

behavior of the inner and outer solutions of (10), constructed in the previous section. In
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the present section, we assume that conditions (6)—(9) hold on the elements involved in
the main equation under study (10), with forcing term f determined by the construction
and conditions in (19)—(20). We depart from two good coverings (5;,’;)05;,232_1 of C* and
(521)05;,131_1 of C*, this second good covering with opening 7 /(A2k>); and choose 71, 7>
satisfying (35), (36). We also fix x5° as in Definition 5, which allows us to construct the
family of inner solutions associated with the first good covering. In addition to this, we
choose p; > 0 and the corresponding outer solutions associated with the second good
covering.

Let IE; denote the Banach space of holomorphic and bounded functions defined in 77 x
x5° % Hg endowed with the sup. norm, and E, the Banach space of holomorphic and
bounded functions in 71 x (72 N D(0, p2)) x Hg, with sup. norm.

Theorem 4 The partial maps obtained from the inner solution of the main problem (10)
x
€ > Udy, (tl, %e%V —1,2, 6)
€

have a common formal series u™(¢) € E,[e] as Gevrey asymptotic expansion of order
1/(M1ky) on 5;?20f0r0 <hy <i3-1.

Each of the partial maps obtained from the outer solution of the main problem (10), € —
Uy, (t1, t2, 2, €) is the Ayky-sum of a common formal power series il°(€) € E[[€] on 5;?1 for
0<h<u-1.

Proof A consequence of the construction of the inner solutions in Sect. 4.1 is that, for all

0 < hy <1y — 1, the function thhz L€ Uy, (t1, e%eehz\/__l,z,e) is a holomorphic map on
& °2°, with values in the Banach space E; for all 0 < s, <, — 1. Again, for every index, we

consider the function Gy, := ’:‘dhz in the (RS) theorem. Due to Theorem 1, we have that

| Ghyia(€) - Ghz(E)HIEl = Cexp(— |6|l/\)1k1)

for every € € &7 N &7 ;. We apply the (RS) theorem in order to achieve the existence
of a common formal power series 4 (¢) € E;[¢] such that € — Ud),, (t1, E%e% ﬁ, z,€)

admits 2°°(¢) as its Gevrey asymptotic expansion of order 1/(A1k;), on & 1y » fOT every 0 <
hy <i,—1.

For the second part of the proof, we consider the functions ﬁdhl t€> ug, (t1, 1, 2, €) for
0 < h; <13 — 1, which turn out to be a holomorphic map on 8,?1 , with values in the Banach
space [E,. We put Gy, := i:ldhl in the (RS) theorem. Due to Theorem 4, we have that

| Ghyia(e) - Ghl(E)HIEI < éexp( L)

B |€|A2k2

for every € € 5,?1 NE&p ... We apply the (RS) theorem in order to achieve the existence of

1+1°
a common formal power series #1°(€) € E[e] such that € — Ud),, (t1,t2, 2, €) admits #1°(¢)
as its Gevrey asymptotic expansion of order 1/(A2k,), on 501, for every 0 < h; <4 — 1.
Watson’s lemma (see [1]) guarantees that this function is unique with this property, leading

to a summability result. O
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6 Proof of Lemma 4
It is straightforward to check statement (1) in Lemma 4, due to k' < k.

We proceed to giving proof to (2.a): let p3°, p; > 0. One has that Ly(|T11, |T|) is upper
bounded by

k k k

_pisl oo rk,_eraz _p}(

e MM e’ e I T dr<e 1M
p

)

51 0 VR Sy N

/ e e M gy,

0
Let

* vrk/ —&
L(x) = e’ e x dr.
0

We focus on determining upper bounds for £(x), as ¥ — 00. Such bounds have already
been observed in the proof of Proposition 4 of our recent contribution [16]. We provide a
complete set of arguments for the sake of better readability.

By dominated convergence and the series representation of exp(vr* ), we derive that

3 Ok
nl

n>0

/3()—

n>0

forallx > 0. Let
o0 INH k2
L,(x) =/ (rk) e = dr.
0

The change of variable r*2/x = 7 yields

1 1 (uxkz)” K 1 1 L v T n+k)
L = —xk — 4k k —2'
®= % 2% (kz kg) [ ”Z("x ) e
We recall (see Appendix B in [2]) the beta integral formula

! 1pe ()l (B)
— _p)a-1.8-1 —
B(a,ﬂ)—fo 1-p)% ¢ dt= @i p) <1, o,B>1

Regrading the previous formula, we deduce the existence of a constant C; > 0 such that

(X 1\r((i X 11<CF(1)
k2n+k2 _k2 n+ _kz <CiI'n+

for n > max{%2 k, oy s k, }. This yields the existence of C; > 0 such that

4
(vxf2)"

ra-gm+a-2)

Lx) < Cyxke

n=0
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We recall the following bounds on the generalized Mittag-Leffler function (Wiman func-
tion), see [8]:

z
E.p(2) = Zm, o, B>0,ac(0,2).

n>0

There exists C, > 0 such that
1

1-8
Ewplz) <Coz @ €%, z>1. (47)

Regarding (47), we guarantee the existence of C3 > 0 with

1 1-7—
L(x) < Caxlot e , x>1.

As a result, we derive the formula in statement (2.a).
We proceed to giving upper bounds on Ly(| 711, | T>|) in case (2.b). We assume that | T | <
o1 for some p; >0 and |T,| < p, for some p, > 0.

We write Ly(|Til, 1 T5]) = exp(-£1:01)La1 (I T51*2), where
1
Y _ﬁgz
L2.1(|T2|k2):/ e e M2 gy,
o
We have
Ly1 (1 T2*)

k:
R G e S 3 *'k—zkt?z
= e’ e 2ANl2 T 2ATH|2 T Ay
P

) ko ko, 2

s o __r2 __p 00 -6

21T K2 & vrk/ 21T, k2 8 21T, k2 82 vk’ Zpkz

<e 27l e’ e 2Tl dr <e 212l e’ e *" dr,
p 0

being the last integral upper bounded by a positive constant for k; > k’. In conclusion,

there exists some C, 1 > 0 such that the statement in (2.b) holds.
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