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Abstract

This paper is a continuation of the work (Lastra and Malek in J. Differ. Equ.
259(10):5220-5270, 2015) where singularly perturbed nonlinear PDEs have been
studied from an asymptotic point of view. Here, the partial differential operators are
combined with particular Moebius transforms in the time variable. As a result, the
leading term of the main problem needs to be regularized by means of a singularly
perturbed infinite order formal irregular operator that allows us to construct a set of
genuine solutions in the form of a Laplace transform in time and an inverse Fourier
transform in space. Furthermore, we obtain Gevrey asymptotic expansions for these
solutions of some order K > 1 in the perturbation parameter.
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1 Introduction
In this work, we deal with the study of a family of nonlinear singularly perturbed equations
which combine linear fractional transforms, partial derivatives, and differential operators

of infinite order of the form

Q0,)ult,z,€) = exp(aektk+18t)R(az)u(t» Z,€) + P(t, €My seticer 0s az)u(t; zZ,€)

+ Ql(az)u(t: Z)E)QZ(az)u(tr Z’G) +f(t: Z)E)r (1)

where o,k > 0 are real numbers, Q(X), R(X), Q1(X), Q2(X) stand for polynomials with
complex coefficients and P(¢, €, {U }cer, V1, V2) represents a polynomial in ¢, Vi, V3, of
degree at most one with respect to U, and holomorphic coefficients w.r.t. € near the origin
in C, where the symbol m, . denotes a Moebius operator acting on the time variable.
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More precisely, we have

t
mK,t,eu(t)Z) 6) =U\ — %€ ),
1+ket

where « belongs to some finite subset I of the positive real numbers R*. The forcing term
f(t,z,€) turns out to be an analytic function in a vicinity of the origin with respect to (¢, €)
and holomorphic w.r.t. z on a horizontal strip of the form Hg = {z € C/|Im(z)| < 8} for
some § > 0.

This work is a continuation of our previous study [15], where the following problem is
considered:

Q(az)aty(t) z, E) = H(t: €, at: az)y(t’ z, 6) + Ql(az)y(t’ Z, E)QZ(az)y(t’ z, E) +f(t; z, E)’ (2)

for given vanishing initial data ¥(0,z,€) = 0, where Q;, Q,, H stand for polynomials and
f(t,z,€) is of the same nature as above. Under suitable constraints on the components of
(2), we make use of Laplace and inverse Fourier transforms in order to construct a set of
genuine bounded holomorphic solutions y,(t,z,€), 0 < p < ¢ — 1, for some integer ¢ > 2.
Such solutions are defined on domains 7 x Hg x &, for some well-selected bounded sec-
tor 7 with vertex at 0 and £ = {£,}o<p<c-1 a set of bounded sectors whose union contains
a full neighborhood of 0 in C*. Such solutions share a common asymptotic expansion with
respect to the perturbation parameter, say y(¢,z,€) = - ¥u(t, 2)€”. The formal power se-
ries ¥(t, z, €) presents bounded holomorphic coefficients y,(,z) on T x Hg. Furthermore,
this asymptotic expansion turns out to be (at most) of Gevrey order 1/k’ for some integer
k' > 1 (see Definition 7). The Gevrey asymptotic behavior comes from the highest order
term of the differential operator L, which is of irregular type in the sense of [20] and has
the form

L(t,€,3;,3;) = 0p~ K 0D D50 R, 3) ®)

for some integer §p > 2 and a polynomial Rp(X). In the case that the aperture of £, can be
chosen to be larger than 7 /k’, the function € > y,(¢, z, €) represents the k’-sum of y on &,
as described in Definition 7.

The purpose of the present contribution is to come up with a comparable statement,
namely the existence of sectorial holomorphic solutions and associated asymptotic ex-
pansions as € tends to 0 with controlled Gevrey bounds. However, the appearance of the
nonlocal Moebius operator m, ;. changes drastically the whole picture in comparison with
our previous investigation [15]. More precisely, a leading term of finite order dp > 2 in
time as described in (3) is not satisfactory enough to ensure the construction of actual
holomorphic solutions to our initial problem (1). In contrast, it is substituted by an expo-
nential formal differential operator

(aey

‘ (tk+lat)(p)R(az)

exp(otekt]“rl Bt)R(BZ) = Z
p=0

of infinite order w.r.t. . Here, (t**19,)® represents the pth iterate of the irregular differ-
ential operator t5*13¢. As a result, (1) becomes singularly perturbed of irregular type of
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infinite order in time. The reason for the choice of such a new leading term will be put
into light later on in the introduction.

A similar regularization procedure has been introduced in a different context in the
paper [4] in order to obtain entire solutions in space of hydrodynamical PDEs such as the

3D Navier—Stokes equations
(L, x) + v(t,x) - Vv(t,x) = =Vp(t,x) — nAv(t,x), V-v(t,x)=0,

for given 27 -periodic initial data v(0,x) = vo(x1,%2,%3) on R, In that study, the usual
Laplacian A = 21'3:1 33/, is replaced by a (pseudo differential) operator exp(AA'/2), where
X >0 and A stands for the differential operator —V?2, whose Fourier symbol is exp(A|k|) for
k € 73\ {0}. The resulting problem admits a solution v(t,x) that is analytic w.r.t. x in C3 for
all £ > 0, whereas the solutions of the initial problem are expected to exhibit singularities
in space.
Under appropriate restrictions on the shape of equation (1) (see Theorem 1), we prove
the existence of
1. A set £ of bounded sectors as mentioned above, which forms a so-called good
covering in C* (see Definition 5);
2. A bounded sector 7 with bisecting direction d = 0;
3. A set of directions 9, € (-7, 7), 0 < p < ¢ — 1 such that the halflines
Ly, =R, exp(\/—_lbp) avoid the infinite set of zeros of the map
T > Q(im) — exp(akt*)R(im) for all m € R,
for which we can construct a family of bounded holomorphic solutions u,(¢, z, €) on the
products 7 x Hg x &,. Each solution #, can be expressed as a Laplace transform of some

order k and Fourier inverse transform

k o0 > u\*\ ., du
- p | = izm =7
up(t,Z,E) (27_[)1/2 \/:oo -/;ap w (Ll, m;é) exp( (€t> )e u dm! (4')

where w® (u, m, €) stands for a function with (at most) exponential growth of order k on
a sector containing Ly, w.r.t. #, owning exponential decay w.r.t. m on R and analytic on
€ near 0 (see Theorem 1). Moreover, we show that the functions € — u,(t,z,¢) admit
h,(t,z)e™ on &, that defines a formal

power series with bounded holomorphic coefficients on 7 x Hpg. Besides, it turns out that

a common asymptotic expansion (¢, z, €) = Zmzo
this asymptotic expansion is (at most) of Gevrey order 1/k and leads to k-summability on
&y, provided that one sector &, has opening larger than 7 /k (see Theorem 2).

Another substantial difference between problems (1) and (2) lies in the fact that the real
number k is asked to be less than 1. The situation k = 1 is not covered by the techniques
developed in this work and is postponed for future inspection. However, the special case
k =1 has already been considered by the authors at the time of studying some families
of Cauchy problems, giving rise to double scale structures involving 1 and 1* Gevrey esti-
mates (see [17, 19]). Observe that if one performs the change of variable ¢ = 1/s, then equa-
tion (1) is transformed into a singularly perturbed PDE combined with small shifts. More
precisely, let u(t, z,€) = X(s, z, €). Then, small shifts of the form T, (X (s,z,€) = X(s + k€, z,€)
are found for x € I. This restriction concerning the Gevrey order of formal expansions of

the analytic solutions is rather natural in the context of difference equations as observed
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by Braaksma and Faber in [5]. Namely, if A(x) stands for an invertible matrix of dimension
n > 1 with meromorphic coefficients at oo, and G(x, y) represents a holomorphic func-
tion in 1/x and y near (00,0), then it holds that, under suitable assumptions on the formal
fundamental matrix ¥(x) of the linear equation y(x + 1) = A(x)y(x), any formal solution

y(x) € C"[[1/x]] of the nonlinear difference equation

y(x +1) - A()y(x) = G(x, y(x))

can be decomposed as a sum of formal series y(x) = ZZzl ¥n(x) where each y;,(x) turns out
to be kj,-summable on suitable sectors for some real numbers 0 <k, <1forl <h <gq.

In order to construct the family of solutions {u,}o<,<.-1 mentioned above, we follow
an approach that has been successfully applied by Faber and van der Put in [8], in the
study of formal aspects of differential-difference operators such as the construction of
Newton polygons, factorizations, and the extraction of formal solutions. This consists in
considering the shift x — x + « as a formal differential operator of infinite order via the
Taylor expansion at x, see (25). In our framework, the action of the Moebius transform

T

T+ ;-7 is seen as an irregular operator of infinite order that can be formally written in

the exponential form

P
exp(-« T207) = Z(—l)”%(TzaT)(p).
p=0 ’

If one seeks for genuine solutions in the form (4), then w® (z,m, €) would have to solve
a related convolution equation (31) that involves infinite order operators exp(—«Ci (7)),
where Cx(t) denotes the convolution map given by (28). It turns out that this operator
exp(—«Ci(7)) acts on spaces of analytic functions f(t) with (at most) exponential growth of
order k, i.e., bounded by C exp(v|z |¥) for some C, v > 0 with type v depending on «, k, and v
as shown in Proposition 2 (48). It is worth mentioning that the use of precise bounds at in-
finity on the so-called Wiman special function E, g(z) = ano Z'T(B +an), fora, B >0, is
crucial in the proof, so the order & is preserved under the action of exp(—«Ci(7)). Observe
that this function also played a central role at the moment of proving multisummability
properties of formal solutions in a perturbation parameter to certain families of nonlinear
PDEs as described in our previous work [16]. As a result, the presence of an exponential
type term exp(akt¥) in front of equation (31), and therefore the infinite order operator
exp(aeXt*+19,) as a leading term of (1) is well motivated in our problem and seems un-
avoidable to us in order to compensate such exponential growth.

We mention that a similar strategy has been carried out by Ouchi in [21] who considered

functional equations

u(z) + Z aju(z + 2¢;(2)) =f (2),

j=2

where p > 1 is an integer, 4; € C* and ¢;(z), f(2) stand for holomorphic functions near
z = 0. He established the existence of formal power series solutions #(z) € C[[z]] that are
p-summable in suitable directions. This result is attained by solving an associated convo-
lution equation of infinite order for the Borel transform of order p in analytic functional
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spaces with (at most) exponential growth of order p on convenient unbounded sectors.
More recently, in the work in progress [10], Hirose, Yamazawa, and Tahara are extending
the above statement to more general functional PDEs such as

u(t,x) = a; (¢, x)(£3,)? (u(t + tz,x)) + az(t,x)axu(t + t2,x) +f(t,x)
for analytic coefficients a;, as, f near 0 € C? for which the formal series solutions

it %) = ) ua(®)t",

n>1

which can be built up, are shown to be multisummable following appropriate multidirec-
tions in the sense defined in [2].

In a wider framework, there exists a vast amount of literature dealing with infinite order
PDEs/ODEs both in mathematics and in theoretical physics. We just quote some recent
references somehow related to our research interests. In the paper [1], the authors study
formal solutions and their Borel transform of singularly perturbed differential equations
of infinite order

Zejl),(x,eax)w(x,e) =0,

j=0

where Pj(x,&) = Y 10 ajx(0)€ k represent entire functions with appropriate growth fea-
tures. For a nice introduction on the point of view introduced by Sato, the algebraic mi-
crolocal analysis, we refer to [12]. Other important contributions on infinite order ODEs
in this context of algebraic microlocal analysis are [13, 14].

In our work, we apply the classical parameter expanding method. More precisely, our
solutions u,(¢, z, €) can be approximated by its power series expansion in the small param-
eter €:

Up(t,2,€) ~ Y I, 2)€™

n>0

as € tends to 0. However, it should be mentioned that there exist many other powerful
recent alternative analytic asymptotic approaches that can handle singularly perturbed
problems such as the one considered in this paper. For an excellent survey of these tech-
niques (variational iteration methods, homotopy perturbation methods) illustrated by
concrete examples, we refer the reader to the paper by Ji-Huan He [9].

The paper is arranged as follows.

In Sect. 2, we recall the definition of Laplace transform of order k and basic formulas on
the Fourier inverse transform acting on exponentially flat functions.

In Sect. 3, we display our main problem (11) and describe the strategy used to solve it. We
search for the potential candidates for solutions among the Laplace of order k and Fourier
inverse transforms of certain Borel maps w with exponential growth on unbounded sec-
tors and exponential decay on the real line. In the last step, the convolution problem (31)
provides the solution for w.

In Sect. 4, we analyze bounds for linear/nonlinear convolution operators of finite/infinite
orders acting on different spaces of analytic functions on sectors.
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In Sect. 5, we solve the principal convolution problem (31) within the Banach spaces of
functions described in Sects. 3 and 4 by means of a fixed point argument.

In Sect. 6, we provide a set of genuine holomorphic solutions (104) to our initial equation
(11) following the argument described in Sect. 3. Furthermore, we show that the difference
of any two neighboring solutions is of some exponential decay at 0 with respect to the
perturbation parameter.

In Sect. 7, we prove the existence of a common Gevrey asymptotic expansion for the
solutions mentioned above leaning on the estimates reached in Sect. 6. This last result is

obtained by means of the classical Ramis—Sibuya theorem.

2 Laplace, Borel transforms of order k and Fourier inverse maps

We recall the definition of Laplace transform of order k as introduced in [15]. In contrast
to that work, the order k is assumed to be a real number less than 1 and larger than 1/2. If
ze C* = C\ {0}, we set z* = exp(klog(z)), where log(z) stands for the principal branch of
the complex logarithm defined as log(z) = log |z| + i arg(z) with -7 < arg(z) < 7.

Definition 1 Let % <k<1.LetS;s = {t € C*: |d—arg(r)| < 8} be some unbounded sector
with bisecting direction d € R and aperture 26 > 0.

Consider a holomorphic function w : S; 5 — C which satisfies there exist C >0and K > 0
such that

’w(t)} < Cltlkexp(1(|r|k)

for all T € S;5. We define the Laplace transform of w of order k in the direction 4 as the

integral transform

k
LEw)(T) =k/L w(u)exp(-(%) )d_:

along a half-line L, = ]R,,e‘/’_h’ C 845 U {0}, where y depends on T and is chosen in such
a way that cos(k(y — arg(T))) > &; > 0 for some fixed &;. The function L'f(w)(T) is well-

defined, holomorphic, and bounded on any sector

Sypxk =T €C*:|T| <RV,

d—arg(T)| <6/2},
where%<9<’,’—(+28and0<R<81/K.

We consider the family of Banach spaces introduced in [15].

Definition 2 Let 8, u € R, and Eg ., be the vector space of continuous functions /z: R —
C such that

”h(m) H(ﬁ‘#) = sui(l + |m|)” exp(ﬂ|m|)’h(m)’

is finite. The space E(g,,) endowed with the norm || - ||(,,) becomes a Banach space.
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Finally, we remind the reader the definition of the inverse Fourier transform acting on
the latter Banach spaces and some of its properties concerning derivation and convolution
product. We refer to [15] for further details.

Definition 3 Let f € Eg ) with 8 >0, u > 1. The inverse Fourier transform of f is given
by

+00

1
FUNW = G /  fom)explizm) dim

for all x € R. The function F~1(f) extends to an analytic bounded function on the strip
Hg ={ze C/|Im(z)| < B'} (5)
for all given 0 < B’ < B.

(a) Let ¢ be the function defined by m +— ¢(m) = imf (m). It holds that ¢ € Eg ,_1).
Moreover, one has that

LF 1 ()2) = F (@) (2).

(b) Take g € E(g,,) and let

1 +00
Y (m) = W ‘/_Oo S (m —my)g(my) dmy
be the convolution product of f and g. Then ¥ belongs to E(,,,), and one has
FH@F Hg)2) = FH(¥)(2)
for all z € Hg.
3 Outline of the main initial value problem and related auxiliary problems
Letk e (%, 1). Let D > 2 be an integer, ap > 0 be a positive real number, and ¢}, ¢; be non-
zero complex numbers. For 1 </ < D — 1, we consider ¢; € C* and nonnegative integers
dy, 81, A together with positive real numbers «; > 0. We assume that
1=24y, 81 <8 (6)
forall 1 </ <D -2. We also take for granted that
d; > 51(/( + 1), Aj—d;+68,>0 (7)

whenever 1 </ <D - 1. Let Q(X), Q1(X), Q2(X), R;(X) € C[X], 1 <[ < D, such that

deg(Q) = deg(Rp) > deg(R)), deg(Rp) > deg(Q), deg(Rp) > deg(Qy),
Q(im) #0, Rp(im) #0

8)

forallmeR,alll</<D-1.
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For all #n > 1, we consider a function m — F,(m,¢) that belongs to the Banach space
Eg,) for some 8 >0 and p > max(deg(Q;) + 1,deg(Q>) + 1) and that depends analytically
on e € D(0, €y). Here, D(0, €p) stands for the open disc centered at 0 in C with radius €y > 0.

We assume there exist constants Ky, Tg > 0 such that

1 n
sup ||F,,(m,e)||(ﬂ )SK()(—) , n>1. 9)
eeD(0,0) # To
We define

F(T,z,e) =Y F'(me> Fy(m,e)@)T",

n>1

which represents a convergent series on D(0, Ty/2) with holomorphic and bounded co-
efficients on Hg for any given 0 < 8’ < 8. For all 1 <[/ < D — 1, we set the polynomials
A)T,e) = Znelz A;,(€)T", where I; are finite subsets of N and A;,(¢) represent bounded
holomorphic functions on the disc D(0, €p). We put

f(t,z,€) = F(et, z,€), a;(t,e) = Aj(et, €)

for all 1 </ <D - 1. By construction, f(t,z,€) (resp. a;(¢, €)) defines a bounded holomor-
phic function on D(0,r) x Hg x D(0,¢€p) (resp. D(0,r) x D(0, €)) for any given 0 < ' <
and radii r, €9 > 0 with reg < Ty/2.

Let us introduce the next differential operator of infinite order which is formally defined
by

(apeXy

- (tk“at)("’), (10)

exp(aDektk"l 8[) = Z
p=0

where (£5+19,)®) stands for the pth iterate of the differential operator t5*13,. We consider
a family of nonlinear singularly perturbed initial value problems involving this latter op-

erator as their leading term and linear fractional transforms:

Q(3)u(t,z,€)

=exp (o:DekL‘k+1 8:)RD(8Z)u(t, Z,€)

D-1
t
Myt €)tUR(3,)0 ( u| ———, 2,
+ Y eMaat, )t Ri(3:)9;" | u Trret’ ™€

=1

+ Cl2Q1(az)u(t’ Z:E)Q2(az)u(t7 Z)E) + Cff(t: Z!E) (11)

for vanishing initial data u(0,z,€) = 0.

In this work, we search for time rescaled solutions of (11) of the form

u(t,z,€) = U(et, z,€). (12)
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After the change of variable T = €t, one has that U(T,z, €) solves the next nonlinear sin-

gular problem involving fractional transforms:

QO)U(T, z,€)

= exp(apT*"97)Rp(3,)U(T, z,€)

D-1

T
£y N A (T, €) THR(3,)95 <u<ﬁ,z,e)>
+ Ky

=1

+c12Q1(0)U(T, 2,€)Qe(3)U(T, z,€) + ¢rF(T, z, €) (13)

for given initial data U(0, z, €) = 0. According to assumption (7), there exist real numbers
dl,k > 0 with

dy=38(k+1)+dx (14)
forall 1 </ < D - 1. The application of formula (8.7) from [22] p. 3630 yields

Tﬁl(lﬁ-l)a? — (Tk+18T)51 + Z A(Slvak(81—p)(Tk+laT)p (15)
1=<p=<é-1

for some As,, € R, for 1 <p <§,—1and 1 </ <D - 1. Hence, according to (14) together
with (15), equation (13) reads as follows:

Q)U(T, z,€)

D-1
= exp(ap T 07) Rp(I)U(T, z,€) + Y €I Ry(3,)cA((T, €)
I=1

x sz,k <(Tk+18T)51 " Z Aal,ka(Sl_p)(TkHaT)p) <U( : +7;1T’Z’6>)

1<p=<8-1

+c12Qu()U(T,2,€)Q(3)U(T, z,€) + ¢rF(T, 2, €). (16)

We now provide the definition of a modified version of some Banach spaces introduced
in [15, 16] that takes into account a ramified variable t* for k fixed above.

Definition 4 Let S; be an unbounded sector centered at 0 with bisecting direction d € R.
Letv, 8, > 0and p > 0 be positive real numbers. Let k € (%, 1) defined as above. We write

d
Fopankp
are holomorphic with respect to t on S; such that

, for the vector space of continuous functions (z, m) — h(t,m) on S; x R, which

(1) Forall m € R, the function t + k(z, m) extends analytically on D(0, p) \ L_, where
L_ denotes the segment (—p,0].
(2) The norm

2%
||h(r,m) ”(v,ﬂ,u,k,p) = sup (1 + |m|)“ﬂeﬂlw—vlrlk‘h(r,m)|

1€S,UD(0,p)\L_,meR 7|

is finite.
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The space F(‘i,ﬂ,/[,,k,p) equipped with the norm || - [|(,,8,.,4,0) forms a Banach space.

Lemma 1 For B, u given in (9), there exists v > 0 such that the series

TVI
ZP,,(WI,E)T%)

d

defines a function (t,m,€) that belongs to the space F(, g, , for all € € D(0, &), any

radius p > 0, and any sector S; for d € R.

Proof By Definition of the norm || - ||(v,8,.,k,0), We get

|| v (t' m, 6) || (v,B8,10,k,0)

1 2k n
< Z”Fn(m,e)H(ﬂm (TE(D( sup % exp(_v|r|k) r|‘T(| )>, 17)

n
>1 0,0)\L-)USyq 3

Due to the classical estimates

mp\™

1 _

supx™ exp(—mox) = — | e,
niy

x>0

valid for any m; > 0, m;, > 0, together with the Stirling formula (see [3], Appendix B.3)
(n/k) ~ ) (k) k3%, n— +oo,

we guarantee the existence of two constants A; > 0 depending on &, v and A, > 0 depend-
ing on k such that

| 2k

1+t Iz]"

NG9

sup exp(-vlz[¥)

ce@opLus, ITI¢

n e
< sup(1 +x?)xk~
sup(l )5t

n_ 71 n Z+1
< ((k l)k Dy (k i 1)k e(%+1>>/r(n/k)
Vv Vv
Ay \"
<A (m) (18)

for n > 1. Therefore, if v'/* > A,/ T,, then we obtain

Ay " AKyA, 1
“ Y(r,m,e€) ” (v,8,11,k,p) =AiKo Z( Ton/k) = Tovl/k 1 4 (19)
n>1 Tovl/k

for all € € D(0, ). O

By construction, according to the definition of gamma function, the function F(T,z,€)
can be represented as a Laplace transform of order k following direction 4 and Fourier
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inverse transform

k oo u 7
F(T,z,¢) = W/;oo 5 w(u,m,e)exp(—<T) ) —dm, (20)

where the integration path L, =R, V=17 stands for a halfline of direction y € R which be-
longs to the set S; U {0}, whenever T belongs to some sector Sz, with bisecting direction
d, aperture 7 <6 < T + Ap(S,), and radius o; with Ap(S,) the aperture of S;, some ¢ >0
and z belonging to a strip Hy for any 0 < B’ < B together with € € D(0, €).

In the next step, we seek for solutions U(T,z,€) of (16) defined on the same domains
as above that can be expressed via an integral representation of Laplace of order k and

Fourier inverse transforms

k oo d
UV(T’Z'G)ZW/W /L w(u,m,e)exp(—(;) )e %dm (21)

We aim to describe a related problem fulfilled by the expression w(t, m, €) . This is consid-
ered in the next section. For this purpose, we make use of the Banach spaces introduced
above in Definition 4. Through this section, we assume that the function w(z, m, €) belongs
to the Banach space F(V ko)

We first display some formulas related to the action of the differential operators of irreg-
ular type and multiplication by monomials. A similar statement has been given in Sect. 3

of [15] for formal series expansions.

Lemma 2

(1) The action of the differential operator T***dr on U, is given by

T U, (T, 2, €)

k oo B u 7
= W/—oo N ku w(u,m,e)exp(—(;) ) —dm. (22)
(2) Let m' > 0 be a real number. The action of the multiplication by T™ on u, is
described by

Tmu(Tz, = 1/2/+00/L (F(”’ / uk_s)%/‘lw(sl/k,m’e)?>
xexp(—(%) )e %dm (23)

(3) The action of polynomial differential operators and multiplication can be described
by

QAU (T,2,€)Q:x(0,)U, (T, z,€)

(2n>1/2 / m/ ( ()12 / e
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k

X /u Q1 (i(m — my) ) w((u* - s)l/k,m — my, €)Qu(imy)w(s"*, my, €)
0

1 u\* iz AU
xmdsdml exp| — T e 7dm. (24)

Proof We present direct analytic proofs which avoid the use of summability arguments
through Watson’s lemma. The first point (1) is obtained by a mere derivation under the
integral symbol. We turn to the second point (2). By the application of Fubini’s theorem,
we get that

uk ' k
A= / uk—l / (uk _ S)T_lw(sl/k,m,f)é exp(—(z) ) du
Ly, 0 S T
m u\* ds
:/ (/ Wk —s) exp(—(—) >du)w(s1/k,m,e)—,
L Lok, T s

where y’ = ky and L, = [|s| Uk +o0)e¥~17. On the other hand, by successive path defor-
k

v/

mations 4" = vand v —s =/, we get that

/ k
k=1(,k _ %1 u g v\1
W —s) * eXP(‘(—) )du=/ (v-9)& GXP<——()—dv,
/‘le/k,y T L./ T] k

Sy

where L,/ = [|s], +oo)e‘ﬁ7, and

o Ve N, ave [ )V F  exn( =V av exp (-5
/L (v—s)« exp( Tk)kdv-/L (v) exp( Tk>kdvexp 7% )

s,y v

The definition of gamma function together with a path deformation yields

/L () exp< Tk)dv F(k>T .

As a result, according to the path deformation s = uX, we finally get

NG d
A= /Ly/ (kk )T’” w(sV%, m, ) em(—%)f

:/ w(u, m e)exp<—<z>k>@1"<ﬂ)T”’/
L, Y T u k ’

which implies identity (23).

¥/

We aim our attention to point (3). Again, Fubini’s theorem yields

+00 +00 uk
B= f / f f W1Q; (i(m - ml))w((uk - s)l/k, m—my,€)
—00 —00 Ly, JO

1 ky
X Qg(iml)w(s”k,ml,e)mexp(—(%) )e’zm dsdudm, dm
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N i

1 ky
x Qz(iml)w(s“k,ml,e)mexp(—(%) )e’”” dudsdm dm;,

where y' = ky and Lax, = [Is|"/%, +oo)e“/‘_17’. By the path deformation v = X, and then
v—s=1,wehave

k
_ k-1 k _ 1/k _ 1 _ Z
C-/Ll/k u w((u s) ,m ml,e)—(uk_s)exp<( ))du
STy
g

sy’

1 A 1/k 1 v , s
X/LV/ %w((v) ,m—ml,e);exp<—ﬁ dvexpl-—).
Therefore, we obtain

B:/_‘:O/_:o‘/L//L/Ql(i(m—ml))%w((v/)llk,m—ml,e)

1 / 1.
X = exp(—%) exp (—%)Qz(iml)w(s”k, ml,e);e’m’ av' dsdmdm,.

Besides, by the change of variable, m — m; = m’' yields

1 1
EW((V — )V m - ml,e) P exp(—%) dv

/+00 Q (i(m - ml))w((v/)”k, m—my, e)eizm dm

(o ¢]

+00
- / Q (im’)w((v’)l/k, m',e)e‘m/ dm'e™™.

(o ¢]

As a result,
_1 o .y Nk l L/ izm’ 3.7 /
B_k/—oo /L;/ Qi (im")w((v) ,m,e)v/ exp<—Tk>e av' dm

+00 1 S .
X / Qz(iml)w(s”k,ml,e) - exp<—ﬁ)e‘””1 dsdm,
_ s

00 Ly/

and according to the paths deformations s = #* and v’ = u*, we finally arrive at
k
+00 ) , d
B-= k/ / Qi (im)w(u,m',€) exp<_<ﬁ> )elzm a
—00 JLy T u
X / / Qz(iml)w(u,ml,e)exp(—(—) )elzml—dml,
-0 JL, T u

from which identity (24) follows. O

At the next level, we describe the action of the Moebius transform T'— -7 on U,.
We need some preliminaries before this consideration.
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We depart, as in the work of Faber and van der Put [8], describing the shift x > x +
k; as a differential operator of infinite order through Taylor expansions. Namely, for any
holomorphic function f : U + C defined on an open convex set U C C containing x and
x + k;, the following Taylor formula holds:

®)
fle+xg) = Zf pfx)/cf,

p=0

(25)

where f®)(x) denotes the derivative of order p > 0 of f (where by convention f© (x) = f()).
If one performs the change of variable f(x) = U(1/x), one obtains a corresponding formula
for U(T):

T —1P(1%9)?)
u( ) -y %Kf’um, (26)

1+K[T =0

where (T237)® represents the pth iterate of the irregular operator 7237
According to our hypothesis k € (1/2,1), we can apply Lemma 2 in order to write

T?9rU,(T,z,¢€)

= TR T 9,1, (T, 2, €)

k +00 uk uk ) -
- % — ) (s ) d )
(2m)12 /_oo /LV(F(% _1)/0 (" = )" "kw(s"*,m, €) ds

u\N . du
X exp(—(—) )e’z’”— dm. (27)
T u

As a result, if one denotes Ci the operator defined as

k ok
Ck(w(r, m,e)) = 117 / (rk - s)%_zkw(s”k,m,e) ds, (28)
F'(z-1Jo

then the expression U, ( €) can be written as a Laplace transform of order k in

T
Ten T %
direction d and the Fourier inverse transform

ul T
"\ 1vr®¢
k +00 ko d
= W,/ /L (exp(—iqu)w)(u,m,e)exp(—(%) )e’z’”f dm, (29)

where the integrant is formally presented as a series of operators

p
(—l)pKl
1

(exp(—riCi)w) (z,m,€) = CPw(t, m,e) (30)

»r=0

and C,((p) stands for the kth order iterate of the operator C; described above.
In virtue of the identities (22), (23), and (24) in Lemma 2, and according to the integral
representation for the Moebius map acting on U, as described above in (29), we are now
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in a position to state the main equation satisfied by w(z,m,¢), provided that U, (T, z,€)
solves the equation in prepared form (16). More precisely, we consider

Q(im)w(t, m,€)
=exp (oszrk)RD(im)w(r, z,€)

D-1
+ Z A UIR (im) ¢, ZAl,n(e)

=1 nel;

k

k T n+d,
x (17 / (rk -s) %_lk‘sls‘s’ (exp(—k,Ci)w) (sl/k, m,€) ?
0

n+dp i
F(=>)
k
T
+ Z A(Sl’p ”+dl,k
1<p<s-1 F(== +di-p)

-L-k n+d,
< 7= T e epeacon) (6 m o))
0

k ok +00
+612(2;W/0 ‘/:Oo Ql(i(m—ml))w((rk—s)llk,m—ml,e)

1/k

,ml,e) ; dsdmy + cp (T, m, €). (31)

1
(th ~s)

x Qo (imy)w(s

4 Action of convolution operators on certain spaces of functions

The principal goal of this section is to present bounds for convolution maps acting on
spaces of functions that are analytic on sectors in C and continuous on R. In the whole
section, S; denotes an unbounded sector centered at 0 with bisecting direction 4 in R and
D(0, p) \ L_ stands for a cut disc centered at 0 where L_ = (—p,0].

Proposition 1 Let k € (%, 1) be a real number. We fix real numbers y,, ys satisfying that
v > -1, ys >0, k(ya +ys+2)eN. (32)

Let (t,m) — f(t,m) be a continuous function on S; x R, holomorphic w.r.t. T on S , for
which there exist a constant C, > 0, a positive integer N € N*, and real numbers o > 0,
w>1,8>0with

[f(z,m)| < Ci|r " exp(o|r[*) (1 + ml) " exp(-Blm]) (33)

forallt € Sy, allm € R. Assume, moreover, that for all m € R, the map t +— f(t, m) extends
analytically on the cut disc D(0, p) \ L_ and for which one can choose a constant C| > 0 such
that

If (z,m)| < Cylr|*(1 + [m]) " e P! (34)

whenever T € D(0, p) \ L_ and m € R.
We set

k

Chomys ()T, m) = rk/OT (vF —5)s73f (s"%, m) ds. (35)
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Then
(1) The map (v, m) = Ciy,,,,(F)(T, m) is a continuous function on Sy x R, holomorphic
w.rt. T on S, such that a constant Ky > 0 (depending on y,, o) exists, and

|Chyo,ys ()T, m)| < CLEG |7 [FND |53 exp(o|T|F) (1 + [m]) e P (36)
forallt € Sy, allm e R.

(2) Forall m e R, the function T v Cy,, ., (f)(t, m) extends analytically on D(0, p) \ L_.
Furthermore, it holds that

(ra+ D (y3 +2) pk(y2+y3+2)|‘t|k

T
[Cornan )z m0)] = € C(ya+ys+3)

(L+]m|)"eP™  (37)

forall T € D(0,p)\ L_, and m € R.

Proof We first investigate the global behavior of the convolution operator Cx ,, ,, W.L.t. T
on the unbounded sector S;. Owing to the bounds (33), we get

ek
[Chyoys (), m)| < CilT|f / (It* = k) h3hN exp(oh) dh(1 + |m|) e ™. (38)
0
In the next part of the proof, we need to attain sharp upper bounds for the function
x
G(x) = / exp(ah)h">*N (x — h)"? dh.
0

It is worth mentioning that the proofis a sharp adaptation of that of Proposition 1 in [16].
In accordance with the uniform expansion e” = > u=0(0h)"/n! on every compact interval
[0,x], x > 0, we can write

Gl)=>" % / N (x — )2 dl,
- JO

n>0
According to a beta integral formula (see Appendix B in [3]), we recall that

¥ ')l
/ (x—h)* WPl dh = x~+P1 LB (39)
0 [(a+B)
holds for any real numbers x > 0 and « > 0, 8 > 0. Therefore, since N + y3 > 1 and y, > -1,

we can rewrite

Glx) = Z a_” Fyp+ DI+ N+1+ y3)xn+1+y2+y3+N
n TH+N+2+y+y3)

n>0

for allx > 0. On the other hand, as a consequence of Stirling formula I" (x) ~ (27)2x*e™ x

x—1/2

that

asx — +00, given a > 0, there exist two constants Kj 1, K7 5 > 0 (depending on a) such

Ky < I'(x) < Ko
xt T Tx+a) x4

(40)

Page 16 of 40
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for all x > 1. As a result, there exists a constant Kj 5 > 0 (depending on y,) for which

F(l/l +N+1+ }/3) < 1(1'2 < 1(1.2
Fn+N+1+ys+yp+1) = M+ N+1+y3)2tt = (n+ 1)+l

for all n > 0. Hence, we guarantee the existence of a constant Kj 3 > 0 (depending on y,)
such that

1
Glo) = K N Y i (o)

n+ 1)r2+py!
n>0 )

for all x > 0. The second application of (40) shows the existence of a constant K;; > 0
(depending in y,) for which

1 - I'(n+1)
(m+ 1)l = KT (n+ 9y +2)

for all » > 0. Subsequently, a constant Kj 4 > 0 (depending on y;) exists such that

Gx) < K; gty Z ﬂ
- ZO1"(;f1+)/2+2)

for all x > 0.

Owing to the asymptotic property at infinity of the Wiman function E, 4(2) = ), 2"/
['(B + an), for given «, B > 0 (see [7] p. 210), we get a constant Kj 5 > 0 (depending on y»,
o) with

G(x) < Kysx?™Ne™ (41)

for all x > 0. In accordance with this last inequality, we obtain the expected bounds stated

in inequality (36), namely
|Chpns )T, m)| < CLK 5|t "N |7 exp(o|t[¥) (1 + |m]) e ™ (42)
forall Tt € S;, all m e R.

In the second part of the proof, we study local properties near the origin w.r.t. t. First,

we rewrite Cy,,,,, by means of the parametrization s = t¥u for 0 < u <1 in the form

1
s )5, ) =222 [y (cut, m) (43)
0

for all T € D(0, p) \ L_ whenever m € R. The last assumption in (32) and in view of the
construction of f(t, m), representation (43) induces that, for all m € R, the function 7
Ciyn.y (f)(r,m) extends analytically on D(0, p) \ L_. Furthermore, one may apply (34) in
order to deduce the bounds

Iel®
[Cornirs ()| < Cilflk/ (1% = 1)1+ A (1 + ) e P
0
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valid for all T € D(0, p) \ L_, all m € R. With the help of (39), we deduce that

Fya+ D03 +2) 9 u
Choyoys ()T, m)| < Cyle |k |7 [Kr2# 135 2)(1 4 || e P
| VZVS(f | 1 F()/2+)/3+3) ( )

r nr 2 -
o P D) oo (1 ) e, (44)
T(y2+y3+3)

when t € D(0, p) \ L_, all m € R which entails (37). O

Proposition 2 Let k € (%, 1). Let (t,m) — f(t,m) be a continuous function on Sy x R,

holomorphic w.r.t. Tt on Sy, for which there exist constants C, >0, v>0and u>1, >0
Sfulfilling

V(r,m)’ < C2|r|kexp(v|t|k)(1 + |m|)7ﬂe_‘(””’| (45)

forall t € Sy, all m € R. Take for granted that, for all m € R, the map t +— f(t,m) extends
analytically on the cut disc D(0, p) \ L_ under the next bounds : there exists a constant
C, > 0 with

[f(z,m)| < Cylr|*(1 + [m]) e PIm! (46)

forallt e D,p)\L_,allmeR.

Let «; > 0. We consider the operator

P
(exp(-wCa)em) = 3 2L ), (@7)

p=0 ’

where C,((p ) denotes the iterate of order p > 0 of the operator Cy defined by

ktk ok 1
Ck(f)(T,WI)=$/(; (e = $)F 2 (6%, m) ds
k

Ck,%-z,o(f)(f’ m)

IR

with the convention that C,((O) (z,m)=f(t,m). Then
(1) The map (t,m) > (exp(—«iCi)f)(t, m) represents a continuous function on S; x R,
holomorphic w.rt. T on Sy, for which a constant Ky > 0 (depending on k, v) exists such
that

| (exp(—/qu)f) (t, m)}

< C2|r|kexp(lql(1 |t|k> exp(v|r|k)(1+ |m|)7”e_’3|"" (48)

k
F(z-1)

forallt € Sy, allm e R.

Page 18 of 40
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(2) Forall m € R, the function t — (exp(—«;Cx)f)(t, m) extends analytically on
D(0, p) \ L_. Furthermore,

|(exp(—/<1Ck)f)(r,m)} < exp(rélkfl)>cé|r|k(1 + |m|)*ﬂe*ﬂ\ml (49)

forallt € D(0,p)\ L_, all m € R.

Proof Let us provide estimates for each iterate C,((N) (f)(z,m), N > 1. We first consider such
bounds on the unbounded sector S;. By induction on N > 0, with the help of the estimates
(33) and (36) for y, = % —2 and y3 = 0, we obtain a constant Kj > 0 (depending on k&, v)
with

N
)) KN [ f N D exp(v]z}) (1 + |m]) e P (50)

|C/(<N)(f)(7:, W[)| < C2(F(ll(7—l

forallt € S;, all m € R, all N > 0. Similarly, owing to (34) and (37), and for the same choice
Yy = % —2and y; = 0, we get that

r'Q)
I(;+1)

N
|C,((N)(f)(r,m)| < CékN( ) pN|r|k(1 + |nf1|)_”e’ﬁ‘m| (51)

forallt € D(0,p)\ L_,allm e R, all N > 0.
Finally, by summing up inequalities (50) (resp. (51)) over N > 0, we get the forecast
bounds (48) (resp. (49)). O

Proposition 3 Let Q;(X), Q2(X), R(X) € C[X] such that
deg(R) > deg(Q1),  deg(R) >deg(Qa),  R(im) #0 (52)

for all m € R. Take for granted that p > max(deg(Qq) + 1,deg(Q,) + 1). Then there exists a
constant Cs > 0 (depending on Q1, Qa, R, i, k, v) for which

1 k oo . k 1/k
HR('m)T /(; /_Oo Qi (im —my))f (<" =) ", m - my)

1

x Qu(imm)g(s", my) ds dm;
(th —s)s (v,B,11.k,p)
< G|lf(z,m)| W Bikop) lg(z.m)| ,Bk,p) (53)
Sorall f(t,m),g(t,m) € F(‘f)vﬂ,ﬂ,k'p)‘

Proof We proceed as in the proof of Proposition 3 of [15]. Namely, according to Defini-

tion 4, we rewrite

k
e L KoUKk
B ”R(im)z [ ] autiom=m((e* -5 m-m)
» 1
X QZ(lWh)g(sl/k, ml) (‘L’k — S)s ds dm1 pn

Page 19 of 40
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= sup (1+1|ml)"e -
re(D(0,0)\L_)US,meR IT]

x exp(-v|z[¥)

% ptoo k _ g2
tk/(; [m {(1 +|m— m1|)ﬂeﬁ|mJ”1‘ il L +|T|/f—s|5| CXP(_V’T]( _S‘)

2
Xf((Tk_s)l/kmq_ml)} « {(1 N |m1|)“el3|m1|%exp(_v|s|)g(sllk,ml)}

X

x B(z,s,m, my) ds dm;, (54)

with

B(T,S, m1m1)

g fmlQu(i(m — ) Qa(imm) Isli* —s|
(1 = )L+ g ) R(im) (1 +]tk = s[2)(1 + )

1
x exp(v|c* - s|) exp(vls]) (F—5)s

According to the triangular inequality |m| < |m — m;| + |m;| and bearing in mind the
definition of the norms of f and g, we deduce

BS C3~1 “f(T,WI) ”(u,ﬂ,u,kp ”g(f m)” (v,B,14,k,0)’ (55)
where
1+ |7|%*
Csi = sup (1+|ml)" 'k' exp(-vlzl*)Iz/*
D(0,0)\L_)USz,meR IT|
/'f'k / 1Qu(im — m)| | Qulirmy)|
R(im)(1 + |m — my ) (1 + |y )*
k
- h
exp(v(|t|* — h)) exp(v )dhdml. (56)

A (TR + )

Now, we get bounds from above for Cs; via the splitting Cs5; = C5,Cs 3, where

Cso = sup(l + Iml

meR

0 Qu(i(m — m1))|| Qo (imny )|
d
IR(WI)I/

(1 + |m = my | )*(1 + [y )*

and

[elk

1
Cas = su 1+ TZk/ dh
3= o ) | G G e

In the last step of the proof, we show that Cs, and Cs 3 are finite. By construction, there

exist positive constants 9, 35, and R such that

’Ql(l(m ml))| =< Ql(l + |m—m |)deg Ql),

Page 20 of 40
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deg(Q2)

| Qa(im)| < Qo (1 + |my) :

|R(im)| = R(1 + [m]) =@

for all m, m; € R. Hence,

Q .
C32 =< 2 sup (1 + |m|)“ deg(R)
meR
+00 1
* /4(; (1 + |m — my | )92 (1 + |y |)1—dee(Q) dmy (57)

that is finite owing to x > max(deg(Q;) + 1,deg(Q,) + 1) submitted to constraints (52) as
shown in Lemma 4 in [18]. On the other hand,

X
1
Cas < 1+ x> dh
3 = sup(l+x )/o L+ @-n2)1+12)

log(1 + x%) + x arctan(x)

= sup(1 +x%)2 , 58
i‘i‘é( +) x(x? + 4) 9
which is also finite. O

5 Solutions of an auxiliary integral equation depending on a complex
parameter
The main objective of this section is the construction of a unique solution of equation (31)
for vanishing initial data within the Banach spaces given in Definition 4.
We first describe further analytic assumptions on the leading polynomials Q(X) and
Rp(X) in order to be able to transform our problem (31) into a fixed point equation as
stated below, see (101).

Namely, we take for granted that there exists a bounded sectorial annulus

Sorp = {z € Clrorpa < |zl < rorpas |arg(z) — dory| < 1oy}

with direction dqr,, € [-7, ), small aperture ngr, > 0 for some radii 7o r,2 > rorp1 > 1

such that
Q(im)
S 59
Rplim) © 2% (59)
for all m € R. For any integer [/ € Z, we set
a;(m) =log Q(z@ ++—larg Q(lfﬂ) +2lm/-1. (60)
Rp(im) Rp(im)

Figure 1 illustrates a configuration of the points a;(m), [ € Z, and the set S, related to
their definition.

By construction, we see that

Q(im) — e“" Rp(im) = 0 (61)
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Figure 1 Configuration of a;(m) (left) related to SQ/RD (right)
for all m € R. Furthermore, for each [ € Z, the equation
apkt® = a;(m) (62)

possesses one solution given by

a(m)

T =

k 1
exp(«/—_lz arg(a;(m))). (63)

O{Dk

Indeed, by construction of 7 = exp(klog(t)), this equation is equivalent to

1/k

o arg(r)

at(m) _arg(a(m) 27

M X + X

(64)

Ole

for some /1 € Z. According to the hypothesis ror,,1 > 1, we have | arg(a;(m))| < 7/2, and
hence

(65)

argla(m)) | 7w
k 2k

since we assume that % <k < 1. Owing to the fact that arg(t) belongs to (-, ), we have
s =0 and hence arg(t) = arg(a;(m))/k.
We consider the set

Oy - {@

/me]R,leZ}

of the so-called forbidden directions. We choose the aperture 7, > 0 small enough in a
way that, for all directions d € (-7/2,7/2) \ O¢x;,, we can find some unbounded sector
Sa centered at 0 with small aperture ds, > 0 and bisecting direction d such that 7; ¢ S; U
D(0, p) for some fixed p > 0 small enough and for all / € Z.

Page 22 of 40
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Forall 7 € C\R_, all m € R, we consider the function
H(t,m) = Q(im) — exp(aDkrk)RD(im). (66)

Letd e (-m/2,7/2) \ ®qr, and fix a sector S; and a disc D(0, p) as above.
(1) Our first goal is to provide lower bounds for the function |H(z,m)| when 7 € S; and
m € R. Let t € S;. Then we can write

T = grev 1 (67)

for some well-chosen [ € Z, where r > 0 and 6 belongs to some small interval I, which is
close to 0 but such that 0 ¢ I, . In particular, we choose I5, in a way that arg(t;) + 6 belongs
to (-m,m) forall 6 e I5,.

Hence, owing to the fact that 7; solves (62), we can rewrite

apkt® — ay(m) = apktfr*eV % _ a)(m) = a)(m) (rke“/‘_lke -1).

In particular, if the radius rg,r,, 2 is chosen close enough to r z),1, we get a constant 13, > 0
(depending on /) for which

’oszrk —a;(m) — \/—1h2n| >Ny (68)
forallhe Z, all T € Sy, all m € R. More precisely, for each m € R, the set
Liyn = {ar(m)(xe? "% ~ 1) /x> 0)

represents a halfline passing through the point —a;(m) and close to the origin in C. Con-
sequently, it avoids the set of points {~/—1h27/h € 7Z.}.
Figure 2 illustrates a configuration of some of the halflines described in the construction.
Now, owing to equality (61), we can rewrite

H(t,m) = Q(im) — exp(apkt® — a)(m)) exp(a;(m))Rp (im)
= Q(im)(1 - exp(apkt® — ay(m))). (69)

According to (68), we obtain a constant 1,; > 0 (depending on /) for which
|H(z,m)| > [Qim)|n2, (70)

forallt € Sy, all m e R.
In the second step, we aim attention at lower bounds for large values of |7| on S;. We
first carry out some preliminary computations. For this purpose, we expand

Re(a;(m) (rkeﬁke -1))

of | Qlm) Qlim) . Qlim)
=r <10g‘RD(im) cos(k6) — (arg(RD(im)) + 217z> sm(k9)> - IOg’RD(im) ‘ (71)
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Figure 2 Some of the halflines £,
i
2my/—1
—a_s(m) :
.‘.
“"Loom
—a_1(m) -,
o
“Lotm
i
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—2mv/ -1
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We assume that the segment I, is close enough to 0 in such a way that a constant A; >0

exists submitted to the next inequality

Q(im)
Rp(im)

cos(kf) — (arg(RQD((i;nm))) + 2171) sin(kf) > Ay (72)

forall m e R, all § € I5,. Besides, according to (59), we notice that

Q(im)
Rp(im)

0 <log(rqrp,1) <log

‘ <log(rorp,2) (73)
for all m € R. As a result, collecting (71), (72), and (73), we arrive at the lower bounds
Re(al(m)(rke“/’_lkg -1)) = Arr* ~log(rory2) (74)

forallr > 0,all0 €5, all m e R.

Departing from factorization (69), we get the next estimates from below

|H(1’,m)| > |Q(im)| |1 - |exp(al(m)(rkeﬁk9 - 1))||
= |Q(im)||1 - exp(Re(a;(m) (rke*/‘_lke -1)))|
= |Q(im)| exp(Re(al(m)(rke“Eke -1)))

x |1 -exp(- Re(al(m)(rkeﬁke -1)))| (75)
forall » > 0, all 6 € Is, all m € R. We select a real number r; > 0 large enough such that

exp(-(A1r" - log(rggy2))) < 1/2 (76)
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for all » > r;. Under (76), we deduce from (74) and (75) that

|H(r,m)| > %{Q(im)| exp(Alrk - log(rQ,RD,z))

forallr > r;,all 0 € Is,, all m € R. Now, in view of decomposition (67), we get in particular

that || = r|7|. Consequently, we see that

|H(z,m)| > %|Q(iM)| eXP<£ITIk - 10g(VQ,RD,z)) (77)

|7y
for all T € S; with || > r1]7].
As aresult, gathering (70) and (77), together with the shape of a;(r) and 7; given in (60),
(63), we obtain two constants Ay 4, By,4 > 0 (depending on k, Sor,,, S#) for which

\H(z,m)| = Ap,a|Q(im)| exp(Buacplt|¥) (78)

forallt €S, allmeR.
(2) In the second step, we display lower bounds when 7 belongs to the cut disc D(0, p) \
L_,where L_=(-p,0].Lett = re¥=1% for some 6 € (-m,m)and 0 < r < p.Let] € Z. We first

compute the real part

Re(aDkrkeﬁke —ay(m)) = apkr* cos(k) - log‘ Qirm) ’

Rp(im)

for all m € R. Therefore, owing to (73), we may select ro ;1 > 0 large enough such that

V-1k6 (79)

N =

exp(Re(aDkrke - a;(m))) < exp(aDk,ok - log(rQ,RD,l)) <

forall 0 € (-m,m),0<r< pand m € Z. Hence, in view of factorization (69), it follows that

’H(r,m)‘ > |Q(im)| |1 - |exp(aDkrk - al(m))||

= |Q(im)| \1 - exp(Re(aDkrke‘ﬁke - al(m)))|
= 2 |Qtim) (80)

forallt € D(0,p)\ L_,all m e R.
In the next proposition we provide sufficient conditions for which equation (31) pos-

. cls d
sesses a solution w*(z,m, €) within the Banach space F(v’ﬂ%k’p).

Proposition 4 We make an additional assumption that

BHydOtD > K[](l (81)

r(;-1)
forall 1 <1< D -1, where K is the constant defined in Proposition 2(1) and By 4 is in

(78). Under the condition that the moduli |c1»|, |cr|, and |¢;| for 1 <1 < D -1 are chosen
small enough, we can find a constant w > 0 for which equation (31) has a unique solution
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. d
T,m,€) in F(v,ﬂ,u,k,ﬂ

are chosen as in (9), v > 1 is taken as in Lemma 1, the sector S; and the disc D(0, p) are
suitably selected in a way that t; ¢ Sz U D(0, p) for all | € Z and where 1 is described in
(63).

wi( ) with ||wd(r,m,e)ll(,,,ﬂ,ﬂ,k,p) < w forall € € D(0,€), where B, 0 >0

Proof We initiate the proof with the lemma that introduces a map related to (31) and

describes some of its properties that allow us to apply a fixed point theorem.

Lemma 3 One can sort the moduli |cy»|, |cr|, and |¢)| for 1 <1 <D -1 in such a way that

a constant w > 0 can be chosen so that the map H. defined as

He (W(T: m))
D-1
= ZeAl_d“’S’R[(im)cl ZAL,,(G)
=1 nel;
& o PR © \ds
X (—M / (t - s) I P (exp(—/qu)w) (s” , m) —
H(r,m)F(—k"") 0 s
k ok n+d
T Lk +8;—-p-1
+ Z Asp — / (rk -s) *
1<p<§-1 H(T:m)r(# +8-p)Jo
vk \ 98
x kPsf (exp(—/qu)w) (s , m) —
s
.[k K nioo ) ‘ Uk
+C12m‘/(; /_oo Ql(z(m—ml))w((r —S) ,m—ml)
1 b )
X Qz(iml)w(sl/k, ml) 9 dsdm + c; Eﬁztfnmj) (82)
fulfills the following statements:
(1) The inclusion
H(B(0,)) C B(O,w) (83)
holds where B(0, ) represents the closed ball of radius @ > 0 centered at 0 in
Fg),ﬂ,ﬂ,k,p)for all € € D(0, €9).
(2) The shrinking condition
1
| He(ws) - /Hs(wl)H(v’ﬂ,M,k,p) =3 w2 = willw,p,u.kp) (84)
occurs whenever wi, wy € B(0, @) for all € € D(0, €).
Proof We focus on the first property (83). Let w(z,m) € F(allJ,ﬁ,M,k,p)' We take € € D(0, &)

and set @ > 0 such that ||w(t,m)||(,g,uk) < @ . In particular, we notice that the estimate

\w(z,m)| < w|r|ke”|’|ke’5l”"(1 +|m]) ™" (85)
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holds for each t € S; U (D(0, p) \ L_). As a consequence of Proposition 2, we get that
(t,m) > (exp(—k;Cy)w)(t, m) defines a continuous function on S; x R, holomorphic w.r.t.
7 on S;. A constant K > 0 (depending on k, v) can be found such that

| (exp(—kiCi)w) (t,m)|

k _
< w|t|kexp</qK1 D |T|k) exp(v|t|k)(1 + |m|) K g=Plml (86)

I'(

for all T € S, all m € R. Furthermore, the application of Proposition 1 for y; = % -1,
ys = 8 — 1 with n € [; guarantees the existence of a constant Cy > 0 (depending on I}, &, «;,
dy, 8; ,v) with

X & K n+dy -1 dS
T / (r - s) kgl (exp(—/qC’k)w) (sl/ k) m) "
0

k _
< wC4|t|2k+k(‘S”l) exp(mKl o) |T|k> exp(v|r|k)(1 + Iml) HeBlml
1

provided that t € Sy, m € R. From the lower bounds (78) and (81) we get

Rim)t* “ k %—1 b Uk .\ Gs
W/o (T —s) sl(exp(—lqck)w)(s ,m)?

Cs
Ang

Ry(im) KGy+1) k k
_— * Ki——— -B
Qm) ‘|T| exp| | kiK1 ) 1.40p |17

k

x exp(vIT[*) (1 + |m]) e P!

Cy

<w—

R
Sup l(lm)‘(sup |T|k81(1 + |.L,|2/<)
Ana mer| Qlim) |\ 7120

X e (( KK _p )|r|k>>
X K _— = o
p I} 11_,(%_1) H,dOD

7|k _
X T +I|T|2k exp(u|t|k)(1 +|m]) Mexp(—ﬁ|m|) (87)

whenever 7 € Sy, m € R.

On the other hand, Proposition 2 guarantees that, for all m € R, the function 7 —
(exp(—«;Cx)w)(t, m) extends analytically on D(0, p) \ L_, with

kikp
F(% +1)

|(exp(=k,C)w) (T, m)| < exp( >w exp(vo®) [T * (1 + [m]) eI (88)

for all T € D(0, p) \ L_, all m € R. As a consequence, Proposition 1 specialized for y, =
n+Zz,k —1, y3 = 8;— 1 with n € I; gives rise to a constant C; > 0 (depending on I, k, «;, dy, 81,

v, p) for which

ok n+dp 1 ds _
tk/ (rk —s) F s (exp(—k,Ci)w) (s”k,m)? < wC[L|r|k(1 +|m]) HeBlml
0
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provided that t € D(0, p) \ L_, m € R. Regarding (80) we notice that

Ry(im)z© “ k %*1 5 Uk s
W fo (T - S) s l(eXp(—K;Ck)w) (s ,Wl)?
<2w C’ Q( 1+ |m|) 1 _Blml|
! Ry(im) oy Tl ‘
§2wC4rsnl£ Q(im)‘(1+’0 )1+|r|2/< exp(v|z[¥)
X (1 + |Vl’l|)_“ exp(—ﬁ|m|) (89)

forallt € D(0,p)\ L_,all m e R.
By clustering (87) and (89), we conclude there exists a constant Cs > 0 (depending on I,
k’ K, dl; (Sl) v, 0, SQ,RD) Sd; Rl) Q) Wlth

H Ri(im)t* mdg ds
,8,1.k,p)

H(t, m) r"_s) © 1 (exp(—kiCo)w) (5%, m) =

In view of bounds (86), the application of Proposition 1 for

n+ dl,k

. +6-p-1, y3=p-—1,
k

V2=
where n € [; with 1 < p < §; — 1, yields the existence of a constant Cg > 0 (depending on I,
k, Ky, dy, 8;, v) with

k

T n+d,
tk / (Tk B S) kl,k +51_P—1Sp (eXp(—K[Ck)W) (Sllk; m) %
0

< w Cg|7| k-1 exp(qul |r|k) exp(v|r|k) (1 + |nf1|)_“e”5‘m|

k
I(z-1)

forallteS;, meR,and1 <p <§;—
Owing to the lower bounds (78) under restriction (81), we deduce that

Ry(im)tk /’k( K )"ﬂ:z,k
_— i —s
H(t,m) J,

C6 R[ 1244} k(p+1 <( k ) k>
ex K Ki——— — B qap ||T
Al (lm)‘l | pl | x IF(%—I) 140D || T
M g=Blm]

+81—P—lsp (exp(—/qu)W) (sl/k, Wl) ?

X exp(v|r|k)(1 + Iml)

C R(i
<o — sup i(im )’(sup 171 (1 + |71%)
Ana mer| Qlim) [\ |70

k
X exp((mKl m — BH,dO[D) |T |k)>

|z |k

Wexp(ﬂﬂk)(l + |m|)7u exp(—,BIm|) (91)

whenevert € S;, me Rwith1<p <4§;—
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Using bounds (88) and from Proposition 1 applied to

I’l+d1,k
Vo = k +8[—p—1, )/3=P—17

where n € [; with 1 < p < §; — 1, we obtain a constant C; > 0 (depending on I, k, «;, dj, &;,
v, p) for which

. T . "+d1k+61 -1 Uk ds , X - _Blm|
T / (r —s) (exp(—/qu)w)(s ‘,m)? <w(Cylt| (1+|m|) e
0

for T € D(0, p) \ L_, m € R. With the help of the lower bounds (80), we deduce

Ry(im)t* * oy pe » Uk \ds
e / (+*-9) o (exporCow) (6, m) 2

<2w C/ Q( KL+ m]) e P
, (im) |z |k
§2wC6rsnl;R l(lm) (1+ Zk)1+|t|2k exp(v|z[¥)
x (L+|m|)™" exp(-Blm|) (92)

provided that t € D(0, p) \ L_ and m € R.
By means of (91) and (92), we deduce the existence of a constant C; > 0 (depending on
I, k, kg, dy, 81, v, 0, Sorp» Sas Ri, Q) with

H Ry(im)T* i ds
.81k, p)

R [ o859 el (o

On the other hand, taking into account assumption (8) and the lower bounds (70) to-
gether with (80), the application of Proposition 3 induces a constant C3 > 0 (depending on
Q1, Q2, Q, i, k, v) and a constant 1, > 0 (equals to 1, from (70)) for which

k K nsoo
[ [ uton- oyt~

1/k

1
(tk —s)s

Q(im) ‘
H(t,m)

X Qz(iml)w(s ,ml)

< sup
T€S4UD(0,p)\L-),meR

a7 [ cuiom =yl m )

1/k

dsdm;

1
(tk = s)s

x Qa(imy)w(s'*, m;)

(v, 8,10k, p)
Cs 9
= min(n, 1/2) [w(zm)] v.B,11.k,p)

CBZD'2

, 4
= min(r, 1/2) (o4)
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Furthermore, owing to Lemma 1 and in view of the lower estimates (70), (80), we obtain
a constant Ky > 0 (depending on k, v and Ky, Ty from (9)) and 7, > 0 such that

Ky

<
(v,B,14,k,p) - min(’h; 1/2) minmE]R |Q(ll’l’1)|

‘ ¥ (T, m,e€) (95)

H(t,m)

for all € € D(0, ).
Now, we select |cy2|, |cr| with |¢;|, 1 <1 <D — 1 such that the existence of a constant

@ > 0 is guaranteed such that

D-1 %)
—d Cle'kl C7w/<”
j : Aj—dj+§ Z|Cl| E sup A[;AE)‘(TM + E |A81’p|T
k

=1 nel; €€D(0,60) I'( ) 1<p<é;-1 F(—k =+ 5 —p)
C3w2 K;
+ e +lefl— L —— < (96)
min(12, 1/2) min,,er |Q(im)]

(27)Y2min(n,, 1/2)

Finally, by collecting the norm estimates (90), (93) together with (94) and (95) under re-
striction (96), one gets (83).
In the next part of the proof, we focus on statement (84). Namely, let wy(t, m), wo(t, m)

belonging to B(0,w) C F . We get in particular that the next bound

(v,8,1:k,p)*

|wz(r,m) - wl(r,m)| < ||wz(r,m) —wy(t,m) H |t|kexp(v|r|k)e”3|m‘(1 + |m|)_“

(v,B,11.k,p)
holds for all T € S; U (D(0, p) \ L_). Following analogous steps as for the sequence of in-
equalities (85), (86), (87), (88), (89), and (90), we observe that

(rk _ s) 3 1581 (exp(—/ch)(W2 — W1)) (51/k,m)

Rl lWl)T mdik ds
H (t,m)

,8,1.k,p)

<Gs HW2(T,W1) - wi(t,m)| (97)

,8,1.k,p)

for the constant Cs > 0 appearing in (90).
Similarly, tracking the progression (85), (86), (88), (91), (92), and (93) yields the next

upper bound
Ry( zm)t ”*dlk s ds
H (rk - s) O (exp(—/qu)(wz - wl)) (sl/k, m)—
H(z, m) S Nw.Bukp)

= C7 H Wz(‘L',Wl) - W](‘E,I’I’I)H (98)

w,8,1.k,p)

for all 1 < p < §; — 1, where the constant C; > 0 is given in (93).
In order to handle the nonlinear term, we write

Qi (i(m - Wll))Wz((Tk - S)l/k, m— ml)Qz(iml)Wz(SUk, m;)
- Ql( i(m — ml))Wl((Tk - S)l/kym - m1)Q2(in1)W1 (Sl/k;ml)
= Qy(i(m — my)) (wz((rk - s)l/k,m —my)

—wi (2 = 9)" m = my) ) Qulimy ) wa (5%, )
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+Qu(i(m - ml))wl((rk —s)l/k,m — 1) Qo (imy) (wa (s”k,ml) -w (s”k,ml))

forallt € S; U (D(0,p) \ L), all m,m; € R.
Then, in view of assumption (8) and the lower bounds (70), (80), Proposition 3 gives rise
to constants C3 > 0 and 7, > 0 for which

‘L'k ok +00 Uk
H e / / {Qu(i(m — m))wa ((tF =), m — m1) Qulim)w (sM%, 1)
’ 0 -0
— Qu(ilm = my)ywi (25 = )", 1 = my) Qoimmy)wi (5%, my )}

1
———dsd
% (thk —s)s s

Cs
= min(n, 172) (Iwatz )5,

(v,B,11.k,p)

+ ” w1 (‘E’ Vl’l) || (v,/S,/J,,k,p)) ” WZ(T’ m) ! (T’ I’l’l) ” (v,B,1,k,p)
2w Cg
< — | wal(r,m) —wi(t,m . 99
~ min(ny,1/2) ” 2( ) 1( )”(v,ﬁ,u,k,p) (99)
Now, we consider that |c13| and |¢;|, 1 <[ < D -1, are such that
D-1 b 4
Aj=dj+5) Csk Cyk
Sl Y s @l (st Y Maal
=1 nel; €€D(0,0) F(YH—kl‘k) 1<p<é;-1 1"(”’+](l,l< + 81 _P)
2w C 1
+ lenal K < (100)

(27)2min(ny, 1/2) — 2°

Submitting estimates (97), (98) with (99) to constraints (100), one achieves (84).
Finally, we select |c1|, |¢f], and |¢;], 1 </ < D -1, small enough in a way that (96) and
(100) are simultaneously fulfilled. O

We turn back again to the proof of Proposition 4. For @ > 0 chosen as in Lemma 3,
we set the closed ball B(0, ) C F(du, 6,k,p) Which turns out to be a complete metric space
for the distance d(x,y) = [|x — yll(v,8,k,0)- OWing to the previous lemma, we observe that
H. induces a contractive application from (B(0, @), d) into itself. Then, according to the
classical contractive mapping theorem, the map H. possesses a unique fixed point that we

denote by w?(z,m,¢), i.e.,
He (wd(t,m,e)) =wi(t,m,e) (101)

that belongs to the ball B(0, ) for all € € D(0, ). Besides, the function w?(z,m,e€) de-
pends holomorphically on € in D(0, €p). Direct transformations on (31) turn such expres-
sion into (101). As a result, the unique fixed point w*(z, 1, €) of H, obtained solves equa-
tion (31). O

6 Analytic solutions on sectors of the main initial value problem

We turn back to the formal constructions obtained in Sect. 3 by taking into considera-
tion the solution of the related problem (31) built up in Sect. 5 within the Banach spaces
described in Definition 4.
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We first recall the definition of a good covering in C*, and we disclose a modified version

of the so-called associated sets of sectors as proposed in our previous work [15].

Definition 5 Let ¢ > 2 be an integer. For all 0 < p < ¢ — 1, we fix an open sector &,
centered at 0, with radius €y > 0 such that £, N &1 #0 for all 0 < p < ¢ — 1 (with the
convention that £, = &). Furthermore, we take for granted that the intersection of any
three different elements of {€, }o<p<_1 is empty and that U;:_é &, =U\ {0}, where { stands
for some neighborhood of 0in C. A family of sectors {£,}o<p<.-1 with the above properties
is called a good covering in C*.

Definition 6 We consider a good covering £ = {€,}o<p<.-1 in C*. We fix a real number

p >0 and an open sector 7 centered at 0 with bisecting direction d = 0 and radius ry > 0,

and we set a family of open sectors

Sop0.corr = {T e C*/|T| < eorr,

0, - arg(T)| < 9/2}
with aperture # > w/k and 0, € [-m,7), 0 < p < ¢ — 1. We say that the set
{{So,0,cor Yo<p<c-1, T, p} is associated to £ if the next two constraints hold:
(1) There exists a set of unbounded sectors Sv,» 0 < p < ¢ — 1 centered at 0 with suitably
chosen bisecting direction d, € (-7/2,7/2) and small aperture satisfying that

7 ¢ Sy, UD(0,p)

for some p > 0 and all / € Z where 7; stand for the complex numbers defined in (63).
(2) Foralle €&, allte T,

€t € Sopb.corr (102)
forall0<p<g¢-1.
Figure 3 shows a configuration of a good covering of three sectors, one of them of open-

inglarger than 7 /k for some k close to 1. We illustrate in Fig. 4 a configuration of associated
sectors.

Figure 3 Good covering in C*
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&

&

Sl/u 0.€or7]

S8 .e0my Sonbcorr

Y

U

Figure 4 A configuration associated to the good covering in Fig. 3

In the following first principal result of the work, we build up a set of actual holomorphic
solutions to the main initial value problem (11) defined on the sectors £, w.r.t. . We also
provide an upper control for the difference between any two neighboring solutions on
&, N Ey41 that turn out to be at most exponentially flat of order k.

Theorem 1 Let us assume that constraints (6), (7), (8), (9), and (59) hold. We consider a
good covering & = {Epo<p<c-1 for which a set of data {{Ss,0,eor7 Yo<p<c-1, T, p} associated
to & can be singled out. We take for granted that the constants ap and k;, 1 <[ <D -1,
appearing in problem (11) are submitted to the inequality

B, ap > kiKy (103)

I(z-1)

Jorall 0 < p < ¢ — 1, where By, is framed in construction (78) and depends on k, Sqry,,
So, and Ky > 0 is a constant relying on k, v defined in Proposition 2(1).

Then, whenever the moduli |cy,, |cfl, and |¢)|, 1 <1 < D — 1, are taken sufficiently
small, a family {u,(t,z,€)}o<p<c—1 of genuine solutions of (11) can be established. More
precisely, each function u,(t,z,€) defines a bounded holomorphic function on the product
(T ND(0,0)) x Hy x &, for any given 0 < B’ < B and suitably tiny o > 0 (where B comes
out in (9)) and can be expressed as a Laplace transform of order k and Fourier inverse
transform

k o 0 u g izmdu
uy(t,z,€) = W /_OO /Lyp w P(u,m,e)exp(—(g—t) )e 7dm (104)
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along a halfline L,, = R,eV-1% Sa, U {0} and where w® (t,m, €) stands for a function
that belongs to the Banach space F(D‘f ) forall e € D(0, €y). Furthermore, one can choose
constants K,, M, >0 and 0 < o' < o (independent of €) with

M
sup ‘upﬂ(t,z,e) - up(t,z,e)’ <K, exp(——i) (105)
teTND(00")zeHy €]

Joralle e £,,1 NEy,all0 <p < ¢ —1 (with u. = u).

Proof We selecta good covering {£,}o<p<.-1 in C* with associated set {{Sap,g,eorT}ofpS,l,
T, p}. According to Proposition 4, under the assumptions stated in Theorem 1, for suitable
lc1al, lerls and |¢f, 1 <1 < D — 1, we observe that for each direction 9,, one can build a

solution w°r (t,m, €) satisfying (31) within the space F(D‘f b.10kp)

|zl

[w?r (0, m, )| < o, (L lml) e P

exp(v|t|k) (106)
forall T € S5, U (D(0,p) \ L), all m € R, all € € D(0, €o), for an adequate @y, > 0. In par-
ticular, w®r (t,m, €) conform the analytic continuation w.r.t. T of a common holomorphic
function that we call T — w(t, m, €) whenever t € D(0, p) \ L_ which satisfies likewise the
bounds above (106) provided that m € R, € € D(0, €).

As a consequence, the Laplace transform of order k and the Fourier inverse transform

k reo u\*\ . du
u,,(T,ze) = W/ ./L w°ﬂ(u,m,e)exp<—(?) )e’””; dm
0o Ly,

along a halfline Z,, C S,, U {0} represent
(1) A holomorphic bounded function w.r.t. 7" on a sector Sy, 0,, With bisecting direction
0,, aperture T <6 < T + Ap(Sy,), radius 0, where Ap(S,,) stands for the aperture of
Sa,» for some real number ¢ > 0.
(2) A holomorphic bounded application w.r.t. z on Hg for any given 0 < 8’ < 8.
(3) A holomorphic bounded map w.r.t. € on D(0, &).
Furthermore, the integral representation (29) and bounds (48), (49) show that U, ( ﬁ,
z,€) defines a holomorphic bounded function w.r.t. T on a sector Sy, 0,0, for some 0 < 01 <
o and the same 0 as above in (1). Besides, a direct computation yields that

exp(ocDTk”aT) U, (T,z,e)

k
+00 d
= #/ / exp(aDkuk)wap(u,m,e)exp(—(%) )e‘zmgu dm (107)
—00 Lyp

defines a holomorphic bounded function w.r.t. T on a sector Sy, 9,0, for some 0 < 02 < 0.
Finally, by combining these integral representations (29), (107) together with (22),
(23), and (24) displayed in Lemma 2, from the fact that w® solves (31), we obtain that
U,,(T,z,€) solves equation (16) and hence (13), whenever T belongs to some sector Sy, 0,05
where 0 < 03 < 0, if z lies within Hg and € € D(0, €).
As a result, the function

up(t,z,€) = Uy, (et,z,€)
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defines a bounded holomorphic function w.r.t. £ on 7 N D(0,0) for some o >0, € €
&y, z € Hy for any given 0 < B’ < B, owing to the fact that the sectors £, and 7 ful-
fill (102). Moreover, u,(t,z,€) solves the main initial value problem (11) on the domain
(TND(,0)) x Hgy x E, forall0 <p < ¢ -1

In the final part of the proof, we are concerned with bounds (105). The steps of verifica-
tion are comparable to the arguments displayed in Theorem 1 of [15], but we still decide
to present the details for the sake of clarity.

By construction, the map u > w(u, m, €) exp(—(ﬁ)k)/ u represents a holomorphic func-
tion on D(0, p) \ L_ for all (m,€) € R x D(0, €p). Therefore, its integral along the union of a
segment joining 0 to (p/ 2)eY 141 followed by an arc of circle with radius p/2 which relies
on (10/2)6*/‘_13’1”1 and (,o/2)eﬁy1’ and ending with a segment starting from (p/2)eﬁyﬁ to0
vanishes. The Cauchy formula allows us to write the difference u,.,, — u, as a sum of three
integrals:

k +o0 uvk o du
Uyt z,€) —u,(t,z,€) = ——— Wl (y, m, €)e ) e 2= dm
(66 - i56) = / ) / (s, m,€) -

L/J/z.yp+1
k oo du
- == / / wo (i, m,e)e’(ét e~ dm
(27T) —00 L/)/Z.Vp u
k oo (yk du
+ W / / W(M, m, E) _t e — dm, (108)
( T[) - Cp/Zva,ypu u

where L,p,,,., = [p/2, +o0)eY 1, Lppy, =[p/2, +00)e¥ 17, and Co/2,yp.p1 stands for an
arc of circle with radius connecting (p/ 2)3*/:7”1’ and (p/ 2)e*ﬁ13’1ﬂ+1 with a well-chosen ori-
entation.

We first provide bounds for the first term in decomposition (108), namely

+00
k. du
I = ‘ 5 1/2/ / Wt (4, m, €)e &) e 2= g
7'( p/21/p+1 u

By construction, y,.1 (which may depend on €t) is chosen in such a way that cos(k(y,.1 —
arg(et))) > 61 foralle € £,NEy.,allt € T ND(0,0), for some fixed §; > 0. From estimates
(106), we get that

k +00 +00 o V’k
L <—— wy (1 +|m]) e P ——
L= ) /:00 /,:/2 apﬂ( ) 1+ 72k

k - t d
x exp(vr¥) eXp(_cos(<(7/p|+1tlk.'alrg(e )))rk)e—mlm(z)_r dm
€ r

kg oo +00 8 r\¥
< ”+1f e B=FIml gy, r*Lex < < ! —v|e|k>(—) )dr
(2m)172 o PUare €]
k
. 2/<wall,721 /+°° I /+°° le|
(2m) 0 p/2 (‘ Ik V|E|k)k
(2 = vlel®) 5 r\K
2| J—1 1 k
| oo et) () )

2kwap+l |€ |k

@OV (8- (2 - vlek
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con(-( - vet))(2) )
2IF ]
2kwa,,,  |e|k pl2
=@ Bk ( 82( |e|) ) (109

for all £ € T N D(0,0) and z € Hp with [¢] < ( )”k for some §, > 0, whenever € €

ENEpar.
The estimates for the second term in the sum of (108) are obtained in the same manner:

+00
Uk du
L= wo (u, m, €)e @) ™" dm|.
@)1 ., U

PI2,vp

Asabove, the direction y, (which relies on €t) is taken in a way that cos(k(y, —arg(et))) > 6;
foralle € £,NEp,1,allt € T ND(0,0), for some fixed 8; > 0. Again, according to (106), we

obtain

2k k k
< @, €] P(—(Sz (0/2) ) (110)

b= Gy (B ek © eF

forallt € TND(0,0) and z € Hy with [£] < ( )1”‘ for some 8, > 0, foralle € £,NEys1.

Lastly, we deal with the remaining term in the sum (108), that is,

k e -l izmd”
e

PI2,ypYp+1

By construction, the arc of circle C, 12ypvper 1S chosen in order that cos(k(6 — arg(et))) > 8;
for all 6 € [y, Vp+1] Gf ¥y < ¥ps1)5 0 € [Vpr15 Vp] (f Vi1 <pp)s forallt € T, alle € £, N Epuq,
for some fixed §; > 0.

Owing to (106) we notice that
k +oo Vp+1 (p/2)k

<15 e Blml X

T e /—oo /yp o2 o, (L i) e P e exe(v(p/2) )

k(6 -
cop( SO~ (0)") s o

kmaxosp<s-1 @, / e g
(27)1/2 oo

8 p/2\¥
x |yp—yp+1|(p/2)kexp(—<ﬁ —v|e|k> (H) )

< 2kmax0§p§g—1 wbp |)/p - )/p+1|(/0/2)k _S (p/z)k
T em B-p " el

(111)

for all t € T N D(0,0) and z € Hy whenever |t| < ( s L)Wk, for some 8, > 0, for all € €

EN&pir.
By collecting (109), (110), and (111), we derive

|tpi (8,2, €) — (8,2, €)|
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- 2k(@o, + @3,,,) el ) 2k maxo<p<c-1 @2, |y — Vp11(p/2)*
- (2m)i72 (B = B)d2k (2m)i2 B-B
(p/2)F
x exp| —d2
le|*

forallt € TND(0,0) and z € Hy with |£] < (—214 ), for some 8, > 0, forall € € E,NEp.1.

82+vek
The result follows directly from here. ’ O

7 Parametric Gevrey asymptotic expansions of order 1/k of the solutions
7.1 Gevrey asymptotic expansions of order 1/k and k-summable formal series
We first remind the reader the concept of k-summability of formal series with coefficients

in a Banach space as defined in classical textbooks such as [2].

Definition 7 Let (I, || - ||r) be a complex Banach space. Let k € (%, 1). A formal series

ale) =Y _ae eFlle]]

j=0

with coefficients belonging to (F, || - ||r) is said to be k-summable with respect to € in the
direction d € R if
(i) A positive number p € R, exists in such a way that the formal series, called formal

Borel transform of order k of a,

oo

a;v
Bi(a)(t) = L eF[[t]]
() (T jzzo Fas ) eF[[

converges absolutely for 7] < p.

(ii) One can find an aperture 28 > 0 such that the series B¢(a)(t) can be analytically
continued with respect to t on the unbounded sector
Sas = {r € C*:|d —arg(r)| < §}. Moreover, there exist C > 0 and K > 0 with

|Be@(x) |, < CeXI"
forall T € ;5.

If the conditions above are fulfilled, the vector-valued Laplace transform of order k of
By (a)(t) in the direction d is defined by

L (Bu(@)(e) = ¢ f Bi(@)(w)e™ @ k- dy

Ly

along a half-line L, = R+e*/‘_11’ C S45 U {0}, where y depends on € and is chosen in such a
way that cos(k(y — arg(e))) > 81 > 0 for some fixed §;, for all € in a sector

Syozik ={€ €C i |e] <RV |d —arg(e)]| < 6/2},

where the angle 6 and radius R satisfy that 7 <6 < 7 + 25 and 0 < R < §; /K.
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Notice that this version of Laplace transform of order k slightly differs from the one
introduced in Definition 1 which turns out to be more suitable for the problems under
study in this work.

The function LZ(Bk(Zl))(e) is called the k-sum of the formal series a(¢) in the direction d.
It represents a bounded and holomorphic function on the sector S; 4 i and is the unique
such function that admits the formal series a(e) as Gevrey asymptotic expansion of order
1/k with respect to € on S, pux. This means that, for all % < 0; <0, there exist C,M >0

such that
n-1 n
L{(Bi(@)(€) - ) _ape”| <CM'T (1 + %) lel”
p=0 F

foralln>1,alle € Sy rui.

In the sequel, we present a cohomological criterion for the existence of Gevrey asymp-
totics of order 1/k for suitable families of sectorial holomorphic functions and k-
summability of formal series with coefficients in Banach spaces (see [3], p. 121 or [11],
Lemma XI-2-6) which is known as a Ramis—Sibuya theorem in the literature. This result
is an essential tool in the proof of our second main statement (Theorem 2).

Theorem (RS) Let (F, | - ||r) be a Banach space over C and {E,}o<p<c-1 be a good covering
inC*. Forall0 < p < ¢ —1, let G, be a holomorphic function from &, into the Banach space
@ | - lr), and let the cocycle ®p(€) = Gpi1(€) — Gy(€) be a holomorphic function from the
sector Zy = Ep1 N E, into E (with the convention that €. = & and G, = Gy). We make the
following assumptions:
(1) The functions Gy,(€) are bounded as € € £, tends to the origin in C for all
0<p=<g¢-1
(2) The functions ©p(€) are exponentially flat of order k on Z,, for all 0 < p < ¢ — 1. This
means that there exist constants Cy,, A, > 0 such that

|©p(e)], < Cpe el

foralle e Z,,all0<p<g¢—1
Then, for all 0 < p < ¢ -1, the functions G,(€) admit a common formal power series Gle) €
F([e]] as Gevrey asymptotic expansion of order 1/k on E,. Moreover, if the aperture of one
sector &y, is slightly larger than w [k, then Gy, (€) represents the k-sum of Gle) on Epo-

7.2 Gevrey asymptotic expansion in the complex parameter for the analytic
solutions to the initial value problem
In this subsection, we show the second central result of our work, namely we establish
the existence of a formal power series in the parameter € whose coefficients are bounded
holomorphic functions on the product of a sector 7 with small radius centered at 0 and a
strip Hg in C?, which represent the common Gevrey asymptotic expansion of order 1/k
of the actual solutions u,(t,z, €) of (11) constructed in Theorem 1.
The second main result of this work can be stated as follows.

Theorem 2 We set F as the Banach space of complex valued bounded holomorphic func-
tions on the product (T N.D(0,0")) x Hg endowed with the supremum norm where the sec-
tor T, radius o' > 0, and width B’ > 0 are determined in Theorem 1. Forall0 <p <g¢ -1,
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the holomorphic and bounded functions € — u,(t,z, €) from &, into F built up in Theorem 1
admit a formal power series

u(t,z,€) = th(t,z)em e Fl[e]]

m=>0

as Gevrey asymptotic expansion of order 1/k. More precisely, for all 0 <p < ¢ — 1, we can
pick up two constants Cy, M, > 0 with

n—1
sup uy(t,z,€) - th(t,z)em < CpMZF<1 + %) le]”

teTﬁD(O,o’),zeHﬂ/ =0
Sor all n > 1, whenever € € £,. Furthermore, if the aperture of one sector &, can be taken
slightly larger than |k, then the map € > up,(t,z,€) is the k-sum of u(t, z,€) on &,,.

Proof ‘We focus on the family of functions u,(t,z,€), 0 < p < ¢ — 1 constructed in The-
orem 1. For all 0 < p < ¢ — 1, we define G,(¢) := (¢,2) = u,(t,z,€), which represents a
holomorphic and bounded function from &, into the Banach space I of bounded holo-
morphic functions on (7 N D(0,0”)) x Hp equipped with the supremum norm, where 7
is a bounded sector selected in Theorem 1, the radius ¢’ > 0 is taken small enough, and
Hy is a horizontal strip of width 0 < 8’ < 8. In accordance with (105), we deduce that the
cocycle ®,(€) = Gp.1(€) — Gp(€) is exponentially flat of order k on Z, = £, N &, for any
O<sp=¢-1

Owing to Theorem (RS), we obtain a formal power series G(e) € F[[e]] which represents
the Gevrey asymptotic expansion of order 1/k of each G,(¢) on &, for 0 < p < ¢ — 1. Be-
sides, when the aperture of one sector &, is slightly larger than 7 /k, the function G, (¢)
defines the k-sum of G(€) on &,, as described in Definition 7. O
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